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Push-forward formula for flag bundles from
cohomological wall-crossing

By

Ryo OHKAWA *

Abstract

We consider K-theoretic equivariant integrals on flag manifolds, especially Grassman-
nian manifolds. Using a method inspired by the theory of wall-crossing formulas by Takuro
Mochizuki, we derive a push-forward formula for K-theory classes via the equivariant Rieman-
Roch formula. Additionally, we compute the push-forward of cohomological Schur classes.

§1. Introduction

Let B be a smooth algebraic variety over the complex number field C, and T = (C*)*®
an algebraic torus acting on B. We take a T-equivariant vector bundle £ over B. We
write by IT: FI(€,d) — B the flag bundle of € consisting of d-dimensional flags, and by
V the universal sub-bundle of IT*€.

In [9], we provided an alternative proof of the residue formula [10, (3)] moti-
vated by wall-crossing method by Mochizuki [5]. The purpose of this note is to present
some application of this formula, and prove several known results, and suggest another
potential application studied in future.

§2. Residue formula

§2.1. Equivariant K-group

We consider an algebraic torus T = (C*)®. For a character y: T — C*, the weight
space C, denotes the one-dimensional T-representation C with the T-action defined by
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24 Ryo OHKAWA
t-1 = x(t) for t € T. For a coordinate (z1,...,z,) of T, we write by x{"* - -z
the character sending t € T to x1(¢)™* ---x4(t)™ € C*. The symbol z]™ --- 27" also

)

denotes the weight space C mi__ m..

For a smooth algebraic variety M with a T-action, we consider the Grothendieck
ring of the category of T-equivariant locally free sheaves on M. The multiplication
is induced by the tensor product. For a morphism M’ — M of algebraic varieties
and a vector bundle £ on M, we often write the pull-back &|p by the same letter
E. Since we always assume that M is smooth in this paper, we can identify Kr(M)
with the Grothendieck group of the category of T-equivariant coherent sheaves on M
by [6, Proposition 2.1]. In particular, when M is equal to the one point pt, we use
the identification of Kr(pt) with the T-representation ring Ry = Z[zE', ..., ¥ by the
weight space decomposition.

For a T-equivariant vector bundle F over M, we write by F¥ and AFF the dual of
F and the k-th exterior power of F respectively. For two T-equivariant vector bundles
F and F" over M, we set Hom(F,F') =F" @ F. We set

rk F o
AaF =D (-1)'A'F
=1

where rk F is the rank of F. For a character x: T — C*, we set A_,F = A1 (F @ C,).

We consider the fixed point set M' of M, and recall the localization theorem [8,
Theorem 2.1] for Kr(M) and Kr(MT). We take the embedding ¢: M — M of the
fixed point set M", and the decomposition

MT =] | My
J

into connected components My. By [3, Proposition 1.3], we have the following lemma.
Lemma 2.1.  FEach connected component My of M" is a sub-manifold of M.

We denote by Ny the normal bundle of My in M. By the similar argument in the
proof of [6, Theorem 3.2], we have the following theorem.

Theorem 2.2.  For an algebra S over Rr, we assume that A—1(N3)" is invertible
n KT(MT) Qpre S for each J. Then the push-forward v, gives an isomorphism

Ly : KT(MT) @Ry S = KT(M) @Ry S.

The inverse image is given by

Flm
2.1 Y F = — 7
(21) @7F =35

for a T-equivariant vector bundle F over M.
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For the fractional algebra S = Q(z1, . .., x,) of Ry = Z[xy,. .., 1], we set KI°¢(M) =
Kr(M) ®@p, Q(z1,...,2,). For a polynomial g = g(Y1,...,Y,) € KF(M)[Yy,...,Y,]
and a T-equivariant vector bundle F on M, we set

g(NF) = g(ALF, ... N F) € Kl¢(M).

Here for i > rk F, we set A'F = 0. For a symmetric polynomial f(z1,...,z,), we can

write
flry, ... xs) =gler(zy, ... xs)y . es(xy, ..., 28))

using the elementary symmetric polynomials e;(xy,...,xs) for i =1,...,s and a poly-
nomial g(Y1,...,Ys). Then we set f(F) = g(A*F).

