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Abstract:

Thispaperproposesasimplearbitrage-freemodelforthetermstructureofcreditspreads

andtheirevolutionintimewherethelikelihoodofdefaultisinterpretedbyastochasticintensity

process.TheextendedVasicekmodelofHullandWhite[1990]isusednotonlyforthedefaultｭ

仕切 spot ratesbutalsofortheintensityprocessofdefault.Assumingthattherecoveryrateis

constant, ourmodelisshowntobeverytractableanalyticallyandconsistentwiththecu 町'ent

termstruc 制res ofdefault- 合ee interestratesandcreditspreadssimultaneously.Themodelwill

proveusefulinpracticeforpricingandhedgingcreditderivativessuchascreditspreadoptions.

I Introduction

Thispaperproposesasimplearbitrage-freemodelforthetermstructureofcreditspreads

andtheirevolutionintimewherethelikelihoodofdefaultisinterpretedbyastochasticintensity

process.Thedistinguishingfeatureofthemodelisthatitisconsistentwiththecuπent term

structuresofdefault- 合ee interestratesandcreditspreadssimultaneously.Also, theintensity
processundertherisk-neutralprobabilitymeasureisgivenintermsoftheinstantaneouscredit

spreadadjustedbythefractionalloss.Themodelcanbeusedforvaluingco 中orate debtandfor

pricingandhedgingcreditderivativessuchascreditspreadoptions.

Pricingofcorporatedebtsubjecttocreditriskhasbeenextensivelystudiedinthefinance

literature.WerefertoDuffieandSingleton[1999]forthesurveyofsuchpricingmodels.Among

them,JarrowandTurnbull[1995]assumedthatthepayoffsupondefaultareexpressedasanexｭ
ogenousfractionoftheclaimandtheyshowedthat,undersomeregularityconditions ,theprice
isgivenbytheexpected,discountedpayoffsundertherisk-neutralprobabilitymeasure.Duffie
andSingleton[1999]proposedanothermodelinwhichthepayoffsarediscountedbyaninterest

ratethatisa司justed soastoreflecttheeffectofdefaultrisk.Thesemodelsareclassifiedintothe

reduced-formapproach.l)Recently, MadanandUnal[2000]developedatwo-factorstochastic

* Professor,GraduateSchoolofEconomics, KyotoUniversity.
I) Thekeytovaluecreditriskishowtoconstructthedefaultmodel.Inthefinanceliterature,therearetwomajOl

approaches , thestructuralmodelandthereduced-formmodel.Whiletheformerexplicitlydefinesthedefaull
eventintermsofthefirmvalueanditscapitalstruc 何回to evaluatetheprobabilityofdefaultandthepayments ,
thelatterleavesthedefaulteventundefinedandassumesthatthedefaultintensityatanytimepriortomaturity

isgivenexogenously.Theprimaryadvantageofthestructuralapproachisitseconomicalintuitionwhilethere ・

duced-formapproachisanalyticallymoretractableandeasytoimplement.
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intensitymodelthatincorporatestheattractivefeatureofthestructuralmode1.2)

Forthepricingofco 中orate debt, however ,wealsoneedtomodelthetermstructureof
default- 企ee interestratesandtheirevolutionintime,sincethefu 旬re cashf10woftheriskydebt
mustbediscountedintermsofthedefault- 企ee discountfactor.Severalmodelsofthedefaultｭ

合eetermstructurehavealsobeenproposedinthefinanceliteratureandtheynowappearinstanｭ

dardtextbooksofinterestratessuchasRebonato[1996].Amongthem,theextendedVasicek
modelproposedbyHullandWhite[1990],

dr(t)=(ゆ。 ( t) - αor(t) ) dt + oodz o (t)， 0:::;;t:::;;T , 、
.E
E
/

I
li--

isknowntobeverytractableanalyticallyandusefulinpractice.Here,r(t)denotesthedefaultｭ
合ee spotrate ， ゅ。 ( t ) issomedeterministicfunctionoftimet ,aoand00arepositiveconstants ,

zo(t)denotesthestandardBrownianmotionundertherisk-neutralprobabilitymeasureP ,and
Tissomefu 旬re time.ThemodelisGaussianandconsistentwiththecu 町ent termstruc 同re of

default-freeinterestratesbychoosing

。 n? っ ，
ゆ。(t) =α of ( O ， t) +:-Lf ( O,t)+;:~ (I_e- zaot) , t ミ 0，8tJ ， ~ ' V / ' 2α 。

(2)

wheref(t ,T)denotestheforwardrateofthedefault- 企ee discountbonds.Also, asInuiand
k討ima [1998]pointedout, itisconsistentwiththeHeath , JarrowandMortonframework
[1992] ヘso thatthemodelincorporatesallcurrentinformationintheyieldcurve,andrelieson
marketsbeingdynamicallycomplete.

