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CHAPTER 1

Introduction

1.1 Research background

Management of animal populations is an important ecological problem. Such examples are
fishery resources [35], stock-farming [78], endangered species [54] and so on. Management
of Plecoglossus altivelis (P. altivelis, Ayu) [50] is very important in Japan. P. altivelis is one of
the most economically and culturally important inland fishery resources in Japan [1, 85]. Its
fish catch in 2018 accounts for 7.9% in Japanese inland fisheries [62] and has served as their
main source of income. Total fish catch of P. altivelis in Japan has gradually been decreasing
in recent years, which is considered due to the decrease of the number of fishermen and
anglers, demand of the fish, and its population. There are several causes of the population
decline. They include natural factors such as climate changes and artificial factors including
manipulation of river environment through the installation of physical barriers like dams
and weirs that destroy habitats and fragment migration routes of P. altivelis. Another most
possible cause is increasing predation pressure from Phalacrocorax carbo (P. carbo, Great
Cormorant) [99, 100, 28]: a fish-eating waterfowl reigning as a top predator in Japanese river
ecosystems. Yamamoto (2008, 2009) [99, 100] reviewed biology and ecology of P. carbo and
pointed out that this waterfowl has a sufficiently high exercise capacity to catch most of the
fish species living in rivers; P. altivelis is not an exception. The population of P. carbo has

been increasing in Japan since the 1970’ s due to the inappropriate conservation policy of the
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government of the country [29, 41]. Before 1970, the number of P. carbo decreased due to
mainly hunting. After 1970, the number of P. carbo began to increase due to the conservation
of the bird and water quality improvement. For decreasing the increased number of the bird,
expulsions of the bird were performed, which led to the dispersion of P. carbo to the whole
country and the number of P. carbo burgeoned. One of the other causes of the increase of
the bird is the releases of fishes into rivers by local fishery cooperatives. This release events
provided a large number of fishes to P. carbo. In order to reduce the predation pressure, local
fishery cooperatives and municipalities have been taking various countermeasures. However,
plans for taking countermeasures are determined according to their experience and are not
based on scientific methods. In some cases, conversely, taking countermeasures led to the
dispersion and the increase of P. carbo [99, 100]. Thus, scientific-based management plans
for taking countermeasures that can effectively reduce the predation pressure from P. carbo
and sustainably maintain the population of P. carbo is required.

Mathematical modeling of animal population dynamics would help to resolve the severe
situation currently faced by inland fisheries in Japan. By using mathematical models, a
variety of hypothetical and real conditions can be examined. There are many kinds of
mathematical models that can treat management problems of animal population: discrete-
time model [21], multi-agent model [10], continuous-time model [57], matrix model [46], and
so on. Mathematical models based on difference and differential equations are indispensable
tools not only for comprehending and assessing the population dynamics of animals but also
for establishing their management policies [16]. Kar and Matsuda (2008) [38] presented
a bio-economic model based on ordinary differential equations, which describes single-
species population dynamics in a marine fishery resource. They mathematically analyzed
its equilibrium stability considering the impacts of allocating reserve areas. Differential
equation models have also provided optimal solutions to wildlife management problems [58].
Especially, stochastic control theory is one of the most useful tools when the dynamics

involve uncertainty. Dynamics of animal populations can be interpreted as stochastic, thus the



1.2 Research issues

stochastic control theory can be considered an appropriate tool for analyzing the dynamics.
Various kinds of controls can be considered by using stochastic control theory: regular
control, singular control, impulse control and so on [66, 70, 86]. They are different in
constraints of the controls and should be applied properly according to the setting of problems.
The optimal management plans can be obtained by solving degenerate elliptic or parabolic
partial differential equations (PDEs) called as Hamilton-Jacobi-Bellman equations (HJBEs)

[66, 70, 86].

1.2 Research issues

Current issues on optimal management plans of P. altivelis under the predation pressure

from P. carbo are presented in this section, which are listed up as follows.

* Management plans for taking countermeasures are determined according to the expe-
rience of decision-makers and are often not based on scientific methods.

* Management plans for taking countermeasures that can effectively reduce the predation
pressure from P. carbo to P. altivelis have not been investigated theoretically.

* Management plans for taking countermeasures that consider the sustainability of the

population of P. carbo are not sufficient.

1.3 Research objectives

This thesis has three objectives. The first objective is to formulate stochastic control models
for optimal management plans of P. altivelis under the predation pressure from P. carbo.
The second objective is to propose numerical schemes that can numerically solve resulting
HIBEs. The third objective of this thesis is to numerically compute the optimal management
strategy of released P. altivelis for various situations (parameters and boundary and terminal
conditions) and compare the current management plans with the results by the established

mathematical models.
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In order to achieve the objectives, this thesis

1. proposes stochastic control models that derive optimal management plans of P. altivelis
under the predation pressure from P. carbo,

2. presents numerical schemes that can solve governing equations of the stochastic con-
trol models (Hamilton-Jacobi-Bellman equation, Hamilton-Jacobi-Bellman variational
inequality, and Hamilton-Jacobi-Bellman quasi-variational inequality),

3. presents management plans for taking countermeasures that can effectively reduce the
predation pressure from P. carbo and sustainably maintain the population of P. carbo,
and

4. reconsider the current management plans for taking countermeasures by using the

established mathematical models.

1.4 Structure of this thesis

This thesis consists of 7 chapters. Chapter 1 presents the background and objectives of
this thesis. Chapter 2 provides literature reviews on feeding damage from P. carbo to P.
altivelis, and stochastic control theory. Chapter 3 proposes a regular stochastic control model
for the management of P. altivelis. The regular stochastic control model is the first step for
modeling management of P. altivelis by stochastic control theory. Chapter 4 developes a
stochastic singular control model for the management of P. carbo. In Lake Biwa, threshold-
type management of P. carbo is performed. For modeling this situation, a stochastic singular
control model is employed. The control rule of singular control models is a threshold-type
control. Chapter 5 developes a stochastic impulse control model for the management of
P. carbo and numerical schemes that can solve Hamilton-Jacobi-Bellman quasi-variational
inequalities. Stochastic impulse control models are an extension of stochastic singular control
models, and fixed costs, an important factor for the application of models to the real problems,

can be included. Chapter 6 establishes a coupling model for the management of P. altivelis
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under the predation pressure from P. carbo, which is a stochastic impulse control model. The
difference between this model and that of Chapter 5 is that this model considers both the
population dynamics of P. carbo and P. altivelis. The decision-maker can decide management
plans depending on the day, the number of P. carbo and P. altivelis. Chapter 7 is the summary
and future perspectives. Note that characters (parameters and variables) are defined in each

chapter and some characters have different meanings in different chapters.






CHAPTER 2

Literature review

2.1 Introduction

This chapter provides literature reviews on feeding damage from P. carbo to P. altivelis and

stochastic optimal control theory.

2.2 Literature review on feeding damage from P. carbo to
P. altivelis

P. altivelis is one of the most economically and culturally important inland fishery resources
in Japan [1, 85]. Its fish catch in 2018 accounts for 7.9% in Japanese inland fisheries [62]
and has served as their main source of income. P. altivelis plays an important role in Japanese
culture. For example, there are many Japanese traditional dishes made of P. altivelis, such as
Ayu-no-shioyaki (baked fish with salt) and Ayu-meshi (boiled rice with the fish and soy sauce).
Moreover, P. altivelis is a key aquatic species in Japanese river environment and ecosystems,
and its population dynamics significantly affects a variety of aquatic species, such as insects,
algae, and other fishes [40, 87]. Inland fishery cooperatives would encounter management
difficulties without this fish species. For maintaining the populations of P. altivelis, inland
fishery cooperatives have released the farmed fish in rivers. Natural P. altivelis is an annual and
diadromous fish having a unique one-year life history [80, 82]. The adult fishes spawn eggs

during autumn in downstream reaches of a river in which they live and die soon afterwards.
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There exist specialized traps to catch spawning P. altivelis called Yana [55] that is a weir-
shaped trap made of bamboo. Hatched larvae descend to coastal areas of a downstream water
body of the river: the sea or an estuary. In the coming spring, grown fishes ascend into the
midstream of the river to mature until the coming autumn. Life history of P. altivelis released
by local inland fishery cooperatives differs from that of the natural ones in that the former
is released into the midstream from a breeding facility during spring. Total fish catch of P.
altivelis in Japan has gradually been decreasing in recent years, which is considered due to
the decrease in the number of fishermen, the demand of the fish, and its population. There
are several causes of the population decrease. They possibly include natural factors such as
climate changes and artificial factors including manipulation of river environment through
the installation of physical barriers like dams and weirs that destroy habitats and fragment
migration routes of P. altivelis. Another most possible cause is increasing predation pressure
from P. carbo [99, 100]: a fish-eating waterfowl reigning as a top predator in Japanese river
ecosystems. Yamamoto (2008, 2009) [99, 100] reviewed biology and ecology of P. carbo. P.
carbo is a colonial fish-eating bird with worldwide distribution [59] and they live in Japan
[59, 36], Europe [89], North America [20], and so on. P. carbo is physically adapted to
outswim most of the riverine fish, and an individual adult bird eats 500 (g) of fish per day
[36]. During the 1960s—70s, populations of P. carbo in Japan significantly decreased due
to human activities, which deteriorated the foraging environment and habitats. However,
these populations have quickly recovered in recent years, owing to intensive fish releases by
Japanese fishery cooperatives and inadequate human interventions [28, 41]. Consequently, P.
carbo populations have dispersed throughout the whole country [49]. The excessive predation
of riverine fish by burgeoning P. carbo populations is among the most serious problems for
current inland fisheries in Japan [36]. For example, Lake Biwa houses the largest P. carbo
colony in the country and its total population of P. carbo has continuously increased in
recent years. Local fishery cooperatives and governments have empirically taken various

countermeasures against this situation, such as gun shooting (sharpshooting, especially at
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Lake Biwa), expulsion by fireworks and guns, and freezing eggs using dry ice [36]. However,
the situation is still severe and has not been improved. Klimaszyk and Rzymski (2016) [43]
reported rapidly increasing P. carbo populations in other regions as well, such as Europe
[89], North America [20], and Greenland [90]. To explain these widespread increases, they
suggested a high degree of ecological adaptation, lack of regular predators in the environment,
and high foraging ability of P. carbo, along with surface water eutrophication (which increases
the fish biomass) and global climate changes. Besides feeding damage, P. carbo is causing
serious environmental and ecological problems, such as excessive emission of nitrous oxide
from their colonies [41]. Critically, however, the bird is a native species, at least in Japan [36].
Therefore, its utter extermination should not be a candidate goal of management policies.
The birds also offer ecological benefits such as nutrient recycling (unless excessive) [37], and

enhanced water transparency, the latter by controlling the benthivorous fish populations [31].

2.3 Literature review on stochastic control theory

2.3.1 Stochastic regular control

A developed management policy should effectively handle the inherent stochasticity in an-
imal population dynamics [24]. Many population dynamics have been analyzed by stochastic
process models composed of noise-driven differential and/or difference equations [34]. Mod-
els based on stochastic processes and dynamic programming play central roles in applications
such as invasive species management [71]. As discussed by Nguyen et al. (2016) [60], the
management of inland fishery resources should be developed in a feed-back control context,
considering both human activities and biological dynamics in the system. This implies that
the management of some population dynamics can be modeled by optimal control theory,
which naturally derives a feed-back type policy given the assumed population dynamics and
a performance index to be maximized. Among such mathematical models, stochastic regular
control models [70, 86] are eminently suitable because they efficiently describe the stochas-

ticity in the population dynamics. In stochastic regular control theory, the constraints of the
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control are bounded. A governing equation of stochastic regular control models is Hamilton-
Jacobi-Bellman equations (HIBs) [70, 86]. Stochastic regular control provides mathematical
tools for modeling and computation of resources and has been applied in many fields: envi-
ronmental [15, 61], and population dynamics [64, 71]. Yaegashi et al. (2016, 2017) [94, 95]
proposed a stochastic differential equation (SDE) [66] that governs temporal evolution of the
biomass of a population of released P. altivelis in rivers subject to predation pressure from P.
carbo and harvesting by a human. The SDE has control variables on the effort to reduce the
predation pressure and the fishing pressure, which are optimized so that the objective function

from the viewpoint of inland fishery cooperatives, the decision-maker, is maximized.

2.3.2 Stochastic singular control

In stochastic singular control theory, the control rule is usually of a threshold-type control.
The decision-maker should take countermeasures only when the animal population attains
a threshold so that the animal population does not exceed the threshold [70, 86]. The
constraints of the control are unbounded. The governing equation of singular control models
is Hamilton-Jacobi-Bellman variational inequalities (HIBVIs) [70, 86]. The singular control
can be obtained if the fixed cost in the impulse control approaches 0 [86]. Stochastic singular
control models have been applied in many fields. Al Motairi (2017) [2] considered an
irreversible capacity expansion model and the associated optimization problem takes the form
of a singular stochastic control problem that admits an explicit solution. Cadenillas (2106)
[12] developed a stochastic debt control model to study the optimal government debt ceiling.
Azcue (2014) [6] shows how a viscosity approach can be used to tackle control problems
in insurance such as maximization of survival probability as well as the maximization of
dividends. Lungu and @ksendal (1997) [48] analyzed simple resource-management policies
with stochastic dynamics in both abstract settings. Yaegashietal. (2018b) [97] used a tractable
singular stochastic control model for finding a sustainable population management policy for

P. carbo. The bird population dynamics around a habitat lake are described by a stochastic
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differential equation with a singular control variable representing human interventions to
suppress the predation. The model is applied to the management of P. carbo population
around Lake Biwa, Japan, where predation of riverine fish is the most severe in the country.
The current management policy around the lake is analyzed and verified in the context of
the proposed model, focusing on the population-control threshold and the average population

reduction per unit time.

2.3.3 Stochastic impulse control

In stochastic impulse control theory, the control rule is usually of a threshold-type control.
The decision-maker should take countermeasures only when the animal population attains an
upper threshold and reduce the population to the lower threshold [68, 86]. The constraints
of the control are unbounded. The governing equation of stochastic impulse control models
is Hamilton-Jacobi-Bellman quasi-variational inequalities (HIBQVIs) [68, 86]. Stochastic
impulse control models have been applied in many fields. Ohnishi and Tsujimura (2006) [63]
examined an optimal impulse control problem of a stochastic system whose state follows a
geometric Brownian motion and supposed that, when an agent intervenes in the system, it
requires costs consisting of a quadratic form of the system state. Besides the intervention
costs, running costs are continuously incurred to the system, and they are also of a quadratic
form. Cadenillas and Zapatero (1999) [13] considered a currency with exchange rate dynamics
modeled as a geometric Brownian motion and the objective of the Central Bank is to keep this
exchange rate as close as possible to a given target. Bensoussan et al. (2012) [9] modeled an
impulse control problem when the controller’ s action affects the state as well as the dynamics
of the state process for a random amount of time. Korn (1998) [44] presented an impulse
control approach where the investor can change his portfolio only finitely often in finite time
intervals and considered transaction costs including a fixed and a proportional cost component.
(ksendal and Sulem (2005) [67] considered a market model with one risk-free and one risky

asset, in which the dynamics of the risky asset are governed by a geometric Brownian motion
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and supposed that these transfers involve a fixed transaction cost, independent of the size of
the transaction, plus a cost proportional to the size of the transaction. Yaegashi et al. (2018a,
2018c) [96, 98] introduced a stochastic impulse control model is introduced for finding the
cost-effective and ecologically conscious population management policy of P. carbo. The
optimal management policy is usually of a threshold type; if the population reaches an upper
threshold, then taking a countermeasure to immediately reduce the bird to a lower threshold.

