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Preface

The history of computers may way back to Leibniz's
"calculator" or Babbage's "analytic engine'. Actual
applications of computers and their enourmous expan-
sion, however, had to wait until the introduction of
modern electronic computers, initiated by MARK I and
ENIAC in the middle of 1940's. These pionnering machines
were followed by rapidly increasing number of more power-
ful machines, which might be well classified by the first
generation, the second generation and the third genera-
tion computers.

This thesis is devoted to explore a certain aspect of
the computer design.

As might be easily noticed, a clear distinction
berween the machines in the early days, which might be
credited to the personal enthusiasm or to the inspiration
of a genius, and the modern computers is that the size of
the latter has grown so large that the involvement of
a large number of people is required to complete the
design of a machine. Since the emergence of the
computer, therefore, a considerable amount of effort has
been directed to mathematically formulate the design
process and possibly to automate its entire steps. A
phase of the design process called the logic design,
which determines the detailed logic structures among
logic components in a machine, has received a strong
attention, because it contains formidably tedious

procedures and yet appear to allow its mechanization.
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An important initial step towards this goal is
established by Hanzawa-Nakajima and Shannon by intro-
ducing Boolean algebra as a mathematical tool for
accomplishing the logic design. The Quine-McCluskey
method for designing a minimal AND/OR two level net-
works would be a main result éf this approach. Under
some conditions, this method yields optimal (minimal)
networks in a certain sense. The minimality of a net-
work is an essential factor for obtaining a fast and
economical machine, and also of theoretical importance.

It was a reasonable consequence to introduce the
use of computers to perform or aid the design process
of computers, as the rapid increase of the size is
incurred. Even with the aid of computers, since the
Quine-McCluskey method or any other methods for optimail
networks are not capable of dealing with the entire
machine dirvectly because of its prohibitingly large
amount of computation involved in performing the design,
the present approaches commonly adopted are heuristic
oneg assisted by these Boolean algebraic methods.
Therefore, at present, the optimality of the entire
network is not usually attained, though the local
optimality may be sometimes guaranteed by use of the
aforementioned Boolean algebraic method.

Furthermore, with the advent of the explosive
development of recent technology, in particular IC and
LSI technology, the assumptions and restrictions in the
logic design continue to evolve, allowing new capabil-

ities, introducing new circuit restrictions and greatly
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increasing the logic complexity containable in a unit
volume. As a result, those methods which have been
standard for some time became obsolete and useless.
Even the classical methods represented by the Quine-
McCluskey's do not seem to catch up with these innova-
tions. The new‘situation needs new approaches, i.e.,
optimal network design methods for such new types of
networks, which may be applicable at least to local
small networks.

In view of the current status as mentioned above,
this thesis is devoted to create new methods which may
partially accept this new situation.

The topics discussed in the thesis are roughly

_devided into three categories: (1) design of networks
of threshold gates, (2) design of networks of negative
gates and (3) design of various networks by means of
integer programming. The first and the second problems
have become important since the recent electronics
technology enabled to manufacture considerably complex
Jogical gates such as threshold gates and negative gates
with enough reliability. The design problems with these
gates are difficult since the functional form of each
gate is also subject to the designer's specification
within the gate type of threshold functions or negative
functions, as well as the structure of the network.

For the first problem the functional properties
of a threshold function (completely monotonic function)
are investigated and they are utilized to yield an

~optimal or nearly optimal network. For the second



problem, an.algorithm for optimal network 1is developed
such that a network with the minimum number of gates is
obtained.

The integer programming formulation can be applied
to various types of networks with conventional gates
such as AND, OR, NAND, NOR, EXCLUSIVE OR, and their
combinations. Theoretically, the formulation can be
further extended to even sequential networks including
the state assignment problems. Merits of this approach
consist in its flexibility that a wide variety of
circuit restrictions such as fan-ins and fan-outs
restrictions, can be easily incorporated and in its
versatility that different networks and objectives
can be optimized by simply replacing the constraint
sets and the objective function in the Integer program.
The computational feasibility in this direction was |
tested for NOR and NOR-AND networks. The results appear
promising and encourages further investigation.

The author would like to hope that the properties
and algorithms discussed in the thesis will help to

move the status of the logic design one step forward.
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Chapter 1. Introduction

1.1 Problems in logic design

The design procedure of a modern electronic computer,
or any other digital machine, may be devided into two main
phases: (1) preconstruction analysis and (2) logic design
and its implementation. The first is, in other words, the
‘system design of & machine under consideration as well as its
analysis and verification. The second is concerned with the
specification of detailed structure of each subsystem which
is defined in the first phase. The term "detailed structure"
includes the logic structure, i.e., the connections among
logic gates, delay element, flip-flops and other components,
to realize the given function of the subsystem, and the
physical structure, i.e., the assignment of logic to cards,
the assignment of cards to backboards, and the routing of
these backboards and cards.

For an ordinary digital computer, the first phase
consists of decomposing the entire system into several
smaller subsystems suchas memory unit, arithmetic unit,
control unit and I/0 (Input-Output) unit, and then specify-
ing global structure of each subsystem, such as what kind
of memory devices may be used and their hierarchy, how many
registers should be available in the arithmetic unit, what
kind of logic gateé and flip-flops may be employed in the
control unit, and so forth. ‘

Main goal of the entire design process is to attain a
certain optimality defined by the speed, yielding the fastest

machine, by the cost, yielding the most economical machine,



by the ease of use, by its versatility, or by whatever the
designer wants to optimize, under some restrictions such

as the maximum cost, available memory devices, the speed of
I/0 equipments, etc..

It is not easy to design a machine which works under
given séecification and, yet, achieves such optimalities
because of its formidable complexity. This is the motiva-
tion of introduecing the computers into the design process.
Considerable amount of effort has been made to automate
each design process, or at least to aid the process
(computer aided design).

The present status of design automation or, more
moderately, computer aided design may be seen in Breuer[113].
According to this survey paper, in the first phase of the
design, computers are utilized to simulate a tentatively
designed system, using simulation langﬁages such as
SIMSCRIPT, GPSS and SOL. Based on the analysis performed
by computers, the final decision may be made by men. The
second phase is automated in much higher degree. However,
most of algorithms used in each step of the design are
heuristic since no practical exact algorithm which can deal
with such large scale combinatorial problems as encountered
in the design process is available. This means that the
optimality is abondaned from the outset,

This thesis is concerned with the logic design in the
second phase of the whole design process and attempts to
provide new mathematical tools for designing optimal or

near optimal networks. Although all the theories presented

in the thesis may not be powerful enough to realize globally



optimal networks, it is believed that at least they can be
applied locally and provide basis for further development
of optimality design.

In designing the logic structure of each subsystem
(network), i.e., 1in determining logic gates, flipflops,
etc., and their connections,the first difficulty is the large
gizes of such networks. The process of logic design nec-
essarily involves the computation of combinatorial nature,
‘which may prohibit the application of such theories because
of the excess amount of computation required.

One approach to overcome this difficulty is again to
decompose the whole network into small subparts so that
each subpart may allow its optimal design. In other words,
the total function is split into many simple subfunctionms,
such that each subpart for a subfunction can be realized with
optimality and, the aggregate of those subparts properly
interconnected works as the required network. Assuming that
each subpart satisfies the optimality condition, their
aggregate would be close to the total optimality if an
appropriate decomposition of the nétwork is performed.

Of course, the "appropriate" decomposition should be
defined mathematically and should be studied more carefully.
At present, although a number of attempts and proposals

are known for that purpose, there seems to be no rigoroué
discussion on the subject. In other words, most of proposals
are of heuristic nature and therefore can not prove the
optimality of the resulting decompositions, though

considerably good decompositions may usually be obtained



in a certain sense. In any event, this approach will provide
us with a suboptimization technique of a large network.

With this method, it is not an oversimplification to
state that the logic design could be reduced to designing
logic functions, using prespecified logic gates, which
are subject to some network constraints imposed by engineers.

In this thesis, therefore, the discussion will be
confined to the design of given logic (switching) functions.
Even with this simplified argument, however, the present
status of logic design is still not satisfactory. It is
because the recent development of electronics such as
integrated circuit and large scale integration keeps on
increasing new capability of each gate and, at the same
time, complicating the situation by introducing new network
restrictions. As a consequence, in many cases, the
exhaustion of all possible networks is only avallable
method to obtain optimal networks for given logic functions.

To meet these advances in switching circuit technology,
this thesis considers the following several factors which
appear prominent and essential among others. Algorithms
to solve part of these new problems are developéd and
proposed. These algotithms deviate from the classical
switching theory which has been a main mathematical
tool of logic design.

(1) New types of gates became practically available

and commonly manufactured. For example, NOR and



(2)

—~
we
~r

NAND gates are the most popular gates, whereas
the classical minimization theory by Quine-
McCluskey is only for AND/OR gates. Another
example is those gates which are of certain types
but the concrete functional form of each gate

is subject to the designer's determination.
Consider a threshold‘gate. This gate can represent
any function known as a threshold function by
adjusting the values of weights and a threshold
associated with the gate. Thus the determination
of weights and a threshold is alsoc a task of
logical designer. Also, MOS integrated circuits
can represent rather complex negative functions.
It should be a good approximation to assume

that a gate can represent any negative function.
Thus the functional form of each gate is also
subject to designer's specification.

Network restrictions should be taken into
consideration. In order to physically realize

a reliable logical circuit, some restrictions
are usually imposed, such as the maximum number
of inputs (fan-ins) to the gate, and the maximum
number of outputs (fan-outs). In some cases,

more complicated restrictions such as the maximum

'length of parallel wires are also imposed,

depending on the actual circuits under considera-
tion.
The optimality criteria may vary according to the

components employed in realizing the network.



For instance, if the transistors and diodes are
used, the total number of these components
constitutes a major part of the total cost,

and if integrated circuits or large scale integ-
ration circuits are used, the number of connections
would be more important. In some cases, the number
of layers, which is relevant to the number of
crossovers among connections, almost determines
the total cost. The number of levels of gates in
the designed network is an essentiél factor in
limiting the speed of logic.operation. The

speed might be more important than the cost.
Minimization algorithms investigated so far

has been dealing with only the minimization of

the number of gates in the network, with almost

no exception. This is partly because of the lack
of correct recognition of the logic design,

and partly because of its difficulty of handling
other objectives.

In the following in Chapter 1, Quine-McCluskey theory
of minimization will be first sketched to show its
limitation. It is also pointed out that certain situation
can be handled by just amending the classical theory.
However, all the topics discussed in this thesis seem
to refuse the discussion in the framework of the classical
theory. Therefore, new approaches have to be taken to
accept these new situations. Each approach will be

briefly mentioned in this chapter.



1.2. Quine-McCluskey Method and its Limitation

Quine-McCluskey method was proposed in 1952 by

C87] and in 1956 by McCluskey[66]. It has been the

Quine
only systematic method synthesizing optimal networks. since
then. It assumes a 2-level network, AND gates in the
first level and an OR gate in the second level, as

illustrated in Fig. 1.1. The OR gate in the second

AND

S

AND

Fig.1.1 2-level AND/OR network.

level can receive inputs from external variables and
outputs of the gates in the first level, while AND gates
in the first le?el can receive inputs only from external
variables. External variables assumed here are variables

21 x2, cees X and their negations §i, Kys vovs Xoo

Each gate has no restrictions on the number of inputs.
Under these assumptions, the minimization of the total

number of gates is equivalent to finding a minimal cover

of prime implicants of f( X ), a logic function to be

realized, according to the Quine~McCluskey theory. In

other words, each prime



implicant of f( X ) corresponds to an AND gate in the first
level, thus finding a minimal cover implies to define a
minimal set of AND gates which can collectively be ORed to
realize £( X ). Since considerably large covering problems
to find minimal covers can be practically solved with

Ceell 5J[48], the Quine-McCluskey approach

various methods
is an effective tool for the problem.

Now consider, however, the case in which the maximum
number of inputs (fan-ins) of each gate is specified.
Then, generally speaking, the number of levels of network
for £( X) will exceed two, thus prohibiting the direct
application of the Quine-McCluskey method. Also, the
case in which gates in the network are different from AND
and OR will neccessiate the amendments of the Quine-McCluskev
method, even without the fan-ins restrictions.

A successful modification in the latter direction

was established by Gimpel[SlJ

, when the design of NCR

(or NAND) gate networks is concerned. It is known that a
three level NOR network can realize any logical function
f( X), if the fan-ins restrictions are not imposed.

A typical network is illustrated in Fig. 1.2.

Fig. 1.2.
3-level NOR net-

work.




Each gate can receive inputs from external variables and
the outputs of gates in the preceding level. External
b3

variables considered here are x cees X only,

1* 72
excluding their negations.

Extending the Quine-McCluskey theory, Gimpel reduced
the problem of minimizing the total number of NOR Gates
to finding a minimal cover of CC-table of prime permissible
implicants, which were introduced by himESl].

Although numerous attempts have been made for other
cases, especially when the fan-ins restrictions are imposed,
there seems to exist no minimization method which is not only
theoretically complete but also practically applicable,
to the author's knowledge.

Moreover, the situation is further compounded when other
optimal criteria than the minimization of the number of gates
are adopted. Also combination of different objectives some-
times reflects thereal situation more appropriately, such
as first minimizing the number of gates and then, among
those networks with minimum number of gates, finding networks
with the minimum number of interconnections.

Talking about the criterion in term of the number of
levels, the minimum number is often known from the theoretical
point of view, if no fan-ins restrictions are imposed.

AND/OR networks and NOR networké mentioned above are such
examples. With fan-ins restrictions, there seems no sys-
tematic method known to date.

In case of combination of different bptimality criteria,
the following procedure is commonly taken, if the exhaustion

of all the optimal networks under the primal optimality



dondition is practically possible. That is to search the
optimal networks under the secondary criterion, among those
which are optimal under the primal criterion. According
to this approach, it is not hard to obtain all the optimal
AND/OR and NOR (NAND) networks under a two-fold optimality
criterion, if the primal objective is the number of gates.
However, other configurations of optimality criteria
or those cases combined with fan-ins restrictions, etc,
seem difficult to handle by the classical methods.
Cdntrary to the Quine-McCluskey approach, the integer

programming formulation described in this thesis permits

a wide variety of optimality criteria and network restric-
tions, if the function of each gate can be represented by
integer linear inequalities. Conventional gates such as
AND, OR, NOR, NAND, and EXCLUSIVE OR fall in this class.
Optimality criteria, such as the number of gates, the
number of connections and the number ot levels, or their
combination, can be handled within the framework of integer
programming formulation. Also, the network restrictions
such éé/fan—ins restriction and fan-outs restriction can
be easily included in the formulation.

The branch and bound method- 191

shares some similarlity
with tpe integer programming formulation in special cases,
and gﬁése twd:méthods are compared in Chapter 6.

Those gates, whose actual functional forms are subject
to the designer, are also difficult to deal with by means
of the classical method. These problems and historical

background are sketched in the next two sections.
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1.3. Networks of Threshold Gates

The importance of threshold logic was recognized
among people about 1958-60, through the study of core

jobewlliesl . palr*«:-une’tronsEF]O][37:| A typical threshod

log
gate has n inputs with which their weights are associated,

and a threshold. By varying the values of weights and.
threshold, a gate can represent various functions.

For the design of networks of threshold gates, Quine-

McCluskey type approach appears almost useless, because

the determination of the actual functional form of

each gate is involved in the design process.

In the early stage, most effort was directed to
clarifying the class of functions which can be realized
by threshold gates (threshold functions) and how
to determine its structure for such function!la][71][72][98][27]
As a consequence of these investigations, it may be
said that testing and synthesis procedures of a threshold
function was well established. However, the status of
the design of threshold gate network for non-threshold
functions is far from satisfactory.

According to the author's observation, network
synthesis methods presently available will fall into
three categories. The first is to regard a threshold
gate as a conventionally well-known gate, such as AND,

OR, NOR and NAND, since they are all special cases of
Vthreshold functions. Then design a network with those
simplified gates. Some improvement steps would be
incorporated to obtain a better networkg7oj[27][201

Inherent from its heuristic nature, usually the resulting

11



networks would be far from optimal, under most of cost
criteria,though it might be easy to carry out. This
is because it ignores the fact that a single threshold
gate can realize a considerably complicated function
compared with these conventional gates.

The second is based on integer programming formulation.
This -area was the first in logical design, to which
the application of integer programming was consideredElO][77]
The design of threshold gate networks is coverted to
optimizing a linear cbjective function subject to
linear constraints, in which some variables are constrained
to be integers. Accordingly, if we could solve this
integer programming problem, an optimal network was
obtained. The size’of the problem, however, is usually
prohibitingly large for the algorithms available to
date. Although there is some possibility that this approach
becomes a main stream in this field, it entirely depends
on the future development of integer programming algorithms.

The last approach is based on the asummability
theorem that a function is threshold function if and
only if it is asummableE13][27][22]Thus this method
is to aygment the functions with extra variables in
order to modify a summable function equivalently into
an asummable function, if we also consider the extra
variables as input variables, as well as original
external variables. A procedure which will result in
networks with the minimal number of gates is known[guj.

However this algorithm also involves a large amount

of computation to yield an optimal solution, because of

12



its exhaustive nature. At present, this direction seems
impractical.

[u45]

A compromisSe was proposed to facilitate the
computation, by employing completely monotonic functions
insteaa of threshold functions directly. A function

is completely monotonic if and only if it is 2-asummable,
which is much easier thén asummability to handle. A
threshold function is a completely monotonic function
but not conversely. However, for functions of up to

8 variables, the complete monotonicity is a necessary
and sufficient condition for the threshold realizability,
and also remains as a rather tight necessary condition
.for larger functions. Thus a network of completely
monotonic gates is also a network of threshold gates,
with few exceptions.

Along this line, new properties of completely
monotonic function are investigated in this theslis,
Based on the results obtained, a new design procedure
is devised. It is easy to perform, and still yield
considerably economical networks, if not optimal.

There are also other numerous approaches in this
areag62][203[76]From the author's point of view, they
are either impractical to perform or result in poor
networks.

In most design procedures mentioned above, only the
number of gates in the network receives attentions.

Other objectives such as the total weight or the value of

threshold appears difficult to handle,though they have a

13



significant effect on the reliable operation of

gatest76][u7]. Contrary to this, the integer programming
approach can handle these objectives in principle, though
computational experience is not available. This approach
is only exception in this respect, to the authors

knowledge.
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1.4 Networks of Negative Gates

The study of networks of negative functions is
motivated by the recent development in integrated circuit
technology. An interesting fact is that a MOS gate is
able to represent a considerably complex negative function
because of its inherently high impedance. For example,

a MOS gate which represents any negative function with up

to 32 literals in the functional form as:

= N RN,
E = %11%10 xlkl Xo1%00 Fox " Xg1¥g0 xsks

2
Lo7l e s
. As a consequence 1t 1s not too

can be manufactured
far from the reality to assume that any negarive function
can be realized with a single gate, as far as a moderate
number of Iinput variables are considered.

The design of networks of negative gates for non-
negative functions suffers from the same difficulty as
“the networks of threshold gates in the sense that actual
functional form of each gate is subject to the designer's
determination. _

To the author's knowledge, there  has not been any
systematic approach to this problem. In this thesis,
an algorithm to obtain a network with the minimum number
of negative gates for a given function is presented,
under the assumption that:

(1) The network consists of two levels.

(2) No fan-ins restriction on each gate is imposed.

The procedure can be extended to multiple output

network design.

15



The problems under other assumptions such as networks
with fan-ins restriction or networks with more than two
levels are beyond the scope of this thesis. Also the
problems with other types of objectives such as the
number of interconnections or the number of transistors

in use seem difficult to attack, though some attempts

{50]

are made.
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1.5 Outline of the Thesis

As explained in earlier sections, topics in the
thesis are confined to the problems in logical design which
ave difficult to handle with the classical Quine-McCluskey
approach.

Chapters 2 and 3 deal with the design problems with
threshold gates putting stress on the completely monotonic

- functions rather than threshold functions themselves.
Chapter 2 examines properties of completely monotonic
functions. Especially, a new concept "mutual monotonicity"
is introduced. Let us denote the function f with the vari-
able xj specified to 1 or 0 as fj or fi respectively. f

. can be expanded as

f = f.X. v f—§
3 3 J

i

Then, f is completely monotonic if and only if fj and fﬁ
are both completely monotonic and, morecver, mutually
monotonic. Expanding the original £ as well as resulting
expanded functions successively, we will obtain a
"expansion diagram" of f. f is, thenefore,bcompletely
monotonic if and only if all the pairs of functions in
the expansion diagram are mutually monotonic.

Since the mutual monotonicity can be easily examined
by comparing Boolean expression of functions, the above
method for checking complete monotonicity seems promising.
As an application of these concepts, the functional form
of a completely monotonic function was investigated and

solved.
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When T is not completely monotonic, its expansion
diagram possesses non-mutually monotonic pairs of functions.
In Chapter 3, an algorithm is presented to remove these
non-mutually monotonic pairs by adding an extra augmented
variable to each such pair in the expansion diagram.

The algorithm includes a procedure to provide these
augmented variables by a combination of completely
monotonic functions, thus resulting in a network of comp-
letely monotonic functions realizing a given function f.
The theory can be extended to the case in which threshold
functions are treated instead of completely monotenic
functions. v

In Chapter 4, an algorithm which yields networks
with the minimum number of negative functions for a given
function is developed. First,basic properties of a
negative function are examined including both completely
specified and incompletely specified cases. Using these
results, the design procedure is converted to finding a
minimal cover of maximal compatible sets, which are also
defined in the same chapter. The set covering problems
have been studied by various people since it can be
applied in a number of fields. At present, considerably

large problems can be solved in reasonable amount of
Le7]0291lus8l

computation time The generation of all the
maximal.éompatible sets is also rather straightforward.
Thus with this algorithm, reasonably large problems are
expected to be solved. It is suitable for computer program,

though no program was yet run on the computer.
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Chapter 5 and 6 are concerned with the integer
programming formulation of the network design problem,
possibly under the network restrictions such as fan-ins
vestrictions and fan-outs restrictions, and also under
~a variety of cost criteria. In Chapter 5, NOR networks
(NAND networks)and the networks in which mixture of
different types of gates such as NOR and AND is used,
are discussed. The formulation can also be extended to
multiple outputs cases. Also, the design of sequential
networks, including state assignment, can be handled
along this line.

Thus by solving the resulting integer programs, we
will have optimal networks in various definitions.

Chapter 6 briefly describes the effort directed to
the deveIOpﬁent of an efficlent code of integer program.
“In particular, ‘the NOR network design is investigated in
detail, because it may reveal an aspect of how to improve
the integer programming code by utilizing inherent
structures of the problem. The final code shares a certain
similarity with the branch and bound approach by Davidscn[lgg
All the optimal NOR networks for functions of 3 variables
are exhausted, under the fan-ins and fan-outs restrictions.
Also all the minimal networks of NOR and AND gates (mixture)
are computed. The latter networks are listed as a catalogue
in Appendix. The optimality criterion used for the catalogue
is to find networks with the minimum number of connections
among those with the minimum number of gates.

Only existing algorithm for this types of "difficult"

problems has been to exhaust all the possible networks and
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then find optimal networks among those ]._Since the
integer programming approach (or possibly the branch
and bound approach) seems much faster to solve, and
yet flexible enough, it will play an impotrant roll in
the future design automation application.

_Before proceeding to details, it should be mentioned
that the material descussed in Chapter 2 is mainly taken
from published papers [1061[108][105], Chapter 3 also from
published papers [107][109], Chapter 4 from a report of the
Department of Computer Science, University of Illinois, [50],
Chapter 5 from reports of the same department, [80]1[81],
and Chapter 6 also from reports of the same department,
Lus]L7].

Apart from the acknowledgment which will be given
later, it is noted here that papers [105][106]1[1071[1081[109]
are the results of the work with Assoclate Prof. S.Yajima
of Kyoto University, while the author was a student of
the master and doctor courses of Kyoto University.

Reports [7][481[5011801[81] are the results of the work
with Prof. S. Muroga of University of Illincils, while
the author was a research associate of University of

Illinois.

20



Chapter 2. Theory of Completely Monotonic (Threshold)

Functions

2.1. Introduction

This chapter investigetes fundamental properties of
completely monotonic functions as a preparation for the
‘network synthesis procedure given in the next chapter.
A reason to deal with completely monotonic functions
instead of threshold functions, which are the class of
functions we want to use in the network design, is the
difficulty in handling the asummability property derived
from the theory of linear inequalities. This is compared
with the 2-asummability property of completely monotonic
functions, which can be handled directly by means of
conventional Bodlean expression, as will be shown.

The complete monotoniéity was found to be a necessary
condition for l-realizability (realizability by a single

' 84
threshold gate) by Paull and,McCluskey[ ], Muroga et

al.[72], and Winder[98]

. Moreover, this is known to be

a considerably strict condition and, in fact, is also a

~sufficient condition for l~realizability when completeiy

spécified functions of at most 8 variables are concernéd

[100ll 791 ’
Although complete monotonicity was at first defined

for completely specified functions, we rﬁde§ine it by

22

2-asummability, which was shown by Elgot to be

equivalent to complete monotonicity in the case of
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completely specified functions, in order to treat both
completely and incompletely specified functions in a
unifiéd form. A new concept, mutual monotonicity, is élso
introduced, resulting in a simple necessary and sufficient
condition of éomplete monotonicity.

This mutual monotonicity can be easily examined for

both completely and incompletely specified functions.
Therefore, this method is freguently simpler than
conventional testiﬁg methods of complete monotonicity,

72
such as The ones devised by Muroga et al.E ] and

, Winder[gsj. o '

The concept of mutual monotonicity also leads to
a necessary and sufficient condition of complete
monotonicity by means of direct comparisons of prime impli-
céﬁts. This is interesting because, thbugh functional form
of threshold functions has been investigated for scme
time, only necessary conditions or only sufficient

[71]1{7w](221

conditions, but net both, are known , except in

some special cases. ‘
Finally, an extension of the above-mentioned concepts

to threshold functions is also conéidered, emphasizing

- the importance of the isobaric (simultaneously realizable)

condition.
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2.2 Notations
We consider a logic function of n variables as a

mapping from the set X" of 2" Boolean vector

X :(Xl"' WX .,xn) Xie{l,0}=X
to S= {1,0,% }
f: Xr—S. (2.1)
.Let,
U(f) = f1(1)
V{f) = f¥0) (2.2)
W(f) = fY(x).

W(f) is called the set of redundant input vectors, or
f is said to be defined on the set U(f)U V{(f), the
domain of f. If W(f) =¢, the null set, f, is a completely
specified function, otherwise f is an incompletely
-specified function. When f and g have the same domain and
assume the same value on it, they are regarded as the
same functions.

For a subvector a, let N(Q) represent the dimension
of a. When N(a) = k(£n), we define

fa: Xv=k -5 §

as follows:

Ufa) = ¥ (a,3) € U
Vifa) = ly| @y €vipl - (2.3)
W(fa) = {y| (@, y) EW},

where y<axn'k and subvector a are collected to the left
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by a ceértain permutation of variables for notational
simplicity. A subvector a is frequently abbreviated as

follows:
Xt X3 X

‘a=(1-0——1)=a=136.
Negation of @ is @; in the above example, @ = 136.
The following discussions are mostly true not only
for completely specified functions but also for incompletely
specified ones. However, if it 1s necessary to limit to
completely specified functions, they are denoted by

boldface types, like f.
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2.3, Threshold Functions

As is well known, a "threshold function" is a
function f which has a weight vector W = (wl,...,wn),
each component of which is a real number, and a real
number T, called a threshold, such that

wx > T for x € U({) (2.4)
wx <T  forx€&V(f), (2.5)

. 'where WX is an inner product. If f is a threshold function
it is said to be "l-realizable". When 2k vectors, not

necessarily distinct, satisfy

Uy, Ugy -~ +, Wk E l[(f)
Vi, Vo, o, v € V() (2.6)
Wttt w=v ko oy,

' f is called "k-summable", where + is the componentwise
addition of vectors. If f is not k-summable for any
possible combination of input vectors, it is "k-asummable".
A function which is k-asummable for any k is a threshold

[13][22][27]. : '

function, and vice versa
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2.4, Completely Monotonic Functicns

[72] {98

According to Muroga et al. and Winder 1, com-

pletely monotonic functions are defined for completely
specified funétions'as follows: a function is completely
monotonic if and only.if for any subvector a, U(f )2 u(fy)
.op’U(fa);z U(E) ho%ggi_i.e., U(fa) and U(fé) are

"comparable". Elgot proved that this is equivalent to
2¥asummébility. We redefine complete monotonicity so
aslto inelude incompletely gpecified functions as well.
‘Definition 2.1: A function is "completely monotonic' if
and only if it is 2-asummable.

2-summable vectors are geometrically shown in
Fig. 2.1. Another implication is that if we arbitrarily
choose two linear inequalities, one from each system of
linear inequalities (2.4) and (2.5), and eliminate
- variable T from them, then we have a linear inequality
coﬁtaining only weights as variables. If we continue
this procedurg a system of linear inequalities which
 ébntain:oﬁly‘Weight variables will be obtained. The
ZQSUmmability‘is also equivalent to the existence of
 inconsistent.ineqﬁalities in the resulting system of linear

Z w. >:E ivj

&y kg

Pwi > 2w (2.7)
® ky o

inequalities such as

The 2-asummability implies that these contradictions do
not occur and, therefore, it is a necessary condition
for 1-reéalizability.

Next, we introduce a binary relation between
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Fig.2.1l. Geometrical position of

2-summable vectors

subvectors a and a. This is the same concept as the - -
' 727
relation between input vectors defined by Muroga et al.[ 2
' ‘when completely specified functions are concerned.

Definition 2.2: Consider a function f. If for subvectors

a and @ there is subvector b, possibly N(b) = 0,such as
@B C U, tab) V),

then, we define a>'a. If neither a>»/a nor a>’a holdé;
it is denoted hy a f A, If both a>s3 and #>/a hold,
it is denoted by a’/a.

The preceding concepts are unified as follows. |
Theorem 2.1: The next three conditions are equivalent.

(a) £ is completely monotonic.

(b) For f, there is no subvector a, N(a)>0, such

that al’ a. '
(c) Let for a subvector a, N(a)>0,
(U(fa) I V(fa)) N\ (U(fa) JV(f3) = A’a,

- then {/{fa)Nda« and U(fa)MN\Aa arg comparable for
any 4.

Before proving this theorem we show the next lemma.
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Lemma 2.1: If wwtus=vi+vs holds for four input vectorslul,
U2, Vl’ V2, they can be written, by applying a certain

permutation of variables, as

u, = (a, b, ¢)
vy = (a, b, ¢)
u, = (a, b, ¢)
v, = (a, b, ©).

The converse is also true. Moreover, when the four
vectors are all distinct, N(2)>0 and N(b)>0 hold.

Proof : Let a set of components of vectors where the four
vectors take the same value be ¢, and in the remainder,
let a set where U, and V., take the same value be g and

1 2
a set where U, and V. take the same value be p ; then,

obViously, foir vectirs are répresented as in the lemma
because of 2-summability. the converse is also clear.
When four vectors are all distinct,bclearly N(a)>0,
N(b)>0. . Q.E.D.
Proof of Theorem 2.1: .

(a) 3 (b). Thé‘proof is by contradictioﬁ. If a<>13

holds for some sﬂbVéCtor a, it is implied from Definitidn
2,2;that;there are

uy = (a, b) & U({)

vy = .(;, by € V(})

= (a, &) € U())

va =(a,0) EV().

) For these vectors, obviously,
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it w=(at+ab+c)=v, + v,

holds and f is 2-summable. Hence a contradistion.

(b) 2 (a). Assume f is not completely monotonic.
There are four vectors '

ui, Uz E U(f); Vi, Vo E V(f)
uy + ds = vy + vy, (2.8)

gince f is 2-summable by Definition 2.1. Moreover, the same
vector cannot belong to both U(£f) and V(f) simultaneously,

) U = u_i . U = U = =V 1 Ahi
and if 1 ,in (2.8) then 1 5 Vl Vo Slnce‘these
vectors are all Boolean. Hence, the four vectors can be
assumed to be all distinct. Therefore, from Lemma 2.1,

uy = (a, b, c) u; = (a, b, c)

vV = (5, b, C) Vo = (a, E, C),

where N(a)>0 and N(b)>0. Comparisons of uy and vy and u,
v yield a >/a and a>/a, respectively. Thus, we
have a </3 .and this is a contradiction.

(a) » (e). Assume [(fayNda and U(f)NAa are

incomparable. Then there are vectors Y and S such that

r & U(fa) M Aa
r € U(R N Aa
s & U(fa) M Aa
sE U N da

However, r&U(fa)N\A4a implies rE&ETV(fa)NA4a since T belongs
to Aa..Therefore, .
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(@0 S U
&0 V()
(a, s) € V()

(@ s) €Uy,

and this implies f is not completely monotonic from

Definition 2.1.
(c¢) » (a). This is easily obtained by reversing the
previous proof. ' Q.E.D.

Condition (c¢) of Theorem 2.1 also shows that
’ ’ . 72
Definition 2.1 is equivalent to that of Muroga et al.L L

[98]

“when completely specified functions are

[22]

and Winder
considered, as first proved by Elgot

Example 2.1: Consider a function f of three variables

U(f) = {101, 110, 010},
V(f) = {111, 000}, ' (2.9)
W(f) = X = (U() Y V().

Compare (101) € U(f) and (111) & V(f). In this case
a =.(-0-) =2 and b = (1-1) = 13. From Definition 2.2,

we have a>3, namely 355, Similarly,

*(101) and (000) =13 >/1 3,
(110) and (111) = 3 >/ 3, o
(41'10) and (oooj =12>/17, (2.10)
(010) and (111) =13 >713,
(010) and (000) = 2>/ 2.
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For all other subvectors a, a F a. From these results,
Q<>f§ and l3<>f13 are obtained and, therefore, f is not
cémpletely monotonic by Theorem 2.1. Indeed, (101) + (010)
= (111) + (000) and f is 2-summable.

Here we note the fact that there exist incompletely
specified functions which can not be extended to
completely specified functions, preserving complete .
monotonicity, by adding each redundant vector to either
U(f) or V(f) in any way, despite the fact that incompletely
specified threshold functions can always be extended to
completely specified threshold functions. An example is
the following function of three variables.

Example 2.2: Consider a function such that (see Fig.2.2)

U(f) = {100, 111, 010}
Viry = §110, 0010 (2.11)

X5
o € U(f)
x € V()

X

/ | ) X

X

Xz

Fig. 2.2. A function which cannot be extended to
be completely specified while preserving

complete monotonicity.



This function is completely monotonic from Definition 2.1.
1f we add one of the redundant vectors , (Oll),.(lOl)_and
(000), to either U(f) 'or V(f), however, the resulting
function is noilonger completely monotonic.

A necessary . and sufficient condition for a function
having the above property was investigated by Kambayashi,
and it is to satisfy the following two conditions.

(l) There are vectors such that
uy, ’112, g E U(f)
vi, va, v € V()

(2.12)
u1+ u2+u3=V1+V2+V3,

where vectors are not necessarily distinct.

(2) For some i, j, k( 12i,j,k<3 ),

(s + uh = (v + {(1)
~or (2.13)
vi+vi)i = (u), + {;, I=1,2,-.. 4

holds.

However, we do not discuss this property further.
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2.5. Mutual Monotonicity

In this section we introduce a new concept, mutual
moniotonicity, to facilitate the test of complete
monotonicity.

Definition 2.3: For functions g and h of the same

variables, if there is no set of vectors such that

u, €U, w& UM

. N (2.14)
v, & V(g), vi &V ()

and
u, + un = vy + vy,

then g and h are called "mutually monotonic"#® and denoted
as g v h., If g and h are not mutually monotonic, they
are denoted ss g % h.