§ 2.2. Equivariant Chow ring

We recall the Riemann-Roch formula in the equivariant setting from [1]. Let
CHp(M) denote the T-equivariant Chow group of M, AN(M) the T-equivariant Chow
ring of M, and K"(M) the Grothendieck group of T-equivariant coherent sheaves on
M. Since we assume that M is smooth, we can identify CHp(M) with A} (M), and
K" (M) with the Grothendieck ring K1 (M) of T-equivariant vector bundles on M as
stated previously.

When M is a point pt, we see that CHp(pt) = A% (pt) is equal to the polynomial
ring Z[&1, . . ., &s| where & = c1(x1),...,& = c1(xs). We consider the ideal

(lh,..., 1) € Z°\ {0})

of the representation ring Rt = Z[xlﬂ, ...,z F!. We see that the ideal I7 is generated

Y 8

Ir =1 —ab . gh

by the multiplicative subset St of Kr(pt). We write by ]%r the completion of Rt along
It. We set Kr(M) = K1(M) ©g, Rr, and CHr(M) = [];5, CHA(M). We also set

AT = Z[ei&? s 7€:|:§s] - C/(ETT(pt) = Z[El? s 758]]‘

For a T-equivariant vector bundle F on M, we set

Eu(F) E _

Td(F) = —————= = — <2 __c CHr(M)=||CH. (M

(%) chA_ 1 (FY) }_[11—6_% (M) };[O (M)

and call it the Todd class of F. Here ch is the Chern character, €1, ..., &k r are Chern

rkF 1—e fa .
a=1 o mn

k . :
roots of F, and H;j 2= is regarded as the inverse element of []

CHr(M). When F = TM, we set Td(M) = Td(TM).
We define a map 7 =73 Kp(M) — CHr(M) by

(2.2) 7(€) = (ch(€) - Td(M)) N [M]
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for £ € Kr(M). The map 7 is compatible with push-forwards, and factors through the
induced isomorphism

(2.3) # =ty Ko(M) = CHrp(M)

called the T-equivariant Rieman-Roch formula. We often use the identification of the
representation ring Ry with Ap = Z[e**1, ... e**] via the exponential map 7. In
particular, the fractional algebra S = Q(xy,...,x,) of Ry is regarded as an Ar-algebra.
Under the assumption in Theorem 2.2 we have an isomorphism

CHr(M) @4, S = CHr(M") @4, S

—loc e
via (2.3). Weset CHy (M) =CHT(M) @4, S
When M is projective, the T-equivariant Riemann-Roch formula (2.3) implies

RT(M, F) — / ch(F) Td(M),
M

where [,, denotes the push-forwad under the projection M — pt. This means the
commutativity of the middle square in

~ ch(e) Td(M —loc ~ ——loc
Klee(MT) <= feloe(ag) 2D EFR () = CHy (MT)

oc oc ch(e) ——loc ——loc
K< (pt) Kpe(pt) ————— CHy (pt) == CHr (pt)

which follows from the commutativity of the outmost square . When M" consists of
isolated points , this is checked dirrctly as

d
H ai(p)

Flp ch(F]p) i=1
RF(M,I):Ch Z m = Z p p
peMT P peMT Haz(p) H(]- N e—ai(p))
i=1 i=1
= / ch (F) Td(M)
M
where a;(x),...,aq(z) are Chern roots of T,,M.

§ 2.3. Master space

Let £ be a T-equivariant vector bundle of rank r over a smooth T-variety B, and
consider a sequence of integers r > dy > dy > --- > d,,, > 0. We consider the flag
bundle of type 4,,

Fl(&;dy,da,...,dp) ={(EWDF D DF,) | beB,F=C% (k=1,....,m)}.
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We fix a non-negative integer d, and set F' = FI(£;d). For the projection
II: F=FIl(&;d) — B,

we write I[I*E by the same letter £, and by V the universal sub-bundle on F, that is,
the sub-bundle of & whose fibre V; over the point in beF is equal to the subspace
corresponding to b. For a polynomial ¢(Y7,...,Yy) € Kr(M)[Y3,...,Yy], we consider
the K-theory class ¢ = g(A*V) in Kp(M). Using a computational method inspired
by [5] and [7], we compute the push-forward of g(A®*V) under the projection II: F =
Fl(&;d) — B.

