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Abstract

Dynamics of the t;o—dimensional stellar system &ith the frequency function
of the generalized Schwartzschild type has been investigated by means of the
non-axisymmetric, non-steady and collisionless Boltzmann equation. \In the
present paper, the dynamical features of the stellar system in which the
quantities with the trigonometric functions of the longitude were assumed to
be of the first order smallness, were examined under the requirement that
the identity condition of the potential must hold for all values of the
coordinates as well as of the time,

In general, two kinds of waves occur, the one advancing as a rigid rotation,
while the other receding as if it compensated for .the differential rota-
tion, so that the resultant wave acts so as to develope the spiral arms.
There exisﬁs, however, a special case in which the latter wave is not per-
missible. The_one-armed and/or‘the two-armed patterns are possible, but

the former appears on the looser condition than the latter.

Introduction
Hitherto, many investigations have been presented on the, problem of the

spiral structure found in the flattened galaxies. Most of theories
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1ave regarded the spiral phenomena as duz to the effect from some pertur-
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bation deviating slightly from the overall steady state. And an approach
that imposes the so-callced spirél potential as the perturbation seems likely
successful, as chown ia the :ecént locture given by Contopoulos (1970).

With respect to the origin of such perturbation, however, any reasonable
explanation seems not to have been given up to the present. To this
problem some kinds of approach may be coanceibable, buf we wanted to collect
information on the multiforaiiy of the dynamical features of the stellar
system depending on the various different G¢ynamical conditions in the hope
tiat it might bring a general insight to the preblem. So we planned

detailed investigation int o the two-2din

O

ensional stellar system being non-
axisymmetric, non-steady, collisionlecs and veing consisted of the frequency
iistribution funcition of the general Schwarzschild type after the way

Chandrasekhar (1942).

The present paper reporis the result obtained under the requirement
‘that the identity condition for the potential should hold always and
everywhere in the self gravitating two-dimensional system.

Here, we add a brief mention on the contents of this paper. Ingl the
formal but strict relations among the coefficients of the velocity ellipse,
the motion of the local standard of rest, the potential and the so-called
weight factor to density X are derived. The formulae therein are the basis

4
for our investigation heveafter. Informations from the zeroth order appro-
ximation and the first order one are éhowh:hz@Z and in 3 respectively.
In g 3, however, the so—called weight factor X which is a function enterad
in the frequeﬁcy function and depends on the coordinates and the time, has

5 are

N

especially been assumed to be constant or negligible. Both & 4 and

devoted to the more general first approximation dropped the above-mentioned



restriction to X . Aad finally, wmain-results and releted discussions are
given in § 6.
The most important conclusion of the present investigation is that under

the above-mentioned requirement for the identity condition of the potential,

e
tn

he spiral patterns can only appear as leading. Waereas, as wi
ia the following paper, anotuer requirement

leading or trailing depending on some parameter values.
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1. Formal Solution of Liouville Equation.

Dynamics of the disK-like stellar system is considered in two-dimension
throughout in this paper by adopting the raaial coordinates (r;e ) with
thelr origin at the center of gravity of the system. We assume the frequency
distribution F(P) as follows

FRY=F{ X~ 4 (T~ ¥~k (900" ~ 28 (- ToX@-@a)}, €
where T, ®: velocity components radial and tangential,

T @,: velocity components radial and tangentialnof the local centroid,

h, k, 1: coefficients of the velocity':ellipse, |
and all of the parameters X; h,. tesesee; To , @), are functions of r, & and
time ¢t .

I1f F(P)=const.exp(-P), then 1o, ®,; 1/ 2h, 1/ 2k, 1/ 41 correspond to the
motion of the local centroid, variances and covariance of the residual velo=-
city at (r, &) respectively. But we do not impose any special form of F(P)’
for the present, accordingly I, Qare to be some representatives of motion
of the local centroid, and h, k, 1 are to be some measures’ of "the variances
aﬂ%variance of the residual motion,

Jhe .
Now, two-dimensional Liouville equatiom in the polar coordinates is

written as

D& 12, F__
3 en eo e (e D=, @

in which Sb = Sb (r, &;t) denotes the potential function. Putting (1) into

(2), we have

~

3
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fQ X=Ted+ @,
5 .
% ~ 2 (X~ = 4 2 —5-‘* ®356, =S4T +RE+24TH@,. (5

2 (x— 28
zang XB=A|’Y),‘1‘A1%@' )

The solutions of the partial equations in (3) and (4) are given after some

dlf{;M
calculations.
'4?== H((.‘.)—l‘e\m, }
| |
R=HE) +ats~2vbet YA, § e _‘-‘”‘5""-) */= ==3,9
Do = bl $in { O+ %O} = bi(E) Sun Bt baltdcoss,
f126= B8 Stn{ 260+ Fae) = By (6) $Un 20 + bl c028,
28y= ¥ {AE— 2}, \ P
. } - ZC x. : (7)
/ Ve !
24,= Y{ D) --9\3.9 1‘2‘)’53}) )
T = 2 (ka- {24.)
4 7 stk
@a‘——""lz_(e‘oa— £A|>) J . (8)

in which 9&275==ng(%=0 has been conditioned from the.physical view point.
Ellimination of X from (5) fesults with references to (3) and (&)
i+ = 0. (9)
This represents the continuity of X along the motion of (T,®.) signifying
that all the particles labelled with X move with the same velocity as the
local céntroid. Therefore, X is regarded as something like a weight to
be applied to F(P-X).

As regards the gravitational force, wé'have from (5)
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28 i, =X 2%z £ (10)
y39=é'( 4;3‘&) %(A"%f), ve = 22)96 E% j '

where $b, denotes the potential function taken no account of X while Jb. the

one contributed from X alone.

The local density ¢(r,46& is, therefore, readily derived from Poisson's

relation, namely
¢= i+ Q,

-4TN&G 9 = ——-—aYA*YTY +y3 26, (11)

where G 1is the gravitational constant.

In a self-gravitating system, however, some frequency distribution func-
tion with an argument P in (1), must be found really from the expression of
¢ given in (11). But this is possible in general as ﬁentioned below. A fre-
quency distribution function is to be defined not only by its concrete func-

~

tional form but also by its velocity range. As for the trancation, the one
that leads the total mass of a stellar system has been discussed by Kurth
(1957) but usually either OsV:ﬁFQF?ﬂZQ or 0%V« has hitherto been adopted.
Either of these customary trancations, however, could not be ‘accepted a priori,
especially when a non-steady stellar system is under consideration. This
circumsﬁance may be illustratiQe in the numerical works of the many body
problem. In this afproach the initial velocity distribution is assigned
rather arbitrarily, say, letting it be of a rectangular type with a velocity
range}pf O<ASV$B</Z§, and then an evolution of the system is looked for. So,
if we change initially the type of the velocity distribution and/or the velo~
.city range; a different way of the evolution is expected.

According to the authers' view, the density is to be expressed in generai




31

by
;j@&
F(RYATA® = ¢(v. 8, &) (12)
m O
where T, My &,, &, are functions of r,& and t. These four functions may be
corrésponded to the initial or the boundary conditions for the equations of
motion which are equivalent to the subsidary equations of (2). In our case,
9 is given automatically with aids of Poissons's equation from the potcntial
. Sumelion
which is also derivable from (2) by letting W and @,be inclusive in .
In principle, there are varieties in selécting a possible set of F(P); T,
"ﬁa;C}, @%, but it is desirable that F(P) resembles the_obsérved velocity
' frequency distribution and further, even though for sake of convenience, the
meang,’the variances and covariance with respects to TT and & become nearer to
o, ®,31/2h, 1/2k .and 1/28 as possible. If some such suitable sets are
found, it is considered that there exist respective dynamical states for the
'same density distribution. A detailed treatment on this matter, however,
is not our present purpose, s0 it is reserved elsewhere.
By the way, we add another mention éoncerning our argument P din the
frequency distribution function. Making use of the formulaeb(Z)—(S) we
can write P as follows .
BR=-HQRI-ZJ+55™) + (X=X —2ndb)
» , N Y 4 T < P 10/ 5 AT
+{z&wryiz(ﬁw-vbo)~%-m€wwb’o) ST+ (H~20,9) - (Hi26- 2Vba)3}) (13)
where I:-‘:%_{TC‘-&-@‘-)-JL, is the gravitational energy and J=r® is the
angular momentum per unit mass. In a special case where the two-dimensional
system is in a steady state and both of‘ﬁ;a and kbg are négligibly small,
P in (13) is reduced to =-(aIl+bJ+cJ2), in which a, b, ¢ are constants, as
.Jeans' theorem states. While, as for our general case of (13) too, P

remains to be the first integral of a single particle's motion, since the

formulae (6)-(10) have been‘the conditions which make P be the first integral.
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2. Zeroth Order Approximation
In this section we consider a case where by and hyy vanish, but X@
or the "X' in the zeroth order is not necesSary constant. v Then. the for-
mu]ae In (6)-(10) turn out into simple forms as follgws.

fi=H(E), R=HE kY2 L=0, - (6")

A,‘ = .2'—-7, A= P;if-)‘f, 7
T =~’iv @p= z(E:m»q ; Z =HHev) “‘f”'«?v:;v% 8"
. Ba% = %—ﬁ\%%‘@%%@z, L= z(i»:;-w); l (10")
Pe=B T )

It follows from (10') that ,
S8 DU _ By _ Dy YR L v
2v36 98dv (HM‘;A)"“" A=Y, Y= Rty >, ’A=‘x<u-v) Y14)

. . 3’:% 3 {0) i\"’f" /2 fa) ~ “)}
365y 2?;%3 (nmm‘s‘e ETTCT O I H*“ AL Y%Ef"'zn 252Y.

