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Tsomorphism problem of endomorphisms
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§1. Introduction. D. S. Ornstein and others got remarkable
results in the isomorphism problem of automorphisms. They
proved that two Bernoulliishifts with the same entropy are
isomorphic and obtained the condifions for automorphisms to be '
Bernoulli. But in the case of endomorphisms the circumstances
are different, for'example, two Bernoulli endomorphisms (=one-
sided‘Bernoulli shifts) are not always isomorphic (except trivial
cases) even if their entropies are the same. Wé obtained some _
results in the isomorphism problem of endomorphisms [1, 2, 3]
motived by the innovation problem in the theory of stationary
processes [4] and the existence problem of Bernoulli generators
for number-theoretic transformations.

In this talk we summarize the results in [1, 2, 3] without

proofs,

§2. Definitions., Let (X,5F, u) denote a non-atomic Lebesgue
probability space, and T be an endomorphism of X (i.e. T'%?(Q?,

and u(T"lA)=u(A) for all AeJF).
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An endomorphism T of (X, %, u) is called Bernoulli if

there exists. a measurable partition P of X such that

(1) \/IrnP=e , the partition into the individual points,
o

( P is a generator of T )

and (11) uw(a] VT™"P)=p(A) a.e. for all A e F(P)
, 1

( P is a B-partition of T ),

If there exists a measurable partition P (with n—égg%s,‘

‘2<n<w ) of X satisfying (1) and

(1i1) u(A]\/T‘“P)=u(A;T"lP) a.e. for all Aé,}'(}?)}
1 ‘

( P is a M-parntition of T )

then T is called . an(nxn) Markov endomorphism.
In these cases P 1s called a B-generator (M-generaton,
respectively) of T.

Two endomorphisms T, of (X F., u;), 1=1,2, respectively

1291
are called £isomoaphic if there exists an isomorphism (mod. 0)

¢ from X; onto X, such that ¢°T1 =Ty 0.

§3. Tsomonphism theorem forn Bernoulli endomorphdisms. [1]

We say that two probability distributions are of the same
type if there exists a 1-1 correspondence between thelr atoms
(point masses) such that the cqrresponding atoms have the same

measure.



Theorem 1. Let Ti be Bernoulli endomorphisms of ‘(Xi’

32, ui) with B-generators Pi, i=1,2, respectively. Then
they are isomorphic if and only if the distributions of Pl

and P2 are of the same type.
This theorem 1s essentially reduced to the following

Lemma 1. Let T be an endomorphism of (X, F, u) with
B-generator Q and a generator P.  Then the distribution of
P with respect to the conditional measure u(+|r) has the

samebtype as that of Q for a.e. re)\ T UP.
1

We will now discuss the uniqueness of B-generators of T.

Let T be an endomorphism of (X, F, u) and put

Hp(x) = ul {x}] CT-le(X)> -

-1

where C (x) denotes the cell of the partition T "¢

Tle

containing x. Note that if T has a B—generator P={pi},

then uT(x)=u(pi]CT_1€(x))=u(pi) a.e. xep,. Since the function

Hip is measurable, we can define a measurable partition RT of

X generated by W and call 1t the propen partition of T.
Theorem 2. If T has a countable B-generator with distinct

probabilities, then RT is the unique B-generator of T.

§4. A necessary condition forn an endomorphism to be Bennoulli.

By Lemma 1 the following condition (U) is necessary for an
endomorphism T on (X,‘?, u) with a generator P={p;} to be
countable Bernoullil

(U) There exists a probability vecton p=(pl, Pos®®® )

-3 -
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with positive p,'s such that uT(X)=U(pi|CT_le(X))=pi a.e.
X€Dp;-
Inkthe case that T 1s a Markov endomorphism with a M-
generator P satisfying (U), (T, P) 1is called unigorm (see
[41 ).

On the other hand we can prove the following

Lemma 2. If an endomorphism T on (X, F, u) with a
generator P={pi} satisfies the condition (U) with distinct

's, then the proper partition R is a B-partition of T.