This optimal policy is found through solving an HIBQVI.



CHAPTER 3

A stochastic regular control model for management
of P. altivelis

3.1 Introduction

P. altivelis [50] is one of the most economically and culturally important inland fishery
resources in Japan [1, 85]. For maintaining the population of P. altivelis, inland fishery co-
operatives have released the farmed fish in rivers. Total fish catch of P. altivelis in Japan has
gradually been decreasing in recent years, which is considered due to the increasing predation
pressure from P. carbo [99, 100], a fish-eating waterfowl reigning as a top predator in Japanese
river ecosystems. In order to reduce the predation pressure, local fishery cooperatives and
municipalities have been trying to develop countermeasures that can effectively reduce preda-
tion pressure. So far, their effectiveness and efficiency have not been systematically quantified
well, which can be achieved with the help of an appropriate mathematical model; however,
such approaches are still rare. Stochastic regular control theory provides mathematical tools
for modelling and computation of many problems. Researchers including the author have
recently asserted that a stochastic regular control theory involving a dynamical equation of
the population of the fish provides an effective tool for this purpose. Yaegashi et al. (2015)
[93] have proposed a stochastic regular control model, however, the model had a significant
ecological drawback that the total biomass can be quantified while the number of individuals

and the individual’s bodyweight cannot be despite they are important quantities in practice.
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Mathematical models that are more practical should be able to overcome this inconsistency.
This is the main motivation of this chapter.

This chapter has two objectives. The first objective is to formulate a stochastic regular
control model for optimal management plans of released P. altivelis that can overcome the
above-mentioned drawback of the previous model [94]. The present model is based on a
pure death process of the population where the mortality due to natural death, predation
from P. carbo, and harvesting by human are considered. Population dynamics of non-
renewable fishery resources with death processes have already been applied to managing
fishery resources in aquaculture systems [47, 69], but its application to released fishery
resources in a natural environment is still rare. The concept of the death process is appropriate
for describing population dynamics of released P. altivelis, which is considered as a non-
renewable fishery resource since its reproduction ability has been pointed to be low [79]. Based
on the stochastic process model, finding an optimal management strategy reduces to solving a
2-D Hamilton-Jacobi-Bellman equation that is performed with a finite element scheme [95].
The second objective of this paper is to numerically compute optimal management plans of
released P. altivelis along with sensitivity analysis against model parameters to demonstrate
its consistency with the reality and to comprehend the dependence on the parameters.

The rest of this chapter is organized as follows. Section 2 presents the mathematical model.
Section 3 provides a real application of the model to managing population dynamics of
released P. altivelis in the Hii River, the San-in area, Japan. Sensitivity analysis of the optimal
management strategies against model parameters is also performed in this section. Section 4

gives conclusions of this chapter.
3.2 Mathematical model
3.2.1 Deterministic model

A basic deterministic population dynamics model is firstly presented. Population dynamics

in a river as an isolated habitat is considered. Let W; (kg) be the body weight of individual
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P. altivelis at the time ¢ (day). Assume that the growth of individual P. altivelis follows the

dw; W;
= 1-—|W, 3.1
7’( K) t (3.1)

classical Verhulst model [84]

dr

where r (1/day) is the intrinsic growth rate of P. altivelis and K = mWj (kg) with m > 1 is
the potential upper limit of the body weight where 0 < Wy < K is the initial condition at the
time ¢ = 0. The Verhulst model has been employed as a base stone of the present population
dynamics model since it is one of the simplest ordinary differential equation (ODE) that
describes growth of individuals with a realistic sigmoid curve [83]. Let Y¥; be the total number
of individuals at the time ¢ in the habitat, which is considered as a pure death process that is

non-increasing in time. The process Y; is assumed to follow the ODE

dy;
— =LY 3.2
” Y (3.2)
with
lt = Rt + kl‘ + ¢ (33)

where R;, k;, and ¢; are the mortality rates (1/day) of P. altivelis due to natural death,
predation from P. carbo, and harvesting by human, respectively. This ODE can serve as
a minimal mathematical model that describes temporal evolution of the total number of
individuals without reproduction in a closed environment.

The total biomass X; of P. altivelis in the habitat at the time ¢ is expressed as

X, =Y, W,. (3.4)

Differentiating the both sides of (3.4) with respect to ¢ leads to the ODE of X; as

dX;

d X
TR YW, =r (1 - —’) X — 1 X. (3.5)

KY;

The factor (KY,)™! in (3.5) is derived on the basis of the assumption that the population
dynamics of the released P. altivelis follows a pure death process. The ODE (3.5) can be
seen as a Verhulst model [11] with a monotonically decreasing carrying capacity, which leads

toY; — 0ast — oco. It is reasonable to consider that an analogous discount factor should
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appear in a stochastic counterpart of the deterministic model, which is formulated in the next

subsection.

3.2.2 Stochastic process model

A stochastic population dynamics model that is inspired from the deterministic model is
formulated. In this present model, inherent stochastic fluctuations of the population due to
unresolved environmental, ecological, and hydrological factors are considered with a lumped

multiplicative noise term o X;dB; in the It0’s sense [66] where o (l/dayl/ 2

) is the noise
intensity and B, (day'/?) is the 1-D standard Brownian motion [66]. This noise term leads to
a minimal SDE model that can preserve non-negativity of X; for ¢ > 0 given Xy > 0 [32]. The

stochastic population dynamics of the released P. altivelis is then described with the system

d(?§) _

subject to initial conditions ¥y and X = YyWj. The generator G associated with the coupled

of Itd’s SDEs

oX;

r(1-2) % -1,
0

—1LY;

dr+ ( )dBt (3.6)

process (t, X;, Y;) for generic sufficiently regular function ¢ = ¢ (s, x, y) is given as the second-

order partial differential operator [66]

0 0 1 02
r(l—Ki)x—Zx] 9 192, 1200¢ g @)
y

dp
GQO—E'F

where Q = {(s5,x,y) |0<s<T,0<x <00, 0 <y < oo}

3.2.3 Hamilton-Jacobi-Bellman equation

It is assumed that predation pressure k; from P. carbo is a function of the non-dimensional
effort u = u; to reduce the predation pressure by human. The variables u; and c; are
assumed to be adapted Markov controls adapted to a natural filtration generated from the
Brownian motion B; [66]. The ranges U and C of u; and ¢; are U = {u | 0 < u < 1} and
C ={c10<c<cmxpsny}. respectively where T; (day) is the opening time of harvesting
P. altivelis, cy (1/day) is the maximum harvesting rate, and y(sy = x{s}(z) is the indicator

function such that y(s, = 1 for z € § and y(sy = O otherwise. From the management
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perspective of local fishery cooperatives, the objective function to be maximized is set as [94]

T
v(s,x,y,u,c) = ES%Y [/ [—wf (u;) + Oc; X, ] dt (3.8)

where f is an increasing function of u that represents the cost to reduce the feeding damage
from P. carbo, w (yen/day) is the cost per unit time to carry out a countermeasure, and 6
(yen/kg) is the profit by selling P. altivelis per unit weight. The right hand side of (3.8)
represents the sum of the cost of executing countermeasures and the profit by selling the
caught fish during the time interval (s,7). The ultimate goal of the stochastic control is to find
the maximizers u* and c¢* of the expectation of the objective function v:

V(s,x,y) =supv(s,x,y,u,c) =v(s,x,y,u",c") 3.9)

where E*-*Y [-] represents the expectation operator conditioned on X = x and Yy = y. Based
on the dynamic programming principle for controlled stochastic processes [25], the HIBE

that governs V is formally derived as

—sup (GV-wf(u)+6cx)=0 inQ (3.10)
uel,ceC

which is a nonlinear degenerate parabolic equation. Although it is appropriate to analyse
(3.10) from the perspective of the viscosity solutions [70], such analysis is not performed
in this thesis. For treating the infinite domain €, the spati-temporal domain Qcomp =
{(5,2,y) |0<s<T,0<x<L,0<y<Yy} is used where a positive constant L (kg) is
a sufficiently large value to numerically truncate the unbounded domain of X;. The terminal

condition at s = 7 is V = 0. The boundary conditions along x = 0 and x = L are

and | 3
2 20V

_ - 12

20’x P 0, (3.12)

respectively. The latter condtion is an artificial one due to the truncation of the computational
domain and assumes that the curvature of the solution is small. The natural boundary condition

to be specified along y = 0 is
V=0. (3.13)
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The boundary conditions V = 0 along x = 0 and y = 0 mean that the total profit is 0 when
population of P. altivelis becomes extinct. These boundary conditions mean that extinction of
the population is not beneficial for fishery cooperatives. No boundary condition is required
along y = Yy since [ is positive. The optimal control «* depends on the functional forms of f
and k. In this chapter, simple but realistic functional forms k(u) = ko(1 —au) and f(u) = u are
used [94] where k¢ (1/day) is predation pressure from P. carbo without any countermeasures
and 0 < @ < 1 is the constant that represents effectiveness of the countermeasure to reduce
the predation pressure; higher (lower) a corresponds to higher (lower) effectiveness. The
optimal controls ™ and ¢* are expressed with partial derivatives of V. The optimal control u*

is expressed through partial differentials of the value function V as

u = {0 (y <0) (3.14)
with
y = ako X 432V - (3.15)
0x oy

Similarly, the optimal control c¢* is expressed through partial differentials of the value function
V as

* CMXSZC (KZO)
c —{o {s2Tc} (x < 0) (3.16)

with 5 5
Vv Vv
K=—|x—+y—|+6x. 3.17)
0x oy

3.2.4 Statistical indexes for verifying the optimal plans

Once the optimal controls ™ and ¢* are found over the spatio-temporal domain €, statistical
indexes to verify sensitivity of the model are obtained considering mathematical linkages
between SDEs and terminal and boundary value problems of parabolic PDEs [66]. The

theory of diffusion processes governed by SDEs shows that the statistical index

T
J(s,x,y) = E5Y [/ g(t,X,)dt] (3.18)
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with the function g = g (¢, X;) solves the Kolmogorov’s Backward Equation (KBE)

GJ+g=0 (3.19)

in Q, subject to terminal condition J = 0 at s = 7" and boundary conditions

J=0 alongx=0andy =0 (3.20)
and | v

—0?x’*—— =0 alongx = L. (3.21)

2 0x

The latter condtion is an artificial one due to the truncation of the computational domain and
assumes that the curvature of the solution is small. Hereafter, the notation Jy = J (0, X, Yp)
is used for the sake of brevity of descriptions. The index Jy represents the expectation of the
temporal integration of g from ¢t = 0 to ¢t = 7. The indexes considered in this paper include
Jo, 7 (g = f(uy))and Jo . (g = x(>1.19¢; X;), which are the total cost to reduce the feeding
damage from P. carbo (yen) and the profit obtained from selling P. altivelis (yen), respectively.
In addition, V (0, Xo, Yo,T) — nYoW, that represents the total profit (yen) is denoted as Jy, v

where 1 (yen/kg) is the cost to buy juvenile P. altivelis per unit weight.

3.3 Application

This section applies the presented stochastic control model to managing released P. altivelis
in a Japanese river. The model parameters are estimated from collected ecological, economic,
and environmental data. The HIBE and KBE are solved with a finite element scheme so that

optimal management plans are numerically computed for a variety of parameter values.

3.3.1 Numerical scheme

The HIBE (3.10) and KBE (3.19) are numerically solved with a 2-D Petrov-Galerkin finite
element method (PGFEM) [95] inspired from the 1-D counterpart that has successfully been
applied to a variety of elliptic and parabolic problems [102]. Accuracy and stability of the

scheme have been numerically investigated for linear and nonlinear test problems, indicating
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that its convergence rate is first to second order both in space and time even for advection-
dominant cases. The scheme performs a compact spatial discretization with unstructured
triangular elements and exponentially fitted weight and shape functions determined through
analytical solutions to local two-point boundary value problems on element edges. An edge-
based approximation technique following [92] is used in the scheme to achieve unconditional
stability in space with smaller numerical diffusion effects than the conventional first-order
upwind scheme. The scheme satisfies the discrete maximum principle at least for linear
elliptic problems, which can preserve signs of numerical solutions under appropriate boundary
conditions. In addition, the 2-D PGFE scheme has already been successfully applied to
numerically computing energetically optimal swimming velocity field of individual fishes in

horizontally 2-D shallow water flows [103].

3.3.2 Study area

The stochastic control model is applied to the management problem of released P. altivelis
in the Hii River, San-in area, Japan. The total length of the mainstream and the catchment
area of the river are 153 (km) and 2,070 (kmz), respectively [53]. The Hii River flows
into a brackish lake, Lake Shinji, which is connected to a brackish lake, Lake Nakaumi.
Hydrological characteristics of the Hii River are reviewed in [77]. Both of the brackish lakes
have served as important habitats for migrating aquatic spices whose life history involves
growth and spawning in the Hii River [101, 88]. P. altivelis is the inland fishery resource
that exhibits the largest fish catches in the Hii River [51, 52]. The union members of the Hii
River Fishery Cooperatives say that the number of juvenile P. altivelis that ascends into the
river during spring has significantly been decreasing. In every April to May, the Hii River
Fishery Cooperatives performs intensive release events of juveniles of P. altivelis, which is
transported from Lake Biwa, the largest freshwater lake in Japan where a vast number of P.
altivelis inhabit, or other rivers in San-in area. After growing up, the released fishes spawn

in downstream reaches during October to November; however, it has been thought that their
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descendants do not successfully contribute to the next generation, which is considered due to
the existence of environment of the Hii River with huge weirs [103] that possibly prevent them
from migrating upstream from brackish lakes to the midstream reaches. Natural P. altivelis
would also suffer from the same ecological issue. Finding an appropriate management strategy
of released P. altivelis is a crucial issue for the Hii River Fishery Cooperatives for a sustainable

inland fishery in the Hii River.

3.3.3 Parameter estimation and computational conditions

The model parameters used in this paper are summarized in Table 3.1. The terminal
time 7' = 180 (day) is specified considering that the intensive release events of the juveniles
are performed during May and P. altivelis spawn during November. The opening time of
harvesting P. altivelis is set as T, = 90 (day) in summer. The natural mortality rate of P.
altivelis R (1/day) from May to November is 50% [56], leading to 3.9 x 1073 (1/day). The
intrinsic growth rate r (1/day) is identified with the analytical stationary solution to the ODE
(3.1) assuming that the bodyweight of individual P. altivelis increases to 99% of the upper
limit at the opening time 7, = 90 (day) [94]. This leads to r = 7.1 X 1072 (1/day) . For
the previous model [94, 95], which is not based on a pure death process as in the present
model, the condition that the population with neither predation nor harvesting has a non-trivial
steady unimodal probability density function yields 0.36 > o (1/day'/?). The same range is
considered in this paper with a sensitivity analysis, which can provide not optimistic results
since the mean total biomass in the presented model is smaller than that of the previous model.
The predation pressure ky is estimated as kg < O (10_2) (1/day) with the assumption that all
P. carbo comes from Lake Nakaumi where the nearest huge colony exists. The same range is
considered in this paper with a sensitivity analysis. The effectiveness of the countermeasure
a is estimated as 0.50 assuming that the feeding pressure is halved by using a countermeasure
at a maximum rate [94].

The following parameters are estimated according to the data obtained through personal
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communications with the Hii River Fishery Cooperatives. The initial bodyweight Wy is
specified as 9.4 x 107 (kg), m as 5.4, and K = 5.1 x 1072 (kg) and the growth curve of P,
altivelis. The number of P. altivelis released into a river at ¢t = 0 (day) is ¥p = 1.9 X 10° (),
which is equivalent to 1.8 x 10° (kg). The maximum harvesting rate cy is estimated from
the data on the number of anglers as ey < O (1072). The profit by selling P. altivelis per unit
weight 6 is set as 4.0 x 10° (yen/kg) and the cost of buying juvenile fishes per unit weight 7
as 4.5 x 103 (yen/kg). The order of the cost per unit time to carry out the countermeasure w
is estimated as w = O (10%) (yen/day) and set as w = 1.0 x 10* (yen/day) [94].