2
Since an identity ?Y—— 3-;‘.&( or 6 fgg’_’r %%‘-— ;3;% must hold at any

place and at any time, we have with reference to (14)

O W 3 TX7 < B (g (15)

21 200Y T

But this X should also satisfy (9') simultaneously. Such a common solution

of X*is given, as shown in S Al of the Appendix, by

X2 NOX 4 D) =0 =2
X=ato+ T Ruve(8~ e Aot g% porichy A= sy (16
Hence, we have on reflection of (10') N&)E«(,_z%‘“’--
S rakw) S '
Pl @O0~ e v F-‘“*“““‘“’%-Ll
288, } an
4 .

. 36" 2ku(2‘319 qu.*“)
[The density - ¢(r, 8,t) is therefore obtained with the aids of (ll), (10") and

17,
DA(§~Ku)

ARG, ""aca'u‘) m-P 2H3(Tkw)3, (18)

l
4G Hq(uu-F(u)fu(l %i—u‘(t+m b;ﬁi q'z-t-'..N 1-5(&-&)‘9:92 Dzﬂ:—?;::;t? ‘
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47:6-?:—5(3('—:‘—)-2;1; TRl F(u)%-u(l—m.c)()-r—-u‘ﬂ*rf(‘u)a“z_ A
(= +iz)~i-cN-r G(a—c_) J( (19)

This dgnsity distribqtion, however, even if a singularity at u=0 or
r=o 1is avoided by limitting as Y2&€> O
cannot be smooth along any circle around the origin‘becauserf the terms
secular about & . This may be foreibly saved by impoéing some particﬁlar
initial condicioﬁ of by interpreting as a steep jump in the density distri-
bution. But, let us concern here'with a céntinuous distribution ¢ by
imposing the condi’tion of ¢(r7 6,‘¢)== 9("7{9*'2-7&;‘6') . Then we should have
in (19)

aBd=C=at%0 - a=m=%ﬁ:wnsb., Go=0, %=0, (20)
whﬁih reduce the formulae (16)-(19) to

‘ . . ot DR 2 » )
X0= Lﬁrmm“*“w“i‘ifa\ﬂm-%‘”m, Fe-aN= Zricomst,  (161)

A At F.w)*—uwm\ﬁm) ey ,fm-,z)lkf %% =y

36 ltw), ‘

' Ve fd L D=t ‘ | '

4TEQ, 'vﬁﬂ‘)’%’* 2R )?, , ! (18')
DAt} Z -

&G = Rl F‘(u) - k) ) =uiivkn) By 25§ SELIA, |

4_5@-9:—-%(.“.) naKux{L”ﬁ“*)*““"K‘*) By = R, (u) ZBKL} (19").

y =Zr &4 u‘{,ra(.w)i—'—“'} (i) Fifewd] - § m(n)f }
Bs seen above this continuous stellar system is axlsymmetric even though a
ta;gential force is still acting unless ao=0 or D=const. Bqt there can be
a variety in its density distribution because a functional forﬁ of VFO(u) ié
chosen freely so far as
f;[i—{am){-‘%%}-uﬁm) 'Fo’cu)] = *l;ﬁif:}‘(%*&§

is satisfied over a range of 0<r,<_Rf Each of

these systems is characterized with a finite dimension and with the kinematical

A foot-nole ¢ov this & qilucn v he ment page.
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constants as follow

" S)K“ - f@o a® = —
A=L(2-22)= hay, | BE-EHEY I Greor } | (21)
3“.0 : A i PR . S . ‘ —_Y> ‘
x= ‘i‘(g“*‘ Sy )= i) W= A"B s-wu, Rl =

which, except for ¢ , are formally the same as in a steady state model
usually given in text-books.

By the way, it may be interesting to check whetherﬁLin's potential
(1964, 1969) is consisten’t or ;xot with our frequency funétion in t:.he zero€h
order. LetASb;be Lin's spiral-producing potential S(F)expfcauﬁb—ne*%kvﬂ

and &X be a corresponding increment of QL, then we have from (10') and (9%)

A )
B.aﬁ, =%:a§1 (“.ls"%%* Kg‘)A‘S}’*) "(SSY;: zcmz?z'"—’m‘&q"

PR -—m(‘[‘xs‘*- ;1:67\15&1 Y =—2in(rmals, } (26)
\ A8 . a€g s |
R O

Among these partial derivatives, however, there exist three identities such as

P e %’?k or (.‘é—ﬁ%*_biﬁ\“_?’

262v
PBX _ P oo B ~
366~ %6  OF  ThT anerd), (27)

—3%%—-'-3‘%% o e
EE;de from the first identy showing a singularity at the origin, the last
pa;r of identities contradict each other unless the velocity distribution
is circular. Lin's potential, therefore, could nét operate as a disturbance

in the self gravitating two-dimensional system with the velocity distribution

of Schwarzschild's type.

* F(u)+z-—'—;:=d, e (Ciconst.) gives —L{F(u.)+ .l}- L((‘k‘u)F’(u};o.
as

Hence, for example, if we take FUAfké%? ag Irua* cnwmd;] , we can adjust

both parameters C1 and C2' so'as¢o satisfy the necessary condition for

the finite dimension mencioned above.

o iofeidin
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3. The Firét Order Approximation Without X.

If X is a constant, it does not appear explicitely in all the formulae
except for P in (1). So, our first order approximation is set up with
this simple case where X is a constant or is neglected.‘ Taking the linear
terms .with respectsto by , hyy and their‘derivat:’:ves into éccouqt, 'we'
obtain the followiﬁg formulae corre.sponding to (6)-(10).

A——-H(l-a-f-,—’@), A= 7?\—(-{4+2(1—Y)11’£§r1;ﬁ’9'.}, L=vbi~1tis l 6"
H=ERE, Kidmst, Ys %&Y-;E—‘-% j
Aa:"':-:z,"vﬂ“ %ﬁ)’ Aa=D%U+?=’—’—%b——:—€";Q). | (VA
o =3r{M -Da-*r)\it—’éﬂé\wa-z\% L ZIENTE %@} ]
@ -——«-( =30 { D+ 2yt~ Z‘-’é+zbl.s-\’> rbs_4% -;-u-@wzoa—wﬁm} |
(l-‘O{ivﬁ-(l-\’)—t’-ﬂ-l‘fﬁﬁ} ‘ l? ( "
)= 4%;—:5 B DU 4D U~ Y 65~ b;-;,%a—wba}
~ 4 Gapt2{ FE DY) B0 3D (=) s 2D ((-*Y)e”] J

22 (gt b - - —\)i(a— Yb
£5 =gl - rpru-t — 200 YIE~2Y) vt - DU=YI(3-av) 22 E

(%

+{DHG-20)—20 B} (1) YoA- and + 4 fap2D ()-Y)"&zo

LA DG P 3802 RO-DR (1) } (=) 1?’w**j :
g—g—gla W,Izm: =N+ 4HU~YIYBE+2D G —\ybs + (4rt D—DF )\ t~Y)2-—‘29

£ (P2 LEE ~ 2R (03~ 4D U has 27 G ‘Y)-ﬁm

+<+ (D= HD) (l-wﬂé_;h 2ARA=F (1Y) 4] )

Cross-differentiations of (10") give the identity or

28, 2% 3Y1:{."/ 4H:)%}+ %%bg:;'

