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1. Introduction

Theorem 1 (=75 OEHE).
X BNFEZEHTH 572613,

lz1* + Iyl = llz = y|I* <= 2 Ly ({z,y) = 0).

DD LB FTERTH & HFREHITERR, FIH X TWw 5.

PAEZEETIENAEDS 0 TH L E LT 2DODTEDER R EZ S I LN TXE, A%
MIC B 2 IR OBEEREA H» 08RG < | A S R fThbhTnwd. —7, /v
LZETIENBEATEET 2 L RS20V T, L AI2lT 35X RERITED
BRZR L7 OB ENER, RSN TW5 ([2, 3] FE5H).

VL ZERITE, = FFOEHICBIF 2 EFRICE D Pythagorean HR2ER X
ns.

Definition 2 (Pythagorean EZ). /L AZEH X DT z,y WXL, 2 2% y I
Pythagorean EXX 3 % (z Lpy EFKik) &1,
ll% + llylx = llz = yll%
DD ILDHEZE D ([6]).
Pythagorean [EXX DZ&MAFUE, 2 KT EDBEED /)L 2 ly-norm || - ||y ZHWT

)1/2

Izl yllol, = (2l + lylix) ™ = llz = yllx

ERBTE 5.
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p RIZEHT 52— RIDDODLTDERINT V.

Definition 3 (L, BX). /A L%0H X DT z,y AL, 2 28y I L, BRT 5 (
a J‘Lp y Zi%ga) tbi,
2l + [yl = llz — yli%
D DIIDOHFEZE S ([8, 12]).
L, BRDZEMKS, ¢,norm || - ||, ZHWT

1
Illzllx, Lo, = (2l + g5 = e =yl

ERBIFETH 5.
UEho, REEZ 5.

Definition 4. ||-|| ZFE 22Xt LD/ VLT 5. JIVAZER X OJT 2,y WHL, 2
D3y \Z generalized relation of Pythagorean orthogonality by |- || 242 (2 L jcp ¥
eI ik

[lzllx, [yl = [l —ylix
N RVASL R =¥

H normalized: [|(1,0)|| =|(0,1)]| =1 ZIRETZ % ([1]). 0 U ETH 2 ||z]x,
lyllx LT |(12]lx, [yllx)|| & Z2DT, absolute / L A%EEZIETHITH
%. 2RTT LD 7 VL || || A3 absolute Tdh % & 1%

I(a. )]l = li(lal, D]l ("(a,b) € R?)

MDD Z e ZED (5, 11]).

generalized relation of Pythagorean orthogonality by || - || 1 L, EX%Z &, &<
T/ IV AZERNZ BT % Pythagorean ERXD—fRILTH D, L, BEXDERETREZ,
WNIEZERIDER % /2 L LZEEIC—RIE L 72 b D TR RoTWd (p # 2) RIHE
BEDRETH 2 SEITHIZZETS).

L LAENS, /IVAZERICEIT % Pythagorean [ERDNi723 3 DDFEEHE %,
generalized relation of Pythagorean orthogonality by || - || 7z 3 Z & 23R L 7=.

2. Results
Pythagorean [EAE—f%D /L AZERNCEB W TR 3 DODFEEHEiZ LT\,

Theorem 5 (existence). X % /W AZEfY§2. ZotZ EEO MK
rye X E p>0NLT, a,beR, b>0, 2] =p BEY 2 Lp 2 ZHiLT
z=av+by PEETD.

Theorem 6 (a-existence). X Z / VAZEME T2, ZO X, FED v,ye X I
MLT, 2 Lpax+y 273 a € R BFIET .



Theorem 7 (orthogonal diagonals). X % /)L AZE 3 5. ZOr X EFED
vy € X AU, atry Lpw—ry EMLT r>0 BEEL,

R E S W 1

<r< .
V2 lylly V2 —1yllx

IS D% generalized relation of Pythagorean orthogonality by || - || 1ZXF
LCEEIL 7 ([10]).

£ 2 X5t LD absolute normalized / )V A2K%E AN, ¥Rl T 5.
[(a,b)[lx = |a| + [b]

TEDHND ||-]|; 1ZBH L Tl generalized relation of Pythagorean orthogonality by
|- [ F=ARERXDESHILTH D, LR TIERRNT 2.

Theorem 8 (existence). X & /L AZEME L, |- |1 £ ]| € AN, €525, Zok
X EEO—TMIR 2,ye X 2 p>0RXNLT, a,beR, >0, ||z =p BLY
x Lyep 2 i’z 3 2z = ax + by DMAET 5.

F2XTT LD 7 VL || - || WL TE— T |[(b,a)]] = ||(a,b)|| 23263 L B AILL
ZOVDT, z Lyjepy AT LD y Lyjjep ZERET, v +ry Ljjgpz—1y B
r—ry J—|\-||G’P T +ry ZER L.

Theorem 9 (orthogonal diagonals). X % //VAZEME L, ||| # |- || € AN, &
T2, Z0E MEED v,ye X TN, o +ry Lyjjegp v —ry ZifiZz3 r> 0 237
E9 5.

7w —sy Lygpz+sy BT s >0 DN

I DIzl

1,1
, < sy < DIl
2yl

2= (@D yllx

MMALT 5.
a-existence % 7R3 BE sharp triangle inequality 236 72 - 7=.