For numerical computations, the length of the non-dimensional domain for population L
should be sufficiently large, and thus is set as 1.8 x 10* (kg), whose validity was checked
in advance. The spatial domain is discretized into a triangular mesh with 45,000 elements
and 22,801 nodes. The time increment for temporal integration is 0.01 (day). An artificial
diffusion term with the diffusion constant of 1.1 x 102 (kg?/day) has been added to the HIBE
(3.10) in order to numerically circumvent the degeneration of diffusion terms. Preliminary
numerical computation showed that adding the artificial diffusion term is sufficient to handle

the degeneration of the diffusion terms in the HIBE and KBE.

Table. 3.1: Values of model parameters.

Parameter Unit Dimensional Value

T day 180
1/day 3.9%x 1073
r 1/day 7.1x 1072
6 yen/kg 4.0x 103
n yen/kg 45%10°
w yen/day 1.0 x 10*
L kg 1.8 x 10*
Wo kg 9.4 x 1073
K kg 5.1x 1072
- 5.4 % 10°
Yo - 1.9 x 10°

a - 5.0x 107!
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3.3.4 Computational results

Firstly, a demonstrative computational example of the optimal management strategy for
population dynamics of P. altivelis is presented. After that, the sensitivity analysis of the
model against several parameters is carried out using the statistical indexes. The parameter
values for the demonstrative computational example are set as ¢y = 1.0 x 1072 (1/day),
ko = 5.0 x 1073 (1/day), and o = 0.10 (1/day'/?). Figure.3.1 and Figure.3.2 show the
computed optimal controls ™ at 54 (day), 126 (day), and 162 (day), and c* at 90 (day), 126
(day), and 162 (day), respectively. According to Figure.3.1, the optimal strategy to reduce the
feeding damage from P. carbo is taking the countermeasure before the opening time 90 (day).
Until 90 (day), the optimal strategy for extermination does not depend on x but on y except
for small x. Before 90 (day), conservation of the number of individuals is important because
the population dynamics is a pure death process. After 90 (day), taking the countermeasure
is optimal except for small x or y. The area with u* = 1 in the spatial domain becomes
smaller as time elapses, indicating that taking no countermeasure is optimal except for large
x or y. According to Figure.3.2, until 162 (day), the optimal strategy of harvesting is to catch
the fish except for the case where the bodyweight of individuals is small. On the other hand,

harvesting the fish in all situations is optimal after 162 (day).

X X X

Fig. 3.1: Optimal control u* at 54 (day) (left), 126 (day) (middle), and 162 (day) (right).
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n

X

Fig. 3.2: Optimal control ¢* at 90 (day) (left), 126 (day) (middle), and 162 (day) (right).

The indexes Jy, ¢, Jo, r and Jp, v for a variety of the values of the predation pressure k¢ and the
noise intensity o are computed in order to comprehend dependence of optimal management
strategies against them. The parameter values examined are, ko = (1.0 + 2.0i) x 1073 (1/day)
and o = 0.05 + 0.02j (1/day'/?) where 0 < i,j < 10 are nonnegative integers. The value
of w = 1.0 x 10* (yen/day) is specified as in the previous case. Each panel of Figures.3.3
and 3.4 plots an index in the ko-o plane where cy = 5.0 x 1073 (1/day) in Figure.3.3 and
cm = 1.0 x 1072 (1/day) in Figure.3.4. Figures.3.3 and 3.4 show that the profit by selling the
fish Jy, . monotonically decreases as ko or o increases and the total profit Jy v accordingly
decreases. This result indicates that increase of kg or o potentially leads to decrease of the
total biomass of P. altivelis. The indexes Jy, . and Jy v decrease in both ko and o, and their
dependence on ko is higher than that on o~. The gradient of Jy_. and Jy, v do not significantly
depend on cy. For ey = 5.0 x 1073 (1/day), Jo, v is negative for every sets of parameters,
while for ey = 1.0 x 1072 (1/day), Jo,v is positive only for small ko and o-. The total cost for
the extermination Jy, s with ¢y = 1.0 X 1072 (1/day) is higher than that with ¢y = 5.0 X 1073
(1/day). This can be explained by the fact the profit by selling the fish effectively compensates

the cost of taking countermeasures.
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Fig. 3.3: Indices Jy, . (left), Jo, r (middle), and Jo, v (right) for ey = 5.0 X 1073 (1/day) and
T. =90 (day).
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Fig. 3.4: Indices Jy . (left), Jo, r (middle), and Jo v (right) for cpy = 1.0 X 1072 (1/day) and
T. =90 (day).

An additional set of numerical computation of the optimal management strategies is per-
formed to assess impacts of the opening time 7, on the three statistical indexes. For that
purpose, the indexes are computed with the earlier (7, = 72 (day)) and later (7, = 108 (day))
opening times with the fixed harvesting pressure cy = 5.0 x 1073 (1/day) and ¢y = 1.0x 1072
(1/day). As in Figures.3.3 and 3.4, each panel of Figures.3.5 through 3.8 plots the indices in
the ko-o plane where T, = 72 (day) in Figures.3.5 and 3.6 and 7, = 108 (day) in Figures.3.7
and 3.8. The maximum harvesting pressure cy is set as ey = 5.0 x 1073 (1/day) in Figures.3.5
and 3.7 and ¢y = 1.0 x 1072 (1/day) in Figures.3.6 and 3.8. Comparisons among Figures.
3.3, 3.5, and 3.7 show that the dependence of the three indices is qualitatively the same for
all the opening times examined for cy; = 5.0 x 1073 (1/day). The same applies to the cases
with the larger maximum harvesting pressure ¢y = 1.0 X 1072 (1/day) in Figures. 3.4, 3.6,
and 3.8. These figures show that the indexes Jy, . and Jp v increase as the opening time 7,

becomes earlier for both smaller and larger maximum harvesting pressures. The index Jo, ¢
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for the smaller maximum harvesting pressure ¢y = 5.0 X 1073 (1/day) seems to decrease
as the opening time T is delayed. On the other hand, Jy s for the larger e = 5.0 X 1073
(1/day) seems to increase as 7. is delayed. However, this difference of the index Jy, ; on the
maximum harvesting pressure ¢y is minor since it is one-order smaller than Jy . and Jy v .
The computational results suggest that the total profit, which is the index Jy, v, increases as

the opening time 7 is set earlier with the specified parameter values.
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Fig. 3.5: Indices Jy . (left), Jo, r (middle), and Jo v (right) for ey = 5.0 X 1073 (1/day) and
T. =72 (day).
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Fig. 3.6: Indices Jo, . (left), Jo, y (middle), and Jo v (right) for ey = 1.0 x 1072 (1/day) and
T. =72 (day).
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Fig. 3.7: Indices Jo, . (left), Jo, r (middle), and Jo v (right) for ey = 5.0 X 1073 (1/day) and
T. = 108 (day).
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Fig. 3.8: Indices Jy, . (left), Jo, r (middle), and Jo, v (right) for ey = 1.0 X 1072 (1/day) and
T. = 108 (day).

3.4 Conclusions

Starting from a pure death process, a stochastic control model for population dynamics of
released P. altivelis in river environment under predation from P. carbo and harvesting by
a human was formulated. Application of the present model to the Hii River with estimated
parameter values could successfully compute the optimal management strategy for P. altivelis,
which was more consistent with reality than the previous model. Numerical sensitivity analysis
of the optimal management strategies using the statistical indexes revealed their parameter-

dependence, which significantly facilitated the comprehension of the behavior of the model.






CHAPTER 4

A stochastic singular control model for management
of P. carbo

4.1 Introduction

P. carbo is a colonial fish-eating bird with worldwide distribution [59]. Feeding damage
from P. carbo has been especially severe on P. altivelis, one of the most economically and
culturally important inland fishery resources in Japan [81]. The feeding damage at Lake
Biwa, containing the largest colony of P. carbo in Japan, has been estimated as 1.0 x 10°
kg of riverine fish per year [72]. The fish catch of P. altivelis in 2018 accounts for 7.9
% of the total catches of Japanese inland fisheries per year [62] and is the main source
of their income. Without P. altivelis, inland fishery cooperatives would face significant
management difficulties. Therefore, to maintain adequate populations of P. altivelis, inland
fishery cooperatives have released farmed fish into rivers. Thus, establishing a sustainable
management policy of the bird population that can effectively suppress its predation on riverine
fish is needed. The sustainable management policy should also control the bird population
without undue human interventions. However, such an approach has not been well established
so far.

Mathematical modeling of the bird population dynamics would help to resolve the severe
situation currently faced by inland fisheries in Japan. This chapter establishes and analyzes

a tractable stochastic singular control model for a cost-effective, ecologically-sound, and
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sustainable predator management policy. Specifically, a sustainable management policy of
P. carbo populations by a new mathematical approach based on a stochastic singular control
model [70] is found. Such a model includes a controlled SDE [66] with a performance index
to be maximized or minimized by choosing an appropriate control. The stochastic singular
control formulates a simple and tractable mathematical model with an exact solution, enabling
a practical threshold-type optimal management policy. To the author’s knowledge, stochastic
singular control has rarely been applied to predator population management. Therefore, this
chapter explores a predator management problem in a stochastic singular control model. The
problem of finding a population management policy for the bird population (the predator)
is reduced to an exactly-solvable HIBVI, from which a threshold-type, sustainable predator
management policy is derived. The sensitivity of the management policy on the ecological,
environmental, and social parameters is confirmed in mathematical analysis. The model
is then applied to the management problem of P. carbo populations in Lake Biwa, Japan,
using parameter values derived from public data. Next, the model verifies the population
control threshold of the bird population currently used around Lake Biwa and investigates the
conditions that optimize the current management policy by balancing the loss of riverine fish
with the ecosystem services provided by the bird.

This chapter checks the validity of the current population-control threshold of P. carbo
around Lake Biwa, Japan, from both scientific and quantitative viewpoints. Although the
present model is simple, it directly computes the population-control threshold, which is a
practical index in bird management plans. We are aware of few, if any, studies adopting
this verification approach. The present model provides another useful quantity, the average
reduction in bird population numbers per unit time. Moreover, the method developed in our
paper is more mechanistic and systematic than statistical models [23] and other empirical
models. Therefore, the present model better clarifies the physical meaning of the model
parameters than empirical models. Although more refined mechanistic models with more

degrees of freedom than ours have been proposed [18], they are less practical owing to a large
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number of model parameters. Our model assures both practical applicability and biological
and ecological feasibility.

The remainder of this chapter is structured as follows. Section 2 proposes the mathematical
model of predator control, and Section 3 analytically derives the practical indices for assessing
the management plans. Section 4 applies these indices to the management of the P. carbo
population around Lake Biwa, Japan, where predation of riverine fish is the most severe in

the country. Section 5 concludes this chapter.

4.2 Mathematical model

4.2.1 Stochastic differential eqaution

The population dynamics of P. carbo are described by a controlled SDE governing the
temporal evolution of the bird population in a habitat (i.e., the bird colony around a river or
a lake). The SDE is a linear stochastic population growth model driven by multiplicative
noise; however, the population can decrease under human interventions. The linear growth
assumption is crucial for establishing a tractable mathematical model and is justifiable when
the number of same-species individuals in the habitat is smaller than the environmental
capacity. In this chapter, the bird population is considered to be appreciably large, so it is
treated as a continuous variable.

The bird population dynamics are assumed to follow [t6’s SDE [66]
dXt = Xt(/.ldt + O-dBt) - dnta X_O =x 2 O, (41)

with the conventions X ¢ = 191%1 X, and in general X;_o = lvlgl X, for t > 0. Here, X; is the
total number of birds at time 7, ¢ > 0 is the deterministic growth rate of the population,
o > 0 is the magnitude of the stochastic fluctuations in the population dynamics, and B; is
the one-dimensional (1-D) standard Brownian motion on the complete probability space [70],
whose filtration is right-continuous and satisfies the usual conditions [39].

The model parameters of the SDE (4.1) [33] should satisfy
2
o

— 4.2
n> = 4.2)
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meaning that an uncontrolled bird population (17, = O for all 7) never becomes extinct. The
variable 7, represents the population decrease through countermeasures such as gun shooting,
a right-continuous adapted process [70] that directly reduces the bird population. Formally,
the increment dr, is rewritten as

dn; = u,dt 4.3)
where the measurable process u; € [0,00) denotes the population reduction per unit time.
The unboundedness of the range of u, can be justified if the countermeasure occurs over a
much shorter timescale than the population growth. Intensive gun shooting (the common
countermeasure in Japan) fits this criterion. The control variable 7, is chosen such that the
total population in the model remains positive (X; > 0) for all 7. We also assume n_o = 0,
meaning that 7, defines the total number of culled individuals during the time interval (0, 7).
As in the conventional models [3], the control 7, is said to be admissible when SDE (4.1)
admits a unique strong solution in which X; is positive, adapted and right-continuous. In this
chapter, a sustainable management policy is defined as a policy under which the population
X; > 0 remains bounded and positive for + > 0. Although the formulation of our singular
stochastic control is somewhat idealized, it provides a tractable mathematical model with
associated practical indices, as will be demonstrated later.

The SDE (4.1) potentially describes a minimal stochastic process model of the population
dynamics, with the simplest form of the multiplicative noise term that reflects the inherent
stochasticity in the population dynamics [45]. Owing to their mathematical tractability,
similar SDEs have been applied in resource and population dynamics [17]. The mathematical

properties of stochastic singular control models are analyzed in [70].

4.2.2 Performance index

The decision-maker of the present model is an organization that manages the P. carbo
population, such as a local fishery cooperative or a local government. The decision-maker

should maximize the performance index by choosing an optimal control 7, = 7;, namely, a
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maximizer. The performance index for an admissible 7, is denoted as v = v (x;77), and is set

as

0 0

where E*[:] represents the expectation (conditional on X_og = x > 0), 6 > 0 is the discount rate
of the profit, and R, r, m, and M are model parameters with R,y > 0and0 <M <1 <m < 2.
This form of the performance index, namely, the expectation of the integrals with exponential
discounting, is routinely used in long-term resource management [22].

The performance index v measures the expected net profit gained by the decision-maker.
The discount rate ¢ represents the attitude of the decision-maker while managing the bird
population; if ¢ is large, the decision-maker intends a long-term population control. Con-
versely, no sustainable management policy is possible when ¢ is small. For example, following
Lemma 2 of Alvarez (2000) [4], the conditions u > ¢ and R = 0 lead to an immediate and utter
extermination of the population at the initial time ¢ = 0, which is not an ecologically-sound

policy. Hereafter, the inequality

0> um+ O;m(m -1) 4.5)
is assumed, meaning that the decision-maker manages the bird population from a sufficiently
long-term, sustainable viewpoint. The terms RXM and —rX™ quantify the loss of riverine
fish to P. carbo predation and the ecosystem services provided by the bird, respectively, per
unit time [104]. The terms RXM — rX™ is unimodal and convex with respect to Xy, implying
that no cost nor profit is possible when the bird population is zero (Xy; = 0). The second
term in the right-hand side of (4.4) represents the cost of taking countermeasures. When
developing a population management policy of harvesting or population control, the costs
and benefits must be carefully balanced to ensure the cost-effectiveness of the plan [76]. The
first and second terms of the performance index v are weighted by the parameters R and r,
respectively, depending on the attitude of the decision-maker.