This definition does not require the complete
menotonicity of g and b themselves. Ubviously, this binarvy
-relation of functions is symmetric, i.e., g *h 2 h v g,
but it is neither reflective nor transitive.

This concept can be expressed in other ways.
Theorem 2.2: For functions g and h of the same variables,
the following three conditions are equivalent.

(a) g and h are mutually monotonic. |

{b) There is no subvector a, N{(a)»>0, such that

g

a>83 and 3>"a hold simultaneously.

*Strictly apeaking, this relation is said to be completely
mutually monotonic in analogy with complete monotonicity.
Since there is no confusion, we use this terminology in

this paper.
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(c) Let
(1 (ga) \J V{(ga)) O (4 () \J V(Jia)) = DBa.
U(ga)(W B, and U(ha){W B, are comparable for
any Subvector a, possibly N(a) = 0.

Proof:

(a) » (b). Assume that condition (b) does not hold.

Then we have the following vectors:

u, = (a, b) & U(g), u, & (a, c) €U
ve=@B SV, v ery (215

Obviously,
u, + up = vy, + vy,
and hence g ® h, a contradiction.
(b) 2 (¢). Assume that conditien (c¢) does not holl,
Then for some a, U(ga) N B, and U(hé)fﬁ B, are not

comparable. This implies the existence of vectors such that

(a,b) = (a,d,e) € Uy

(a;b) = (a,d, e) € V(h)

(a,0) = (a,d, &) EV(g)
(a,0) = (@,d,e) € UM).

(2.186)

N(é)>0.because b # ¢ must hold, Thus, we have e>°8 and
é>hé,‘and thié is a contradiction.

| (c) 3 (a). Assume that g and h are not mutually
monotonic. Then there are four vectors as shown in (2.14).
THeseZVectors may be written as follows, according to

Lemma 2.1:
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u, = (a, b, ¢), u, = (a, b, c)
ng(a,B, C)y Vh:(g,b, C).

are not comparable because

Then U(ga)<W By and U(ha) N By

(b, ¢) & U(ga) M Ba, & U(ha) M Ba
(b, c) €F U(ga) M Ba, & U{ha) M Ba.

Q.E.D.
Corollary 2.2A: A constant function is mutually monotonic

with any function. The converse is also true.
dition (c¢) becomes as follows. For any subvector a,
possibly N(a) = 0, U(ga) and U(hé) are comparable.
Mutnal monotondcity e velated To complete
monotdnicity in the following theorem.
Theorem 2.3: The following four conditions are equivalent.
(a) £ is completely monotonic.
(b) £~ f.
(e) For any i (lsisn), £, v fy¥.

{(d) For a given i, fi and f} are both completely

monotonic and fi v f;.

*fi and fi may be expressed as
= f.x, v £f:%,.
ivi ivi
‘This expansion is possible even when f is incompletely
specified. In general, fi and f{ are also incompletely

specified functions.
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Froof: (a) € (b) may be trivial from the definition.

We will show (a) # (c) » (d) 3 (a). Proofs are all by
contradiction.
(a) % (c). Assume £, » fr for some i, then by

Definition 2.3, there are vectors such that

u; & I»"(_/‘i), u, ¢ L(f’)
Vi & V(fi); Va C‘ V(fi)

uy + Uy = vy '+‘ Vo

Attach to each vector a component corresponding to z: and

write it to the left side, then

(1: U]), (0, Uz) G [7</‘)
(1, vi), (07 ve) €& V(f)
(1; U1) + (07 112) = (17 VT) + (0: Vﬂ)-

Thus £ is not complefely monotonic.

(¢) 2 (d). To prove this it is sufficient to show
that f, and'fi are both completely monotonic for the given
i. Assume fi (in the case of fithe proof is similar) is

not completely monotonic, i.e., there are distinct vectors

uy, us & U(f)
vy, ve & V(f3)

w+ uy = vy + v,

1

From Lemma 2.1 and attaching the i-th component to the

left, we have
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(1, uy)) = (1, a,h,c)
(1,v) = (1,a,b,c)
(1, ) = (1, a, b, c)
(1, vy =(1,a,b,c),

where N(a)>0 and N(b)>0. Then, without loss of generality,
pick up the j-th component which is included in @ and
suppose ‘that aj = 1. Remove the j-th component from a and
3, and let the resulting subvectors be a'and a', respectively.
Then

s = (L, a,b0) EV(Y

t, = (1,a, b, 0) EV(f)

s: = (1,a, b, ¢) € U(f3)

ty = (1,2, b, c) EV(f3),

and, moreover,

g+ 8y = £y tq,

which implies f . » f:. Hence a contradiction. By this argu-
ment we have préved that if condition (b) holds then
fi and fi are completely monotonic and fi v fi for any 1i.
(d) > (a). Assume f is not completely monotonic. Then,

by Definition 2.1 and Lemma 2.1, there are four vectors
such that

(a,b,¢),(a, b, c) € U()

(a, b, ), (a, b, ) € V(). (2.17)

o

Suppose first that the i-th component is included in ¢ and

that c, = 1 without loss of generality. Then (2.17) implies
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(a,b, ¢}, (a, b, ) €U ,
(a, b, ¢'), (a, b, ¢y €V,  (2.18)

which is equivalent to saying that fi is not ‘completely
monotonic since fi ig 2-summable: Suppose next that the
i-th component is included in & and also that a, = 1.

Then (2.17) implies

(@', b, c) € U(f)
(@', b, c) E V()
(@, b, c) €U
(@, b,c) EV(f),

and. this implies fi % fi’ where C' and a' are € and &,
respectively, from which the i-th component was removed.
When the i-th component is included in b, we have also
fi % ff by similar argument. Consequently, we have

found that if condition (a) does not hold, then either
fi % fi holds or fi (or fi) is not completely monotonic,

Fésulting in a contradiction. Q.E.D.
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2.6 Testing Method for Complete Monotonicity

obtained

By the argument in the previous section, we have

by means

\

(a)
(b)

(c)

three testing methods for complete monotonicity

of Mytual monotonicity. |

By Theorem 2.3, condition (b); examine if £ v f.

By Theorem 2.3, condition (c); examine if fi N fi
for 1 = 1,2,...,n.

By Theorem 2.3, condition (d); examine if £ fr
for some i. If fi N ff’ then expand‘fi and fi’
respectively, to determine their complete monotoicity.
If we continue the expansion of obtained functions
successively, we will eventually have functions

of one variable. Any function of one variable is
known to be completely monotonic. Therefore, if
all pairs of functions obtained from this process
of expansion are mutually monotonic, f is

shown to be completely monotonic by successive
applications of Theorem 2.3, condition (d). On the -
other hand, 1f we have at least one pair of
functions which is not mutually monotonic in the
process of expansion, f is not completely

monotonic.

Hereafter, we will confine ourselves to method (c).

First, because it is desirable to examine the mutual
menotonicity of functions of few variables, since the
testing of mutual monotonicity becomes progressively
difficult with the increase of the number of variables,
as will be shown later; and second, because method (c¢)

yields a clue to compound synthesis even if f itself is
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not completely monotonic -
To determine complete monotonicity by methed (c), we

have to accomplish a function tree as shown in Fig. 2.3.

f o level n
f; fz level n-|
fis 3 f‘i‘;j f;j level n~?

fiawn *° . oee . UL fis.s level O

Fig. 2.3. Expansion diagram of a function.

For a function of n variables, each level is denoted as
level n, level n-1,..., level 0 from the top. Generally,
the order of variables in the expansion 1Is arbitrarvy.
However, all functions in a level are usually expanded by
the same variable unless there is some special requirement.
‘We call the function tree an "expansion diagram" of f if
the,relation7df.mutuél'monotonicity of functions is
written on the diagram. ‘

The process of constructing the expansion diagram in
order to examine complete monotonicity of a certain
function £ can be partly omitted if obtained functions are
known to be either completely monotonic or not. If
an obtained function is completely monotoﬁic, the
expansion of that function yields only mutually monotonic

pairs of functions. If an obtained function is not completely
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monotonic, the original function f itself is not completely
monotonic.

The mutual monotonicity of each pair of functions
may be examined in several ways, among them the direct
examination of vectors based on Definition 2.3. Thié
procedure is simple but may need a vast amount of
comparisons of vectors and, therefore, is somewhat
unrealistic except for sparsely specified functions.

The examination of condition‘(b) of Theorem 2.2 is
essentially the same as the above method.

Condition (c) of Theorem 2.2 is interesting
because the method based on this would be quite similar
to the method of examining complete monotonicity proposed
by Muroga et al.[72] and Winder[gsj. By incorporating
conceivable simplifications which may be discussed in
conjunction with the method for complete monotonicity, .
this method could be a practical one. In this paper,
however, we do not discuss these methods any further.

We present a new method in Section 2.9 which consists of
the comparison of product terms of given functions, since
this seems, not always, but often simpler than other
methods and may reveal a new aspect of completely

monotonic functlons.
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2.7 Use of Symmetric Variables

RBefore stating the method of examining mutual
monotonicity by algebraic manipulation, we deal with two
possibilities which facilitate testing of complete
monotonicity in the following sections.

~ Irequently, a function is symmetric in more than one
variable; in that case, part of the determination of
wutual monotonicity can be eliminated by the following
theorenm.
Theorem 2.4: Suppose a function f in level j is symmetric
in m variables (msj) and f is expanded successively by
the symmetric variables. Then if two functions in level
j~1 which are obtained from f are mutually monotonic,
all pairs of functions in level -2 through level j-m
obtained from f are also mutually monotonic.
Proof: Without loss of generality, suppose that { is

symmetric in {x_ ,x

172

se-.,% } and f is expanded by x,, X
m ST

X o successively., Prom the assumption in the theorem,

i

i. P
fl * fe. Then, assume that we have a non-mutually monotonic
pair of functions fak % f&i when functions are expanded
by %, (i<ksgm}. From the symmetry of variables, this implies
] .

f, . % f = for some b, However, f,__ % f . implies

b1 ¥ bl © VETs Tpy T tpp HUEHEES
fl % fi from Definition 2.3. Thus a contradiction.

Q.E.D.
By this theorem, we can omit the test of pairs of

functions in level j-2 through level j-m, if we know

the mutual monotonicity of functions in level j-1 obtained

from a function in level j which is symmetric in m variables.
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2.8 Dual Functions

In threshold logic, dual functicns are known to play
an interesting role[37]n They exhibit interesting properties
in our theory as well. In order to also deal with incom- '
pletely specified functions, the dual function is defined
as follows.

Definition 2.4: "Dual function" fd of a function f is

defined by

U = {x|x V()
Vi = {x|x €U}

W = {x|x&Ewi. (2.19)

1.d
Clearly, (£

= f, and £ = g iﬁplies fd = gd, and vice
versa.

An interesting relationship of an original function
and the dual function is summarized in the next lemma.
Lemma 2.2: The binary relations of Definition 3.2 for f,
S correspond to >fq :fd <>fﬂ respectively

s 2 s I > s > s
for fd.
Proof: Suppose a>f§, namely, thevre are two input vectors
(a, b) € U())
(a,b) € V),

then we have from Definition 2.4

(a, b) € U(fY
(a, b) € V(Y.
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d

This implies a>f a . Q.E.D.
‘ . . £
However, the converse of Lemma 2.2 (i.e., if >f, =",
% ana >, =8 8 respectively, correspond, then

g = fd), does not hold, in general; it holds when f is
a completely specified, completely monotonic function.

- The following two theorems are immediate consequences
of Lemma 2.2, Theorem 2.1, condition (b), and Theorem 2.2,
condition (b). ‘

Theorem 2.5: If f is completely monotonic then fd is also
completely monotonic, and vice versa.
Theorem 2.8: If gvh, then gdmh.

Therefore, we can replace any function obtained in
the expansion diagram by its dual if only the complete
monotonicity of the given function is concerned. Note
that, however, if there are non-mutually monotonic pairs
in the expansion diagram, their positions may change
by the replacement of functions by their duals, although

their total number remains the same.
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2.9 Test of Mutual Monotonicity by Algebraic Methods

[n this section we deal with a method of determining
mutual monotonicity by algebraic manipulations. This
method can be easily applied by hand computation to
functions of up to . about 7 v 8 variables, or more if
they are symmetric in some variables or have certain
particular properties. Three theorems are given for
general functions, completely specified functions, and
completely specified unate functions, respectively. They
are based essentially on the same idea. The determination
of mutual monotonicity by each method becomes progressively
easier though the application would be more restricted.

For simplicity, let a function be expressed by a
sum-of-products form, A produt term, is represented by
a, b, ¢, etc., with or without a suffix. Sometimes a
product term is factored into sets of literals and written
as a = a,a,a,, and a is said to be "partitioned" into

172737

a;a,a,. In this case no two subproduct termg such as a;

and aj involve common literals. Let the subvector
corresponding to a be &. For example, a = (1-01) corresponds
to a = Xl§3X4' a*b implies that a subsumes® b, and N(a)

is the number of literals which appear in a. @ is the
negation of a, i.e., the product term obtained by

negating all the literals in a.

*A product term a "subsumes" another product term b if all

the literals in b are also in a. Tor example, xl%'?xu > R%,
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A. General Case

Let f be an incompletely or completely specified
function. In order to treat an incompletely specified
function by the algebraic expression, two completely
specified functions 1 and O are associated with the

function £, where

U@y = Uy, V) = V(I W)
Uy = v, V) = U IW. (2.20)

Obviously, the function f ié completely described by £t
and f°. Note that when f is completely specified, - f
and 0 = Z.

Theorem 2.7: A necessary and sufficient condition for g
and h to be mutually monotonic is that when gl and ht
are expressed by  sum-of-products forms,there are no

product terms a.a,b.b.c and a,a b.b,c such that

172712 3747172
gl.: a,a,b.b,c VG
1727172
- - 0
U(alaQaableC)(\ ug) # ¢,
and 1
- B H A"
h aaaqblbzc H
- — 0
U(ala3a4bleC)‘1 uth™) £ ¢ ,
and

N(ay) + N(by >0 and N(as) + N(bw) >0,

1
where G and H represent the remainder of gl and h™,

respectively, and there is no common variable in a_a,

12
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and aga, -
Proof: Proof is by contradictionm.
‘Sufficiency: Assume g % h. Then by Theorem 2.2,

condition (b) there are four vectors such that

(r,8) € U(g)}

(r,8) €E V() (2.21)

@ﬂevm}

(r, ) €V’ (2.22)
N() > 0.

. . 1
From (2.21), there is a product term rys, in g7 where

r+r.,s >s. , and NCrl)>O. For N(rl) =0, (r,s)& U(g)

1 1’
~implies (¥,s) € U(g), and this is a contradiction.

. 1
in h™ where

Similarly, there is a product term r,S,
r>r,, t>s, and N(r2)>0. It is possible to rewrite vy
and r, as follows

ry = ri'ry, Fo = 7,7y,

In other words, Pl' and PQ' have no common variable.

Next, consider common variables in 54 and S, and
collect separately those of the same sign and those of
the opposite sign, and let them be 33' and su',
respectively. Then,

51 = sisd'sq, Se = 527848,

where there is no common variable in sl' and sé'. Conse-
quently, there are product terms

7’1"7'3,51/53,84, and 72’73,52,33/3'4’

. 1 . .
in ¢~ and hl, respectively. Moreover, (2.21) implies
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- 0 .
Ulrs) M UGG ) # ¢ and thus
U(F 77 sysa'sd) (Y U(8% = 5,
S T NS 8T T te t ' gimi g
because rs - r ey trats ey ts, imilarly,
1!v(rllf‘zl?';;/S;}/S;;,S‘sr) f\ /(h“\ 3 Cf

Then if we put r ' I notoa b s 'z Db

1T 10 BT %0 Ty 17 %y 2°
83* = c, rz' = ay and 52' = a,, we have proved the
sufficiency of the theorem. Clearly, N(r,)>0 implies
' + N(b.)> N(r.,)>0 implies N + N(b )>0.
N(al) (bl) 0 and (12))O implies (aS) (bl) 0
Necessity: Assume there are product terms that
satisfy the conditions in the theorem. Then there ave

four vectors such that
(ali Ay, *y, *y, bl; b‘l’ C, *i) (: [(gl)
(517 Az, 8z, [:}17 517 bz, C, ‘tw“i’) G (V(g“;* :

(*‘13 *p, a3, aa, bl) bﬂi &8 *g) (_ { \h“‘

(ai, (s, as, as, by, 52, c, 1) & UinY,

where & implies any subvector and O implies some
subvector. Thus, if we choose the % part appropriately,
we get .

ala;gbl é 51&351

L (2.23)

aash; < aasb,,

and obviously N(al) + N(a3) +«N(b1)>0. This implies
g ®# h. Thus a contradiction. Q.E.D.
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Tt is possible to eiiminate_fhe condition N(al> + N(bl)>0
and N(aB).+ N(b1)>0 from Theorem 2.7 because if, for example,

N(al) + N(bl) = 0, we automatically have

l,7<d102(l3l_)1b26) == (,»"((12(13[)26) g U(agbg(?)

= l,"('<71dzb1b20) _C_ U(gl)

“and this implies

U(drasashibac) M U(g% = ¢F.

By this theorem, we can examine the mutual monotonicity
of g and h as follows. First, represent gl and hl in
sum-of-products forms and simplify them, if possible.
Then, apply the following procedures to every pair of
product terms selected from gjL and hl, regpectively.

(1) Among variables which appear in both product
terms, let the part of the same sign and that of
the opposite sign be ¢ and b, respectively; the
remainder is denoted a and a' for gl and hl,
respectively. Namely, the pair of product terms
of gland h' is written as abc and a'be.

(2) Partition a, a', and b as a = aja,, a' = az,,
and b = ble under the conditions N(al) + N(bl)>0,
N(a3) + N(bl)>0. For every partition, examine if

both

U(dlagaaﬁ,‘bzr) ™ [j(go) o Q
U{adsash,bc) M (R # &
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are satisfied. If nQ palr of partition of product
terms selected from gl and ht satisfies (2) then
g v h, and if there iz at least one pair which
satisfies (2) then g % h.

Though this method seems to be very complicated, the
insight into the structures of g and h sometimes greatly
reduces the amount of computation. Por example, some of
the subproduct terms are frequently null, and if
N(a) + N(b) = 0 or N(a') + N(B) = 0 is known, it is not
necessary to proceed to procedure (2). Considering the
form of go and ho, try only partitions which may yield
U(alaQa b.b c) and U(a akaubleC) that intersect U(go)
and U(h™) respectlvely. Other techniques will be found
in the examples. When g and h are very sparsely specified,
wowever, the procedure due to Definition 2.1 may
sometimes be simpler than this procedure.

Example 2.5: bExamine the mutual monotonicity of incompletely

specified g and h:

g /7
¥ X ¥ x4 4 X1 X3 X3 X4 h
1.0 1 1 1 T 0 1 1 1
1 0 1 0 1 1 1 1 0 1
1 0 0 1 1 1 0 10 1
1 0 0 0 1 0 1 1 0 1
1 1 1 0 1 0 0 | 0 1
0 1 1 0 1 0 1 0 0 ¢
0 0 0 1 0 1 0 0 1 0
0 0 0 0 0 0 0 0 0 0
g £ = xifa V mpngEy, 40 = Eiiad
h: h! = X180 V .’)ng:.;, h*® = E1R3%y V a1 8ekaly. ( 2. QL(.)
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N , - . . .
(¥, and % X X, In this pair, however,
N(a) + N(b) = 0 holds and procedure (2} is omitted.

Now compare x

similarly for ®.xX.%, and x.X Next compare X and x,%

2* 3%y %y 1%2 3%y

By procedure (1) a = Xl§7 and a'= Xaiq. Considering that
3 appears in every term of h , necessarily a5 = Xy or
ag»: ngu’ 1.§., d, contains x3, for U(ala3aublb20) to

0 e .
intersect U(h ). This implies that x

X

3}necessarily appears

in ElazaéB]bQC which is compared with U(go), and obviously

from the form of g  the term does not intersect U(gO).

Finally, for R,¥ X

)

e W - = »_ and this 3 2 e
" and X KKy C 3 and this implies

5 appears in & aQaéBlbgc which is compared with U(go),

. 0
and thus the term does not intersect U(g ). Thus we

that x

have proved that ¢ v h,
_ 2 24



Completely Specified Functions

~In this case, Theorem 2.7 is simplified to some exteut
45 follows.
Theorem 2.8: A necessary and sufficient condition for two

w  completely specified functions g and h to be mutually

monotonic, when g and h are repfeseﬁted'by sum of prime
implicants*, is to satisfy the following two conditions.

" (a) There is no variable which appears in g and h,

respectively, with opposite signs#¥,

(b) There is no pair of prime implicants a, a,c and

172
aa,c such that
g = tae 1+ G
Uldrasasc) N Vig) # I,
h = g+ H
IFladsawc) \V(h) # T, (2.25)

and N(al)50, N(a3)>0, where G and H represent

the remainder of ¢ and h, respectively, and

there is no common variable in aa, and aa, .
Proof: We first prove that condition (a) .is necessary.
Assume that condition (a) does not hold, i.e., there are
prime implicants xiabc and iia'Bc in g and h, respectively.

' The existence of the prime implicant xiabc in g implies the

A pfoduct term a is a prime implicant of a function f if
and only if U(a) € U(f) and there is no product term b such
that U(b) & U(f) and a » b.

%*%The sign of a negatéd (unnegated) variable is negative

(positive).
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existence of vectors

(1,a,b,c, *) € U(g)
(0,a,b,¢, D) €V,

(2.26)

where % implies an arbitrary subvector and fj implies a
certain.subvector as before. The i-th component is written
to the left of the vectors. Irom (2.26), if we fix the g

gi is obtained.

part to be the same as the [@1 part, i>
Similarly, it is possible to obtain i St i, and this implies
g# h. Therefore, we can suppose that condition (a) is satis-
fied. This is equivalent to saying that we suppose N(bl) =
N(b?) = 0 in Theorem 2.7. Then, considering that U(go) =
_V(gi when g is completely specified, etc., we can
prove condition (b} is a necessary and sufficient
condition for mutual monotonicity of 9 and h, under
condition (a). Q.E.D.

By this theorem we can examine the mutual monotonicity
of two completely specified functions g and h in the
same manner as incompletely specified functions. First,
represent § and N by  sum of prime implicants. If
there are variables which appear in ¢ and h with opposite
signs, we have §# N, If there are no such variables, apply
the following procedure to every‘pair of prime implicants,
each selected from g and h, respectively.

(1) Let the literals which appear in both prime

implicants be ¢ and the remainder be a ‘and a'
for g and h, respectively. Namely, thé pair of

prime implicants of ¢ and h is written as ac and
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a'c, respectively. ’
ala2 and éi: aéa“ under
constraints N(a1)>0, N(a3)>0, and for every

(2) Partition a and a' as a =

partition examine if both

Ul asas) (O V(8 # &

[,'(,(114131.14(:) i V(h) ()

are satisfied. If no pair of partions of prime
implicants selected from ¢ and h satisfies (2),
then g~h, and if at least one partition satisfies
(2), then g=h.
From Corollary 2.2B, it is obvious that U(g) 2 U(h)
or U(h) 2 U(g) must hold for g and h to be mutually
monotonic. Assume U(g) = U(h). Then we can add a condition
N(au)>0 to condition (b) of Theorem 2.8, because if

N(au) = 0,

U(dﬁlg(l;ﬂ:) Q U(aac) = U(GIC) Q U(h) Q l/(g)

holds, and thus we immediately have

U(dlagdac) M V(g) = Q

By employing this property, we can eliminate the
test of some partitions of a and a' in procedure (2).
Procedure (2) is especially unnecessary if N(a')<l holds.

A wellknown necessary condition for complete mono-

tonicity (as will also be shown in Theorem 2.10) is unateness¥®.

*#A function is unate if and only if it has an expression
in which each variable appears with negation or without

negation throughout.
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Suppose that some of g and h is not unate. If we
are to examine the mutual monotonicity of ¢ and h in
order to examine the complete monotonicity of a certain
function, it is unnecessary to know if g n h since the
original function is immediately known to be noncompletely
monotonic. However, if.we want to reélize a given function
by a combination of completely monotonic functions when
- the original function itself is not completely monotonic,
it is necessary to know the positions of pairs which
are not mutually monotonic in the expansioh diagram,

In this case, therefore, we have to proceed further.
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C. Completely Specified Unate Functions

Sometimes . in actual examples, especially when only
the complete monotonicity of a given function is under
consideration, mutual monotonicity of two unate functions
is examined. In this case, Theorem 2.8 is simplified
further.

Theorem 2.93 A necessary and sufficient condition for
completely specified unate functions ¢ and h to be
mutually monotonic is to satisfy the following two
conditions when they are represented by sum of prime
implicants.

(a) There is no variable which appears in g and h,

respectively, with opposite signs.

(b) For every pair of prime Implicants alaQC and a3 ;€
selected from g and h, respectively, there is -
either a prime implicant p of ¢ which satisfies

\\ézaac,»-p or a prime implicant q of h which
éatisfies-a,é>c + q, where there are no common

n

literals in a,a, and asa, and all partitions

a2, and a3a4 of selected prime implicants that

satisfy N(a )>0, N(a )>0 should be considered.
13,3 c)f\ v(g) = ¢

agc) U(g). When g is unate,

Proof: In Theorem 2. 8 for example, u(a,a

is equivalent to U(3 185
this also means that there is a prime implicant p of ¢
which satisfies & a,a,aze p[88][98], Furthermore, from
the unateness of g and the fact that a, appears in @,

al 533 > P is equivalent to a,a84C > p. We can prove
this for the prime implicant q of h in a similar manner.
Q.E.D.
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Of course, if U(g) 2 U(h) is known to hold, we can
add one more condition, N(au)>0, to condition (b) of
Theorem 2.9.

The procedure for examining mutual monotonicity of
Theorem 2.9 is almost the same as the one by Theorem 2.8.
However, it is simplified in two respects: product terms
considered in procedure (2) are a little simplified and

the intersection property is substituted by the subsuming

property.
Example 2.4:
g = xl v x2x3
h = x x (2.27)
23
Obviously, U(g) 2> U(h). Compare x, of g and X% of h,

“her = 'z r 2 g.= 3 a = =
then a Xl’ a x2x3 I we put a;= X5 a5= 2, a,= Xq5
there is neither a prime implicant of ¢ which is subsumed

by a,8,C = X, nor a prime implicant of h which is

2
subsumed by a,a c = % ,x,. Therefore, we have g~ h.
Example 2.5:

J = X X,V %X V X X_V X

2%3 Y T Y %5 Hy VO HgX

3 35
(2.28)

h = % %3xu.v X XKoo

Obviously, U(g) 2 U(b). Thus, considering N(a)>1l, N(a')>2,

it is necessary to examine four pairs, {x Ky s XpXgXs 1,

{x X X {x3%, X %R} and {xgx Note,

2*3%y ) 52 %p%g%y )
however, that any product term of positive literals r

which satisfies N(r)z2, except for Xy X subsumes some
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prime implicants of g. For the above four pairs, ¢ = X, Or
o = X, and N\aQa ¢)22 from N(a )>0. Since clearly A,d,0
"is not 2, %cs any aQasc subsumes some prime 1mpllcanra ol
g and, therefore, we obtain g ~ h. This technique which
considers the number of literals in product terms
sometimes greatly reduces the amount of computation.

" The same result is also obtained by constructing a
"partition diagram" for each pair of prime implicants.
Tn the partition diagram, a,a,C¢ and a.a ¢ are writted in

273 14
upper and lower entries, respectively, and circled if it

X2X3Xs5 X3 ‘ "xﬁ ! w;; B
X2Xq B 1‘6_ ’; ) E;‘n ; das o
(xﬂﬁ;n) ‘f X2X3Xq ! ) _;1:(;4;_ N
- ” el e e
X35 » Xy x5 as
xttf . . £ Xz as
’ x‘ N _xz_xs~ e __xaxs Qa3C
’ XeX3X'4 _ll;;—l: -
o a: v

does not subsume any prime implicant of the designated
Function. Clearly, g~h if and only if there are entries
such that both the upper and the lower are circled.

Note that it can be shown that the partition diagrams

of pairs {XQXS’ xzxsxq} and {x X%, XQXBXM}Can be ommitted
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since these pailrs appear in the partition diagrams of

¥, %X} and 3 : 21 . Thi:
%, ¥y 5} i {xaxq, XQYSXS}’ respectively. This
property is always true. Theretfore, in this example
all possible partitions for these pairs which may
satisfy condition (b) of Theorem 2.9 are already exhausted

in the above. diagrams.
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2.10 Examples of the Test of Complete Monotonicity

Example 2.6: Consider an incompletely specified function
and its expansilon diagram shown in Fig.2.4%. Although each
’ : 1 , : .
function can be defined by f and fo, as described in

Seetion 2.9A, it is given directly by a truth table.

OO0 ~-~0 00~ 0~0~=~0000|

0000 OQ|m e e e OO ——

lo-co~looco~coo-0~

000—-——-]00000—~——==7.
0-00 0|00~ — = O e e

/ \\
b i 1
1011 TO 11
1010 1110}
1001 101t O
1000 0110
It io 0010
el o 9100
000 | 1001
0000 0000

[
N
ot
by
~

; f1z
110 o1 i10
00 | 110 0110
000 010 lloo
/\ 00 000

Qa ~f ti! fr zs r\_,;f na‘i f\/szs

Fig.2.4 Expansion diagram of the function of

Example 2.6.
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The upper side of the truth table represents vectors of
U(f) and the lower side represents V(f). The mutual mono-

tonicity of fl and fi has already been shown in

Example 2.3. From Corollary 2.2A, £ _ ~ f f

12 13 F133 v f
and f123 v f‘iQé. The test of f12 Y fié and fiég ¥ fiéé
be easily performed by Definition 2.3, since the number

1232
can

of vectors under consideration is rather small. Consequently,
~all pairs of functions in the expansion diagram are
mutually monotonic and, therefore, f is completely

monotonic.

ExamEle 2.7:

X (2.29)

= x.x 4%,

1%V X

2

VExpandlng f, we have fl =X, v KX)o fi = XSXH' These are
the same type of functions which we have treated in
Example 2.4 and, therefore, fl % fi' Thus f is not

completely monotonic.

Example 2.8:

= \v4 A4
f X X %o v X R%y X R X XXy

\% vV
X KXo X KX, X KXo (2.30)

The expansion diagram is shown in Fig. 2.5. Since
fl§ = fiZ’ either function is to be expanded further.
The function in the lowest level of each branch is
obviously completely monotonic. By Corollary 2.24,
f n~of

feo N fenl - - ~
1o v fi5> fip9 v fip3> and f g v f1o3. We have already
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shown the mutual monotonicity of fi and fi in Example 2.5.
‘Since f is symmetric in {xl, %5 X3} it is not necessary

to examine the mutual monotonicity of fl2 and fl§ by
Theorem 2.4. Thus, every pair of functions in the expansion
diagram is mutually monotonic and, therefore, f is

completely monotonic.

f -
//\
// S
LR SRR 0 5 0 R LD & EQIE ED & e AP 65 0 )

RN N

Fam Gt~ T3 = X040 Xy T = XXXy Xy~ 5= O

N\ /N

(IS ESHRED A5 & fron = Xy fos =0

Fig. 2.5 Expansion diagram of the function

of Ezample 2.8,

In the above expansion, The test of T. v T was

somewhat complicated., This can be simplified 1% we employ

v

the concept of dual functions as well as Theorem 2.5 and
Theorem 2.6. One example is shown in Fig.2.6, where

fd, = “f;)d)

o> and so forth. To examine f .d v fﬁa it

sufficient to consider the pair of prime implicants which
satisiy N(a)z1l and N(a')22, since obviously U(f d) =2 U(f.).

llowever, there is no such palr of prime implicants and,

f=. The test of the
1
remainder is similar to the above. Consequently, we

therefore, we immediately have fld N

have also proved by this expansion that f is completely

monotonic.
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f

/\\

fa = LR+ XX+ 0%~ fr = X060 X, X, X,

/////\\X\\ /////\\\\\

Tdy = XX Xy~ fdz = X3 Xy fia= A XX, ~Fiy =0

/N

£ o
tday™ |~ f,d23-~ Lq Xy

I'ig.2.6 Expansion diagram of the function of
Example 2.8 obtained by the aid of

dualization.

As an example of a larger function, the wellknown

Moor's function ~ ~ is tested its complete meoactonicity,
in the reference 1108, Other usetul techniques will

also be found in the process for that function.

[}
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2.11 Functional Form of Completely Monotonic Functions

From Theorem 2.8 we can obtain a direct necessary
and sufficient condition for complete monotonicity
when the function is completely specified and represented
by a sum of prime implicants. Functional forms of
threshold functions have been frequently discussed>
but they are only necessary conditions or only sufficient
conditions, not both. Therefore, the next theorem is
interesting since it provides a necessary and fufficient

condition, though it is of complete monotonicity.

Theorem 2.10: A necessary and sufficient condition for a
completely specified function f to be completely
monotonic, is to satisfy the following two conditions
when it is represented by sum of prime implicants.

(a) f is unate.

{(b) Tor every pair of prime implicants of f,

ac = ajac and a'c = ¢, such that N(al),

a,a,
N(ag), N(a3), and N(a4)>O, there is a prime
implicant p of f which satisfies either

¢+ pora

¢ > p, where a.a, and a,a

4293 1% 192 3%y

have no common variable and all possible

partitions a,a, and aga, should be considered.
Proof: Apply Theorem 2.8 to Theorem 2.3 condition (b).
N(a3)>0 and N(a4)>0 are immediate consequences of
U(f) 2 u(f). Q.E.D.

Although the test of complete monotonicity by

Theorem 2.10 seems more time-consuming than the previous

one, it would be easier to program.

by
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Example 2.9: Consider the function f treated in Example
2.8. As T consists of seven prime implicants, .C, =21
pairs are to be compared. However, among them, only six
pairs satisfy N(al) + N(a2)22 and N(aa) + N(aq)22 and,

therefore, can satisfy N(al), N(a2), N(a3), and N(a4)>0.

They are {x;xzm, x1x3xa}, § %1260 5, DCQ.\?3X5}, {DC1DC33C4, x1x2x5§,
(mwgxs, X¥aXs}  {xinws, mrgs},  and  {xuesws, xexx.}.  For

example, for the first pair we have a = XXy a' = Xo%e s
and ¢ = %, For this pair, only  {aws=xwsxs, @104 =212425}

and {wywwrs, x1%6s)  should be éxamined for condition (b)
of Theorem 2.10, considering N(al), N(az), N(aS), and
N(a4)>0. In this case there are prime implicants x. X, X

1723
and X ¥ X in f and one of them is subsumed by the
former term of each pair. By a similar process we can
eventually prove tThe complete monotoniéity of f by

this direct method.

function T is represented by  sum of prime implicants,
if for every pair of prime implicants the total number
of literals which appear in either prime implicant but

not both is at most 3, then f is completely monotonic.

Example 2.10:

f = x %% VvV xxx
AR

3 VX % 31
12 170 uxg, QXQ L (2.31)

This is completely monotonic from Corollary 2.,10A.

Wellknown properties which hold for functions with

Fooll76]

a small number of variables are also easily obtained
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from Theorem 2.10.

Corollary 2.10B: Unate functions of at mosf three variables

are completely monotonic (threshold) functions.

Corollary 2.10C: Positive functions of four variables
which are not completely monotonic (threshold) functions
are limited to the following functions and those
obtainble by permutating their variables and duals.