(10"

3)’39 393Y g - ' '
T{b’ —(13" - 4H" )blsj + 25 (b~ Shbsmaih) ~Z2be]
&;?{ R)[(be ‘:t:'?bo‘* Dbs)r 2L b,,]
-
+5&

N

+;%t‘*é+{a;~g—a£-(% H \4‘:‘0}*—-—{2{&2—9 62&1"(_}.‘{1‘5}1‘%%]
T e {4 b (3 4o} + SR ”—ew eI AN

" - n
PPN TR Rorye B
*4:?{%}[(5”-%&”\-4“-33)’? D&.w]. (28)
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As regard the first or the higher order approximation, there can be
satisfy
. the potentlal identi?}?fﬁzﬁély,

r, & and t , while the

alternative standpoints for making

the dhe imposes the condition for all values of
other requiefs some functional relationship among these three variables
satisfying the identity. Throughout this paper W;/adgpt the former'stand-
point by’resérving the approach from the latter alternative in ﬁhe following
paper;

" Then, it %buld‘be in (28) that D and a sum of the terms in evefy pair
of the ' brackets éte zero, and yet for each sum of-the terms the

coefficients of sin@ , cos &, sin 280 and cos 28 vanish. With these

requirements we have, by writing b= b\(c—)s&y\e-f-bz{,b);wg- and fro=bult)sonzBt-B:06)cn26,

as in (6
DUEY= Tt Const., o : (29)
(U‘ _2:’ b' - =it b;"—O) ] B‘;“( )“1 4‘%‘;‘, bg_ D b; 4‘“‘}%_b¢ ‘—O
(Dié By Doy (IDi = N L ~Oadt
2 2‘.102.1' 20 \7‘— " (] (2“ 4.‘_1; b| h. 4'1:_ o
o { Q,—%‘&( _% 6. o, (n) g &. ﬁ‘e\l-‘%‘ﬁ'ﬂ‘u
' [ 4 : y _ I 30
SRR {6 ‘G‘ 2 (n —-ﬁ;}&f:q (30)

As for bg) (I) aﬁd (11) in (29) are not independent,.so that it is
sufficient to consider only (I). Because of b,-_—.b(,t;)cwzrj &, ’b&;: b&),;,,)\,g-,)
both equations in (I) are written as

(b—é‘"q b)suadt (2 + P—)bcoo =0,
(B b) cot-(di+ ) b sy = O,

Since ¥j@ishould be arbitrary, we hav;

be=hilB, Bi=ih, wio=—[Rupe= ~nie), (31)

& be=by/ BB s {0 N},

a sinewave having the wave-length of 2%r for any r an
Therefore, by presents —advancing with an angular

Veiocity of N(t) = DO/ZH(c) in the positive f-direction because & must be

increasing Wich't‘me for keeping bg in the same phase.

* Withouts Uis Yehhuickion, U Aolukim o) & to be bo=VA/Rw, (3=02) where wy & o dolubion A=
s Enpectally whien Diwmst., by takes the same “enpresslon an (i),

w4 (N’ i’i+~)w’=o



While as for. hyp the formulae corresponded to (31), or
2 - NS D . "
fao=fen@sina{o-NEY  H=zPa=, (32)
are obtainad from (I) in (30). Nevertheless, putting (32) into (II), we
have

8
?:;_i.‘& &)= o,

that is, D =0 or h(t)=0.
o 2 A

T Savimg balcan

This unsatisfactory result for hys is due to no account of the second

’ Sawme .

order terms about b which contain the bi-sectorial harmonics
as the first order terms about h,g . According to our present standpoint,
jeven when the calculation iz extended up to the sécond or higher order
approximation, the terms with sin &or cos & should be independent of those
with sin 28 or cos 28 , so that no more information about by cannot be
obtained than given in (31).

Taking these situations in mind, we carried out the recalculation in which
the products and the squars of bg , by and/or their time-detivatives are
included in addition to the linear terms about hgzy by making use of the
known result for bgp shown in (29) amd (31).

Now the fundamental formulae, except for (6") and (7") which remain

\

unchanged, should be replaced by the followings.

To=35LR~R~Y)vb, —2{%-%-990—\')4’ J~Bav a2 oty \
@=L Dor Pe(3-2¢) vy { o — E-blot 222 (=) basl ‘&ﬁ\%a— YOb5+ 22 b
""'-'-‘a"n\f:){,{uu—\’)"b% zY&”+4-YG—-Y) E%v\f g2 S 8" '}
X= —im[:\%..sm—ﬂ r%_%’a-w(z-\')rbg-zpou-so{é,w _%+J(,~Y> bus) )
—~ (Do 57&,0) N Yca -2¢)*bs + Fﬂ——va—n&,l J

Eho - 2Rl Pl o~ BA-0e~dvaev) vbs :
‘*“*H{&w“ﬁ%o (%"%’-){w = 2D, \/)L(am" 5= 2}%‘(&:@))

. |

*RF('Y 9—2\')(6—£lYféY&)bo—-ﬁ—Yda—:.Y)b ] ’
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\ E . . d Y ! " (%3
7551'6: XIRU=ne v r2na-nit,, —‘”—'—a,r(,a‘—-f,-;-;)a”}
DU boo= o) + "Dovcw)ca z.‘r) b,bpj
where the time~derivatives of by or ba have been written in terms of by

and by ‘ by means of (29) (I) or

bo= ,%br'-;%‘bé, “‘bo*f H . . : 29
The identity condition in this case becomes
;:%é 3.:%7" P \f)[“k" Y)ﬁ‘w F'”E“"(W"*T“’”/"
« 4OMUF(om el 22650 )+ 55 (3-2Y+¥2) bm] (33)
Since the coefficients of Yz,' Y, ¥° should be null, it results that
(20— ”«29*‘4“ o) - *g{:ﬁbab’s:o '
(‘[’%""b‘%*‘dhw '*'bb‘s{l;ua " hz/8 \{é‘ ﬁi‘)&/ K‘t‘ = b 00-.0 - (34)

(Y] )

z / -
(yuo— b“’w*‘q:ﬁ m)*‘ vus“'% (R z)‘ﬁwl*‘ BD baba-—o

[Szlving» (34) in term. of Bob‘{, ) which is'. given - -. by }’CH&)S%z{O—N&)}

T from ’ (31), we obtain ‘ '

_,,t_‘ e Dol bo . )
'ﬁzs“"ﬁaze‘ft"‘ﬁ‘)m&z 2KHoH $n2{ 6- N&‘)}‘ ’ .

Both equation in (35) are consistent with each other and are satisfied by

4\;9— - mH (&) cos 2{9-“(&)} R &m = mﬁ(e} Samz{e -N (g-)} (36)

Thus, hze is also a sine-wave with the wave-length of wr for any r and,

\

with the same angular velocity as of b
‘Now we can define the dynamical system in which both the waves
'b,9 and hys shown in (31) and (36) respectively'can occur, by the fundamen-

-

tal formulae substituted with (31) and (36) .

k= Hl t \f“‘qﬁ-sw(o w)- Ja?‘“é‘ &L@—N)l C“)::%'.(-%Z«g" » (37)
L3 .
&= ""N s 9-~a-—~‘?-°“-scn a(6-N). Y= ivea= “"*xfﬁ&

Tr;=-*—‘l’- Dot { X e cos o=ty = (1-\)ES b 52 (6-N))

X Pn‘-"—(t—\")fﬁ- {3+ 4(«-\(/;&{‘-—»‘/1_\,‘ 1+ 2;&-}()},7—6%.‘.‘.‘,-(9-34 ):[ (38)

5
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| N,

~a=0{1=2G=} 28 cos 20o-n) ]
%%" 4,1;0‘11 S 2fH)— bz"’u-vh— 3Y((-YJ‘14+&U—Y)1 vo ' \

U AU U=V ’Lsm (&) 20"\’)5((—-—)\’) ~ CD:(&*\J M ., } (3«)
&

ELCE ‘d‘ff‘?;a-w[u—wﬁmw-m 203k szl )

#Grg = s 20 ) Dzu—v) _(t—»r)—a\*{ﬁ-(hv)—aa—\ry} 2
—4f~r‘a-\>u—:a-\')} Sua (6—N)

+6XU=Y) {44~} B2 cos 26Ny | : (40)

Thls model of the stellar system has the properties as follows:

