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STEPPING-UP SEMIPROPERNESS OF NAMBA FORCINGS 

KENTA TSUKUURA 

ABSTRACT. We show that if both of Nm(K,，入） andNm（応） aresemiproper 
then Nm(,..,,.>-+)・1s sem1proper. 

1. INTRODUCTION 

In [3], we introduced Namba forcings Nm(K，入） over冗入 andstudied these. We 
also showed that for regular cardinals N2 :<::; K :<::;入,thefollowing holds. 

(1) Nm(K,入） issemiproper if Nm(K, 2入万 issemiproper. 
(2) Nm(K,入） forcesthat ~f(o) = w for all o E [K,入］ nReg.
These properties and [2, Theorem 2.2 of Chapter XI] shows that Nm(氏,>.) and 
Nm（応） aresemiproper if Nm(K,入打 issemiproper and 2入＝げ
In this paper, we show the converse of this as follows. 

Theorem 1. 1. Suppose that K :<::;入 areregular cardinals greater than殴 Ifboth 
of Nm（い） andNm（入＋） aresemiproper then Nm(K，入り issemiproper. 

The structure of this paper is as follows. In Section 2, we recall the basic mate-

rials for N amba forcings. Section 3 is devoted to Theorem 1. 1. 

2. PRELIMINARIES 

We use [1] as a reference for set theory in general. In this paper, Kand入denote
regular cardinals greater than N2 unless otherwise stated. Reg is the class of regular 
cardinals. 
A tree p ~ [X]<w is a set that is closed under the initial segment, that is, s E p 
and l旦simplies l E p. By l旦s,we mean that send-extends l. Note that, when 
we consider a tree structure or an end-extension relation l [;;; s, we assume that X 

has an ordered relation and l and s are finite increasing sequences in the sense of a 
fixed order. In this paper, X is入orPれ入． These have natural orders. 

2.1. Namba forcings. Namba forcing Nm（入） isthe set of all N amba trees over入．
N amba tree is a tree pこ［入]<w with the following conditions: 

(l) p has a trunk tr(p), that is, tr(p) is the maximal t E p such that Vs E p(s ~ 
tvt~s). 
(2) For alls E p, ifs ;;2 tr(p) then Suc(s) = {(<入|ŝ 〈く〉 Ep} is unbounded 
in入．

Nm（入） isordered by inclusion. 
Namba forcing Nm(K,入） isthe set of all Namba trees over Pふ． ThenNamba 
tree is a tree pこ[Pい］戸 withthe following conditions: 
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(l) p has a trunk tr(p), that is, tr(p) is the maximal t E p such that Vs E p(s ~ 
tvtこs).
(2) For all s E p, ifs ;;;2 tr(p) then Suc(s) = {a E Pふ Iŝ 〈a〉Ep} is 
unbounded in Pふ．

Here, [Pふ后 isthe set of all ~—increasing finite set of subsets of Pふ Nm(K,入）
is ordered by inclusion. 

2.2. Galvin games. For an ideal I over Z and A E J+, the Galvin game J(I, A) 
is a game of length w with two players as follows: 

轟::::}|I F。A→ W1 1 <o < W1 1 | E A →W1 1らく W1I 
Let (= sup芯n・ II wins if nn<w F;:1(E I+．虹，入 isthe statement that claims 
Player II has a winning strategy for J(J~f, A) for all A E (J屈）九む isthe 
statement that claims Player II has a winning strategy for J(J屈，A)for all A E 
(Jfテ． Here,J且andJfd are bounded ideals over Pふ and入， respectively.The 
importance is as follows. 

Lemma 2.1 (Shelah). The following are equivalent. 

(1)む．
(2) Nm（入）’is semiproper. 

Lemma 2.2 is an analogie of Lemma 2.1. 

Lemma 2.2. The following are equivalent. 

(1)屯心・
(2) Nm(K入）’is semiproper. 

Proof. See [3]. 口

3. PROOF OF MAIN THEOREM 

By Lemmas 2.1 and 2.2, for Theorem 1.1, it is enough to show 

Lemma 3.1.<I>心 A<I>入＋ →<I>心＋・
Proof. For入:<::;a<入凸 let'Pa: a→入 bea bijection. For an unbounded set 
A~Pふ+,A 「°'={'Pa"(an a) I a EA} is unbounded in Pん入． Let wsa be Player 
II's winning strategy for J(J悶，A「°')for each a. Let ws* be Player II's winning 
strategy for u(J炉，入）．
For each a EA「°',by the definition, there is ab EA such that a='Pa "(bna). We 
fix a such bas ba,a• For an F: A→w1, define F°': A「a→W1 by F「°'(a)= F(ba,a)-
Let us define a strategy of Player II for J(J且，A). Suppose that Fi。,…，Fn
be Player I's partial play. Note that, for each aく見 PlayerII knowsら，a= 
wsa(F。「a,…,F}°')for each i :<::; n. Then Hi(a) = ~i ,a defines a mapping Hi : 
炉→凸． Letus instruct Player II to choose ~n = ws*(R。,…,H叫， sowe define 
ws(F。,…，Fn)＝品．
Suppose that Player I choosed Fi。,F1,…andPlayer II used ws. We claim that 
Player II wins. Let怠＝ supi,ら， hereふ＝ ws(F。,…，Fn)-The goal is showing 
that几Fi-1鯰 isunbounded. 
For a c ~ Pぃ＋， thereis an a such that cこaand a E几Hi-足00. Note that 
niHilぶ isunbounded subset of入＋ sincews* is a winning strategy. So we have 
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ni(Fi「a戸 (supi 知）こ几(Fi「a)-1<OO•

Since ws。isa winning strategy, these are unbounded subset of'Pふ． Notethat 
ni（庁）ー1~00 こ A 「a. Then there is an a E 几(F：勺―1~00 such that cpぷ'cこa.
Then邸＞ Fi「°'(a)= Fi(ba,a)- By the choice of ba,a, we have ba,a E A and 
a='Pa "(ba,a n a). Therefore 

%“C =％“(en a)こa='Pa"(ba,a n a). 

In particular, cこba,aE几Fi-1l00,as desired. 口

In [3], we show that the "local" semiproperness of Namba forcings can be char-
acterized in terms of semistationary reflection principles. 

Theorem 3.2 (Tsukuura [3]). If aw < K, for all a < K, then the following are 
equivalent. 

(1) Nm(K,,入） preservesthe semistationarity of any subset of［入］竺
(2) SSR(［入］竺<K,).

SSR(［入l又<K,)is the statement that claims, for every semistationary subset Sこ
［入］竺 thereis an R E Pふ withthe following properties: 

(1) W1こRnK,EK,
(2) s n [R]w i is semistationary. 
We call the local semiproperness of Nm(K,，入） （1) of Theorem 3.2. Using this, we 
can obtain an analogie of Theorem 1.1 for the local semiproperness. 

Theorem 3.3. Suppose aw < K, for all a < K,. If Nm(K,，入） andNm（入＋） arelocally 
semi proper then Nm(K,,入り islocally semiproper. 

Proof. By Theorem 3.2, SSR(［入］竺<K,)and SSR(［入］九＜ゞ） holds. It is easy to 
see that SSR(［入汀竺<K,)holds. Again, by Theorem 3.2, Nm(K,ぶ） islocally 
semiproper. ロ
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