\%
XX,V R X

(1) f

= v v
(2) f X %,V R XLV XX

These corcllaries can be incorporated when we are

completing an expansion diagram.
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'2.12 Extension to Threshold Functions

Threshold functions are of practical importance
since they are easily realized by physical or threshold
elements. However, completely monotonic functioné do
not have such a practical importance and are considered
“to be important only as approximations of threshold
functions. In this section, therefore, we consider an
extension to threshold logic of concepts developed
in the previous sections.

First, we introduce the concept of isobaricity

corresponding to mutual monotonicity.

Definition 2.5: Consider two functions g and h and let

x; & U(g')
yi € Vg
v, & U
v & V{h),

1

then g and h are "isobaric" if and only if for every

set of vectors and kl’ k2 (>0) which satisfy
}: x; 7 E:y,- and D u; # Z vy,
ks iy gy I

the following holds:

2oxit 2w 2y 2w,
fy

ley ky Iy
where vectors are not necessarily distinct. If g and h
are isobaric, they are denoted as

as g % h.

g2 h, and if not
2

&
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When kl’

equivalent to mutual monotonicity, and obyiously mutual

and k2 are limited to 1 this concept is

monotonicity 1s a necessary condition for g and h to be
isobaric.

The term iscbaric has sometimes been used to imply
that two threshold functions can be realized by the
same weight vector[23]. However, in the above definition
g and h can be isobaric even if g or h itself is not
a threshold function. To imply the above concept we say
that threshold functions g and h are "simultaneously

realizable". These two concepts are equivalent when g and

h are restricted to threshold functions.

Theorem 2,11: When g and h are threshold functions,

¢ and h are simultanecusly realizable if and only if

¢ and h are isobaric.

. 72 ]
Proof: It is known (see Muroga et ale,L : etc.) that

s a threshold function if and only if g and h are

-
He

threshold functions and simultaneously realizable,

where
- v
f g%, hxi

and g and h are independent of s f is a threshold
function if and only if f is k-asummable for any k.
Then, assume g and h are not isocbaric, i.e., there are

vectors which satisfy

;xj+§uj=§Yj+§Vj- (2.32)
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Adding the component Xy to the left of these vectors,

(2.32) is rewritten as

Z (1: Xf) + Z (01 u]') = Z (1’y1) + Z (05 Vj)1
ky kg ky ko

and this implies f is (kl+k2)-summable. Thus, £ is not
a threshold function. The converse can also be proved in
a similar manner. Q.E.D.
| These concepts are meaningful since the next theorem
holds and corresponds to Theorem 2.3 which is a basic

property of completely monotonic functions.

Theofem 2.12: The following four conditions are
“equivalent.

(a) £ is a threshold function.

(b) £~ £,

(c) Tor any i (ls<isgn), £,z

(d) For a given i, both £, and fr are threshold

functions and moreover, fi=3 fI. ‘

Proof: (a) ¢ (b} may be trivial. (a) ¢ (d) is a wellknown
property of threshold functions, since in this case
fica ff implies that they are simultanequsly realizable
by Theorem 2.11. Therefore, we prove only (a) & (c).
However, (a) » (2} is also easy to prove. (c) § (a) is
proved as follows. Assume that £ is not a fhreshold

function, and there are vectors such that

u; E U(S)

v @ V() (2.33)
E ;== Z?: V.
k Tk
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Let this be a minimal set of vectors that satisfy (2.33),
i.e., no proper subset of vectors {uj} U {vj} satisfies
(2.33). Since all u. can bot be the same, for some

component, say X the following sets are all nonempty:

u; | (up) =1}
u;| (uy); = 0}
vil Wi =1}
vi| (v): = 0}.

L QO N

=
=
= |
= {

Let #P = #R = kl and #Q = #S = k2, and pj be a vector
obtained by removing the i-th component of us in
P, etc. Then, we have

p; € U(f)
r & V{f)
;i € U(fn
: s; € V(fi),
kZPi‘*‘ :qu‘ = %_:rj—}— %\:Sﬁ

and from the assumption of the minimal set, obviously
2opi# 21 and D g % D s
ky ky ky ky

This implies £, # fr, and thus a contradiction.

| Q.E.D.

As in the previous sections, this theorem enables us
to develop a similar theory of threshold functions.
Note, howéver, that we have not yet found a simple methcd

for testing if two given functions are isobaric. The
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usefulness.of isobaricity. completely depends on the
‘development of such methods. |

Aithough complete monotonicity and realizability
by a threshold element are very closely related, indeed
equivalent for completely specified functions of at
most 8 variables, there are certainly functions which
are completely monotonic but not l_realizabie, such
as Moore's function.In this case, some péirs of functions
in the expansion diagram are mutually monotonic but
not isobaric. ‘

From these arguments the next theorem may be obvious.

Theorem 2.13: Completely specified completely monotonic
threshold functions of at most 7 variables are iscbaric
(simultaneously realizable) if and only if they are
mutually monotonic.

This thecrem is of practical importance since the
test of mutual monotonicity is rather simple, as

described in the previous sections.
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2.13 Classification of Threshold Functions

The number of threghold functions increases rapidly
in accordance with n, thqugh threshold functions occupy
a progressively sméll portion of all functions. A handy
method»of“handling those large number of functions is
to classify them into fewer number of classes. These
classes will be dealt with rather than individual
functions in the design process, provided that a method
of obtaining the original functions from such classes
is known.

A convenient classification of threshold functions

is provided by means of characterictic vectors.

Definition 2.6: Let

q. = #L x [£(X) = €}

a3 .= #1 x %5 = 6, £0) = e},

where 0 and € assume either\b or 1. Then the ''characteris-
tic vector" of £(x) is defined by

¢ = ( Cqr ©p0 cQ,.:;, cn),.
where
0 T 91 " dg
_ 3 ] 3
©5 7913 g9 T 9py T 9300
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In other words, let the binary values be -1 and 1
instead of 0 and 1. In this case, the vector is represented

by ¥, Then, an equivalent expression of C is

n

(9]
H
it ™M N

) f(yi) (1, A ).

i
If, conversely, we can obtain f(y) from its
characteristic vector, this nt+l dimensional vector could
be used as a representation of £(y). For this purpose,
the one to one correspondence between function and

its characteristic vector is necessary.

Theorem 2.14: A necessary and sufficient condition that

a function f and its characteristic vector correspond

one to one is that there is no set of vectors such that

u, € {y | £(y) = 1}

v.ely | £y =-1)

K .k

Sou. = % V., (2.34)
=1t i=1  *t

where no repetition of vectors in the sum is permitted.
Proof: Let f and g have the same characteristec vector,

i.e.,
3 '?(‘\/ ] Yoz Lo 3
j‘*’i) (1, y; ! ) "%(yi>\( 1y y,)

(2.35)
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For vectors, for which f(yi) = g(yi) holds, the both
sides of (2.35) cancels each other. Thus by changing the

subscripts appropriately for the vectors with
f(yi) = _g(yi) b

the next equation is derived from (2. 35).

.; f(yi) (1, Y; ) = .E -f(yi) (1, yi),
i=1 1i=1
(2.36)
» namely,
k
izl £y (1, yi) = Q. (2.37)

Obviously, (2.37) is equivalent to the existence of
vectors given as (2.34).
Conversely, if (2.37) is satisfied for a set of

vectors, we can create a function g(y)_by setting

g(yi) —f(yi), iz 1,2,...,k

N

g(yi)

f(yi)’ otherwise.
(2.38)
This g(y) satisfies (2.35) and therefore has the same
characteristec vector as f(y). Q.E.D.
Let us compare thds result with the asummability
property (2.6) of threshold functions, and also with.
the 2-asummability property of completely monotonic

functions (Definition 2.1).

74



Let us denote the class of threshold fuuCtions-by\ T,
the class of completely monotonic functions by M, and
the class of functions which correspond one to one |
with their characteristic vectors by €, then the next

theorem follows immediately.

Theorem 2.15:

—

F e C €W

The relation T € Wl was first proved by Chow[l”.
It is also known that J =M hclds_for functions of
.up to 8 varlables[lom[79]. Those functions which belong
to M but not J have been constructed by various
éeo le [98][?7][1]4? Among those are & function of 9
variables which belongs to £  but not 7 , and a
function of 15 variables which belongs tc ¢ but not
¢ . Both functions were constructed by Gabelman[27]
for a different purpose.

As a result, we are able to use fhe characteristic
vector instead of the functicn if it is known
to be a threshold function, because Theorem 2.15 asserts
~that I &« { , i.e., the characteristic vector
determines a function uniquely. Several methods are

20105610
availableu HeEedhow

, To obtain the original function from
its characteristic vector , if a given function is a
threshold function. When completely monotenic functions

are concerned, however, the one to one correspondence
between functions and their characteristic vectcrs

does not hold in general, except for functions of up to
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8 variables.

Now, let us denote the characteristic vector of

f(y) by

ch.f(Y) = (¢, ¢ c ) (2.39)
0 n

IDIRERE
Then the next properties immediately follow from its
definition.

(1) Let ¢ be a permutation. Then

.F ce
- Es 1y Yo 0 Yo(n))
= ( €00 S(1)° " * So(n) Y. (2.40)
(2)
ch.f(yl,..., Vi 1> Vgs ippoce-o yn)
= CO""’ci—l’ Cis Ci+l’ v )
{2.41)

where §i iz the negation of Vi i.e.,

yi = - yi'
(3) -
ch.f(y) = (—co, “Cisetes —cn). ‘ {(2.u42)
(4) a
ch.f'(y) = (fco, Cls Chsres Cn)' (2.43)
(5) ‘
h.oy.f sae e . .y V. e Vieseees ¥
SENEEASSLTIEERIS R A RIS L SETRTII
= ( CL.y Coyeny ©, Ly Coy C.lgunn,
] 1 J-1 0 J+1
(2.44)
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[201]

Property (5) is first proved by Dertouzos . in
conjunction with the classification of threshold
functions.

These properties can be used in classifying functions
of class € Dby means of their characteristic vectors,

because the next theorem holds.

Theorem 2.16: C is closed under the 5 operations shown
in (2.40) - (2.44),

Proof: A proof is giﬁen for the negation of variables,
i.e., (2.41) in the above list of properties. Other cases
will be proved similarly.

Let g be £ with yj negated:

gly) = f(yl,..., Tamavssy ).

If £(Y) does not belong to ¢ , there exist a set of

vectors
u. € Ly | £f(y) = 1}
v.ely | £(y) = -1}
and
K k
Tou, = LoV, ,
1 BA

izl i=l

from Theorem 2.14%. Now let us define vectors ui' and Vi'

as follows;
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- =
ul ( Upseces u]_l, 5 uj+l”' s U )
t = v
v, ( Viseres Vj-—l, Vj, Vj+l,- > Y, )
Obviously,
! =
g(ui ) =1
glv,') = -1,
and '
k k
L u,' = 3z v.!
j=1 7T I

This means that g(y) does not belong to € either. The
converse can be similarly proved. Q.E.D.

As a result of this theorem, it is now possible to
classify those functions in ¢ , by defining a canonical
form of characteristic vector. For example, let us take
the absolute values of components of ¢ (propertiés (2)(3)(1))
and then arrange them in the descending order (properties
(1)(5)). The resultant vector is defind as the camonical
form of characteristic vector. Now,'it is defined
that functions with the same canonical form of characteris-
tic vector belong to the same class of functions.

For functions in the class 7 , this calssification
was actually applied and the table of(;ll the canonical
1o

characteristic vectors is available for threshold
functions of up to 7 variables. (For these functions,

in fact, J = € holds as mentioned above.)
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In this section, only completely specified functions
~were considered. A more general discussion on incompletely
specified functions and the case in which a probability

is assgociated with each input vector is given by Yajima

(o5 '

and Ibaraki
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2.14% Conclusion

The concept of mutual monotonicity was introduced
and investigated in this chapter. Mutual monotonicity
is of importance because it gives a necessary and
sufficient condition for complete monotonicity and,
moreover, it can be tested simply by algebraic
manipulation. Complete monotonicity is in some cases a
necessary and sufficient condition for l-realizability,
and therefore, these concepts can be applied to the test
of l-realizability.

Since most functions are not completely monotonic
(l—realizable)[lo][gsnloﬂ[92][78][llzg there is an
acute need for developing a theory of compound
synthesis by completely monotonic functions or, if
possible, by threshold functions. The concept of mutual
monotonicity and the expansion diagram yields a method of
economical compound synthesis, though it does not
necessarily produce a minimal network. These topics will
be dealt with in the next chapter.

It was shown that if we employ isobaricity instead
of mutual monotonicity, the whole theory could be
extended to threshold functions in parallel, and the
same holds for the above-mentioned method of compound
synthesis. However, simple testing methods of isobaricity
have not been found yet, and the usefulness of the
concept of isobaricity depends on their development.

Considering that completely monotonic functions are
2-asummable functions and threshold functions are

k-asummable functions for any k, it is possible to
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develop a similar theory of subsets of all functions, i.e.,
kfasummable functions for some k. However, this concept
does not exhibit such practical importance at present
ags 2-asummability, which can be checked easily by
algebraic manipulation, and as k-asummability for any
k, which is equivalent to l-realizability.

The -idea of mutual monotonicity and isobaricity
was extended to the case of multi-threshold threshold

functions in [1161].
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Chapter 3. Network synthesis Using Completely Monotonic
(Threshold) Functions

3.1 Introduction-

As briefly reviewed in Section 1.3, there has been no
satisfactory synthesis method which is easy to carry
out and yet can yield reasonably economical networks.

In this chapter, we will use the concept of mutual
monctonicity and expansion diagram, developed in
Chapter 2, for the network synthesis. By examining
non-mutually monotonic pairs of functions in the
expansion diagram, an algorithm for obtaining a

network of completely monotonic functions which realizes
the required function f is devised.

The network could be further simplified by applying
procedures also considered in this chapter. The whole
process can be easily performed by hand computation
for functions of moderate number of variables. It always
yields quite economical networks, not necessarily
optimal, in the author's experience, provided that the
gimplification techniques are adequately applied.

Therefore, it is believed that this algorithm
constitutes one of the major approaches of network design
of threshold (completely monotonic) gates, when
préctical algorithms are required. ‘

However, the method is concerned with the compound
synthesis using completely monotonic functions, and
strictly speaking, there are completely monotonic

functions which are not threshold functions. Thus it is
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necessary to extend the method to threshold logic. In
Section 3.8, it will be shown that this is made possible
by replacing the complete monotonicity by the l-realizability

and the mutual monotonicity by the isobaricity.
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3.2 Expansion Diagram

It is neceésary to obtain an expanéion diagram of
a given function in order t6 realize a'function by a
combination of completely monotonic functions. In this
case, however, the position of each non-mutually
monétonic pair is essential and all such pairs must be
found. The total number of non-mutually monotonic pairs
changes according to the sequence of expansion variables
and it is desirable to find an expansion diagram with

the minimum number of such pairs.

Example 3.1: Consider a completely specified function:

f = XX, X X X X, X X

% Koo VX XX X VR KX, X

v
X1X2X5X6 X1X3X5X6 ‘{2X3XL‘-X5}{6

\'4 %= V z V 3%
X KR VX X X xlx2x5x6 (3.1)

Fifst, if we successively expand this function by

variables Xl’ x2, X , the expansion diagram of

gor e
Fig.3.1(a) is obtained. Next, if it is expanded in the

sequence X , the expansion diagram is the

6° *17 ¥oo
one shown in Fig.3.1(b). The total number of non-mutually
monotonic pairs is reduced from 4 to 1.

Several notations concerning an expansion diagram
must be defined here. If a function g is just below a
function £ and connected by a branch, g is said to be
a "first-generation successor' of f. Namely, f_. is a

ai
first-generation successor of fa. If h is a first-generation
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successor of g and g is a k-th-generation successor of f,
then h is a (k+l)st-generation successor of f. A successor
of some generation is simply called a "successor"
Obviously, every function in an expansion diagram except
the bottom ones has two first-generation successors. If
two first-generation successors g and h of f are
non-mutually monotonic, this non-mutually monotonic pair

"is said to be induced by f.

f

////////A\\\\\\\\

f[ /Q\’\—/. fT

SN

fl? 12 T2 d f‘(é
/\\ / \ //\\\ //“\
foa+ 123 T fa Tros ™ hraa fss ™ T
(a)

f
e — h \\.

T2 T + 0T + XX, + X, T, A fo= 0% + X0 + XX, 7,

+ XX + X6 GX,Xs
) //\ /\

o= TaXgt XX +XaTs ~ fg XXX, a1 = XX 0 Xa ~ op =2 4Tt 2,
+Xo X + X5 X5
////«\ ///\\\\
fslz XXt Xy Xy ™ Tgip = Xst Xt Xs Ty = X4 Gtx, ~ a5 0

(b)

Fig.3.1. Two expansion diagrams of the function

in Example 3.1,
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3.3 Fundamental Theorem for the Realization of an

Arbitrary Function

If an expansion diagram of a certain function contains
no non-mutually monotonic pair, it is completely monotonic
and can be trivially realized by one completely monotonic
function. In most cases, however, an expansion diagram
 contains non-mutually monotonic pairs and these pairs
must be removed in order to vealize it by completely
monotonic functions. In this chapter, this is done by
assigning an augmented variable to every non-mutually
monotonic pair and thus equivaléntly making it mutually
monotonic. The next problem is how to realize the
'auémented variables by a combination of completely
monotonic functions.

Before stating the next theorem which is basic to
these problems, we define two "constant functions'" 1,

. i
. and Oi associated with fi and negation of f, as follows:

1,‘2 [(11) = L’Y(fi) v V(fi)a V(]l) =¢
0:: U(0) = ¢, V() = Uy VY V() (3.2)
f:UG) = V), V(T = U

i

Theorem 3.1: Let a function f of n variables be expanded

as
f=f,x Y FfiR, (3.3)

and suppose that fi and fi are both completely monotonic
but fi % fi' For each of the eight augmented variables

below,
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o = {{t x; + {1‘7 x; ‘
f 0; (3.4)

or
1; (fi
B {oi“"Jr {f,r“’ (3.5)
consider the function of (ntl) variables f'(xl,...,xn,
a{x. ,..., X)) which satisfies f' = f when f' is
1’ n

considered as a function of X. Then f' is completely

monotonic with respect to x s X5 Qs and,

12 Xpseen
moreover, o is also completely monotonic with respect
to xl,..n, Xn'
Proof: We prove only for an augmented variable

o = £.x. VY 0:X,.
1 1 1 1

Others can be similarly proved. From the assumption of
Theorem 3.1, fi is completely monotonic and Oi is a
constant function. Then, fi v Oi is directly obtained
from Corollary 2.2A and it implies that o is completely
monotonic¢ from Theorem 2.3, condition (d).

To prove the compelete monotonicity of f', assume
f' is not completely monotonic. Then we have four

vectors such that
ul, uy € U(f")
v, vi € V([ (3.6)

ul' +u = v vy

from the definition. Here note that o = 1 if and only if
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Xi
;5% 71, i.e., a(x) = 1 only for x = (a, 1), where

fi(a) = 1. Namely, the a components of y.' and VQ' are

1
X
both 0 because the vector ( a, 1), where fi(a) = 1, belongs

Xy a
to U(f) and accordingly ( a, 1, 1) belongs to U{f'). This
1 1
1 and u,' are also

0, since (3.4) holds. Thus the . components of ul’

and

implies that the o components of u

1
1
u2' must belong to V(f'). Equation (3.6) again implies the
x; components of Vl' and v2' are 0. Thus letting the

tand V2' from which X, and o components are

and u2' are 0 because if ¢ = 0 and xi =1, u

u. ', u ', v

1 2 1
eliminated be Ups Uy, Vi, and v, (3.6) is rewritten as
uy, us & U(f)
Vi, Vo & V(/")

(3.7)

LI1+ Uz = Vi + Va.

This is equivalent to f} not being completely monotonic,
contradicting the assumption. Q.E.D.

Thus, by Theorem 3.1 we can remove the. non-mutually
monotonic pair fi % fI equivalently if we consider a
variable o together. Note that the function f' is no
longer completely specified even if £ is completely
specified. '

The eight kinds of augmented variables for a non-
mutually monotonic pair g ® h are illustrated in rig.3.2.
In the figure, the output value of o for each of four h

sets of input vectors U(g), V(g), U(h), and V(h) are
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Utg) {Uih)

Vi(g) Vi)
78 R 5 B B S
lojo} [tfo} {ofo] [oft] ]t} [o[u] [ild [1]o]
(1} (2} 3) (4) (5) (6) {7} (8}

Fig.3.2. Eight augmented variables permitted
by Theorem 3.1.

written in the manner designated above. For example,
when g and h are written as fi and'fi, respectiwvely,
Fig. 3.2 (1) shows a = fixi % 01§i' Obviously, the a
of Theorem 3.1 is to assign an output value 1 to one
or three of these four sets of input vectors. This a
is said to be given to the non-mutually monotonic pair
fi % fi or f which induces fi % fi'
These augmented variables may be divided into two
classes, one expressed by (3.4) and the other by (3.5).

In the former case fi is said to be "essential" to «a

and 1in the latter case fi is essential.

Example 3.2: Expand an incomplétely specified function f
of three variables as shown in Fig.3.3(a), and then
Fig.3.3 (b) is obtained. Obviously, though fl and fi are
both completely monotonic, fl % fI helds and f is not

completely monotonic, If we attach an augmented variable

a = fox. Vv oji (3.8) -

11 1’
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Uil
vif)

|

Fig.3.3. Expansion diagram and augmented variable

of the function in Example 3.2.

the vesulting f' is a function of four variables as
shown in level 3 of Fig. 3.3 (b). Of course f' is

completely monotonic.
Example 3.3: Condider the function f of Example 3.1.
1f we adopt the latter expansion (Fig.3.1 (b)), there -

is only one non-mutually monotonic pair fé % fz, and
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Fig.3.4. Realization of the function in Example 3.3

by threshold elements.

both f6 and fé are completely monotonic. Thus, fheorem 3.1
can be applied directly. The augmented variable o may

be any one of eight possibilities. For example, let

o = 0.%x_ VY fzX_, then f is realized by a combination of
two completely monotonic (in this case, threshold) |
functions, one to realize o and the other to realize

f' (= f) itself. This is illustrated in Fig. 3.4,
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3.4 General Case

In general, there is more than one non-mutually
monotonic pair in the expansion diagram of a given
function and therefore Theorem 3.1 cannot be applied
directly. However, functions of the lower level of each
branch in the expansion diagram become necessarily
completely monotonic and the assumption of Theorem 3.1
is satisfied in this part. Therefore, if we remove non-
mutually monotonic pairs successively from the lower
level by attaching augmented variables, we have eventually
one completely monotonic function of more than n
variables which equivalently realizes the given original
function.

Before stating a rigorous procedure, assume that a
function g is expanded by X, and g; % gx holds, (i.e., g
induces the mnon-mutually monotonic pair g % g{) and
let o be an augmented variable given to this non-mutually
monotonic pair. Then it follows from the proof of
Theorem 3.1 that if g; is essential to o then o is completely
monotonic if and only if g; is completely monotonic,
and g'(= g). is completely monotonic if and .only if g3 is
completely monotonic. Therefore, the augmented variable
o and the function g' are realized as shown in Fig.3.5(a),
provided that augmented variables a
Bps Boseens By

to become compietely monotonic, and g; is essential to o.

1> Ogseeen ak_ and

i .
are necessary for g; and g7, respectively,

If gz is essential to a, the realization is shown in

Fig.3.5(b). For the former realization, o, B Bk are

1

IEARE
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Fig.3.5. Realization of a function which has

non-mutually monotonic pairs.

said to be "necessary" for g and for the latter realization,
o, al,..., dk. are necessary for g
When g does not induce a non-mutually monotonic
. 1 k
pair, suppose that g( ),..., g(b) are all the nearest
successors of g which induce non-mutually monotonic

pairs (i.e., all paths from g downward either terminate at
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(1)

one of g through g(k)

or have no function which

induces a non-mutually monotonic pair) and sets of
. k

augmented variables {a(l)},..., {u( )

(1) (k)

for g geses & , respectively. Then the function

} are necessary

g%n{a“q,--',{awﬂ)

which satisfies g' = g is completely monotonic. This

(1) (x)

},ooo, {0 } are taken into

(1) (k)

consideration, g seens E can be considered to be

is true because if {a

completely monotonic and thus the expansion diagram
does not contain non-mutually monotonic pairs any more.

In this case, augmented variables

{a(x)}U{a@)} U U fa®] (3.9)

ve said to be necessary for g and g is realized as
hown in Fig.3.5(c).

Then the procedure is to produce each augmented

variables recursively from the lower level, and

finally realize the given f by either one of the methods
shown above. A procedure of realizing an arbitrary
function f of n variables is described.

(1) Find in the expansion diagram of f a function
which induces a non-mutually monotonic pair and
which satisfies one ‘of the following:

(a) It has no successor which induges
non-mutually monotonic pair,

(b) It has successors which induce non-mutually |
monotonic pairs but for which all ngcessary

augmented variables are already determined.
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Let this function be g, and suppose that g is
expanded by Xy and g; % g3+ Let U ERREE aki be

necessary for g and Bj1 """Bki for g;-

Then realize an augmented variable o for this pair.
If we are to obtain an augmented variable ¢ to
which g is essential, it can be realized as

shown in Fig. 3.6(a). ‘In case of g; being éssential,
the realization is shown in Fig. 3.6(b). In the

former case, a, B are necessary

1200 Bk‘:‘
1

for g, and in the latter case, Uy Oyoeres Oy
i

are necessary for g. Répeat this procedure until
there 1s no function which induces a non-mutually
pair except for f itself.

(2) Realize f according to the method described
above (Fig.3.5(a),(b),(c)). Consider g as f

in this case.

(b}

Fig.3.6. Realization of an augmented variable.
2
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Note that in the above procedure an augmented
variable for each function which induces a non-mutually
monotonic pair is determined recursively'but it is not
" necessary to realize each individual function ( g in
procedure (1)) except for the given function f. Therefore
if there are P non-mutually monotonic pairs, we need at
most P augmented variables and thus P completely monotonic
functions interconnected to realize these augmented
variables. One other completely monotonic function which

realizes the given function f itself is also necessary.

Theorem 3.2: If there are P non-mutually monotonic

pairs in the expansion diagram of a given function f of
n variables, f can be realized by a combpination of at
most (P + 1) completely monotonic functions within n
levels. The number of input variables of each completely

monotonic function is not more than n + P.

Example 3.4: Consider the following completely specified

fﬁnetion of five yariables

f = miaaRans V Ealsls V Bifass V £180%a%s

V%ynxgm . : (3.10)

H
[%2]

The expansion diagram is in Fig.3.7. In this case P
and by Theorem 3.2, £ can be realized by at most P+ 1 = 6
completely'monotonic functions. First, procedure (1) is

applied to three functions, le, fiQ
fi?’ and fiﬁ are of the type

respectively.

, and f1§. Augmented

variables necessary for le’
V- }
g,%4 Oixi’ denoted ®yps O7n and 755
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f

/\

fi= XXX + XXX Xs T 11 = XX Xst Lo o+ Xy Xy +X,XsX X5

P N

o= T X+ Xy XXy~ fiz= O fo= LXtXX Vv fiz = XX +XaX, ’
foa= X X5 A fip5 =X, fom XX foz =% fiza=X fiss
lo]o] olo nol

' Fig.3.7. Expansion diagram of the function in
Example 3.4.
Procedure (1) is then applied to 3 also which induces a
non-mutually monotonic pair fl? fiﬁ' The necessary
variables for fi2 and fié have already been determined.
4Now suppose that the augmented variable ag ig obtained as

- = - v 4
ap = Fy,%, ¥V 035%,.

Since fiQ is esgential, the necessary augmented variables

for fi are as and a35e There is no additional function to
which procedure (1) can be applied except f itself.
The augmented variable to f, i.e., to fl % fi’ is

determined as

a = f.x. V 0-R% (3.11)

then the necessary augmented variables for f are a and

the essential variables for fi’ ag and a5, Augmented

97



variable o itself needs oy, (see Tig.3.6). The whole net-
work is shown in Fig.3.8, where six elements are used.

If we adopt different types of augmented variables, the
resulting network becomes different. However, these
realizations may not be very economical. Methods of
simplificatibn will be considered in the subsequent sec-

tions.

re==
/) om B:EXTERNAL INPUT

Fig.3.8. Realization of the function in Example 3.4

by completely monotonic functions.
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3.5 Simplification by Uniting Augmented Variables

In this and subsequent sectidns, we shall discuss

simplification methods of realization obtained by the
direct application of the previous procedure. First,
a simplification is described which can be applied
easily and is usually quite effective. For example, consider
two augmented variables a5 and ainin Example 3.4.
These are defined® on disjoint sets of imput vectors
such that .

aie: Ulag) \J Viag) = {Xl xp = 1,25 = 1} ‘

ate: Ulars) \J Viap) = {x| %, = 0,2, = 1}.

Thus, if a new function R obtained by uniting the above

two functions o), and G35 i.e.,

et ((/'f) e ((lu} ) (/’(()(12)
1V(Af) = l‘%(\m) \\) l“((Y‘]-v‘)

is completely monotonic, this one completely monotonic
function B can provide us simultaneously with two

augmented variables a and asx,..

12 12
More generally, for functions a(l), a(z),..., a(k)

x(l), x(z),..., £ of the

.defined on disjoint sets
same variables, let o be a function defined on the set

X(l) U X(Q)kj Y X(k) which satisfies

*Here we may also consider a, as defined on a subset of
)<l Xl
the set {y |(1, 1, y) & {x}}, thus reducing the dimension

of vectors under consideration. However, hereafter we
use the first definition for the convenient development

of theory.
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alx(j)=a<j> j=1,2,-- -k,

(1 (3)

where a,X is the function a restricted to the get X .

We denote a function possessing this property as

a=a®Uag®U...ag®. (3.12)

Now the probems are,first, how to select candidates
from non-mutually monotonic pairs in an expansion
diagram which may be united, and second, how to determine
the augmented variables from the eight possibilities
permitted by Theorem 3.1 so as to make the united
function completely monotonic,

For the first problem, comsider two functions in the
“diagram, one of which is a successor of the other. This
means that one function is obtained from the other by
fixing some variables, i.e., these two functions do not
have disjoint sets of input vectors; moreover, if both
functions induce non-mutually monotonic pairs, the
augmented variable to oneApair is required for the

other pair. This leads to the following theorem.

Theorem 3.3: The set of augmented variables which may be
united satisfies necessarily the condition that none of
the functions to which the augmented variables are
assigned is a successor of the other.

For example, any augmented variables in the same
level may be united and augmented variables such as o=

1

and 7, in Example 3.4 cannot be united, according to

this_theorem.
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However, the complete monotonicity of a united
function must ,in general, be examined by thé method
described in Chapter 2. If we are to obtain the most
economical one it is necessary to examine all possibie
configurations of augmented variables which satisfy
Theorems 3.1 and 3.3. Thus, it is desirable to find a
simple necessary and sufficient condition for a united
function to be completely monotonic. Although such a
simple necessary and sufficient condition has not been
found yet, a necessary condition given in Theorem 3.4
will reduce the amount of computation greatly and a
sufficient condition, to be given in Theorem 3.5, is also

_ﬁseful when augmented variables satisfy the assumption

in the theorem.

Theorem 3.4: Let o = a<l) U a<2) L R q(k). If o is
completely monotonic, then so are q(l), Q(Q),..., a(k);
moreover, for any i and j, u(l) ~ a(j) holds.

Proof: From the definition of «, it is obvious that
1 k \
u< ),..., a( ) are all completely monotonic. To prove
u(l) 3 u(j), assume a(l)% u(j)

. This implies the existence

of the following four vectors,

u: & Ua), ux € Ua™)
WEVED), eV
uy + ux = vyt v

'However, U, uQeE U(a) and Vis Y, € V(a) obviously and

this implies o is not completely monotonic. Thus a

contradiction. ' Q.E.D.
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2
Disjoint sets X(l), X( ),..., X(k)
chapter are as follows: for each X(]), there is a subvector
(1) ' '
a

of interest in this

such that
X0 = {x|x = @9, 9}

(1) (2) (k)

Let s s S seees S be subvectors of

k
a®, a® ... a®,

respectively, which are restricted to the common variables

of a(l), a(Q),..., a(k). Then it is convenient to write
Q) = gy, (3.13)

where s(j) is a product term of literals which corresponds

to S(]) and y(]) is a function of m—N(s(j)) variables,

where m is the dimension of o 37 Theorem 3.4 is rewritten

as follows.
Corollary 3.1: Let Y(l), Y(Q),..., y<k) be functions
obtained from a completely monotonic function a of

(1) (k)
Y

Theorem 3.4, then vy seas are all completely

monotonic and for any i3, y(i) N y(j) holds.

Since the complete  monotonicity of each augmented
variable is guaranteed by Theorem 3.1, it is only
necessary to select a set of pairwise mutually monotonic
augmented variables. The converse of Theorem 3.4,
however, is not always true and it is still necessary

to examine the complete monotonicity of a united function.

One of the particular cases in which the converse of
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Theorem 3.4 holds is discussed in the next theorem.
Theorem 3.5: Let a, a(j), y(j), S(]) (5 = l,'2,..., k)
be defined as above. If for every distinct jl, j2, j3, ju,

C sl £ gl

s | gUs) =% glia) | glin)
(3.14)

hold, the next three condition are equivalent.
(a) a is completely monotonic.
(b) a(j), j =1, 2,..., k, are completely monotonic
and for any jl, j2, a(jl) v a(jZ) holds.
() y(j), j=1, 2,..., k, are completely monotonic
and for any jl’ j2, y(jl) " Y(jQ) holds.
Proof: For simplicity, we prove (a) & (b) only. (a) % (b)
was already proved by Theorem 3.4. In order to prove
(b) 3 (a), assume o is not completely monotonic. Then

there are four vectors such that

uy, u & Ula), vy, ve & Via)

U1+'U2=VV1+V2. . (3.15)
Let LIL:(S(“), Uly), Uz—“-(s”h), uzi), V1=(.S(7.3), Vl’), and
vy = (sY9, wy'); then from assumption (3.14) s@, s,
stig) stip are not all distinct. TFirst suppose siv =g,

then we have W =s® =g =gl from (3.15). This implies
that-a(]l) itself is not completely monotonic. Next
- suppose that S(]l) = 3(33), then 5(32) = S(]M) is

)

derived from (3.15). This implies u(jl) % a(jQ . Finally,
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either assumption leads to a contradiction.

Q.E.D.
Therefore, if § vectors of given augmented variables satis-
fy assumption (3.14) of Theorem 3.5, it is not necessary
to examine the complete monotonicity of the united
function again. For example, let Fig.3.9 be part of a

certain expansion diagram and o_ is given to g then
: %5 Xj
S vectors of {ui, a{} are (1) and (0) which satisfy (3.14).

Thus if o, ~ as holds, then a = ui&J az is completely
monotonic.

S vectors of four augmented variables given to the
lowest level are also written in Fig.3.9. and obviously
any three of these four s vectors satisfy assumption
(3.18), but for four augmented variables {uij’ O,z y OF.

iy’ i
uif} assumption (3.14) does not hold because

A1+ 00)= (10 + (01).

Other combinations are also possible, for example
» X; 31
{ai, aij} has s vectors (1) and (0), and this also
satisfies (3.14).

Example 3.5: Consider function (3.10) given in Example
3.4, Applying Theorem 3.3 to the expansion diagram shown
in Fig.3.7, the pdssible combinations of augmented
variables are {a 120 % } and two or three of {a 19° 979>
15} Here we try the most effectlve one, i.e. {alQ,
G755 055 }. s vectors for. thesé augmented variables are
(i‘ 3 (0, 1), and (0, 0) which ob?ibusly satisfy
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g
9% 9;

NN

O ~ 9 9% ~ %
ASRTVANVARFA
X; Xi
%™ % a*t% 9wt 9% 97 9
() (o) (on (00)

Fig.3.9. Illustration of augmented variables
which can be united.