Let us introduce the flag bundle II': F' = FI(£;d — 1) — B of (d — 1)-dimensional
sub-spaces, and write by V' the universal sub-bundle on F’ tentatively. We take another
torus C; = C* with the coordinate v € C}. We consider the T x C}-equivariant line
bundle L = Op © C;, over F', and the projective bundle

M=Pp ((en)orL)

over F'. We call M the master space. We consider the fibre-wise C*-action on M
induced by by C*-action on L and the trivial action on £/V". Weset F = FI(€;d,d—1).

For the fixed point set M, we have an obvious decomposition M = P (5/)/) L
P, (L) of connected components, and hence an isomorphism

(2.4) ME = FUF

by identifications F = P (5/)/) and F' = P, (L). The first component F recovers F
via the projection F = FI(€:d,d — 1) — F = FI(£;d) forgetting the d — 1-dimensional
flags. We denote the pull-back of the bundle V' on F’ under the projection M — F’
and the one under F — F/ by the same letter V. We also denote the pull-back of V on
Funder F — F by the same letter V.

For the tautological bundle O(—1) of the projective bundle M = P ((5/)/) & L) ,

we consider the inclusion of Oaq(—1) into (5/)/) @ L. We take the inverse image of

Oam(—=1) by the quotient map € ® L — £/V @ L, and write it by the same letter
V. We have isomorphisms V|z =2 V and V|p =2 V' @ L, where V and V' have the
trivial Cj-actions. We see that Op(—1) = V/V’ restricts to Op(—1)|p = V/V' on
F and Oam(=1)|pr = L on F'. Hence the normal bundles N € KTX@Z(ﬁ) of F and
N ¢ Krxc: (F/) of ' in M are written as

(2.5) N=0Om\)©L|z=C,0V -C,0V",

4

(2.6) N =0y @E/V =Cpr @E-Cpr @ V.
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Here VY and V'V are the dual of V and V' respectively. Furthermore we set © =
Hom(V', Op(—1)) on M so that we have the restrictions

(2.7) 0|z = Hom(V', V/V),
(2.8) Olp = Hom(V ,0p @ C,) =V @ C,.

We write ©|z in (2.7) by ©. This is equal to the relative tangent bundle of the projection
M = F.

We write by II: M — B the projection, and set II = ﬁ|ﬁ and II' = ﬁ|F/ We use
the following commutative diagram:

Krycx (M) ™ @Txc; (M)

ﬁ*l lﬁ*

= Krxc: (B) @Txc;(B)

K1 (B)[u*!]

We set ¢1(u) = h. For an arbitrary v € Krxcx (M), we have I,y € Kr(B)[ut'], and
get the entire holomorphic function 75(v) = ch (ﬁyy) - Td(B) of h by substituting
ch(u) = e” and multiplying the constant Td(B) € Kr(B) in h. Hence we have

(2.9) jq{ dRIL, () = jq{ dhrp (ﬁw) —0
for any closed path. By (2.1) in Theorem 2.2 and (2.4), we have

Y5 N Y
AN AN

() 1y =

for the embedding ¢: M — M. Using O, =10, + I, and (2.9), this implies

(2.10) j{dhﬁ* ch </\_?17%)v> Td(F) = — j{dhn; ch <%> Td(F).

Here we used the compatiblity of the isomorphisms (2.3) with push-forwards.

§ 2.4. Push-forward formula

For a symmetric polynomial f(x1,...,24) = g(e1) and a positive integer d < r =
rk £, we take a K-theory class

A1 Hom(V/ V', V)
d

Y= f(V) ’ € KTX(CZ (M)
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Taking the contour of integration for A suitably in the left hand side of (2.10), we get

~ ch(y)|p Td(F) ~ ch(v)|p TA(F)
]gdm* BAL)Y ]{dhﬂ* 1 cFrat)

i ch (f(V) : /\_;QF/F> Td(F)

— I, ch(f(V)) - Td(F)

by (2.5). Here Qp,p is the quotient bundle of T*F by the pull back T*F|z . On the
other hand, the right hand side of (2.10) is equal to