The present model involves two types of parameters. The first type, the parameters of
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the population dynamics u and o, are determined from the real bird population data. The
second type, the performance parameters r, R and 6, are determined by the attitude of the
decision-maker. Before implementing the model, the decision-maker specifies the specific
parameter values of the performance index. Applying the model to the bird predation problem
around Lake Biwa with possible ranges of the values of the performance parameters are also

identified.

4.2.3 Hamilton-Jacobi-Bellman variational inequality

The value function V is defined as the maximum performance index v:

V(x) =supv(x;n) =v(x;n") (4.6)
n

where n* is the optimal control providing the best feed-back population management policy.
A main goal of the present stochastic singular control problem is to find the maximizer n*
satisfying (4.6). According to the dynamic programming principle for stochastic control

problems (Chapter 4.3 of [70]), the value function V(x) is formally a solution to the HIBVI

dav 1 d?v dv
min 8V - px—— + Ea%&@ —uxM + dx™, o +H1=0 4.7
and
V(0) = 0. (4.8)

The boundary condition (4.8) implies that neither profit nor loss is possible in a zero population
(x = 0). The left-hand and right-hand terms in the min operator correspond to the extreme
situations of no and immediate countermeasures, respectively. As demonstrated in the next
section, the HIBVI (4.7) admits a unique solution with a free boundary (x = X in the following).
This solution corresponds to the threshold population-level above which the countermeasure

should be carried out immediately.
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4.3 Theoretical analysis

4.3.1 Exact solution

In general, solutions to degenerate elliptic problems like (4.7) must be understood in the
context of viscosity solutions, which are appropriate weak solutions to this kind of problem
[70]. However, such refined mathematical techniques are not applied in this chapter, because
the variational inequality (4.7) has an exact solution in the classical point-wise sense, namely,
the value function defined in (4.6).

Under Assumption (4.5), the viscosity solution to the present HIBVI is uniquely given by

k m M =
_ Jax® + Ax™ + Bx O0O<x<Xx)
V(x) = {b . x>7) (4.9)
with
1 2u 2u  \* 85
kzi 1—;4'\/(;—1) +;) (>m) (410)
and R
A= — <0, B= d >0, (4.11)
0 —pm—Zm(m-—1) 0 —puM - SMM -1)

following Chapter 4.5 of [70]. Here, a, b, and X are unknowns that solve the system of

nonlinear equations

ax* + Ax" +BxM =b-%
kax* ' + mAx™ ' + MBxM ! = —1 . (4.12)
k(k — D)ax*% + m(m — DAY" >+ M(M — 1)BxM 2 =0

Here, x represents the population-control threshold; if the bird population is below the thresh-
old, the countermeasure should not be implemented. On the other hand, if the population
exceeds the threshold, then the decision-maker should activate the countermeasure immedi-
ately.

Combining the second and third equations of (5.34), the governing algebraic equation of x

is obtained as
- (MB;M—‘(k M)+ k- 1)

mA(k — m)

(4.13)
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According to the classical intermediate value theorem [5], (4.13) has a unique solution within
0 < X < oo. The other unknowns a and b are found by substituting x into the first and
second equations of (5.34). After a straightforward calculation, the viscosity solution (4.9)
is found as a classical solution V € C2(0,0) N C[0, ). Note that the exact solution (4.9) is
smooth at the threshold x = x. The above mathematical analysis shows that the qualitative
profile of the value function V does not significantly change under the assumed conditions
(4.5). Therefore, to investigate the optimal management policy, we need only analyze the
dependence of the threshold x on the model parameters of the environment and the attitude
of the decision-maker.

As indicated by Solution (4.9), the countermeasure should be performed when the bird

population X; reaches the threshold x. The SDE (4.1) is then rewritten in terms of X as

dX, = X,(udt + cdB,) —dyf, X_g=x >0, 4.14)

with the optimal control policy expressed as [48]

n; =max (x - X,0)+ L;, n°,=0. (4.15)

In (6.7), L, is the local time [8]. To ensure that process (4.14) is bounded within x € [0, X], the
local time is invoked only when the bird population is about to exceed the threshold x. Around
Lake Biwa, Japan, the threshold-type control intends to bound the population X; within the
range [0,x], with X = 4,000 (-), as explained in the next section. The derived optimal
management policy is therefore consistent with that employed in a real problem. In addition,
whether the countermeasure should be taken or not is determined simply by observing the
number of P. carbo individuals.

According to (6.7), if 0 < X_y = x < X, the bird population should be monitored such that
the threshold x is never exceeded. The SDE (4.14) then governs a geometric Brownian motion
with a reflection at x = x [70]. If X_¢ > X, i.e., the population is above the threshold, the
optimal strategy is immediately reducing the population to Xy = X, and thereafter ensuring

that the population never exceeds the threshold x. If X_o < X, then X; > X for r > 0 does
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not occur under the optimal management policy. Fig. 4.1 presents a computed sample path
following SDE (4.14) under the optimal control (6.7). When the population exceeds the
threshold (green lines in Fig. 4.1), the optimal policy (6.7) immediately reduces the bird
population. The path is indeed reflected at the threshold x and its range is consequently
bounded as [0,x]. The properties of the SDE solution and their practical implications are

discussed in the following sections.

3 0.00
X
2 , 0.02
1
() l l l l
0 1 2 3 4 5

Fig. 4.1: Sample path of the optimized X; with x = 2 (red line), showing the reduced
population when the population rises above the threshold (green line). The model parameters
are u = 0.17 and o = 0.53. The path is reflected at the level x by the countermeasure and
satisfies 0 < X; < x.

4.3.2 Probability density function

Having calculated the threshold X by solving the HIBVI (4.7), we can analytically calcu-
late the probability density function (PDF) of the stochastic process X; under the optimal
management policy n*, because the model is completely tractable. Hereafter, we assume
0 < x < X, namely, that the bird population is not above the threshold and that the decision-
maker manages the population dynamics following the optimal management policy derived
in the foregoing sub-section.

To evaluate the statistics of the PDF, we require the PDF of the stochastic process X; with

n*. This PDF can be analytically solved in the present model because the first term of the SDE
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(4.1) is linear. For this purpose, we can adopt the analytical formulas of the stationary PDF
of the geometric Brownian motion with reflection [105]. The stationary PDF p = p(x) for the
process X; (4.14) under the optimal control 1" is analytically derived from the Kolmogorov
forward equation (KFE) [32]

d(uxp) d* [(o*x?
dx dx \ 2

p) =0, 0<x<T, (4.16)

subject to the boundary conditions p(0) = 0 and the zero-flux condition (reflection) at x = X

d (o2x?
- — =0 4.17
uxp dx( > p) (4.17)

under the usual normalization condition

/x p(x)dx = 1. (4.18)
0

At first, the condition g = % — 1 > Ois assumed. Integrating (4.16) with respect to x yields

d [o2x?
x — —
MXD )

p) +a=0. (4.19)
dx

The constant of integration « is 0 because the normalization condition (4.18) holds. By (4.19)

with @ = 0, we have

d (o?x? ( 2) a?x?dp
x I — = —0‘ x —
KPP = qx \ 72 P) = P k. (4.20)

and thus )
2(u —o*)dx dx d
) .21
o X X p

Integrating both hand-sides of (4.21), we have

p(x)=yx9!, 0<x<7. (4.22)

From the normalization condition (4.18), the coefficient y is determined as y = gx 9.

Consequently, the stationary PDF p is derived as

IA

p(x)=gx 9x97!, 0<x<7. (4.23)
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For the case with g < 0, we have
p(x) = A(0) (4.24)
where A(x) is the Derac’s delta function at the point x. Combining the results, we have the

PDF as

p(x) = {A(O) (4<0) (4.25)

gx x4 (g>0)"
The PDF (4.25) implies that the non-dimensional parameter ¢ critically affects the behavior of
the stochastic process X;. When the deterministic growth rate u is sufficiently small (¢ < 0),
the PDF (4.25) reduces to a Dirac’s function at the origin x = 0. In this case, the population
will become extinct without any population management, and intensive countermeasures to
suppress the predation are not required. In the next section, we examine a real case of ¢ > 0

that gives the non-trivial polynomial PDF (4.25).

4.3.3 Average reduction in bird population numbers per unit time

This subsection introduces the average reduction in the bird population per unit time under
the optimal control n*. This quantity is denoted as /. Using SDE (4.1), I can be calculated as

the followings. By its definition, / can be rewritten as

1t
’=T1£20(%/0 d"s)

1 T
= lim | / (—dX, + X,(uds + o'st))] . (4.26)
0

T—

1 [T
= lim f(Xo - X7) + Jim [f /0 (Xs(puds + O'st))]
As the quantity Xy — X; with ¢ > 0 is bounded by the optimal control * (6.7), (4.26) reduces
to
17 17
I = lim |- / uXsds |+ lim | = / o X;dB; | . (4.27)
T-oo \T Jy T-oo \T Jo

The second term of (4.27) converges to 0 with probability 1, as described in Chapter 3 of [14].

Consequently, we have

1 T
I = lim (—/ ,qudS). (4.28)
T Jo

T—
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By Chapter 5 of [75], (4.28) can be expressed in terms of the PDF as

I = ,u/x xp(x)dx. (4.29)
0

The right-hand side of (4.29) is calculated as

x 2 2

I= /1/ xp(x)dx = (u - O-—)f e (4.30)
0 2 2

This index is used in Applications, which applies the present model to a realistic bird popu-

lation management problem. The dependence of I on the parameters (the growth rate u and

the stochasticity o) will be numerically investigated in that section.

4.3.4 Sensitivity analysis

To qualitatively clarify the dependence of the population threshold on the model parameters,
this sub-section conducts a theoretical sensitivity analysis of the threshold x. The results of the
sensitivity analysis are useful for comprehending the properties of the optimal management
plans. The quantitative dependence of x on the parameters is explored through the model
application in the next section.

For the sensitivity analysis, we partially differentiate both sides of (4.13) with respect to the
parameters r, R, u and o. A straightforward calculation yields the inequalities

0x ox ox 0x 0x

— — — — 4.31
6r<0’ (9R>O’ 65>0’ 8,u<0’ 6o->0’ (4.31)

where the last two inequalities follow when ¢ is sufficiently large. According to the sensitivity
analysis results (4.31), the countermeasure-activation threshold x decreases with increasing
loss of riverine fish to predation r and/or increasing growth rate u of the bird population.
Therefore, the countermeasure should target a lower level of the fish population in situations
with severer predation. On the other hand, the threshold increases with increasing ecosystem
services R provided by the bird, the discount rate ¢, and/or the uncertainty 0. Hence, the
decision-maker should carefully decide whether to implement the countermeasure when the

birds sufficiently benefit the lake ecology. A larger discount rate increases the timeframe
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of the countermeasure, consistent with the sensitivity analysis result. Regarding the uncer-
tainty o, the sensitivity analysis implies a larger threshold when the decision-maker has less
deterministic information. In a practical context, if a parameter change increases the bird
X . 9x

population, the threshold ( o 5 > 0) should be decreased, but if the parameter change

increases the profit generated by the bird, the threshold (g—f <0, g—ﬁ > () should be increased.

Note that increasing o decreases the population by geometric Brownian motion.

4.4 Applications

The present stochastic singular control model was applied to the population management
of P. carbo in Lake Biwa, Japan, where the predation of riverine fish by this bird is the most
severe in the country. This section evaluates the behavior and sustainability of the optimal

management plans using the identified parameter values.

4.4.1 Study area

The study site is Lake Biwa, the largest freshwater lake in the Kinki area, Japan. With a
water surface area of 674 (km?), this lake is an important habitat for many aquatic species and
waterfowls. The following review on P. carbo around the lake is based on [81]. P. carbo is an
indigenous species around Lake Biwa [49]. It has established one of its largest populations
around the lake, with huge colonies at the Isaki Peninsula and the Chikubu Island. The P.
carbo population around Lake Biwa has increased very rapidly, from five nests at the Chikubu
Island in 1982 to approximately 1.2x 10* individuals in 1998. Most of the individuals leave the
lake in the non-breeding season (winter), but approximately 1.2 x 103 to 2.7 x 10? individuals
remain around the lake. Meanwhile, P. altivelis yields the largest catch among the fishes in
Lake Biwa, in terms of both weight and price. The rapid increasing P. carbo population is
regarded as a severe problem for the inland fisheries around the study area because this species
majorly preys on P. altivelis in the spring and summer seasons. It also consumes a wide range

of riverine fish around the study area. When interviewed, the members of Hirose Fisheries
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Cooperatives of Lake Biwa mentioned that long-term countermeasures against predation by
P. carbo are currently being enforced; otherwise, the increasing bird population could not be
effectively suppressed. The members are also prioritizing the loss of riverine fish over the
ecosystem services provided by the bird. The main countermeasure at Lake Biwa is shooting
by licensed hunters. The same countermeasure is mainly employed by several other fisheries

cooperatives in Japan.

4.4.2 Determination of parameter values

The two SDE parameters u and o are identified from the yearly public data of the P.
carbo populations around Lake Biwa. These data are available at Shiga Prefecture [72] and
presented in Fig 4.2. For parameter determination, we used the bird population data from
1994 to 2003, because Shiga Prefecture (2007) [72] reported successful P. carbo control (since
2004) by their population management plan. The population in year n, where n = 1 (1994) to
n =N = 10 (2003), is denoted as X™. The study period (1994-2003) was chosen because
no countermeasures had been implemented in Lake Biwa until 2003. The uncontrolled
population dynamics of P. carbo were required for identifying the parameter values in our

model. Using a linear regression approach, the parameters u and o were determined as

N-1 N
p=y (X<"+1> - X<">) / X = 17107 (1/year) (4.32)
n=1 n=1
and
N-1 2 N )
t= (x("“) - X<">) / > (x<">) =28x 107" (1/year) (4.33)
n=1 n=1

respectively. The identified u and o satisfy the condition ¢ > 0 assumed in (4.2).

4.4.3 Sustainable bird population management plans

Based on the management plan of P. carbo in Shiga Prefecture [73], the population-control
threshold was set to x = 4,000 (-). The management policy was considered sustainable if the

threshold satisfied x > 0. Whereas u and o have ecological meanings, the parameters m, M,
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Fig. 4.2: Historical data of P. carbo population around Lake Biwa [72].

r, R, and ¢ depend on the attitude of the decision-maker, so their values should depend on the
attitude of the decision-maker on the population management. Different attitudes thus resultin
different management policies. For example, when R is large, the decision-maker prioritizes
the ecosystem services provided by P. carbo, whereas large r means that the decision-maker
mostly avoids the riverine-fish loss to P. carbo predation. For a brief and simple analysis, we
setm = 2.0 and M = 0.5. Other values of m and M satisfying 0 < M < 1 < m < 2 were
preliminarily found to give the same qualitative results.

Figures 4.3-4.7 show the threshold X in the R-r plane for different values of 6 (1/year). The
parameters r and R range from 107 (-) to 10* (-), and X for each (R, r) pair was numerically
computed from (4.13) by a classical Picard iteration method. In all plots, the black line
represents the current threshold set at Lake Biwa, namely, x = 4,000 (-). In Figure 4.4
(the case of small ¢), the threshold X in the white regions is 0 (-), and conditions (4.5) are
not satisfied. Within this white region, the optimal management strategy is the immediate
utter extermination of the bird population, which is not sustainable. Moreover, in the regions
corresponding to x =~ 0 (-) (green and blue regions), no virtually sustainable management
policy is possible because X; represents the total number of birds in the habitat. However,

in the region corresponding to x # 0 (-) (red region), a sustainable management policy can
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be found. In these figures, some X exceed 10° (-). This result occurs because the governing
equation of X; is an SDE based on geometric Brownian motion, which (unlike the logistic
models) imposes no upper bound on the population numbers [33]. As shown in Figures
4.3-4.7, X increases with increasing R and ¢, and decreases with increasing r. The red
region contracts as ¢ decreases, indicating that the solution space of sustainable management
policies decreases as the decision-maker shortens the time frame of the countermeasure. The
computational results are consistent with the sensitivity analysis results. In addition, X is
more sensitive to r than R, implying that a management policy against the P. carbo population
is more significantly influenced by the loss of riverine fish than by the ecosystem services
provided by the bird. Therefore, to sustainably manage the bird population, decision-makers
should soften their attitude toward the loss of riverine fish and should adopt a long-term
perspective for the management plans. Meanwhile, when ¢ is small, we find that x depends
on R (when R is sufficiently large). This result implies that if the bird population is managed
from a short-term perspective, the ecosystem services are important for achieving sustainable
management.

