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Push-forward formula for flag bundles from 
cohomological wall-crossing 

By 

Ryo OHKAWA * 

Abstract 

We consider K-theoretic equivariant integrals on flag manifolds, especially Grassman­
nian manifolds. Using a method inspired by the theory of wall-crossing formulas by Takuro 
Mochizuki, we derive a push-forward formula for K-theory classes via the equivariant Rieman­
Roch formula. Additionally, we compute the push-forward of cohomological Schur classes. 

§ 1. Introduction 

Let B be a smooth algebraic variety over the complex number field C, and 'IT'= (C*)s 

an algebraic torus acting on B. We take a 'IT'-equivariant vector bundle £ over B. We 

write by II: Fl ( £, d) ➔ B the flag bundle of£ consisting of d-dimensional flags, and by 

V the universal sub-bundle of II*£. 

In [9], we provided an alternative proof of the residue formula [10, (3)] moti­

vated by wall-crossing method by Mochizuki [5]. The purpose of this note is to present 

some application of this formula, and prove several known results, and suggest another 

potential application studied in future. 

§ 2. Residue formula 

§ 2.1. Equivariant K-group 

We consider an algebraic torus 'IT' = (C*)s. For a character x: 'IT' ➔ (C*, the weight 

space Cx denotes the one-dimensional 'IT'-representation C with the 'IT'-action defined by 
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t · l = x(t) for t E 'IT'. For a coordinate (x1 , ... , X 8 ) of 'IT', we write by x7' 1 
• • • x:;is 

the character sending t E 'IT' to x 1 (t)=1 • • ·X 8 (t)=s EC*. The symbol x7'1 
• • ·x:;1s also 

denotes the weight space Cx=1 .. 
1 

For a smooth algebraic variety M with a 'IT'-action, we consider the Grothendieck 

ring of the category of 'IT'-equivariant locally free sheaves on M. The multiplication 

is induced by the tensor product. For a morphism M' ➔ M of algebraic varieties 

and a vector bundle £ on M, we often write the pull-back £IM1 by the same letter 

£. Since we always assume that M is smooth in this paper, we can identify Kir(M) 

with the Grothendieck group of the category of 'IT'-equivariant coherent sheaves on M 

by [6, Proposition 2.1]. In particular, when M is equal to the one point pt, we use 

the identification of K ir(pt) with the 'IT'-representation ring Rir = Z[xf1, ... , x;1
] by the 

weight space decomposition. 

For a 'IT'-equivariant vector bundle F over M, we write by Fv and Ak F the dual of 

F and the k-th exterior power of F respectively. For two 'IT'-equivariant vector bundles 

F and F' over M, we set 11.om(F, F') = Fv ® F'. We set 

rkF 

A_1F = I)-l)i Ai F 
i=l 

where rkF is the rank of F. For a character x: 'IT' ➔ C*, we set A-xF = A-1 (F ® Cx)­

We consider the fixed point set M1f of M, and recall the localization theorem [8, 
Theorem 2.1] for Kir(M) and K1r(M1r). We take the embedding l: M1f ➔ M of the 

fixed point set M1f, and the decomposition 

Mir= lJ M;s 
J 

into connected components M;s. By [3, Proposition 1.3], we have the following lemma. 

Lemma 2.1. Each connected component M;s of Mir is a sub-manifold of M. 

We denote by N;s the normal bundle of M;s in M. By the similar argument in the 

proof of [6, Theorem 3.2], we have the following theorem. 

Theorem 2.2. For an algebra S over Rir, we assume that A_ 1(N;s)v is invertible 

in Kir(M1f) ®R[ S for each J. Then the push-forward l* gives an isomorphism 

The inverse image is given by 

(2.1) ( )
-1 ~ FIM;i 

l* F = ~ A_1(N;s)V 
J 

for a 'IT'-equivariant vector bundle F over M. 
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For the fractional algebra S = Q(x1, ... , X 8 ) of R1r = Z[x1, ... , X 8 ], we set K}0 c(M) = 
K1r(M) ®R1r Q(x1, ... , X 8 ). For a polynomial g = g(Y1, ... , Ys) E K}0 c(M)[Y1, ... , Ys] 

and a 'IT'-equivariant vector bundle Fon M, we set 

Here for i > rkF, we set AiF = 0. For a symmetric polynomial f(x 1, ... ,xs), we can 

write 

f(x1, ... , Xs) = g(e1(x1, ... , Xs), ... , es(X1, ... , Xs)) 

using the elementary symmetric polynomials ei ( x1, ... , x s) for i = 1, ... , s and a poly-

nomial g(Y1, ... , Y8 ). Then we set f(F) = g(A • F). 