(1) Even when the stellar system is steady, the vertex deviation, the

. -1 cht_'asww-z;)—z.#.gcé;a&—raz‘) - ST
D A He, ke, 1 <ol 6‘5-
angle of which is given by tan (-HFWﬁa‘YUfﬁ1h>u~(0+m)—lao$¢4c. 313)“ 0, G5t CONS )}

is possible owing to the assumption of non-axisymmetry. (ii) If the system
is unsteady, the bg-wave alone or a pair of waves be and hze' can appear so
long as the vertex deviatién exists ( 2#0) for almost all t. (iii) In all‘
of the fundamental physical quantities given in (37)-(40), the periodic
fluctuations depending on the langitude are traced ovef.the system.v Jiv)
The patterns of such fluctqations rotate independently of the differential
rotation with the angularlJelocity of ﬁ=D°/2H by synchronizing with both
waves of be and gZe which also advance in longitude with the same angular
velocity. (v) The thébretical fluctuating patterns, the modes of which are
: as weld as
due to the initial conditionms the secular changes caused by the variation
of H(t), may by compared with the.observations, especially the mean @otion
in (38) with the observed fluctuating rotation curves and the densigy
distribution P in (40).mith theabserwfgj  structure.
v » parteni of
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L. The First Order Approximation With A Variable X,
lere we extend our calculation to a general case of the first order

approximation by taking a variadble X in addition to the linear terms with

1 F

respects €o b, , h,, or each of their derivatives. As for X, we write

Xn 9, 6y=RN v e, 6)+ X' 9, ¢), (41)
| /{ K
where is the zeroth order function given in (16') while is the
first order function to be determined afterwards. The formulae (6"), (7"),

(8" aJd (10") in the preceding section remain still valid as they are,
but inclusi fX ir luations of (5) d veth o@.&:w 242y valq)
ut inclusion o requires evaluatior £ (5) and velin 2 O .

These are

& (a) & " 1) 92 (% S ) w X \
+T] Z%L {% AJ{ @"‘rba*“r ?’23‘--4-@ } i

(<Y}

{
i

T lo uf
=2 YR )
_Zé‘-fl Y%-ﬂ*a\(l \)-\—A— ‘
Xy ) = o750} 2 ‘\<9">
w02 (B Etfy w2y (5 Lt )+ 220 (s +vbe)} X
K= u fe-—um—\r)} -91;?(—':3)—*- T (D, j

- RN 3

% b s 4& ) 2K (£ 40K (2 '3 (zz @ l
%& “ﬁé (ftzw ;) b )Na“&) 274’?%{ (0 X f(lo”’)

The mark at the shoulder (0) or (1) indicates that the marked quanti-~"
ty. 'is of the zeroth order or of the first one . In (9"), the terms in

S
vas pectively

the first brackets vanish as already seen.

From cro:s—difforontiaticns of (10) we have in view of (6m)

25, D4ba - s Sxd) | N CIRY Bj?éf)
28av évaa {‘31(‘ Y)1 ‘ :I* BG’GT’k { S OYPY S5t oy 2:93‘!}
B s ""i Cl—Y)"\/Oa“f‘L‘ 'f\l/“‘-\(z)qua 9./_}@)
i—n{—m(o\ﬁ—w Jrbs—a(A+ 2y~ Yﬁ)@(za)% s oy

n P
£ {_ Gy gt (2—=24Y2) fz6 f L

co) 19&4 )
1 w\"(ba"“é‘zﬂ)( 672 T Y)eR )
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_in the zevoth ordcr approximation
$ 3 v R .
subsitution of X? , which corresponds to our continuous case characterized

by (16')-(17"), into (42) follows with reference to (Al) in the Appendix
P2 2¥h = ‘g}(l“Y)zYM or ‘ A Y

Seavy  er2d ZA W+ GRS : 'f
2 1
- (2G=YTy o+ Qray—a¥ 2] %.%('-\C)l -yt 1—5—-‘;(:—\’2)*-('& 3\:}}: 42 ,l
a~h~g{(,_;oV+9Y=)vba+¢u+2\' 2Y%)las} a, (\

. 4 {8 ) alr
U=y Ky + 4 éu-’—if{q%wzﬁ"*\"‘"‘ﬂ”)*?‘*‘o“‘(w“‘2‘"‘(““”3%&3]}

By euntlng (28) with (42/) we get the identity condition as follows

= \Z

By B 5 £ L (20 (-2 0 B famy i By 5 (5-v35) ]
+ -—.-—-‘-CH(“‘ {(=1oY+8Y»)rbs+ 4;3‘!'2.\’-2\’*)&_;3}

+ o \r)n-yba,,ew))_ (L.I\’{-aaoN+ LB?Y*~4-Y9)+3(E—Y3&)+2‘6"“‘"’35375 J

H:. Y (=) ((139 H ‘e'ua) ‘ 2-HK‘Y1( S+aYD \[9& bﬁ )
&\’C&—Y)“%a ' r;%a;,;\’(! =4 )b
+ 2‘5 B U-YI(3=2Y g —‘?«Y (& =7y r4v?) bs

« LUl -2e)  + kv Gl g-( - 55 I3
The fdst order function should satisfy simultaneously both partial differen-

tial equation (43) and (9") for any values of r, & and t ., With these

requiements and on reflection of the different character between by and hyy

!
i

the solution for by or . and that for hye - are obtained separately.
Reserving troublesome calculations in A2 of the Appendix, we formulate
only the result below.
by under a condition of i?g—%ba*t‘%'b'gmo (44)
K = (X P{IRmya)-2an v 2 (F(v)—‘r%%)}l’—bf
-%(L.I)z_b.a+ ~—-“F‘”(v)
a,z P4 D,: const.; D"‘ab}r&tﬁaaN(c),“ fi=2; ov Nl %‘

N
|
’? (45)
L an; S=NU-YI)=E6,, & wv\st, )
F.;CY); F“’(.Y) : M;‘V\aw»g @wnd‘da ns of: Y.
- hyy under a condition of bas—4 P‘wi- ~*€m_o *6)
| ')é" Y“mgv—8Y+4Y‘-3Y3+\"“--,:;) ' )

—GaDu (2 23y = za-s«.:.-aw\rﬁ)} M’+ + FY0, ‘
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Qe =0 s Dﬂ DO; & > 6'3 :!COM'S'&S.,
Y 3 ey ¢ . Rty s ' 47)
THeSY5 O=NOCU=Y)= s ; FUY): adiBansy fume, of- Y,
2 N ‘
[Fo=— Q”-\—,:;%’./r -—-,‘:D-’t-«r,(n—\’)] )

Let us mention first about x(l> in (45) and (47) leaving be and h29
in- (45) and (47) respectively later on. Either of both‘x<i) and x‘i) is
aQailable when the respective wave is exclusively acting. In order to
make both cooperative, 7C”==?<21f7€l is to be adopted by replacing Fo
in (45) with Fo in (47), Accordingly, when the parameter D characteriz=-
ing the rotational motion &, keepfﬁﬁ; or a constant and F0<Y) ta#es'thev
particular form in (47), both waves be énd  h2e can occur simultaneously,
But, i1if DO turns out D(t) or time~dependent, the hze-wave disappears
at once, while the be-wave remains as it is. It is noticed hgre that for
getting the result up‘to the first order, Fo(u) in the zeroth order
formulae (16')4(19') should be made identical to the one‘in (45) or (47).

ow‘;f:r_d

, S e
When D==D0 : const., the terms with a drop from>zeroth order terms

in (16') - (19'), consequently the integral rZ/H(t)=u remains but the
V (o)

. other one 8 -N(t)(1-Y) = v = 8, disappears from ¥ . Nevertheless,
even in such a case, if x(i) ‘is not constant but variable, both
integrals still exist for x(l) » so also for y = §°) + x(l) , because

the subsidary equations of (9") come out

as dvy AG XY ‘ ) 3
T oWz Do/aliinyz) . 08,60, Prnoe.edO=T, 53 +®a%)

which readily provide both of the integrals.
Now we return to -the waves in the present case. The b e—oscillation
in (44) is the same as the one in the previous, section given ih (29),

(29') and (31), expect for that Do is now replaced by D(t). While for
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the hzg— wave in (46), we obtain from (6) and (46).
D1e= NIEISML26+7) 5 ﬁ¢>=ﬁiHu-> BlO= ~n = = 200, 4w, i comsts,, (48)

which is different = from the one in the preceding section merely in the

amplitude. Namely, the amplitude is here independent of b(t) so that

either of both bg=- and h,s~ waves : can occurs even separatély.
\Aave am impovtamt propentiy Sudh Taak Thasy
The waves in the case of “the variable X however, carry mot

only the wave consdidered so far but also another wave caused by the
at ::m. same tuw@/
differential rotation of, the system. It is seen from the followings: As

above-mentioned the presence of the variable X provides .the integral

O =&,-N(t)(1~Y) where N(1-Y) corresponds to the angular velocity of the
_ ‘f_c.mwh'mal _
differential rotation at r , ° ’ Ey subsituting this into by and hyp

we have }
= be RS a0~ NI-Y I N) =22 REsm (6T NY), )
He o ? (49)