/ flweV) Aci(wroV) -AsiuoVY) /
—]{dhn* ch< R Y )) TA(F)

by (2.6). Thus we have

S fwaV) AoV A (ua YY)
2.11 I, = I : :
@11) TR(LFV) = - pdim < gl e )

where we use the same symbol 75 for the suitably localized version of (2.2).
We take a symmetric polynomial fi(x1,. .., xq—k) such that their coeflicients belong

to Kr(FI1(E;d — k) [uf', .. uf' Ali(uy @ V)™ - ALy (ug @ EY)™Y] and

flur® - Gup @ V)
— . 1 — 1w /M1 — ws Jus

1<i<j<k

‘ <ﬁ /\_1(ui_1 ® V) N_q (u@ ® Vv)>

i1 /\_1(Ui ®g\/)

for the tautological bundle V on FI(E;d — k). Set ch(u;) = €™, ... ch(ug) = ™. In
(2.11), we substitute f(V) = fi(V), u = up 1, F = Fl(E;d— k), F' = Fl(E;d —k — 1),
and d = d — k. Then the last factors in fr(ug1 @ V') give [T;; 1 (1 — upy1/ui) (1 —
ui/ugy1). Hence for k=0,1,...,d —1, we get

(2.12) i (I Au(V) = = Pt (L fa(0).

where II19%: FI(£:d—k) — B and II%*=': FI(£;d—k — 1) — B are the projections.
The residue map Res,—o,o is defined using the split principle applied to €. We can
directly compute to get

I h (&Y [ <0
(2.13) Res % _ ) N
u=0,00 A_y, (EV) u (=) tdet(E)y—.(£) 1>0
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Here h; is the complete homogeneous symmetric function of degree k

£y 4,
Doty lp—k T k20

hk(:cl,...,xr) =
0 k <O0.

In [9, Theorem 1], we provided an alternative proof of the following theorem, which
was originally proved in [10, (3)] by a different method.

Theorem 2.3.  For the projection I1: F = FI(E;d) — B of a flag bundle, we

have
. duq - - dug

(2.14) [L.g(A*V) = Res  ¢4q(€) ——— € Kr(B)

Ut,..., b g=0,00 Ui Ud
where

f(ug, . ua) - ngi;«éjgd(l — ui/uy)
(2.15) $a(€) = . .

dl- Hz’:l N (Sv)
The operation Resy, . u,—0,00 15 the iterated residue R%s R%s R%s where the
u1=U,00 up3=U,00 Ug=u,00

symbol Bées denotes taking the sum of residues at 0 and co.

Proof. 1t is enough to show

(I f(V)) = (—1)d]§dh1 e j{dhdm (falui, ... ,uq))-

We choose the contour of path of integration as follows. Possible poles are the sums

Zaa over nonempty subsets I C {1,2,...,r}. We take a, small enough such that

ael
0 <Ra<e and 0 < Sa < ¢, where e < 1/r and r =1k &. Then we restrict the range

of imaginary part of A smaller than 27, and go around these poles. Then the assertion
follows from (2.12). |

§3. Application

By a similar argument using the localization formula [2, (1)] for the T-equivariant
Chow ring CHp (M), we get the residue formula [11, Corollary 1] for cohomology classes.
We re-write weight spaces by u; =e*', ..., uqg = e*.

Theorem 3.1.  For a cohomology class g(ce(V)) = g(c1(V),...,ca(V)) and the
fundamental cycle [F] of F = FI(E;d), we have
fla, o za) sy (2 — 25)

(31 IL(glca(V) NIF])) = Res I Enle s 0 8) dzy -~ dzg

in CHY (B), where f(z1,...,2q) = glei(x1,...,24),...,ea(x1,...,24)), and Res

21 2d=00

18 taking iterations of residues Res --- Res .
21=00 2d=00
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If we write by aq,...,a, the Chern roots of £, then we have
kd ) hy_palar, ... a.) k>r
(3.2) Res —= z 4 = (=1) k-rd ) -
Z2=00 Ha:l —2z 4+ aq 0 k <r.

It can be checked directly, and also by applying (3.1) for P(W) = Fl,(W;1) and
P(V) = c1(V)F. Using (3.2), we can compute the linear map Res  in the right hand

210
side of (3.1).

§3.1. Determinantal formula

For a partition A = (A1, A2, ..., ) with the length £ < d, the Schur polynomial s) is
defined by '
_ det(@ i<y

B H1§z’<j§d(l'i — ;)

sx = sa(z1, .., wa)

Theorem 3.2. We have

sy (V) = (=)@ D2 det (ha,—imjr2a—r1(E)).