According to Figures 4.3-4.7, if the current threshold x = 4,000 is optimal, the loss of
riverine fish should be sufficiently small (r ~ 10~ ~ 1072), and the r that optimizes the
current threshold should increase with increasing discount rate 6. In addition, the ecosystem
services should be sufficiently large (R ~ 10> ~ 10%) if the discount rate ¢ is small. Based
on the obtained analysis results, optimal solutions for the current management plans can be
recommended. The loss of riverine fish should be considered in any case. However, if the
decision-maker manages the bird population from a short-term perspective, the ecosystem
services should be sufficiently large as well. In addition, the analysis results imply that the
optimal threshold is smaller than the current value x = 4,000 (-) inferred by interviewing the
members of Hirose Fisheries Cooperatives. In their plans, the loss of riverine fish r is large

and the ecosystem service R is relatively small.
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Fig. 4.3: Threshold X in (R,r) plane with § = 1.0 x 1072 (1/year). No X exists in the white
regions. Black lines represent the current threshold in Lake Biwa.
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Fig. 4.4: Threshold X in (R, r) plane with = 1.0 x 10~ (1/year). No X exists in the white
regions. Black lines represent the current threshold in Lake Biwa.
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Fig. 4.5: Threshold X in (R,r) plane with 6 = 1.0 x 10° (1/year). No X exists in the white
regions. Black lines represent the current threshold in Lake Biwa.
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Fig. 4.6: Threshold X in (R,r) plane with § = 1.0 x 10" (1/year). No X exists in the white
regions. Black lines represent the current threshold in Lake Biwa.
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Fig. 4.7: Threshold X in (R,r) plane with § = 1.0 x 10? (1/year). No X exists in the white
regions. Black lines represent the current threshold in Lake Biwa.

4.4.4 Average reduction in bird population numbers per unit time
around Lake Biwa

Finally, the parameter dependence of the average reduced bird population / per unit time,
reported in (4.30), was investigated at Lake Biwa. Of particular interest is the dependence
of I on the parameters ¢ and o in the population dynamics (4.1). The examined ranges of u
and o were varied as 0.05 (1/year) to 0.35 (1/year), and as 0.1 (l/yearl/z) to 0.8 (l/yearl/z),
respectively. The average reduced bird population / was calculated for each (o, u) pair by
(4.30). Figure 4.8 shows the calculated / in the (o, ) plane for the parameters 7 = 1.0 x 1072
(-), R =1.0x 10 (-), and 6 = 1.0 x 107! (1/year). As the profiles are fairly insensitive to
choice of §, we set 6 = 1.0x 107! (1/year). Condition (4.2) is violated in the white region. The

computational results indicate that / increases with respect to ¢ and decreases with respect to
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Assuming that the current threshold in Lake Biwa, x = 4,000 (-), is optimal, the average

reduced bird population 7 per year is calculated as
2
o)\ 2
I = (,u — 7) x =12x10 (1/year). (4.34)

According to the previous subsection, which discussed the optimality of the current man-
agement policy, this result may be an overestimate. Therefore, the truly optimal / might be

smaller than that calculated in (4.34).

0.35 ‘
= [7.2x10'
#0.20
0.0
0.05 B
0.1 04 07

o

Fig. 4.8: Average reduction in bird population numbers per unit time / around Lake Biwa
in the (o, u) plane. The parameters are r = 1.0 X 102, R=1.0x10% and 6 = 1.0 x 107!
(1/year). No [ exists in the white region.

4.5 Conclusions

This chapter proposed and analyzed an exactly-solvable stochastic singular control model
that finds a sustainable, cost-effective, and ecologically-sound management policy for the
population dynamics of P. carbo. The model and its determined parameter values were
applied to the management of the P. carbo population in Lake Biwa, Japan. The current
management plans around the lake were analyzed and verified from the viewpoint of the
present mathematical model. A recommendation for optimizing the current management
plans was made. The optimal policy should minimize the loss of riverine fish without

compromising the ecosystem services provided by the birds.






CHAPTER 5

A stochastic impulse control model for management
of P. carbo

5.1 Introduction

P. carbo is a colonial fish-eating bird distributed worldwide and causes feeding damage to P.
altivelis. The establishment of a cost-effective and ecologically conscious management policy
of the bird population is an urgent issue in Japan.  In order to approach the above-mentioned
issue, a stochastic control approach [70] based on a stochastic impulse control formalism
[13, 63, 86] is employed. The stochastic impulse control problem aims at controlling a system
driven by stochastic fluctuations, such as a diffusion process, through impulsive interventions
so that a performance index is maximized. In a typical stochastic impulse control problem,
the resulting optimal policy is of a threshold type taking an intervention only when the state
variables reach a threshold. In the author’s previous study [96], an exact solution of an
HJBQVI was used because the HIBQVI was not so complicated. However, numerically
solving HIBQVIs that are more complicated will be required when dealing with problems
that are more realistic since such problems may not have exact solutions.

The objective of this chapter is the development of a stable numerical method for solving
HIBQVIs associated with a stochastic impulse control model for P. carbo population manage-
ment. The numerical methods are based on a finite element scheme with the penalty method

and the policy iteration method and its full discretizations are presented in this chapter. The
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performance of the schemes is examined against an exact solution, demonstrating satisfactory
accuracies of the proposed schemes.

The remainder of this chapter is structured as follows. Section 2 presents the mathematical
model and derives the HIBQVI. Section 3 proposes numerical schemes for the discretization
of the HIBQVI, and Section 4 investigates the validity of the schemes based on an exact

solution. Section 5 concludes the chapter.

5.2 Mathematical model

5.2.1 Population dynamics of P. carbo

An infinite-horizon management problem of the P. carbo population in a habitat is consid-
ered. We assume that the decision-maker, the manager of the P. carbo population, can reduce
the P. carbo population through countermeasures, and also assume that they are carried out
in a much shorter timescale than that of the P. carbo population dynamics, so that the impulse
control formalism is justified. The population in the habitat at the time 7 is denoted as X;,

which is governed by an SDE with the fluctuation term defined in the Itd" s sense:

{dXt = (udt + 0dB;), T <t < Ty 5.1)

Xe = Xey =4
with an inital condition Xo- > 0 where u > 0 is the intrinsic growth rate, o > 0 is the
magnitude of stochastic fluctuation involved in the population dynamics, B; is the 1-D standard
Brownian motion defined on a usual complete probability space [66], 7; (i = 0,1,2,---,
70 = 0) is the time when the countermeasure is performed to reduce the population and £; > 0
represents the magnitude of the countermeasure, the total population of the killed P. carbo, at

the time 7;. Whenever the countermeasure is performed, we assume the cost

K (&) =kigi+ko (& >0) (5.2)

where k; > 0 is the cost proportional to ¢ and ky > O is the fixed cost incurred regardless
of ;. In this model, both the timing 7; and the magnitude of the countermeasure ¢; are the

control variables to be optimized.
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5.2.2 Performance index

The performance index J is the expected net profit of the decision-maker subject to a

discount:

[ee)

/O°° e70s (uXSM - dX;") ds — Z e SK(5)

i=0

J(x,n)=E (5.3)

with
O<M<l<m<?2, 5.4)
where ¢ > 0 is the discount rate, u, d, M and m are the positive constants. In the right-hand
side of (5.3), the term uXM represents the ecological utility provided by the existence of the
P. carbo, the term —d X" represents the disutility by the existence of the P. carbo and the last
summation term is the cost of the countermeasure. The net profit uX —dX™ is not monotone
but concave with respect to X;. The relationship (6.6) means that the increase rate of the
disutility by the existence of the animal is higher than that of the utility by the existence of the
animal, and the condition 0 < M < 1 in (6.6) intrinsically means that the ecological services
drastically change between the states where the population exists and where the population
does not exist. This consideration is represented by the divergence of the derivative of uX™
with respect to X; at the origin Xy = 0.
Here, n represents the management policy defined by the timing and magnitude of the
countermeasure
n = (7, 4i)i>0 (5.5)
and is called an admissible control if it satisfies the conditions stated in Definition 2.1 in [63],

which are listed up in what follows:

0<71<Tis1, as.i>0, (5.6)

7; is an {F; }; >0 stopping time, i > 0, 5.7

¢; is 7, measurable, i > 0, (5.8)

P [lim 7, <T|=0,VT € [0,0), (5.9)
11— 00

and
X, >0,r>0. (5.10)
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5.2.3 Hamilton-Jacobi-Bellman quasi-variational inequality

Let o be the set of the admissible controls. The objective of the decision-maker is to find
the optimal control n* such that

V(x) = sup J(x;17) = J(x;77°), (5.11)
nesd

where V = V(x) is the maximized performance index referred to as the value function. The

dynamic programming principle [70] leads to a HIBQVI [13, 63, 86] as

max (.EV +uxM — dx™, MV - V) =0, x>0 (5.12)
with the differential operator £ and the intervention operator M defined as
LW =—0"x"— + ux— — W (5.13)

and
MW =sup[-K({) + W(x - 0)], (5.14)
Z
respectively, for generic sufficiently smooth W = W(x). The boundary condition for the
HIBQVI is V(0) = 0, which means that no problem arises when there is no population. The
left part in the max operator in the HIBQVI (6.13) corresponds to the situation where no
countermeasure should be performed, while the right part corresponds to the situation where

the countermeasure should be performed immediately.

5.2.4 Optimal control

Under the QVI controls (Definition 3.2 in [13])

(T()’ 50) = (0’ 0)’ (515)
7, =inf[t > 11 : V(X)) = MV(X,)],i >0, (5.16)
and
{ =argsup [-K(w)+V (X, —w) : w €R, X;, —w € (0,00)],i >0, (5.17)
e

the following threshold-type management policy with the threshold values x and x (x < X) is

found to be optimal (Verification theorem, Theorem 3.1 in [13]):
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(A) If X,_ < X, then no intervention is performed. If X;_ = X, the intervention is
immediately performed and X;_ is reduced to x (X; = x).
B) If Xo- > X, then Xy- is immediately reduced to x (Xy = x) by the intervention, and

follows (A).
With the thresholds x and x, the optimal amount of the intervention * is

{* — {x - X (.x < Y) (518)

0 (x<Xx)’

A sample path of the process X; following the above-mentioned policy is plotted in Figure.5.1.
Note that Cadenillas (1999) [13] proved the verification theorem (Theorem 3.1 in the litera-
ture), which states that the solution to HIBQVI (6.13) under the QVI control (5.15) through
(5.17) is in fact the value function (5.11) and the QVI control is the optimal impulse control.

Thus, by solving the HIBQVI (6.13), the optimal impulse control can be obtained.

0.0
i ¢,
, 5 {1.0

X,
o
X

0 ‘ ‘ ‘ ‘
0 1 2 3 4 5

Fig. 5.1: The process X; under the optimal management policy is blue line. Upper threshold
is written in red line and lower threshold in pink line. The optimal magnitude of the killed
bird ¢; is shown as green line.
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5.3 Exact solution
5.3.1 Exact solution form
In this section, we present a candidate of the solution to the HIBQVI (6.13), which later

turns out to be a viscosity solution. We assume the following conditions to derive a non-trivial

exact viscosity solution [96, 98]:

o
— 5.1
p> = (5.19)
1,
6—,um—§0' m(m—1) >0, (5.20)
and

1 2u 2u \* 8

ﬁ:i l_;-i_\/(;_l) +;)>2. (521)

The inequality (5.19) means that the animal population does not become extinct without
interventions. The relationship (5.20) and (5.84) means that the decision-maker manages the
animal population from the sufficiently long-term perspectives.

Here, a formal exact solution to the HIBQVI (6.13) is presented, which is inspired from
the impulse control models in the literature [63, 13, 65]. Let V be a candidate of the solution
to the HIBQVI (6.13). At first, we consider the situation with x < X, under which no

countermeasure should be performed. In the HIBQVI (6.13), the equality [86]

LV +uxM —dx™ =0 (5.22)
has a solution
V(x) = a1 xP* + apxP- + Ajx™ + Ax™, (5.23)
where
2
poedfi-2 2 8_6) 520
A = >0, (5.25)
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and

—d
Ay = >
6 — pum— S m(m—1)

<0. (5.26)

In (5.23), a; X3+ + a,xP- is the general solution to LV = 0 and AixM 4+ Apx™is a particular
solution to (5.22). Assume a; # 0, then we have xli)ngo ar B~ = +o0 since B- < 0. However,
this contradicts the boundary condition V(0) = 0. Hence, a; = 0 holds. At last, the solution
(5.23) becomes

V(x) = axBP + Ajx™ + Apx™ (5.27)
where the notations a; = a and 3, = 3 are used.

For x > x where the countermeasure should be performed immediately, by the HIBQVI

(6.13), the condition
V(x) =—ki(x —x) — ko + V(x)

5.28
:—kl(x—g)—k0+ax'3+A1xM+A2xm, ( )
has to be satisfied. Consequently, a candidate of solutions to HIBQVI (6.13) is found as

axB + A xM 4 Apx™ (x <X)

2
—ki(x — x) — ko + axP + AjxM + Ayx™ (x >X) (5.29)

Vix) = {

where a, x and x are unknown at this stage.

Assume the following condition in the solution V(x) to determine its unknown coefficients

[63, 86]:

(@)  Continuity of V(x) at x = X (Value matching),
(b)  Continuity of V’(x) at x = X (Smooth pasting),
(c)  Optimality of the thresholds X and x in (6.15).

Firstly, from (a), we have
V) = ~ki(F - x) — ko + V(2). (5.30)
From (b), we have
=y i d
V'@ =lim [—ki(x —x) — ko + V(z)].

(5.31)
= — kl
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Finally, from (c), we have

V(X) = sup [-ki(x = y) — ko + V()] (5.32)
namely, we have
d
ar [-kix=y)—ko+V(M] =0. (5.33)
* y=x

Substituting (5.27) into (5.30), (5.31), and (5.33), the following system of nonlinear equations

governing the coefficients is derived:

ax® + AixM + Apx™ = —k1 (X — x) — ko + axP + AjxM + Apx™
afP N+ A MM 4 Ao = Ky (5.34)
aBxP "t + AiMxM-1 4+ Aomx™! = —ky

where a, x and x are unknown. According to the conditions (a) and (b), the solution
529 isV e C 1(0, o) and is twice differentiable except at x = X; namely, we have V €
C? ((0,X) U (x,)). Thus, the solution V is not a classical solution but a solution a.e.