Dae= %e"oh @)siaz2 {6~ NG-Y)tN] = 42 HE) sUn2( 05t N,

Kt:\()/

These indicate that there exists, in additiom the wave advancing with the
otz

uniform angular velocity N(t), the"wave retroceding with the same angular

velocity as the galactic rotation, consequently the resultant wave at r

moves in the leading direction with the ahgular velocityo}ﬁ(t)'{. " For

" and the

sake of convenience, we call the former wave as the " " D-wave
latter as the " R-wave ",
D51
As regards the formulae of %%‘ and ;;b% we can rewrite (10") and

(10") on reflections of (44)-(47)

. ) (51)
25_(5_ Bé} D }b_ -z X { NSy zm.ﬁ- ztﬁ(wruuﬂcu)%’cu)-r =2y }]
2 o
where 7—k 4% L= ‘F‘H*'QTK%)"} ku= " =Y

e, 3 ﬂ,__ Sy

Y20 vd0 T Y96 . 2KHR« , (52)




44

' wzf;: _er

where 559 = ZHGNW).
’ r()_x) 92) vy ' 3

g kg } : . *.'

2oy 2o, Wy BT B ot m“%(.u)-uca-m SRl wzafm‘ﬁ”w)*‘%%f]
7 L 2 |
z.HA’(“' T e h,w —LF ux)-—ua—‘-ku)%‘—- j (53)

whave 250 - L
where St "'—a-hz ~ {' uwm)* U'Hﬂ*)“) a2t Taald),

Al u) ) o
Dby _ 28 '5(9’;‘, Q r____l} % =/ s ;
$6= 58 V6~ mz“"(“"kj—) Vel W WAE{&)#C}W;&(M}*;,%}L ('? 4).

' b
where ,%-g?u BLGL@{_'H'—;‘:-;“ Q*K&L)"}*.W ‘F{;{ 4*(5%)‘}:

<) ‘ (0) . 2
%fifi,b.—_%%&v ?gff'*: Y %H%D; i) (aa A aG, T 39, (55
3 .

Where "-w‘;;“‘ (ml{r‘i L‘iH*\'a‘%&{Gz

(a) o) 20} .
2dbp ?35‘5 25 i,
Y26 Y98 38 r v20 =D: (56)

(o) .
2 =0, -

;mj" a 5 o2 v&w{GrD 59_ L\ 2E

Wheva

o it
Wiewne —5-?1 = Z-g'z"og-{_.“.

(l'ﬁﬂ*)‘
(P) ) LY
285 _ Whi, 288 _ _ é@.@ ab, ~ 2B
= o 15 BT Py = 3 (58)
)
e, | 28b ! G| S
whore  Z5dee Yoot Wﬁéw N

o8
Eeyzse give the corresponding densities by means of Poisson equation as
.fol_lc;ws.
GGy = ATG(S i+ Sab)= = [H-ma-—-—{Fm)-«a-maw‘«*rmm+§ﬁ§] (59)

P LT e e - :
R AR 2$H~D { crree <n—m)3§l o J

“’V'KCT?b =4MGL Qo t Fuly Vo ‘Wb‘” {lﬁtu)-lumru’u—lkwro- u’dﬂf U-)P. = ? (60)
{
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Qv-'rcG-‘ - Yba ——t L3 )
whave S 3! Clw)? uﬂm}‘*}-_, . ‘ /

T S e e .
‘ ' LGy g 1 2y |
gheve 4Gy hol fAaRin-DY RE msﬁ; g

P
i {3F%w e—u«.(r—ﬂw)a 5 -&zm}cmm)—ﬁt-ﬁ—*} 4

Far L
5 | (62))

: RO !
wh AnGiFym 20
Wheve ARG D“{ 1+ T G e (mmz"r

» ) X.
g =it ) = S0 (sartaGin~ 3 | \1
(

Followings are said from the above formulae. (i) The zeroth order .

26 correspond to those for be in a special

case when’ D=Do and E,(M)--4K(\+:")+&TL_+HK“ (FO(Y) in-(47)). (ii)

quantities @@ and 00 for h
2h 2h

Under the condition of (44) or (46) inclusion of the variable : x into
F(P) 1in (1) 1leads to-replacements of the essential terms which character-

2n .
(n:an integer). But,

ize © and p , by the terms with 1/u® or 1/r
this effect can be made less by modifﬁ;j?he conditinon (‘44) or (46) as in the
‘next section. (iii) In the case of b6 such replacements can be, at least
partially, compensated by adjusting—the arbitrary function Fo , while as

~ for h?:e , Fo(u) is spec“ified in the above-mentioned w'ay so that the _.hze—

wave cannot happen unless the stellar system has a particular pot_ential'

field defined by (55)-(58).
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5. The Tirst Order Approximation With A Variable ¥ . (Continued)

In the preceding section we found an example permitting the bé -

or/and the hze-wave in the case of variable x . bHere, our concern
is to look for the other examples and to examine the corresponding dynamical
conditions.

The case of be is considered first by neglecting all the‘terms with

h and with use of the abbreviations,

b, = b sonst b;éo&, bh= 19,cnB—baSins,

A= b~ %b&F( 5,—_5; b“)5w+{é‘—%bgm&aol.sd~&1-éhcw&, :

A= (7«/9"% bo.—.--(g‘-g;‘—iba)s&a%é,—- S‘;-, by )0l = =250+ 0 08, (63)
B= Bop= Fbsiot 7 bt = BSdb+ 2320008,

F= Roj == Rhsiad+bisih O= =B SUh81 03,0008,

Then, the identity condition (Al5) 1s transformed to
Sun 0T ~2(01~ BV 2 B )+ D20~ B (-5 4 0 (Dt BYYCUY) |
w3~ B G By Wi O Broye A0 2l Hhon) 2002, )
ccnb]~2(0ut B0t 2 Iy + ~‘="-of(az;+ Zu0-vy-adon BYva-)

e

i

DH(5 4+ Fop Va BHR 2p B T_ o)
+Y1.§_ ‘W(‘Q)-i + 2.3’?02‘)—“ 3"{("“(0224‘ Ulz)+ % 3\"( 2).+ Jl:)"‘ M‘d) =0,

Both coefficients of sin® and cos® should vanish, so aftervrespective
incegration‘about Y -each of the coefficients turné out
| —2(cu— B, E(Y)+4m+w(0l;+*-*}"b€w o+ G
()~ R Cast o) + 200 G Fromyr 2 =222 =0,
~2(02;+”-3‘)1..(Y)*--——-21 ~a {0~ B vhog Lo + fattdY (65)
SN[ DG+ e \Tﬁﬁ\az;ma;;ﬁ-?fg@ﬁ%)ﬂaﬂz‘]==-o,
where fl and 52 _are to be arbi;rafyv functions of t which is regarded

here as a parameter,
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Fo(Y) does not contain t, accordingly we should have a relation between
the respective coefficients of Ylog¥/(1-Y) as follows

ol 2atP%) (4= Bula)
O2~9354, =T T onedBz

Therefore, if- ao#O or D(t) is not a constant, it is required that

3 X3y e o AN s .
- 52 =0, tut+BZl=0; §I=H(H=0; F_: undetermined, (66)

o { ur B+ B jae=0,

which correspond just to the case of  [E=0 treated in the preceding section.

A remark may be necessary that the terms in the brackets in (65) are
proved to be cancelled out by making use of the first pair of equations
in (66).

