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An Admissible Data Class of the Cauchy Problem

for Non-strictly Hyperbolic Operators

By Katsuju Igari

§1. Introduction.

In this paper we shall study the Cauchy problem

P(x,t,Dx,Dé)u(x,t) = fgx,t), (x,t)en
(1.1)
Diu|t=0 = uj(x), 0<j<m-1

where Q=RHXEO,h], h>0, x=(xl,...,xn) and

(1.2) P=0D"+ 3§ a .(x,t)D"DJ.
¢ [v|+jgm V9 B
Jj<m-1
Here and hereafter we use the standard notations: Dt=%%f’
\Y v
_19 = s 43 v_o 1 n
Dj-iﬁig’ v-(vl,...,vn) are multi-indices, D _=D,”...D =,

|vl=vl+-.-+vn- We always assume P hyperbolic. Namely, letting

{Aj(x,t,i)}j=1 q P€ the roots of the characteristic equation

CICEE BN

(1.3) P (x,t,,7) =%+ £ a  (x,6)e%9 =0
n |v|+j=m VI

(x,t)eQR, ZERn\@O}, we assume that Aj(x,t,E) are real-valued.

Here we do not assume that {A.}._ are distinect.
J J_l,nao,m



There are two approaches to this problem:
1. Find conditions on P for the Cauchy problem (1.1l) to be
¢” well-pased.
2. Given P, determine a class of data (c:Cw) for which the
Cauchy problem (1l.1) has a unique solution in c”.
In this paper we shall follow the second approach, introducing

the so-called Gevrey class Yigg.

(k)
loc

for any compact set K there exist constants p and C such that

Definition 1.1 ( Y(K) y(ﬁ); k>1). f(x)ey

loc? implies that

(1.4) |Dif(x)| < Cp-|a|(|a|!)K, xekK, for any a.

f(x)eY(K) implies that (1.4) holds for any Xx.

It is convenient to denote the real-analytic class and the

(1) () (1) (k)

c”-class by Y{oe a@nd Y., respectively. Clearly, Y, .C Y150 C

() ()
Yloc C--Yloc ?

Let us say that y

if 1<k<k <=,
(k)
loc
Cauchy problem (1.1)), if for any ujey

is an admissible data class ( of the

(k)

loc

. (k)
(0<jsm-1) and any fevige
there exists a unique solution ueC” of the Cauchy problem (1.1).

(k)
1

Then it will be our problem to know whether Yy oc is an admissible

data class of the problem (1.1) or not.

Remarking that if Y{gg is admissible and k“<k then Yigc)

P—

is also admissible, we define KO(P) by



(1.5) KO(P) = sup{k; Yigg is an admissible data class

of the Cauchy problem (1.1)}-
We call it the Gevrey index of P. Here we remark that if the
coefficients of P are analytic or nearly analytic, then the set
of k’s in égéiabc#s is not empty, cf. [1]1~[6].

It is an interesting problem to characterize KO(P) in terms
of the properties of the symbol of P. This is our theme in the
present paper.

Up to now we already know ‘the following results:

i) If the multiplicity of the characteristic roots is at

(k)
most r ( 22) and the coefficients of P belong to some ¥y 1

(l<Kl<§§i), then

(1.6) KO(P) 2> 'r—_‘i.

This theorem is due to Y.Ohya [1], J. Leray and Y. Ohya [2],
R. Beals [3], V. Ja. Ivrii [4], J. M. Trepreau [5] and M.D.Bron-

shtein [6]. We should remark that if u.ey(gg (0<j<m-1) and

J - 'loc
(k5)
erloi ( KISK2<F§f), then the solution also belongs to the same
(k5)
Y1oc

ii) In the case of constant multiplicity, the characteriza-
tion of KO(P) was performed by H. Komatsu [7] and De Paris and

Wagschal [8], ef. V. Ja. Ivrii [9] also. Concerning the case
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where the principal part of the operator has constant coeffi-
cients, see S. Wakabayashi [10].

1ii) V. Ja. Ivrii [11] gave some necessary conditions for

(k)

Yioe to be an admissible data class of (1.1).

In this article we will consider the operators with charac-
teristics of variable multiplicity, assuming its multiplicity at
most 2, and will give a new characterization of KO(P), which 1is

more precise than (1.6).

g?. Statement of results.

To state our results we use some notations.

Definition 2.1 (r¢%), rls () sy k=0,1,...,=). We say fhar

joo belongs to F(K) if there exist constants p and C such that
(2.1) HDifﬂ < Cp—|a||a|!K, for any o.
k, (k)

We say also that gix,t) belongs to T if there exist constants p
and C such that

j - +3 Sy K
(2.2) supﬂDzD%g(-,t)l < cp~ (ol I (lal+5)1%,  ostsnh,

for any o, j (j<k). Here | | denotes the,Li-norm.

It follows easily from Sobolev’s lemma that

y®&nhe, c 1 ¢ v,

(2.3)
Y @ne @ ¢ 1y,

U



Definition 2.2 ( BE[%P(K)] ). We say that h(x,t,E) belongs
krar . ‘
to Bt[S ()], if 1): h(x,t,&) is homogenuous of degree r in &,

and ii): there exists a constant p such that
o -
(2.4) lDiDngh(x,t,E)l < CyqP IBIIBI!", (x,t)eq, |&]=1,

for any j (sk) and any a, B, where Cja are constants independent
of B.
We consider the Cauchy problem (1.1) under the following

condition.

Condition (C). The following (C-1), (C-2) and (C-3) are

satisfied:
(k)
(C-1) avj(x,t)e Yoo,
(C-2) The characteristic polynomial Pm(x,t,E,T) can be

decomposed as

m-=Ss

(2.5) P = I (1=

S
m (x,t,E)) H (T—UJ(x’t’g)): sSZm,

J:l 'j j:l

where Aj, uj are real-valued and belong to Bg_l[él(K)]. Further-
more there exists a positive constant § such that if j#k then
(2.6) IAj-AklzG, Iuj—uklzs, lxj-uklza, (x,t)ef, [&]=1.