Inthispaper ,wetakeanarbitrage-freesettinginwhichallsecuritiesarepricedinterms
oftherisk-neutralprobabilitymeasureP.Underthisprobabilitymeasure,weleth(t)denotethe
intensityprocessofdefauH,andassumethath(t)evolvesaccordingtothestochasticdifferential
equation(hereafterSDE),

dh(t)=(ゆ 1(t)-a1h( 川dt+01dz1( t) ， °豆 t 三 T; (3)

cf.(l).TheSDE(3)describesthe“ mean reversion"ofdefaultrates,sinceempiricalresearches
suggestsuchbehaviorsincompanycreditoutlooks(see, e.g.,Fons[1994]).Notethatthemeanｭ
revertinglevel ゆ 1(t)in(3)cannotbeestimatedwithouttheknowledgeoftheunobservablemarｭ

ketpriceofrisk.4lHowever, asweshallproveinProposition1later， ゆ 1 (t)canbedetermined

2) Asimilartwo-factormodelhasbeendevelopedbyJarrowandTurnbull[2000]inadifferentcontent.

3) Heath,JarrowandMorton[1992]provedthattheforwardrateJet,T)mustsatis 命the SDE

可et ， T) = (otet,T)J:T otet,v ) d v )dt吋(t，T)dzo( t) ， O S::t 豆T，

undertherisk-neutralprobabilitymeasureP.TheextendedVasicekmodel(I)assumes
O可iぷ( tげ， T) =00〆e 内

Anef伍t白icie叩n凶It numericalprocedu 問for t白hi おs modelhasbeendevelopedinHullandWhite[1994a 叶] andKi.刷uima and

Nagayama[1994 吋].

4) LetA(t)denotethemarketpriceofrisk ,andlet<t>;(t)bethemean-revertinglevelofthedefaultratesunderthe
physicalprobabilitymeasure.Themean-revertinglevel札( t)undertherisk-neutralprobabilitymeasu 問 P is

givenbyφl( t) =ゅ ; ( t) - A( t) ° l ( t) ·
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lim ム (t ， T) = (1 -δ) h ( t) ，
T • t

(4)

providedthatdefaulthas,not occurreduntil.timet.Hereδdenotes theconstantrecoveryrate.
Hence,assumingthattherecoveryrateisknownexogenously ,wecanconstructthemodel(3)
fortheintensityprocessh(t)fromthemarketdataonly.Moreover,ourmodelallowsanyposｭ
sibilitybyassumingadesiredcorrelationbetweenh(t)andthedefault-f 記e spotrateret)5).

Thispaperisorganizedasfollows.Inthenextsection,weformallydefinethedefault
modelintermsofastochasticintensityprocess,andprovideapricingformulaofdefaultabledisｭ
countbonds.InSection3,weproposeourGaussiantermstructuremodelofcreditspreadswith
constantrecoveryoftreasuryandshowthatthemodelhastheabovedesiredproperties.Asan

application,Section4presentsthepricingofcreditspreadoptions,whilesomenumericalexamｭ
pIeisperformedinSection5toinvestigatetheimpactofcorrelationbetweendefault- 企ee spot

ratesandcreditspreads.Themodelwillproveuse 白I inpracticeforpricingandhedgingsuch

creditderivatives.Section6concludesthispaper.ProofsaregiveninAppendix.

Throughoutthepaper,wefixtheprobabilityspace(Q,3",P)anddenotetheexpectation

operatorbyE.TheprobabilitymeasurePistherisk-neutralmeasureandweassumethatsuch

aPexistsandisunique ,sinceweareinterestedinpricingoffinancialinstruments.Thecanonical
filtrationgeneratedbytheunderlyingstochasticstructureisdenotedby{3"t} ,whichdefinesthe
informationavailableateachtime.Theconditionalprobabilitymeasuregiven3"tisdenotedby

~ andtheassociatedconditionalexpectationoperatorisE t•

II TheFramework

Inthereduced-formapproach,researchersfocusontheformulationofdefaultintensity
processes.Suchadefaultmodelforthesingleassetcasewasfirstdevelopedintheworkof

MadanandUnal[1998] アIn thissection,weformallydefineourdefaultmodelandprovidepricｭ
ingformulasofbothdefault- 企ee anddefaultablediscountbonds.

Letτbe adefaulttimeofaco中orate discountbondunderconsideration.Thestochastic

processh(t)iscalledanintensi ψprocess forτif

5) Theempiricalevidenceontherelationshipbetweencreditspreadsandinterestratesismixed;someauthorsreｭ

portanegativerelationshipandtheotherapositiverelationship.SeeMadanandUnal[2000]fordetails.

6) Recently, thedefaultmodelwasextendedtothemultivariateassetcasebyDuffie[I 998],Kijima[2000Jand
Kりima andMuromachi[2000,2001].
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~{τ 三三 t + ~t lτ > t}=h(t)6.t (5)

forsufficientlysmall ムt >O.Thatis,theintensityprocessh(t)istheconditionalrateofdefault
justaftertimetgivenalltheinformationavailableuptothattime.7)Inthisrespect ,wemaycall
h(t)adefaultprocessinthefollowing. 百le cumulativedefaultprocessoverthetimeinterval

[t,TJisdenotedby

H Ct,T) =J;Th(s)ds , 0~ t 豆 T (6)

Sinceh( t) ミ o bydefinition ,thecumulativedefaultrateH(t,T)isnon-decreasinginT ミ t.

