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LOCAL TORELLI THEOREM FOR SOME NON=5 INGULAR

WEIGHTED COMPLETE INTERSECT IONS

by SAMPEI U3U1



Introduction,

For a compact K;hler manifold X, P, A, Griffiths constructed and studied
a " period map ™ from the parameter space of deformations of X to the
" Griffithg domain " which parametrizes the Hodpe structures en the underlying
differentiable manifold of X ([21), As one of these studies, he formulated
the local Torelll problem in the form (Pl) in §1, which asks whether a period
map geparates infinitely near points (cf, [2] and alse T73 . After examining
this problen in some examples, Griffiths presented in his article [3] & problem :
™ (7,1), FPROBLEM*, Find method to treat the local Torelli theorem, In particular,
decide whether it is true or false for simply-connected canonical surfaces (i.,e,
surfaces with ample cancnical bundle),™

The purpose of the present paper 1s to give a proof of the local Torelli thecrem
for some non-singular " welghted complete intersections " (see Theorem 2,1
below),

In the author's previous paper E[7], he gave a proof of the local Torelli
theorem for non-singular complete intersections with ample cancnical line bundle,

On the other hand, Sigefimi Mori introduced and studied a family of varieties so

called " weighted complete intersections ¥ ([51 ), Weighted complete



similar
intersections have several properties|to those of complete intersections (cf, [§]

and alse §1), so that our method in E7] is naturally applicable for some weighted
complete intersections, However, we need some assumptions (the assumptions i} and
ii) in Theorem 2.1) in order to let our method work well,

3 includes the discussions on these assumptions and some examples for which
our method breaks down,

The author wiches to thank Proffesor 8, Mori for the valuable suggestions,

§1, Preliminaries
a Local Terelli problem, In this subsection, we recall the formilation

of the local Torelli problem (for the background of this problem see 12J and
also [7] ),
ILett X be a compact thler manifold, The local Torelli preoblem ia the question
whether the period map of Griifiths separates infinitely near points at the point
in the parameter space of the Kuranishi family of deformations of X, corresponding

to X,

The local Torelli problem in r-th cohomology is formulated as follows,



i41,i-1

(P.) Let HU(X,T,)® K~ ) —=> 5"} (x) be the pairing induced

1

r-i4l -i 1
from T &), —-:-Q; Q£ igr), Is TeH (X,T,) zero if T-x, is

i r-i41,1-1

'i(X) for every « € H

zero in Hr_ 1

X) 1gigr)?

b, Welghted complete intersections, 8_ Mori generalized the notion of

complete intersection and studied so called ™ weighted complete intersections
(C51).

The following definitions and results are found in [573 .,

Definition 1.1, Let n, eﬂ' woup B be positive integers, We set
n
m=1l,c,m, {eo, cees €}, and

rie) = rie en)=min :ﬂ'-{ilosi.sn, p*ai},

Ferrp
0 p:prime

Let K be a field,

X J), where

Q(eo,,,,,en), or simply Q(e) is the scheme Proj(K:xo,_._, .

the gradation of KEXD,,,.,XHJ iz defined as follows;

d3g}{=ei (0£1i€n), and dega=0 (a e X).

i

impl O h -
For an integer a, Oq(e)(a}, or simply Q(a) is the coherent OQ(e) module

corresponding to the homogensous KX ... ,X J -module KX, ... ,Xn'J {a),



For a positive integer b, 5, is the closed subset of Q(e), defined by

the ideal pgenerated by {xi I h * eil .

It i3 easy to see that the singular locus of Q{(e) is U Eh‘
1<h

e ), or

Definition 1,2, With the notations in Definition 1.1, lP(eO,..., -

simply Fle) 1s the open subscheme @(e) - A.J 8, of @(e), We call the scheme
1<h

F{e) a weak projective space of size (eo,,_,,en), or simply of size (e), We

define QP'(a.) = Oq(a.)[.l-"{e) for every integer a,

Defintion 1.3, ¥ith the notations im Definitions 1,1 and 1,2, let
Cy 8y, susy 8, be positive integers, We consider ProJ(K[xD,"”XnJ,I(Fl,,,,,Fc))
for homogeneous elements Fl' ve et ZI.“c in the graded ring ern,_,_,xnj with

dag F.j =a, (1€ jg ¢), satisfying the following conditions,

3

1) Fl’ vens :E‘c form a regular sequence of KEXG,...,XnJ .

i1) VAL U b SR Y 3=9S-
o1 @ Nyn B

An algebhraic K-scheme X 15 called a weig.hted complete intersection in W(e}

of typs (al,...,ac), if X is isomorphic to such a K-scheme



Proj(KExo, P ,}[n]/(Fl Sons ,Fc))_
In this case, for an arbitrary integer a, we denote by O, (a) the

Ox-module induced from Olp(a}.

