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Si. DNMNotations and definitions

Given A, B & GL(2,7) =uch that &B = BA, and m, n €
2 2
we construct a T -hbundle ower T denoted by
T MA,Bim,n) — 3,
as Toilows.
: I x 2, Ry .
Denaote by | v | the point of T = E=/Z corresponding
) L oD > - 2 .
to ;] € R, Let F =T, S = T4, and we define
9
MiAa,B:0,0) = FxRe/~
where
[{5][x+1§}wl[ﬁ[s}][x\i
t],U vy J { Lt 1.y ) b
and

Denocte the point of MO = M{A,B;0,0) which corresponds to

eh ) e [ 0)] o L]
Then 7 MO - S is a Tz—bundle over T2, where 7 1s

defined by 7{[%:;‘] = {;}‘ et D be a small disk in S

centered at [ %;%] with radius €, and let
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MCA,Bsm,n) = (Mg- 2 1(Int D))U(FxD)
where Fxg8D 1is attached to n_l(BD) by the homeomorphism
h ot 7 Y(3D) - Fx3D:

n[(2), 2] = ([{g)rcorzmr(z) ] [ ccor])

where €(8) = (%f%ﬁig?ﬁg].

Define the map 7n ¢ M(A,Bim,n) — S
eyl =13] o [3]xo and
(2L 3] =05 e [3]en

Then this is a T2-bundle over T2,

Every Tz—bund]e over T2 is isomorphic to this form,where
the pair (A,B) represents the monodromy, and thevpair {m,n)
represents the obstruction for constructing a cross—sect;on.
Corresponding to a T2~bund1e’over T2, T M -; S, there is
an exact sequence

1—)7{1F—*711M—>7r.18—*1

where F is a fiber. We call this the associated exact sequence.
§2. Fundamental lemmas.

Proposition 1. Hl(M(A,B;m,n)) is isomorphic to

229(22/K), where K 1s the subgroup of '22 generated by
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[2] and the column vectors of A-E and B-E (E stands

for [% g}).

In the following proposition, we study about typical

bundle i1somorphisms.

Proposition 2. Let A,B,A ,B " € GL(Z,VZ) such that
AB = BA and A'B° =B'A°". Let a,B8,0,7T and a’ ,B ,0°,7T"
are canonical generators of ﬁlM and nlM' respectively,
where M = M(A,Bi;m,n) and M = M(A",B ;m",n").

(1) Assume A’ = APB", B’ = A9S and (™ ] = 5("]
for some P = [,E g] € GL(2,2Z) where & = ps—-gr r=:i1.

Then theﬁe is a bundle isomorphism f :t M — M such that

F#(U’) = g, F#(T') = 7 and

fFyla’) aP B, Fu(87) = q98s

where f ¢+ 8 —- S is a corresponding homeomorphism between

base spaces and a = 7»!#( @) etc.

(2) Assume A = PP, B =P7lBP and (M) =P(M)

n

for some P = [,E g] € GL(2,2). then there is a bundle

isomorphism f : M —» M such that

"F#(a")-: x, F#(B,)=B and



'F#(U') = Uprr’ F#(T/) = UqTS.
(3) Assume A’ = A, B =B and [m] - [m]
= (A—E)[Z]HB-E){‘?] for some p,a,k,] € Z. Then there is

a bundle isomorphism f : M — M  such that

|
Q

fala’) = kfrlfa, Fy(B7) = oP 9 8 .and

- FyCo) = o, ez = 7,

were (5] = 8(§) mna (2] = a(2).

Remark. The last result (3) of the above proposition
corresponds to the fact that the obustruction class to construcing
a cross section lies in HZ(S,% (F)) (T (F) is the locally
constant sheaf whose stalk at 'x € S is naturally isomorphic
to ,F_, where F _=7"1(x)), -and that H?(S,’}?’l(F))»
is isomorphic to the quotient group 22/<A—E, B-E>,

where <A-E, B-E> 1is the subgroup generatedby the column

vector of A-E and B-E.