Supposethatthedefaultprocessh(t)isboundedandthat ,foreachfixedT,
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hasnojumpsalmostsurely.Then,itisknown(seePropositionIinDuffie[1998])thatyet)deｭ
finestheconditionalsurvivalprobabilityofτ ，8 ) i.e.

~{τ > T}=Et[e-Hu.n] on{τ > t } ， O~t~T (7)

Inwhatfollows ,weshalloftenusetheformula ,
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whichisasimpleconsequenceofthechainruleofconditionalexpectations.Also ,from(5)and
(7),wehave

九 { u < τ ~ u+du}=h(u)e-HCωdu， t 三三u ~ T , (9)

forsufficientlysmalldu>O.Equation(9)providesthedensity βmction ofτgiven τ > t.

Now ,itiswellknownthatthetimetprice， ρ ( t， T) ,ofthedefault- 仕ee discountbondwith

maturityTisgivenby

ρ( げ) = Et[e-RCt,n], t ζT; R(げ) =J;Tr(s)ds , 、
.0

/
A
U
---Ai--

wherer(t)denotesthedefault-freespotrate.

Next ,consideracorporatediscountbondwithfacevalueIandmaturityT.Pricingofthe
defaultablediscountbondsdependsonthedefinitionofrecoveryrate.Letδ( t)betherecovery

rateattimetgiventheinformationY t • Thatis, ifdefaultweretooccurattimet , then

7) Aformaldefinitionoftheintensityprocessandtheassociateddefaulttime ,werefertoGrandell[1976].
8) Forexample , ifthedefaultprocessisconstant ,h(t)=Asay,thenitdefinesanexponentialdistributionwith
mean1/,1via~ {τ> T}= e λ ( T Ii, t~ T.Inthiscase ,defaultoccursaccordingtoaPoissonprocesswithinｭ

tensityλ
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claimholderswouldreceiveδ ( t) atthattime.Ifnodefaultoccursbeforethematurity ,theywill
receivethefacevalueatrnaωrity T.Then , undertechnicalconditions , thetimetprice ,
v(t.T).ofthedefaultablediscountbondwithrna 旬rity Tisgivenby
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Thisissounderthe“ risk-neutralvaluation"framework ,sincethepayoffofthissecurityiseither
δ(τ) atdefaultepochτifτ .:s;; Torthefacevalue1atmaturityTifτ > T.

Usingthedensityfunction(9)andthechainrule(8) ,theprice(11)canberewrittenas

山T) =Et[lTe-RU，u )耐え{u く τ .:s;; u+du}+e引 T)Eιr > Tl J ]

=E t [l
T
δ ( u ) h (山-f(t ， U )du+e-f(t, Tl]' (12)

wherewedefine

f( げ) =R Ct. T) 十H(げ) =l
T

{巾) 十 h ( u ) }duo t 豆 T (13)

NotethatwehaveusedtheidentityET[l{τ>Ti]=e H(t ,T) to obtain(12).

LetL(t)bethe 斤'actional loss attimet.Then ,accordingtoDuffieandSingleton[1999] ,
typicalformulationsforrecoveryarethefollowing:

1. RMV( 問cov 町of marketval 田):δ ( u ) =(I-L(u))v(u-.T)

2.RT(recov町of treas町):δ( u ) = ( I - L ( u ) )ρ ( u . T)

3.RFV(recoveryoffacevalue):δ ( u ) = ( l - L ( u ) )

TheRMVassumesthatclaimholderswilllooseafractionL(t)ofthemarketvaluev(t-,T)

justpriortodefaultepochifitweretooccurattimet ,whiletheRFVassumptionmeansthey
willlooseafractionL(t)ofthefacevalue1.TheRMVassumptionwasusedinDuffieandSinｭ

gleton[1999]whereastheRFVwasusedby, e.g. ,Duffee[1998].Ontheotherhand ,theRTasｭ
sumptionimpliesthatclaimholderswillreceivetherecoveryδ ( t ) ofthefacevalueatmaturity

Tforsureifdefaultweretooccurattimetbeforethematurity.Thisformulationwasusedby

JarrowandTurnbull[1995]andKijimaandMuromachi[2000 ,2001].Inthispaper ,wetakethe
RTassumptionforrecoveryformulation.9)

IntheRTformulation , thetimetpriceofthedefaultablediscountbondwithmaturity
Tisgiven ,from(12),by

9) Thepricingformulasundertheotherrecoveryformulationsandtheircomparisonareavailablefromtheauthor

uponrequest.Inparticular, ifalltheparametersexcepttherecoveryformulationarethesame,thenwehave
VWvlV(t ,T):S;VI<TCt,T):s;VRドv ( t， T )

whereVα ( t，T)denotesthepriceofdefaultablediscountbondwithrecoveryformulationa,a= RMV ,RTor

RFV.Thisisso ,sincetherecoveryvaluesaresoordered ,andthepricingfunctionalisamonotoneoperator.
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v(t ,T) =Et[e-R(tγ( I -Lω ) )仰)e 山伽e-f(tつ