Results, (13 ¥e see that codim U 5 = r{e), and the maximal
Qe h
<h

dimension of complete subschemes of P(e) is given by r(e) - 1,

2 OIP(I) is an invertible sheaf on P(e}, and we have a natural

@ a re

isomorphism Op(l) '—'-'Fom(a.) for every integer a,

&) For a weighted complete intersection X, Ox(l) is an ample invertible
sheaf_  Moreover, if dim X 2> 3, then we have Plc X2 Z and Ox(l) generates
Pig X,

(4) Let X = Proj(KLX X“] /(Fl, .e ”Fc)} be a weighted completa

oj verwl
intersection of dimension » 1 1in P(e} of type (al,.._,ac), Then we have

Por o
(BLX, ..., X I/, F ), > K (X,0,(a))  (ae®),

H'j(K'Ox(a)) = 0 la, jeZ, 0O <]gn-¢azxdim X), and

c n
W, = 0.(% a, = 2 e, ) where e denotes the dualizing sheaf of X
X", 3 1 .
=1 i=0
{5) We have the following exact sequence,

n
o >0, > Eo Qple,) > Ty, > 0,



Restricting this sequence to a weighted complete intersection X in [P(e),

we have
n
O —>0, ——» > >
X S OX(E:L) 'rplx 0.
i=0
(&) If X is a non-gsingular weighted complete intergection in P{e) of
type (al’“"a’c)' then the normal bundle NX;{P of X in ®(e) is isomorphia

c
to & o.(a
=1 * )

}, and we have the following exact seguence,

0 » T > Tb[ﬂ ————+-ﬂxﬂp — 0,

2, Local Torslli theoren,
In this section, we shall apply the method used in the previoua paper [7]
for non-gingular weighted complete intersections,
We use the same notationa az in §1, We takxe K= ¢ the field of complex
number s,

The Iollowing theorem is our main result,

Theorem 2.1, Let X = Pro;](CEXﬂ,_,_,Xn],"(F ,,..,Fc)) be a non=singular

weighted complete intersection in 'IP(EIG,...,en) of type (al,_,_,ac) of dimension



d > 2, Assume that -si.‘j > 1 (15 3<c), and that the canonical line bundle X,

is ample, Assume, furthermore,
i} 6 =e = l;
ii) for some integer b with 2sb g n, Fl' . Fcr KO’ X1 Xb form a

regular sequence of CEXU,,,,,an .

Then the local Torelli theorem in the d-th cohonolegy bolds for X_|

Before proving the above theorem, we first reformulate the local Torelli
problem for such a non-singular weighted complete intersection X as in
Theorem 2.1,

In addition to the notations in §1, we use the following notations;
R = E[Kn,””xnj , 1 1s the homogeneous ideal of R generated by {Fl' evnsy Fc},
and k is the integer with Gx(k) = Ky {cf, (4) in §1),

From the exact sequence (5) in §l1, we have the exact sequence of cchomology

Eroups:
g | 1 2 nooa
@ H (X,0,{e )y — H (X,T_[X) — H (X,0,) — @ HMX,0, (e )),
1=0 X1 P x =0 X1

n
1 2
By (4) in §l1, we see that & H (x,ox(ei)}= 0, and that H (X'OX)=0 in
i=0



n
case d > 2 and Hz(x,ﬂx) —* P Hz(X,Ox(ei)) is injective in case d = 2,
i=0

Indeed, gince k » 0, the last statement follows from the fact that the dual of

n
this morphism & Ho(x,ox{k-ai))-—;-Hn(x,ox(k}) is surjective (cf, (4) in
i=0

$1), Hence we have Hl(}[,T |X)= 0, Therefore, from the exact sequences (5)