§ 2.2. Equivariant Chow ring 

We recall the Riemann-Roch formula in the equivariant setting from [1]. Let 

CHj.(M) denote the 'IT'-equivariant Chow group of M, Aj,(M) the 'IT'-equivariant Chow 

ring of M, and K1f(M) the Grothendieck group of 'IT'-equivariant coherent sheaves on 

M. Since we assume that M is smooth, we can identify CHj.(M) with Aj,(M), and 

K1f(M) with the Grothendieck ring K1r(M) of 'IT'-equivariant vector bundles on M as 

stated previously. 

When M is a point pt, we see that C Hj. (pt) = Aj,(pt) is equal to the polynomial 

ring Z[6, ... , ~s] where 6 = c1 (x1), ... , ~s = c1 (xs). We consider the ideal 

of the representation ring R1r = Z[xt1, ... , x;1]. We see that the ideal h is generated 

by the multiplicative subset S1r of K 1f (pt). We write by R1r the completion of R1r along 

h. We set K1r(M) = K1r(M) ®R1r R1r, and CH1r(M) = fL>o CH½(M). We also set 

A1r = Z[e±6' ... 'e±es] C CH1r(pt) = Z[[6, ... '~s]]. 

For a 'IT'-equivariant vector bundle Fon M, we set 

and call it the Todd class of F. Here ch is the Chern character, c:1, ... , ErkF are Chern 

roots of F, and rr:k!i 1-:°'-sa is regarded as the inverse element of rr:k!i 1-::Sa lil 

CH1r(M). When F = TM, we set Td(M) = Td(TM). 

We define a map T =TM: K1r(M) ➔ CH1r(M) by 

(2.2) T(£) = (ch(£). Td(M)) n [M] 
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for £ E Kir(M). The map T is compatible with push-forwards, and factors through the 

induced isomorphism 

(2.3) 

called the 'Jf-equivariant Rieman-Roch formula. We often use the identification of the 

representation ring Rir with Air = Z[e±6, ... , e±en] via the exponential map Tpt· In 

particular, the fractional algebra S = Q(x 1 , ... , X 8 ) of Rir is regarded as an Air-algebra. 

Under the assumption in Theorem 2.2 we have an isomorphism 

-Joe -
via (2.3). We set CHir (M) = CHir(M) ®Air S 

When M is projective, the 1f-equivariant Riemann-Roch formula (2.3) implies 

IRf(M, F) = JM ch(F) Td(M), 

where JM denotes the push-forwad under the projection M ➔ pt. This means the 

commutativity of the middle square in 

which follows from the commutativity of the outmost square . When Mir consists of 

isolated points , this is checked dirrctly as 

i=l i=l 

= JM ch (F) Td(M) 

where a1 (x), ... , ad(x) are Chern roots of TpM. 

§ 2.3. Master space 

Let £ be a 1f-equivariant vector bundle of rank r over a smooth 'If-variety B, and 

consider a sequence of integers r ~ d1 ~ d2 ~ • • • ~ dm ~ 0. We consider the flag 

bundle of type Arn 
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We fix a non-negative integer d, and set F = Fl(£; d). For the projection 

II: F = Fl(£; d) ➔ B, 

we write II*£ by the same letter£, and by V the universal sub-bundle on F, that is, 

the sub-bundle of £ whose fibre Vb over the point in b E F is equal to the subspace 

corresponding to b. For a polynomial g(Y1, ... , Yd) E K1r(M)[Y1, ... , Yd], we consider 

the K-theory class 1/J = g(/\ •V) in K1r(M). Using a computational method inspired 

by [5] and [7], we compute the push-forward of g(/\ •V) under the projection II: F = 

Fl(£; d) ➔ B. 