=Et[e-R(t,T)(1-L仰 { r 手山

Inparticular ,ifthefractionallossL(t)isconstant ,｣say, then ,since
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Noteth 剖we donotassumethatr(t)andh(t)aremutuallyindependent.Iftheyareindependｭ

ent,thenweobtainfrom(14)that

v(t ,T) =p(t ,T) [(1-f)+£~ {τ > T}]on{τ> t} ,

asinJarrowandTurnbull[1995].10)

ill AGaussianModelwithConstantRTRecovery

Inthissection ,weproposeaGaussiantermstructuremodelofcreditspreadsunderthe
constantRTrecoveryformulation.Thatis,wewillassumethepricingformula(14)intherest
ofthispaper.Recallth 剖， inthissetting ,theassumptionofconstantrecovery ,i.e.L(t) ニ £， simｭ

plifiesthemodelsubstantially.I])

Supposethatthedefault-freespotrateret)followstheextendedVasicekmodel(1)and

thedefaultprocessh(t)followstheSDE(3)withcorrelationstructurel2)

dzo(t)dzj(t)= ρdt

undertherisk-neutralprobabilitymeasureP.Sincethereisastrongevidencethatdefaultintenｭ

sitiesofcorporatebondsvarywiththebusinesscycle ,itisimportanttointroducethecorrelation
effect.Notethattheseprocessesbecomenegativewithpositiveprobability ,althoughtheprobｭ
abilitymaybenegligible.

TheadvantageoftheGaussianmodel , however ,comesfromthefactthatthelinearSDE
(3)canbesolvedas

10)Lando[1994]relaxedtheJarrowandTurnbullmodel[1995]byallowingh(t)neednotbeindependentof

r(t) ,butatthecostofaddedcomputationalcomplexity.
II)AsinMadanandUnal[1998],wecanassumethatthefractionallossL(t)isarandomvariablewhilemaintainｭ
ingtheassumptionthatitisindependentoftimetandtheotherstochasticstructures.
12)Theparametersailai ,andρcan bedeterministicfunctionsoftimet.Theanalysisevenforsuchacaseisidentical
totheonegiveninthispaperattheexpenseofnotationalcomplexi t) 人
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h(t)=h(O)e~alt十 五t｢I(S)e-aI Ct~s)ds+01fote-aICt-s)dzl(S) , 0 豆 t :::;;T. (I5)

Thesolutionh(t)in(15)isaGauss-Markovprocess ,andsince

h(ωt+v) =h (tω一~a叩叫IV刊+ Jt+什+V ¢I(ω 列(υt円 Sω)ds +句σ町I Jt川 e 引 (川 S心)仇d

(16)

weobtain ,afterinterchangeoftheorderofintegration ,

H(げ) =h( t)BI(げ) +ム (げ) +σI JTBI(s，T)ゐ I (s) , t 豆T， (I7)

where

l_n-aj(T-t)

B
I
(t, T)=-.:ν

and

'ー - a ， ( T- s )

λI( げ)=i)I(s)i 一二l ds

ItshouldbenotedthatthecumulativedefaultprocessH(t ,T)isnormallydistributedwithmean

1_e- a l(T-tl ρT1_e- al(T-s)

μ l ( t， T) ==Et[H(t ,T)] =h(t)~ v +.1， ゆ I ( S ) ~ v ds ,
α1 vt α 1

andvariance

月 2 ....唱 _ n-aleT-t) 1_ n-2al(T- t) 寸

S~(t ， T) 三 軒[H(t ，T)]= どを I (T- t) - 2 ~ t:-+~ t:-|
~L αI 2αI J

Similarresultsholdforthedefault-freespotrater(t)withthesubscript1beingreplacedbyO.
WedenotethemeanandvarianceofR(t ,T)byμ 。( t，T)andS~ (t ,T) ,respectively.Also ,theco ・

variancebetweenR(t ,T)andH(t ,T)isgivenby

C(t ，T) 三Ct[R (t ,T) ,H( t ,T)]
~ ~ r 唱 一_ /)-ao(T-t)

=ρ ご巴L I (T- t) --.L 三一
α。αI L ao

1-e-a l(Tー t) 1-e-tao十aI)(T-t)1

αI (α。+αI) J

From(10),thetimetpriceofthedefault-freediscountbondwithmaturityTisgivenby

where

p(t ,T) =exp{-μ 。 ( t， T) + ~ S~ (t ，T)} =Ao(t，T)e-Bo(t， T)仰) ，
l '-V'- , - , 2-V'-'-'j (18)
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ん( t， T) = 閃{÷s; ( t， T) - fゆO (内(s， T) dS }

Thisisso,becauseifrandomvariableXisnormallydistributedwithmeanμand varianceσ2 ，

thenitsmomentgenerating βmction isgivenby

E[eoxJ=exp {ω+皇子} (19)

Hence ,wehaverecoveredtheresultobtainedinHullandWhite[1990].
Letｰ<f

く 1.Inthepricingformula(14),sincetherandomvariablef(t ,T)=R(t ,T)

十HU，T) isnormallydistributedwith meanμ 。 ( t， T ) +μ I (t ,T) andvariance S~(t ，T)

+S~U ， T) + 2C ( t， T) ， itfollowsfrom(19)that

Et[e~~ ，( t， Tl J =p Ct， T) epx { -μ 1 (t ,T)++S~ Ct ，T)+山T)} (20)

Hence , inthisGaussiansetting ,thetimetpriceofthedefaultablediscountbondwithrna 旬rity

Tisgivenby
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where

Al 叩 =抑{tsf ( t T) - IT ゆ I (内川)ds + C(t ,T)}

Thecorrelationeffectappearsinthepricingformula(21)throughthetermC(t ,T).