1 o
(C-3) For each g<j<s, there exists aj(x,t,ﬁ)eBg[SO(K)]

such that
I
(2.7) {T-uJ,T—XJ} =t (uj Aj)aj,

-5-



where { , } denotes the Poisson’s bracket.

Now, let Lj(x,t,i) be the Levi’s functions, namely

uJ+AJ
(2.8)  Ly(x,t,8) = P 1 (x,8,8,-95),  J=1,...,s

where P~ =13 D,P +
m 2

-9 =9 ;
- P ] =375 8E =3 and P_ . is

n
Y 3, D P -

. -1 "7 . .
j=1 &3 X5 ™ m 3 %%

the homogenuous part of degree m-1 in (&,t) of P. We define the

NI =

numbers {pj’oj}j= as follows.

l,...,8
t°L, 0-%m-2
(2.9) oj = inf{p21; if:%T‘EBt[S ()1},
i7"

where, if the set of p in the right side is empty, pj=w.
(o]
(2.10) o, = sup{020; t‘°LjeB2[sm‘1(K)]},

where, if the set of o in the right side coincides with R+={o;

0<o<»}, then 0 =
-

*
Kk (P) be the number defined by

Let k =
% 2p.t0,
(2.11) «k = min 5—%T¢l,
1<j<s™j

% . %
where « =2 if pj=°° for some j (even though oj=WL and k =« if

pj=l for every j. Then the following theorem holds.
¥
Theorem. Under the condition (C), if 1lsk<k , then the

F(K) well-posed. That is to say, for any

k, (k)

Cauchy problem (1.1) is

ujeP(K) (0gj<m-1) and any fe€T , there exists a unique solu-
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m+k, (k)

tion uel of the Cauchy problem (1.1). Here k=0,1,...,%.

Corollary. Suppose that kK is equal to some k., (1<k_.<2) in

1 1
the condition (C) and also in the definitions of oj, Oj and

% .
kK (P). Then, under the condition (C),

(2.12) Kk (P) 2 K (P) > 2.

. () (€,) X
oreover, if ujeYloc (0<j<m-1), erloc and K1SK2<?K(§), then
the solution u of (1.1) also belongs to the same Ylog

Proof of Coroilary. Since the multiplicity of the charac-

teristic roots is at most 2 and the coefficients of P belong to

(Kl)

Y (1<k,<2), we already know the existence of the domain of

1
finite dependence, cf. [2], [4]. Therefore, using a partition of
unity, one can easily verify that this corollary follows from

the above theorem. (q.e.d)

We give here some remarks on Theorem and Corollary.

Remark 1. If 1<k<2, the consequence of Theorem remains true
without assuming the condition (C-3), cf. [2].

Remark 2. Consider the case:

-1 ,0.8m=-2 .
tLj(uj—lj) eBt[S ()1, 1<j<s,

* *
where pj=l and consequently k (P)=«. In this case, even 1if K=k

the consequence of Theorem remains true, namely the Cauchy prob-

(“)=B, r(*)2p®_ ana B%[gr(w)]

lem (1.1) is F(w) well-posed. Here ¥y .

2

=T



o]
is the usual symbol class B%[Sr] of pseudo-differential opera-
tors. Cf. [12], [13] and [14].

Remark 3. Suppose that Kk is equal to some K. (1<k.<2) in

1
the conditions (C-1) and (C-2), and under these two conditions
consider the case: for every j (1<j<s) there exist 6.,>0 and

J
6j(x,t,£)eB%[Sl(Kl)] such that

6.
(2.13) by-Ag=t Jaj, infléj(x,t,i)|>0, (x,t)eq, |gl=1.

In this case, the condition (C-3) i1s automatically satisfied.
Hence it follows from Corollary that, whatever the lower order

terms of P may be,

(2.14)  « (P) 2 min 207 /(85-1), B7=max{1,6.}.
1<j<s J J J

Remark 4. Consider the following second order hyperbolic

differential operator as an example.

(2.15) P = D% P a, DD =bD - t" I b.D. - c
Jok=1 0% j=1 97
where inf fa. (x,t)£.£,>0, Ib,(x,0)E, #0, 2¢ and m are non-
(x,t)e® Jk J’k J J
[g]=1

negative integers. If {-1<m, then the Cauchy problem for this
operator is c well-posed (see the remark 2). Therefore we

consider the case of ¢-1>m, assuming that all of the coefficients
(ky)
belong to some Y 1 (1<Kl<2).

We see easily that the condition (C) is satisfied and that



%
k (P)=(2¢-m)/(/-m-1) for this operator. On the other hand, from
Ivrii [11] we see also that if the coefficients are analytic and
K>(22—ml/(€—m-l), then Yizg is not an admissible data class.

3 . *
Thus, in this case k (P) coincides with KO(P).

Our plan of the proof of Theorem is as follows. Modifying

uj and Aj near £€=0, we may suppose that

My (x,6,8), A (x,6,8) e Bp 5T (0)]
(2.16)

Iuj—uk|26§£>, Ixj-kk|26<g>, |uj-Ak|za<£>, if j#k,
m—
t
differential operators which we introduce in the Appendix. Set

where <£>=(1+|£|")l‘/2 and B l[Sl(K)] is a symbol class of pseudo-

Ai = Dt - ui(x,t,DX), i=1,...,m,
(2.17)
My = A8, ...bq, i=1,...,m,
where us+i=xi (i=1,...,m-s) and ui(x,t,Dx) is the pseudo-differ-

ential operator with symbol ui(x,t,i).
Since, with no loss of generality, we may suppose the

initial data to be null, we consider the Cauchy problem
(1.17) M u = (nm;P)u + f, null initial data.

We construct its solution by the method of successive approxi-

mation. Let ué be the solution of

i-1

(E)* T ub =1, null initial data,

{

where f0=f, fi‘1=(nm-P)u“ (i22). In §3 we will derive two types
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of energy estimates of the solution of
(E) Hmu = f, null initial data.