On the other hand, if ao=0 or D(t)=Do:const.,-two alternative cases
are considered. A case where 0&,—%=O and sz%—i-—-o hold furthermore
corresponds to a special case of the above-mentioned one, consequently _FO(Y)

is left undetermined. In another case where (h; %2 =t=o, 02;-}- -—-’q'ao

we have from (65)

. H
2 25 .30 f—«z
rto= B B G R AE LA

D2 25:;&) Y Dﬂa,tﬂm@n tH Cex zﬂz ;ﬁ_ﬁ RO, 3y
= Tax ooy, *@'Yﬂ'—‘d{“‘ 2Lt dS) + N Zopted, | N 20utd3 };

X
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‘whlch results

YN ‘ o
2011"52. 22,% 53; ,4?'7 ’kl) 4t Consts. >

~D, (2,4 0:_;)1—3&(@-&-2“02.)-:-2wac-@:’..-b;t‘ﬁl)&}:?f&l}6202,-%9;), }
. ) : (68)
Do (Gt L on Y30 (Gt T oy an S [hon= RIS TR),

[_I’E:t ting

=232, a= ~ M), (m%dz, ne JI), (9)

we obtain from (68) and (§7) k ’ '
“{4'm .n-um-a) "\} 0,5+ "\.2’"“*2'"‘"“ - @m=i } ('Wm ,Do %)}351-:07
—{2h rslevxh +(an=) (mm % +&§j@;‘{4‘7"’m‘%@'_"‘f‘ a} L3.= o, ( (70)

' '5‘{ C'b)=)t€; (2m= 353) {‘»ﬂ:‘); —Ral2m~-i 03 . )
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Therefore, there 1s a variety of the dynamidal state permitting the by-
wave. Especialiy when both m(%%) and n(# %ﬁ are constant, it follows

from (69) that

?’¢<¢3=;%%’JF&T (i=1,2), WMo, bio, M=m.lcomsts., F=—mBe (71)

Therefore, on reflection of (70) we have

fam—me B (<o), &= kiam 020, fe=—ki@mdBbw, (2
for which F (Y) becomes

a. N
o [¢ e — i -
ROO= - +=4e.Y+ e ()= e 0= S raki (73)
With respect to the h2 - wave . too, we use ‘the abbreviations
as o .
.w_& $in26 + hacoe28,  WHeo = 28, c0526— 28, 4Un20,

€ = =Bl =(~ B0 5520+ (hy= o) cos26 = &,50m26+ Cacosa8,

‘ t . . M .
= llg=Bbs= (b= FrAdsmzo+ 2R~ F4))c010 = —2&a8m28+280025(74) -

7

E=2 %a-?gg 250285 by cv000 % -2y 020+,

and assume

Ei= bk Sa=m-i4, (75)

Then by letting the terms'with BBl be neglected we have from the identity
congition (Al5)

Stn26] zéF"{ PUAAN=2Y L=+ 2Y-Y2) ]S ~2 T P (32~ -y s
e RL{pamvr 1w)-<:.—Y-Y4)}ASLZ+ o { § 2+ Log Yo )- (-Y)lgIc 14

¢ e p g v2 6 40 «9+31%~—~v‘+rﬁ‘6 5~ (32 5+ﬁ~)=9 -}

-Eﬂ."_x()i'pfb—ﬁ (50 2N (G~ Bt HG;Y)}}

2
‘003‘2.01 12% £8 Gr3ve2v2) = (2N Y")} J‘—Z Bl q (B=2Y)~ (a_\r)},\g.
* 5%;5 (@ (3~ Y+2Y3)=(2-¥=y )}, ~ a,{ /p @Y+ fog ‘_Y) =0 Y) 2»;‘ Y}&

+J;§:—,.7—Y>{~u» 4eapd)fan3 pg HEAr bR - YRR

‘_t.z..a VP30 ;’>+4= "—'5)49:-}?1‘1(@';?261 —5\’)] 0,
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where G(l) is replaced by G(&)suaz8+ Calt)cws28 as ‘it should be (cf. A2).

Siﬁce both the coefficients of sin28 and cos2d 'must vanish, we have (&+0
S%0)
> '3‘:2-{059 —z)i-(a/p—-z)‘(-@‘p—t)YL}—E{acbﬂ)-(zb-x i
=-g;<~rf{2<17-s) -1yt QP+ S “"&{ 288+ geag pdr-TqneyT g 5o
+-27<—£' x—Y"" pPg+ pg (P—10Y }"'(ﬁ”? }a-t-—-ﬁ P)(l_\,-\')*- O.J*_;_ﬁl‘?‘»y%%
e = 1

, | (76)
2 5{(3—-:)1-63%—2)\(- (2G-D\2} - Fo;’_a (%-l)—-(z%-—l)\’ }
. 4%:..1.{2(%-0-«3—-:)Y+ Gt 1)Yr}— e ’5?4. P+3 p(g-u*ru( p-DtY3 v}E\;}
+ 2= P by g (o PR ETER ‘5+-'5¢5}( )+ el
=ERJal pr(Berapg-piv- —L—i“” 19

Comparison of both equations in (76) indicates that first p=q, second ao=0

otherwise the coefficients of Ylog Y/(1-Y) in both equations cannot vanish,

D4 H D

third p=q=0 from the coefficients of RO and ——7;;, and fourth

>

GH=GaD _ -&GH-GD . & _ Gu
S A
which provide .
s d

&= T 4qco£n<t3)}wif&(t)a»a:—,3 kiarbitrary constant. (77)
Galt)= z,*%—&fgf = Roinn) b= AES
'On the other hand, the h_ 4=  Wave - assumed in (75) is characterized by
o= B, o= PR, | | (78)
to which the function F(Y) defined below is corresponded
B ot P Gy cb-x)ﬂapu}v—czp-:wiaaﬁ“{ 222 )
(79)

+(1yﬂ) (zp~rt L1p3—-2. F-*-:P-b\’}f ’p‘-&-x( P —t > Y.; 1
This first order differential equation can be solved in a straightforward
way though its general expression is omitted here. Especially for 4=1 we
have
o He

_ _Di4-2Y)
K= ?‘a———‘l‘ﬁ?(" Y+ ;__a:; (80)

Which is nothing but the formula in (47),



In the sbove treatment, we examined the cases in which a combination
type of the different sub-indices such as (D=0, (Za=~m()J3;
and 5,:»{3((7)&1 R {‘f'l=~—%6t)&ls were assumed. For these ca‘ses, if
m=n:const. or p=q:const., (71) or (78) indicate that the angular
velocity of the‘ respective wave depends on the multiple factor m or p ,
while the corresponding amplitude suffers no effect.

The amplitude, however, can also be changed by adopting another

combination type with th: same 'subdndex such as-

Ou="mU333,, U= mlt) Ba, (81)

Ci=pird, (Ca=beedd, Z
Because, these give at once

b(ﬂ"‘bokt“‘t)-) e:._(m(t)u(t)it = aa( Hcc-) ’,JO:)NLL‘)J.L’ (82)
and especially when 'm('c)z'm,%) /‘p(l:)j:/p‘,%‘-’ (mo,po:constants)
respectively, (82) are reduced to the simple forms of

‘ e 0t
plor= by (BEY™F iy = b (R (82")

Generally speaking, the identity condition (Al5) is linear with repects .
to Ol 035, & and % (i=1,2), so that the most general case is expected to

be of the type mixed from the above two ones, namely
Ol = 17‘-’\#.&)53;’1' ’7‘;(-(:)033) Ci,= 'm;_(;c.-)aa;«-m;(t)?,?, } (83)
Cr= PR e RO,  Cum p(erdat Gald)d

These may provide furtlier more possible examples of both be-— and 'nze— osci-
V»foc.\ty)

lations, since both or either of ‘the amplitude and the angular are adjustable

.
at the same time. But, we refrain here from examining (83) so as to illust-

rate exhaustively the possible examples with their characteristic formulae,
: ‘ A there
and we are contented with having got an important information that Acan be:

a variety of both bg and hze- oscillations depending on the dlfferent,Constwns.
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Now, let us review the case of variable x throughout both sections pre-
cedent and present by forcussing our attention to a question which kind of
models are permessible as of the two-dimensional stellar system. Concerning
it the followings are mentioned: (i) The waves be and hze consist of two-
component—waves; namely the " D-wave " advancing with a uniform angulaf
velocity over the system and the " R-wave " receding as if
it compensated for the differential rotation. (ii) Tﬁe waves of b6 or/and
h26 , therefore, advance so as t0 = develope the arm~structure. Whereas,’
the models in §3 in which x was kept constant, the latter component-wave
was lacking so that the waves were forced to move as a rigid rotation.

(iii) If D is time-dependent, only the b.-wave is possible, though there is

6
as much allowance for the model as for the arbitrary functions of F<O>(Y)
and F(l)(Y). In § 3, however, we found no model with a time dependent D.
(vi) For a constant D on the other hand, there existsla variety of model
which permits either or both waves of be and hze on the contrary to the
models in § 3 where the hze-wave alone could'not o;cur; Generally speaking,»
freedom in the model is more for be,than for hze as.suspected frqm conparisons
between (45) and &7) and also between (70) and (79).