Note that the exact solution (5.29) has an explicit upper- and lower-bounds. For obtaining
these bounds, at first, an SDE without controls

dX; = pdt + 0dB;, Xo=x (5.35)

is considered, and E [eVXf] is calculated as

B[] = [ o

o

(z=(x+ut))?
= T2 e¥%dz
V2ro?
1 72
_ —767(0'y+x+,ut)0_dy
V2ro
2 (5.36)
-1o- 0'7)2 2 }d
y
r/
e [ oo,
V27T —00

_ e
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7 —(x+ ut)
o

because X follows N(x + ut,o%t). In (5.36), a transformation y = is performed,

1 o 2
and — / ¢~2079Y)"dy = 1 holds true because it is an integration of a normal distribution
—00

V2r

[o¢]
with the mean oy and the variance 1 from —oo to co. Next, E [ / e oYX dt] is calculated
0

E [/ e7X’dt] :/ e 9B [eyX’] dt
0 0

— / e—éte{y(x+,ut)+%0'2t72}dt
0

o
=e?* / e (Gr=302)1 4y
0

as

= e o (5-1y=3y?) | ™ 637

6 — py — 3022 0

where (5.36) is used. Next, a process Y; which follows

dy; = u¥dt + o¥;dB;, Yo=y (5.38)

is considered. A tranformation
X; =InY;, = f(Y;,1) (5.39)

is introduced. Applying It6’s lemma [66] to (5.38) yields

2
dX; =df :ﬁdt+ﬁdlft+la /

—(dY,)?
ot dY, 25)@2( )

1 1
= (uXdt + 0% dBy) — ——(uX,ds + 0%, dB,)’
' 2Y; , (5.40)

1
=udt + odB; — Eazdt
1,
= ,U—EO' dt + odB;

namely,

1
dX, = (y - 50'2) dt + odB;. (5.41)
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From the transformation (5.39),
et =YY (5.42)

holds true. By applying (5.37) to the SDE (5.41),

E [/ e_‘”Y;dt] =E [/ e 0¥ Xidy
0 0

err

5.43
o — (,u - %0'2) Y - %0'272 (5.:43)

yV
§—py—50%y(y—1)

holds true. Finally, the upper- and lower-bounds are calculated. By considering no control

case, from the definition of the value finction,

E [ / " s (uXSM _ dxg") ds| < V(x) (5.44)
0

is obtained. From (5.43),

00 M —dx™
E [ / ¢5s (quM —dxgn) ds] - s + —
0 6 —puM - 50°*M(M - 1) 06— pum—50°m(m~—1)

:AlxM + Azxm

(5.45)
is obtained. Because for any X;,
uXM —dx™ < uxM, (5.46)
the inequality
/ e™%8 (uXM - dx‘;") < / e S uxM (5.47)
0 0
holds true, and
/ e (MX?/I - dX;") - Z e OTK () S/ e S uxM Z e TK(5)
0 i=1 0 i=1 (5.48)

o
< / e S uxM
0
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also holds true. Taking expectation on both hand side of (5.48) yields

(o)

/0 o (quM - dx;’”) -3 K ()

i=1
o0 . (5.49)
<E [/ e_‘squ;W]
0

:AlxM

J(x;n) =E

Taking sup on the left hand side of (5.49) yields
V(x) = sup J(x;m)

nes/
=sup E / e7%" (uXSM - dXsm) - Z e TK(G)| (5.50)
UEM 0 i=1
=A1XM
Combining (5.45) and (5.50) yields the final result
AxM 4+ Apx™ < V(x) < AjxM, (5.51)

5.3.2 Coefficients in exact solution form

Subtracting the middle equation in (5.34) from the below equation in (5.34) and solving for

a yields
C=AMEMT = M - Apm(ET - xmT 55
T B - 2P | o7

Substituting (5.52) into the middle equation of (5.34) leads to

CAMGMY M1y A (7 — el
o o |[ZAMOT X ) 2 A 22T )] et MM 4 A = 0,
B - #P1)
(5.53)
and substituting (5.52) into the above equation of (5.34) then yields
— k(X — x) — ko + A1 (x™ = xM) + Ay(x™ - X™)
—AMEMTT My A - ! (5.54)
1 M( 2y 1) 2m( x"70) o -7 = 0
BGPH - #P1)

By numerically solving the nonlinear equations (5.53) and (5.54), x and x would be found.

In this chapter, the nonlinear equations (5.53) and (5.54) with an artificial temporal term are
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proposed as the system of ODEs, a dynamical system, as

d —
d_f:fwnhw:(ﬁ), (5.55)
where
f — fl(z’ﬁ)
S (5.56)
_( FE=x) + ko = h(xP = 7F) = A M = FM) - Ap(x - T '
- ki + hBxP 7+ A MM+ Apmx™ !
and Mol i | |
—AMEY T =M = Aym("TT - X"
h(E,x) = 1M (x X 1) am(x X )' (5.57)
BET a7
Let x = x* and x = x* satisfy (5.34). Then, we have
h(x,x) = a. (5.58)

The system (5.56) is numerically integrated until the quasi-steady state is attained with the
forward Euler method. The coefficient a can be calculated with (5.57) using the obtained x*
and x*. Thus, V(x) (5.29) can be obtained. Note that the system (5.55) can be proved to be
asyptotically stable, meaning that the sequence of the system converges to x* and X* when an

initial guess is sufficiently close to x* and x".

5.3.3 Numerical results

The system (5.56) is discretized with the conventional forward Euler method. The param-
eters are set as u = 1.7 x 10~ (1/year), o = 5.3 x 10~! (1/year'/?), m = 1.8 (-), M = 0.5 (-),
6 =1.0 (I/year),d = 5.0x 107 (-), u = 1.0x 107" (=), kg = 1.0 x 10" (-) and k; = 1.0 x 10°
(-) [97]. These parameters satisfy the assumptions (5.19) through (5.21). The increment for
the time integration is set as At = 0.01 for stable temporal evolution of the system. The time
integration marches until the error is under the error tolerance as

error = max |:v"+1 -z <€ (5.59)
€T

where n represents the time step and € = 10710 is the error tolerance. With the computed X and

X, a is calculated by (5.57). The initial estimations for the thresholds are set as x = 7500 and
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x = 5500. The computed thresholds are X* = 7352.93 and x* = 5757.82. The computed a* is
a* = 4.39 x 1077, The same steady solution can be obtained for different initial estimations.

Table 5.1 shows time evolution of the error, the residuals for each nonlinear equations (5.56)

as
Res 1 = |~k (X — x) — ko + a(x® = %) + A1 (x™ = 3M) + A, (x™ = 3™, (5.60)
Res?2 = |ape® ! + A, MTM ! + Ay + kl), (5.61)
and
Res3 = |apxP' + AiMx™ ™ + Apmx™ " + ki, (5.62)

during the computational period, and the computed thresholds. According to Table 5.1, the
errors and the residuals monotonically decreases as the time marches and the computation
ends at = 5.5 x 107, indicating that the nonlinear equations (5.34) are correctly solved; each

residual is less than 1.0 x 1078,

Table. 5.1: Time evolution of the error, the residuals and the computed thresholds.

t (x107) Error Res 1 Res 2 Res 3 X X
0.0 1.6x107"  1.6x10" 13x1072 13x1072 7500 5500
1.0 57x10%  57x10* 53x10* 53x10% 7376.14 5735.92
2.0 50x1077  5.0x107° 47x107° 4.7x10 735498 5755.88
3.0 44%x108  44x10° 42x10° 42x10° 7353.11 5757.65
4.0 39x1072  39x1077 3.7x1077 3.7x1077 735295 5757.8
5.0 3.5x 10710 35%x10% 33x10® 33x10® 735293 5757.82
5.5 99x 107" 1.0x107'° 95%x10° 95x10° 735293 5757.82

5.4 Numerical schemes for Hamilton-Jacobi-Bellman
quasi-variational inequalities

In this section, two numerical schemes for HIBQVIs are presented. The first one employs
the penalty method [26, 91] and the other the policy iteration method [7]. Both schemes

employ the PGFEM [102].
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The spatial domain of the HIBQVI is truncated as x € (0,L) with a sufficiently large

constant L > 0 for the sake of numerical computation. The artificial boundary condition

V-MV=0 (5.63)

is supplemented at x = L, which is based on the conjecture that the bird population should be

immediately reduced if its population is excessively large.

5.4.1 Petrov-Galerkin finite element method

PGFEM [102] is employed for the spatial discretization. The trial and test functions of
the PGFEM scheme are constructed based on the exact solutions to local two-point boundary
value problems as in [ 19] to compute stable numerical solutions. This discretization enables us
to compute nodally exact solutions for constant-coefficient problems, implying its possibility
to accurately approximate solutions to the differential equations. The present scheme inherits
this discretization technique.

The shape function ¢ and the weight function w are decided by the analytical solution of

the following boundary value problem defined in the element Q(i, j) constituting of the nodes

iand j as
d? d
Das? 440 _s0s=0, 0<x<L (5.64)
dx? dx
and )
d d
D=2 — a0 —sow=0, 0<x<L (5.65)
dx2 dx

where x is the local one dimensional coordinate where x = 0 corresponds to the node i and
x = L to the node j, Dg is the diffusivity coefficient in the element Q(i, j), aq is the drift
coefficient in the element Q(i, j), and dq is decay coeflicient in the element in the element

Q(i, j). The unkown variable V in the element (i, j) is approximated as

V = Vigi + Vi (5.66)

where V is approximated solution of V in the element Q(i, j). Here, the shape functions ¢;



5.4 Numerical schemes for Hamilton-Jacobi-Bellman quasi-variational inequalities

and ¢; are determined as

d%¢, d
Dqg d¢2 +aq d¢ —0q¢; =0, 0<x <L with¢;(0)=1and ¢;(L) =
X
and
d*¢; de, .
DQF+an__5Q¢] —0 0 < x < L with ¢]‘(0):Oand ¢](L): 1,
X

respectively. Solving (5.67) and (5.68) yields

e QLer —e QLer
¢i =
evéL —e voL
and . _
’ e¥oX — o¥oX
J evéL — %l
with

'o<|+

1
= 3 (—Peg + w/Pe%z + 4Dag) ,

the local Péclet number in the element Q(i, j)

and the local Damkohler number in the element Q(Z, j)

00

Dap = —.
Q Do

The weight functions associated with the nodes i and j are determined as

d>w; dw;
Dq dM; — ao dw —oow; =0, 0<x < Lwithw;(0)=1andw;(L)=0
X X
and
dzwj dw;
Do e - ag—- P _5QWJ_O O<x<LW1tth(0) Oandwj(L)=1,
X

respectively. Solving (5.74) and (5.75) yields

Mol phaX _ oMol phgx
w; = 7 —
etol — oHol

(5.67)

(5.68)

(5.69)

(5.70)

(5.71)

(5.72)

(5.73)

(5.74)

(5.75)

(5.76)
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and . )
HoX _ pHoX
wi= (5.77)

L L

eMal — oho

1
Uy = 3 (PeQ + 1/Peg2 + 4Dag) . (5.78)

By using the above-explained shape functions and weight functions, a weak form can be

with

obtained. Consider second order partial equation

AN
E'Faa—DW'F(SV:S, O0<x<A (579)

is descretized, where a is drift coefficient, D is diffusivity coefficient, J is the decay coefficient,
S is the source term, and A is the length of the computational domain. This can be interpreted
as advection-diffusion-decay equation [102] with a source term. Multiplying the weighted

function w by (5.79) yields

A A A 2 A A
ov ov oV
/ w—dx+/ wa—dx—/ wD—dx+/ w5de:/ wSdx. (5.80)
0 ot 0 ox 0 0x? 0 0

Applying integration by parts to second order partial derivative yields

A A A A
/ W@_de+/ waa—vdx—/ D@_w@_de+/ woVdx
0 ot 0 o0x 0 Ox Ox 0

A
=/ wSdx +
0

The computational domain is discretized into N elements with N+ 1 nodesas 0 = xg < x; <

5.81)
ot
ox 0'

- < xy-1 < xy = L. The i th element is the interval (x;_1,x;). The quantity discretized
at x; is represented with the subscript i as V;. The length of the i th element is denoted as
Ax = x; — x;—1. For the sake of brevity, uniform length is employed in this chapter. The
coefficients are attributed to the elements.

Consider the discretization at an inner i th node (I < i < N). For the first part in the
HIBQVI (6.13), the scheme employs an exponentially fitted discretization based on the PGFE

as a three-point scheme

— = BiVici +a;Vi + yVin (5.82)



5.4 Numerical schemes for Hamilton-Jacobi-Bellman quasi-variational inequalities

where the coeflicients a;, ;, and y; are given as

(5.84)

(5.85)

(5.86)

(5.87)

(5.88)

(5.89)

(5.90)

D;_ + - + - D; + - + -
a; = Alxl (e"i—l — e"i—l) (vl.'_le"i—l — VltleVi_l)-'-A_)lc (e“i - e“i) (,ul.'e”i — et ) , (5.83)
D;_; + - -
Bi = j (ev”l - ev”l) (Vi =vis)
and D
Yi= 1o (e“i — el ) (1 = 17)
with
1 2
Vi = 3 (—Pei + 4/Pe; + 4Da,-) ,
s = L (pe; + \[pe? + 4Da;
,ul._2 e; + y/Pe; +4Da; |,
Pe; = aiAx’
D;
5;(Ax)?
b, < AP
D;
a4 = (Xi +Xi+1)
1 l‘t 2 >
and

1 Xi + Xi+1 2
Di:iaz(%)'

The source term at the i th node is discretized as

—ux™ + dx™ — (—ule +dx;" )€

with

1 1 1 -
6 =— _ - (evlt'Ax—l)——(evifle—l)
evi_le _ evi_le v, Vi_—

1 1 ¥ 1 -
e [—+ (eﬂiAx - 1) -— (eﬂiAx - 1)]
el Ax — e Ax H; 7%

1

where the source term upwinding is naturally performed.
The term V — MYV is discretized at the i th node as

VMV > V,—(MV),

(5.91)

(5.92)

(5.93)

(5.94)
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where V is a continuous linear interpolation of V using the nodal values of the previous time

step, which is a piecewise linear continuous function at each time step. Then, we set

(MV); = —K(w}) + V(x; - ") = (k1w - ko)X {w:>0} + V(x; — o)) (5.95)
where
w; = arg max (-kw; — ko)X {w:>0} + V(xi —w;):wi €R, x; —w; >0]. (5.96)
The boundary conditions are set as
V=0 (5.97)
at the O th node and .
VN —(MV)ny =0 (5.98)

at the N th node.

5.4.2 Penalty method
A temporal term is added to the HIBQVI as
ov M m
max E+LV+ux —dxX", MV -V]=0,x>0 (5.99)

with a terminal condition V(x) = 0. Note that the derivatives are reinterpreted as partial
derivatives. Steady solutions are calculated by solving the unsteady problem with a sufficiently
large computational period. A penalized technique [26] is applied to the unsteady HIBQVI

(5.99) as

oV
—o F LV ux —dx™ 4 Amin (V- MV,0) =0, 0<x<L (5.100)
N

where s = —f and A is the penalty parameter to formally recover the unsteady HIBQVI (5.99)

under the limit 4 — oco. For proving the validity of the penalty method, the following two

conditions are considered; V — MV > 0and V — MV < 0. For the case of V — MV > 0,
Amin(V - MV,0) =0 (5.101)

holds true, and (5.100) becomes

1%
— + LV +uxM —dx™ =0 (5.102)
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and thus the HIBQVI (6.13) is satisfied in this case. For the case of V — MV < 0,
Amin(V = MV,0) = A(V - MV) (5.103)

holds true, and (5.100) becomes

_g_V + LV +ux™ —dx™ + A(V - MV) = 0. (5.104)
s

Dividing (5.104) by A and putting (V — MYV) into the right hand side yields
1| oV

—|—— 4+ LV+ux™ —ax™| = —(V = MV) >0, (5.105)
A os
which means v
—oo LV +ux™ — dx™ > 0. (5.106)

In addition, when the limit 4 — oo is taken,

—(V=MV)~0 (5.107)

formally holds true because the left hand side of (5.105) approaches 0 as 4 — oo. Thus, the
HIBQVI (6.13) is satisfied also in this case.