In §4, combining these estimates by the Holder’s inequality

(Lemma 4.1), we will obtain the successive estimates of u' and

u Y

*
show the convergence of Z:= under the assumption k<k (P),

1
which will give the desired solution of (1.17).
In the Appendix we will introduce a class of pseudo-differ-

ential operators with Gevrey coefficients and give some results

on its calculus, which we use éhroughout this paper.

§3. Estimates of the solution of (E).

In this section we are going to obtain two types of estimatecs
of the solution u of (E). The reasoning done below owes much to
Mizohata-Ohya [15], Ohya [1] and Nishitani [13].

3.1. Reduction to a system, I. Set

Uy = u, uy = Aiui—l’ i=1,...,m-1,

U = t(uo,ul.,...,um_l), F =t(0,...,0,f),
(3.1) A"

E = Y i

A +
1

where Au=(2w)-?/eixg<€>ﬁ(€)d£, (&) is the Fourier transform of

-10-



u(x). Then from (E) we have

E
(3.2) d;ﬁ = HEU + B'EU + B
.A f
Hl 0 ) IJS!
H = = S SV S I
0 H 1Ay A,
2 Nl
| LA
! A
\ . m-s)
(bi : )
1 Bil Biz bl 10,40
BT = = - oPsedo ], bl enfrs .
0 Bl ]bl J t
22 1 s+l

|

; bl

L | m
Hy(x,t,8) is diagonalized by

1
(3.3 W Got=| a0 ) endrs% 0.
% o . +J k=1i+1
1

Nl(x,t,DX) has its left inverse (in the operator sense) of the

form:

1 . Tij
(3.4) Nl (x,t,DX) = ... s

where rij(x,t,Dx) is determined by the recurrence formula:

-11-



_ 0p 40
. r.,.v-n, .- . . e
(3.5) ryy=ongyory 44, ¥i,5-1"5-1,3 € B8 ()],

and therefore rij(x,t,i) is represented as

rd — j_l - -—
(3.57) rij(x,t,g) = <g>J i I (up ) 1 + rij’ rijeBg[S l(K)].

k=1 d K

The diagonalizer N, of H2 and its left inverse Ngl are obtained

2
in the same way.

Hence, setting

-1
(3.6) N = {Nl S PR T N I
0 N 0 N,
2
from (3.2) we have
(3.7)  D.NEU = DNEU + B°NEU + NF;
My )
' 2 .2
P10 " 2 (B, BY,!
D = = sy , BT = 551 s
0 D, 1 Lo B22J
\ Am—y
2_ 1,,-1 . . 2 2
where B —{NH—DN+DtN+NB }IN"~, which is, consequently B11 and B22

are also, trigonometric matrices whose components belong to
0,0
Bt[S ()].
It will be important in the next paragraph 3.2 to reduce
the order of the off-diagonal components of Bil to -1. For this

purpose we diagonalize the matrix

-12-



My

b, .
. 1] (x,t,8); bijeBg[So(K)] are off-diagonal
0 L]
Hs components of Bil.
This matrix is diagonalized by

1 n”

L - . ij . - 0 —l
N1 o . 3 nij(x,t,E)eBt[S (x)1,
1

where nij (i<j) is determined recurrently by

P _ - ¢ - -1
S IR IR AL R PE LI PRI LEEERCO I I LIS BERAS R g

The left inverse (in the operator sense) of Ni(x,t,DX) is

1 .
r..
A—,l — . lJ -~ O —1
Ny T o= . s Pij(X,t,DX)EBt[s ()1,
1

where rij is determined by the same formula as (3.5).

Hence, if we set

- '—1
(3.8) N” = [Nl O], N1 = [Nl 0], V = N'NEU, G = NF,
0 I

then (3.7) is reduced to

(E”) D,V = DV + BV + G;

B = {N’D-DN'+DtN'+N’B2}N'—l = [

-13-



where B is a trigonometric matrix, the off-diagonal components
of B11 belong to BS[S_l(K)] and the other components of B belong
to BY[8° (k).

3.2. Reduction to a system, II. Set

(3.9) g
Q

n
O»
-
O
|
———
O
[
o

Then it follows from (E”) that
(3.10) DtQV = DQV + B3V + G;

3 3
B3 = (Bll By,

3
0 B22

= [[Ql’D13+DtQ1+Q1B11 Q1By5],

0 Boso

B3 is trigonometric. The diagonal components of B%l are

[Gi,ui] + Dtai + dibii

= [Dg-uy5De-Ay ] + 8;by5.
Hence, owing to the condition (C-3), there are b, bieBS[SO(K)]
such that
-1 -

. s -1
(3.11) (i,i) component of B%l =t bisi + t bi‘

Since the off-diagonal components of By, belong to BJ[8™ (x)7,

0
the off-diagonal components of B%l belong to Bt[SO(K)].

—1h4-



Therefore, (3.10) is written as

D, Q0B BI O
D.Qv - ( 1 M1R12) oy, t-1( 1 )QV
0 D2 0 0O
(3.10 )
-1 .
t B B ,
+ ( 11 12>v + G,
0 B22
where Bi2=Q1B12-Ql-B12 and every component of Bi, Bil’ Bi2 and
0,0
B22 belongs to Bt[S (x)].
"D, Q,°B
The symbol of 171712 is diagonalized by
0 D2
I N
_ 128 ~ _ ~ -1
(3.12) N(x,t,&) -{O . ), n,,=b.,, nij—éibij (ui-kj) s

where nij and b, . denote (i,J) component of N12 and B,, respec-

J
tively. The inverse operator of N(x,t,Dx) is N-1=iI —le).
0 I

Hence, if we set
Bll tB

(3.13) w=RNqv, B = N[

12), 8 = t7lgv + fa,
0 tB

22
then we have

(E) D W = DW + £ lmw + a,

-15-



where EEB2[SO(K)].

