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Introduction

1.1 The Riemann zeta function

T - UV —XBEBOEHEL FOMEIZOWTERE TS, s=0+it 2EZHRELT

5 &) —vr¥—XEK

1
C(s) :== —, o>1
n=1 n

TEHIND. ((s) BOMBLH ICAHAIZ @GS, s =1 TlizHb, ZO™EK
X1 TH5. &51T ((s) IFEHER

C(1—s) = ?;S) cos()<(s) (1.1)

(B2 X [13, (2.1.8)]) ZH>. BEHERNZFEMHEZRL BV H DD, TITREFRLED

&

MEEXZOWERNT S, BEERDS 0> 1IEBVT ((0) >0 THBI LIFT <

T278-8510 T-HEREFH i 1IIE 2641
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Zhs. —F (13, (2.124)] 56
(1-2"9)(0)=1— =+ o= — —+- >0, 0<o<l1,

THBDT, ((0) <0 0<o<1IITBVWTHEDYILD. ((0)=-1/2<0THdI Lt
E<HISNT WS ([13, (24.3)] 2 2MH). X - THEHER (1.1) 25K D L.

Theorem A. ((s) DEZEFUIADME L LICDHFET 5.

AL GRS ((s) o> 1 BRERERNI LA R5, BEER (1.1) 55 ((s)
o< 0mDt+£0THRERERLZRV. &> TETOMBE ML AR L ITIEN 5

0<o<1IEHBIENbND. BEER (1.1) L5 C(3) = C(s) 15, ((s) DET
AR (HIITRVER) 1, Fft=0% o=1/2 00V THRIAHETZ. 207
BIRD LS I1ZFRENTVS,

The Riemann hypothesis. 2 T® ((s) DHPTRWERIX o =1/2 Lizdh 5.

1.2 Hamburger's theorem
1921 42 Hamburger [4] 1% ((s) EBEBEFER (1.1) T X ORI o s Z e 2R U7

Theorem B. G(s) 2 AROMEK, P(s) #%HAL L,

, G -
f(s):= PEE; = Z af;z)’ a(n) € C, (H1)
n=1
o> 1 THANPUR S 2 2 EdT 5. X512
1—
7 20(2) f(s) = w20 (<2 (1 - ), (H2)

7272UL g(s) I

d-9=320 " ymec,

3

n=1

YE, 5V EHTHAIGKT 5 L ET 5. 20X, f(s)=Cl(s) AW,

Siegel [12], Hecke [5], Knopp [6] 7 EDHELRHILREZE A TW5.
Bochner & Chandrasekharan [2] (3BE#55

—s/2 (S _ - —(1-s5)/2 (1—5
T F(2)w(s) T r

>w(1 —5) (1.2)



FlT T 1V 7V (s) = D00 anh,® & w(s) = D00 bapy®, 72720
any b € C, {An} & {pn} BIRERFARIEIIL, 200—KT 1V 7 VXD 51
[ CHETINER T 2 £ D L § 5. [2, Theorem 7.1] IZBWTHFIZHEOLD X 54 B ]ED

FCIX EOEREZAZTHEDORUTOEDIZES (EHMLEOENIRLS) 2L E2RUE.

(%), w(s)) = (<(5),¢(5)),

(2 —1C(s), @ = 1C(s), (@2 —1C(s), @ 1) )

1.3 Hurwitz and periodic zeta functions and their real zeros

TNy Y — 2 ((s,a) X

o0
1
C(S,a):zzm, o>1, 0<a<l.
n=0

ICEDEHESIND. ((s,0) DT 4 V7 VBB 0 > 1 THWPRS 2. ((s,a) T2EHE
FEICABELCTER S, s =1 ClBzHb, TORBIZ1 THS ([1, Section 12]
BEERSBR). x BTV VEEE L, T4 U2V LE#E L(s,x) =Y 0o x(n)n™*
LERLZEIZTS.

