[BTH5 L0~ 7 ORICB 57 4 A & I8 %]

Quantum Information Metrics and Relative Entropies
— Classification Problem —

Hiroshi Hasegawa '

Institute of Quantum Science, College of Science and Technology,

Nihon University, Chiyoda-ku, Tokyo 101-8308, Japan

RFE L EEEICHTIEFBRBAOM LML) —~ L L TORTFIFHREM - BFHENT
vihebE—LoEFRERR, ZhicE & Wigner-Yanase-Dyson fEHREDOEBIEICOWTHRT 5,

Quantum information metric is a Riemannian metric defined on matrix spaces which measures
an infinitesimal distance between two nearby density matrices p and p + dp whose classical
correspondent is the so-called Fisher information metric. In the classical version, this concept
is universal among all those having monotonicity against coarse-grainimg(Chentsov 1982), and

is derived by twice differentiations of an entropy functional, called a-divergence(Amari 1985),

such that P z
K;;(0) = O:logp(z,0)0;logp(z,8)p(x,8)du(z) =
(0; 10&’;17(9)527' log p(6)) = —:0; S, (p(6),p(6')|e'=9, where (1)
4 s 1+a —(1+a) .
Sea(P@) =7  1-a@,0)7Z p(e,6)" 7 p(z,0)du(z) (2)

( a-divergence for two probabilities p(z, {6;}), ¢(z, {6:}))-
Thus, the said universality is evidenced by the fact that KT is o-independent.  Unlike the

classical context,quantum information metrics with monotonicity are not universal in the above

sense, and we aim to get a relevant universality with an aid of relative or quasi-entropy(Petz,

1985).
Fig.1 Image of a monotone Riemannian metric.
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1 Outline of Results— with set of metrics and quasi-entropies

set of all Petz's symmetric monotone functions (1996) f € F O Fpower and Fwyp
(“power” denotes power-mean; and “WYD” Wigner-Yanase-Dyson, for monotone metrics )
Result(1): Fpower U Fwyp is dense in F by a properly defined norm topology.

set of all convex g-functions Petz(1985) g € G D Goym, Gasym  (Gsyms Gasym With and with-

duel(z) = zg(z7") and g(z) # g™ (z), re-
spectively). Correspondence between G and F in Sec.3(Lesniewski-Ruskai(1999)) yields

out satisfying condition of symmetry g(z) = g

Result(2): there exists no g-function in Gasym Other than quantum a-divergence: it is the only

source of WY D metrics that possess the potential duality of geometry.

Historical remark: the Wigner-Yanase-Dyson metrics

The original definition of skew information was —%’I&{p” 2 k]2 (Wigner-Yanase in Proc. Nat.
Acad. Sc., 1963), to which Dyson suggested that it could be generalized to the one exponent ¢
and the other 1 — ¥ for the power of p. Lieb(1973), substantiating their convexity for the first

time, expressed them as

Ip(p, A) =

4
T 11—«

1
p(l—_—~)’l‘r{pp, Allp""?,A] (A € {skew hermitians}, iA € Mp)

3 .

1+«

=Dy Dyo 2 (A)p 7" (A))lo=p with Dy (¢(0))(4) = [p(p), Ax]  p=—— .
This adds to the classical Fisher term to yield a full metric form in terms of a Fréchet differential
denoted by D,: a Fréchet derivation on a matrix function ¢(p) is written as D,p(p)(A) with
A being an arbitrary hermitian except TrA = 0l a matrix tangent vector, illustration in Fig.1

with an important relation A = [p(p), A4] (A4 only depends on A), leading us to

TrAg A + (o, Aa) (65 = p") = TeD,(p7 ' p7)(A) D, (1 = p) 0" P)(A). (3)
The quantum correspondent to the Fisher metric has an additional term, as indicated above in
eq.(3), which could be derived from the corresponding quantum a-divergenoe Namely, .

Sa(p,p+ p)(to 2nd order in dp ) = % Trpd° log pd° log p + 4 Tr[p A] [p 7 A, (@)

where symbol d° represents the derivative of p which commutes with p: it means that an infinites-
imal increment of a noncommutative variable should consist in a commutative and a noncom-

mutative parts with p(former yielding the uniform Fisher term, whereas the latter nonuniform)
dp=d°p+[p,A] [d°p,p] =0 and A € {skew hermitians}oriA € M.