3.3. Energy estimate, I. Our aim in this paragraph is to

obtain an energy estimate of the solution of

(E”) D,V = DV + BV + G, V|t=O = 0.

It is easy to see that
(3.14) %EHAPVU < K IATV] + | [AT,DIv] + [ATBV] + [ATG],

‘ *
for any r20, where K0=HD—D 1 Here D belongs to Bg[sl(K)]

£2(12,12)
and B to Bg[so(n)].

The following lemma holds.

Lemma 3.1. There exist constants p and K such that

¥
*

(3.15) | [A",DIv] < (§)(20)'5+1(j-1)!KKHAT+1'jVH

[N
N egh
b

+ (20) FrtXg| v

z

for any r>0, and

E

* 3 .
(g) (20) 9515k ATTIV] + (20) Trtk] V],

I’ -
(3.16) ||ATBV] < =
j:
* .
for any r20, where r!=I(r+l) and r denotes the smallest integer

larger than or equal to r.
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The proof of this lemma will be given in the Appendix.
Using this lemma, we have
*

, r ¥ . .
ATV s (K +r K+K) ATV |+ 2 (T +1)(2p)‘3+1(j-1>!KKuAr+l“Jv
dat X0 jool g

(3.17)
+2(20) Tt k| v]+f TG,

for any rz20, where, in case of r=0, the 3-rd term in the right
side does not appear.

Now, we assume that
(3.18)  [476(-,0)] < %07 P (24p) 1Ak _(t),  rfor any r20,

where s (20), p (21) and A (20) are parameters and

%
Kr(t)=exp{Ko+2(r +1)K}t. For simplicity, we use the abbreviation:
-(r+ K
(3.19)  w_(s,p38) = t%7 TP (rap)1 ¥k (1),
Then the following proposition holds,

Proposition 3.1. Under the assumption (3.18), the solution

V of (E”) satisfies the inequality:

C
(3.20) ATV L) ] < —pAw, (s+1,p35t), 120,

where C is a certain constant independent of s, p, A and r.

-17-



Proof. When r=0, the 2-nd and 3-rd terms in the right side

of (3.17) do not appear. Therefore

-t
; K.+K)( t~-u A
iV < j; e(.O ) ( )Awo(s,p;u)du < g;iwo(s+1,p;t).
Next, supposing that (3.20) is valid for any 0<r<n, we show that
(3.20) is valid also for n<r<n+l. Here n is an arbitrary non-

negative integer. It follws from (3.17) that

¥

t ¥ r ¥ .
”ArV"S;[ o (Kot (r +1)K) (t-u) ¢ 5 (rj+l)(2p)—3+l(j_l)!KKx
0

Jj=2
< -r Ky A .
XS+lAwr_j+l(s+l,p,u)+2(2p) r! Ks+lwo(s+1,p,u)
+wr(s,p;u)}du
A Pt ripy K279 ke
sgrpvp (1m0 2 (T (TID) S
s+l'r il j=2t J J 1 (ln +1)K
-K,-T
+{r+p) 22K gy,
r (r +1)K
Since k21 and p21,
*
r ¥ -j+1
CRREE } < cp B HLS +2 <5 2.
j=2 9 p +1
Therefore it is sufficient if we take C=U. (q.e.d.)

-18-



By the way, the first s components of G in (E”) are null.

Hence, putting V=t(vl,...,v ), V =t(v1,...,vs) and V =t(v

m 1 2 S+12° >

vm), we have

(3.21) D,V

tVy = D

1Vp * By vy + BV

The following lemma will often be used hereafter.

Lemma 3.2. If BeBg[SO(K)] satisfies (3.16) in the Lemma 3.1

and V satisfies the, inequality:
”APV(-,t)" < Awr(s,p;t), for any r:z0,
then it holds that
[ATBV (- ,t) ] < CAw_(s,p;t),  for any r20,
where C is a certain constant independent of s, p, A and r.

Proof. It follows from (3.16) that

*
r r -l LS -r_ K )
ﬂA BVns T [j )(2p) J! KAwr_j(s,p;t)+(2p) r! KAwO(s,p,t)

j=0 '«

*
- * - -K

r -1 K .
. r r+p -J, -r(r+p)
sKAwr(s,p,t){.Zo (j )( : ) 27d427T (7] }

J:
$3KAwr(s,p;t).

Therefore it is sufficient if we take C=3K. (g.e.d.)
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Now, let us be back to (3.21). Since BlZGBS[SO(K)J and V

satisfies (3.20), using the above lemma, we see that

2

C
ﬂArB12V2" < g;iAwr(s+l,p;t), for any r20.

Therefore, by the same way as the proof of Proposition 3.1, one

can prove the following proposition.

Proposition 3.2. If G satisfies (3.18), then V1 satisfies

(3.22) ﬂAer(‘,t)“ < (§I§%%Eii3wr<5+2’p3t)’ for any r>0,

where C is a certain constant independent of s, p, A and r.

3.4, Energy estimate, II. Our aim in this paragraph is to

obtain an energy estimate of QV, assuming that G in (E”) satisfies

(3.18).

It follows from (E) that

%EHAPWH < Kol AWl + [ [AT,DIw] + e~ ATBw| + |ATG].

Therefore, using the Lemma 3.1, we have

E (K +r K) (t-u) /£\K r' r —J+1 K
HAPWIIS/' e Ko*r K (t-u) () [3) @7 a-n e
0 j=
(3.23)

*
. r - ¥
Tty (20) Tr MR 42 (? )(2p)‘jjsKKx

J

xi A
! .

-20-



x| ATTIW[+2 (20) T et KW [+ ATE Y au,

2-nd 4
where, in case of r=0, the }Aﬁd and 5-th terms in the right side

do not appear.-

~ -1

By the way, since G=t g’V+ﬁG; %’,NGBSESO(K)], using the

Proposition 3.1 and the Lemma 3.2 we see that
(3.24)  JATG(C ,t) | < CAw_(s,p;t),  r20.
Let us denote CA in the above inequality by A. Then, if s is large

we can show that

ch

(3.25) ”ArWﬂ < E:jwr(s+l,p;t), r20.