(3)

(3.14). Let Ya be a vy in (3.13) and correspond to a_.

Now if we select each vy as follows:

=
it

= XgXpiy ¥V Oi'l = X3¥yXp
Y12 = %4xp%s V 0F3 = X3%a¥s

T V 24X = x3 V Xy,

2
<l
ff

then it is easily varified by the method developed
previously that any two of these three functions are

mutually monotonic, Therefore, the united function

8= ap\Jan\Jan

= %9712 \J Tixayre \J Bikovm

is completely monotonic. This B is an incompletely

specified function and expressed as follows:
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B! = wywy(waxans) V Ziwa(2axexs) V Eifa(ds V Xa)
= xexadys YV F1Xevz V Zi¥aay

B = ayy(xaxats) V Eixa(Xskaxs) V Ti¥a(xs v %4) (3.16)

—

= Xakj3 V XXy V XX V X1X9Xa%4.

The realization by this B is shown in Fig.3.10. Note that
three elements A, B, and C of Fig.3.8 are united into

one in this example.

Fig.3.10. Realization of the functions in Example
' 3.4 by threshold elements with the aid
of Uniting method.

It is sometimes possible to unite the augmented
variables of each level into one, though it is not
generally possible except at level 1.

In the above discussion, it is necessary to examine
the mutual monotonicity of augmented variables. Next,
the determination of their mutual monotonicity from

the strucrure of corresponding non-mutually monotonic pairs
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in the expansion diagram will be considered. B
Consider two non-mutually monotonic pairs fai‘% fai
“and fbi v fbi in the same level. For the sake of simplicity,
let these pairs be denoted as p % q and r « s, respectively.
Augmented variables given to these pairs be o and
B, respecrively. To represent o and 8, we again employ

the notation of Fig.3.2, namely,

Ulp) | Uy
a:
V(p) | V(o)
Ulr) | U(s)
EFRN SN S
RUORBEON
For 'example,
0 0]
® = ( e
RARS
implies a = ﬁxi v O§i' )

First we claim the following property for a and 8

to be mutually monotonic.

Theorem 3.6: Let t be one of two functions p and q, and
U be one of two fucctions r and s. If for any t and u,
both t « u and t % u (i.e., t % W) hold, then o and B

derived from Theorem 3.1 always satisfy a % B.
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Proof: For each augmented vériable of Theorem 3.1

represented by the above notation there is one column
in which it assumes different values for U(x) and V(x)

(see Fig.3.2). Now suppose, for example,

o 2
1] 0
R Nk

then from the assumption of the theorem, p % s holds,

which implies the existence of four vectors:

uy E U(P)) U, E (/(S) V(‘Y):
vi € V(p), ve S V() = Uls),

ur 4 us = v+ v

If we write the X component to the left of these

vectors, we obtain

{1, u) € Ule)
i1, vi) € V()
0, u)) € U(B)
SO, vwEVE)
€85 uy) + (0, up) = (1, v) + (0, vy),

and this is equivalent to o+ 8. In other cases, it can
be shown similarly that o % B holds. Q.E.D.
As a result, we cannot unite such o and B8.
The converse of Theorem 3.6 holds in a sense and

it is summarized in the next theoren.
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Theorem 3.7: If the assumption of Theorem 3.6 does not

hold, augmentedvvariables which are shown in Table 3.1

satisfy Theorem 3.1; furthermore, a ~ g holds.

Proof: For simplicity, suppose p ~ 1,

and

by putting ¢

b
Lo
g ~s{g~%) - q~3{3 ~%)
el e e ]
ele ] pelEl D B el
ps(p~s) p~5(Frs)
N S R
€ ! " I € j 13 I i €
€ }"-M m | é [ € t " I €
g~r (@) g~ (g~
. ) T i *_
'] n € } € I3 ’ u 3 € 1 I ]
’M'é‘ ’EI“‘I ‘\/‘!E | e ﬁ% e,,u:lorﬂ'
Table 3.1. Assignment of an augmented variable

of Theorem 3.7
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Other cases can be proved similarly. These are
obviously the o and B8 permitted by Theorem 3.1. The
X; component of input vector which belongs.to U(a)
or U(B) is necessarily 1. If o« B, there must be four
vectors |

u € Ua), uy & U(B)
vi € V(a), ve € V(8)

uy + us = vy + vy

and u2 are both 1 and

and v2 are also 1. Then

where the Xy components of uy

thus the X components of vy

u EU(p), uw' € U@
vi' € V(p), vy & V(r)

al oy o=y v,

where ul’ is uy from which the x, component was deleted,

etc. This implies, however, that.p % r, which is a
contradiction. Thus necessarily o ~ g holds.

Q.E.D.

By the use of Table 3.1 we can determine the
augmented variables so as to satisfy the required
properties, provided that we know the mutual monotonicity
of each pair of functigPiNiggnggwg, g, r, and s.

For example,wgﬁéwédé%ented variable B in Example 3.5
is also illustrated under level 2 in Fig 3.7. It is not
difficult to confirm that any two of these certainly
satisfy Theorem 3.7, because f123 v f123, fiQS " fiéé
and f123 n f1§§ hold.Thus B in Example 3.5 could be
determined rather automatically.
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3,6 Elimination of Augmented Variables in the Upper

Level

Sometimes it is possible to eliminate augmented

variables which correspond to non-mutually monotonic

‘pairs in the upper levél by other augmented variables

already

Example
Example
By this

Because

obtained below them.

B, the augmented variable «

if we put

7
f‘m(x:‘y Xq, Xp, ,B) = fiz(lr.'h Ay, ;175)’

4 ' o -
Fialrey s, %5, BY = [y, vy, 2).

3.6:Consider the augmented variable B in

3.4 given to the function (3.10) of Example 3.4.

1 becomes unnecessary.

then from the value of B shown in Fig.3.7,

Namely,

(f’fz)‘ = fi2a- %58 V froz-
(fi"z)o = fray-x3°8 V froz-
(fia)' = fiza 258 v fraz-
(f1D° = Jin- %58 V figg -

L T s 1
@ o “a
™ ™ T W

D

' : —
(fre)! = xsx4058 v T3%58
! o e
(fi2)? = (x3%4 V x385 V T325)8
!
(fig) ' = 2y v £

(fiz)o = w308 V Badaf.
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Then by the earlier method in Chpter 2, we can show
'fiQ ~ fiﬁ' Consequently, the element in Fig.3.10 which

produces o, is unnecessary and f is realized by the

combinatioi of three completely monotonic (threhold)
funections.

In general, the possibility of eliminating augmented
variables in such a way as shown in Example 3.6 must
be examined. It is not easy to select augmented variables
of lower levels so as to eliminate upper augmented

variables. In special cases, however, this can also be

done automatically.

Theorem 3.8: Consider part of an expansion diagram

as shown in Fig.3.11, and let t be one of two functionsz
p and g, and u be one of r and s. Then an augmented
variable which is shown in Table 3.2 and given to

both p# g and r % s {(p v g or r v s are also possible)
can remove the non-mutually monotonic pair 8; % gz and
therefore can eliminate.the augmented variable assigned

to it.

g
TN
R 9%

Fig. 3.11. Part of an expansion diagram.
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. PNT § ’ PNS

p q r N .

u , € m € » € € | ﬁ

u l € ® € I é é | o
qr~r g~s

.13
*®
=
m
|
m
k-
LY
"

e pu:1lor0

Table 3.2. Assignment of an augmented variable

of Theorem 3.8.

Proof: Suppose p v g and an augmented’%ariable § is

such that
9 ros
s |01 |
Lo_z,i, 00 (3.19)

from Table 3.2. Let gi' be g: augmented with the variable
6, etc., then the xj and § components of input vectors

in U(gi') are one of (1 0) and (0 1), because
(8" = pxsb v gid (3.20)

-holds. Similarly, the xj and § components corresponding

‘to other sets are
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X; S L é
V(gH): (1 0), (0 0)
Ulgh: (1 0), (0 1) (3.21)
V(gH: (1 0), (0 0).

In this case, if gi' % gi' holds, there are four vectors

w EU@EH, weUE)
viEV(), vaEV(E)

U1+ Uy = vi+ va

However, if we consider (3.21), it is derived by
axamining all possible configurations that they must

be written as.follows:

¥y
up = (1
vy = (1
u; = (1
ve = (1

©c o o o
- -~ - —

This implies p = g5 % T = g5 and this is a contradiction.
Other cases can be proven similarly.
Q.E.D.
It is obvious that 8§ removes non-mutually monotonic
pairs p % q and r * s because it satisfies Theorem 3.1.
Note, however, that this theorem does not claim
that & is completely monotonic. For § to be completely

monotonic it must satisfy Theorem 3.7 at the same time.

11w



Theorems 3.7 and 3.8 are compatible if and only if
one of the following two cases occurs.

(1) pvr and g vs, then

P q r 3
5 = € | M €K
€ | u E | u
or ' . ~(3.22A0)
. 1
u| € €
ul € u| €

(2) pvs and q v v, then

. € ﬂ' | e
0 == ,;‘ A—vﬁ.‘ - M—.*
€ uJ JIN ‘5
or e R (3.22B)
M| o€ € R
‘ u | € | é I

where € and v are 1 or 0.

Note that the augmented variable S in Examples 3.5
and 3.6 satisfies the second condition for the pair of
functions fiQ % fiﬁ and therefore it was unnecessary to
examine the mutual monotonicity of fi? v fiﬁ as performed
.in Example 3.6.

When Theorems 3.7 and 3.8 are not compatible, Theorem

3.7 seems preferable, though it is possible to realize

§ by a combination of completely monotonic functions by
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employing again the previous techniques after realizing

§ by Theorem 3.8.
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3.7 Other Simplifications

Our techniques may be carried out easily and

‘iather systematically since they depend on the mutual

5notonicity of expanded functions and the mutual
‘monotonicity can be examined easily by algebraic
 manipulation. However, augmented variables other than those
obtained from Theorem 3.1 are also possible and sometimes
they may reduce the number of required elements further.
k Hopcroft and Mattson provided us with an
interesting methodtus] which first tabulates all the
’2—summable vectors and then searches all possible
augmented variables which remove all the 2-summabilities.
;Although their method can yield an optimal one if we
;exhaust all possible assignments of augmented variables,
’it is very complicated and almost impossible to implement
by hand computation evenrfor functions of few variables.
In a sense, our method is an effective assignment of
augmented variables which removes all 2-summabilities
among vectors. Therefore, to try augmented variables
other than those obtained from Theorem 3.1 will
eventually result in the Hopcroft anf Mattson method.
Thus, a reasonable method seems to construct a
network which can realize a given function by the previous
our method and then to refine the network by emﬁloying
other assignments of augmented variables if possible.
| Tt should be mentioned here about the approach

[15][621

proposed by Lewis and Coates . Their method is

1so based on the manipulation of the expanéion diagram

{the function tree in their term). The algorithm starts
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from the bottom of the expansion diagram, searching

a threshold gate configuration which realizes the

given function. Their idea has, roughly speaking, some
similarity with the threshold function version of our
algorithm (see Section 3.8). However, it involves the
repetition of trial and error processes to find sumulta-
neously realizable threshold functions and their
structures. For this reason it may not be practical except
for small functions or functions with some special

structure.
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© 3,8 Extension to Threshold Logic

The realization by threshold (l-realizable) functions
is of primal significance and our method is only an
approximate solution to this problem since there exist
completely monotonic functions which are not threshold
functions.

In Chapter 2, however, it has been shown that the
theory of completely monotonic functions can be extended
to threshold functions if we replace the mutual
monotonicity with the isobaricity. In fact, all theorems
in this chapter except Theorem 3.5% are also true if
we replace the complete monotonicity with the l-realizabil-
ity and the mutual meonotonicity with the isobaricity.

Therefore, the method of compound synthesis in this
chapter may also be extended to threshold logic. Note,
however, that the determination of the isobaricity is
not so simple as that of the mutual monotonicity, and
this method cannot be applied easily.

However, when we consider completely specified
functions, the difference between completely monotonic
functions and threshold functions is not a great
impediment because for functions of up to eight variables

complete monotonicity is equivalent to l-realizability.
*Theorem 3.5 can be extended to threshold logic if

k = 2. This is, In a sense, a restatement of Theorem 2.12

in the previous chapter.
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Functions of up to seven variables are isobaric if and
only if they are mutually monotonic (Theorem 2.13).

Then, completely monotonic functions which are
not l-realizable can occur in the previous procedure
onlyrwhen there are mutually monotonic pairs but not
isobaric; it is possible only if two functions of more
than seven variables are compared, or if Theorem 3.5 yields
non-threshold functions by uniting several augmented
variables.

Note that logic elements in the resulting network
may realize incompletely specified functions even though
functions in the expansion diagram are all completely
specified, since augmented variables are added. However,
the present argument is valid if original Ffuncticns in

the expansion diagram are completely specified,
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3.9 Summary of the Procedure

Here we shall summarize the method of realizing
an arbitrary function by a combination of threshold
functions. Although this procedure does not always
yield an optimal one, the results are always considerably
economical in the author's experience. Since this method
ié somewhat heuristic, this may be suitable to hand
computation, though it is possible to program it for
a computer to some eXxXtent.
(1) Given a function f, expand f and obtain its
| expansion diagram. If there is no non-mutually
S monotonic pair in it, f is completely monotonic.
If there are more than one non-mutually mono-
tonic pairs, try each sequence of expansion
variables so as to reduce the number of non-
mutually monotonic pairs as much as possible.
(2) Examine the mutual monotonicity of any pair of
functions in the same level and, if necessary,
functions in different levels, and try the
following procedure so that the resulting
number of augmented variables may become as
small as possible.
(a) Unite the augmented variables in the
same level (Theorems 3.4, 5, 6, and 7).
(b) Eliminate upper augmented variables if
possible (Theorem 3.8 and (3.22)).
(c) Try to unite augmented variables in
different levels (Theorems 3.3, 4, and

5).
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(d) If there are augmented variables other than
those obtainable by Theorem 3.1, which reduce
the number of augmented variables, adopt them

(e) Examine if all augmented variables obtained
are actually necessary (Example 3.6).

(3) Find the weight vector and threshold value
of each function obtained above by means of
suitable synthesis procedure of a single threshold
element such as the linear programming method.
If all required functions are l-realizable,
then it is a solution of this problem. If
some of them are not l-realizable, examine if
there are non-isobaric pairs which are mutually
monotonic and if Theorem 3.5 yields completely
monotonic functions which are not l-realizable
in the uniting procedure. Then apply to them

the threshold version of the above procedure.

By this approach, we may obtain a considerably
economical realization of a given function. Note that
all steps in the procedure are not always necessary and
after acquiring some amount of exparience it may

be performed rather intuitively.
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3.10 Examples

(ExamElé 3.7: Consider a completely specified function

= XXXy V XXekg V XoXgky V T1xe¥3z V X%eXsxs.

» First expand this function by X3 and then by x,_. The

o
pesulting expansion diagram is shown in Fig.3.12.
“Obviously, functions in level 2 are all completely

‘monotonic and there are three non-mutually monotonic

f .
//\\

@): X, ):zxa'"i ia"‘ fz X, ! fS = Eq X, +X, -f;l‘

VANV AN

T':B;‘Z\: X Xy f;z = i."’iq fig =5, A \:fg_z)=x,1.

Lo L]t

l L
i

LO;._O.J 119

Fig.3.12. Expansion diagram of the function in

Example 3.7.

pair;. Let augmented variables given to them be a, g,
and g, respectively. Since f32 ~ fé§ and f3§ " f§2 are
obtained immediately, we can apply Theorem 3.7 and
Theorem 3.8 so that we may unite two aﬁgmentedﬂvariables
G3, O3 in level 2 and at the same time eliminate the
;augmented variable o in level 3. The assignment of the
augmented variable is shown in Fig.3.12 under level 2.

O0f course it is obtained directly from (3,22B):
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B = az\J az = (x1x4x2 v 0'.’32).%'3 \ (l-xz v x1x4ﬁ2)f3

(]

X1XsXg V X2%3 V X1X3%4.

The resulting configuration of threshold elements can
be determined as follows. First consider separately the
above three augmented variables designated in Fig.3.12.
The essential function to each augmented variable is
circled as shown in Fig.3.12. Suppose an essential
function in level 3 be f3. Then applying the procedure in
Section 3.5, the resulting network is as shown in
Fig.3.13(a). Finally, corresponding to the union of a

3
and a5, and the elimination of o, elements A and B are

Fig. 3.13. Realization of the function in

Example 3.7.
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‘ wnited into one ahd the eiement ¢ is eiminated. Fig.3.13(b)

?shows a final reallzatlon whlch requlres the minimal

‘number of elements :
This functlon is used in Hopcroft and Mattson[usl

;to exhlblt the effectiveness of their method. However,

‘by our method, though it needs several trials to obtain

‘an-adequate expansion dlagram the synthe31s procedure

is 51mple and dlrect as seen from the above.

ExamEle 3.8: Parlty functlons. The class of parity
functions ds the only.class whlch yields the expan51on
dlagram in which all pairs of functlons in levels 1,
2yeens n-1 are\non—mutualiy monotonic, for any sequence
of exPanéion Variables' Thus, in this sense, the parlty
functlon is Opp031te to the completely monotonic
;functlon

Consider an even parity function of four variables:

f= X1XaX3xy YV xyx9F3Ty V xlxmh V‘ X1%2% 35X

V X1x90384 V ﬁ1x2£3x4 BY X1X9x3xs V a‘cla'czo?ax4. (3 . 23)

The expansion diagram of f is shown in Fig.3.1u4.

Obvi o, . . o .
| bviously, in level 1, fl23 v fl23 ‘and f123 123vhold,
therefore, the union of augmented variables O1p and %5

which satlsfy (3 22B) is completely monotonic and,
‘moreover, can ellmlnate the augmenteu varlable glven to

' 12 f 5 In fact, if we put

ﬂx = {19 U )2
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f

N

£, = 02X X Xy Xyt o XXyt X XX g s @ = XXXt XXX+ X Xg Xy X X3 X g
oo

fo=XaXe +XaXy ~ 5= X XgtTgXy 1,7 XaXgtXgXe M Fi5= XX XpXg

[\

flz:;zxa"@;"'ia G@ Tyt tan=Xe Frps=Xa @qq =x4’”fﬁ§ Xq

Fig.3.1l4. Expansion diagram of a parity function

(Example 3.8).

Fig.3.15. Realization of a parity function

(Example 3.8).
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“*hen

81! = xi(aavs v Xaxy vV x4%)

B1® = x1(%a®s V E3®y V £4ky),

which is clearly l-realizable. From the symmetry of

jihe parity function
1
B1 = a1z \J ags

can also be completely monotonic; moreover, a completely

spec1f1ed function
B =/ B
can be expressed as

Kj:"—‘ Vodly V. a0y v Xy, ‘ (’3'24)

;which is a simple three-input majority function. Thus
only a single augmented variable B is required for

;all non-mutually monotonic pairs in levels 1 and 2. In
;order to realize f, we need one more augmented variable

ia for fl % fi' The resulting network is shoWn in Fig.3.15.
’ Repeating this procedure, a parity function of n
ivariables can be realized by [n/2]+1 threshold elements.
§Though this is not minimal, it may be said to be

rather economical since [log2 n} +1 is known to be

f57]

mlnlmal

ExamEle 3.9: Consider an incompletely specified function

ff shown in Fig. 3 16, in which there is only one non-
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—h

[ |

1001

1140

0100

00 1 1

101 1

1010

010!

0010

o000
111 100
ool ol b
f=liio ~— f=he
ol 010
010 a=g 000

Fig.3.16. Expansion diagram of ‘the function in

Example 3.9.-

Fig.3.17. Realization of the function in Example 3.9.
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mutually monotonic pair. However,

f’(xx, X, X3, X4, 1) = fx1, 22, %3, %4)

?s not l-realizable because f, and f, are mutually

%onotonic but not isobaric. Namely,

u; = (00 1), u,=(110)€ U(f)
vi=011), ve=(010 & V(fo)
us = (0 1 1) € U(f

vs =(101)& V(fy)
ututus=vitvytv

‘hold. Thus another augmented variable a is necessary
and- by these two augmented variables f can be realized

as in Fig.3.17.
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3.11 Multiple-Output Problems

In practical applications, syntheses of multiple-

output networks are very important. The synthesis procedure

of a single-output function developed in the previous

sections can be also easily extended to this problem.

In this case,however, it is profitable to consider in

addition the following properties.

(1)

(2)

(3)

The same augmented variable can be given to

different functions simultaneously.

It is possible to unite augmented variables

for different functions.

A realized function can be used again as an

augmented variable.

Now, the problem is how we can reduce the number

of augmented variables as a whole by adding these

properties to the previous method.

We consider only loop-free realizations of given

functions and we have to pay attention so that no

loop may result.

Example 3.10: Realize the following four functions:

e = Xi1%2 v XoX3 V X3Xx;
[ = ;xefy v x1&ax3 v TpXoxy v H1¥efa
g = $1%2%3 V XXy V X1 XX

h = x1%2 V 2183 Vv F180%3.
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Expansion diagrams of these functions are shown in
Fig.3.18. Obviously e is a completely monotonic (threshold)
function. We have to remove six non-mutually monotonic
pairs in"order to realize these four functions.

First, f is a parity function and according to Example 3.8,
all non-mutually monotonic pairs of f are removed by

an augmented variable

= XXy V XXz V X3¥y,

which is the function e itself. Next, e = g can also

remove the pair g,, % g5 because f ,= 5, , and f 5 = g5
hold. Then only two pairs g, % g7 and hl % hj remain and
e ' f
e /\ /\\.‘
€ =X s ™ 81 =X X, fl= R RS S oy fr=x X +%, X
N Py
g ’ fuzz X, f!l =X, sz= Xy e ‘f-[2 =Xy
N Hn Eﬂ
gl=)(z)’.,+)7:z'1f,,4:gT=jf2 Xy 4] 0l0
/\».\ : h
_9,2=I, + 9z =X l PNy

hi=X+%+ hf =%,%,

Fig.3.18. Expansion diagrams of functions in
Example 3.10.

a single augmented variable such as

B = 0w v £283%1 = £150%,

can remove both of them because both pairs are defined
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on the same input vectors and, moreover g1 = hi holds.
Consequently, Fig. 3.19 simultaneously realizes all

four functions e, f, g, and h.

Fig.3.19. Multiple-output realization of functions

in Example 3.10.
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3.12 Conclusion

The'concept of mutual monotonicity was shown to
be useful in realizing an arbitrary function by a
icombination of completely monotonic functions. Although
this method does not always yield &n optimal or minimal
network, the result is always considerably economical
in the author's -experience.

However, two probleﬁs remain. One is that the weight
¥ector and threshold value of each element are not |
ébtaiﬁed from this procedure, and‘the other is that
'thgfé are complefely monotonic functions which are not
1-pealizable.

To obtain the weight vector and threshold value many
effective procedures have been proposed such as the

[691[721[78]

linear programming method , the learning
method[SQj, and the iteration method[QO], if the
function is known to be l-realizable.

The latter problem is solved completely if iscobaricity
is employed instead of mutual monotonicity. Therefore,
there is now an acute need to devise a simple .procedure
of examining the isobaricity relation. |
_ Since the mutual monotonicity can.be examined by
algebraic.manipulatioﬁ and it is carried out easily
;ﬁhgp completely specified functions are concerﬁeé,,bﬁr
méfﬁod WOfké well for'the realization of compléfély
Lgpecified functions, whereas integer ﬁrogramming

methodgt 1130 910801

etc., are particularly powerful
‘for sparsely specified functions. When functions are

rcompletely specified, the difference between completely
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monotonic functions and threshold functions is also
not a serious Impediment bacause such functions can
exist only when the number of variables exceeds eight.
It is mentioned here that a different'type of
[ 31[38]

networks of fhreshold gates has received attention
[53]f541[90][11d. The model consists of n threshold
elements mutually interconnected with no external
variable fed to the network. The sequential bahavior
of this aﬁtonomous'network exhibits many intersting
‘featgres,*fofvthis type of network, it would be also
posgible to apbly the similar theory of complete

monotoniec functions.
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'Chapter 4. Network Synthesis Using Negative Functions

#.1 Introduction

» As briefly reviewed in Section 1.4, the recent

Eﬂevelopment of MOS gates in integrated circuit techonology
igenders each gate represent a rather complex negative
function. A typical MOS gate shown in Fig.4.1 realizes[lll]

the negative function:

v A
117127 " *1k “ s e XSlXSQ...XSkS.

¢l and ¢2 in Fig.4.1 are clock signals supplied from
the external clock circuit.

Assuming that each gate can represent any negative
~function, there could be abway of realizing a rather
complex function f by using a small number of negative
~functions.

As an example, consider a function of three variables
Xl’ Xy Xge
fz--v-.’v.‘— . -

XXy x2x3 xlx3 v xlx2x3 (4.1)

Ope obvious, design procedure of f with negative functions
is first to realize three complemented variables il’ §2,
§3, using three gates respectively and then to realize f
;by'regardingx f as a negative function of X1 x2, X3z.§

et

1?
x This is illustrated in Fig.4.2, in which each
gate g; represents a negative function.

This synthesis procedure can be generalized to any
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L

¢2'_..._;|;‘

11 il Sl x5k
12 “"gi] o R st*iFl

Fig.t.l. A typical MOS gate.
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Xl-——
x2 go= >“’:2
] £ e ovs=
g3= X 8y T X%y 7 E¥g
Ry | ! - v
3 V Xi%g T 818583
p; Sgp——
1
X2-——-
Xg —

Fig.4.2. Straight-forward realization of £ =

§lx2 v §2§3 v §lx3 v X XX
function, indicating that any function of n variables
can be realized with at most ntl gates of negative
functions within two levels.
The above network, however, can be simplified. A
minimal network which is obtained by the method developed

in this chapter is shown in Fig.4.3.

Xy — 8= X VRV
XQ_.__
e 1 f=RE VEE
) 12 23
Xl——d
X2 —— ViR VE
X3 —— 371

Pig.%#.3 Minimum realization of f = §i§2 V'72§q

vwx V
XlX3 xlxzxs.
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Here, we mean by a minimum network a network with

the minimum number of gates of negative functions under
the conditions that;

(1) The given function f is realized within two
levels (the level which consists of gates
connected to the output gate is called the
"first level" and the level of the output gate
is the "second level").

(2) No fan-ins restriction on each gate is imposed.

We will not minimize the number of connections in the

network except some limited cases discussed elswhere[SO].
."Although this minimization criterion may not exactly

refleét the engineering requirements of the integrated

circuit designers, this seems to be only criterion at

present, which can be theoretically treated. It is to

be explored whether or not a minimum network obtained

under the above criterion would deviate much from those

obtained under different minimality criteria. But

we Hope that the theory presented here would be a basis

for further development.
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4,2 Negative Functions

This section will define negative functions in terms
of truth table. This will be a basis of the minimization
procedure developed in this chapter.

Let us first consider a completely specified function.
A wellknown definition of a negative function[ 110761 is
fhat a function is negative if and only if it has a
disjunctive form with only complemented (i.e., negative)
literals. For ekample,'ﬁiiz V R,®, V XX, is negative

AT T VS ve g V : s
while XX, o Ry VR X, VR X% s not. Since our

procedure will be based on the manipulation of a truth
table rather than Boolean expression, the following
[11C761[98]

equivalent definition, which is also wellknown

would be more useful.

Definition 4.1: A completely specified function h of m

variables y,,..., ¥_ is negative if and only if there is
no pair of input vectors y(jl) and y(jQ) such that®:
y(jl) > y(jz) (4.2)
and
ny31)) =1
h(y(jQ)) = 0, (4.3)

*Here we exclude from our consideration the contradictory
situation such that '
y(]l) = y(jQ) and h(y(jl

) )

) = 1, ny32)) = o,

This will never occur in our procedure.
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where y(jl) > Y(jQ) is defined as

3 (35) .
yé 1> ¥y 2 forevery i =1, 2, +ss; m,
and (35) ‘
y(Jl) >y, 2 for at least one i..
i ‘ .

5
As an example, the function f of variasbles X5 X5
%, shown in Table 4.1 (ignore the columns 812 85> 84 for
a while) is not negative because there exists a pair such

that

(8)

X (%)

= (111) > X = (011)

and

£(111) = 1, £(01l) = 0.

This function is the same function as that discussed in

Fig.4.1 and Fig.4.2.

Pl % %318 8 g
(]l 1f40 o o 11 1
] 2]lo0 o 1 |1 1
3»Hl1]o 1 0o |1 1
wlolo 1 1 |1
B)J1411 o o 101
(6)7 o1 o0 1 1
(7)>fol1 1 o 1
8j1}11 1 1 0 0 0

Table 4.1. T ’ = %%, Vxx, VX
e ruth table of f xlx2 XX o xlxs

v
X1X2X3.
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An outline of our procedure which realizes a given
general (not necessarily negative) function by means of
a combination of negative functions is now given. First
we augment the truth table by’several columns {(illustrated
as columns 81> Bys 84 in Table 4.1) so that the given
function f may be considered as a negative function if
those new columns tggether,with columns Xl"" Xn are
regarded as variables of f. According to our procedure,
each of these new columns represents a negative function
ofmvariables Xis Kpaee
table, we can construct a network of negative functions

., ¥_. Therefore, from this augmented
n : g

in which each gate in the first level corresponds to
an augmented column and the gate in the second level,
to which the outputs of gates in the first level as well

as the variables x . xn are fed, realizes the

10 Xpaes
function f (see Fig.4.4). In general, the augmented
columns are incompletely specified, i.e., some entries of
81> 8,» 85 are left blank as seen in Table 4.l. Generation
of augmented columns will be discussed later in detail.
. Thrqughout this chapter, let us assume that a fﬁncti@n
is generally incompletely specified. | | -
As observed in Table 4.1, an incompletely specified
function is possibly not specified in some of the output
values and also in entries in some input vectors.
For example, the output values of gl(xl, Xy x,) in Table
4.1 are not specified for input vectors (100), (101) and
(110). Also we consider £ as a function of input vectors
(Xl’ Xps Xgs 815 8o ga), then some of input vectors

themselves are not completely specified. For example,
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Xp e
: Al
Xnm—-—«
KT o]
1 82 R

Xl““ — f
: By
§ . p, Gy p——
X 1
K ]
Xn-——

" Fig.4.4. General scheme of realization with
negative functions.

the-second row of g, in Table 4.1 is not specified. In

thisfé&se;:ﬁe_iﬁtergrete that the output values of f -
éésﬁgé"théf#élues indicated in the cdlumn f, regardless
of’the assigpmegts‘of ungpecified éntries,l?or‘example,
théiéeCOnd £b% 6f\Tablé14.l shows that the aciual output
value of f is 1, no matter whether the input ﬁector is
(001110) or'(OOllll), i}e;; pegardless of the value in
column g, which i§(blank in Table 4.1.

Now let us introduce a definition.

Definition 4.2: A column c; is said negative with respect

S to e, 5 C, ,..+,C;, 1if ond only if for every pair of
11 12 ls
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11 ana cgjg)bof ey such that cijl) = 1 and

entries c,
i i

c§32) = 0, there exists a subscript £ (1 < & < s) which
s » :

satisfies
(34)
¢ l=o ,
1 . .
and : £ ' : (4.4)
(35)
Cier_’l'
J4

Congider the column f of Table 4.1. The column f

5o and Xy because,

for the pair of the éigﬁfh and the fourth entries,
f(s) =1 and f(q)
(8) _
k

is not negative with respect to Xy5 X

= 0, there is no subscript k (1 < k < 3)

0 and xiu)

such that x = 1. If X1 Egs Egs 815 Eo

g4 are considered as variables of f, however, then f is

negative as easlly verified. Note that the definition of
the negativeﬁess of a column is walid no matter whether

related columns are completely specified or not.

In the following, first we will prove that two concepts
of definitions 4.1 and 4.2, the negativeness of a function
and that of a column, are equivalent if a completely
specified case is concerned {Theorem 4.1). Then this
equivalence will be extended to the incompletely specified
case (Theorém 4.2). With those arguments, all the
discussions throughout the following sections will be
done in terms of the negativeness of columns.

The next definition of a negative function stated
as Theorem 4.1 is a variant of Aker's theorem[ 2] which
gave a necessary and sufficient condition for a function

being a self-dual positive function. A comprehensive
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discussion is also found in [761].

Theorem 4.1: A completely specified function h of m
variables Yi» Yoo cevs Vo is negative if and only if the
corresponding column h in the truth table is negative

with respect to columns Vo Yoo =ves Yoo

Proof: Let us prove that the condition for the column h

to ‘be negative with respect to columns Yy wovs Iy (Defini-
tion 4.2) is equivalent to the condition that there is

no pair of iﬁput vectors of h, y(jl) and y(jQ) such that

y(ji>,> y(jZ) and h(y(jl)) =1, h(y(jz)

4.1). Now note that y(Jl) > y(jQ) is equivalent to non-
(§1) _

existence®* of any subscript k such that Ve = 0 and

)= 0 (Definition

y£]2) = 1. Therefore, if for every pair of entries,
h(y(jl)) = 1 and h(y(Jz)) = 0, there exists a subscript k

such that yﬁjl) = 0 and y(jz) = 1, it implies that there

» » %Gy (31) . (i)
is no pair of vectors y "1l’and y 72’ such that y 717 > y'/2

and‘h(y(Jl)) =1, h(y(jQ)) = 0, and vice versa.
' '0.E.D.
In order to extend Theorem 4.1 to incompletely

specified functions, the next definition is introduced.

Definition 4.3: A completion of h is a completely specified
function obtained from h by specifying all the unspecified
output values of h. If a resultant completely specified

function is negative, it is a negative completion.

PREFORPINCPY

is assumed for every pair of jl # j2'
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Theorem 4.2: An incompletely specified function h of m
variables Yy Yps «vos ¥p has a negative completion if
and only if the column h in a truth table is negative
with respect to columns Yyoeers Voo

Proof: The only-if part is trivial.

Now, consider an incompletely specified column h
which is negative with respect to Yyseees Voo First, if
there are blank entries in columns Yoo oo Yo expand
the table by assigning 0 and 1 to every blank entry,
by multiplexing each row: (i.e., if a row is (01--1)
where - denotes blank entries, replace this row by
(01001), (01011), (01101), (01111).) As a result, the
table has o rows. The entries of the column h in the
multiplexed rows of the new table are set to the same
values as the original entries. This process takes care
of input vectors which are incompletely specified.

The column h in the new table is obviously still
negative. ‘

Next consider the case in which the entries in
column h is incompletely specified. Denote the sets of true

vactors and false vectgps of h as follows:

A=y @y -
B={y' P a3 =01 s

(]l) and y(]Q) such that

)

There is no pair of vectors Yy
.Y(]l)> .Y(JQ) and y(31 < A, y(JQ)e B

from the negativeness of column h. Then pick up a vector
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y(k)
y(k)

for which the value h(y(k)) is not specified yet.
satisfies one of the following three cases:

(1) There exists a vector y(p) such that

(p) (p) (k)

y &€ A and vy >y . (4.6)

(2) There exists a vector y(q) such that

(q) (q) (k)

y'1€ B and y <y

(3) None of (1) and (2) holds.
If case (1) occurs, then h(y(k)) is specified to 1. Then
the resulting function h is characterized by its set
of true vectors and set of false vectors;
(k)

Al }

fl

Ay {y

and

B' = B

The ﬂeﬁ\COIan h' is still negative with respect to columns
ylﬁ'yQ,-‘,.;.ym, because, otherwise the existence of

- vectors such that

y sy @0 u P g g,
leads to a contradiction, i.e.,
Y sy D P D

from condition (4.6).