ThesignificantpropertyofourmodelisthatwecandeterminethefunctionφI ([)sothat

themodelisconsistentwiththecu 町ent termstructureofthedefaultablediscountbonds.Tothis

end,wedefine ,from(21) ,

1rv(t ,T )
rU ,T ) =~I 一一一PLpU,T ) (1-叶 = AI(t ,T ) e - BICt,Tl h Ct)

t 三二 T， (22)

and

g(t ， T) = -J乞 log r(t ,T ) .
。T

(23)

Thefunctiong(t ,T)istheforwardspreadbetweendefault-freediscountbondsanddefaultable

discountbondsa司justed bytherecoveryrateδ= 1-P.Inparticular , ifδ= 0,i.e.thecaseofno
recovery ,wehave
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a , vet ,T)
g(t ,T ) = 一一一一 log --==-一一一 = f/t ,T )-j(t ,T ) , t 三二 T，aTHJ5 pet ,T) Jl

whereJ,.(t ,T)istheforwardrateofthedefaultablediscountbondwithmaturityT.Thenextreｭ

suItshouldbecomparedwiththeresult(2).

Proposition1Undertheassumptionsstatedabove, if

。庁; /. -?n.h (l-e-aot e-aot-e ー はo+a\Jt \

い) =α 19( O，O+~.L g(O ,O+nV~ (l - e 川 +ρσρl ( + )
。t ~ ，， ~ ' V/'2αl\α。α1 )

thenthemodelisconsistentwiththecurrenttermstructureofdefaultablediscountbonds.

Let ム ( t，T)denotethetimetcreditspreadforthediscountbondwithmaturityT.Forｭ

mally ,wedefine

v(t ,T)
l:J.( t, T ) = 一一一一 log ーナτて .T-l

(24)

Itfollowsfrom(21)that
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BytheL'Hospitalruleapplyingto(25),wethenobtaintheresult(4),i.e.

lim ム ( t，T)=th(O on{τ> t}.
7 • t

Hence ,inthismodel ,thedefaultprocessh(t)isinterpretedastheinstantaneouscreditspread
attimetadjustedbythefractionallosst ,providedthatthedefaulthasnotyetoccurred.Itfolｭ
lowsthatthespotrateofthedefaultablediscountbonds ，η ( 0 say,isgivenby

η ( 0 = γ ( t)+th(O ,
logvet ,T)

η ( 0 三 一lim
T • i T-t (26)

whichisthesameasthedefault-adjustedspotrateofDuffieandSingleton[1999].

IV CreditSpreadOptions
Inthissection ,weconsideraEuropeanoptionwrittenonthecreditspread ム ( t，T)with

thematuritys , t く s く T. Thepayofffunctionatthematuritysoftheoptionisdenotedby

G(x).Then ,thetimetpriceoftheoptionisgivenby
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Forexample ,thepriceofthecorrespondingputoptionwithexercisespreadKisobtainedbycalｭ
culating
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where{x}=max{o,x } .

Valuationofcreditspreadoptionsisnotnew.Forexample , LongstaffandSchwartz
[1995]assumedthattheprocessX(t)definedbyeX(/)= ム ( t， t +T)followstheVasicekmodel

[1977]andderivedaclosedformsolutionforcreditspreadoptions.However ,thisapproachdoes
notconsiderthepossibilityofdefault ,whichissomewhatcontradictorybecausecreditspreads
existduetothepossibilityofdefault.Kりima andKomoribayashi[1998]formulatedaMarkov

chainmodeltoevaluatecreditspreadoptionsbasedonlarrow , LandoandTurnbullmodel
[1997] ,buttheyassumedthatthedefaultprocessandthedefault- 企ee interestratesaremutually

independent.SeealsoDasandTufano[1996].Inthissection ,weconsidercreditspreadoptions
whenthedefaultablediscountbondpriceisgivenby(21).SeeDuffieandSingleton[1999]for

thecaseofRMVformulation.