In fact, when r=0, it follows from (3.23) and (3.24) that,

if s22K,

t K_
Iw] < jg eKo(t'u)(ﬁ) Kwy(s,psu)du

i by ¢« 2h .
< g:ﬁ;iwo(s+l,p,t) £ S+lwo(s+l,p,t).

Next, letting n be an arbitrary non—negative integer, we assume
that (3.25) holds for any 0sr<n. Then it follows from (3.23) and

(3.24) that for n<r<n+l
*

t * K »r . % . n
HArwnsJQ e (Ko*r K)(t'“)(ﬁ) {352(§ )(2p)-J+l(J-l)!KKg%1x
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-r_ .k 2k
xwr_j+l(s+l,p;u)+(2p) Tyt Kg:iwo(s+l,p;u)

r¥_1

r =3 K CA
+= y Spval .
s z (j ](2p) J! Ks+lwr_j(s+l,p,u)

1 -r_ K, 2A ~
+a(2p) r! Kg;iwo(s+1,p;u)+Awr(s,p;u)}du

~

X r¥
SSHv (s+1,p;t){= (

rj (r+p)_KCK2—J+1 ripy ~<2K2"T
, . x| )
J=2

J J-1 (r¥+2)K | r (r¥+2)K

¥ _1 - -1 - -
+rz l(r* r+p Keke J+ r+p Koko™F s+l }
j=1 J ) J ) s=-K+1 ( r ) s=-K+1 s-K+1°°

Since k21 and p2l, if s24K then

1 r¥-1 -j
“+ 1+ 5 CK2 + 2K+s+1

jop KL T 5K

r¥-j+1 c27dt
5 J r¥+2

Therefore, if we take C=18, (3.25) is valid also for n<rsn+l.

Thus (3.25) has been verified.

1 1

Now that QV=N~ W; N GBS[SO(K)], using the Lemma 3.2 and

(3.25) we have the proposition:

Proposition 3.3. If G satisfies (3.18) and s24K, then the

solution V of (E”) satisfies the inequality:
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(3.26)  |AFQv] < %éiwr(s+l,p;t), for any r20,

where C is a certain constant independent of s, p, A and r.

§4. Convergence of Tul.

According to the way in the preceding section, we set

i i i i-_
ué =u", u = Akui-l (k=1,...,m=1),
i t, i i i t i
(4.1) U~ = (uO”f"um—l)’ F" = “(0,...,0,f7),
i i

v 1,

N°NEU', G¢* = NF

Then (E)l is reduced to

()t p.vl = pvl 4 Bl 4 6t7l, v

. =0, i=1,2,....

4.1. Reformulation of G', ixl. Taking {l,Hl,...,Hm_l} as a

basis, we can represent Hm—P in the form:

I 4+ c. Il + ... + ¢

(4.2) T_-P g L

m = %o'm-1 m-1"

Therefore, remarking that fl=(Hm-P)u1, we have

(1.3) F = 0 vl - 0 A

c

(2]

m-1 Co Cm_l c o e 0

" -(m=-j- Orsl .
where cm-j=cm-jA (m-] l)eB,C[S (k)] for j=1l,...,s, and

-23-



.=C .A—(m-j)
m-J m_Jo

(e

B[ (k)] for j=s+1,...,m.
Let cm_j(x,t,g) be the principal symbol of Cm—j' Then, taking
(3.4)0v(3.6) and (3.8) into account, we see that the principal

symbol of the (m,j) component of the matrix operating to v! in

(4.3) is

o . -j=1 J-1
j-1 -1 j=-2 -1 °
c_ L <&> I (u.,-pu, ) “+c <E> I (p.-y, ) ~+ .+c
m-1 k=1 J "k 2 k=2 k m-j
Therefore, if we set
o] o] o j—l
- _ -m+2 .
lj {cm_l+cm_2(uj ul)+...-+cm_jkgl(uj—uk)}<g> , 1gj<s,
(4.4)
J21
L= 1"so R
*0

then we can represent GT as follows:
i_ i o | - 50rs0
(4.5) G* = BLV" + B’V"; B,B7B.[S («)].

% above is closely related with the Levi’s function
Lj(x,t,i) defined in (2.8). Let om_l(nm—P) denote the principal

symbol of Hm—P. Then,

o Mm-1 o Mm-2 °
o] (I -P) =c. I (t=-u,) + c; I (t-p,) + ... + ¢
m-1'"m Oj=1 J 1j=l J

_ol_



Therefore we see that

(4.6) om—l(nm—P)lT=Uj = L<e>TE ge1, s,

On the other hand, because

Hm Pm AmAm-l 'Al-Am°Am—l°"'°Al
m
R RRLIPCLLILCHIP RN SO P PR ERPRLE WP

we see that cm_l(Hm—Pm) is equal to

r {9_(r- My )Dy (T~ —ug )+ Z Bg (- ~H; )D (1- ~Hs )} oI (T-1y)

j>i T k= Xy h#i,J

n
1 1

S D P 2 T {1-p.,1~ ~Hy }oo (T—ph)

=1 gk k ™ j>1i h#1,J

'R
l\‘{
+=2 My jif (T—uh).

S
Hence, using the condition (C-3), we can represent {. as follows:

(h.7) & = (L + m)<eT™E mg = 7 e gy, ayeBRlsTTE ()]

4.,2. Successive estimation. We assume that f in (1.17)

satisfies

(4.8)  JATe(-,t)] s Ap Tr!", O<t<h, for any r20.

-25~



Then, by the Lemma 3.2 we see that
(4.9)  [a%6%) < ciaw_(0,158),  r20.
The proposition 3.1 being applicable, it follows that

(4.10)  {ATV] < c,C A (1,13t), r20.