and (6) in §1, we have the following diagram,

"0
g B0 (e )
o x €1
3
', |x) — s 1%x,0.¢a. 1) — plix,1,) —= 0
¥ el X '
v

where the row and the column are exact, Tensoring l(X to the exact sequenoces

(5) and (&) 1in §1, we obtain a similar diagram,

no0
@ H (X,Dx(ei-l-k))
i=0

Y c
100, T 00 %) —— @ KO(X,0, (a bk)) — H'(X,T kD),

3 o1 i

where the row and the column are exact, WNote that the composite homomorphism

Ii

0 ) ¢ 0
1?0 HO(X,0 (s 40)) —> N (x,'rp(l)lx) —_— jq:l H (x,ox(aj+£)) (Ll=o, x) is



given by the Jacobian matrix

P
25"y e F

9DFO - 9nFc ]

where ‘aiFJ denotes '3Fj/bxi (lg §£¢c, 0£1gn), Therefore, in order to

prove (Pl} for r = d, 1t is enouph to prove the following (Pz)_

(Pz) Let é;l be homogeneous elements in R of degree a_, (1l £ j £ c),

Suppose that, for each homogeneous element G in R of degree Kk, there exist

homogeneous elements AD’ wesy A 1n R satisfying
) 29F) «-+ 23] [ Ao
G : E L R B I B : mﬂd Io
@c 90Fc - ‘anFc An
Then there exist homogeneous elements BD’ esapy B In R satisfying
¢, P5F - 2 ) Bo
: E b bR A RS : I'I'I-Oﬂ 1.
é 90Fc e 'anF Brn

In the statement {Pz) above, we take  to be a monomial only in K0, X

1-

Then, by splitting G into a product of X, (V= 0, I} and another monomial
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and by multiplying the latter to @J’s, we modify {Pz) a little stronger

assertion ag follows,

£ a4+ k-1

(P3) Let (ﬁj be homogensous elementa in R of degree £ 9

(L& J <€c), Buppose that, for each Vv (V= 0, 1), there exist homogeneocus

elements A eeay A in R with deg Auis k + ey (0 &14 n) satisfying

vo? wn
@1 BﬁFl e 'anFl J!“WJ
(*9) xv : E IR RN N NN : mod I-
& ach LA BnFc Apn

Then there exist homogeneous elemnts B B in R satisfying

01 LR RN | n

% BeF1 +-+ 24F1]{Bo
: :":'_- s aasdwn : MOd I.
&. ?F, -x BFALB,

It 1s easy to see that, by the inductive use of (Pa), we obtain (P2)_
Next we prove some lemmas which play an essential roll in the proof of

Theorem 2,1,

Lemma 2 2, With the notations in Theorem 2,1, we have

RO, QT UN =0 LD



1

Proof ¥e prove this in twe steps,
a d~. v -
Step 1, RAK,Q 1(1)1}:) —-——»nocx,ﬂi L gESIN
Indeed, we have the following exact seguence dual to the exact seguence (6)

in §1,

Q> o —+X—> (rfx —= (OF —> o,

—
where N 1s the conormal bundle of X in WP{e), By (6) in §1, we have

o

~ -

K=& Ox(-aj}_ The exact sequence (1) induces a filtration of “; 1|x_
=1

Tensoring OX(,Q). we have the filtration
Qd’l(ﬂ)l::::E 5 E, D S5E, .DE =0
P 0 1 X R d-l d
d-1 .
ot Q‘IP (j_}f}!, with successive guotients
G, =B /E , & c,}\'ﬁ)@nd'l'icb
iT TifTia ™ X .
Hence we have the following short exact sequences,
(2) oﬁﬁiﬂ——-—rﬂi—-—*ﬁi——ro (0L 14 - 1),
i bl
Bince aj »1 (14 ige), (ANH o) 1> o, A £ 1) are direct sums of
negative line bundles, Hence, frem the Nakano vanishing theorem, we have
HJ(X,Gi) =0 (1>0, 3=0,1),

Therefore, observing the cohomology sequences of the exact sequences (2), we

obtain the desired results,



12

step 2. HX,Q07NP|0 =0 (LD,

We have the following exact sequence dual te the exact sequence (5} in §1,

n
1 " -
(33 o= QPIX T i?u Ox(-ey) > Oy 0.