ForthecaseofRTformulationwithconstantrecovery ,thecreditspread!:l(t ,T)isgiven
by(25).Notethattherandomvariablesincludedtherearejusth(t)andτ. Hencetheoption

priceπ( t)in(27)canberewrittenas

π仰刷(ωωtο) =Et[e 川c (ム(s， T) ) 1し{付川τρ山川>汁刈5討小}

=Et [レe -R (町附川(υhγtωωγs叫γ)γFT(似h(灼ω(ωω刈Sω)か)川1 {付rρ…川>汁刈S討小)

whereδ= 1-｣istherecoveryrateatmaturityand ,from(25) ,

FT(x)=C(-~logf1 一川'A I (s ,T)e-Bj(s ,T)xl)
¥1-s L ...II

Wewilldenotethefirsttermoftherighthandsidein(29)byπI (t)andthesecondtermby

π2( t), sothatπ( t) = π/ t) +π2 ( t) ·

Forπ2 (t) ,weobtain ,asbefore ,

E
t
[e-Ret ,s

sothat

π2 (t)=pu,s)(1 ール))G(-tγogδ)，δ 二1-£， (30)

whereγ ( t，T)isdefinedin(22).ForπI (t) ,ontheotherhand ,weneedthefollowingresult.
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Lemma I Supposethat(X ,Y)isjointly , normallydistributed.Then
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forany ルnction f(x)forwhichtheexpectationexists.

Now ,forπI (t) ,wefirstobtain

πI( t) =EI[e ぶ t，S)FT(h(s))J (31)

Next,referringto(16),weobtain
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andvariance

γ( t，S ) ==町 h ( sト乏( l - e-2a

From(17)and(32),weknowthatthecovariancebetweenh(s)andf Ct,s ) isgivenby

Ch(t，s) 三 et [h(s) , f(ω]

Onσ， f 1 - e - a \ ( s ー )
=ρ-ーー !

α 。 L al

1-e-(ao十a\)(s- t) 1

α。+αI J

f戸7f t)

ThenextresultcannowbeprovedusingLemma1.

Proposition 2 Leth(s)benormallydistributedwithmeanmI(t ,s )-Ch(t，s) αnd variance

~2 (t ,s ) . Thentheoptionprice π ( t ) in ρη isgivenby
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Table1.Parametervaluesforthenumericalexample

/(O ,t ) = λ

0.05

-"(O,t )=-" 0.06.0.07.0.08

σ1 0.01,0.02

δ 0.3.0.4.0.5.0.6,0.7

ρ From-1to1withstepsize0.2

Inthetable.ao(a l • respectively)representstherestoringforcetowardsthemean-revertinglevelinthedeｭ
fault-freespotrateret)(thedefaultprocessh(t))andσ。(σI) isitsvolatility.Also.tisthecurrenttime.Tthemaｭ
turityoftheunderlyingdiscountbonds.andsthematurityoftheputoptionwithstrikespreadK.I(t.T)denotesthe
forwardrateofthedefault-freediscountbonds.whereas.t;Ct.T)theforwardrateofthedefaultablediscountbonds.
δis therecoveryrateandρrepresents thecorrelationcoefficientbetweenr(t)andh(t).Theseparametervaluesare
usedthroughoutthenumericalexample.Thebold-facenumbersindicatethattheγare usedasthebasemodel.

V ANumericalExample

Inthissection ,weprovideanumericalexampletoinvestigatetheimpactofthecorrelaｭ
tioncoefficientρfor variousvaluesofrecoveryrateδ= 1-｣andinitialtermstructure

λ ( O ， t ) onthepricesofputoption(28).Throughouttheexample ,weusetheparametervalues
listedinTable1.Thecurrentforwardratecurvef(0,0 forthedefault- 仕ee discountbondsisasｭ

sumedtobeflatandhencer(0)=10,say.Thetime-dependentlevel 供。 (t)isobtained仕om (2)

andthetimetprice ,P(t ,T) ,ofthedefault-freediscountbondwithmaturityTisgivenby(18).

Thecurrentforwardratecurveλ ( O， t ) ofthedefaultablediscountbondsisalsoassumed

tobeflatandso, from(26) ,wehave

五 -inh(O)=~ー-L， δ = 1-｣.
1-δ

Sincethen

(33)

P(O,s ) =e-los and

wehavefrom(23)that

v(O,S) =e ーが， S ミ 0 ， (34)

g(O ，s ) = -4二~ e 一 (ん ーん ) s
1-δ' 一

Thetime-dependentlevel｢1(t)isnowobtainedfromProposition1,oncetheparametervalues
forδ，ρand harespecified.
Themeanandvarianceofnormallydistributedrandomvariableh(S)isgivenin
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Proposition2.Theputoptionpricecannowbecalculatedfrom(34),(22)andnumericalintegraｭ
tionof
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where 角 (x ) denotesthedensityfunctionofh(s).Notethat,sinceG(x)={K-x}+,wehave

G(-tzlogooutzω 豆 O

Integrationin(35)causesabittroublebecauseitranges 合om 一 ∞to somepointx o,
whereFT(xO)=O.Also,therange(-∞，0 ) meansthatthedefaultrateh(s)isnegativeattime
s.Sowemodif シthe theoreticalvalue(35)insuchawaythat

Eか(ん ( s ) )]::::::P{hC:)~ O}1=FT(x) 舟は)釘 (36)

Theputoptionvaluesobtainedfrom(36)arecomparedwiththosefrom(35)inTable2.Theopｭ

tionvaluesaresurprisinglyrobustwithrespecttothecorrelationcoefficientρ. Thedifferences

betweenthetwomethodsareratherlargecomparedtothesensitivityinρ. Ofcourse,thedifferｭ
encedependsonthevarianceV;2(O,s ) .