2

From (4.3) Gi is represented as Gi=MVi; MéBg[Sl(K)]. Remark
r+l1,-1,..1 -1

ing that ATat=n A TMVT; A MéBg[SO(K)], by the lemma 3.2 we se
that
A A
r.l \// \v/
(4.11) JAr"a l;sc3c2cl fl 1; t)sc3 Cjw.(1,2;¢), r20.

By repeating the above arguments it is easily shown that

r.i 1l ~.i-1 1
A v™] < $1037 050, Aw,, (i,i;t), r20
(4.12)
r.i 1 L.i 1
Ir ™| < 1iC37C5C Aw, (i,i+1;t), r20.

Letting n be an integer larger than UK, we repeat the above

successive estimating up to i=n. For i>n, using not only the

we are
Proposition 3.1 but also the Propositions3.2 and 3.3, We=witd—be

able to give estimates of Vi and Gl sharper than the above.

From (4.12) we have wilh ,o,i{uifzt perm

(4.13) A% < Kwéh,n+l;t), r>0,
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_AeNAN
where A—C3 0201

3.3 we see that

A/n!. Therefore by the propositions 3.1, 3.2 and

C),K
r,n+l,
[ATVETH ) < SV (ntl,n+lst),
C.K
(ho1l)  ATVETR) <« 2w (ne2,n415t),
(n+1)
C K
+
"ArQVn lﬂ < Hgiwr(n+1,n+l;t), for any rx0.
We estimate APLJV?+1 and Arﬁjv?+l (1<j<s), taking (4.5) and
(4.7) into account. Here Lj=LjArm+2, r?1J.=mJ.A—m+2 and Vn+1=(v§+l,
.,v£+l). We are assuming k<k¥. Therefore, from the definitions
- - 040
%
of Py Gj and k¥, there are pJZQj, OJSOJ, ajeBt[S (k)] and
bjeBg[Sl(K)] such that
] =P 0,0
L, =t JYa.,.8, =t 9Y{a,s,.+a; TeB.[8" (x
J #57%; tajdytagh, ageBl87 ()1,
g
b1 L. =t YD,
( 5) 3 j°
2p:+0;
kK < k"% = min —L J ¢ ¥,
lsj$sp5—l

In the case of pj=W, the first expression of Lj i1s meaningless

and will not be used actually.

Hence we get the following inequalities from (4.14) using

the Lemma 3.2.
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C.E

HAI'LJ ?+1" < n11 w, (n+l- pJ ,ntl;t),  r20,
(4.16)
Cok
JATL, n+1u < —§———— (n+2+03,n+l;t), r2-1.
JJ (n+l) r+l J’

To combine these two inequalities we prepare the following

a vartant .
lemma, which is the—refermed—ene of the HOlder’s inequality.

Lemma 4.1. If p20, g0 and p+g=1, then
A u] s (A7 Puda™ P,

Proof. By the H6lder’s inequality,

| AT Py 29y ATy 2P

1 1
29z 2p=
[{<e>T"Place) |} qd&]q[j{<€>r+qlﬁ(£)l} Pye 1P

v

J<£>2r|ﬁ(£)|2dg = nAfuu2, de=(2n)""a¢g. (g.e.d)

Combining the two inequalities in (4.16) by this lemma, we
have

C,A

n+lh < 9 (n+v,,n+l;t), 120,

r ———————————
(4.17) ALy, (mrp)IFa e

where Vj=l+(l+03)q-pjp- In the same way one can verify that

. X
(4.18)  [AT@ v ¢ —20 (n+2q,n+1;t),  r20.

£ ="
Jd (n+1)17a THa
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Therefore, owing to (4.5) and (4.7) we have

Cpq8 Cq ok
< ?__—;T1§Wr<n+v’n+l+qst) + EIT_wr(n+1,n+1;t)
n+l

r,n+l
!

where v=min{1,2q,v1,...,vs}- Remark that

%

(n+1)(r+n+1) 1 < (r+1l+n)(r+l+n)! ~ (r+l+n+q)!.

Then, finally we have
C, X

(4.19) ﬁArgn+1n < (——%§Iiawr(n+v,n+l+q;t), r>0.
n+

Here q is regarded as a parameter.
If v20 we can repeat the above arguments. Therefore the

following proposition is verified by induction.

Proposition 4.1. If v20, then it holds that

N
. C.C7,A
(4.20) ﬂArVn+l+l" < ?_%3 T3oW, (ntivil,n+l+iq;t),
(n+1v+1)T5 75 (n+jv+l) 4
i
. C.Ci K
(4.21) HAPV§+1+1I < 5 ?—}3 77w, (nH1v+2,n+l+ig;t),
(n+iv+l) Hj=o(n+jv+l) 4
i
. C,C7,A
(4.22) uArQVn+l+l“$ I_%B TF wr(n+iv+l,n+1+iq;t),
(n+iv+1)Hj=0(n+jv+l) !
Ci+lA
(4.23) "Aan+l+1| < 13 wr(n+iv+v,n+l+iq+q;t),

i " 1+q
Hj=0(n+gv+l)

r>0, 1=0,1,2,....
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4.3. Convergence of Iu’. Remark that EU1=N_1N'_1V1;

N-t N’-IEBSESO(K)]. Then from the Proposition 4.1 we have
1
. CZCT K
(h.2u) ATy > 13 w_(n+iv+l,n+l+iq;t).

(n+iv+l)H§;é(n+jv+l)l+q r

By the way, we can represent D%—lAm—Ju as follows:
R |
DI 7hA™u = TxTa L AL .au
k=0 J,Ji-kk 1
.s=1 J=-1
-2-k m-1-k
= £d, ., A" 2 d, , A
Koo Jsd-K B I B i
Or m-1-k -m+2+k_ .0-.1
where d, . ,eB [8 K d. . ,=d., . A €B, [87(x when
J,J-k gt ()1, Jsd-k "J,J-k gL8 (k)]
-m+l1+k _0-.,0 .
k=0,1,...,s-1, and aj,j-k=dj,j-kA eBt[S (k)] when k=s,...,j-1.