If (2) is the case, then h(y(k))

= 0 is assigned.
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The proof is similarly obtained.
Finally, if (3) is the case, either Q or 1 is assigned
to h(¥(k)).

even though one more entry is specified. This is because

Either case still keeps the column negative,

the non-negativeness of h' means the existence of

OO s D e D

(k)

(Here assumed h'(y(k)) = 1. The case of h'(y ) =0

will be treated similarly.) which is a contradiction

(k)

since this y satisfies the above case (2).

The assignment to the next unspecified entry of
h' can be performed similarly. Repeating this process,
we will eventually obtain a negative completion of h.

Q.E.D.

As a result of Theorem 4.1 and 4.2, we learned that
the negativeness of a column h with respect to columns
Yys ++-» y, Mmeans that function h represented by column
h in the truth table is a negative function (or has.a
negative completion) of variables Yyseres Yoo Thus
the negativeness of completely specified function has
been extended to the case of incompletely specified func-
tion.

Since the completion procedure described in the
proof of<zyeorem 4.2 does not always yiéld the unique
negative completion, any negative completion will be
assumed in the following discussion because we are

concerned with only negativeness of each function.
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ﬂDeflnltlon L.oh: A palr of entries ¢y

u.3 Realization of a given function by negative functions

If a given function f is not negative, more than
one gate is needed to realize f with negative functions.
As outlined in Sectipn 4.2, our algorithm for the
optimal metwork is based on the table manipulation.

It first augments the given truth table with columns
gl, g2, cees gk such that:

(1) The column f is negative with respect to

Xps Koo wees X5 Brs vovs By

~. {2) ‘The columns g;> i=1,2, ..., k, are negative
with respect to X1s Kps wees X
Provided that those columns_gl, cees 8y with

the above properties are obtained, the corresponding
network for f with negative functions is shown in
Fig.u.u. Each gate in the firsﬁ level corresponds to

one of g 's, and the gate in the second level realizes f

as a functlon of x X ., g

15 Fgs vees Kos Bro e B
_ In thls section, we will discuss how to obtain

£ whlch satlsfy thé above requirements. The minimization

of the number of gates will be discussed in the

subsequent sections.

(30 . 1 and 0(32) = Q
in a column,c. is unallowable with respect to C. s
*' 1

if and only if there is no subscript £

(1 s % < s) such that

Ci(Jl) = 0 and c.(JQ) = 1. (%.7)
2 )
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If there exists a subscript 2 which satisfies (u4.7),

N 14 . .
ngl) and c§32) is said allowable due to ci
L

Note that the column s is negative with respect to

columns c¢. . Cis evns C4 if and only if any pair of
1 5(47) (32) _ . .
entries of c. such that N = 1 and c: = Q is

allowable.

Now let us form the negativity table of function f

of n variables % s X The negativity table

lﬂ X29
is constructed according to the‘following procedure:
(1) Exhaust all unallowable pairs of column f

with respect to columns X X in the

LR
truth table of f.
PN
(2) For each unallowble pair of entries, f(x(jl}) =1
and f(x(]Q)) = 0, add a new column ei whose entries

are e§jl> = 0, eng) = 1 and blank in all

other entries. (i.e., e has exactly two
entries which are not blank.) e is called a

primitive additional column of f.

For example, the function £ shown in Table 4.1 has
three unallowable pairs of entries of £, as easily seen.
For these three unallowable pairs, three columns es €y
eq are added to the truth table. The negativity table
of f which results is shown in Table 4.2.

Because of the way each ej being generated, the next

theorem is obvious.

Theorem 4.3: Let €15 €55 cres € be all the primitive
additional columns generated for the negativity table
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-

Table 4.2. Negativity table of f = X%V ¥ X,
ViR OV .
1% 7 F1Ms

of f of n variables %X,, X,., ..., X . Then I is negative
1 2 n

. X e e e
9 n’ 1°

,‘with respect to x go ceee B

100

Another property of negativity table is given next.

Theorem 4.4: Each primitive additional column ey of a
negafivity table is negative with respect to columns

X X

oy v X
Procf: Assume that e. is added corresponding to the

unallowable pair, f(X(]l)) = 1 and f(x<32>) = 0, to

Xl,

form the negativity table of f. Then e§]l) = 0 and
e§32) = 1 There is no % such that xijl) = 0 and xijz) = 1,
Hence there must be a subscript r ( 1 g » < n) such that
(3q) (3s)
X 1 = 1 and x 2 = Q. (+.8)
T T
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Coddition (2) for a primitive additional column shows

that column ej is negative with respect to columns

12 Bgs e xn. Q.E.D.
Theorem i+,3 and Thecorem 4.4 indicate that each e,

can be used as a negative function gj in Fig.4.4. Of ’

course, this realization needs (t+l) negative functions,

where t is the number of columns ej, and may not be

minimum,

Definition *.5: A column c, is said to cover column Cj
if and only if for every entry cjk) which is specified,

(k) _ ()

c. = c,
L ]
_ (k) . C e

holds. (If an entry of cj is not specified, the above
equality does not necessarily hold.)

For example, in Table 4,3, c. covers c. but does

not cover 03. 03 covers neither ci nor 02, itc.
‘11 %2 | ©3
1 1
0 0
0
1 -1 1

Table #.3. Illustration of the covering relation.

The motivation of introducing this concept lies
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in the fact that if a column g covers a column e, of
the negativity table and is negative with respec{ ro

columns X cae s xn, then we can replace e. by z.

l 9
(i.e., f is negative with respect 1o X,,..., ¥ _. € aenes
. . - i et .

éj~l’ £, ej+l’ cees € and ‘g is negative with ruspect

to Xl’ ey xn.)
Hence, if g covers more than one ej, all these e,
can be replaced by g reducing the number of negative %unc—
- tions in the network as shown in Fig.h.h, ‘
' Again, the fﬁnétion £ given in Tables 4.1 and 4.2
ig considered. For this function f, assume the colomn

as shown in Table 4.4,

r Xl x2 x3 M
1o o o
1 {0 o 1
1 ]o0 1 o
o lo 1 1 |1
111 o o
ol 1 o 1 |1
ol 1 1 o |1
11 1 1 }o
Table 4.4. Realization of f = X%, V X%, V

-y
Xlx3 X1X2X33

=
8
B

As easily checked, M is negative with

e, , &, shown in

%, and moreover M covers e, e,
£ <

Xys %os %3

b
w
(]



Table 4.2. Therefore, all the three negative functions

of variables x %X, can be replaced by

€12 ©90 €3 1?2 %20 %3

a single negative function M of variables x Xpa X

1’ 3"
Fig.4.2 will result by using the negative completion of
M (see Table 4.5 in the next section);
M = % v
Xl X
In the next section,a systematic generation of the
minimum number of negative functions which together cover

all of e e, in the negativity table will be

10 €5 sees €
discussed.
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L

dot Minimum Network by Meximal Compatible Sets

Let us begin with a few new definitions.

Definition 4.6: The conjoint of two columns ¢, =nd c.,

Plalow Sl 1

denoted as c, = s v cj, is defined by the fo41>ang rule

for each r:

]

NOINER cg_r)

(r)

where c<r) V’c is given by

1,0 |
: |
1 147 J1
: 0 2 10 {o
110

Thé;mark ? in the table shows that the operation is not
defined. Any blank entry denotes unSpecifiéd entry.
If all entries of ¢, are defined, (i.e., 1, 0 or

‘ L
blank but not ?) cy is said definable. The conjoint of

more than two columns can be defined by the following

inductive formula

c, Ve, VooVe, =(c, Ve, V.u.Ve, ) Ve,
2 "k 1t Tl K

Definition 4.7: Two columns ci and cj are compatible

[RSRAR S,

with respect to ¢, , ¢, , ..., <, if and only if
' 1 2 S
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c. Ve, is definable and also negative with respect to
. e @ @ .-‘ Q/ 3

1 2 8

We will examine the compatibility between each

pair of columns e, and ej, in the negativity table.

C,:{C. g C.o 5 ceey C. } o‘ ()__l_ 9)
1 ll 12 1k »

If and only if every two columns in Ci are compatible,

with respect to a set of columns B, Ci is called

compatible with respect to B. A compatible set Ci

1 2 i

[

covers a column ci if and only if cy v cy V... Vg,

covers Cj'
C, of (4.9) is essentially ¢, Ve, V ... V¢,
1 1y 1, Ty
according to the following lemma.

Lemma 4.1: Ci defined by (4.9) is compatible with respect
to a set of columns B if and only if ¢, Vc, V ... Vg,
i i, i
1 2 k
is definable and negative with respect to B.

The proof is trivial and hence omitted.

Definition 4.9: Consider all the compatible sets with
respect to B. A compatible set C, is said maximal if
and only if among these sets, there is no other

compatible set with respect to B, which includes Ci“

Throughout this chapter we will deal with only
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compatible sets or maximal compatible sets of primitive
additional columns e i=1,2, ...; t, in the negativity

table with respect to x ) X Therefore, we will

.|7 e o e

refer to these simply as compatible sets or maximal

compatible sets by dropping the phrase "of primitive
[EIEREEIE

e €5 and e, of Table 4.2 are palrwise

compatible. Hence M = { e, e, ey} 1s a compatible set.

columns ST REEEEERE with respect to X

For example,

Obviously this is maximal.
The concept of maximal compatible sets is important

because of the next theorem.

Theorem 4.5: There exists a network with the minimum
number of gates for a given function [ in which every
gate represents a negative function and those in

the first level represent negative completions of
maximal;compatible sets.

€, 5 couy €

Prdqf: Consider the negativity table of f.el, 5 "
are-all primitive additional columns. Assume that the
realizatién as shown in Fig.4.4 is minimum; i.e., Ik
gates(;h‘fhe;fifét level represent g,, g,, -+, & and
(k+1) is the minimum number of gates which can realize

f. Because the last gate represents a negative Ffunction
PYRFRRINE

any ej in the negativity table must be covered by

with‘respect to gl, Boo crvs G Xys X

some of g; - Now let us assume that

g, covers e

s aeny
11 13 1

8y COVErS €.y, - er
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o covers e

g ] R
t)k kla ekQ’ b kjk
Then since each g; is negative with respect to Kyo Rpseees
X & s e,, Ve, . Ve, e,., e, cees €.
< ind covers esp Ve, v elj_ .1 110 €190 . Llji}

is a compatible set for i = 1, 2, .., k (Lemma 4.1).

IEREE eij },1i=1,2, ..., k,
i

it is possible to consider a maximal compatible set

herefore for every { e,

which includes { €y coeo eiji} , respectively.
Let us call them as Ml' MQ, caey Mk'
replace each g: in the network by a negative completion

Finally we can

of Mi' After this replacement, f is still negative with

respect to Mi’ Mﬁ’ eae s MK’ X1» x2,

is a negative completion of Mi.'This network also

., X , where M%
n i

gives a minimal network since the new network uses the
gsame number of gates as the network of 81> Bps +res 8y

which is minimal, . Q.E.D.

Because of this theorem, the synthesis of a negative func-
tion network is dome by first generating all the maximal
compatible sets and then selecting the minimum ﬁumber

of set from them, which together cover all the

ey ©

primitive additional columns e The

12 o0 £
generation and selection of maximal compatible sets
will be discussed in the next section.

Let us consider the previocus example given in
Table 4.1. Table 4.2 is ‘the negativity table of f. We

have seen that M = { s €y eg} is the maximal
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compatible set and no other maximal compatible set exists.
M is the one shown in Table 4.4, Now, we can realize I
with two gates, one is for M and the other is the last
gate which gives f. A negative completion of M, M%, is

shown in Table 4.5.

f Xl x2 Xg M=
1 0 0 o 1%
1 0o 0 1 1%
1 0 1 0 1%
0 0 1 1 1
1 1 0 0 1*
0 1 0 1 1
0 1 1 0 1
1 11 1 0

Table 4.5. Completion of M.

The entries of M%* with stars were newly specified,
following the,procedure given in the proof of Theorem 4.2.
(A1l entries were determined uniquely by cases of (1)

and (2) of the proof of Theorem 4.2.) M* is written as

* - - -
M o=x) VX, ¥ ¥g -

Note that f is now incompletely specified if it is regarded
5 Xg and M*. A negative completion
easily obtained by inspection is

as a function of X1s X
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These completions of M and £ give the network shown
in Fig.".2. The procedure described so far explained how

the minimal network of Fig.4.2 was synthesized.
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4.5 Generation and Selection of Maximal Compatible Sets

Let us start this section with a new example whose

negativity table is shown in Table 4.6.

£ X X, Xl e e, ey e e e, e, eg
0 0 0 0 1 1 1 1

1 0 0 1 0

0 0 1 0 1 1

ol o 1 1 1

1 1 0 0 0

0 1 o 1 1

1 1 1 0 0 0

1 1 1 1 0 0 0 G

Table 4.6. Negativity table of f = x. x_ V x x_V

xlxzxa.

.. From primitive additional columns e

l: 629 .9 et

specified in a negativity table, we.will construct the

compatibility matrix of‘f. The compatibility matrix is
.a triangular matrix in which columns correspond to

€15 €y cers B g and rows correspond to e2,1e3, cees €
as shown in Table 4.7. A cross is entered if e, and ej

t,

which correspond to the row and the column of the entry
are not compatible. Otherwise it is left as blank. The
compatibility matrix of f derived from Table 4.6 is

given in Table 4.7,
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Table 4.7. Compatibility matrix of f = x %, v

= v ==
RiXg VR R Rg.

The compatibility matrix tells us that all pairs of
primitive additional columns e, and ej are compatible
except three pairs (el, e7), (el, e8) and (e2, 68)-

With the aid of compatibility matrix, we can
generate all the maximal compatible sets in the following
way. Let us consider primitive additional columns

€15 €55 sers C

(1) Obtain all the maximal compatible sets of ey

only. Obviously there is only one maximal
compatible set {el}.
(2) Given all the maximal compatible sets M, M
Mb of B+ oy vy €
and form the sets according to the following

EEREE
(1 £k < t-~1), introduce

Ck+1
rule for each i, 1 = 1, 2, ..., b.

(a) If the set Mi U {ek+l} is compatible,
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i.e. is compatible with every

> Crtl
element of Mi’ then form

(b) Otherwise let ﬁi be the set of all the

elements of Mi which are compatible with

ek+l' Then form two new sets:
LI .
M, M., “
A
ne _ .
My _Miu{ekﬂ}

(3) Delete all the sets which are included in some
other sets generated by (2) above. Note that
only Mi”' could be included in other set.
The remaining sets are all the maximal compatible

sets of e ., €

17 ©20 kel |
(4) Increase k by one. If the new k is equal to t,
the procedure is completed, otherwise go to

(2) again.

“In the above recursive procedure, it is not obvious

‘whethér all the maximal compatiblevsets of e, e

LN Y

s
&4y are generated after completing (3). This will be
affirmatively proved in Theorem 4.6. For illustration
let us obtain all the maximal compatible sets of

e €ps vves eg whose compatibility relations are given
in Table 4.7. The generation procedure is illustrated

in Fig.4.5.
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fey b rfegs epd > feys egn g > ey 0ps eg, 0y )

e, eps egs es o) ~legs €5 45 €, S5 8]

{el‘) 623 e3’ eL‘_a 659 e6}

ileys @y €55 €45 S, ee}<<:
{e = e,}

{62, eqr €45 €ps 66;‘67I\\’{e .. }
,;37 u’ 59 63 7) e8

© Tig.h.5 Generation of maximal compatible sets of

given by Table 4.6.

Fig.4.5 shows that only one maximal compatible set
is generated for each k not more than 6, since any two

X - ©g are compatible as seen from Table 4.7,

When e is added, two maximal compatible sets result,

since procedure (2b) is applied because of non-compatibility

of el, e

of e with e Finally for k = 8, three maximal compatible

sets are obtained. { €55 €5 €. €45 €y } is deleted

e. }.

becausge this is included in {eg, ey €55 Sgs €ns Sy

Theorem 4.6: Assume that Ml’ MQ, cee s Mb are all the
maximal compatible sets of el, e2, cee, ek. All the

sets obtained as a consequence of the above steps (2)

and (3) are maximal compatible sets of €15 teesBys & .
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Moreover, there is no other maximal compatible set of
©1s €pa wees Bpige
vProof; To prove that the above procedure generate all

the maximal sets, let us assume that M is a maximal

compatible set of e and is not generated

12 €95 ters Sy
by steps (2) and (3) in the above procedure. M

must contain €1t because otherwise M is equal to one

t 3 i
of Ml’ cees Mb' Let M' be M from which €4y 15 deleted.
Then M' is included in some of Ml""" Mb because any

two elements in M' are compatibie. Let M, 2 M' for

gsome 1 of 1 =1, 2, ..., b. Then M' must be included

in or equal to Mi' or Mi"' of step (2). This is a con-
tradiction with the initial assumption that M is maximal
and is not generated by steps (2) and (3). Next it

is obvious that after step (3) no compatible set which

is not maximal remains. Q.EnD-

Definition 4.10: A minimal compatible cover of es €5

.r.;et for f is a set of the minimum number of maximal
compatible sets such that every e, belongs to at

least one of maximal compatible sets chosen.

Now note that to find a minimal compatible cover
is equivalent to designing a minimal network of negative
functions. Hdwever, finding a minimal compatible cover
is nothing but a set-covering problem which has
been discussed in the literature in conjunction with
a variety of problems.

Let M., M ceey Mp be all the maximal compatible

1 Mg
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sets. The covering table is a table, the i-th row of which

corresponds to e, and the j-th column of which corresponds
to Mj' The (i, j)-th entry of the covering table is 1 if
e, is covered by Mj’ and blank otherwise. The set-covering
proplem is to find the minimum number of columns so
that evéry row has an entry 1 in at least one of the
selected columns. A number of techniques to solve the
set-covering problem through the manipulation of the
covering table are discussed in [67], for»example;
~ Another interesting approach is the integer

programming appreach. The formulation of a set-covering
problem by an integef programming is giyen in [ 510297,
for example. Recent computational resultEuB] shows that
some problems which correspond® to the cases (30 rows,
50 columns) and (30 rows, 90‘columns} are soived in
0.15 seconds and 1.60 seconds respectively on the IBM
360/751 computer.

The covering table for the above example (Table 4.6
and Fig.4.5) is now shown as an example. Let

My = leps epsegsgp e, g}

5 = { s €55 €5 €05 Ecs

=
l

e

g}

M, = { €35 €45 €g» €4, €. &g }.

* The correspondence is not exact in the sense that the
matrices are generated randomly and may not represent

switching functions.
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Then the covering table is:

-
N
w

™ o ® ® ® ® o
o 3 O o F ow N
e I
e R e
I S T

0]

Table 4.8. Covering table of the example given
by table 4.6 and Fig.4.5.

Obviously Ml and M3 constitute the minimal compatible

cover of s e2; ceey

e, which is unique in this particular

8
example.

‘When M

1

10 %p0 *3o

M % are given in Table 4.9.

and M3 are considered as functions of

“variables x their negative completions M.*, and

1

Ml* and‘Ms* are written as

i

Mp™ = %%,

- V3
MS xl x2.

The minimum network of f using Ml* and MS* as gates in

the first level is given in Fig.u4.6.
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i Xl x2 x3 Ml" Mg“
0 0 0 o - 1 1
1 0 0 1 0 1%
0 0 1 0 1 1
0 0 1 1 0% 1
1 1 0 0 0 1%
0 1 0 1 Q% 1
1 1 1 o 0 0
1 1 1 1 0 0
Table 4.9. Completion of M1 and MS'
Ky
Xl JRo—
X R by %) e f e
2 f = .V E £ = M& v Mt
M3 %, V%, M3 Ml(xlx2
Xl-"’- frmmncsnnssen
XQ'_' v §2§3)
X3_.._

Fig.4.6. A minimum network of [ given by

Table 4.6,
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Up to this point, an entire procedure to obtain a
minimum network with a single output has been presented.
Next section will deal with a case in which multiple

outputs are required.
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4.6 Minimal Multiple Qutput Networks

One of the advatages of our approach is that it
can be eagily extended to the synthesis of a multiple
@utput network. When we are to realize pore than one
non-negative function*, only necessary modification
is that primitive additional columns e, are generated
in the negativity table for each given function.

The rest of procedure, i.e., the generation of maximal
compatible sets, the selection of a minimal compatible
cover and the compietion of each selected maximal
compatible set, is exactly the same as that discussed
so.far. The procedure will also result in a network
with the minimum number of gates.

Let us obtain a minimum network of two functions:

v e v o g '
S R I - B R L

It

g

it

h=x% V% VI%x

The entries given underneath primitive additional

12 €95 ters g in Table 4.10 show from which of

'€ and h the primitive additional column is generated.

columns e

*When some of functions to be realized are negative, the

synthesis would be simpler. In other words each function
can be realized by a single gate. Furthermore, the outputs
of gates for these negative functions can be used as
inputs to other gates which are to realize non-negative
functions. The modification of algorithm required is
Straight»forwarda however, and will not be given here.
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g i h X Ry %g e e, €, e, &5 €g °y g ®
(1)jo o 0 0 0 11 1 11 1
(2) 1141 0 0 1 0 , 0 1%
(3)y{o0 o 0 1 0 101 101
(uyto | o 0 1 1 0% 1
(5) 11} 1 1 0 0 0 0 1%
(610 {1 10 1 0 1 0o 1
(nlrl1] 11 0 0 0 0o 0
(g)f{11}o0 11 1 0 0 0 0 0

g g h g g g g g &
h R b h

Table 4.10. Negativity table of g and h.

‘o
ML

0]

®

[

-

8

N

o

{

N

Ojol o

W oo NI, o W

T el G2

e e

3

i

e

5

e

6

e

7

Table 4.11. Compatibility matrix of g and h.
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For example, the column e is generated from both g and
h. The compatibility matrix is shown in Table 4.11.
The generation of all the maximal compatible sets is

also shown in Fig.h.7.

e e e e}

3° "4’ 5% "8’ 7

{el} > {el, e2} > L. {el, e s ©

ﬂML - A{e 17€0:€55€,585,80:8, }

(o Ty}

M2 = {62’63’64’65’e6’e7’68}

{e]s e,s @55 €5 00, 67}

/
{e5s €35 euh €cs g5 € 98}\\

M. = {e }

3 42%5°%6°%7°%g5%9

Fig.4.7. Generation of maximal compatible sets of

g and h.

Minimal compatible covers can be determined in
the same way as the single output network problem. The
covering table consists of 9 rows corresponding to

el, e2, sees &g and 3 columns corresponding to Ml’ M2

and Mye The minimal compatible cover for this problem is

{M M3} . Negative completions of M. and M3 are also

1’ 1
shown in Table 4.10. Ml* and Mg* are written as



A minimum network of g and h obtained from those
Ml* and M3ﬂ is given in Fig. 4.8. h does not require

MS* because all the primitive additional columns e., e_.,

1 2

€35 €, € generated from h can be covered by a single

maximal compatible set M (A more rigorous discussion

1
will be found in [501].)

XKD
h =M% V
X g —> *
M"' = 2123
Xy —
- ‘\; %
X3 k)
=R % = ;3': vV W%
xl_“' M3 Xy v X2 g M3 Ml(
X] — —> N
.
X3 Xy — . Xp%g)
Xy o

Fig.4.8. Minimum network of g and h.
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4.7 Conclusion

The minimization of the number of gates in the
network of negative functions was converted into a
set-covering problem. Since the set-covering problem is
rather easy to solve, this approach appears helpful in
obtaining such networks.

It sould be a direction of the future research to
develop algorithms based on the other minimality criteria,
such as the number of connections, the total cost of
gates which is evaluated differently from the number
of gates, and also the extension of the approach to

more general cases such as feed-forward networks.



Chapter 5 Formulation of Network Synthesis by Integer
Programming

5,1 Tntroduction

Different from the previous two chapters, this
chapter discusses about the intefer programming
formulation of the network design, which is particuiarly
'éuitable to. incorporate network restrictions such as
fan-ins restrictions and fan-outs restrictions, and
permits a variety of optimality criteria. In the
formulation, we assume networks of conventional gates
such as NOR,vNAND, AND, aﬁd‘OR, or their combinations,
but it should be understood that the formulation |
covers much wider class of gates. Networks of threshold:
gates would be such examples.

The formulation is then extended to the multiple
output networks, by adding extra.in variables.

Finally, sequential circuits can also be formulated
along this line, including thé&$t§te assignment,

' These problems dealt in thié @hapter have been
recognized.as very difficult ones. It iIs not an exaggera-
tion to state that there has been no systematic approach
which is not,only'theorefically complete but computationally
feasible. Of course,‘it is not claimed that the integer
programming approach has provided a final solution, since
no integer programming algorithm which works éfficiently
enough for large scale problems seems avallable at
present, It is hoped, however, that this directicn would

be a forward step towards the design automation of
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logic design, which 1s greatly needed especially with
the advent of integrated circuit and large scale integra-
tion. In fact, by means of integer programming approach
all the optimal. networks of NOR'gates, and NOR-AND gates
were obtained to verify the practicalness of our
approach. Many optimal solutions which represent newly
found networks were obtained. The computational aspects
of integer programming formuldtion will be discussed in

Chapter 6.

Integer programming problems encountered in

this thesis are so-called zero-one all integer programming

problems:
minimize cy

subject to Ay zb (5.1)

where C is an N~dimensional vector, b is an M-dimensional
vector and y is an N-dimensional vector of variables. A
is an M x N coefficient matrix.

Any O or 1 assignment to all variables is called

a solution. Any solutuion such that the constraints of

(5.1) are satisfied is called a feasible solution.

An optimal solution is a feasible solution such that

Cy is minimized.

There are several integer programming algorithms

available to date. The cutting plane method by Gomoryisg]fse]
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may be applied to this type of problem, though it was
originally devised for more general integer programming
problems. Recently main effort in this area seems directed
to the implicit enumeration algorithm or the branch and
bound method, which has been proposed and improved by

[ 410331L28][29][24][85] 48]

. We have

[ 61048]

various authors
run both types of algorithms on the computer
Since the implicit enumeration algorithm compares much
favorably with Gomory's algorithm, judging from the
preliminéry computational results for our problems,

the former is extensively adopted in the computation

in Chapter 6.

_An integer programming approach was first brought
into the design of optimal feed-forward networks of
threshold gates by Cameron[ll]. His‘ﬁgyk was followed by
Breuer's[ 9] which considerably simplifiédlthe earlier
formulation. Muroga also reached essentiaiiy the same

[77]

independently. A more comprehensive
[ 801

formulation

aspects were discussed by Muroga and Ibaraki
This thesis, however, does not deal with networks of

threshold_gate$ but begin with networks of NOR gates which

migh; be;régardéd as théir special cases. further possibility

is ex@lére& in the light of integer programming

formulation. Some of the formulations might be merely

of theoretical interest for the present, but thereYis

no doubt that future developments within the field of

integer programming will gradually eliminate these

difficulties.



5.2 Integer‘Programming Formulation of Networks of

NOR Gates.

In this section, a network of NOR gates is described
by integer linear inequalities. (NAND gate network can
be treated similarly.) The result will be generalized in
succeeding sections to deal with other types of networks.,
Also complete algorithms for deriving optimal networks
will be discussed in Section 5.3.

The boolean expression of an NOR gate is

X, ¥V XV ,.,..¥Vx =X v R,
1 2 n 12 n

In other words, if at least oné of inputs assumes 1 then
the output is 0, and 1 otherwise.

In order to describe a network by integer linear
inequalities, we have to anticipate a general network
which could be reduced to any required network by
specifying the actual'existence or non-existence of

each connection in the anticipated network. For -this

purpose, we use a feed-forward network. A feed-forward

network is a network with R gates which are ordered as

gate 1, gate 2, ..., gate R, and each gate can receive
inputs from external variables and preceding gates

only. The last gate R realizes avgiVen function f.

- This is illustrated in Fig.5.1. The feed-forward
network is the most general network as far as loop-free
networks are concernmed. Namely, any loop-free network

“with R gates can vesult by adequately specifying the

existence or non-exiseence of each connection.
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Let us assume that f£(x) is a function of n variables
X, .» X_ with outputs specified for m input'

12 For n
(1) (m) . ’ o
vectors X s seas X . If £ is completely specified,
then m = 2", Also define 0-1 variables as Ffollows. They '

are illustrated in Fig. 5.2.

s
‘

>
: ~
Fig.5.1. A feed-forward network.

Fig.5.2. Illustration of 0-1 variables

in the formulation.
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= X

k ;
Iz VQ = 1
means the existence of the connection and

k .

Ve ® 0 means the non-existence.

: The connection to gate k from x

¢ik : The connection from gate i to gate k (i < k).

¢ik: 1 means the existence of the connection

and non-existence otherwise.

Pk(j): The ocutput value of gate k for x(]).
%ﬁﬁ:Tﬁeimmtvﬂueofgam]<saﬂ from gate 1
for X(]). '
Then the total input value to gate k for x(j) is
n . k-1 .
UNE IS
=1 i=1

From the definition of NOR gates, the output of

gate k for K3 is determined by:

. ‘ n . k-1 P
P (3) . 1 if z vk x<j) + I p.(j) <0
k 2 78 ik
2=1 i=1
(5.2)
5 Doy o)
Pk =0 1if L Ve Xy + I O3y > 1.
2=1 =1t

This relation can be converted to linear inequalities of

0-1 variables;

n . k-1

k () (3) . (1)

- § Ve X - iélpik > - U(1 - Pk )

2=1
k-1
n - . .
1 )y p.(j) 21 - UP(j), (5.3)
I 4 . ik k 7

=1 1=1

179



where U is a sufficiently large positive number such

(3)

that if Pk = 0, then the upper inequality of (5.3)
is ndn—binding for any assignment of 0-1 variables,
.and if Pk(j): 1, then the lower inequality has the

similar propcrty. For example,
U=zn+k ~ 1

suffices this requirement. Hereafter, the letter U

is used solely for this purpose. Although the actual
amount of value U required for each inequality may vafy,
we do not distinguish individually but use the same
letter U. )

From the definitioﬁ?@f‘Q,\it may be obvious that
(5.2} and (5.3) are equivaléﬁt;”i.e., feasible solutions
of (5.3) are exactly those which satisfy relation
(5.2). Note that (5.3) is linear in all variables viv,

) , 3 (3)
ik * "k 2

Now, let us consider the variable piij). This

p are given constants.

, Since x

is related to the output of gate i by »

G L

U
Pik *Fy T (5.4)

In other words, piﬁj) = 1 if and only if ng)z 1 and

gates i and k are connected. This non-linear form can

, A ¢ B, is defined as 0.

= ot
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also be converted into a linear form as follows:

(5) SGD)
R oy Ty 2l
(i) (i)
Pi + ¢lk - QDik z 0, (5-5}

j:

The proof that (5.4) and (5.5) are equivalent is
straightforward if we take into account that every
variable assumes only 0 or 1.

The last gate is treated saparately since its
bahavior is specified by the output values of function
f. The total input value of the last gate for x(j) has to

satisfy the following inequalities:

. k-1 /. .
- g e (3) - .2 Q(J) >0 fcr'f(x(3>) =1

=100 121P1x
(5.6)
n . k=1 i )
x_(3) (3) (3y -
1t By 21 T f(XT) =0,

j=l, 2’ esasy e

All inequalities (5.3) (5.5) and (5.6) characterize
‘the entire feed-forward network. Namely, any feasible
solution of the system of inequalities (5.3), (5.5) and
(5.6) provides a loop-free NOR network with R gates
_which realizes the given function f£. In case f requires

more than R gates, the system of inequalities (5.3), (5.5)
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and (5.6) is infeasible, i.e., it has no feasible

solution. However, since NOR gates constitute a complete

[861[51]

set of functions , there is a number of gates R

£

for any f, which is sufficient to realize the function f.
Further aspects of the formulation and whole

algorithm to obtain optimal networks under a certain

C

criterion will be discussed in Section 5.3 and 5.u4.
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5.3 Incorporation of Network Restrictions

Some of the restrictions imposed on a network can
be taken into account by simply adding inequalities.
Ease of incorporation of restriction is one of the
@haracteristicg of the integer programming approach.

The restrictions on the maximum number of inputs
{ fan-ins) for each gate can be considered as follows.

Let I be the maximum fan-ins of gate k. Then,obviously

k-1

o™
<
+

< I ‘ (5.7)

limits the number of4input connections of gate k to
at most I. ‘ ‘

The maximum number of outputs from each gate,
the maximum fan-outs, can also be treated similarly
by

R
I . < Jd. ‘ 5.8
i:k+l¢klv ) , e

Next, let us consider the restrictions on the
-number of levels of a network. Let us assume that
networks with more than K levels are prohibited. Then
there arise sets of connections which are not
permissible because of the level restriction. For

example, the set of connections,

b1p = s bpg =y vees Bigeg T 1

'is not permitted bacause K consecutive connections

“indicate the existence of more than K levels. This can be
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eliminated by adding the inequality:

¢

ot by T b g KL (5.9)

This inequality assures at least one of $155 dpgacees

¢

K K+l is 0, thus destroying the consecutive K connections.
. From this argument, a procedure to keep a network
within K levels is

(1) Exhaust all sets of connections which give

more than K levels.

(2) For every such set, add an.inequality to

prohibit the set of conneé%iéns, derived in
a similar way as (5.9).

Other types of restrictions on conncetioﬂs can
usually be incorporated. For example, if a connection
¢ik = l‘is prohibited for some reason, simply add

¢ik = 0.
The conditional restriction, i.e., the restr}ction

such that ¢ =0 if ¢ik = 1 is realized by:

ifk'

birr 21 = o5

The argument used for the level restricted network
could be extended to more involved conditions such as
the planarity of a network. A procedure is first to
list all conditions which lead to the non-planarity,
and then to set up corresponding inequalities to prevent

them.
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If R and n increases, héwever, the number of
inequalities will become eXcessiVely large, making
the formulation impractical. One approach to avoid this
difficulty is:

(1) Solve the set of inequalities without adding
the extra inequalities which guarantees, say,
the planarity, if incorporated.

(2) If a solution obtained shows a planar network,
then terminate. Otherwise go to (3).

(3) Pick up some extra inequalities among those
prohibiting the planarity and add to the system
of inequalities used in (2) to make the current
solution infeasible. Then solve the new problem
resulted.

By repeating (3) we will eventually obtain an

planar network.
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5.4 Procedures to Design Optimal Networks

We have'éo far discussed the integer linpear constraints
which togefher characterize a feed-forward NOR network,
and also those which impose network restrictions. Any
feasible solution for the resulting system of inequalities
represents a NOR network for a given function f subject
to the imposed network restrictions. This section
discusses procedures to obtain optlmal networks among
those feasible solutlons, under cer%é&n optimality
criteria.

First consider, as an example, a com£ined optimality
criterion such that the primal objective is the
minimization of the number of gates, and the secondary
objective is the minimization of the number of connections.

Note that the number of connections for a feed-

forward network with R gates is written as:

Rn k-1

(5.10)
(£~l ¢t Z mlk)

Procedure L: ‘
| (l) Set R = 1. (If we know a lower bound of the
'number of gates required for realizing a
- given function f, set R to this number.)
(2) Formulate a set of inequalities for an R
~ gate feed-forward netwogg for a given function
~f, and possible inequalities corresponding to
the restrictions imposed on the network.
Splve this integer program with an objective

function (5.10). If this has an optimal
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solution, it gives an dptimal network under
the above combined optimality . criterion.
Otherwise go to (3).

(3) Increase R by 1 and return to (2).