In case d = 2, tensoring qu,} to (3), we have

n
(1) 0 —> Qlla{_!,)[x — P ox(,f_—eil — Gxtl) — 0,
1=0

Q 4} 1
For [ £0, we see that H (X,Ox(j_-ei)):: 0, Hence H (X,QP(£)|K)= 0, For
L=1, we see that

Rﬂ if e, = 1,

0 =
HT(X ,Oxtl-ei))

and that

Hﬂ(x,oxu)) =R,.

Hence we have

oo 0
$ H (X,Ox(l—-ei}) —>H (X,oxil))

i=0
P
——= R
R{)@ iy @ Rﬁ 1 -
Therefore, by the exact sequence {4), we obtain the desired resulits in this case,

In cage d » 3, observe the following exact sequence induced from (3),

_ d-1l n
o —> (8 1(};)]:{ —> (A (D o (- ) ® 0 ().
12 o X 1 X
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d=1 n
0
Bince H U{_(A (g Dx(—ei))) & Dx(,!_)).-—_ 0 (1 £1), we obtain the desired
1=0
results, Q.E.D

By virtue of Lemma 2 2, we obtain the following key lemma,

Lemma 2.3, Let Ai be homopeneous elements in R with deg Ai % k - e1+ 1

(0£1<<n), Assume that

0 PgFy -+ 2551 {40
: E & & & " FsEa : m I‘
0 aDFc I anF An

Then there exists a homogeneous elepent € in R, which is independent of
suffix i, such that
A= eXC modlI (0£1i<n),
Proof, From the exact sequences (5) and (8) in §1, we have the

following diagram:
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)
10,0, (')

(e i+f))

Jute
L@
=]
)
™
[}

g
0 = HD(x,Tx(,{')} — e u%x ,TP(,E’)IK) — % ',

'NX)'P

Since the composite homomorphism pPet 1s given by the Jacoblan matrix

Pl cr P2

OgF «ve B F /o
the statement of Lemma 2.3 is equivalent to
0 F #
(5) H (x,Tx(j_ D=0 (L g x+ 1),

d-
X 1, {5) 1is equivalent

Ll d-1
Moreover, since T, @ K, -"'—}-Qx , that is, T, (k)=
to Lemma 2,2, Q.E.D,
Finally we prove Theorem 2.1,

Poof, It is enough to prove the assertion (Ps), Let xo(*l) (resp, xl(*u))

be the equation obtained by muitiplying XO {resp, Xl) to the eguation (*1}
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(reap, (*0}) in (Pa). By subtracting the equation xl(*o) from the aquation

X _(*
0( 3)s We have that

o 2Fy «-0 2] [Xoto ~ 1800

: E - % h & B AL 4Aa : md I.

0 F -x
Applying L = - R that
pplying ZLemma 2.3 for A:l KDA].i xl.qu, we obtain € in such tha

6 X - =
(6) OAli Xlﬁni.: eixic thod T (D« 4 n),
We now use the assumption ii) repeatedly in order to cancel Kb, X+ X5

Observing the above formula (6) for i= b modulo (Fl, veer Foy Xy %53, we

can cancel xb and we have
cCeE XOD -+ xls mod I

for some D and E in R, Substituting this formula into (8),

we have
XD(AIi - eiXiD) - Xl(.&oi-l- eixiE) = 0 mod 1,
Obgerving this formla modulo (Fl, veap Fc’ XU)’ we can gancel Kl and we obtain
= B
(7} Am + eiXiE "_XG i mod I

for socme B1 in B {0 g 1< n), Substituting thie formila (7} into (*0) in

(P3) , We have

@1 BOFl e BnFl BD' BOFI - anFl eﬁxﬂ
- — P : - E - » 'R : I -
XD : _xﬂ N ] . rerw : mod
F B
éc BOF -EE 'an c n ‘aDF c [ K ?nF c enx'n
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The last term in this equation vanishes by the Euler’s formula, Observing this

‘een Fc), we pan cancel X _  and we obtain the desired

equation modulo (F 0

1!