5.4.3 Policy iteration method

The policy iteration method [7] is applied to the steady HIBQVI. At first, the HIBQVI is
equivalently rewritten as

n{l(i)nl} [(1 = u){LV - ux™ + dx"} + u{V - MV}]| =0 (5.108)

where u € {0, 1} is an auxiliary control variable [7]. The discretized version of the auxiliary
control problem (5.108) at the inner node i is written as
uig%?1} (1= u){BiVio1 + @i + ViyVigr + (—ux} +dx")e;} + u; {Vi - (M‘_/)i}] =0.
(5.109)
Let n > 0 be the step number in the policy iteration. In the policy iteration algorithm, the
discretized problem (5.109) is solved recursively as

BVL +ai+ V' +yV],
(1 - ui) M m
+ (—ux;” +dx]")e

} +u; {Vi” - (M\_/);’—l}] =0,n>1 (5.110)
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starting from an initial guess V' = 0. Here, V" represents all the values at the step n. In
(5.110), the piecewise linear interpolation V in the term (M‘_/);’_l is constructed with V"~
to avoid solving non-linear system at each step. The control and the value function are thus
updated in a staggered manner. The boundary condition (5.97) is evaluated at the time step #,

and the boundary condition (5.98) is used to find V}; as

Vi =MV (5.111)

Assembling the discretized equations (5.110) for all i, we obtain the system of linear equations

Avlyn = gl (5.112)

where A is (N+1)x (N +1) dimensional coefficient matrix and B and V" are N + 1 dimensional
vectors. A and B are independent of V" and dependent only of V"*~!. The iteration step in

the policy iteration continues until the condition

max [V - v < 1071 (5.113)
l

is satisfied. The policy iteration approach has some advantage over other methods. The
policy iteration approach does not need artificial parameters such as the time increment in
the pseudo time-stepping methods [42] and the penalty parameter employed in the penalty

method [26, 91].
5.5 Numerical results for Hamilton-Jacobi-Bellman
quasi-variational inequality

In this section, the solutions obtained by the presented numerical schemes and an exact

solution are compared.

5.5.1 Numerical results with policy iteration method

The model parameters are setas 4 = 0.7, 0 = 0.1,d =5.0x 1072, u = 1.0x 107, m = 2,
M =0.5,06 =2.0, ko = 0.01 and k; = 0.3 [96, 98]. In this chapter, L is set as 100, which

has been checked to be a sufficiently large value by preliminary numerical experiments. Both
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the accuracy of numerically calculated value function V(x) and that of the thresholds X and x
are investigated. Especially, the accuracy of the two threshold values is important because it
is necessary for calculating the optimal policy. In previous studies about numerical methods
for HIBQVIs, computational accuracy of numerically calculated thresholds (free boundaries)
was not investigated in detail [27, 7] despite it is the most important.

At first, the accuracy of the numerically calculated value function is investigated. Table 5.2
shows I error norms and /2 error norms with changing the number of elements. According
to Table 5.2, both [® error norms and /2 error norms monotonically decrease as the number of
elements increases. Table 5.3 shows convergence rates (CRs) with [* error norms and / 2 error
norms. Table 5.3 indicates that the presented numerical method is more than first-order in the
sense of [ error norm and [? error norm. Figure. 5.2 shows the numerically computed value
function (red circles) and the exact solution (black line) (5.29) with 100 elements. In addition,
the blue and green curves are the lower bound and the upper bound (5.51), respectively. It is
confirmed that the numerically calculated value functions satisfy the exact lower and upper
bounds (5.51). This fact supports the validity of the proposed scheme.

Second, the accuracy of the computed threshold values is investigated. Under the above-
presented model parameters, the exact threshold values are x = 43.0583 and x = 36.07.
Table 5.4 shows the computed threshold values against the different resolutions. According
to Table 5.4, the computed threshold values approach the exact values. Table 5.5 shows
absolute differences between the numerical and exact solutions. Table 5.5 indicates that
the absolute difference between the numerically calculated thresholds and that of the exact
solution decreases. According to Tables 5.4 and 5.5, computed x with 100, 200 and 400
elements do not change and thus the absolute differences do not change. The reason for this
phenomenon can be explained as follows. The resolution of x with 100 and 200 elements is
relatively high: the absolute differences are both 0.07, which is smaller than the size of the
elements 1 and 0.5. In each computation, the absolute difference is smaller than the size of the

element Ax, indicating the satisfactory ability of the presented numerical method to calculate
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the thresholds and thus the optimal plans.

Table. 5.2: [* error norm and /2 error norm for the value function V(x) calculated with the
policy iteration method.

Number of elements  [* error norm % error norm

100 4.7 %1072 43 % 107!
200 1.3x1072 1.3x 107!
400 3.5x 1073 3.4x 1072
800 9.0x 10 8.8x 1073
1600 2.4 %107 2.1%x1073

Table. 5.3: Convergence rates (CRs) with [* error norm and I error norm for the value
function V(x) calculated with the policy iteration method.

Compared elements CR with [ error norm  CR with /% error norm

100/200 1.81 1.77
200/400 1.94 1.91
400/800 1.96 1.95
800/1600 1.91 2.06

Table. 5.4: Thresholds calculated with the policy iteration method.

Number of elements x X
100 42.5 36.0
200 42.75 36.0
400 42.875 36.0
800 429375  36.125

1600 43.03125 36.0625
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Table. 5.5: Absolute difference between numerically calculated thresholds with the policy
iteration method and exact solutions.

Size of elements  Absolute difference in x  Absolute difference in x

1 0.5583 0.07
0.5 0.3083 0.07
400 0.1833 0.07
800 0.1208 0.055
1600 0.02705 0.0075

0

230 ‘
0 25
X

T T
1 1
1 1
1 1
1 1
9 1
I 4
1 1
1
1 1
1 1
1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
X X

50

Fig. 5.2: The exact solution (black line), the exact thresholds (dashed black lines), and the
numerically computed value function (red circles) with 100 elements with the policy iteration
method. Only the domain [0,50] is shown here. The blue and green curves are the lower
bound and the upper bound, respectively.

5.5.2 Numerical results with penalty method

The model parameters are the same as the policy iteration method case. The penalty
parameter 1 = 103 is employed. Both the accuracy of numerically calculated value function
V(x) and that of the thresholds X and x are investigated.

At first, the accuracy of the numerically calculated value function is investigated. Table 5.6
shows [ error norms and /2 error norms with changing the number of elements. According
to Table 5.6, both [ error norms and /2 error norms monotonically decrease as the number of

elements increases. Table 5.7 shows convergence rates (CRs) with /* error norms and 12 error
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norms. Table 5.7 indicates that the presented numerical method is more than first-order in the
sense of [ error norm and [? error norm. Figure. 5.3 shows the numerically computed value
function (red circles) and the exact solution (black line) (5.29) with 100 elements. In addition,
the blue and green curves are the lower bound and the upper bound (5.51), respectively. It is
confirmed that the numerically calculated value functions satisfy the exact lower and upper
bounds (5.51). This fact supports the validity of the proposed scheme.

Second, the accuracy of the computed threshold values is investigated. Under the above-
presented model parameters, the exact threshold values are x = 43.0583 and x = 36.0700.
Table 5.8 shows the computed threshold values against the different resolutions. According
to Table 5.8, the computed threshold values approach the exact values. Table 5.9 shows
absolute differences between the numerical and exact solutions. Table 5.9 indicates that
the absolute difference between the numerically calculated thresholds and that of the exact
solution decreases. According to Tables 5.8 and 5.9, computed x with 100, 200 and 400
elements do not change and thus the absolute differences do not change. The reason for this
phenomenon can be explained as follows. The resolution of x with 100 and 200 elements is
relatively high: the absolute differences are both 0.07, which is smaller than the size of the
elements 1 and 0.5. In each computation, the absolute difference is smaller than the size of the
element Ax, indicating the satisfactory ability of the presented numerical method to calculate
the thresholds and thus the optimal plans.

Table. 5.6: [* error norm and /2 error norm for the value function V(x) calculated with the
penalty method.

Number of elements  [* error norm % error norm

100 4.7 %1072 43%x 107!
200 1.4 %1072 1.3x 107!
400 3.5x 1073 3.4x1072
800 9.0x 10 8.8x 1073

1600 2.5x 107 2.1x1073
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Table. 5.7: Convergence rates (CRs) with [* error norm and I error norm for the value
function V(x) calculated with the penalty method.

Compared elements CR with [ error norm  CR with {? error norm

100/200 1.81 1.77
200/400 1.94 1.91
400/800 1.96 1.95
800/1600 1.85 2.05

Table. 5.8: Thresholds calculated with the penalty method.

Number of elements X X
100 42.5 36.0
200 42.75 36.0
400 42.875 36.0
800 429375  36.125
1600 43.03125 36.0625

Table. 5.9: Absolute difference between numerically calculated thresholds with the penalty
method and exact solutions.

Size of elements  Absolute difference in x  Absolute difference in x

1 0.5583 0.07
0.5 0.3083 0.07
400 0.1833 0.07
800 0.1208 0.055
1600 0.02705 0.0075

0
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1
1
1
1
1
1
1
1
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1
1
:
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50

X
Fig. 5.3: The exact solution (black line), the exact thresholds (dashed black lines), and the
numerically computed value function (red circles) with 100 elements with the penalty method.

Only the domain [0,50] is shown here. The blue and green curves are the lower bound and
the upper bound, respectively.
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5.5.3 Comparison between policy iteration method and penalty method

Both schemes have almost the same [ error norms and /2 error norms. The CRs are thus
almost the same. Accuracy for the thresholds is the same between the two schemes, indicating
that both schemes can be utilized for solving HIBQVIs. Note that the time for computation

with the policy iteration method is shorter than that with the penalty method.

5.6 Conclusions

For finding the optimal management plans of P. carbo, a stochastic impulse control model
was introduced. Numerical methods for time-independent HIBQVIs based on the penalty
method and the policy iteration approach were proposed and their accuracies in the solution
itself and the thresholds were investigated by comparing with an exact solution. The result
indicated that the proposed numerical schemes can successfully compute the solution of the
HIBQVI at least with first-order and the thresholds for population control can be obtained

within the length of the elements.



CHAPTER 6

A coupling model for management of P. altivelis with
P. carbo

6.1 Introduction

Feeding damage from predators, such as waterfowls, to fishery resources has recently been
increasing, which is an urgent and serious problem of inland fisheries. An example is P.
altivelis, an economically important fish for Japanese inland fisheries and the waterfowl P.
carbo [81]. Fishery Cooperatives and local governments have been trying to suppress the
feeding damage by performing various countermeasures. Currently, a more cost-effective as
well as ecologically sound strategy to suppress the predation is necessary for the sustainable
management of both the predators and the fishery resources since P. carbo is not an alien
species and provides valuable ecosystem services [74].

The above-mentioned issue is resolved with a population dynamics model [70]. The
model tracks the population dynamics of the predator and the fishery resource where the
countermeasure to suppress the predation is an impulse control. A HJBQVI governs the
optimal strategy of predator suppression [68, 86], which is solved with PGFEM [102] with
the conventional penalty and operator-splitting methods [30]. The constructed model is

applied to the management problem of P. altivelis under the predation pressure from P. carbo.
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6.2 Mathematical model

In this section, the mathematical model is presented. In the model, predator-prey dynamics
between P. carbo and P. altivelis during a year is considered. During the year the former
population is renewable while the latter is not renewable [95]. The time is denoted as ¢ with

the terminal time 7.

6.2.1 Population dynamics of P. carbo

The total number of P. carbo at the time ¢ is denoted as X;, and is governed by the following

Itd6" s SDE of geometric Brownian motion type [66]:

{dXt = Xt(/.l(t)dt + (T(t)dBt), T <t <Tiql

6.1
XT,‘ = XTi_ - é/i ( )

with the initial condition Xp- = x > 0 where u(¢) is the time-dependent drift as the determinis-
tic growth rate, o-(¢) with 4 > o2 is the time-dependent volatility, B, is the 1-D standard Brow-
nian motion defined on a usual complete probability space [66], 7; (i = 0,1,2,---,P,79 = 0)
is the stopping time at which the countermeasure is taken, {; represents the killed P. carbo
population at the time 7;, Xo- represents the left limit, and P is the maximum time of taking

countermeasure during the period [0, 7].

6.2.2 Population dynamics of P. altivelis

The total number and the weight of P. altivelis are denoted as N; and W, at the time ¢. The

governing equations of N; and W; are set as

dNt = —(D —+ aXl + X{Tﬁt}c)Ntdt (6'2)

and W
dw, = r (1 - Ft) W,dr (6.3)

with the initial conditions No- = n > 0 and Wy where D is the mortality rate of P. altivelis,

a is a positive constant that modulates the predation pressure from P. carbo, 7 is the opening
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time of harvesting P. altivelis, x(r<;) is the indicator function such that y(;<;; = I for7 <1
and x(r<;} = 0 otherwise, c is the harvesting pressure, r is the intrinsic growth rate, and C
is the maximum body weight. Equation (6.2) is a Malthus growth type not-increasing model

and (6.3) is a logistic growth model [95]. Whenever the countermeasure is taken, the cost

K() =kigi+ko (& >0) (6.4)

is incurred where k; > 0 is the cost proportional to ; and ko > 0 is the fixed cost incurred
regardless of ¢;. In this model, both the timing 7; and the magnitude of the intervention ¢; are

the control variables to be optimized.

6.2.3 Performance index

The performance index J(x,n,t;n) to be maximized by the decision-maker, the manager of

P. altivelis is set as

T
a e™0D) (uXSM - dX;") Nds

t

J(x,n,t;n) = BX™! (6.5)

T P
+B / e Y rzsycNiWids =y D" e CIK ()
! i=0

with

O<M<l<m<?2, (6.6)
where E[-] is the expectation conditioned on Xy_ and Ny_, 6 > 0 is the discount rate, u
and d are the parameters such that 0 < u < d, m and M are the parameters such that and
a, B,y > 0 are weight constants. Without loss of generality, ¥ = 1 is assumed. The discount
rate o represents the attitude of the decision-maker; larger 6 means that he/she performs the
countermeasure from a longer-term viewpoint. The performance index (6.5) represents the
net profit of the decision-maker. The term uXM considers the ecosystem services that the
bird provides [74] and the term —dX!" quantifies the loss of the fish by the bird per unit
time. The first term is multiplied by N because the more P. altivelis exists, the much feeding
damage occur and the more nutrient salts are transported by the bird. The second term in the

right-hand side of (6.5) is the cost of taking the countermeasure.
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Here, 1 represents the management policy defined by the timing and magnitude of the
countermeasure

n = (Ti, {i)iz0 (6.7)

and is called an admissible control if it satisfies the conditions stated in Definition 2.1 in [63],

which are listed up in what follows:

0<7<t4,as8.0<i<P-1, (6.8)
7; is an {¥; }; >0 stopping time, 0 < i < P, (6.9)
{; is F, measurable, 0 <i < P, (6.10)
and
0<X,0<t<T. 6.11)

6.2.4 Hamilton-Jacobi-Bellman quasi-variational inequality

Let o7 be the set of the admissible controls. The value function, or the maximized net profit
of the decision-maker V(x,n,t) is defined as

V(x,n,t) = sup E[v(x,n,t;n)] = E[v(x,n,t;n%)] (6.12)
negof

where i7" is the optimal control. The spatial domain Q of (x,n) is defined as (0, c0) X (0, c0).
Applying the dynamic programming principle [70] to (6.12) leads to the governing HIBQVI
[86]

ov
max [E +LV+a (uxM — dxm) n+ Bx<iyenw(t), MV = V| =0,in[0,T7) x Q (6.13)

with the differential operator £ and the intervention operator M defined as

2
l(szza—Q + u B_Q -0 —-(D+ax+ )({Tst}c)n?,)—Q (6.14)
X n

Lo= 2 0x? x&

and

MQ = Slép [-K() + O(x = ¢n,1)], (6.15)

respectively, for generic sufficiently smooth Q = Q(x,n,t). Here, the notation w(t) = W; is

used. The left part in max operator in the HIBQVI (6.13) corresponds to the situation where
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no countermeasure should be performed, while the right part corresponds to the situation

where the countermeasure should be performed immediately. The terminal condition

V(x,n,T) = f(x,n) (6.16)

is prescribed where f(x,n) is an appropriate function. The boundary conditions are prescribed
as
V(O,n,t) =0 (6.17)

and

V(x,0,1) = 0. (6.18)
The former condition means that there is no loss when there is no P. carbo. The latter condition
means that there is no profit when there is no P. altivelis. Note that a boundary condition is

not necessary along n = Ny considering the direction of the characteristic curve.