(5) The gravitational field.
and the density distribution'for any of various models can be evaluated if
Qe cémpute %%ﬂ %%%.,gg " for an assigned Fco)(Y)’which is determined con-
sistently, say, from‘(67) or/and (69), by making use of the formulae such

o

as b, k, 1in (6", Z in (8"), 259,255 in (10" and xP 1n a13),

and then if we combine these %%—‘, %%5 with %%3, %g%’- ~ shown in

(51)=(62).
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6 Summary

Here we summarize the main results in the present investigation. As for
our fundaﬁéntal assumption refer to 8§ Introduction.

1) ;n the self-gravitating stellar system with the given density distri-
bution, the velocity distribution cannot be determined uniquely. But, if :
some velocity distribution is chosen adequately at some epoch, its evo-
lutional change can be persuitea. 'Accordingly for the same density distri-
bution, different evolutions are possible.

2) The so-called Weiéht factor to the densiﬁy, X , which is introduced
into the argument of the frequency function f£(P) as a function of coor&inate
and time, is defined by the continuity equation following the motion of

the local standard of rest or (To,®). (§1)

3) In the present treatment, letting be thé normal galaxies
~ in mind, we regarded the parameters relating on the vertex deviation as the
small quantities of the first order. IIﬁ the zeroth order approximation
dropped the first order terms, it was shown that thére'could Béaﬁariety of
permissibie models which were finite in the dimension as well as in the total
mass. ( 2) |
4) With the help of the demsity factor X » it was proved that Lin's
spiral p?oduqing potential could not operate as a disturBance in the self-
gravitating two-dimensional system unless the‘velociﬁy distribution was
circular.
5) If the weight factor x is cons;ant or negligihle, the identity condi-
tion which requires consistehcy between %éi anaéggcan not hold except
when the parametér D(t) characterizing the mean rotation (C29=§£%§é;5'f

the first order terms) is kept'constant.. In this special case of D=Do:cohst.,

the calculation up to ‘the first order showed that there existedone non-steady
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finite model in which the oscillatory variations in the velocity dispersion,
b. and/or hzs were possible with the respectiye periods of 2n and 7 in
longitude, unless the vertex deviation did not vanish; Presente of these
oscillations causes . fluctuations depending : on-longitude witl
respects to the dynamical quantities, su;h as the motion of the local standard
of rest, the velocity dispersion, the density dist:ibution etc.. (§3)

6) E$pecially as'for density distribution, the above mentioned fluctuations

one and Jby and
appear as a patterned structure which consiste of two arms due to —hze respo

8

which we call the D-wave » advancing with the angular velocity of

D
o

( 24

nearly unchanged irrespective of the differential rotation. It is conceivable,

or only  one arm from b:;. Each of these arms is produced by the wave,

+ the first order terms) so that the patterned structure remains

thgrefore, che main feature of patterned structure is ascribable to the initial
state. (§3)

7) In the above-mentioned quel, the one armed pattern of by can appear
alone while the two-armed one of hze occurs only when the éne—armed one
exists. In order to make the density fluctuation in the two-armed pattern
cbmparablefwith that in the one-armed pattern, the~amplitude’of‘ hze osci-
llation should amount to a few tenths of H . This forces the position of
the maxiﬁum density to displace away from the ceﬁter of the system. There—
fore, thié model may not be a representative of the normél:spirals with two-
armed spirals. (£3)

8) If x 1is variable, such an integral as 0=8; + E?ﬁ%ﬁ?fi éxsists so
.far as up to the first ord;r approximation QCncernsT Therefore, in additionto
the D-wave, another kind of wave or the R-wave receding reversely to the
dffferential rotation is produced by either of oscillations by and hzs.

Consequently the resultant wave moves with the difference angular velocity

ctively
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between both waves. (54)
9) For the vaiiable X , a simple case where both be and hza osci-
llations take the same form as in the model of the constant X was examined

in details at first. In this simple case, if D=Do:const., both of the

oscillations occur in the models which are the same in the zeroth order
but differ in the first order, while if D=D(t), only the b -oscillation
can appear in the models differing in both zeroth and first orders., (§4)
10) In a general case with a variable X , however, either of both osci-
llations by ané hzg can occur with a variety in the angular velocity
(of the density wave) as well as in the amplitude, though the hze-oscilla—
tion vanishes unless D 1is kept comstant. But none of these possible
angular velocities contain the radial coordinate in the zeroth order, so
that the effect of the weve due to the differential rotation leads the
resultant waQe move in the preceding direction. Therefore, the patterned
structures of all of the various models with variable y will develope into
the leading spiral arms with different time-scales corresponding to the res-
pective dynamical circumstances. ($4,%5)
11) All of the present results have been derived under the requirement that
the identity condition of the potential must hold everywhere and every time.
The oscillations b, and hze, therefore, appear as sinuous with the periods

6

of 27 and 7 in longitude but not some of segments from a sine-curve,
accordingly the spiral arms are not bandlike. However, if the above-mentioned
requirement is looéen, the different aspect is seen, for example, either of the
the leadiﬁg arm or the trailing one occurs rather evenly as bandlike arms,
The investigation on such line will be reserved in the forthcoming paper.

12) It is added a note relating on the so-called anti-spiral theorem due

to Lynden-Bell and Ostricker (1967). These authors proved -that the patterns



of a spiral form &id not generally exist 23 normal nodes of oscillations
for a differentially rotaiing nondissiputive gaseous systemn.
(1969) and Miyamoto (1969) ascertained that this theorem held as well in

1
}

her haoad Shu (1970)
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their results from hydrodynanical treatment. C:
demonstrated that the theorem did not necessarily apply to a stellar systen
in which there were resomnant stars. Cur abvove result, however, admits

the leading spiral patterns even when the waves are sta
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seems to be in a fact that the perturbed
density distribution funciion) as well as the perturbed potential in our
case can hardly be assumed to have a common factor expli(mag+yvé)as in the

approach from normal modes, since our those functions would contain, even

if all of the time-dcpondent quantities were expressible by const.xexpizve] ,

the normal modes, though our frequency function F(P) is restricted to have

a form of (1) and is required to be consistent with the potential by adjus

=]

the trancation.
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Appendix

Al., Derivation of the expression for ')@)
Let us find a common solution X° for the simultaneous partial differential

équations of (9),and (15), or

HW“ < (A1)

(%) f
D%y 1 Tk vy =0, }
. .
5 B v B oo

" The subsidary equation of the first equation in (Al) becomesi
Ab_aY A6 __
T T yfhn NGV . l (42)

From the first pair and another péir consistingtof the ‘first and third'terms,

we get
Y2 _ v _ED
B~ Fe =% 7L = 0=V ~ | (a3)

.respectively. Therefore, 9{?13 given by inu,v) which includes every
integral of the first eq;ation in (A1).
On the other hand, since the second equation in (Al) is trapsformeﬂ into
L 2P = B 20 o 2o (v (- BRO)+ FinedrG(a 63}= 0
in which F(r,t} and G(&,t) are arbitrary functions inﬁluding t as a
parameter. This follows at once for Y+0 or r}0
KO 06,1+ L4 ElnE) G o)} P,%wa.u,-) (a4)
Put (A4) into the second equation of (Al), we have
% ?E""“’ =R %531- a.N{i-Y)}-t-{-'—(g-g-i-N &)+ (&o=K Bgl)}—o. (a5)
This is decomposable into two parts, or
%;'*"’zh %v*é‘&Y(‘“Y>’= Cﬁ(f):ﬁ‘,\)?g(bi, - (a6)
L-t-N-—g +Y (a8=N %%);_-— - {(f.“‘J‘*‘Y%,(é}L ‘
where @(t) and @(¢) are unknown funétibns.

Now, . let us express G(&,t) by a power series of o, or.

"C&&)_:;o%nébb 6", | a7)



and substitute it into the second equation of (A6), we have

[{d.+Ng @.(t‘)“ﬁ‘(ﬂfl.\lQ;;G? 3 {Gur N0t g Yo" |

-nz.a.