Inthefollowingcomputation ,weutilizetheapproximation(36)forsimplicity.Table3
showsputoptionpricesforvariousinitialtermstructureswhentherecoveryrateisfixedas

δ= 0.5,whereh(0)= 0.02 仕om (33),whileTable4givesputoptionpricesforvariousrecov ・

Table2.Exactvs.approximatedvaluesfornumericalintegration

。1 = 0.0 1 σ1=0.02

ρ Exact Approximation Exact Approximation

-1.0 7.286 7.286 7.297 7.269

-0.8 7.282 7.282 7.290 7.262

-0.6 7.278 7.278 7.282 7.254

-0.4 7.274 7.274 7.275 7.247

-0.2 7.271 7.271 7.267 7.240

。。 7.267 7.267 7.260 7.233

0.2 7.263 7.263 7.252 7.225

0.4 7.259 7.259 7.245 7.218

0.6 7.256 7.256 7.237 7.211

0.8 7.252 7.252 7.230 7.203

1.0 7.248 7.248 7.222 7.196

Thepricesofputoptionswrittenona5・yearcreditspreadarecalculatedusingtheexactform(35)andapｭ
proximation(36).Thelistedvaluesaremultipliedby100.Thematurityoftheoptionsis1year.Theparametersare
setasforthebasemodelinTable1sothath(0)=0.04from(33).Themodelischosentofittheinitialtermstrucｭ
turesofdefault-freeinterestratesandcreditspreadssimultaneously.
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Table3.Putoptionpriceswithrespecttotheinitialforwardrate

ρ II=6.0% II=7.0% II=8.0%

-1.0 8.399 7.286 6.191

-0.8 8.395 7.282 6.187

-0.6 8.390 7.278 6.184

-0.4 8.386 7.274 6.180

司0 . 2 8.382 7.271 6.177

0.0 8.378 7.267 6.173

0.2 8.374 7.263 6.170

0.4 8.370 7.259 6.166

0.6 8.366 7.256 6.163

0.8 8.362 7.252 6.159

1.0 8.358 7.248 6.156

h(O) 2.0% 4.0% 6.0%

Thepricesofputoptionswrittenona5・yearcreditspreadarecalculatedusing(36).Thelistedvaluesaremulｭ

tipliedby100.Thematuritγof theoptionsis1γear. Therecoveryrateisfixedasδ= 0.5whileotherparametersare

setasinTable1.Themodelischosentofittheinitialtermstructuresofdefault-freeinterestratesandcreditspreads

simultaneously.

Table4.Putoptionpriceswithrespecttotherecoveryrate

ρ δ= 0.3 δ= 0.4 δ= 0.5 δ= 0.6 δ= 0.7 δ= 0.8

-1.0 7.401 7.352 7.286 7.187 7.093 7.120

伽0 . 8 7.395 7.348 7.282 7.184 7.091 7.119

ー0 . 6 7.389 7.343 7.278 7.181 7.089 7.118

時0 .4 7.384 7.338 7.274 7.179 7.087 7.117

ー0 . 2 7.378 7.334 7.271 7.176 7.085 7.116

0.0 7.373 7.329 7.267 7.173 7.083 7.115

0.2 7.367 7.324 7.263 7.170 7.081 7.114

0.4 7.361 7.320 7.259 7.167 7.079 7.113

0.6 7.356 7.315 7.256 7.164 7.078 7.112

0.8 7.350 7.310 7.252 7.162 7.076 7.111

1.0 7.344 7.305 7.248 7.159 7.074 7.110

h(O) 2.86% 3.33% 4.00 5.00 6.67% 10.00%

Pricesofputoptionswrittenona5・yearcreditspreadarecalculatedusing(36).Thelistedvaluesaremultiｭ

pliedby100.Thematurityoftheoptionsis1year.Thecurrentforwardratecurveofthedefaultablediscountbonds

isflatandfixedas 点 ( O. t ) =0.07whileotherparametersaresetasinTable1.Theinitialvaluesforthedefaultprocｭ

essh(t)arecalculatedfrom(33).Themodelischosentofittheinitialtermstructuresofdefault-freeinterestrates

andcreditspreadssimultaneously.
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eryrateswhenthecurrenttermstruc 同re isII(O,t) =0.08.Thesetablesshowthat,althoughthe
putoptionpriceisdecreasinginρ ， thepriceisrobustwithrespecttothecorrelationcoefficient

ρ. Thisseemsagainstourintuitionbecausethecorrelationcoefficientisoneofthemostsensitive

parametersfortheportfoliomanagement(e.g.forValueatRisk).Thedecreasingpropertyisalso

againstourintuitionsincethecreditspreadisdecreasinginρprovided that ゆ 1 (t)isheldfixed.