This may be regarded as a Hilbert-Schmidt orthogonal decomposition, since Trdp[p, A] = 0

holds. It is then easy to see the following expression dy(p) for any analytic function of p

R
e(p) = 2:” o= p, quantum analog of tangent vector at the point p as illustrated in Fig.1 i.e.

dp=d°p+[p,Al;  dp(p) = ¢ (p)d°p + [p(p), Al
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2 General monotone metrics(extended Chentsov theorem)

for including Bures metric and for interpolating it with the WYD by the power-mean metrics:
K,(A,B) =TrAK,B A, B € My, and for symmetric-metric cases
K!(B, 4) = %(K,,(B, A) + K, (4, B)) = K'(A, B); redenoted by K,(4, B).
By taking the p-diagonalized basis, it can be expressed in terms of a two-variable function c(A, u)
on R* x R* and a single variable one ¢(A) = ¢(A, A) on R* in the above bilinear form:
K,(B,A) = % c(Xi)BiiAsi + 2 X c(Ai, Aj) Bjj Asj with

c(ah, zp) =z e(\, w) (homégenuity of MC-funétions of order -1), in particular (A, A) = A7".
Petz’s representation of symmetfic monotone metrics by f: |

K,(B,A) = (A, R;1/2f(LpR;1)‘1R;1/2B), where f(z) and c(A, u) are related to each other:

1 1
) or c()\,p)zm. (5)

Representation of symmetry c(u, A\) = ¢(A\, ) © zf(1/z) = f(z). Then, c(A=p) =1/A —

flz) =

f(1) = 1. In classical information geometry, the g-divergence function conditioned by g(1) = 0
and ¢"(z) > 0, (= 0 only for z = 1), was shown to be entitled all the way to yield a-divergence
with any real number a(ja| =3+ ¢"(1)/¢"(1) Amari,1986). One of remarkable outcomes of the

extended Chentsov theorem is the limited order structure of the monotone metrics so that

14z 2z

(Bures) = fmaz(Z) > fpower(Z) > fwyp(T) 2 frmin(z) = 1

(WYDRI=3).  (6)

+x
Specific feature of quantum information metrics There appears a region which may be

called “gap region” between fiaz = fBures and fﬁ,ﬁ?D. This is absent in the classical manifold.

Fig.2 Order structure of monotone metrics on matrix spaces in terms of f-functions.

the “gap” region the WYD region
]
14+ 7 o 1—-a? 1—z)?
Fmal@) = 22 1<y < fiype) = U jei<s ()
4 Q-z7)1-z77)

Fpower U Fwyp forms a linear-ordered subset of F with coincident min-max bounds
P
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3 Cliassification of quasi-entropies by symmetry

We follow Lesniewski-Ruskai(J. Math. Phys.40(1999)5702-5723) to represent, a convex operator
functiong(z)in Sy(p, o) = Tr(o - p)g(z)(L,,I%;1)1{;1 (0 —p); g9() = g(z where g(z) =

) ) (z —1)%’
2 (z-1) * -1
b(z—1)+c ——* ; dm(s), two constants b,c > 0 and a measurem > 0. (8)

We define, for a g(z), g% (z) = zg(z™"). Then, ((z — 1)4)%® = (z — 1)?/z and vice versa. In

T — 2 z © (4 — 2
Lm_l) + %;%dm(s), where m(s) = sm(s~').  (9)

general, g% (z) = c(z — 1)2 + b

Let Goym and Gasym denote the set of all quasi-entropy g-functions of z, defined for symmetric and
asymmetric class, respectively, by Goym = {g; 9(z) = ¢ (2)} and Gasym = {g; () # g™*(2)}.
(1) Selfdual class: Ss.guai(p,0) = s.dual(a,' p) with a symmetric g € Gsym. In terms of the

measure representations above, both b = ¢ and m(s) = m(s) hold.
(2) Non-selfdual class: Sps.duai(p,0) # Sns.duat(0, p) With an asymmetric g € Gysym- Then,

dual
Lesniewski-Ruskai relation between Petz’s f(z) and g(z) holds: 1 _¢ () +9 (ac) (10)

f(z) 2(z — 1)

4 Concluding remarks

4.1 transition from the classical Fisher to quantum information metrics
Fig.3 Schematic picture: appearance of the quantum structure of information metrics.

(04

+1
Plot avsy = f(z = 0+)"" in (7).
It is reminiscent of bifurcation ‘gap” region 0 WYD region
along the transition line: (Fisher)— Bures — WYD ) y log,scale

-1
More studies are necessary for succeeding in this idea.

4.2 universality of the WYD metrics endowed by an inclusion of topology

Lesniewski-Ruskai relation (10) says that, if a symmetric monotone metric f is identical to a
member of the WYD class; then the associated quasi-entropy g-function must be equal to the
ta-divergence giq(1]. However, it does not assure that gio’s exhaust all members of Ggsym.
We have investigated this question, introducing a norm topology by exploiting the symmetry
of f, which makes it equivalent to the space C[0,1](set of all continuous functions on [0, 1]).
Consequently, the question can be answered affirmatively. Details will be given elsewhere.
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