6.3 Numerical scheme

The 1-D domains x € (0, Xjax) and n € (0, Ny) with a large Xpax is considered. x axis
is truncated for the sake of numerical computation. The computational domain for (x,n) is

denoted as Qcomp € (0, Xmax) X (0, Np). The artificial boundary condition

V-MV=0 (6.19)

is supplemented at x = Xpax, Which is based on the conjecture that the bird population
should be immediately reduced if its population is excessively large. The HIBQVI (6.13) is
approximated with the penalty method explained in Chapter 5, and is discretized in time based
on the three-stage operator-splitting technique [30] that describes the equation to be solved at

each discrete time step as

v 1 v v
b X — tux— -6V + (uxM - dxm) n+ Amin(V — MV,0) = 0in (0, Xjax)
ds 2 0x? 0x 6.20)

and
ov ov
~ a5 (D+ax+ )({Tgt}c)n% + Bxr<iyenw(t) = 01in (0, Np) (6.21)
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where A is the penalty parameter, which formally recovers the HIBQVI (6.13) when 4 — oo,
and s = T —t. Ateach time step, (6.21) is integrated with the half increment % , then (6.20) is
integrated with the increment As, and finally (6.21) is again integrated with the half increment
%. A fully implicit discretization is employed at each stage.

The computational domain Qcomp is discretized into NX X NY elements with (NX + 1) x
(NY + 1) nodes as structured grid. The Petrov-Galerkin finite element scheme explained in
Chapter 5 is employed for spatial discretization of (6.20) except for the penalty term. The
element i, j is the rectangular (x;, x;+1) X (n;,n;41). The quantity discretized at 7, j at the time
step n is represented with the subscript i and j and superscript n as Vl”] The length for x of
the element i, j is denoted as Ax = x;41 — x; and the length for n as An = n;1 — n;. For the

sake of brevity, uniform length is employed in this chapter. The coefficients are attributed to

the elements. The term V — MYV is discretized at the 7, j th node as

V-MV = V- (MV); (6.22)

where V is a continuous linear interpolation of V using the nodal values of the previous time

step, which is a piecewise linear continuous function at each time step. Then, we set

(MV); j = =K(w)) + V(x; — *,nj,1) = (=k1w] = ko) x(wi>0) + V(xi — w].nj,1)  (6.23)

where

w; = argmax |(—kjw; — ko) X {w:>0} + Vi(x; - wi,nj,t)iw; €ER, x;—w; 20|, (6.24)
wi L

The Dirichlet boundary conditions are directly imposed as

Vo ;=0 (6.25)
and

Vip=0 (6.26)
for all time step n. The conventional first order upwind difference method is used for the

spatial discretization of (6.21) as

Vij = Vij-1

1%
(D +ax + X{Tst}c)n% — (D +ax + xir<yon— A (6.27)
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because the drift (D + ax + y(r<;)c)n is always positive. Finally, the discretized equation for

(6.21) is represented as

(v, + B2V (D + axi + x(rennei Oy + B renncjcnjw(nbs)s/2)

1
Vi’j}ff — (6.28)

(1 + AAs,/lz(D +ax; + )({TS”AS}C)HJ')

Note that the above-equation can be successively solved from j = 1 by using the boundary

condition Vl"O+ I=0.

6.4 Application

The model parameters are set accroding to the previous studies [94, 95, 97, 98, 96] and are
in Table 6.1. The numbers of elements for x direction are 300 and for n direction are 300. The
time increment is set as Af = 0.01. The truncation parameter Xp,x is given as 3.0X 10°, which
is sufficiently large value and was confirmed that the computational results did not chnage if

larger value was prescribed. The terminal condition is prescribed as

f(x,n) =0. (6.29)

In this section, a case with seasonality for growth of P. carbo is considered: the growth rate u
is time-dependent. For the sake of brevity, the magnitude of fluctuation o is time-independent.

The growth rate of P. carbo is described as a time-depending function
u(s) = Ti + v sin (%) , (6.30)

which expresses seasonality for growth of P. carbo, where the coeflicient vy is a coefficient and
is set as y = 9.4 x 107*, assuming that the situation is more severe (the peak is three times
larger than ). During the period [0,7T], the growth rate increases at first, takes a peak, and

then decreases.

6.4.1 Model parameters

The model parameters used in this paper are summarized in Table 6.1. The terminal time

T = 180 (day) is specified considering that the the juveniles of P. altivelis move from the lake
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to rivers and P. altivelis spawn during November. The opening time of harvesting P. altivelis
is set as 7. = 60 (day) in summer according to the rule in the lake. The natural mortality rate
of P. altivelis R from May to November is 50% [56], leading to 3.9 x 1073 (1/day). The growth
rate & and the magnitude of stochastic fluctuation o~ of P. carbo are determined as 4.7 x 10~
(1/day) and 4.0 x 10~* (1/day'/?), and the predation pressure from P. carbo to P. altivelis a
as 2.0 x 107! (1/day) according to the time-series data of the number of P. carbo in Chapter
4. The discount rate ¢ is set as 0 (1/day) because finite period problems are sconsidered.
The parameters associated with the attitude of the decision-maker u and d are determined as
1.0x 107 (-) and 1.0 x 1073 (-) and M and m as 0.5 (-) and 2.0 (-) according to the results
in Chapter 4. The weighting parameters « and 3 are specified as 1.0 x 10° (-) and 1.0 x 10°
(-) assuming that the decision-maker puts on emphasis on P. altivelis according to the results
in Chapter 4. The following parameters are estimated according to the data obtained through
personal communications with the Hirose River Fishery Cooperatives. From the growth curve
of P. altivelis, the intrinsic growth rate of P. altivelis is specified as 2.8 x 1072 (1/day) and the
maximum capacity of as P. altivelis C = 6.5x 1072 (kg). The initial bodyweight of P. altivelis
W is specified as 4.0 x 1073 (kg), the inital number of P. altivelis as 1.0 x 10° (-) and the
fishing pressure rate ¢ as 1.0 x 1072 (1/day). The proportional cost for a countermeasure k|

and the fixed cost for a countermeasure kg are specified as 1.0 x 10% (-) and 1.0 x 10 (-).

6.4.2 Computational results

Figures 6.1 to 6.6 represent evolution of the value function V(z,x,n) (contour) and two
thresholds x and x (black curves) at s = 1 (day) (6.1), s = 70 (day) (6.2), s = 80 (day) (6.3),
s = 120 (day) (6.4), s = 150 (day) (6.5) and s = 180 (day) (6.6). In each Figure, left black
curves are the lower threshold x and right black curves are the upper threshold x. We can see
that both the upper threshold and lower threshold are functions of n and s and can be written
as X (n) and x (n) at each time. This fact means that the thresholds can be determined by the

current number of P. altivelis at each time. For the sake of visibility, x axis is shown only
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Table. 6.1: Values of model parameters.

Parameter Name Unit Value
T Terminal time day 180
I Growth rate of P. carbo I/day 4.7x1074
o Magnitude of fluctuation in population of P. carbo  1/day'/? 4.0 x 10~
D Mortality rate of P. altivelis I/day  3.9x1073
c Fishing pressure rate 1/day 1.0x 1072
r Growth rate of P. altivelis 1/day  2.8x 1072
No Initial number of P. altivelis - 1.0 x 10°
Wo Initial weight of P. altivelis kg 4.0x1073
C Carrying capacity kg 6.5 x 1072
ki Proportinal cost for countermeasure - 1.0 x 10?
ko Fixed cost for countermeasure - 1.0 x 10°
0 Discount rate 1/day 0.0
T Opening time for fishing day 60
o Weighting parameter - 1.0x 10°
B Weighting parameter - 2.0 x 10*
a Predation pressure from P. carbo to P. altivelis 1/day 2.0x 107!
u Coefficient for utility of P. carbo - 1.0x 1074
d Coefficient for disutility of P. carbo - 1.0x 1073
M Exponent for utility of P. carbo - 0.5
m Exponent for disutility of P. carbo - 2.0
Ximax Truncation parameter for x - 3.0 x 10%

from 0 to 2.0 x 10*. Each figure shows V(x,n) at each time. Accroding to these graphs, the

decision-maker can determine the management plan, or whether he takes countermeasures

or not. At first, the time is fixed. For each fixed time, we have the graph of two thresholds

X (n) and x (n). Next, we have the current number of P. carbo x’ and that of P. altivelis n’.

Then, we can plot a corresponding point (x’,n”) in the graph. If the plotted point is equal to

or larger than the upper threshold X (n”), the decision-maker should take countermeasures and

reduce the number of P. carbo to x (n”). Otherwise, the decision-maker does not have take

countermeasures. In short, the decision-maker can find the information necessary for optimal

management plans from theses graphs.
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Fig. 6.1: The value function at s = 1 (day) (contour) and upper and lower thresholds (black
curves).
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Fig. 6.2: The value function at s = 70 (day) (contour) and upper and lower thresholds (black
curves).
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Fig. 6.3: The value function at s = 80 (day) (contour) and upper and lower thresholds (black
curves).
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Fig. 6.4: The value function at s = 120 (day) (contour) and upper and lower thresholds (black
curves).
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Fig. 6.5: The value function at s = 150 (day) (contour) and upper and lower thresholds (black
curves).
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Fig. 6.6: The value function at s = 180 (day) (contour) and upper and lower thresholds (black
curves).
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According to the computational results, the value function V is not monotone with respect
to x, however, is increasing with respect to n and decreasing with respect to s. The upper
threshold is decreasing with respect to n at each time. It means that the decision-maker should
set the upper threshold as small when there remains a large number of P. altivelis and as large
when there remains a small number of P. altivelis. The latter fact implies that the decision-
maker virtually does not have to take countermeasures when there remains a small number of P.
altivelis. For such cases, the cost of taking countermeasures would surpass the profit obtained
from catching P. altivelis. The lower threshold is constant with respect to n except for the
neighborhood of n = 0 and is a small value at each time. This fact implies that the growth rate
of P. carbo is sufficiently large and we do not have to consider its extinction in this parameter
set. Thus, the decision-maker just reduces the number of P. carbo when the population size
attains the upper threshold. This management plan is easy to implement in real situations.
As the time elapses, the profiles of the value function and the thresholds do not qualitatively
change. However, the profiles of the value function and the thresholds change quantitatively.
Especially, between the no-fishing period s < 60 (day) and the fishing period s > 60 (day),
the profiles change remarkably. In the no-fishing period, the upper and lower threshold do
not change (x = 150). At the beginning of the fishing period, the profiles remarkably change;
the value function decreases in the whole domain, the upper threshold moves leftward and
the lower threshold moves to rightward (x = 250). In the fishing period, the upper threshold
moves leftward as the time elapses and the lower threshold becomes constant; the increase
around n = 0 disappears. This fact means that the decision-maker should more intensely
protect P. altivelis after the beginning of the fishing period. Time-independent thresholds
(management plans) are not appropriate when the dynamics of P. carbo and P. altivelis are
considered simultaneously. In summary, the optimal management plan can be indicated as
follows. In the no-fishing period, the decision-maker does not have to change the thresholds.
At the beginning of the fishing period, the decision-maker should set the upper threshold

smaller and the lower threshold larger. In the fishing period, the decision-maker should set
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the upper threshold smaller as the time elapses while the lower threshold constant.

When other model parameters are employed for the computation, the profiles of the value
function and thresholds do not qualitatively change, implying that similar management plans
would appear in other study areas. Note that the upper threshold and lower threshold some-
times coincides when the weighting parameter S is large. This situation corresponds to the

singular control explained in Chapter 4.

6.5 Conclusions

This chapter proposed a coupling stochastic impulse control model for deriving management
plans of P. altivelis under the predation pressure from P. carbo. The maximized net profit
or the value function is governed by an HIBQVI. The HIBQVI was numerically solved by
the Petrov-Galerkin finite element scheme with the penalty method and the operator splitting.
The management plan was computed and can be found from the computed graphs. The
computational results suggested that the decision-maker should more intensely protect P.
altivelis after the beginning of the fishing period. This methodology would contribute to the

establishment of cost-effective as well as ecologically-sound management plans.



CHAPTER 7

Summary and future perspectives

7.1 Summary

This thesis addressed stochastic optimal control models for the management of P. altivelis
under predation pressure from P. carbo. The obtained results in this thesis can be summarized

as follows.

1. The stochastic regular control model for population management of released P. altivelis
in river environment under predation from P. carbo and harvesting by a human was
formulated. Numerical sensitivity analysis of the optimal management plans using the
statistical indexes revealed their parameter-dependence.

2. The stochastic singular control model that finds a sustainable, cost-effective, and
ecologically-sound management plans for the population dynamics of P. carbo was
proposed and analyzed. The model and its determined parameter values were applied
to the management plans of the P. carbo population in Lake Biwa, Japan. The current
management plans around the lake were analyzed and verified from the viewpoint of
the present mathematical model. A recommendation for optimizing the current man-
agement plans was made. The optimal policy should minimize the loss of riverine fish
without compromising the ecosystem services provided by the birds.

3. The stochastic impulse control model for population management of P. carbo was

introduced. The numerical schemes for time-independent HIBQVIs based on the
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policy iteration approach and the penalty method were proposed. The accuracy of the
schemes in the solution itself and the upper and lower thresholds were investigated
by comparing them with an exact solution. The result indicated that the proposed
numerical schemes can successfully compute the solution of the HIBQVIs at least
with first-order and the thresholds for population control can be obtained within the
length of the elements.

4. The coupling stochastic impulse control model for deriving management plans of P.
altivelis under the predation pressure from P. carbo was proposed. The numerical
scheme for solving HIBQVI, Petrov-Galerkin finite element scheme with the penalty
method and the operator splitting was proposed. The computed management plans
suggested that the decision-maker should change the management strategy before and

after the opening time for fishing period.

7.2 Future perspectives

This thesis developed stochastic optimal control models for the management of P. altivelis
under predation pressure from P. carbo. However, there exist several unresolved issues, which

have to be addressed in future studies. At least, the following issues remain to be resolved.

1. The model parameters should be identified more in detail, especially the parameters
that are relevant to the attitude of decision-makers. Such parameters are difficult to be
identified.

2. Regularity and profile of the upper and lower thresholds in the coupling model should
mathematically be investigated because only numerical simulations were performed in
this thesis.

3. Probability density function associated with the coupling model should be investigated,
which would lead to a deeper understanding of the dynamics under the optimal controls.

4. In this thesis, the dynamics are ordinary differential equations because spatial depen-
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dence was ignored. However, there exist many kinds of real problems which have
spatial dependence. In such cases, the dynamics are described by partial differential
equations, and thus optimal control theory of partial differential equations is neces-
sary. By using the optimal control theory of partial differential equations, the coupling

model can be extended to a model with spatial dependence.
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