conclusion, Q.E.D,

g3, On the assumptions 4i) and ii) in Theorem 2,1,

In this sectlon we discuss the additional assumptions 4) and i1} in
Theorem 2.1,

We use the same notations as in §1,

In the following cases, the assumptions 1) and 411} in Theorem 2,1 are

fulfiled,

Howsition sllo LEt x = Proj(KExoi - oo’xn]f(Fli -y -’Fc)) bﬂ a Weighted
complete intersection of dimension 2z 2 in Ple), 1f one of the following
conditions is satisfied, then the assumption ii) in Theorem 2.1 1is fulfiled,

1) e = &= 1, and that dim X 1s the maximal dimension of the complete

gubschemes of IPle),

ii) e, = el_—.. S - = 1, In this caze, we may have to change




{7

Kor eees X 3 by a lirear transformation if necessary,

Proof, Case i), Let Sh be a maximal dimensional component of the

of @(e), We see that S =v+(.‘,xifn,{'ai}) and

singular locus U 8 h

1<h °

that #[xi I h .r!' eit = r(e) by definition, We have dim X =r(e) -1 by
virtue of (1)} iIn §1, Hence we have that
:H:({Fl, v FG}J_L{xi | b ,{'ei} Yy=n+1,

On the other hand, by the definition of weighted complete intersection, we see
that X - 8 = ¢. Therefore, {Fl tevrs Fc“.l {xi ] B ,f e,| form a regular
sequence of K[KU,,_,,XnJ .

Case ii)} In this case, the fixed points of the linear system K[XO,.__,Xn]]_
is v‘l-{xﬂ""’xn—l)’ which is the only singular point on @{e), Thereforas, by

the definition of weighted complete intersection, we get the desired assertion,

QIE.D-
The following example also satisfies the assumptions 1) and {1} in

Theorem 2.1,

Example 3,2, Let n, g, Gt aeer € S LRRTEY "’m_q bhe positive integers



1

with n = =€ =
2 2 and with €= 1ve =€, = 1, lLet K'rxt}’""'xn'xn+1""’xn¢qj

2 graded ring whose gradation is given by deg X, = e, (0 ign+aq). Let o

be & non-negative inteper with n -~ ¢ 2 2, Take homogeneous elements Fl’ rret

F F in X[X 1 of degree > 1, which satisfy the

F
cl c+1l aawn] C"fq U!p-ojxn_l_q

following conditons (1) and (2).

(L) FJ(- K[XD,,,_,XHJ (1% jgc), and Flo vaes Fc forn a regular

sequence of K'EJLD,, - ,}[n] R
b:]
="  + ! X X .1
(2 Fc-h'] Fc-t-.J X 4 where Fc+j e XL gr e ni-j-lj and bJ g a

positiva integer (1 £ j £ g).

Put ¥, = Prod(KIX ,,,, X  J/(F ,..,F ) (0&jgq) andput Y=Y

h 3 c+l 0

and X= Yq_ Then it is easy to see that the following properties (3) and (4)

hold,

(3) Y is a complete intersection of dimension 2 2, and Yj iz a welghted
complete intersection (1 £ J € q).

(4} The natural morphism Y,‘] — Y;j—l' corresponding to the inclusion
K[xo, e ’xn+,j—1j C s KEXD' cen ’Kn+;]] , is a bj-sheeted branched eyclic covering

{1< j £0q).

Changing varlables xo, ey Kn by a linear transformation if necessary, we



see that the above example X patisfies the assumptions 1) and ii) in

Theorem 2.1,

Remark 3.3, Let Y be a complete intersection of dimension > 3, and let
‘——-Yq—-:'-Y T T T Y, Y=Y

q-1
be a sequence of branched cyeclic coverings over Y, that is, Yj — Yj-l ig
8 branched c¢yclic covering (1 £ j € q).
Then, by virtue of (3) in §1, we see that as in Example 3,2, such X
becomes a weighted complete intersection (c¢f, Corollary to Theorem 1,2 in (81 ),
In case dim Y = 2, the above statement i1s false in general (e.,z, take

Y=Plx ]Pl y.