The whole procedure will terminate in a finite
number of steps, if the problem is feasible for some
R and an integer programming algorithm with finite
convergénce is employed for solving each resulting
problem, /

It may be obvious that the above procedure yields an
optimum network, because the first R which satisfies (2)
is the minimum number of NOR gates which is sufficient
for realizing f.

An alterDative procedure for deriving an optimal
feed-forward network under the same optimality criterion
‘is outlined in the following.

First introcduce new 0-~1 variables A, such that

k
R -
L ¢ . S U, (5.11)
izirl <L 2 \
k=1, 2, , R-1
If at least one of ¢ki’ i=%k+1l, ..., Ris 1, then

Ay assumes -1, otherwise (5.11) is non-binding. As

a result, if we minimize

A = 2 A (5.12)
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then A shows the number of gates actually used, since

‘ Ak assumes 0 if the left hand side of (5.11) is 0.

In this case, A + 1 is the total number of gates
ctually used, since (5.12) excludes the last gate

which must be always used to provide the required

runction f.

Procedure 2:

First prepare a sufficiently large number of gates
which will guarantee the realizability of a given func-
tion by the network. Then set up a set of imequalities
which characterizes the network and also iﬁcorporate
the network restriction. Solve the integer program

with the minimization of objective function®
I Ay . (5.13)

An coptimum solution of this integer programming problem
provides a network with the minimum number of gates.
Altérnatively, if we use the following objective function,
. R-1 R n K k-1
Vv ¢ at+t £ (¥ v, t I ¢,)
k=l X k=1 =1 ¥ =1 ¥

(5.14)

instead of (5.13), then an optimal solution in the sense
that:the networks are thoge with the minimum number of

connections among networks with the minimum number

F R-1
K21%Kk K
total cost is the design objective.

may be used, if gate k has cost e, > and the
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gatés will be obtained. 'V in (5.14) is a sufficiently

large positive number such that

"V > nR + R(R-1)/2.

Although this procedure needs only one integer
program, the size of the problem is relatively larger fhan
‘that of Procedure 1. Judging from the fact that the
convergence of most of integer programming algorithms
become progressively slow with the increase of the
size of problems, Procedure 1 may be preferfed at
present.

An advantage of Procedure 2 is that the other
types of objective functions can be used as the

primary objective. For example, the use of
) (5.15)

as the objective function yields the networks with
the minimum number of connections regardless of the
number of gates.

In Section 5.2, the number of levels was treated
from the view point of network restpiction. Sometimes,
however, it should be considered as a design cobjective
to obtain a fast circuit. For this purpose, a feed-
next network is desirable as a basis model rather
than a feed-forward network. A feed-next network is a
network with E levels, in which each géte in the j-th

level, j = 1, 2, ..., E,can receive inputs only from
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external variables and gates in the preceding levels. An

example is illustrated in Fig.5.3. The number of gates

Fig.5.3 Feed-next network.

in each- level sufficient for a given function 1is
sometimes available from the theoretical consideration.
th§$wise, however, a tentative number would be used
in i:‘hé formulation. A variant of Procedure 1 for this

cage is as follows:.

Procedure 1':
(1) $et E = 1.
{3) rormulate a set of inequalities for a E level

feed—neXt network. Solve the resulting integer
program with a certain objective function

such as the number of co’nnectyiOns. If this has
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an optimal solution; it gives an optimal
network. Otherwise, go to (3).

(3) Increase E by one, and return to (2).

Procedure 2 for a feed-forward network can also
be modified to deal with a feed-next network, though
it is omitted here.

In concluding this section, it should be mentioned
that any other types of gates can be considered as
constituents of the network if they are represented
in inequalities. For example, NAND networks can be
treated similarly. Thé case in which mixture of
different gates is permitted, such as mixture of NOR
gates and AND gates, will be discussed in the subsequent

sections.
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5.5 Feed-Forward Networks Using Mixture of Different Gates

As an extension of previous‘sections, we will consider
a feed-forward network in which a mixture of different
types of gates is permitted. A feed-forward network in
which each gate is either NOR gate or AND gate is such
an example. Let us assume that B different types of
gaféé:réAiiéing functions g, g,, ..., gy are permitted
in a network. Each gate is called a module. Namely, each
module in a feed-forward network assumes one of g1
Bos +es gB

This type of probiem is of practical importance
provided that network restictions are taken into
consideration, and that a variety of optimality
criteria can be used. There has been no systematic
approaches for this problem except for certain special
cases.

In order to formulate this problem as an integer

. program, we first introduce a conceptual module,

cailed a generative module. A set of parameters is

He- alues of‘parameters, the generatlve module
‘represents one of gy > g2, e, gB For illustrative
purpose (Fig.5.4), it is convenient to consider that
a generatlve module consists of two parts: one is a
rm“lti—output network with outputs g;, &> «--> &p>»
and the other is a selection network which selects
one of 812 By tevs 8y according to the parameters
associated with it.

An outline of our procedure is : (1) to formulate
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Fig.5.4. A generative module.“

a feed-forward network with R generative qodules in
integer programming. Solutions for this pfoblem will
determine the connection between generati;e modules
and parameters for each module as well. (é) If we
obtain a feasible solution for a given fSnction £
with the minimum R, then replace each generative
module by the actual gate which the generative module
implies.

In Section 5.6, an integer programming formulation
of a generative module will be derived. Tﬁen in
Section 5.7, an entire integer programming formulafion

of a feed-forward network will be presented.
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5.6 Integer Inequalities for a Generative Module

The first step to derive a generative module is
to express all given gl, g2, ey gB by integer linear
inequalities. The selection of one module out of these
in each generative module will be discussed later.

One method will be given below to express g,
through 8y by a single network of threshold
gates. Other methods based on a multi-threshold
threshold gate and based on the direct specification of
true and false vectors of each of g1» =+v5 8p by integer
linear inequalities will be given in [81].

Let us introduce a number H such that

H = max (pl, Pos =ves pg) >

where Py is the number of input terminals of the module
corresponding to g+ By adding idle input terminals,

we can assume that every module has H input terminals.
H represents the maximum fan-ins restriction on each
module.

Now, given functions gy through &g of H variables,
let us realize these functions by a multiple-output
netWork of threshold gates as shown in Fig.5.5. Our
‘aim is to derive the relation between H input variables
Yis Yos +vs Yy and B output functions 815 855 =+ Bp>
in the form of integer linear inequalities. Although any
network which realizes €12 Bps +e+s 8y MAY be used to
exXpress a generative module, a network with the minimum

number of threshold gates is preferable because 1t
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gives a concise expression. Threshold gates are used
simply as a mathematical tool, no matter what physical
devices are employed to implement €15 By> +v+s 8p-

The threshold gate network may be obtained by using the
. . . (801

integer linear programming approach . Of course any
other method known so far can be used for this purpose.
Several methods will be found in [101}[{76]. The method

discussed in Chapter 3 may be used.

Yy — \
1
TH 2?)

Fig.5.5. Collective expression of §1> 895 v &

O——a—'—% &g

by a multiple output network of
threshold gates.

Let us number threshold gates from 1 to C in a
synthesized feed-forward network with multiple outputs
in which each gate receives inputs only from the
preceding gates and variables Yy Yoo ees Yy
Assume that the Cr—th gate realizes g, T = 1, 2, vv.,
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Let the output value of the k-th gate for the input

(3) . (yl(j),.... (])) be Q (3) , J =1,

denote the weight from the i- th gate to the

vector Y

s o,
Let 1k

k~-th gate,'wz denote the weight of the variable Y, to the
k-th gate and Tk denote the threshold of the k-th gate.
Note that o, ik’ wk. and Tk are known constants.Butgyz(]),

and Qi J are unknown variables.

With these notations defined, the k-th gate in

the network for each k is expressed in inequalities;

H
(J) (3) E
fl wﬂ +. if_:l a, in"’ >T - U (1-Q1(j)) ‘
( 5.16)

H . k-1 '
k (3) . old) (3)
- L W - - - J
R4 E aik Q’i > Tk-i-l UQk s
=1, 2, ..., m
These inequalities are interpreted in the similar

manner as those of NOR networks. Namely, (5.16) are

cqnverted into the following;

(4
\u

z Wy

hh tﬁ‘

P wjek yz(j) o

‘ When the network is synthesized such that the C ~-th

gate realizes g, Q. (3) represents gr(y(])). The set
p

of inequalities (5.16) for k = 1, 2, .., C, together

with the relation
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represent the functional relations between Yy» <++» Yy
and g3 +cs Bpe Thus we have formulated the aggregate
of 81 ++vs Bp iﬁ integer linear inequalities. This
is the first step of our derivation of a generative

module.

Example 5.1: Let us find an integer linear inequality

expression of two modules:
g, =y, 9y,
By T Ny¥ye

These twe functions g and g, can be realized by two

threshold gates connected as shown in Fig. 5.6.

&y T Y195

= yl@y’é

‘Fig.5.6. Realization of two modules given in

Example 5.1,
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According to the above discussion, the outputs of
(3) (3) for each y(j), i =1, 2,

threshold gates Ql and Q2

., m, can be defined by the following inequalities:

DLE LIPS P SRR ALY
(3) (3) (1)
o -9, 2 -1 -UQ 7,
=1, 2, ..., m,
g D a g D g D 1 - o)
(1) (1) (1) ()
-y, -y, +2Q, 20 -0Q, ",
'] = ‘LD 2’ b m

Any value of U

(A%

3 ig sufficient for these inecualities.

If we consider that
(3)
gl(y )

5, (yD)

il
O
N

(5.17)

i
o

for each y(j), j=1, 2, ..., m, these inequalities
describe relations between the input values and the
output values of g, and g,

Now let us consider the selection of one function
out of 815 <+ Bp: As selection parameters, introduce
variables el, caes GB whose values are 1 or 0 such "

that if er = 1, then a generative module represents the

'
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corresponding module 8. In order to select only one

module out of 815 v+ Bp» the following equality is
added.

6, F 0, + .o By = L. (5.18)
Let P(]) denote the value which the output of the

(3)

generative module assumes for the j-th input vector y .
In other words, P(j) satisfies the relation
(3

P = gr(y(j)) = Qc(j), (5.19)

r
if GP = 1 holds, where_QC(]) is the output value of the
. threshold gate which realizes g, This is expressed
in inequalities;

(§) ()

P < Q + (1 - er)_
1

p(3) Qc(j) S (-6, (5.20)
r

Obviously, if er = 0 then the inequalities become
non-restrictive and if 6.= 1 the inequalities force
P(j) (]).
r
Consequently, with inequalities (5.16), (5.18) and

to be equal to QC

(5.20) together, a generative module which is able to
choose one of 810 e 08y is completely described. This
expression will be the basis for the optimal network

synthesis procedure in the following seciions.
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5.7. Description of a Feed-Forward Network Consisting of

Generative Modules

In this section we will describe a feed-forward net-
work of generative modules in linear inequalities of

integral variables.

A, General Case

Consider a feed-forward network consisting of R
generacive modules, as shown in Fig. 5.7.

Fig. 5.7. Feed-forward net-
work of R generative
modules

l
1/

.

~

IR

R b= f

Assume that the function of a generative building block is
nét,symmetric in Vafiables. Symmetric case will be
diséuséed in B. The input terminals of each generative
modﬁié must be numbered for identification.

Let ¢i(d, k)“dgnotg-a (0, 1)-variable which expresses
the ¢onnections from the output of the d-th generative
module to the i-th input terminal of the k-th module. If
¢i(d= k) = 0, it means no connection and if ¢i(d* k) = 1,

the connection exists. However note. that there may be
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more than one connection from the d-th module to the k-th

module®*. In other words, we may have ¢; (d, k) = ¢; (d, k)
1 2

= ees = 1 for the same d and k. Let vi(z, k) denote a
(0, 1)-variable which expresses the connection of an

external variable x, to the i-th input‘terminal of the

Pt )
k-th genmerative ‘module.  Here

k=1, 2, seey R
d=1,2, cen, k1
1
Y/

[}

l, 2, .l.’ H

1, 2, voy 1y +, -,

Vi(+’ k) is the connection from the constant input of
the value 1 and vi(—, k), the connection from the constant
input of the value 0.

Each input terminal receives exactly one connection,

i.e., for each k and each i

k"l g n, +, - . )
Lz .¢i(d7k) + B Vi(z,k) = Lo (5.21)
d=1 ’ =1 -

The input value yi(]) (k) at the i-th input terminal of
‘the k-th generative module for the j-th external imput

vector x(])~satisfies the following condition,

* A degenerateée function such as x, Vv %, by substituting

1

Xy into Xq of xlxs\/ X, would be generated.
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() () ie 9,(d, ¥) = 1

(3)

7w = . .
: x, if v,(4 ¥) =1,

(5.22)
(i = _J-, 2, evey H)

(k = l, 2, ecey R)o

where ?{3?(d) is'the output of the d-th generative module
for thefj-th external input vector X(J) and

(5.23)

(5.22) is expressed in the following set of linear

inequalities of integral variables:
300 < 20(a) + @ - 9 (a,1)
. ‘M,P(J)(@) 5 »y:gJ)(k); + (1 - 9,(8,K)),  (5.24)

o (x ='léﬁe?a

~and
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v <= ey 4 0
R N R I VA S PP

(k=1,2, ..., R)

(0=1,2, ceey 0, 4, =)

(L=1,2, ..., H)

{3 =1, 2, esu, m).

¢.(d %) = 0 makes (5 24) non-restrictive and. ¥ (d k)
y1elds Vs (3)(k) = P(j)(d), and so forth.

Note that the external variables xz(j) are given in
advance as input vectors to the whole network and considered
as constants in our integer linear programming approach.

The outputs of the R-th module are also specified in advance

(j)) for all j's.

as the values of the given function f(x
Therefore P(j)(R) are also given constants but P(])(k) ‘

for k # R are unknown variables.
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B. Networks with Symmetric Generative Modules

If each generative module is symmetric in all inputs,
in other words, if the input terminals of each module
are interchangeable, then each input terminal need not be
differentiated from others. Let us sum up the input

‘values at the k-th module and denote it with
y(‘jzk) *y(Je) +oeee 4+ ('j)(k) (5.28)

In the following, only y(J)(k) will be used, eliminating
‘the mse of y.(:| (k)'s. The value which y(J)(k) assumes
is not_llmlted to 0 and 1. Also the subscript i may be
VQropped"from ¢i(d, k) and vi(ﬁ, k). ¢(d, k) and v(%, k)
are variable which represent the connection from the d-th
’module~to the k-th module and:the connection from the 2-th
external variable to the k-th module, respectively.
However note that in the current case ¢(d, k) and v(%, X)
also are not restricted to the value, 1 or 0, because
ﬁhitiple connections, in other words ,the simultaneous
conneatlens from an output of a module to more than one
lnput termlnal of a-certain module may yield a better
»nemmork However the total number of 1nputs to each module
|§@§ﬁ?§gﬁal,ﬂ, iie. '
kel 0,4, =

r @ (4Lk)+ = v (4k) =H (5.27)
d=1 £=1

(])(k) is expressed as follows. Let us introduce new

variables 0(3)(d k) and p(j)(g k) which satisfy
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-

p('j)(d, k) < (p(d, k) + U (1 - P(J)(d))

®(d, k) sﬁﬂwm>+v<i—P”N®> ~ o (5.28)

o) (a, 1) <u ),

(k .o, R)

i
-
-
no
-
e

(d =1, 2, voa, ke=l)

(3 =1, 2, voe, m)

o84, ) <v (L k) +U (1 - xéj%-

v(g, k) < p(j)(B,k) +U (1 - xgj)) r . (5.29)

s, 1) s,
(L =1, 2, eoey Dyt 5 =)

(j=l, 2, peey m)

(k

l’ 2’ L y R)‘
These inequalities of (5.28) and (5.29) imply
j j 5.30
o D(a, 1) = 9 (4, ¥ 2P @) (s.20)

o g, 1) = v (4, 1) (),
(5.31)

Since the input of the k-th module is the sum of contri-

butions from the outputs of other modules and the external
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variables, y(j)(k) of (5.26) which congists of yi(j) of
(5.22) is obtained as

H3ag = o 1 23 + I;%;’mx}(,z, k) xfgﬂ)

d=1 :
k-1 N,y =

= 3 p(j)(d, k) « L p(j)(f',’ i) (5.32)
=1 £=1 |

using (5.30) and (5.31). Consequently the connections in
a network are described by inequalities, (5.27), (5.28),
(5.29), (5.32) together.
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5.8. Procedures to Design an Optimal Feed-Forward Network

We are now ready to discuss design procedures of an
optimal feed-forward network, with all the gates and the
network described in inequalities. The behavior of
generative modules which can express any of the given
modules g)s +ers Bp Was expressed in inequalities in
Section 5.6, and the connections from other generative
modules and the external variables in Section 5.7. The
set of all these inequalitieé together with constants,X(j)
and f(X(j)), i.e., P(j)(R) specifies the condition which
the feed-forward network must satisfy. Any feasible
solution of this set of inequalities realizes the given
funétion f. However if a certain objéctive function is
introduced and optimized (minimized or maximized), then
an integer programming problem is formulated. If a design
objective such as the number of connections can be
expressed as a linear function and chosen as an objective
function, then an optimum network with the minimum number
of connections will be obtained.

Assume that the feed-forward network for f has R
generative modules. Only one of gr's is chosen in each
generative module in an optimum solution of our integer
linear program. Let J and K be the numbers of the 0-1
variables and the inequalities, respectively, which are
necessary in obtaining the relations between the inputs
yl(j)(k), cens yH(j)(k) and the outputs P(j)(k) of the
k-th generative module. (For example, (5.16) (5.18) and
(5.20)) The set of these inequalities necessary for each

generative module will be referred to as E. Then the
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numbers of the variables in the entire formulation for

this network are:

mHR for ygj%k) ' ‘s
m(ﬁ—l) for | p(d)y) o
HR;::.L ‘ for ¢ i(d’ k) 's
 H.# (n#é)' l | for ‘vi(ﬂ, k) 's

and the total number of the 0-1 variables is

RJ +mHR +m (R-1) + ZB B=1) 4 HR(ni2). (5.33)

Note that the number of P(j)(k) is m(R-1) because
P(J%R) =1 ( x(j)) (5.34)

and théréqué,P(j)(R) are not counﬁed.v'The‘ﬁumber of the

inequalities are
. 2HR _ for (5.21)%
mHR(R~1) for (5.24)

2mHR(n+2)  for (5.25).

* An equality is expressed in two inequalities
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The total number of the inequalities is

RK + 2 HR +mHR(R-1) + 2 mHR(n+2). (5.35)

As discuséed in Section 5.7B, if fﬁé modules are
symmetric in input variables, the numbers of variables
| and inequalities can be fewer than those given above.

To obtain a feed-forward network with R modules which
realizes a given function f, we need solve the inequalities
E for every module and also (5.21), (5.24) and (5.25)
under the condition P(j)(R) = f(X(j)).

2 (2 9 (4 k+ % v, (4 k) |
k=1 i=1 ‘d=1 T by 107 - (5.38)

may be chosen as an objective functiom. This implies the
minimization of the number of connections between modules
and from external variables excluding those of the constants‘
in the network. Other objectives may be chosen instead,
as an objective function. o

A procedure for obtaining a feed-forward network with
the minimum number of modules and then, as the
secondary objective, the minimum number of connections
(i.e. a network with the minimum number of connections
among those with the minimum number of modules) is -

as follOWS;
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Procedure {

(1) Set R = 1. {(or set R to a lower bound of value
necessary to realize f if it can be found by
certain means.)

(2) ‘Solve the set E of the inequalities, (5.21),
(5.24) and (5.25), for the network of R
. generative modules, minimizing the objective
function (5.36). If there is a solution, an
optimum solution of this problem gives an
optimal network for f. If there is no solution,
go to (3).

(3) Increase R by one and return to (2).

This brocedure will ‘terminate in a finite number of
sfeps, if fhe.given set of modules, g1> ...,vgB, are
complete .

Obviously, this is a generalization of Procedure I
for NOR networks described in Section 5.4. Procedure II.
in the same section can also be generalized in the similar
way. The latter approach would have merits such that it
pérmit a wider variety of objective functions than
5 Pr6éedure I‘ HoweVer the detailed discussion will not
be glven here.  In [81] its approach and other aspects
‘;Qf the 1nteger programmlng formulatlon is dlscussed in

some detall

® If any- functlon can be realized by combining gl,...., gp>
the set is called complete. See [s1].
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5.9. Example ~ NOR-AND Networks -

. As an example of network consisting of more than one
type of module, we consider a network with NOR gates and
AND gates.

Fig. 5.8 Expression of NOR and AND.

First of all, let us consider the linear inequality
expression for a generative module which c¢an ggppéss‘
either a NOR gate or an AND gate (Section 5.5).: In this
formulation, we do not impose the fan—invres£rict10n*'¢n‘
each module. " p _

Now consider an expression for NOR gatg"'invthe”lgj‘t‘ﬁw
generative module of the network. Obviously, tﬁevreLafi&a

% The k-th generative module is assumed to have

exactly H (=(k-1)+n) input'terminais’er'eadhlqg
If a module turns out to have actually fewer input
terminal connections, connect constants Qf“appﬁbp;

riate values to the remaining input terminals.
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between inputs Yo (]), r=1, 2, ...; H (= (k-1)+ n), and
(j)

its output Q s written as follows, as illustrated in

Fig. 5.8: = g

-z v P50 - v (1 - )
= (5.37)
y(j) 2 1 - U‘ Q(j)} j - l, 2, .., m.

r=1 T 1

Taking advaptage of the property that a NOR gate is
symmetric,iﬁ all variables, we.can group all the iﬁputs
intdtho;sets; one is to receive the external vafiables
and the other is to receive the outputs from the preceding

modules (Section 5.7B). (5.37) is then rewritten as

-1
- v(z,k) x(J) k}: ¢ (d,k) p(3)

(3)
Z = (4) 20 - U (1-;%)

(5, (4) 9 (5.8
3 v(ﬂ,k) x + 2 9 (&%) PYa) > 1-vald, (s.a8)

(J ‘= 1, 2, o-o,' m)’

i) (3)

whérg 23Y(2#k)’x£ + L ¢ (d,k) P 77(d) denotes the sum
of contributions‘from the external var;ables and the
outputs of the other modules. However, these inequalities

are not linear because ¢(d,k) and P(j () are both unknown

212



variables. Therefore new variables pﬁj){d,k), such that

o iax) =0 (an ¢ D@ (5.39)

4

are introduced (see (5.30) and (5.32)) and (5.38) becomes

the new set of linear inequalities:

n kel

- Z v (4k) xﬁj)- p ;a(j%d,k) > 0~ U1 - Ql(j))
.Z:‘:l =1 » ’ .
n . kel
L v (Lk) X(J)+~ 5 (3) d,k) > - (3
0=1 Ji o1 p (5 ) > 1 Ule ,
(5.40)
=1, 2, , M
I e e Dy s
v(2,k) =, is not substituted by p *"(2,k) as in (5.31)

(3)
£
To express the relation (5.39) in linear form, the following

because this is already linear (x 's are given constants).

is used instead of (5.28) in order to reduce the number of 4

inequalities. -

- P(j)(d) - cv' (d,k) + p(j)(d,k) +1> 0
(5.41)

_ P(3>(d) + 0 (d,k) -2 'p(j)(a,k) > 0
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)

This is possible because p(j

in this case.

(d,k} is known to be 0 or 1

In a similar way, an AND gate of the k-th generative

module 1s written as follows:

n $H <t o
L v(,k) x, + L p -’(d,k)
{L:l d=1
n k-1 (-)
2 T v, ¢ T ¢ (dk) - U (1=l
2=1 d=1
n . k-1 .
-~ % v(2,k) xR(J) -z p(])(d,k)
=1 . d=1
n k-1 (1)
2= L w8k - T e (ag) +1-uQ) ),
2=1 d=1
j= 1,2,
where Q2(]) is the output value of the AND gate.

Combining (5.40) and (5.42), and introducing a
selection variable 6(k) (see Section 5.6), the k-th

generative module is described by

n . k-1 .
- I (k) x2(3) - 3 p(j)(d,k)
2=1 a=1

s0-0-pPPa - ua-e ),
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n oy k-1 .
L v(%,k) Xz(j) 1 o3¢0
g=1 d=1

1 -0 P(j)(k) - U (1 -8k,

v

n . k-1 oy

5 v(2,k) xz(j) + 3 p(])(d,k)

0=1 d=1

n k-1 (1)
> T v(e,k) + ¢ ¢(d,k) - U (1 - P 3K - U ek,

=1 a=1

n . k-1 . :
- v 1P - P

9=1 : d=1

n k—l’ (1)
>-3 v(2,k) - £ ¢(d,k) +1-UP I (k) -U 8 (K),

=1 d=1

(5.43)

(k =1, 2, ..., R = 1)
(=1, 2, oo, m),

where P(j)(k) is the output value of the k-th generative
module for the j-th external input vector. 6 = 1 means
that NOR is selected and 6 = 0 means that AND is selected.

For the last generative module,

n () R-1 (+)
- T v(a,R) % 3 - T o IER) 20 - U (1 - B(R)),

A=l d=1 (5.u44)

n . R-1 .

£ v(2,R) xR(J) + 2 03 aR

=1 d=1

n R-1 ()
> ¥ v(,R) + I ¢(d,R) - U 6 (R) for f(x*37) = 1

%=1 d=1



or

1

{1

e 1

5():::]_ d=1
n . R=-1 .
- I v(L,R) xg(j) S pij?(d,R)
=1 d=1
I R-1
> - 2 v(2,R) - I ¢(d,R} + 1 - U 6 (R),

L v(%,R) xﬁy(i” « 1 o9 aR) 2 -

for f(x

(5 =1, 2, ..

UL - 8(rR)),

(5.45)

:O3

., m),

Also, to describe the non-linear relation

N i
o8 an = p

Nnecessam 4
C ary for

ko= L, 2

d=1,2
& £y
Jd = l; st

$

¥

»

ceey R
ey kel

oun’vma

{4y ¢ {d,k) in linear form, (L.41) is

Consequently (5.41), (5.43), (5.44) and (5.45) together

completely represent a network consisting of NOR and AND

gates.

Note that the formulation, described in the previous

sections, was simplified in sevelal respects by considering

particular properties of NOR-AND network.

For example, selection variables el(k) and OQ(k)

respectively for NOR and AND, are reduced to a single -

variable 6 (k) by using
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6,(k) + 6,(k) =1, (5.46)

of (5.18). Variables Ql(j) (1)

and Q2 for the k-th gen-

erative module are also replaced by a single variable
P(j)(k) for the following reason. If 0(k) = 1, say (i.e.
NOR is represented by a generative module), only inequal-
ities for a NOR gate (the first two of (5.43)) becomes
restrictive and others for an AND gate becomes non-restric-
tive. Therefore, even if the restriction Ql(j) = QQ(j) = P(j)(k
is incorporated, it does not change the nature of the
.inequalities.

As explained in the paragraph after (5.40), p(j)(ﬂ,k)
for external variables are also deleted. A significant
reduction of the number of variables y(j)(k)'s is obtained
by substituting y(j)(k) by (5.32).

In most cases, if types of modules are concretely
given, we can reduce the size of problem, by considering
special properties of the types. However, we will not try
a detailed discussion about these possibilities here.

With all these inequalities, all the optimum networks
for each three variable switching function which have the
miﬁimum number of modules and, secondary, the minimum
number of connections were obtained. Procedure l in Section
5.8 was used for computation. The computational aspects
will be discussed in Section 6 together with the design

of NOR networks.
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5.10. Multiple Output Networks

One of the important but more difficult problem is
the design of a multiple output network in which more
than one function is simultaneously realized. In this
section, two approaches are presented. One is an exten-
sion of the feed;forward network formulation and the
other is all-interconnection network formulation which is
quite efficiently solved when combined with the implicit

enumeration algorithm of integer programming.

A. TFeed-Torward Network Formulation

PIREER) fS are to be

realized by a feed-forward network with R gates (modules).

Assume that S functions fl’ £

Let the output value of the k-th module (1 < k < R) for

the j-th input vector be Pk(j). Then the design of a

multiple output network requires that for any f_, 1 < a £ 5,
[e3

there exists a moude b such that

P (3) ; £ (x(j)), (5.47)
b a

(3)
v k
previous sections under several assumptions. For example,

(3) |
P

k

(5.3) and (5.5). However, a slight modification is

The characterization of P has been discussed in

in a feed-forward NOR network can be described by

required for the last gate R, because we do not know

which function of f_ , f «v.5 £ the last module realizes.

1 72’ . S
Therefore, 0-1 variables PR(]) is also introduced and
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(5.3) should be set up for k = 1, 2, ..., R - 1, R.

In case of networks with the mixture of different
Pk(j) (j)(k)), k=1,2, ..., R,
is given by (5.21), (5.24), (5.25) and E for every module,

gates, (this is written as P

without the condition
p D) = £

which was necessary for the single output network.
Now let us consider the relation (5.47) and express

it in inequalities. .Introduce a set of new 0-1 variables

wkt (5.48)

where ¥, = 1 if the output of the k-th module realizes

kt
the function ft’ and wkt = 0 otherwise. .Then

R

T (5.149)

i
-

v, =
k=1 kt

holds because each ft is realized be exactly one module
in the network.
Now if wkt = 1, then

b (9

(3)
§ )

= ft(x

219



must follow. This is written in the>following iﬁequalities:

() &P
ft(x ) < Pk + U (1 - wkt)
(5.50)
(§) (3
Pk s ft(x Y+ U (1 - wkt)
=1, 2, «u., S
k=1, 2, ..., R
T =1, 2, oun, L

~ where m is the nqmber of specified input vectors for ft'

Consequently, given a feed-forward network, the inequal-
ities which characterize R modules in the network, (5.49)
and (5.50) are all the necessary inequalities to describe
a multiple outpﬁt network.

A procedure which results in optimal multiple output
networks with the primal objective that the minimization
of the number of gates, and with a certain secondary
objective such as the number of connections is as follows:

(1) Set R = S (or any other lower bound of the

number of gates in a network, if available).

(2) Set up inequalities which characterize a feed-

forward network with R gates and S functions.
Solve this integer programming problem with the
objective function representing the secondary
objective mentioned above. If this.problem has
feasible solutions, optimal solutions give
optimal multiple output networks. Otherwise go

to (3).
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(3) Increase R by 1. Then return to (2).

0f course, other procedures discussed in Section 5.4
in conjunction with NOR networks can be extended to this
case. Other primal cbjectives can be optimized provided

that an appropriate procedure is employed.
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B. All-Interconnection Network Formulation

Different from the feed-forward network used as a
basis for the design procedure, this approach assumes an

all-interconnection network. An all-interconnection net-

work is a network with R modules in which the connection

from any gate to any gate in the network is allowed. It

Fig.5.9. All-interconnection network.

lS 1llustrated in Flg 5.9.
An advantage of designing a multiple output network
by means of all—lnterconnectlon network formulation is
| that we can a851gn each functlon f t=1,2, ..., 85,
(S'= R) to module t, i.e.,

5 (3) _ 3y
| Pt = ff(x ) A - (5.51)
' t=1,2, ..., S.

This'is{pdssible‘becauSe each module in the all-interconnec-

tion network is symmetrically related with the rest. Thus
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selection parameter wkt used in A can be deleted in this
formulation. v
However, the employment of all—intePCOnneétioﬁ net-
works does not mean that the resulting network for _
fl’ fz, ey fS is permitted to contain conne¢ti6n loops.
Although networks with lcops may realize the functioms in
much simpler form, it usually needs satisfy other involved
conditions to guarantee stable operations. Thus; ithhis
thesis, the loops are simply excluded from our condidera-
tion. ;
| Therefore, the restrictions to supress the occurence
of loops must be added. This can also be done by inequal-
ities. As an illustration, assume a loop comsisting of
.. =1, ¢23 =1, ¢3l = 1. This is eliminated byiadding

12
an inequality

St

¢12 ¢.. < 2. (5. 52)

b3 T 05y =
This example suggests a method fbrysupféssing ioops‘inréﬁx
all—intefConhecfion network: (1) list up ‘all the p0351ble
loops in an all-interconnection network and (2) set up an
inequality derived in the,gamg'way as (5;52) for every
possible loop. | k

The number of such- 1nequallt1es may - grow exce351Vely 35.
large as R and n 1ncrease. Another method 1s p0851ble,' ‘
which is not based on‘the 1negual;t1es, when the implicit
enumeration algorithﬁ is>used for the integer programming
problem, though it is not described here.

The set of inequalities which characterizes an all-
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interconnection network can be derived in a similar way as
that of a feed-forward network. As an example, an all-
interconnection network with R NOR gates is considered
here. Let define 0-1 variables vi, ¢ik’ Pk(j), pik(j) as
given in Seftion 5.2. Considering that gate k can receive
input from any other gates; the behavior of gate k is

described by:

n . . .
- Iv Xl(]) S (3) z2-0(1L-7P (3))
=1 g MK K .5
(5.53)
. l‘ (j)l : (5) ' kﬁ)
S E N X, 2+ TS p.. o2 1= UP T
=Lt s .

in linear form; the qui_l_:owi_ng, ,inequé_\l,itiea are .ne‘e'de.:d.:,_

E

. () e 5y N
Soop NIy A3
B (i) L) : e
P - ) I, PN ]
10 T g 20, I
E . - 3
| k=1, 2,...,R i
i#k
=1, 2, ..., m
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These inequalities (5.53) and (5.54), as well .as
those suppressing loops characterize an all-interconnection
network with R gates. If this set of inequalities
under condition (5.51) has feasible solutions, they
correspond to loop-free networks which realize a given
£

CUREREIE Y
The procedures to obtain optimal networks can

set of functions fl’ £

rived by considering in the similar way as in

* cages. For, example, the procedure obtained by
;fepl cing the word "feed-forward network" by "all-inteconnec-.
tion: network' im Procedure. -of A of this-section is.a
procedure to. obtain: optimal networks‘withwprima;.objectivef:au;
of minimizing the number of -gates, and with‘awcertain
secondary objective.

The'ail—intercohnection network formulation
presented here -is valid not only for multiple output.
networks but also. for single output-networks. When. combined:-
with the implicit enumeration algorithm of integepr:
programming;'the\all»inerconnection'network‘forﬁuiafién
is favorably compared with the feed-forward network. . = ..+
formulation in computation speed. The formulation.will. be

explored again from this viewpoint in Chapter 6.
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5.11 Design of an Optimal Sequential Network

Synthesis of sequential network with .the minimization
of a certain design objective such. as; the number of gates:
is known to be very difficult mainly bacause of the,
addltlon of state assignment problem. Here we will show
that thls problem also can be formulated as an integer
linear,grogramming problem.

~ When we design a sequential network, various - .
restrictions such as the realization by a shift register
orathe rgali2atioh by certain ty?gs of flip-flops are 7
uéuall imposed on a network. As.most of these restricrions.
can be incorporated by adding extra linear inequalities,
only general formulation will be discussed.,

We consider a problem of designing a sequential
network with the minimum number of states. In other words,
first minimize: the pumber of states in the state )
tran§itionltable_accqrding:to the conventional switéhing
theory (the state minimization technique which most of
textbooks[673[32] of switching theory discuss) and then
synthesize an optimum network with ‘the most.- appropriate

state a331gnment in the sense that it requires. the

fewest number of gates - under the minimum ate assumptlon
Slnce the optimlzatlon of “the’ networkAand the state
a851gnment w1ll be made by integer programming approach
'only after the number of the states is minimized, however,
the resultlng networks may not have the minimum number

of gateS'lf 1t.1s considered as the primal objective.