Therefore, if we define the norm A"uf by

“Dj—lAm-j+ru l2

(4.25)  JaTul? = :

J

s rz>0,

[ =1
=

then it follows that

crel x

2 13 (n+iv+l,n+l+iq;t).

X +141,
(4.26) JATu" i < . w
(n+iv+1)H;;é(n+jv+l)l+q r+l

Now, we remark the followings:

1. (n+iv+l)q(r+n+2+iq)!s 2q(r+n+2+iq)q(r+n+2+iq)!n/2q(r+n+2+iq+q)!.

o /r+n+2+ig+q r+n+2+ig+q
. . 2 .
2 ( 1q+q )s
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d

3 l1+q

l+q > v(1+q)i

i . .
Hj=0(n+Jv+l) (i+1)!

Then, if v>0, we see that

y K
(4.27) NArun+i+l“ < "m0 T (pans2) 1 ¥ (oY)t Eata) !
(1+1)!

where C=C N

13
independent of r and 1i.
Now that by Stirling’s formula

(1a)1*  {/Z7iq(ig/e)19)¥
., 1+q ol i,1+qg?
it {(V2mi(i/e)™}

we have the following proposition.

Proposition 4.2. If v>0 and gk<l+g, then

w -
(4.28) T ﬂArulm < const.p” " TrtX, 0<t<h.

1+q°

—(1+ - -
214, (1 q>p ! C’=e2Kh2Kp 1 and ¢” is a constant

Furthermore, even when v>0 and gk=1l+q, the above cosequence

remains true for Ostsho, if ho is taken sufficiently small.

If pJ.<°° for every Jj, then the condition assumed above 1s

equivalent to

1 '
(4-29) 0<q51: q<K_1, q>p:+0:+ls J=l,...,S.
J J

On the other hand, we are assuming that l<k<k¥.

parameter g which satisfies (4.29); see (4.15)
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pj=w for some j, it is sufficient if we take g=1.
Thus the existence of tge solution of (1.17) has been proved.
By the latter half of the Proposition 4.2, we see also the
local (in t) existence of %ge solution in the case: pj=w for
some J and k=k¥ (=2).
The uniqueness of the solution will be proved as follows.

Let u be a solution of

(4.30) Hmu = (Hm - Plu, null initial data.
Suppose that

(4.31) mAruH[s const.p TrtX, for any rx0.

Then, by the same way as the proof of the existence theorem, we

can show that
(4.32)  JATufj s const.cFri¥(ct¥)I Tt (aq) 1 a1 1¥e,

r>0, i=1,2,..., where C, C° are constants independent of r and 1i.
If v>0 and gqk<l+q, then the right hand term in (4.32) tends
to zero as ; to ®», As shown above, if k<k¥ then there 1s a para-
meter q which satisfies v>0 and qk<l+q. Hence the uniqueness has
been proved, too.
At the end, we give some remarks:

1). If 1<xk<2, the consequence of the Theorem remains true
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without assuming the condition (C-3), because we may take g=1
for the condition “v>0 and gk<1+q” to be satisfied.
2). One can prove what we stated in Remark 2 by taking q=0,

C
because v=0 and by taking n large one may suppose that ~;§<1 in

n+l
(4.19). cf. [16].

Appendix

We introduce a class of (Gevrey) pseudo-differential opera-
tors and give some results on ifs calculus which we used through-
out the paper, referring to H. Kumano-go [177] and S. Steinberg

[18].

Definition A.l. A function h(x,£)eC” (R"xR™) is called a

symbol of class Sm(K,p), —o<m<o, k>1, p>0, if it satisfies

(1) |h§gg(x,g)| < Cap_|8||8|!K<g>m_|a|, (x,8)eR"xR",
for any a and B, where hggg=agDih(x,£) and Ca is a constant inde-
pendent of B. We put S™(k)= U S™(k,p).

p>0
We define the pseudo-differential operator corresponding to

h(x,£)eS"(k,p) by
(2 mu= a0 u = [, pule)ds,

and say that H (=h(x,Dx)) belongsto Sm(K,o). We call o(H)=h(x,§)
the symbol of H. We set 8™ (k)= L)Sm(K,p). Then the following

A p>0
theonem Relds.
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T?eorem A.l1., 1), If HieSmKK,p), i=1,2, then H1H2 belongs
m, +m

1 el e
2(K,p ), p"<p. Moreover, the symbol of H1H2 has the

asymptotic expansion: For any positive integer N,

to 8

m,+m,~-N

1 172

- (a)
(3) 0(H1H2) = Iazl:<Na_!.hl (X,E)h2(a)(X,£), mod.S

(k,07),
where hi(x,§)=o(Hi).
2). If HeSm(K,p), then H*¢S™(k,d), p“<p. Moreover, for any

positive integer N,
(1) om*) =z ZR(x,£)," moa.s"N(k,p"),
|a|<N®* ()
where h(x,£)=c(H). Here H¥ stands for the adjoint operator of H,

namely

JkHu)(x)v(x)dx = Jﬁ(x)(H*v)(x)dx, for any u,veS.

To prove the theorem, we introduce a class of pseudo-differ-

ential operators with double symbol.

Definition A.2. A function h(x,£,x ,£7)eCT (R"xR"xR"xR") is

called a double symbol of class Sm’m'(K,p), —w<m,m <o, k>1, p>0,

if it satisfies

(5) |hgg’g:§(x,g,x',g‘)[sca 0t,p'IBJ'B’l|B|!'<IB’|!"<<E>m'|°°|<£’>m o

/)=

(x,E,x",£" )eR"xR"xR"xR", for any a,B,a”,B", where h§§’§,)
b
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a0 - . g . .
=SEBE,D§DX,h(x,£,X ,£7) and Ca,a' is a constant independent of
B and B~.

We define the operator corresponding to h(x,£,x",£7)e
s™™ (k,p) by

Hu = h(x,DX,x’,Dx,)u

= OS—HU e_i(y&y‘g‘)h(x,ﬁ,xw,&‘)u(x+y+y')dydy’did€’,

‘ )
ueB, where Os—l&] denotes the oscifétory integral, cf[17].