B C(s,1/2) = (25 — 1)((s) DEFRFIETR VB EIZ U272 2 &1 Theorem
Adrobhrd., Io1Z, x WERBENTHY x(-1) =1%2FK~=dT V2L LKL
function L(s,x) OEZFERIFETHRWEK LIZHE2 I I<HOoNTWVWS., IR [8,
Theorem 1.3] IFEEH N < -1 1ZJ LT, ((s,a) B’ (=N — 1, —N) IZEFRE D720 D
BEFDGME Byy1(a)Byia(a) <0 THB I L, 7272L By(a) & N FEHDO NIV X —
1ZHNA, 2RUL7%Z N=-1& N=005&K Thzh |9, Theorem 1.2] & [10,
Theorem 1.2] TAEHINTWAZZ L2 FEREL THK.

0<a<1iIZXUT, AHNY — 25 %2 LN TEHRT 2 ([1, Exercise 12.2] 2 2#)

o .
627”,71,(1,

Lis(eQWia) =
n=1
M5 422 Lig(1) = ¢(s,1) = ((s) DD, 0<a<1THDLE Liy(e2m0) DF 1
o VIS 0 > 0 TEE BT 5. 20X & Liy(e2™0) X2 FHBEHNIC S5t h
5. B ((s,a) & Lig(2), 272U |2| <1, OFEFFUIDWTIE[9, Section 1.1] 2 &% %
L TWEEEm0n.

, o> 1.
nS
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2 Main results and Remarks
2.1 Main results
0<a<1/218LT, 227y V¥ — X Z(s,a) E A FTEHT 5.
Z(s,a) := ((s,a) +((s,1 — a).
AR 0 < a < 1/2120 LT, 2 DHLEIINY — X B8 P(s,a) 2 A FCEET 5.
P(s,a) := Lis(e*™?) + Lis (e2™(179),
X51I20<a<1/2IZH/UT, 4 0¥ — 2B Q(s,a) A FTEHT 3.
Q(s,a) := Z(s,a) + P(s,a) = ((s,a) + (5,1 — a) + Lis(e*™®) 4 Liz (> (19,
Theorem A OFELLE U TIRZEF7Z.

Theorem 2.1. 1/4<a<1/2 25 5. Z(s,a) ZFXROEBENE AL, ZOEFNT
ETHRWMEE LIZDBRFIET 5.

Z(1—-s,a)= ?;E;) cos(?)P(s,a), (2.1)

Theorem 2.2. 1/4<a<1/2 29 %. P(s,a) FROBEBENE AL, TOEFRIX
B OB EIZDIRFAET 5.

P(1—s,a) = ?;S’) cos(?)Z(s,a), (2.2)

Theorem 2.3. 1/4<a<1/2 £9%. Q(s,a) FRDOEEFELE K7L, TOEZELZ
A EIZOHMFET .

Q1= s5.0) = 55 cos(5) Qo0 (23)
1/4<a<1/2 TROVE EFRDPED LD,

Proposition 2.4. 0 < a < 1/2 BAB/NIVWE E, Z(s,a), P(s,a) & Q(s,a) IZFHKX
B (0,1) Iz nThAmL L —DHEELERD.

a=1/4,1/3 Xix 1/2 TH 2 ¥ X FWHH Y 2.



Proposition 2.5. a =1/4,1/3 Xi£ 1/2 £ § 5. V=<2 FPHEIFIRD W T Hh & FIHE.
o ETD Z(s,a) DEFEERITo=1/2¢ 0=0LIZH5,

e RTD P(s,a) DEEFERIFT c=1/2 ¢ 0=1 LiZHD

o BTD Q(s,a) DERFRIT 0=1/2 LIZH 5.

ERTHRWEASE, Z(s,a), P(s,a) & Q(s,a) DEREZEFUTDWTITIRDK D LD,

Proposition 2.6. a € (1/4,1/2)NQ\{1/3} £T5. ZOL ETED § > 01T LT,
P(s,a) & Q(s,a) 13 C°(6)T LAt CLHO)T NFOEEZ S %, RAWES 1 <0 <144,
0<t<T, 722U TERFRED, AIZKD. 61T, EED1/2< 01 <oy < 1ITH
LT, P(s,a) & Q(s,a) 1& C(01,00)T BhE Cl(oy,00)T N FOEHEE S %, EWHE
Mo <o<oo, 0<t<T NIZHD.

a€ (1/4,1/2)NQ\{1/3} XlF 0 <a < 1/2 WEBETHD & &, B Z(s,a) IZ L
CRRDMEE ZFD.