+Y{{~N9,+(<a<e)1+<a 2N¢ aw—-Z K(nt1) ey 6" }‘

< The above equation should hold identically for any values of r and
hence .

g ; it follows that .

aa=%=: e =0, %1:‘%:&%56_) é‘,—;—&) éou—{q:'(&)f-(e;‘b)} )
consequently we have
G X Golid + Gl O+ Gat= Goled+ {Gora~altd} o+ 3265
Q= /N, G0 oA Aol CJMSES--
Substltution of (A8) into the first equation of (A6) results

vy 35 + aNv Q-+ 4o+ WU~V (c-a) = SE +7~213F ~an (=i =)+ 4,=o0

} (a8}

GotQe= © 1 Comst.,
which readily provides

. ) ' 524 N
Fo, &)= T%Lu)—%\»‘t)*‘skcm)cu,z m(cbi. : , . - (49

With reference’ to (A4), (A8) and (A9), we obtain the final expression of

K*? as follows.

Amasr BB Blne e MO caorad o)

By the way, let us ascertain that *obtained above is actually expressed
in a form of '><.°)(u,v) proved at the beginning. The formula (Al0) is .
rewriten as .

0), U cun, _Jxa AtiKu 2
Ky L8 Tt T T T 4.muq+m)*‘ e 3265

the right-hand side of which is transformed into in succession

a NN, D2 ficu
eV a) Taeu R R 9 ey

-Gy 2N o H”ﬂ* 282Ny BN
T oyt ooy T 2 B+ S

-~—C¢aw~~>«-ﬁ;L—ﬁ‘-V e G ~ANT gD (3gaN—a= gomc)..

But i;; +s proved  that (%—-a“tqa\ﬂ-} "conSt. -or alternatively-

, -cw-a~ 24NN = N(m'ﬁw“-)"ﬂh}zol Tt &, "ﬁ' W a_qa)
.since the _last relation/ _
T follows at once from ZgzNﬂa._ Tl-ere,.ore, we have firley



D* .
9= B s R e gy

Z—aNTgaN?= Constyy (411)

where all the parameters except u and v are constants, just as expected.
It may be worthy of notice that an expansion of G by a Fourier series,
‘'which -satisfies G(9,t)=G(o+2r,t). of course , provides no admissible
term.,
A2. Derivation of the expression for X%
' Sor
A similar treatment to the case of X’ is pqssible ge;ting a common
solutlan ¥ for both the partial differential equations (9")'and (43),
but inclusion of many additional terms to each equation‘makesicalculations
troﬁblesome.
We rearrange (43) for sake of convenience as follows
ﬁd/ (_h'ﬁ))“— aof\i V)CH'Y-ZYZ) bo—3 ( ) (4...2,\4)),@‘10
Qo S (1-6 SR gyt 2T (J—X)(n+\r~~rl)/m¥

2>

+ {é : %l(ﬁ)\—(—wwz-» S0t ) eI (158 (z;YL2Y3+3Y+)Y&:%}

+ DB{ Loy )by 5 b9)1- Y(z-*()’kua%)}
« L EyG-an{bi- (5 ” - 22) 6 Jer v S il )]
e Wy el

+ 2o (2 u-xPyr +250-rih]

2v* (A12)

Its repeated integrations with respects to & and r givé@'

ﬁf{ aﬁU{< %f )Vbs+(§§f3)w-d
e TN
L d N U X3yo .
+—£{< s T bt =X ) 4}

B (- )~ LU~ B 45}
& L Lav b= (5= 2 bo} (et "“‘33‘5“20 5—&.9)]
+ LR S-S § »Ez - —%—l\r)} Yo
+{c3(uaé- -+ft-vz)* é%?(;?‘~$?2ﬁ(3}&aa:§>

L{ a0, .
T ¥{iFPm e e e} 413
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where F® and G are arbitrai'y functions in the first order.
We substitute (Al3) into (2'") and arrange the terms in the order of the
power of Y with the use of the abbreviations suca as. '
—5:‘-—5593&: s 0'—"{3) '5::.9 ﬁeuot“ ’ %M—”"D (A14)
Thén it results that | |
Lo Lermeo-vifar T Zyra, (K-8
LB A Y 2 <A+f’ A+ %Q—’i‘gm-% A
;1—; T—q{Le be -HF&Y}*Y%E’—)S(A\-%-E,—)‘&(A(‘%):( |
w2 Byl (e B)]

+1h mr dogun ““40(4-* )]+ logu [~aD]+ z-:..\%-v) T?‘t -i——%iii}
+J{- Qo.(¢~ By _gq,d- 21 D3 &/~ H(Ac+RL) |
Al
~4 (R~ Y )CG* &y i V"D“%&)ﬂ
HlE @D +~ﬁa:’+ S
-&-6(’!"‘.’;(‘()‘\'3\/ )(a:+ ¥y  +n (%"‘ a%%%ﬁ '
rial- e ®)
. +1(aw>—~r%5"-)<<c+ 2y ] 30
DY =0
«LY? . ‘f“"'[ﬁa(‘ﬂ"z);} + *[3 % '57:"{::0' (AL5)

In order to make the above equation hold eveywhere and always, it is
necessary that any set of terms in every pairs of the - brackets
vanishes for an arbitrary value of €. Let us get such a necessary condi-

tion for by, at first. If we put

A-\'-‘—-—- ba—'"ﬂ‘bs“"g‘ba—- E, A" E_: ké"%%*’%bsa .\E/’

then the coefficients of r/H are written as

2. VI RRIEY W AL
2 L 4 (ot c BB crana( Aoy BB = 0,
while all the’ coefficienté of both r/HY "and r_/HY2 are expressible by

some multiple of E or E' . Therefore, when
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§E=bo~ﬁ-b9-t-%b£=0 (A16)
holds without any rest_riction except for. FonFo(u), jm =FW® (u’)ll and G¥=
Gy, sconst.*, the whole terms concetning ‘bg yanish, er'j'.n othet y&prés,
an oscillatory r'notion of bg defined by (AlS) océx{xré in z':eality.“
Secondly as regards h,e , the coefficients of i/HYZ, gives*#* ‘
F=Cr B mdiom B+ 2ius =0, (A7)
Then the equation (A1B) becomes as follows by letting the terms' for by be

aside
‘a"maf’%‘*‘“%‘( S8 dizk(?—‘()

0 D) v a-,-.:m
+$—1§§f L w‘“" ﬂ-(ggw—uy) o,

3p 3 a-*Y)a?} (A18)

where G (6,t) is represented by

G =Gy B 528 + Ga(t) cos2D, ,
since %) and 2G4 h £ d
S have a periodicity of T as rea ily seen by taking diffe—

rences for both cases of =0 and 9=zn‘- with respect' to the coefficient

of 1/H ov 1/HY respectively. Hence (AlB) is rewr:.tten as.

)
Di-a,(wwr __;)f-i— G.Hf-G-. —ﬁ—zaoﬁaaﬁzbg +ﬁ-(-a%—t-;'g%€) e A
203 [ - (A18")
+a—,’§( QnQ)+ -(cs;m—cn ).— K“_Y)Hn ‘r)" l—Y)} O .
We have, t‘xerefore, from 'the coefflcients of D
Qo=0 (D=Di:lomst.), Gu=0, Gy} tonsb., ' (a19)
and from the coefficients of D'
)'r ( @Ry =T, =0
a-Y G-y ZR" / 2k{: -Y»?
% In oxder to satisfy ;,{;hi=g—;%*- , G® should be llnear function of
U=9- —%(—Ch ’ nevertheless, if G"’ contains v, a discontinuity as
mentioned in 32 occurs at &=z, We can put G"LO since G.,e is included

in F® (u),
*% No care- is necessary here about that Fo in the second term of the last -
line of (AlS) is an arbitrary function of Y . E :



llntegratlon of which results

EM= ..4.%(:. 4‘"3I+ G:Dp - Gz(‘_y) G, Gyt anbibrary consbs,, (A20)
l | _
while lastly from the remaing terms without & we have

P &)= FhUWy, wus ‘Jfrzw_ (A21)

Thus, the h,g —0scillation occurs when TF=0 is satisfied under the restric-

tions such as D=Do :‘const., én=GﬂD(Gl:const.) and ’ F°' being in a form of

(a20).
As a final form of %, we obtain with references to (A13), (Alé),.(Al?),

(A19), (A20), and (A21) as fO‘llOWs_
’)(‘,), =("§('I>Z*;-.Mohl1~ :E;( i=ya)+2( E<Y)‘Y"§$’- —ao (_3:3 F"’( W,
"efﬁ-“ _\1{_;{ _t_);:( V=S Y+4YE=3Y Iyt — ;{_\; )
£
~GD(2-2y+ v3) =263 (2=3¥+ Yz}} %94. .\_’r..

where - H, D, N .are the zeroth order functioms.or t while K’_Gl’ G2 are

the first order conmstants.
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