Lemma 10 (Sharp triangle inequality [9]). X %/ /VAZER T 5. ZDr Z, {E
BEOD r,ye X\ {0} 1ZxfLT,

x Y )
ux+m$:w+wu@\\bmmwwmm}
ERR

Theorem 11 (a-existence). X %/ VAZERE L, |- | # |- || € AN, &5 5. Z
DEE, EBD 2,y e X ITHLT, 2 Lyjjgp az +y &l a c R BFET 5.

129



130

Proof.
F@) = Iz, [[tz + yllx)l = [z = (tr + y)llx
= [(lzllx, itz +yllx) = (¢ = Dz + yllx.
TR f(t) ZEFET S L, /LA | -] D monotonicity 75
() > [tz +yllx — [t = Dz +yllx

DAL 5. s BT % |ly + sz||x 2 convex RDT, T3 KEZ ¢ > 0L T
&) = itz +yllx — It = Dz +yllx > 0.

—F, TORERADEITHLT, ||z)lx < |te+y|x DD ILODT, ||| € AN,
WX LT sharp triangle inequality Z W5 &

f@) = l([l]lx, 0) + (0, [tz + yllx)I| = [I(t = D2 + yllx

< lzllx + [tz +yllx = @=L DI) lzllx = (1t =Dz +yllx

1
x+¥(y—x)

— It
X

1
= (10, DI =D llzllx + It 2 + 2y

X

|7+ $yllx — [l=llx
1/t

= (I DI = 1) [l x —

o+ v = 2|l — lllx
* 1t

TBY, N_(r.y—2) = No(z.y) — zllx & |- #]|-Ih 25,
Jim (1) < (I D) = 1) el = N-(29) + N-(2,y )
=~ @~ D) el <0

2185, 22T, N_(z,y) ¥ 2 IZBT 2 y HIAD left Gateaux differential TdH 5.
D{J:ck b f(to) =0 %67:? to € R 75§T?‘EL, T J_HHGP toxr + y.
O

sharp triangle inequality DISHIZD o TWE 728, 25 5 DREHIZMEN L 7=

3. Examples
RHIE 51D generalized relation of Pythagorean orthogonality M & LT,
[[(@; b)[|oc = max{lal, [b[}

TEDBNG || [ KHLRDEENS.



Example 12. {EE®D / VLAZER/M X 1BV, ||z — 2| <1 Z#i/zd 2,2 € Sy &
Ehy=ax—2%r9%. ZOLZ,

[lzllx yllx) e = llzllx =1 =lzllx = llz —ylx
BODT Liecr ¥ WAL T 5.

HLET/IVLZERIZEIF 5 Pythagorean [ERXD—f{LTH b, NEZEHDER
T VAZERIC—RIE L 72 0TI RWEle LT, XpBIFons.

Example 13. BHED /LA || - |l EWEZFED 2 ZOCZEMICBWT, ¢ = (1,0),
e =(0,1) ICRL e Ley THY, BAZAESLZFHOEHO—HlE LT3:4:5
WBIEHICERTH 5D, 2 I3RS pe[l,00 1L T

[(13exl2 [[4ezll2)ll, # [[([[3exllz, l[4e2ll2)ll, =5 = [I13er — dea|l

&0 3ey Ly ,ep dea THD. —HRD absolute normalized / W LIZEL TS ||(3,4)]] #
5 7% BGi, Eﬁo) 2 ﬁﬁ%ﬁﬁﬁb:%b\f 3eq 7J/_HHGP 4eq TH5.

Z2fd] 8 K O generalized relation of Pythagorean orthogonality T3 % /L A4
&Y, HBRT PUITH LTI Pythagorean ERRLHFEZERNICBIF 2 ER &
F—oMRe 22585dF5.

Example 14. (a,b) € R? IZXfL

(e, 0)[ = maX{H(aa D)oo, \2\(@7 b)H1}

TERIND VL || -] 12D2WT, 2B/ (R || - ||) 2B % generalized relation of
Pythagorean orthogonality by || - || & 2 5. ARONBITZ—MHINZ 202D ) L 1%
EZHH, ZICEA—DbDEMHERT 2.

e1 = (1,0), e = (0,1) IZR LT,

llev = exfl = (1, =) = V2= (I, )| = lI(lleall, lle=])l

72DT ey Lapy €2 DALT 5. Theorem 8 E L TIE =€y, y =€, p=1 1R L
Ta=0,b=1THYH, Theorem 11 L TlE z =€, y=e XL Ta=02F
Z5b. £,

(o1 +e2) = (e — ea)l| = 2lleall = 2 = | (V2. V2) | = l(lles + e, llex = e

Zﬁﬁi Dﬁ%, €1 + €2 J_GPH,H €1 — €9 T%é Iﬁjﬁc: €1 — €2 J—GP||~H er + eo %)EFIJHH L,
Theorem 9IZFAL T r=s=1T»H 5.

TNDIE e, e WHAT e; e WRHLTH || -], ||+ B 2EIEFELW
HWCHD, o7 B L TIEZE/ (R || - ||) 2B % generalized relation of
Pythagorean orthogonality by || - || Z A2 T Z &%, LELIFE RS TR L.
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