Let us introduce the flag bundle II
1

: F
1 

= Fl(£; d- 1) ➔ B of (d- 1)-dimensional 

sub-spaces, and write by V
1 

the universal sub-bundle on F' tentatively. We take another 

torus c: = C* with the coordinate u E c:. We consider the 'IT' x c:-equivariant line 
I 

bundle L = Op1 ® c: over F, and the projective bundle 

I 

over F . We call M the master space. We consider the fibre-wise c:-action on M 
I -

induced by by c:-action on Land the trivial action on£ /V. We set F = Fl(£; d, d-l). 

For the fixed point set Mc:, we have an obvious decomposition Mc: = ]ID Fi ( £ /V
1
) LJ 

]IDF1 (L) of connected components, and hence an isomorphism 

(2.4) 

by identifications F = ]ID pi ( £ /V
1

) and F
1 

= ]ID pi ( L). The first component F recovers F 

via the projection F = Fl(£; d, d - l) ➔ F = Fl(£; d) forgetting the d - 1-dimensional 

flags. We denote the pull-back of the bundle V' on F' under the projection M ➔ F' 

and the one under F ➔ F' by the same letter V'. We also denote the pull-back of Von 

Funder F ➔ F by the same letter V. 

For the tautological bundle OM ( -1) of the projective bundle M = JP> pi ( ( £ /V
1
) EB L), 

we consider the inclusion of OM ( -1) into ( £ /V
1
) EB L. We take the inverse image of 

0 M ( -1) by the quotient map £ EB L ➔ £ /V
1 

EB L, and write it by the same letter 

V. We have isomorphisms VIF ~ V and Vlp; ~ V' EB L, where V and V' have the 

trivial c:-actions. We see that OM ( -1) = V /V' restricts to OM ( -1) IF = V /V
1 

on 
~ I ~ ~ ~ 

F and OM(-l)lp1 =Lon F. Hence the normal bundles NE K1rxc:_,(F) of F and 

N
1 

E K1rxc:_, (F
1

) of F' in M are written as 

(2.5) 

(2.6) 

- V 1 V N = 0 M (l) ® LI F = Cu ® V - Cu ® V , 
I I I 

N = OM(l)lp1 ® £/V = Cu-1 ® £ - Cu-1 ® V. 
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Here vv and V
1

v are the dual of V and V
1 

respectively. Furthermore we set 8 

1iom(V
1

, 0 M ( -1)) on M so that we have the restrictions 

(2.7) 

(2.8) 

I I 

8IF = 1iom(V, V /V ), 

We write 8IF in (2. 7) by 8. This is equal to the relative tangent bundle of the projection 

M ➔ F. 
~ ,....,__, ~ I ~ 

We write by II: M ➔ B the projection, and set II = IIIF and II = IIIF1. We use 

the following commutative diagram: 

We set c1 ( u) = Ii. For an arbitrary I E K1rxic: (M), we have fL, E K1r(B) [u±1], and 

get the entire holomorphic function TB(r) = ch (fL,) · Td(B) of Ii by substituting 

ch( u) = en and multiplying the constant Td(B) E K1r(B) in Ii. Hence we have 

(2.9) 

for any closed path. By (2.1) in Theorem 2.2 and (2.4), we have 

for the embedding l: Mic: ➔ M. Using fLl* = fL + II~ and (2.9), this implies 

(2.10) 

Here we used the compatiblity of the isomorphisms (2.3) with push-forwards. 

§ 2.4. Push-forward formula 

For a symmetric polynomial f(x1, ... , Xd) = g(e1) and a positive integer d :'.S r = 

rk£, we take a K-theory class 

-J(V) /\_ 11iom(V/V',V') K (M) 
r - · d E 1rxic: . 
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Taking the contour of integration for Ii suitably in the left hand side of (2.10), we get 

- -
f - ch(r) IF Td(F) f - ch(r) IF Td(F) 

dnIT* - = dnIT* ( ) ch/\_1 (N)V (1-e-1Hci V) 

- ch (f(V). ;\_1nF/F) Td(.F) 
= IT*----------

d 

= II* ch(f (V)) · Td(F) 

by (2.5). Here nF/F is the quotient bundle of T* F by the pull back T* FIF . On the 

other hand, the right hand side of (2.10) is equal to 

by (2.6). Thus we have 

(2.11) 

where we use the same symbol TB for the suitably localized version of (2.2). 