Note, however ,thatthecorrelationcoefficientρaffects ゆ 1(t)aswellasthemeanofh(s)ina
complexway.Hencetheeffectfromρseems indeterminate.Throughournumericalexperiments ,
wehaveencounteredonlysuchacasethattheputoptionpricesdecreasewithrespecttoρ.

AccordingtoTable4,wealsoconcludethattheputoptionpricesarerobustwithrespect
totherecoveryrateδ= 1-｣.Therobustnesswithrespecttotherecoveryrateandthecorrelaｭ

tioncoefficientseemsduetothefactthatourmodelisconsistentwiththecu 町ent termstruc 旬reo

Indeed, whenwechangethecu 汀ent termstructureasinTable3, optionpriceschangerather
drastically.Hence ,weconcludethat,inourGaussiantermstructuremodel,creditspreadoptions
aresensitivetotheinitialtermstruc 印re ofcreditspreads,andinsensitivetothecorrelationbeｭ
tweendefault- 企ee interestratesandcreditspreads.Therecoveη ，rateisnotamajorfactoreither.

Note, however ,thattherobustnesspropertyisimportantinpractice ,becausetherecoveryrate
aswellasthecorrelationcoefficientisusuallyverydifficulttoestimate.

VI ConcludingRemarks

Thispaperprovidesasimplearbitrage- 企ee modelforthetermstructureofcreditspreads

andtheirevolutionintime.Thelikelihoodofdefaultofco 中orate debtisdescribedbytheexｭ

tendedVasicekmodelofHullandWhite[1990]andthepricingofdefaultablediscountbonds

isderivedundertheRT 合ameworkofconstantrecovery.Ourmodelisverytractableanalytically

andconsistentwiththecurrenttermstructuresnotonlyofdefault- 合ee interestratesbutalsoof

creditspreads.Asanapplication,weobtainavaluationformulaforEuropeanoptionswrittenon
thecreditspread.Throughnumericalexperiments ,weobservedthat,inourGaussiantermstrucｭ
刷re model,creditspreadoptionsaresensitivetotheinitialtermstructureofcreditspreads,and
insensitivetothecorrelationbetweendefault- 合ee interestratesandcreditspreads.

ThevaluationofAmericanderivativesisalsostraightforwardwithinourframework.We

candevelopatwo-dimensionaldiscretemodel(e.g.trinomialtreemodel)withthestatespace

consisti 昭of statesfor(r( 川(川 a吋 an absorbings蹴 出at representsdefaultofa ∞rporate

debt.Excepttheappendedabsorbingstate,theconstructionofthediscretemodelisthesameas
usualandthevaluationofAmericanderivativesisperformedbackwardly.Ifweuseatwoｭ

dimensionaltrinomialtreethatincorporatesthecorrelationstructuresuitably,theapproximation
techniquedevelopedbyHullandWhite[1994b]maybeuseful.Webelievethatourmodelwill

proveusefulinpracticeforpricingandhedgingcreditderivativessuchascreditspreadoptions.
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A ProofofProposition1

From(20)and(23),weobtain

仰) =μ~( い

wheretheprime'denotesthederivativewithrespecttot.Usingtheidentity

」乞 B;( t， T) =- ~. B; (t ,T) = e-ai(T ぺ i = 0,1,
8T- Z

δt - Z

itfollowsthat

g(O,t) =e 吻 (0 )+[t ゆ l ( u ) e - a I U- u )du - ~l B~(O， t) -ρao'σlBo(0， t)B 1 (O,t) ,Jo TI'--/- --- 2

sothat

ダ山(ω0ω = 一印

一ρO句叩0ρσ1 (e- a←- a叫 ( O，t)+e 一G句

Theresultfollowsbycalculatingα 19 ( O， t) 十 g / ( O ， t) .

B ProofofLemma1

Let((x ,y ) bethejointdensityfunctionof(X ,Y)anddefine
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Denotingthemomentgenerati~g functionof(X ,Y)byTJ(υ) =Et[e山YJ ， weobtain

ねー1) =J:パ"x (x ) dx

SincesX-Yisnormallydistributed,itfollowsfrom(19)that

r_~ __, S2__~ __, _~ __, 1__~ __, _~ n __, 1
η ( s ，-1) = exp~sE[X]+一一 v ex]-E[Y]+~ V[Y]-sC[X ,Y]~

r-L-~ ~-- ~ 2'~-- ~ -~ -~ 2' ~ -~ --~--， -~J
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=E[e- Y]吋seE 山 一C[X ， y] ) +すvex]}

= E[e一宇[eS cx一 C [X， Y]) ]

Recallthatthemomentgeneratingfunctiondeterminesthedistributionuniquely , ifitexists.

Hence,wec∞on叫c1u吋峨ld必似e引t血伽ha剖t どゐx CωωZω) /E [μe - Y] i臼s ade釘ens凶S均 a白伽伽江m削n即削帥l叩凶ction of(X 一 C [X， Y] ) . Itfc白oll ows 白伽a剖t

E[e ケCX ) ] = E[e-γ:fω jf;行1dx = E[e- つE[f(X-C山] )].

completingtheproof.
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