On the other hand, integer programming makes it possible
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to synthesize an optimal sequential network using the
input-output relation rather than the state transition
table. In this case, an appropriate state transition table
and state assignment such that the number of gates in a
network is minimized will be made simultaneously by
integer programming approach. However, it is not described
‘in this thesis. See [81].

As shown in Fig;S;lo; our sequential network is
assumed to consist of a combinational network- and loops

with delays.. The combinational network is & multiple

)

_ . b Zo

R, ‘ R |
1l ' | Combinational co T
. | # . v“' N n z w »‘

p network 4

Fig.5.10. Realization of a éequentiai network.

output feed-forward network which has been discussed in
the previous sections.
Each s is an internal variable which is fed back

to the inputs of the network with a unit time delay.
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The vector § = (Sl’ Sps e SV) is called the (internal)

state of this sequential network. Xys % x are

LI
{external) input variables and Zis Zos cees Zq are
{external) output variables. S5 Xj, z}< assume the
value 0 or 1.

As known in switching theory, the state transition
diagram completely specifies the behavior of the sequential
network. The transition shown in Fig.5.11 shows that if the

(1) (3

present state is § *’ and the external input vector X

is.applied to the network, then the network will be in

Fig.5.11. State transition diagram

(%)

(2), emitting the output vector z . The

the next state s
combinational network in Fig.5.10 realizes this relation,

i.e.y
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where T and h are vectors® whose coordinates are functions

e s(D) (5)

and X . Introducing f and h, we have essentially

a multiple-output network with V+n inputs (the external and
internal inputs togerher) and V + g outputs. The difference

of the network from that discussed in the previous

| }
sections is that X(j) and Z(<)
but S(l) are unknown variables.

are specified in advance

An integer linear programming problem for disigning
a multiple~output network whose outputs s(i) are fed
back to the inputs of the network through the relation
(5.55) can be directly formulated with technique developed
in the previous sections.

First the number of the states in a state transition
diagram which is either completely or incompletely specified
is minimized. Let the minimum number of the states be D,

and find T such that
r = <log, D> (5.56)

where <x> is the integer colosest but not smaller than x.

Then set V to I'. In other words, consider the séquential

network of Fig.5.10 with V = I internal variables.
Assume that the transition shown in Fig.5.11 takes

place, in other words, when the state of the network is

- s(i) (3) ()

i and the inputs are X , the next state is' s

k)

and the outputs become Z( . Now consider the multiple

*f has q coordinates each of which  is a function of (V+n)
varialbes. h has V coordinates each of which is a function
of (V+n) variables.
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output feed-forward combinational network with the
(1) (i) (k)

n+T inputs, X and S 7% and the q + T outputs, Z

and S(R), breaking all the feed-back lines of Fig.5.10.
' Then derive the inequalities for this multiple output
network according to the procedure of the previous
sections for each transition in the state transition

diagram. In these inequalities S(l) and S(Q)
(3) (X
and z

(i)

are kept

unknown variables while X are known constants.

The fact that vairables S are unknown causes no
difficulty because the formulation discussed so far is

already lineér in the input variables x;j)
variables PV, (see (5.24). and (5.25))

When the state transition diagram is incompletely
(1) __ . (k)
and Z

and the output

specified, some coordinates of S are not
specified. Accordingly the corresponding equalities for
(5.55) are eliminated. Therefore the resulting multiple
output functions, f and h, are generally incompletely
specified.

Let us describe a procedure for designing a sequential
network which has the minimum nember of modules (these
modules constitute the combinational network in Fig.5.10)
undér the conditions that the network has the minimum
number of states and that the network has the minimum
number of feed-back lines.

Let R be the number of generative modules in the
network. The procedure is as follows:

(1) Set R = T (or set R to a lower bound of the nuﬁber

of modules which is found by some means).
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(2) Solve the integer linear programming problem for
a multiple output feed-forward combinational
network®with R modules which has (n + I') inputs
and (T + q) outputs, optimizing an objective
.function. If it has feasible solutions, we have
found optimal networks. If not go to (3).

(3) Increase R by 1 and return to (2).

If the number of connections is chosen as the objective
function, we can derive a sequential network with the
minimum number of connections among the networks of the

minimum number of modules.

*One gate in the network may correspond more than one

of (I + q ) output functions.
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9.12 Conclusion

Some impdrtant problems in logical design, which
are known to be very difficult, were formulated by
integer programming approach. These problems include
the design of NOR networks, networks with other type of
gates or with their combinations. Also sequential
networks fall in this'category.

An advantage of integer programming approach is the
capability of handling a wide variety of optimality
criteria, such as the number of gates, the number of
connections and the number of levels in the network.

The easy incorporation of network restrictions such as
fan-ins and fan-outs restrictions would be another
advantage.

Since the size of the integer program grows very
rapidly as R and n increases, the computationally
feasible problems are limited. However, several\important
logical design problems were actually tried with certain
success. In the next chapter, the oomputational results
for NOR networks and NOR-AND networks will be reported
as well as several improvements attained in the course
of the computation experiment. -~

It may be said that these problems are computationally
feasible. A number of interesting optimum networks
were obtained for the first time by integer programming
approach. ‘

This thesis is intended to show a main idea utilized

in the integer programming formulation and its versatility.
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Seme detailed discussions which may be important in

practice are not included in the thesis. More detailed

discussions and a few further applications will be

found in [ 80][ 81].
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Chapter 6 Computational Aspects of Network Designs by

Integer Programming

6.1 Introduction ‘

Based on the integer programming approach discussed
in Chapter 5, optimal combinational networks of NOR
gates and those of NOR-AND gates have been synthesized.
This chapter presents computational results as well as
a number of gimmicks used for~IMProving Thé Tomputatidn = =+
speed. Since Gomory's algorithm does not work satisfactorily,
judging from a preliminary computational result L 6],
the integer programming algorithm used for solving those
problems is the implicit enumeration method. The
algorithm actually used is deséribed in detail elsewhePe[ugj.
It is further tailored to our problems by making use of
their particular structures,improving the computational
efficiency greatly over the first algorithm.

All the optimal networks of three variable switching
functions with NOR gates and those with the combination of
NOR-AND gates are exhausted by integer progfamming approach.
The initial computation time on IBM 360/75I with the H
levél»fORTRAN IV compiler for NOR networks for all three
variable switching function (80 representative functions
of.equiValent classes by permutation of variables.) is
110 minutes, and it is further improved by the factor of
about 10 times by using the above second algorithm.

It takes 54 minutes for synthesizing optimal NOR-AND

combination network for all three variable functions.
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These results may suggest the computational
feasibility of integer programming approach and encourages

further investigation.
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6.2 Integer Programming and Implicit Enumeration

This section presents an outline of the integer
| programming problem and implicit enumeration algorithm
for solving it. For detailed description, see references
{ 4 1[281[u8] for example. The computer code used for
the network synthesis is discussed in reference [63].
It is a result of simplification and modification of the
original implicit enumeration algorithmtl+][33][24][85]
in oprder to improve the computational efficiency.

An integer programming problem with N unknown

variables and M constraints is in general stated as

follows again:
minimize cy
subject to Ay =2b (6.1)

where C is an N-dimensional vector of hon—negative cbnstant<7
D is an M-dimensional vector of constants and A is an

M x N matrix of given coefficients, and y is an n-dimensional
vector of variables. In our case, all variables y are
integers which assume only 1 or 0. Sometimes, this is

refered to as a =zero-one integer programming problem.

The implicit enummeration algorithm has been
computationally proved to be one of the most efficient
methods for solving this type of zero-one problem.

It implicitly enumerates all the 2N solutions without
explicitly and exhaustively examining all of them, and
picks up the best feasible solution. '

Let us start with several definitions. When all the
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variables in Y are assigned 1 or 0 it will be called a

solution. If a solution satisfies the constraints of (6.1),

it will be called a feasible solution and if not, an

infeasible solution. A feasible solution that minimizes

cy is an optimum feasible solution. A partial solution S

is defined as an assignment'of binary values to a
subset of the N variables. Any variables which are not

assigned ave called free variables. A completion of a

partial solution S is a binary assignment to all free
variables. R
Let us outline the implicit enumeration algorithm
as it is shown in Fig. 6.1. With a given partial solution
SO and the incumbent solution ( the feasible solution
having the smallest value of the chijective function
obtained thus far), the block entitled ”CHK-IEQ“ is
entered. At this point, examine whether some of the free
variables must be 1 or 0 if each inequality is to be
satisfied. Scanning through the inequalities until no
more free variables are assigned, SO with these free
variables assigned becomes a new partial solution Sl.‘
Next the partial solution Sl is checked to determine which
of the following three cases occurs.
(1) Feasible: The completion of st cbtained by

setting all free variables to 0 is fouhdAto

be feasible. It is compared with the incumbent

and the better cof the two is maintained as |

the incumbent. Thé backtrack procedure is

initiated to obtain a new partial solution

5 by changing some of the assigned variables

237



according to a certain rule.®

(2) Infeasible: If at least one inequaliy is not
satisfied by Sl whatever binary values are
assigned to the free variables, then Sl is
discarded immediately by initiating the backtrack

- procedure. The backtrack procedure forms a
new partial solutions 82 from Sl.

(3) Augment Sl: If neither of the above two cases
ocgurs, a2free variab%g_if‘aiiigned to 1,
forming S”. The choice of this variable greatly
affects the convergence and it should be made

according to the type of problem being solved.

After replacing 82 with SO, the entire procedure is
repeated by reentering the block "CHK-IEQ".

By cyecling through this procedure repeatedly,
the computation results in the implicit enumeration of
all possible solutions. When the computation termina%es,
the incumbent is an optimal solution. The checking
procedurqégf each inequality such that one of cases
(l), (ngggd (3) is quickly identified is eﬁplained in [us8].
The implicit enumeration algorithm converges in a finite
nunber of steps, but the efficlency of the algorithm
heavily depends on the nature of an individual problem.

Our computational experience shows that tailoring
the block labeled AGMT-VAR in Fig.6.1 ( the subroutine

which augments the partial solution when (3) occurs)

*The backtrack procedure was first proposed by Glover[33],

A detailed explanation can also be found in [281[u8], and

will not be described in this thesis.
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CHK-IEQ

(Augment Sl)

/

Check inequalitied
with SO, Assign
free variable an
form S1, o

///,////E;t;;\\\\\\\¥

(Infeasible)

\\ifffiél so%ﬁiigg
sl,
™~
(Feasible)
AGMT-VAR ; Keep the
1 better
Augment S5 by solution Backtrack
| assigning a free as the = forhé s2.
‘ incumbent.
variable to
-obtain 82.

Fig.6.1. Implicit enumeration algorithm
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to a given particular problem speeds up the convergence.
Some aspects of our AGMT-VAR taillored to NOR gate
network synthesis will be discussed in Section 6.4.

To perform the computation more quickly, the use
of a faster computer would be desirable. One of such
possibilities is offered by the computer with the
capability of parallel processing, as realized
as Illiac IV. The improvement of implicit enumeration in

this direction is discussed in [ugl.
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€.3 NOR Network Synthesis

All the optimal feed-forward NOR gate networks of
three variable switching functions are realized.
Networks are optimum in the sense that the number of
NOR gates in the networks is minimized first and the
number of connections between gates and from external
variables is minimized second.

Now, the basic configuration for a NOR feed-forward
network is shown in Fig.5.1. The problems we solved
have three external variables x X5y ¥

1 3° Since only

completely specified functions are considered, each

(3)

input vectors X = (®,, X,, X,) is numbered as X .

. Lt ® (8)

j=1, 2, ..., 8,from X = (000) through X = (111).
Inequalities for characterizing a feed-forward

network with R NOR gates which realizes the function f is

as follows (section 5.2):

3 1.
- = :ezzfg'j) -z pgf[) >0 -u (1- B9
£=1 i=1
(6.2)
v SN LU p(d)
R 1=1
k=1, 2, ..., E=]
=1, 2, s 8

where U is a sufficiently large positive number such

that the upper inequality is non-binding if Pk(]) = 0 and
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o cen (30
the lower inequality is non-restrictive if Hk R

For the last gate (the R-th gate),

. 3 R-1 )
- I v, x/(zjl) - =z g) >o0ir s (x99 21
=1 i=1
3 . R-1 .
R _(J) (3) (J3)
L v, x + = p >L1if £ (x¥) =0
£=1 £k i=1 iR

(1)

: . (3) _
Also in place of the relation pik = ¢ikPi , we have

the following inequalities:

. (3) (
By T Pax t piﬂ) -1
(3) (3 (6.4)
Fi7 0y =25 20
k=2,3, ...,
i=1, 2, , k-1
i =1, 2, .., 8

_ The procedure used in Procedure 1 of Section 5.4

with the ijective function,

R ( k-1 3 «
b Z + I 'V') . 5
el e Ik =1 % - (6:5)
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is employed For the generation of all the optimal networks.
Seemingly the implicit enumeration algorithm has
a tendency that the smaller the region of all solutions,
the faster the convergence. Hence our effort was directed
to preclude unnecessary solutions by adding extra
inequalities so that the solution region becomes smaller
without prohibiting any necessary optimal sclutions.
These additional inequalities essentially consist of
two types; one is to preclude redundant network _
configurations and the other is to partially suppress the_
geometrically equivalent networks (i.e., those with
permuted gates). They are listed in the following.
Proofs are omitted. ,
(1) A NCR gate (B in Fig.6.2(a)) which has only
one input from another gate A with only ©ne output, and
which is not the output gate is not permitted in an

optimal network, because the same function can be realized

Y
Y S
8 e
e
u
(a) : (b)

Fig. 6.2, Cascaded connections.

with two fewer gates, as shown in Fig. 6.2(b). Hence

each gate except the last has at least one input from
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the external variables or at least two inputs from the
other gates, which is expressed by an inequality:
3 k=1 | -
=1 i=1 ,
k=1, 2, ..., R-1.

Note that this condition does not hold in general when
the fan-ins restiction is imposed.
(2) Consider any subnetwork which has only one gate

which has 6utputs to gates not in the subnetwork (Fig.6.3). -

Subnetwork R

—=
—> ; -7
o~ [TO

Fig.6.3. Ordering of inputs.

Assume that the subnetwork conmsists of gate 1 through k.
Let the k-th gate is the output gate of this subnetwork.
Then we can order +the connections to the k-th gate from
the other gates in the subnetwork such that

¢lk7§ ¢2k < mee < ¢k—l,k' In other words, inequalities:
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k1 R (6.7)
A Q,

k=3, 4, ..., R,

where the double sum LI 1is added in each inequality
because it is assumed that the subnetwork has outputs
only from one gate (in other words if all the gates
in the subnetwork except the k-th gate have no output
to the outside of the subnetwork, i.e., if ZZ¢ij = 0,

then (6.7) yields O3 S by € on < ¢k—1,k°"

In the above discussion the subnetwork was assumed to

consist of gate 1 through k. The extension to the general

case in which the gates apre not consecutively numbered
starting from 1 is possible.

(3) Suppose that three gates are connected as shown
in Fig.6.4, where the j-th gate has no outputs except
¢jk' It is easily proved that if all of ¢ij’ ¢ik“ ¢§k
are 1, the network is not optimal, thus introducing

inequalities:

R
Pyy +9.. + 9P, <2+ & @ {6.8)
i ik -t
J k Jk 4k 3t
=341
7] <k 4R,

Even 1f the i-th gave in I'ig.6.4 is replaced by an

external variable x,, the above property is still true.
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Then from (6.8) we obtain:

v3+vk + @, <2 + }1; P (6.9)
L y gk ~ . t+k Jt
t=34+1 ‘
3 <k <R
£ =1, 2, 3.

Fig.6.4. Triangular connections.

(4)‘This condition is an extension of case (3).
Consider any subnetwork which has no outputs except
those to the k-th gate and where the i-th gate and
the k-th gate is connected, as shown in Fig.6.5. Assume
tﬁat:thé subnetyork consists of the (itl)st to (k-1)st
gates:MThen the‘éonnections from the i-th gate to the
subnetwork are all redundant and therefore can be

deleted. This condition is written by an inequality:

kgl : o (k-i-—l R
?4,L0+4U( = £ ¢ + (Lo,
J=1+1 1 h=l  J=k+l 140, H"k)) (6.10)
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k-1
where U 2 . L ¢.. for all i and k.
j=itl 13
Even if the i-th gate is replaced by an external

variable, the above property is still true. In this case

the inequality is:

k~1 k-i-1 R
) v250+U( z Z Wi+h3+(lv£))
J=i+1 =1 J=k+l ’
(6.11)
2 =1,2, 3

i=1,2, ..., R-2

k= 1+2, ..., K,

where U 2 L v3 for all i and k.

k p—
| !
G-l

Fig.6.5. Generalized triangular connections.
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In the above discussion it was assumed that the
subnetwork consists of the gates of the consecutive numbers
{i.e., from the (i+l)st to (k-1) st gates) but ap extension
to the more general case in which the subnetwork
consists of gates of non-consecutive numbers is possible.

(5) A certain geometrical symmetry is also investigated.
For example, Fig.6.6 shows three gates connected to the

last'gate.
()

Fig.6.6. Symmetry of a subnetwork

In'this configulation, it makes no difference to
which of three gates the {(R-1), (R-2), and (R-3), the
(R-4)th gate is connected. Hence we can impose an ordering

such‘that
%k, R-1 2 %Rl Re2 2 PR-ly,R-3

in order to preclude part of the gate configurations

which are sguivalent by permuting gates. This particular

condition is vrepresented by,



T 3y - )
Spon,r-3 S fponpop T (27 g g gt ¥ (L= 0o )

+ (1 ~ )

%r-1,R
(6.12)

bpon Rz S fpey pe1 T T fria g

+ {1 - )+ (1

%R-2,R “ o1’

Similar types of symmetry conditions are extensively
considered and a number of such inequalities are employed
in the actual computation. However, the details of each
type is not given here.

(6) If the connection between the i-th and (it+l)st
gates 1s known to be 0, these two gates are geometrically
equivalent and their output connections can be ordered.

Hence we can first order their connections to

the last gate as

?,R = Pi41,R, (6.13)

If it turns out that ¢i ¢1+’ then the connections

to the (R-1)st gate can be ordered as

< P, ;
Pi,R-1 = Pi41,R-1, (6.14)
This argument continues until ¢ik # ¢u+l k (k > i+1)
eventually holds. After that, uo ordering is permitred.

This sequential condition is expressed by the inequality:

R-1 B-i .

g oadlg < p ¥ty U O

=2 Pra45 5 20° EEUERE S S PR £ \
J=2 32 ~ ' (6.15)
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i=1,2, ..., R-2.

(7) Each gate has at least one output, because the
network is assumed to have exactly R gates. This condition

is expreésed by

R . (6.16)
5 o9.>1
J=k-+1 kj =
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€.+ Computaticnal Results of NOR Network Synthesis

With all the inequalities prepared in Section 6.3,

integer programming problems are formulated.

The size of the problem is given in Table 6.1,

both with a selected subset of the additional inequalities

and without them.

These problems were run on the IBM 360/751 computer,

following Procedure 1 of Section 5.4 with the cobjective-

function (6.4).

Our problems may be characterized by the following

remarks:

(D

(2)

(3)

There are more inequalitieés than variables.
Therefore the solution region 1s usually very
small. In fact, many problems were found to

be infeasible.

The non-zerc coefficients in the inequalities are
fairly sparse. This feature was extensively
utilized in our computer program of the implicit
enumeration aigorithm[qgj in order o speed up
the computation.

The objesctive function has only coefficients of
0 or 1. This also simplifies the algorithm and

is fully uTilized[ugj,

The implicit enumeration algorithm was used on the

NOR synthesis problem and the results are given in

Table 6.2.

feasible solution=.

The algorithm was set to enumerate all optinal

Tt alse assumed no fan-ing and

3
[a)

-



. ‘s . s Wi dditional
Without additional inequalities .lth @ .1?1ond
inequalities
No. of integer|Total no. of % of non-zero Total no. of
R programming inequlities coefficients® inequalities
variables
2 23 40 14.6 -
3 52 88 7.1 -
b 30 152 4.3 169
5 137 232 2.9 265
6 193 328 2.1 415
N
o1 7 258 Y 1.6 716

Table 6.1. Size of NOR network formulation

%For the function f(X) =

equal to those in the table.

0. For other functions, the gizes

of figures are almost




Feasible Infeasible
R | No. of func's|Average comp. |Average no. 1st feasible|lst optimal|Average comp.jAverage ©~.
i cith ctly |time/function|of iterations|solution solution time/function|of ite.
R NO (seconds) |per function® (seconds) |function#
(% of tatal iterations)
A 3
bExhausted by hand.
2 5
3 8 275 b - - .075
4 17 .90 30 - - .49
N
S
o 5 23 3.59 104 23.19 35.92 1.983
& 15 42.26 954 11.15 58.48 30,52 SEA
7 C 98Z2.00 15,908 23.81 B4, 40 -

§.2. Computational results of multiple optimal NOR network synthesis

irrout fan-ins and fan-outs restrictions.

defined as the number of times CHK-IEQ (see Fig.6.1) is entered.



fan-outs restrictions. The computation took approximately
110 minutes on the IBM 360/75I for all 80 representatlve
functions of three variables.

The same problem was already solved by Hellerman[uu]
by actually exhausting all the network configurations and
then finding the best network among them for each
function. Of course, all the networks obtained by our
method are identical to Hellerman's. However, the integer
programming approach compares favorably with Hellerman's
which consumeéd about 26 hours on the IBM 70380 computer.

We examined what are influential factors on the
speed of our program. The effect of additional inequalities
on speed-up was remarkable. Some problems tried for the
R = 5 formulation was speeded up by the factor of 5 in
computation time.

As explained so far many types of network restrictions
such as fan-ins and fan-outs can easily be added to the
synthesis problem in the form of inequalities, without
the necessity of changing or complicating the program.
This is one of the advantages of the integer programming
formulation. When the fan-ins restriction is imposed, the
restrictions of (6.6) can no longer be included since
it is possible to have a gate with a single input from
another gate.®

The excution times both with and without fan-ins
and fan-outs restrictions, however, are on the average
about the same for functions tested. (Although the

computation time for each function is often different.)

*See the argument of Fig.6.9 in Section 6.5,
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Also by simply changing one statement iﬁ the program,
we can modify the algorithm so that & single optimal
solution ig obtained rather than exhausting all the
optimal soluticns. For 6 gate functions tested, the
computation time decreased by 10 - 20 %.

Further considerable speed-up was gained by a more
sophisticated modification of the implicit enumeration
method by taking into account the physical structure of

a network. This will be explained in the next section.

N
»
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.5 Improvement of NOR Network Synthesis by the

All-Interconnection Network Formulation

In the following computer program, we use a scmewhat

ferent integer programming formulation based on the

A F
P O

all-interconnection network®to characterize the feed-forward
network, in addition to the reconstruction of AGHT-VAR.
Also inequalities are added to break loops which may
resuit by solving the integer program with the above
all-interconnection network. This modification is employed
because, we can preclude a large number of partial
solutions which are equivalent simply by permuting gates
and which are difficult to preclude by other means.
This all-interconnection network formulation turns
out to be very powerful for speeding up the NOR network
synthesis.
The AGMT-VAR in Fig.6.l1l is accordingly modified
such that free variables of a partial solution be assigned,
starting with the free variables associated with gate R,
and proceeding to gate R-1, then R-2, until reacﬁing
gate 1. This procedure also insures that there is no
isolated subnetwork consisting of more than one gate.
There may be various concéivable versions but we made
the new AGMT-VAR based on Davidson's desirvability order
cof gates, since it looked appropriate. This indicates the
flexibility of our synthesis method by integer programming.
Recently Davidson[lgj applied the "branch and bound"
method® *o the NAND network synthesis, without describing
the network by inequalities.
“See Section 5.10B.
“%See the next page.
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An outline of his approach is as follows. The algorithm
starts from the network of a single gate with its output
specified to f(x(j)), =1, 2, ..., m. To realize this
£, input values to the gate are successively specified,
inducing the addition of new connections or gates if
required to satisfy the current input-output relation
for NOR gates in the network. If we reach a network in
which each gate satisfies the input-output relation as a
NOR gate and the last gate realizes f, then the network
is a NOR network realizing f(x). During the execution
of the algorithm, however, there usually occur several
choices in proceeding one step forward. For example, to
realize a certain input value to a gate, one new gate
may be added, or one connection is made without increasing
the number of gates. To exhaust all these possibilities
and to obtain the optimal among them, Davidson adopted the
branch and bound principle[6oJ tailored to this particular
problem,

He achieved a remarkable reduction of computation
time, by judiciously making use of the intrinsic properties
of a NAND gate. He defined the types of gates and determined
empirically the desirability order of the types of gates.
By checking a}l nossible partial networks with very
elaborate procedures, the optimality of the obtained

network is guaranteed,

#The implicit enumeration algorithm might be regarded as

a synonym of the pranch and bound method. But Davidson's
algorithm and ours are quite different. Davidscn's method ic
without inequalities, whereas ours is entirely based on

the inequality manipulation.
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The types of gates and the desirability order
introduced by Davidson were incorporated with some
modifications in our new AGMT-VAR. Our new computer program
is more complex than the previous one. (The reduction
of computation time was made at the expense of the complexity
of the program.) It gppears still simpler than Davidson's
because the inequalities are still used and these inequalities
provide simultaneously much information about the curfent'
partial solution without compllcatlng program procedures
(1. e.,lnformatlon about types of gates or covering condition
whlch will be defined in the following).

The pr1n01ple of this approach is based on the

pfopertles of a NOR gate that:
Property 1: If Pk(]) = 1, then

(]) N k (])
Pix =0 Vg Eg 7 0.

for all i # k and & = 1, 2, 3.
Property 2: Pk(J) = 0, then there exist at least one
i (i # k )or 2 (1 < £<3) such that

(3) k (3) _ 1.

1k = 1 or Vl xz =

As defined before, Pk(j) is the outgut value of the
k-th gate for the j-th input vector, piij) is the input
value of the k-th gate supplied from the i-th gate for
the j-th input vector, and vi, is the connection of the

f~th external variable to the k-th gate.®

*Note that during the computation the variasbles can take

on 3 values 0, 1, and ® (unassigned).
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Given a partial solution § in the course of the implicit
enumeration, we have a partially constructed NOR network
which may or may not lead to an optimal network eventually.
Our modification of the algorithm is simply the reconstruc-
tion of the subroutine AGMT-VAR (see Fig.6.1) such that
it augments the partial solution with a variable selected
accoding to the above property 2 of NOR gate in order to
_ derive a reasonably good next parital solution from the
current one. It is difficilt to know what is good and
there is no proof that the following procedure gives a
good golution. However, our ccmputational experience showed
that it was considerably better than the AGMT~VAR which had
been designed for general use and explained in the earlier
sections.

Now a few definitions are given. A gate is said to
be isolated if it has no output connected to other gate

in the current partial solution. In other words, if all

d1p k # 1 are O or %, the gate i is isolated. (The i-th
gate 1s currently isolated but could be connected
assinging 1 to &« free variable.) If Pk(j) is O in the

current partial solution, let us associate with it one
of the types which will be defined in the following. Let
us define the types, "COV", "G*" and so on.*

o
g
L194

*These types are almost identical to Davidson's
slightly different. And the number of types in this paper

is fewer. G%, VC*, GC¥*, C*C*, NWG, approximately correspond
to Davidson's LXFP, VAR, FCN, EXF, NI, respectively. ISL and

others which will be defined later are new concepis.
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ij) or

COV; If there exist i or & such that s

xﬁ(])vlk = 1 (i.e., COVered.).

G*; If there exists i such that ¢ik = 1 and Pi(]) = %
(G* stands for the Gate i with Pi(]) unassigned.)

VC¥*; If there exists & such that x;]) = 1 and VQk = #,
(VC* stands for the Variable XQ(J) = 1 with
Connection being %)

GC*; If there exists i such that Pi(]) = 1 and ¢ik = %,

when the gate i is not isolated (Gate 1 with

Pi(J) = 1 and Connection being #*).

3

G#C#%*; If there exists i such that Pi ¢ and

= %, where the gate 1 is not isolated.

% )
(Gate i with P, J7 = 4 and Connection being #)

G) _

NWG; If there exists i such that Pi % and

¢4 = %, where the gate i is isolated (NWG
stands for NeW Gate.).

Since each Pk(])

above conditions (i.e., each P

may satisfy more than one of the

(3)
k .
more than one type), let us order these types by

may be associated with

desirability as

COV, G#*, VC#*, GC*®, G%C¥*, NWG. (6.18)

(1)

And the type of Pk

is defined as the most desirable

one among those which satisfy the above definition, if
1
in

« = 0 in the current partial solution.
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The motivation for defining these is to find a gate
or external variables which leads to Property 2 of the
earlier discussion. If Property 2 is satisfied or

equivalently, if the type of Pk(]} is COV, Pk(j) 58

~ o

said covered. In the desirability order (6.18), GF  Ffow
example, is more desirable than G#*C#* since it is more
likely that the covering may be achieved by assigning 1
to # of the gate which was already connected.{(i.e., ne
new gate added.) But it is rather difficult to see
intuitively that G* is more desirable than VC*. (6.18)
was determined empirically by Davidscn such that the
computation time is minimized. In this sense the ordef
of desirability may be susceptible to the type of gates
with which the network is to be synthesized. In general,
it can be determined only by trial-error programming
experiments. ’

Note that by our implicit enumeration algorithm, avery
partial solution automatically satisfies Property 1
because otherwise 1t is rejected when the check of the
partial solution ig done in CHK-TIEQ of Fig.€.1.

As an auxiilary concept to the following definition
of the type of partial network, let u: define types of

gates:

ISL; If the gate is isolated (ISoLated).

" LTG; If the gate is not of ISL type and the o truts
(3)
P
k
Gate in the sense thal the covering condition

«

for all §'s ere U or #.{LaTently userul

may bhe me: later.)
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If a given gate k satisfies neither of the above
definitions, then the least desirable type according to
(i)

k

order (6.18) among the types of P for all j's such

that Pk(j) = O.is defined as the type of gate k.

If the types of all the gates in the current partial
soluticn are ISL, LTG, or CCV, then the current partial
solution is feasible®, i.e., the resulting feasible
network, is easily derived. If this is the case, the
backtrack (Fig.6.1) procedure is entered after comparing
‘this feasible (network) solution with the incumbent.

Let the desirability of types of gates be defined as
IsL, cov, LTG, G*, VvC%, GC* G%C*, NWG.

Then the type of partial network is defined as the

least desirable type of gate among all gates.

Fig.6.7 shows a partial network corresponding to

a current partial solution. Each Pk(]) = 0 is shown
with its type for X(j) of Fig.6.8. Tor example, Pq(l)
is of type GC* because by setting ¢.,, = 1, P (1) can

o (@)

be covered. Pa(z) is of type G*C* because of P2
The type of each gate is shown in Fig.6.7.’pbviously, the
type of this parital network is GH#C¥* which is the
type of gate 3.

Let us describe the procedure in the new AGMT-VAR.
If the type of partial network is one of ISL, COV, LTG,
the current partial solution is feasible because we use
*In ocur design procedure where the number of gates in a
network starts at 1 and then increases, the feasible case

vceurs only when the types of all the gates are COV.
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J *1 %9 3
1 0 0 0
2 0 0 1
3 0 1 0
4 0 1 1
5 1 0 0
6 1 -0 1
7 1 1 0
8 1 1 1

Fig.6.8.

, (43
Assignment of values to X 3,
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(i)

Procedure 1 in Section 5.4. Otherwise let us identify PK
which defines the type of this partial network. In the
definition of the types G*, VC%, GC%*, G*C*, and NWG, free

variables are associated with Pk(])
free variables are set to 1, Pk(])
the case of VC*, Pk(]) is covered if vi is set to 1,
i.e., if the corresponding free variable is set to 1.).
This free variable is then specified so that'Pk(]) i
(2) i
3

such that if these

is covered (e.g., in

S

covered. For example, Fig.6.7 shows that P s

identified according to the type of partial network.

p (2)
3

gates 2 and 3, i.e., by setting ¢,, = 1%, PQ(l): 1. Others

23 .
are similarly treated; an appropriate piéj)

is of type G*C* and can be covered by connecting

in the case

1. Y. 3] Y. - - k 3
of G*, GC¥*, G*C¥* types or an appropriate vy in the case of

VC® ig set to 1. However, the type HWG is treated
differently. If a gate is of type NWG, the isolated gate

which has the largest gate number is identified. Let it
' (3) (3)

Yk is set to 1 where Pk. defines the type

of partial network. Setting pYij)
(i)

k

is not a free variable), all solutions with

be Y. Then p

to 1 will force ¢ and
vk

» (3) } , .

P to 1, thus covering P

; (1)

(i.e., kaj

. (1)
. However, if kaj =0

anyone of isolated gates connected to gate k have been

investigated and do not need to be checked again.

*In actual programming, this is done by augmenting the

current partial solution by ngz) = 1 rather than ¢23 = 1
and P2(2) = 1. Subsequently ¢23 and PQ(Q) are set to 1

when the partial solution undergoes CHK-IEQ.
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>Thié folles¢£fpm7the fact- that gate y anq any other i;o;ated
gate are equivalent with respect to the payt;gl Qetwopk L
(i.e., non-isolated part):since any isoléted gate can be
connected to any other gate. This approach eliminates

the permutation .of gate;labeling which is inevitable

with the feed-forward network. Of_course, if Wﬁ;diSCOV?P
that pYij)

- was already‘set to 0, then we can simply
abandon the current partial.solution_gnd go;tp‘th§>
backtrack proéedure. v’ | | _

A commenf»és given on the case in which the type
of the partial network is VC*. If the type is VC#,
sometimes more than one external variable éan»bé connected.
In oﬁn:aigorithm. among all possible exterhal variables.,
the external variable which covers the largest number of
Pk(j) = 0 not yet covefgd is commected to the gate.

This new AGMT-VAR is used in place of AGMT-VAR
shown in Fig:G;l and assigns a free vériable to 1
according'to the typé of the pavtialbnetWork{ Then
CHK-1EQ islépﬁliéd as beforef Other part of algorithm
are exactly the same as. the general case discussed in the
earlier sections, except that ‘the following objective
bound_check is'édded %o AGMT-VAR to fﬁrtherlspeed up the
computétion.v_b‘ ‘

Given a.partial‘solution, a lower bound.of the
objective function value is estimated according to the
rules based on the following properties. If this bound
exceéds the objective value of the incumbent, ihe
curfent'partial solution can ﬁof give any better solution

than that and accordingly it is' discarded. (The rest of
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computation for the current partial sclution is skipped

and bdcktp“<1'1o immediately appllod) The bound estimation
is programmed by using the foLlow1ng propertles of the
network: »

(1 ) Exacily R gates are assumed to be used in the
network. In other words, each gate haﬂ at least

ionc input connectlon and at least one output
- connection..

(Q)IACCOPdlng to condltlon (l) of Sectlon 6 3, each
gate has either at least one input connection
from external variable or at least two input
connections from other gates.

(3) The number of gates each of which is solely
devoted to expressing §i (i.e., a gate has
only one input which is an external variable
xi) is at most three.

(4) If the type of gate is GC%*, G*C*, or NWG, the
gate needs at least one more counection from
another gate, as seen from the definitions of
these types. ' ,

(5) If the type of partial network is VC¥%, the gate
whose type defines the type of partial network
needs at least one more connection from an
external Vériableq If this Sinéle external
variable does not cover all the Pk(j) which
are of type VC¥*, we need to add at least one‘

more external variable,

This bound estimation is included in AGMT-VAR and
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whenever it demonstrates that the current partial solution

can not give any better feasible solution than the

incumbent the backtrack procedure is performed immediately.
If the fan-ins and fan-outs restrictions are considered,

the rules based upon the above properties (2) and (3) must

be modified. All other rules are unchanged. TFor example,

let us assﬁme that each gate has maximum fan-ins and

fan-outs of 3. Let us examine Fig.6.9.