We take a symmetric polynomial fk(x1, ... , Xd-k) such that their coefficients belong 

to K1r(Fl(£; d - k)) [ut1, ... , ut1, /\_1 (u1 ® £v)-1 · · · /\_1 (uk ® £v)-1] and 

fk(V)= f(u1EB···EBukEBV) . IT (l-uj/ui)(l-uduj) 
d( d - l) · · · ( d - k + l) 

l~i<j~k 

. (rrk ;\_1(ui
1 

® V) ;\_1 (ui ® vv)) 
i=l ;\_1 ( Ui Q9 £V) 

for the tautological bundle Von Fl(£; d - k). Set ch(u1) = en1, ... , ch(uk) = enk_ In 

(2.11), we substitute f(V) = fk(V), u = uk+l, F = Fl(£; d - k), F' = Fl(£; d - k - l), 

and d = d - k. Then the last factors in fk( Uk+l EB V') give fL~i<k+l (1 - Uk+i/ui) (1 -

uduk+1). Hence fork= 0, l, ... , d - l, we get 

(2.12) 

where rrd-k: Fl(£; d- k) ➔ Band rrd-k-l: Fl(£; d- k - l) ➔ Bare the projections. 

The residue map Resu=O,= is defined using the split principle applied to £. We can 

directly compute to get 

(2.13) 
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Here hk is the complete homogeneous symmetric function of degree k 

h ( ) 
- { L£1 +···Hr=k xfl ••• x~r k ~ 0 

k X1, ... , Xr -
O k < 0. 

In [9, Theorem 1], we provided an alternative proof of the following theorem, which 

was originally proved in [10, (3)] by a different method. 

Theorem 2.3. For the projection II: F = Fl(£;d) ➔ B of a flag bundle, we 

have 

(2.14) 

where 

(2.15) 

The operation Resu 1 ud=O = is the iterated residue Res Res • • • Res where the 
, ••• , ' u1=0,CXJ u2=0,CXJ Ud=O,CXJ 

symbol Res denotes taking the sum of residues at O and oo. 
u=O,CXJ 

Proof. It is enough to show 

TB(II*f(V)) = (-l)d f dn1 • • • f dndTB (fd(u1, ... , Ud)). 

We choose the contour of path of integration as follows. Possible poles are the sums 

Laa over nonempty subsets I C {1, 2, ... , r }. We take aa small enough such that 
aEI 

0 <Ra< E, and O < S'a < c, where c « 1/r and r = rk £. Then we restrict the range 

of imaginary part of Ii smaller than 21r, and go around these poles. Then the assertion 

follows from (2.12). D 

§ 3. Application 

By a similar argument using the localization formula [2, (1)] for the 'IT'-equivariant 

Chow ring CHj.(M), we get the residue formula [11, Corollary 1] for cohomology classes. 

We re-write weight spaces by u1 = ez1 , ... , Ud = ezd. 

Theorem 3.1. For a cohomology class g(c.(V)) = g(c1 (V), ... , cd(V)) and the 

fundamental cycle [F] of F = Fl(£;d), we have 

f(z1, ... , Zd) IL#J(zi - Zj) 
II* (g(c.(V)) n [Fl) = Res --~-----dz1 · · · dzd 

z1···Zd=CXJ d! rt=l Eu(e-Zi ® £) 
(3.1) 

is taking iterations of residues Res · · · Res . 
Zl =CXJ Zd=CXJ 
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If we write by a 1, ... , ar the Chern roots of £, then we have 

(3.2) 
k ?_ r 

k < r. 

It can be checked directly, and also by applying (3.1) for JP>(W) = Flpt(W; 1) and 

1,U(V) = c1(Vl. Using (3.2), we can compute the linear map Res in the right hand 

side of (3.1). 