Next we show some examples for which we can not apply cur method,

Before showing edamples, we prove a lemma

Lemma 3.4, Let Y he a non-singular projective algebaic variety over a
field K and let Z be a non-sinpgular closed subgheme of Y defined over K,

Let 1 : Y( PN be a projective embedding, Assume that dim Z < %dim Y.
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Then there exists a hypersurface H in IPN with the following properties,

i} Y*H is non-singular, and

ii) ¥-H containg Z,

Moreover, we may assume that, for such a hypersurface H, deg H is large
enough ,

2 T
Proof Let 1, be the O -ideal of 2, Lst Y= Proj(, & (1,/1)) ——= ¥

* Z
*
be the blowing-up of ¥ with the center Z, Let L =1 Op(l) be the induced
line bundle on Y, Then it is easy to see that, for a large integer a,
11 . 4 N*
T L@ D?(l) is very ample, Let Jj 3 Y » P be the projective embedding
*
by the global gections of TC (L@a) 4 Oi,r(l)_ Naote that each fibre of 7T 1=
embedded linearly by j, We denote by B the set [H' | H' is a hyperplane of

NI

. -1 .
P which contalns some fibres of T "(Z) ——> Z_]' . B can be consideres as a

’
closed subscheme of Gr(N',N'=1), Since Tt-l(Z) —> 2 is a ‘E'r-bundle, where
r= cocumY 2 -1, Z can be consideres as a c¢loged subschems of Gr(N',r)  Now

consider the following dilagram,

F1(N'; N'-1,r)

Gr{N' N'-1)2> B Gri{N',ry > Z,
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={r+l}

- [}
By definition, we see that R = peq 1(2), Since q iz a ]PN ~bundle, we

see that
-1 -1 .
dim pag (Z) £ dimq (Z) = N!' - (r + 1) 4 dimn Z
= N* - (codimY Z - dim 2) < N',
where the last inecquality follows from the assumption dim 2 {%dim Y, Hanga
[
there is a hyperplane H' of IPN which satisfies the following conditions,
fad
i's Y-H' ig non-singular, and
1) H' does not contain any fibres of 'ﬂ:—l(Z) — 7
N
Since OY(:"E(H')) = Lga.’ there 1s a hypersurface H of P of degree a with
Y-B=7(H'), It is ensy to pee that this hypersurface H satsfles the requred
properties Q.E.D,

The followlng example shows that if we admit only the assumption 1) in

Theorem 2.1, our argument in proving the local Torelli theorem breaks down,

Example 3,5, Let €qr Oy 92, 93, eg be positive integers, Assume that
(1) e =& =1, and that

e  are preater than 1 and any two of them is mutually prime

{2) 841 €40 4 .

Let R= u:[xo,,,,,}{4] be the graded ring with deg x1= ey (0£1g4), Puat



A2

me=1l,c.m, { €or ees e4} = e,e.6,, andlet
mn/e mie m/e
m m 2 3 4
F = X X X
1= Kot i ek, e, 4k

be a howogeneous element in R of degree m, Put Y= ProJ(R/(Fl)) and

Z= Proj{R/(F, X ,X,)), Then it is easy to see by the Jacobian criterion that

Y and Z are non-singular weighted complete intersections in P(e '94) of

olunr
type (m) and of type {(m,1,1) respectlvely,
Applying Lewma 3 4 for Y, Z and L = OY(m), we have a homogeneous

elegment F in R of degree am for a large enough integer a, satisfying the

2
following conditions,

(3) = ProJ(R/{Fl,Fz)) igs a non-singular weighted complete intersection
in l‘-‘(eo,.,.,e } of type {(m, am},

(43 X contains 2,

For this X, 1t is easy to see the follows,

0 1

(5) H (X.ﬂx(l)}".f 0 (1= ©o1 Egr €45 ©48,, €0, 5253) (of, the proof
of Lemmz 2,2),

{8) Fl’ F2, XD’ xl do not form a regular sequence of R,

The fact {(5) shows that 1f we want to prove the locgal Torelll theorem for

thiz X by our method, we shall have to begin cancelling by using X, and Kl.

a
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But it ig impossible because of the fact (6} {ecf, the proof of Theorem 2,1},

The next example shows that we can not apply our method, if we remove the

asgumption i) in Theorem 2.}

Example 3.6, et e =5, e =17, ez=8 ahd 93= g, Let X be a

non-gingular welghted hypersurface in IP(eo,e } {(such a X exists), For

11%2:%;
this X, it is easy to see the followling,
(1) HO(X,{'];(L)) % 0 (L= ey 143y {ef, the proof of Lemma 2,2),

Hence, by using any pair of {Xi , 0£ix3 }, we can not hegin eancelling

(cf, the proof of Theorem 2,1),
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