We say that H (=h(x,D_,x”,D_.)) belongs to g™ (¢ o).

The following three propositions are already known, see [17].

1. If h(x,DX,x',DX,)esm’m (k,p), then
h(x,Dx,X',Dx,>u=f// et (X=XTIEHIXTE y (& x7,E7)A(E7)AE" dx - AT,

ueS, where the integration is supposed to be done in the described

order.

m.
2. Let Hie8 T(k,0), o(Hy)=h, (x,&), 1=1,2, and set
mq ,Mm

h(x,E,x‘,E’)=h1(x,£5h2(x',E’). Then h(x,£,x ,£7)eS 2(K,p) and

H1H2u = h(x,Dx,x’,Dx,)u, ues.

3. Let He8™(k,p), o(H)=h(x,E), and set A (£,x")=nh(x,£). Then

m,O(K

ER(E,x’)es ,p) and
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H¥u = HR(DX,X')u, ues.
Therefore, Theorem A.l1 follows from

Theorem A.2. Let h(x,£,x ,£")eS™™ («,p), and set

hL(X,E) = OS—JTe_iynh(x,€+n,x+y,5)dydn.

Then,

m+m”~

1). hp (x,€)eS (k,p7), P <p.

2). h(x,DX,x',DX,)u = hL(x,Dx)u, ueSsS.
3). For any positive integer N,

;Th(a,o)

(7) hL(x’g) = |aI<Na.' (O,a)

(x,8,x,8) + ry(x,£),

where h(a’o)(x,g,x,i)68m+m —lal(K,p‘), p <p,
(0,0)

1

rN(x,E)=Nj

(l—G)N_ldGOsiU lz ~%7e_lynh§g’gg(x,£+6n,x+y,5)dydn
d b

0

m+m -N(K

and rN(x,E)eS 7).

To prove this theorem, the following lemma is important.

Lemma A.l. Let h(x,E,x ,E”)es™™ (k,p) and o, B, a”, B~ be

arbitrary multi-indices, and put
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a(x,E,x7,E7) = nehel) 08,780,

2 (x,8) = 0s=[[ VMg (x, E+0m, x+y, £)dyan,
where 6 is a parameter with |[6|<l. Then,

|qe(x,£)| s Ca,a'p‘—ls+e |l3[!K|B'l!K<g>m+m -|a|-|a’|,

(x,E)eRnXRn, p"<p, where Ca o is a constant independent of B,B~

L]

and 6.

Lemma A.l and Theorem A.2 are easily verified by consulting
[17], so we omit these proofs. At the end, we give the proof of

Lemma 3.1.

Proof of Lemma 3.1. Let HéSm(K,pl), o(H)=h(x,&), m=0 or 1,

and r>0. Then by Theorem A.2,

NZ1
(8) o(ATH) = I = iTag<g>rh(a)(x,£) + 1 (x,8)
J=0lal=5"
where N=r“+m and
1 N-1 [ Ayn 1 .a r
rN(x,£)=N 0(1-6) d@Os—U e |aT=NaTag<€+en> h(a)(x+y,i)dydn.

It is well known that if PESO, o(P)=p(x,£), then

(9) [Puf < Clplzﬂuﬂ,
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where C is a constant, / is an integer, both of which depend only

on n, and

(9°) |pl, = max. sup|p‘®)x,&)|<e>"1%l,

L la+gsix,g (B

Besides, we see easily that

% s s
Loa e (3 )elee ar ge, e,
(10) X .ET|3£<€> | < {
Gl'—“J CJ<€>r_J’ if j>l°*,

where C is a constant independent of r and j.

Thus, the proof of Lemma 3.1 will be over, if we show

-|a|+m

|hy) (x,E)<E>TT], < Coj (Ja]-m)t*,

(11)

ey (x,8)], < Co5 rt",

where C and Py (<pl) are constants independent of a and r-

It is easy to show the former, so we show only the latter.

Put
;N(x,g)=OsiUPéiyn L éjag<g+en>rh(a)(x+y,£)dydn.
la]=N""
Then,
e (v) Ayn . .=2k" o ,2k7 -2k 2k, .1
= - D > <n> <D >“{z
(rN)(u) ZCYl,YgoS-er Y n " y o!
aty (v,)
1 r 2
XQE <g+0n> h(a+u)(x+y,5)}dydn
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[ v

l _ .
=1C T o ° Cy v 'Osjj éiy“z§;<y>‘2k
T1oY2 v +v, ] <2k” 12 V2sH '
|u”|<2k
v aty.,+v (vy,)
1 -2k 17V2 r, Y2
X <n> + - .
Dn n ag <E+On> h(a+u+u )(x+y,€)dydn
Because (a+yl+v2)!/a! < (N+@+2k‘)e+2k’,
> A\ +2k7 N+2+2k~ -N-{-2k K
|7y ly $C 4 g, - (NH€+2K7) c N (N+{+2k) 1 ¥k

x<g>mj<y>_2k’d¥[<n>'?k<g+en>r'Ndn,

Here we used (10).

If 2k“>n, then <y> X 1is summable. If 2k>n, then

<n>'2k<g+en>r'Ndn < Ck<g>P_N,

Jiteeo

.

=2 N

<n> k<g+en>r' an < ck<g>"2k+n

J o
In|25<€>
Thus, if we put k’=((n+1)/2)¥ and k=((n+l+m)/2)¥, then

r*+m+ﬁ+2k'—rp—r*—m—Zk—£+r

(r¥+m+g+2x ) 2K ¢ ]

17y 1y <Ch ;e

- T
* K /P -
(Lm0l (1) (pg/0) Tt

P1

r!K

sC’pgrr!K,
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where pJ<p,, Pr=g~> and C” depends on n, m, ¢, p, p~ and k but

does not depend on r and 6.
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Thus the latter of (11) has been proved. (q.e.d.)
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