Py T

(This is proved in [1] in the case (T, P) is Markovian)

§5. Numben-theornetic transgormations. [2]

Now we will introduce three well-known endomorphisms in

(0,17 or [0,1)

Tx = {1/x} , xe (0,1] (continued-gfraction),
Tx = {Bx} , xe[0,1) (B-expansion), B>1,
Tx = {Bx+a} , x e€[0,1) (Linear mod. 1), B>2, ae (0,1),

where {y} denotes the fractional part of y.
Only checking the necessary condition stated in §3 (Lemma 1)

for these tré%formations, we obtain the following

Theorem 3. Continued-fraction trasformation is neither
Bernoulli, nor countable Markov. BR-expansion transformations
and linear mod. 1 transformations are not Bernoulli except the
case of integer B, and if B is an integer these arerBernoulli

and isomorphic.
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§6. A sugficient condition fon Ry to generate (Markovian case).[1]
It seems difficult to find some conditions for RT to be
a generator of T in a general situation, so we will restrict
ourselves to the Markovian case. 7
Let T Dbe an endomorphism with a M-generator P={pi} and

M=(r, + 3 1,J=1,2,+++ ) denote the trasition matrix defined by

T, . =ulp, | T

and ﬂ(l)=(ﬂ. > T. 55 ***) the i-th row vector of TT.
i,1 i,2

Assume now T and P satisfy the condition (U) in §4 with
distinct pi'S. Then given k and 1 we get the unique J

such that 1w

vk,j= pis SO we can define

¢(k ;1) =3 if
and 0k 5 1,000, 11, 1)=¢(e(k 5 1

n,
inductively. 'Using this notation we have
Theorem 4., Let T ‘be an endomorphism with M-generator

P={pi}. In order that T has a countable B-generator of which

akeme have all distinct measures, it is necessary and suffucilent

that P satisfies the condition (U) with distinct pi's and also

the condition

(P) 4or any 8>0 thenre exist Jgs M, 1500 i, such that
I

: =
T T TN SOt

w(p,) > 1-8
(point-collapsing condition in the términology of [41)

Remank . The‘assumption of distinctness of p;'s 1s removable,
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so we have Theorem 4 without the underlined parts. For example,

the isomorphism between a Markov a b a and a Bernoulli a
b
a

b aa
aab

endomorphisms .1s just obtained as the isomorphism between

abe and

oo e

beca
a ¢ b

§7. Isomonphism theorems betftween Markov endomorphisms. [3]
First we will consider general Markov endomorphisms with

countable M-generators.

Theorem 5. Let T and S be ergodic Markov endomorphisms

with transition matrices TT=(ﬂi j) and F=(yi ) respectively.

b

>J
Then T and S are isomorphic if and only 1f there exists a

measurable, integer-valued function n(x) such that

(1) Yn(rx),e(x) ~ "g(Tx),E(x) Ber

(11) Q={ qj={X: n(x)=j} : j=0,1,2,+++} is a M—generatdr
of T,

where E(x)=j if xé?pj and P={pj} is a M-generator of T
with TT.

Now let m(l) be the i-th row vector of T and consider

the condition

(D) the distrdibutions of v(i) i=0,1,2,+++ anre all .
b 3 > >

different. Then we have



Theorem 6. Two ergodic Markov endomorphisms with M-

generators satisfying the condition (D) are isomorphic, if and

only if their transition matrices are the same except the number-

ing of cells of M-~generators.

Next we will study uniform Markov endomorphisms which are
not point collapsing. We put the condition
(@) thene exists a finite M-generatorn of which common

distrnibution p=(pi‘;~O;i;N—l) consists of distinct IRy and

its transition matrdx TT=(wi ; =
. 3

;3 1<i,j<N-1) safisfies m, .
- - . 1,J
0<i,jgN-1, for some 0<t,t <N-1 such that (N,t)=

1
]
o

Pistgtt,” =
where the addition {4 taken to be mod. N.

Theorem 7. Let T and S be Markov endomorphisms with

transition matrices TT=(ni 3
S

; 0g1,J<N-1) and T=(y, 55 0<i,]
3>

<N-1) respectively, which satisfy the condition (G) with the

same common distribution p=(pi ; 0<i<N-1) (i.e. “i,j=pi+tj+to’

Yi,j=pi+sj+so for O;l,J;N—l, and (N,t)=(N,s)=1). Then T

and S are isomorphic if and only if ¢t=s and so—toy is a

multiple of (t+1, N).

Using these theorems (Theorem 5, 6, 7 and Theorem 4) we

can classify 3x3 Markov endomorphisms completely, but we have

no space to write down it. (See the examples stated in [3])



58

References

f1] I. Kubo, H. Murata and H. Totoki, On the isomorphism
problem for endomorphisms of Lebesgue spaces, I, Xo
appear 4in Publ., R.I.M.S. Kyoto Univ. 9, No.2(1973).

[2] , II, ibid.

[31 , III, ibid.

(4] M. Rosehblatt, Stationary processes as shifts of functions
of independent random variables, J. Math. Mech. 8(1959),
665-681.