§ 3.1. Determinantal formula 

For a partition >. = ( >.1, >.2, ... , ) with the length R :S d, the Schur polynomial s >.. is 

defined by 

Theorem 3.2. We have 

Proof. We take the Chern roots a1, ... , ar of£. By (3.1), we have 

d 

= (-l)d(r-l)+d(d-1)/2 ~ ( ) ITh (c) ~ sgn a >..j-j-a-(j)+2d-r+l G • 

a-E6d j=l 

□ 

When B = pt, and£= Wis regarded as a vector bundle of rank rover the point 

pt, we get the Grassmannian Fl(W; d) of d-dimensional sub-spaces in W = er. In 

particular when d = r, we have 

r 

(3.3) S>._(a1, ... , ar) = (-1r(r-l)/
2 L sgn(a) IT h>..j-j-a-(j)+r+1(a1, ... , ar)-

a-E6r j=l 
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For a partition>. of length R :s; d, we set >. = >. - (r - d)d. We set h£ = 0 for R < 0, 

and hence s>. = 0 if >. contains negative integers. By the above theorem, we have 

r 

S>,(£) = (-1r(r-l)/2 L sgn(a) IT h>.j-j-<Y(j)+r+1(£). 

<YE6r j=l 

The last summand is equal to zero unless we have T E Sd such that 

a =aT = 

since s-j-<Y(j)+r+l = 0 unless -j - a(j) + r + l ~ 0 for j = n + l, ... , r. 

Lemma 3.3. 
sgn(<YT) _ ( ) r(r-l)+d(d-1) 

We have ( ) - -1 2 • sgn T 

Proof. We compute the sign of 

as follows. 

( -1 / r-d)d = sgn (r - d + l · · · r l · · · r - d) 

=(-l)(r-d)(r-d-l)/2 .sgn(r-d+l··· rr-d··· 1) 

= (-1/r-d)(r-d-1)/2. sgn(T). sgn(aT) 

Therefore we have sgn(<YT) = (-l)(r-d)d+(r-d)(r-d-1)/2 = (-1) r(r-l)!d(d-1). 
sgn(T) 

By this lemma, we have 

d 

s>.(£) = (-l)d(d-l)/2 L sgn(T) IT h>.j-j-T(j)+d+1(£). 

TE6d j=l 

Since Aj = Aj - r + d for j = 1, ... , d, 

(3.4) 

d 

s>.(£) = (-l)d(d-l)/2 • L sgn(T) IT h>.j-j-T(j)+2d-r+1(£) 

= (-l)d(d-1)/2. (-l)dr+d(d+l)/2II*s>.(V) 

= (-l)(r-d)dII*s>.(V). 

□ 
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§ 3.2. Plucker formula 

Let Q be the universal quotient bundle of II* E on Fl(£, d). We denote by 0 the 

Chern class c1 (Q) = c1 (det Q), and call it the Plucker class of Fl(£, d). 

We can indentify Qv with the universal sub-bundle on Fl(£v; r - d). Hence, using 

(3.4), we have 

IT*s>-(Q) = (-1)1>-lrr*s>-(Qv) 

= (-l)l>-l+d(r-d)s5.(£v) 

= (-1)1>-l+d(r-d)+l>-l-d(r-d) s5.(£), 

d 
where l>-1 = Li=l Ai. Thus we have 

(3.5) 

This is used to show the Plucker formula in [4]. 

Theorem 3.4. For each integer N ~ d(r - d), we have 

rr*eN = L 1>-+(r-d)d S>,(£) 

l>-l=N-d( r-d) 

where f >-+(r-d)d is the number of standard Young tableaux with shape >. + (r - d)d. 

Proof. Here we reproduce the proof in [4]. Using Pieri's formula repeatedly, we 

obtain that 

By (3.5), we have 

0N = L fµsµ(Q). 
lµl=N 

rr*eN = L fµIT*sµ(Q) = L 1>-+(r-d)d s5.(£). 

lµl=N l>-l=N-d(r-d) 
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