50%
' —
P p—

Fig.6.9 Modification due to fan-ing and fan-ocuts

restrictions.

The single input to gate j is not allowed only if

3 R-1 R-1 .. 6.20
N (v; + vlé) + L g+ I g, <3 ( )
t=1 t=1 =1
: thi £
 tk
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g - "i‘ « z R~L ’ U ReY SR .
ad 0 (Vixv) 4+ Eoo.e E. @ %3
t=1 K *-J . t= ol : =1 e :
: : ‘ t¥1 SR (el21)

L tED ~

Property (3) also must be modified.
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6.6 Computational;Results of Improved Algorithm

With all these modifications discussed in the previbus
section added, aliJlS functions which can be realized with
& NOR gates were tested on the R = 6 formulation. The
improvement was remarkable. The avefage number of iterations
per function is 136.3 and the average computation time
for each function is 4.99 seconds which is favorably
compared with the result in Table 6.2 in Section 6.4
run with the general purpose AGMT-VAR, in which 954
iterations and 42.26 seconds on the average were‘necessary
for each function,

- 8imilarly, the odd parity function Xy @>x2(3 X
which requires 8 NOR gates when the fan-ins and fan-outs ;
are limited to 3 was solved. In this case, the modificationsg
of the bound estimation arisen from the fan-ins and fan-outs
restriction is incorporated, as explained in Section 6.5.

Since there is only one function to be solved, the
structure of an optimal network for the function
X, ® %, ® N is taken into consideration. In other words,
this function is symmetric in all the three variables

and accordingly the connections from x, to the

*p> For X .

3
7th gate are ordered as follows.

V37 > v27 > vl7 (6.22)*

- S

%It can be easily shown that the last gate (the 8-th gate)
has no external variables connected, if a given function

can not be expressed as

F=F % ...% g(x).
2 T
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A A |
and if Yoy T YQ ,ythen
6 . 6
v2+l 2 vy N L= 1, 2. (6.23)

((8.23) could be continued to the gate numbers lower than
6. But the continuation was not incoTpdrated in our
program.) Also two connections ¢68 and»¢§8 are assumed

to be 1. This is guaranteed by the fact that the

networks which are constructed by adding one géte“to the
output of optimal 7 NOR'gate networks of §17§f§;E§”§é, give
no better realization of %, ® X, ® Xq than those obtained
by solving the 8 gate formulation.

The problem has 395 variables and 1012 inequalities
including additional inequalities. All optimal solutions
are;shown in Fig.6.10. The netwérk (c) of Fig.6.11 is
the ‘same as that found by Taniguchi et al.[96]

The computatioﬁ took 4822 iterations with network (a)
océuring at the 1368-th iteration, network (b) at 1647-th
iteration, and solution (¢) at the 3052-th iteration.

The total computatién took less than 6 minutes and 30
seeonds on the IBM 360/75I computer. When the program
was modified so that only one of the optimal soluticns is
to be found, the time was reduced to 5 minutes and 15
seconds. These computation times are a comnsiderable
reduction with respect to the results of Table 6.2 in
Section 6.4. ‘Also, Hellermdn's approach would need

impractically large amount of computation time such as

*Recently, further 2-3 times speed up was attained by
improving the implicit enumeration algotithm.(Private

communication with S. Muroga.)
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Fig.6.10. A1l optimal networks for Xl ® x2 @ Xy




over a few thousand hours of IBM 7090.

The reduction of the computation is due to the
desirability order of types and the all-interconnection
formulation. The all-interconnection network formulation’
appears to contribute more to the reduction than the
desirability order. The desirability order probably has
to be changed when different types of gates are to be '
used. ‘ |

Our computation times are about the same as
Davidson's, though exact comparison is very dlfflcult
because computers used are different and moreover
simple programming gimmicks may further make changeé‘
in computatlon time. ‘ ; ‘

As a nature of branch and Dound approach '1t does’
not assume in advance the number of gates and ﬂonnehtlons
needed to realize a given function f. It sharply contrasts
to the integer programming approach in whiéh allkinequalities
are generated for the assumed number of gate%, R. Hence
the branch and bhound method will flnd the first fea31ble"v
solution quickly, though it may use an excess number of o
gates comparéd with the minimum number The 1nteger »
programming method reaches the first feasible solutlon
which has the minimum number of gates, via the steps for‘
R=1, 2, ... . | - R

Probably one of the advantages of our appréééh is
the ease of programming effort. Since we can:fuiiy use
the infromation associated with variables of the inequalitieé,

()
k
and eventually the partial network is fairly straightforward

the procedure to determine the types of P , gates
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and simple. Also Property 1 of the NOR gate is.automatiéaliy
taken care of by the CHK-IEQ routine, thus eliminating

the procedure for checking this property. Another

advantage is the fixed amount of storage needed throughout
the compﬁtation. In Davidson's "branch and bound algorithm"
the amount of storage often grows as the computation
proceeds ,to memorize the history of all choices and
backtracks. Otherwise additional programming must be

done in order to regenerate needed informatioh or to

use secondary storage.

Because of great improvement of the all-interconnection
network formulation over the approaeh_of Section 6.3,
improvement in computation time even in the case of
multiple-output network design also can be expected with
the all-interconnection network formuletion.

The accurate comparison of the exhaustive method,
Daﬁidson's and ours, in terms of the program eOmplexity,
computational eff1c1ency, ease of programmlng and all
other aspects, is difficult at this stage, because a
number of factors should be considered for the comparison
and the data gained so far is not sufficieﬁf. Here we
tried this new approach to show the flexiﬁility of the
1mp1101t enumeration algorlthm. In other problems also, it
is quite likely that we can achieve a great improvement
by considering the intrinsic properties of the problem and
incorporating appropriate modifications of the aigorithm

[8]

Some examples in this respect will be found elsewhere
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6.7 NOR-AND Network Synthesis

One of the important advantages of integer programming
formulation is that we can solve a wide variety of problems
by simply changing the set of inequalities. Networks
composed of NOR and AND gates are represented in inequalities
in Section 5.9. Of course the optimal networks are also
interesting in their own right. All the optimal networks for
80 switching functions of three variables are tabulated
under the same optimality criterion as NOR networks.

The basic set of inequalities describing a feed-

forward network of R gates is repeated in the following.

For k =1, 2, ..., R-1, (See Section 5.9)
3 ’ k-1 3
) E x;j) + L p,ij) Py z vk
£=1 1=1 9=1
k-1 (3
3)
+ - -
'Z ¢ik U1 Pk ) Uek ,
i=1
3 3
k-1 P
-y Vt x;7> _ij) s -7 Vt
=1 ' i=1 = 2=1
k-1 (1)
-y . 34
-f- by = VB, e, + 1,
1i=1
3 u
k - k_l .
-z 5 xéj) - 3 p.ij) > 0 - U(1 Pk(]))
%=1 i=1 ¢
- UL -8, (6.24)
3 . k-1 . p
T vt xij) + b p.ij) z 1- UP]((J
g=1 i=1 *t
- U1l - sk),
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It may be easily seen that the first two inequalities
are for an AND gate and the others for a NOR gate, depending

associated with these inequalities.

on the value. of Gk
~ For the last gate, if f(x(])) =1,
ﬂ3 | R- 3 y
-2 R _R-1 o
% 'V'E X,(ej) + % p(J)_ Zv}';_i. p ¢ - 8
=L i=1- £=1 j=1 IR R
3 . R-1
= SR _(3) (3)
E AR i}j PsR" 20 -T (1-9R)
- (6.25)
and if f(X(j)) = 0,
3" R-1- . 3 R-1 .
-5 vi x%a) Z Q§%> > -z vi - 4 (QR 4+ 1 -U QR
=1 ' i=1 2=1 i=1
3 (). (3)
ZvJ J+ZpJ> 1 - U(1-6.)
z iR
£=1 i=
(6.26)

for § =1, 2, ..., Bi--

() _

The relation p, ik, (j)

is expressed by

d) P

SRS

() (3) 5

Pix =

iy

k -"—'2, 3, ®oey JR
i=1,2, ..., k-1 (6.27)

j:::l_’ 2’ ey 80



Additional inequalities are also incorporated to
reduce the computation time. All of those additional
inequalities which were used in the all NOR network case
are included except the geometrical symmetry restrictions
given by (5) of Section 6.3. In addition, the following
two types Of inequalities were added.

(1) Input connections: each AND gate has at least

two input connections. This constraint is given

by
3

o k-1
o 475 P2 ® (6.28)
k=1,2, ..., R.
(2) Triangular connections: Agaln consider three gates
connected together as shown in Fig.6.11,
Contrary to the NOR network case, if either of
the gates j and k is AND gate, at least one of the

three connections ¢ij’ ¢ ¢jk must be 0

ik’

Fig.6.11. Triangular connection.
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even if the §- th gate has outputs other ‘than " ¢ 5k

Thls condition is given by -

.CPiJ+<ij+<Pik52+ej

.+ O, . |
Pigt P TP S2 40 (500

i<j<k<R.

When the i-th gate is replaced by an external

variable, the followings will result.
v3+v +og <240
L L J

+v12+cp <2+'e

s O

v X

J<k<R (530

4=1,2 3.

Together with these additional inequalities (some of
additional inequalities based QQMEEEWEFOPerties which have
been discussed are not.incorporatéd bécause of their
excessive nUmber.)?.éil‘the optimal NOR-AND cqmbination
networks for eaéh function are solved. The_entiré '

- computation took about 54 minutes on the IBM 360/751, using
a program which includes the general purpose AGMT-VAR.

All functions are realized with not more than six gates.
The size of each problem and computation time are listed in
Tables 6.3 and 6.4. The computation time is graphically
given in Fig.6.12 as well as the NOR network case.

The effect of additional inequalities was remarkable.
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6LC

No. of functions
realizable with

Size of integer programming prob.

% of non-zero
entries in

R | R gates No. of No. of basic | Ko. of total | basic
(representative | variables inequaliities | inequalities | inequalities®
functions of inecluding
equivalent additional
classes.) inequalities

3 15 55 128 135 8.37

U 29 9y 208 287 5.22

5 14 142 304 450 3.60

& 5 199 Lls 657 2.65

Table 6.3. Statistics of

optimal NOR-AND

*For the function which is identically 1.

network formulation.
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Feasiblé

Infeasible

No. of - _
|-feasible - Average compu- Average no. of [Average compu- |Average no. of
1 functions tation time/ iterations/ tation time/ iterations/
: - function Function function function
(seconds) ' (seconds)
3
5 Exhausted by hand
9
15 0.82 40 0.54 36
29 3.62_ 115 3.11 110
iy 34,9 suy 28.7 745
5 75,0 873u -

Table 6.4. Computation time and number of iterations of NOR-AND

network synthesis for all 80 functions of three variables.




For the R = 3 case the computation time was reduced 6
times by incoporating the additional inequalities; and
for the R = 4 case, 18 times. Incorporation of other
additional constraints such as the constraint that each
AND gate should have at least one NOR gaté connected to
its output, will reduce the computation time further,
though these were not actually tried.

Also contrary to NOR gate network, no effort was
made to improve the computational efficiency of the
integer programming algorithm. Of course a significant
reduction of computation time can be expected by
modifying the algorithm as discussed in Section 6,5.

A comparison of computation time with NOR gate
networks is shown in Table 6.5 where the ratio of thé
computation time of the NOR-AND network case to that of
NOR network case discussed in Section 6.4 1is listed. :

On the average a function can be realized by NOR-AND
combination network with 0.85 fewer gates than tﬁat of
the NOR network case. The number oflconnections ié also

reduced by 1.5 on the average. All the optimal networks
‘ for three variable function are tabulated in Appendix.

The tabulation also gives all the optimal networks by
NAND-OR combination by the following procedure: (1) take
the dual of a given function f, (2) find optimal
networks for the dual function fd by NOR-AND combination
and (3) replace NOR by NAND, and AND by OR. These are
optimal realizations of f by NAND-OR combination.
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28¢

Computation time

Iterations

Feasible Infeasible Feasible . Infeasible
L. 0 6. 3.8 4.1
9.8 14 8.1 10.2
11.3 9.2 -

Table 6.5. Ratio of computation time and iterations.

(NOR-AND / NOR}
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Fig.6.12. Average computation time / function for NOR
and NOR-AND synthesis.
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6.8 Conclusion
| - Two logical design problems, one with NOR gates only
énd the other‘with NOR-AND combination, formulated as
integer lineaf programs were solved by using the implicit
enumeration algorithm. NOR gate network synthesis is
important from an engineering view point and has attracted
much attention. Integer programming approach to this |
problem is proved to be computationally feasible and is
faster than Hellerman's exhaustive method. Advantages of
integer programming approach include its versatility and
gimplicity to handle a variety of gate types, a variety
‘of ﬁetwork restrictions such as maximum fan-ins restriction
and maximum fan-outs restriction, and also various
objectives, without changing the algorithm.

5imply changing part of the algorithm i.e., the
AGMT-VAR, we can have a program of high speed at the
sacrifice of the ease of programming, a program of simplicity
and generality at the sacrifice of speed, and a wide
range of programs between these two extremes.

Due to the principle of the implicit enumeration
algorithm, we can modify and augment the algorithm so
that the intrinsic properties of the problem can be
fully used. Section 6.5 explored this possibility along
with Davidson's work and obtained a improved result in
NOR gate network synthésis. Furthermore three networks for
the odd parity function were proven to be optimal.

By simply changing the inequalities, different

problems can be solved. - NOR-AND gate networks were
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thus synthesized by using different set of inequalities.
 Also we believe that this is the first tabulation of
all the optimal networks with NOR and AND gates for .all
three variable functions. |

Syntheses of networks with other types of gates
such as NOR-NAND combination, and AND-OR with.
complemented variables are in progress. Also, the
further improvement of the efficiency of the algorithm

is being attempted.
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Chapter 7 . Concluding Remarksb.

With the advent of the recent advances in integrated
circuit, large scale integration and others, numerous
important changes have been induced in the field of
switching theory. New types of gates became available,
and new network restrictions were introduced to guarantee
a reliable operation. Also the cost criterion involved
in the design process has deviated from that used in the
classical theory. The situation is much more complicated.

The classical design theories for networks consisting
of logical gates, which might be represented by the
Quine-McCluskey theory of AND/OR network minimization,
seem incapable of accepting such changes.

'As stated in Section 1, this thesis is devoted to
develop synthesis algorithms which are applicable to
those new situations. The thesis includes algorithms
designing

(1) threshold gate networks,

(2) negative gate networks,

(3) networks consisting of NOR gates, or other

fixed type gates, or their mixture.
Cases (1) (2) are difficult because the designer has to
specify the functional form of each gate in the network
within the limit of threshold function or negative
function. Case (3) is of great practical importance and
also difficult because network restrictions are usually
imposed, resulting in the networks with more than 3 levels,

and a variety of optimality criteria must be adopted.
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All the algorithms developed in the thesis are
quite -different from the classical theory. With these
algorithms, threshold gate networks can be designed by
hand ‘for functions of about up to 8-9 variables. All
the resulting networks appear considerably good though
the optimality is not guaranteed. Negative gate
networks will be processed by the algorithm in Section 4,
which will guarantee the optimality associlated with the
networks, for functions of up to 89 variables or more
with the aid of computer. All the optimal networks of
NOR gates and NOR/AND gates for functions of up to 3
variables were exhausted as examples of case (3). - An
advantage of integer progfamming approach developed for
case (3) is that it permits a wide variety of network.
restrictions and optimality‘criteria.

Roughly speaking, these algorithms can synthesize
networks consisting of at most about 10 gates, considering
that only limited computation time is available for
designers. This might be regarded as an exXtremely small
number of gates since a practical digital machine usually
contains thousands or more number of gates. In fact,
that observation would be true in the sense that an
ultimate goal is the automation of entire design
processes arisen in constructing a digital méchine.
However, there seems no hope that such algorithm will
emerge in the near future. Present trend is rather
directed to develep an efficient algorithm of computer
aided design, which will produce a reasonably gocd

machine with less effort. In this type of algorithm,
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those methods proposed in this thesis may be included
as part of the entire procedure, and’may prove useful.
Probably, apart from the totél design automation,
our future effort should be directed to increase the
size of networks which permit the application of
algorithms, and to take‘into consideration the other
factors such as geometrical quaﬁtities. For example,
the léngth of wires in a circuit, their relative position,
crossovers and so on, are important factors in actually
realizing a reliable machine. Algorithms, which handle
these factors as well as others and provide not only an
optimal connections of gates but also their placement,

would be desirable.
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Appendix. Tabulation of Optimal NOR-AND Networks

Here listed are all the optimal networks for each
of all functions of up through three variables, using
NOR and/or AND gates.

The networks which have the minimum number of
interconnections and connections among the networks
with the minimum number of gates are chosen as optimal
network.

The procedure for obtaining the optimal network
diagram for a given function follows that of Hellerman's
[8]. A function can be represented by a truth table as
shown below, by specifying the values of fl, £

2, e ey

f8 where f oo f8 show the values of the given f for

l?
input vectors in the same rows.a, b and ¢ denote the

variables of f.

a b c
£, 0 0 0
f2 0 0] 1
£y 0 1 0
fq 0 1 1
£y 1 0 0
£ 1 0 1
£, 1 1 0
fo 1 1 1

305



Let us write eight binary numbers fl, ..., £, as follows.

8

£, £, £, £, £, £, £ £

., J | & ~" - A\ Y_ g
% % %

grouping the fi's as shown, we obtain three octal number

02'01 00.
to identify a function.

This octal number is used throughout Appendix

In Table A2 and A3, only representatives of equiva-
lence class obtained by permutation of variables are
. listed, reducing 256 functions into 80 representatives.
The representative of a given function f can be easily
derived by using Table Al, which is taken from Hellerman
[4t4]. The procedure is illustrated by an example.

Suppose that the function f has the number 321.
The entry for this number in Table Al is 5%213. This
means that f is equivalent to function 213 by applying
permutation 5 which is (ac) as also shown in Table Al.
Table A2 shows that function 213 has optimal networks
with network number 49 and 56. Then Table A3 gives us
the actual optimal networks of function 213. To obtain
optimal networks of 321, we apply the inverse of permuta-
tion 5, which is also (ac), to these networks in Table A3.

Twelve of the 80 three-variable functions listed
are degenerate in the sense that they are independent
of at least one variable. In Table Al, those degenerate
functions appear with minus signs. The network diagram

numbers for the degenerate functions have the suffix D.
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They are grouped together at the beginning of Table AS.

Table A3 shows all the optimal networks obtained
for each function without imposing fan-in restrictions.
However all the networks except that of function 026 are
optimal even if the fan-in restriction that each gate
can have at most three input interconnections is imposed.
Function 026 needs one more gate if the above fan-in
restriction is imposed. Optimal networks in this case
are shown in Fig. Al.

Note that if a given function is symmetric in some
variables, say a and b, then, among all the optimal net-
works obtained by permuting these symmetric variables,

a and b, only one network is listed in Table A2 and
Table A3. The rest of networks can be obtained by
simply exchanging the connection from the external

variables according to the permutation of variables.
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30
Lo

50

60
70
100
110
1zC
- 130
1ho
150
160
170
200
210
220
230
240
250
260
270
300
‘310
320
330
340
350
360
370

0
~1*000
1*010
2%002
1030
2%010
1%050
~2%012
6*054
3%010
3%050
-5%012
3*O5k
2%050
1*150
2%052
2%152
1*200
~1%210
2%*202
1*230
-2¥210
1*250

- 2¥212

6*254

- =3%210

3*C50
5%212
325k

. 2%250

1*350
-2%252
2%352

L
1%001
1%011

-2%003
1%031

2%011
1%051
2%013
6%055
3%011
3%051
5%013
3%055
2%051
1¥151

- 2%053

2%153
1*¥201
1211
2%203
-1%231
2%211
1%251
2%213
6%255
3%211
3*25 1
5%213
3%255
2%251
1%351
2%253
2%353

Explanatory Example

2
1*002
-1*%019
2%006
1*032
~6*012
1*052
2%016
E*056
3%030
L*05k
5%032
=3%07h
2%05kL
1%152
2%056
2%156
1¥202
1*212
24206
14232
6x21z
~1%252
2%216
E*256
3%¥030
Lxps)
5%232

3%27h

2%25)
1%352
2%256
~2%356

3 L
~1%003 3*002
1%013 =L*012
2%007 3*006
1*033 %032
6%0173 2%030
1*053 1*05L4
-2%017 2%032
6*057  -1¥0Th
3*%031 ~3%012
L*055 3*052
5%033 3%016
3*075 3%056

2%055 S*O5L

1*153 3%152
2%057 5%056
2%157 3*156
1*203 3I*202
1%213 Lxp12
2%207 3%206
1233 Lxp30
6%213 2%230
1%¥253 1*254
2¥217 o%232
~6*257 1*27h
-3%2331 3*212
Lx255  -3*%252
5%233 3*216
3*275 3*256
2%255 5¥05l
1#%353 3%352
-2¥257 5%256
2%357  =3%356

5

=3%003
L*013
3*007
4*033
2%031.
1*055
2%033
1*075
3*013
3*053
-3*017
3%057
5%055
3*153
5%057
3*157
3%203
L*213
3*207
L+233
-2%231
1*255
2%233
1*275
3*213
3*253
3*217
=3*257
5%255
. 3%353
~5¥257
3*357

Negative permutation means the function is degenerate.

Permutation 1

Permutation 2 is
Permutation 3 is
Permutation b is
Permutation 5 is
Permutation 6 is

{ abe)
(ach)
(e
{ ac)
{ ab)

Table Al.

is the identity
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6
1+*006
1%016
1%026
1*036
6*032
1%056
2%036
1*0T6
3*032
L*056
3*036
3*076

-2%0Th
1%156
2%076
1*176
1*206
1*216
1*226
1%236
E*030
1%256
2%236
1*276

S 3*232
Lx256
3*236
3*276
2%27h

-1%356
2%276
1*376

Class of 321 is given by word at intersection of row 320 and column 1,

This says 321 is in class of 213 by permutation 5.

Equivalent classes of functions
of three variables.

7
1*007
1017
1*027
1*037
6%033
1*057
2%037
-1*¥OTT
3*033
L+057
3*037
~3*077
2%075
1*157
~2%07T7
1*¥177
1*207
1*217
1*227
1*237 -
6*233
-1%¥257
2%237
1*¥277
3*233

o5t

3%237
3*aTT
2%27s
1*357
2¥277
-1*377

5*213 L]



Table A2. Catalog of all the optimal NOR-AND networks

of three variable functions.
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No. of inter-

. connections
Function | Functional expression Network | No. of gates | and No. of
Wn(octal) number NOR AND | connections |levels
0 ip 0 0 o] 0
"33 7 a'b' 5p | 1 0 2 1
012 a'c 8D 2 0 3 2
o | 1 1 3 2
ox7 a' LD 1 0 1 1
o7 ab' + a'b 13D 2 1 6 2
oTT a' +Db' 10D Pl 1 3 2
210 be 6D o 1 2 1
é31 be + b'e! 14D 3 1 7 3
' 150 | 3 1 7 3
252 e 3D 0 o o} o
257 a' 4+ ¢ 11D 3 0 L 3
' 12D 2 1 b 3
356 b+ec 7D 2 0 P
377 1 2D o 0 0 0
001 a'b'e’ 1 1 0 3 1
002 a'b'e 3 2 0 I 2
T 1 1 b 2
006 a'b'c + a'be’ 15 . 2 1 7 2
007 a'd' + a'c’ 8 1 1 L 2
010 a'be 6 1 1 N 2
fo11 a'be + a'b'c’ 5k 3 1 8 3
61 3 1 8 3
13 a'd’ +a'c 18 3 0 5 3
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o Fo. of intev~
‘ . . connections
Function | Functional expressica Ketwork | No. of gates and No., of
{ octal) number NOR connections levels
22 2 1 5 3
“‘16 a'b + a'c L 2 0 L 2
‘26 a'b'c + a'be' + ab'e’ 68 2 3 13 2
:‘9 7 a'b’ + b'e' + a'e! 30 1 3 9 2
OSO ab'e' + a'be 70 L 1 10 3
STl 3 2 10 3
88 L 1 10 L
031 a'bec + bie! 85 i 1 9 L
'032 a'c + ab'c’ 28 2 2 9 2
033 a'c +b'c’ 34 3 1 7 3
Ly 2 2 7 3
035 e'b + a'c + ab'c’ 29 2 2 10 2
1377 a' + bl 17 1 ? 6 2
5¢ a'be 4+ ab'c 27 3 1 8 2
7 55 2 2 8 3
051 a'b'c' + a'be + ab'c 79 3 2 11 3
052 a'c + b'c 11 2 1 5 2
26 1 2 5 3
053 a'b' +a'c +b'e 36 3 1 8 3
iCSh a'b + &b'c L7 2 2 8 3
5 &'b + a'c' + ab'c n 3 2 11 3
78 3 2 11
o056 a'b + b'c 12 2 1 6 2
fos a' +b'c 33 3 1 7 3
' u3 2 2 7 3
5 a't + ab' + a'c’ 35 3 1 8 \ 3
45 2 2 8 3
‘76 a't + ab’ + a'c 1k 2 1 7 2
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No. of inter-

connections 1

i R 0. o - |
150 a'bc + ab'c + abe' ‘ 8o 3 2 1 3
151 —a.'.’bc + ab'c + abc' + a'b'e’ 101 3 3 1k 3
152 a'c + b'c + abe’ 62 2 2 8 3
153 | a'c + a'd' + b'e + abe’ " 76 3 2 1 3
156 a'c + b'e + be!' 13 2 1 7 2
15T A a' +b'c + be' 37 3 1 .9 3
u6 2 2 9 3
176 ab' + be' + a'c 16 2 1 8 2
177 a' Fb' +e' . 9 1 1 L 2
1 200 abc 2 | o 1 3 1
201 sbc + a'b’c’ 52 3 1 9 3
202 abc + a'b'c 73 4 1 9 3
1T 4 1 9 3
& 3 2 9 k
90 3 2 9 b
203 abc + a'b’ 50 3 1 8 3
206 a'd'c + a'bc' + abe 100 L 2 12 3
104 Y 2 12 i
106, | b 2 12 b
109 L 2 12 I
‘110 i 2 12 L
111 h 2 12 L
112 L 2 12 L
éorz a'b' + a'c' + abe 81 3 2 9 3
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No. of Intexr-
: connections
Function| Functional expression - Network | No. of gates i and " lNo. of
| {octal) number | NOR AND connections [levels
89 3 2 9 i
9k 3 2 9 L
211 be + a'd'e! 51 3 1 8 3
212 a'e + be 31 b o .6 3
| 8 4 3 1 6 3
6h .3 1 6 i
66 2 2 6 Lo
| 213 a'b' + be ko 3 1 7 3
, 6 | 3 | 1 7 3
216 a'b + a'e + be 72 i 1 9 3
86 b 1 9 Lo
91 3 2 g L
95 L 1 9 b
% Y 1 9 oy
l 217 a' + be 48 3 1 6 3
67 2 2 6 h
sbe + ab'e' + a'be' + a’ble 105 L 2 12 b
a'b' +a'c! + b'e' + abe 99 L 2 - 3
102 L 2 12 N
gb'c’ + Dbe 84 L 1 -9 kL
&7 | 3 2 9 y
97 3 2 9 L
a'c + be + ab'c’ 92 b 1 9 4
a3 3 | e 9 b
a'b' + b'e' 4 be 57 3 1 8 3 .
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No. of inter-

‘ connections

Function | Functional expression “Network | No. of gates and Ro. of

~ (octal) number - | NGR | AND connections |levels
236 a'c+ be +2ad + able’ 98 L 2 12 3
103 | v | 2 12 u
: 107 4 2 12 L
108 L 2 12 L
237 a' +be +b'e’ 69 k 1 9 \3
83 3 2 9 b

250 ac + be 10 3 0 °5 2 .
21 2 1 5 3
251 ac + bec + a'b'e’ 59 3 1 8 3
253 a'd' + ¢ 20 3 0 5 3
25k ac +'a'd 32 4 0 7 3
39 3 1 7 3
255 ac + bc + a'c’ 58 3 1 8 3
256 a'b + ¢ 63 L 0 6 4
65 3 1 6 L
274 &b’ + ac + a'b ko 3 1 8 3
z75 ab' + ac + a'b + a'c' 60, 3 1 1 9 3
2716 ad +ab' + ¢ L1 3 1 9 3
277 a+b' +¢ 23 2 1 5 3
350 ab + ac + be Lo 3 1 8 3
351 ab + ac + be + a'b'e’ T5 3 2 i1 3
352 ab + ¢ 25 2 1 5 3
353 ab + a'd!' + ¢ 53 3 1 8 3
357 a' +b+c 19 3 0 5 3
2k 2 1 5 3
376 a+b+ec 5 2 0 I 2
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Table A3. List of all the optimal NOR-AND combination .

networks of three variable functions.

ARD

NOR




91¢

NO | FUNCTION

NO - FUNCTION NO FUNCTION NO FUNCTION
0 | ooo | 3 20 | 377 | 1 o | 252 | c 40 | o7 | o
0 i ! ¢ e u—§:>>
);
50 | oos | v 6D | 210 | b o | 356 | bec 8 | Oi2 | dc
S = S o
% | o1z | dc 100 | 077 | vt w | 257 | ave 2D | 257 | e 7

O -

130 | ore | at+ad

140 I 231 I besb'c’

150 | 231 | be +bic'

vo

LY




LT¢g

NO FUNCTION NO  FUNGTION NO FUNCTION If no FUNGTION
1 { oo | a'b'c 2 | 200 ] abe 3 | ooz | abe a | o6 | ~ o'bta'c
= - = - = A DT>
i ] 376 | asbec 6 |owo | o'bc 7 | ooz | obc " 8 | oor | obea'c .
i
= ] - ) >={ > T
9 | 177 1 gebec 10 1250 1 ac +bc 1 11 1052 ] gc+b'c 12 {056 ] . dbabe 1
: : : R :
=D | |
13] 156 |  ocedcsbe 14 | o76 |  abrabsoc 15 Jooe | abceabe 16 | 176 | ob's v a'e
: : :
[ ¢
b Y f
3 ¢ ¢ -
3




8T¢E

N | FUNCTION NO FUNCTION NO FUNCTION NO FUNCTION
17§ o037 | aabe B | o3 | g¥+a'c 19 | 357 | gébec 20 | 253 | alt's ¢
a
<
¢ @ L4 ) ¢ .
T > =D D =D
>
21 | 250 | ace be 2 | a3 | dbac 23 | 277 | debec 2a | 357 | arbac
S D > SR =Rl
25 | 3s2 | ab.c 26 | 052 | dc +bc 27 [oso [ abceobe 28 Jo3z | a'c +obic
L a
b b
=) 1 o AT :i% :
- =By
4
29 | 036 |  absoceabe 30 | 027 | awebceae 31 | 212 | ac « be 32 | 254 | ac- ab
: =iy ’
O | |
a o
g [

)»,
o

I




6T¢

13 osy | debc 36 | 033 | ~desbie 35 | ors | o'bsobis o 053 |  ofieoeac
@ a I o
b < j& b. b
[ b Y
3 c : b ¢
. : - - :
37 {57 | o'+ besbe B | 22 | gcebe » | 254 | oc+a'b a0 | 274 | absoceat .
&
<
3
&
a | ars | a'broblac a2 | 3% ] abeac sbe
: ;
s
Bowed H
,c
< -
b "
a5 Jors | abeabecc a6 | 157 | debce be' i
4




(45

NO FUNCTION NO' FUNCTION “NO FUNCTION NO FUNCTION |
49 | a3 | dbebe 50 | 203 ] abe+a't 5t an | be +atic 2 | 20 | abe satic
: S, ? — =
o : ~ i t\b"
1 B 7 -
: : T =S
s3] 353 | abedwsc 54 | on | oibc + abic ss | 050 | a'berabe s6 | 213 | Y +be
: = sy iy
L e S
’ ' ' >4 ~ i
| I =ake T >l
® ¢ I S A e
57 L233 l a'+bcs be 58 [ 25% l ocebeedc 59 ] 25! T ac+bcsa'tic &0 I 275 I ob+oc+atr+ e
= = =
=] > ‘ i s S T
L !
. 8 =
6l | Ol |  abceadc 62 | 152 | dc+berabe 63 | 256 | db+c 64 [212 | a'cebe
1 J
% t c .
DJD;D» :{}\j};} EEEEN Bl NG s e I




Tee

NO FUNCTION NO FUNCTION NO FUNCTION NO FUNCTION
65 | 25 | absc e | 212 | @b s7 | 217 | o'+be 68 | oz | o'Yc +abee abic’
e
b
b
— 3
1 ‘ a : f b TN o
e Dt s—t ' ¢ ¢
- .
a
b
<
Fr - T # 3
59 | 237 | o'+ beebe 70 [oxo | abicsabe 7 | oz | abre sa'be 72 [ 26 | abederbc
P i a a
m £ b b
[
| b
[
i :
L
e 5
b 14
74 | 055 | o'+ dchade - 75 | 351 | ab +oceboeatd 76 | 153 | dcictiebeeabe

T8 | 085 |

a'bsa'c'+abc

79 J o5t |  oerabesane

a‘bc+¢'co§5c‘

i
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no | FUNCTION

no | FUNCTION NO FUNCTION NO FNCTION )
st | 207 | a'b' + derabe 82 | 202 | abc+ab'c 83 | 23 [ a+beate 84 | 230 | ate +be ‘;
)
H O : I = iy
. \q‘:>_) D—L,)—* ) }:_L_/\D__? ;’*}yﬂ.
D : = =
o o
85 L O3lj abee be 86 I 216 W a'bedcs be 87 1 230 I ob'¢ +be 88 1 030 I obc +a'he -w.-_.{
o = S S =g
' A ] . il e ID R I I B S
o = I Y | =D
89 L 207 l a'B+ac+abdc 90 l 202 l abc+o'b'c 9 I 216 I a'bsa'cebe 92 ! 232 r g'cebe vabic J
‘ i
% y ) =l =iy
< g
: , o : ‘_D—x_}’ _ > o ) e
: - ]
s b et s HaE
93 I 232 l a'c+bc+abc 94 i 2077 @Y +a'c'+ abc 95 j 216 1 a'bea’cebe QSTZIG 1 a'b+acebe
“ ~
s B I S
[+




€z¢

NO FUNCTION NO FUNCTION NO FUNCTION NO FUNCTION
97 { 230 | oticsbe 98 | 23 | dcbceabrabc 9 [ 227 [ dbsacebcsabe 100 | 206 |  dbceabcrabe
-3 b
[ | { 14
s 1
o ===
T e A 5
TN [
] e
b
< L
100 | 151 |  obceabceabcedbc 102 | 227 |  dbegesbeeade 103 | 236 | dcebcedbabe 104 | 206 | a¥cedbcrabe
i | ¢ o
L H
Djh,,ﬁ ! b
o—3 I ’ b-—“
b——f__)“’? { C—L/"i b o
¢
105 | 226 |  obesobicedbeadtic 106 | 206 | abceabesanc jﬂ\m [ 236 |  acebeedbeotr 108 | 236 |  desbcrabeoti

ST Y b :
"’t_/’_;:[}% — a i :F
b
=D I ‘
a
109 | 206 |  dbcraberabe 110 | 206 | abreavesabe 4#111 | 206 | m@e,am
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(3)
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(2)

[ s

- of function 026

when the

fan-ins is limited

to three.

4)

ig.Al, Optimal networks

maximun