Proof. We take the Chern roots aq,...,a, of £. By (3.1), we have

R sx (w1, ma) [Ty (s — fﬁj)d
T1Tg=00 ]I Hglzl H;:1(_$i + ao)
(—=1)9=D/2 det (27777, i jeadet(z8) 1< <a

xld:[;d

—  Res . - dxy - -dxy
L1 T g=00 d! Hi:l Ha:l(_xi + aa)
= Res (—1)da=n7z ZO’EGd Hg:l f’fifj)d_j det(xi(_i‘g)lgi,jﬁd Ty dryg
T =00 d! H?:l [Tooi (i +aa)
_ Res CEDMTUPTIL a T et i ciieay
R [T T (= + )
d
— (—1)dr—DHdd-1)/2 Z sen(o) HhAj_j_U(jHQd_rH(S).
o€Gy J=1
O

When B = pt, and €& = W is regarded as a vector bundle of rank r over the point
pt, we get the Grassmannian FI(W:d) of d-dimensional sub-spaces in W = C”". In

particular when d = r, we have

(3.3) sa(ar, .. ar) = (=102 N " sgn(o) [ hay—ijmotiyrrii (@, an).

ceS, 7=1
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For a partition A of length £ < d, we set A = X\ — (r —d)?. We set hy = 0 for £ < 0,
and hence sy = 0 if X contains negative integers. By the above theorem, we have

85\(5) = 7’(7’ /2 Z Sgn Hh)\j —j— J(])+r+1(5)

ceES,

The last summand is equal to zero unless we have 7 € &4 such that

1 d d+1-.-
oc=0, =
r—d+7(1)---r—d+7r(d)r—d---1
since s_j_o(j)4rp1 = 0 unless —j —o(j) +r+1>0for j=n+1,...,r

d
r{r— sSghn UT)
sx(at,...,a;) = (1) (r=1)/2 § ———-sgn(7) | | SXj—j—rtd—7(j)trt+1
TE€EGy sgn(7) j=1

r(r—1)4+d(d—1)
2

Lemma 3.3.  We have 22422) — (_1)

sgn(T)
Proof. We compute the sign of

or = (T—d—I—T(l)"' r—d+7n)r—d--- 1)

as follows.
(—1)(T_d)d:sgn<r—d+1--- rl.-.. r—d)
— (=) D—d=1/2 o (T Cda e —d- 1)
= (1)U (7 - sgn(er)
Therefore we have S28(27) (—1)(r=ddt(r=d)(r=d=1)/2 _ (—1)%. O

sgn(r)

By this lemma, we have

d
sx(€) = (_1)d(d_1)/2 Z sgn(7) H hf\j—j—T(j)+d+1(5)~

T€6d jil

Sincej\j:)\j—r—l—dforj:l,...,d,

d
sx(€) = (—1)d(d_1)/2 : Z sgn(7) H hAj—j—T(j)+2d—r+1(5)

TEG, 7j=1
_ (_1)d(d—1)/2 . (_1)dr+d(d+1)/21—[*8>\(v)
(3.4) = (=)= DL, 55, (V).
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§ 3.2. Pliicker formula

Let Q be the universal quotient bundle of IT*E on FI(E,d). We denote by # the
Chern class ¢1(Q) = ¢q1(det Q), and call it the Plicker class of FI(E,d).

We can indentify Q¥ with the universal sub-bundle on FI(€Y;r — d). Hence, using
(3.4), we have

(—D)PTL 51 (Q)
= (CDPAICD (eY)
_ (_1)|>\|+d(r—d)+|)\|—d(r—d)SS\(S)7

H*S)\(Q)

where |A\| = Zle Ai. Thus we have
(3.5) IL.sa(Q) = s5(&).
This is used to show the Pliicker formula in [4].

Theorem 3.4.  For each integer N > d(r — d), we have

H*GN _ Z f>\+(r_d)d8>\(g)
|IA|=N—d(r—d)

where f’\H”_d)d is the number of standard Young tableaux with shape A+ (r — d)<.

Proof. Here we reproduce the proof in [4]. Using Pieri’s formula repeatedly, we
obtain that

oY = Fsu(Q).

lul=N
By (3.5), we have
oY= 3 fiLs Q= 3 ).

Ul =N IA|=N —d(r—d)
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