R LTRERS.

Corollary 2.7. 1/4<a <1/3 X 1/3<a<1/2WEHETHD L E, Q(s,a) 1TV —

RV PROBELE I IN. UL URDES, Q(s,a) 1E ((s) ERBKIZ, Q(5,a) = Q(s, a)

YEIBER (2.9) 277U, £ TOEBMIAOBE LI OHREET S,

2.2 Remarks

Remark

BAFE X (2.3) 1 (1.1) 12 Q(s,a) & Q(1 —s,a) % ((s) & ((1 — s) T AN ZNIL5E
PIZ—HTEHIe2ERLTEL. 2FD Q(s,a) & ((s) TR UTIAHED LD, G(s)
ENEAROREE, P(s) #%HAL L,

h(s) := gg:; = Z ;((2))3, c¢(n) €C, v(n)eR,

n=1

U LT 1) 7 Vi o > 1 THIUR S 5 LIKET . = 51T h(s) RO
BERNE AT

W_S/QF(§>h(s) - 7r—<1—8>/2r($)h(1 —s). (H2)
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(1.3) Bl 7= BIE (25 — 1)¢(s) & (2 — 1)¢(s), T 1 V2V LB ([3, Theorem
10.2.14]), =7 A& A ¥ — X ([3, Theorem 10.2.14]), 2((s) L IFRRDLHD [7,
Theorems 2.1 and 2.2] ICBN S, T 26 (H29) 2A72L TWARW.

Q(s,a) DEFRIL((s) ARKIZEME =02 0 =1/2 1T LU THRIZAHFLTVS. 5
ZQ(s,a) FV T L—x 7 PHOEMNEZ AT PHEINS. LML, 1/4<a<1/3
XiF 13 <a<120EBETHLLE, Qs,a) iF) =<V PEOBELZ B/ X720,
BRAIZ, a=1/4,1/3 XiE 1/2 Th5 & 3EKAKD 1.

Q(s,1/2) =2(2° +2"7° = 2)¢(s),  Q(s,1/3) = (3°+3"7° = 2)((s),
Qs,1/4) = (45 — 25 + 4175 - 2175)((s).

Daydream

IS DORFIFERE VS TEWVIEERIA LW DB H DD T, AjwXIZIFid#k L
TWARW. EOEEDS Q(s, a) FEEBHOMBHAERE, DT ((s) ITEV. A1 35—
BaR>7T 1V 7L LEBERTIE, ((5) TERHBEVEVS>THE IO LR,
a=1/4,1/3 XX 1/2 THRWEEX, Q(s,a) I3 PR FEE O A B BT M & R
DY PMEINS., FEBIZ1/4<a<1/3XF1/3<a<1/2WEBETHLLEFES
Thd. a=1/4,1/3 XiZ 1/2 W56, €BHIZH D 1/4 < a < 1/2 O T
<, KM [1/4,1/2) FICH 5 &\ D DB .

NIA—=R—a % 1405 12 CBNPTENSILEEZTHED. a=1/4ThH5
LEFV -V PHOBEME AT, LrLa1/4 k0D LTEREL LD LY —F
VYROBENE R IRV FRETE, BHBTHLGGIERIIA LI LVWDT, Dk
a lFEHBEEUTEHN»T. £55A 1/4,1/3 XIF 1/2 2B D 4 B WAHBIIFAET 5.
aM1/4,1/3 U 1/2 ITBO R EDL L E, MEH 2.6 CHNEBEDLRERT o D
B CL(6) & Cl(o1,00) BEIRZDON?2HBAA 0IZINRTZDED, ZTOKTIE?
—FRIZBRBEDN WL RD2O1?FNLE LAY ARSI E NN “FoT” WD
P2 1A S 13 CBLBEAE, —ERNEZERSE» SNBSS ELMEZ 00,
TNEBHEEFoTWL DR, TOWMGNTRELREZEZL L, TITEHLE Q(s,a)
WHEZEBTHD, TORDIMENEENDDTIERNES S ).
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