§3. Main results.
- The problem of bundle isomorphisms is reduces to the group

theory of the associated exact sequences by the following theorem.
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Theorem 1. Let ®n ¢t M > S and #n° ¢+t M — S be T2 ~bundles
over T2. Then the following statements are equivalent.
1) They are bundle isomorphic to each other.
2) The associated exact sequences of them are isomorphic
to each other, that is, there exist i1somorphism of
groups ¢ KlM' - 74M  and (T R1S

such that 7y =0(7 )y,

Corollary. Two fibrations M(A,B:m,n) and M(A ,B im ,n")
are isomorphic 1f and only if there exist [p q] and P € GL(2,2Z)

| 1

as follows:
APB" = PaA’P™l, A%BS = P8Pl and

P(™ ) - (] e <a-E, B-E>,

where <A—E,”B—E> is the subgroup of »22 generated by the

column vectors of A-E and B-E.

Theorem 2. Let m ¢t M =S and n° :t M = S be
T2-pundles over TZ.
(1) rank (H1M) =4 1f and only 1if M = M(E,E;0,0), which
is a 4-dimensional torus.

(2) Assume rank (HM) X 3. Then the above fibrations are
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isomorphic if and only if KIM and ﬁlml Lare

isomorphic.

Any fibration has a simple expression as Tollows: .

Theorem 3. Any T2—bundle over T2 is isomorphic to one
of the following types:
M(A,Bim,n) where B = %E."

Furthermore, we may assume that A satisfies the following

conditions:

(1) if det A -1, +trace A 2 0,

(2 if det A

I

1 and B = -E, trace A 2 2 and
A=E,

Remark. '‘Under the above assumption (2), B =E 1if and

only if the subgroup of G6L(2,Z) generated by ‘A and B is

a cyclic group. The conjugécy.class’of this group in GL(2,2)

is an invariant of the associated exact sequence. In fact, if

p o nls - Aut(ﬂlF) is the homomorphism defined by
PCrY(y) = x"Lyx (x€ M, yE R FOrM),

then Im p is mapped onto the abdve group by a global



60

isomorphism from Aut(ﬂlF) to GL(2,Z).

Theorem 4. Assume M = M(A,B;m,n) and M = M(A",B ;m ,n")
satisfy the condition of Theorem 3. Denote by <A-E> the
subgroup of of 22 generated by the vectors of A-E, and
similarly for <A-E, 2BED.

(0) If M and M are bundle isomorphic to each
other, then B = B’.
(1) Assume, B =B = E. Then M 1is bundle
isomorphic to M’, if and only if there exists
a matrix P € GL(2,Z) such that
i) PaA'P L= A or PA'Pl = a1 and
i) (M) - P(M]) e <aE>.
(2) Assume, B =B’ = —E‘ Then M is bundle
isomorphic to M’, if and only if there exists
a matrix P € GL(2,Z) such that
i) Pa’Pl = A or PAPL=al and
i) (M) - p(™ ) e <A-E, 26>,

n

§4. Homeomorphism types.

let 7 : M > S be a T2-bundle over T2, If
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rank (H{M) % 3, the bundle isomorphism type is determined
by 7w4M (Theorem 2).
Now we consider the case when rank (HM) = 3. According to
proposition 1, rank (Hi(M(A,B;m,n)) =3 1f and only 1f the
rank of the 2x5 matrix [A*E, B-E, :] is equal to 1.
Hence in view of Theorem 3, M is isomorphic to one of the
following forms:
m( {
m( {
[ {

Furthermore, we have:

A

JE; m,o] (k20)

)
9).E50,n ) or
5)

=0 O O

yEsm,— m)

Proposition 3. If rank (H1M) =3, M is homeomorphic to
one and only one of the following forms:
1 M (3 §).Es000]) (a>0

2> M[[§ _9).E50,n) (n=0 or 1)

Corollary. Let @@ ¢t M > S and 7 ¢t M - S be

T2 T2. Assume that M and M’ are both orientable

-bundle over
or both non-orientable, and rank HlM = rank HlM' = 3. Then

M is homeomorphic to M° if and only if HyM = H1M'.
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Remark. The orientablity of ™M 1i1s an invariant of .M,

In fact, let o : H1M - éut([nl,n13}, where Eli,ﬂlj 1s

the commutator subgruop of RlM and p is the homomorphism

which is defined similarly to the remark to Theorem 3.

When rank H1M = 3, by the above proposition, we see that

p 1is a trivial map if and only 1f M 1is orientable.

This remark and Theorem 2 imply:

Theorem 5. Let m® ¢+t M > S and nn° ¢t M —= S be Tz—bnd]es

over T2. Then M ia homeomorphic to M° if and only 1if nlM

’

is i1somorphic to nlM .



