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Abstract 

Excessive floor vibration that annoys occupants is an important and growing problem in 
residential buildings. Active control of these vibrations using sensors, actuators and controllers 
is a promising way because of its simplicity and its high effectiveness in vibration cancellation 
and the ability to deal with multiple modal responses compared to the passive and semi-active 
control. Methods currently used to suppress the floor vibrations are direct-output feedback 
control and model-based control. In the model-based control, a state estimator is used to 
approximate the controlled mode states, upon which a gain matrix is applied to generate the 
actuator commands. This enables controlling the floor modes of interest and meticulous control 
manipulation for each mode to make the system more amenable to the introduction of 
significant damping and stability margins. 

Modal filtering is one type of the state estimators. The modal filtering method applies 
sets of spatial weighting coefficients to the responses measured by sensors to extract individual 
modal responses from the global responses of the structure. The actuator commands are then 
obtained as the summation of control signals for individual modes. The focus of this research 
is to develop approaches for active control of floor vibrations based on the modal filtering 
technique and the efforts are mainly toward algorithm development and experimental 
verification. 

The optimal sensor and actuator placement is first studied. Because only a few number 
of lower modes or modes in the bandwidth of interest are considered to be controlled in general, 
the truncated modes may cause spillover effects when the system is subjected to disturbance 
excitations or control forces. Sensor and actuator placement determination procedures are 
developed so that enhancement of the separation performance of the modelled modes and 
reduction of the spillover effects of the truncated modes are achieved at the same time. It is 
realized by combining the minimum spillover method, effective independence method (EFI) 
and modal assurance criterion (MAC). 

After determination of the sensor and actuator placement, modal filtering can then be 
used to extract the desired modes. Since the actuator and digital signal processor (DSP) 
dynamics involving large phase delays of the actuator forces from the input signals can strongly 
influence the dynamics of the controlled floor system, the phase-lead velocity feedback 
controller is developed for each control mode using the root locus method. Through this 
controller, high damping ratios and high stability margins for the control modes are achieved. 

In most cases, the actuator is not the only dynamic component that affects the system 
dynamics. Avoiding the tedious procedure of the root locus method when multiple dynamic 
components are involved, a simple and cost-effective framework, taking advantage of the 
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mode-by-mode control approach is preferable. For this purpose, automatic phase compensation 
techniques are proposed. Phase compensation can be implemented by a simple weighted linear 
combination of integration with the target modal control signal itself, which is similar to the 
proportional-integral (PI) technique. The PI parameters can be obtained automatically through 
a series of real-time experiments and the only information needed for the phase compensation 
is the modal frequencies of the controlled modes. 

Finally, as the generalization of modal filtering, the spatio-temporal filter is utilized to 
filter the global responses. The spatio-temporal filtering extends the capabilities of the 
conventional modal filtering by applying temporal (time) information. For the conventional 
modal filtering, the floor structure must be accurately modelled to ensure control stability and 
performance. However, in many real world applications, this modelling effort can take the 
majority work required to develop an active control strategy. In addition, the conventional 
modal filtering technique combined with low pass filter cannot totally eliminate the spillover 
effects of the residual modes. Therefore, the spatio-temporal filtering combined with the phase 
compensated velocity feedback controller is developed to achieve a simple and robust active 
control strategy with less model information of both the actuator and floor system. Time delays 
and spillover effects are considered inherently in this control strategy. 
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Chapter 1 Introduction 

1.1 Floor vibration problem 

In recent years, with the advancements in structural technology and modern trends in 
building layouts, unwanted vibrations of structures are sometimes experienced due to less 
inherent damping under human induced excitation [1]. For the case of residential houses and 
buildings, the vibration problems caused by human-induced excitation spoil the environmental 
quality and the acoustical comfort for the occupants. In general, the human live loads can be 
classified into two broad categories: in situ and moving [2]. Periodic jumping, sudden object 
dropping and random in-place movements are examples of in situ activities. Walking and 
running are examples of moving activities. It should be noted that these kinds of human-
induced vibrations are in fact a serviceability problem and rarely do they affect the fatigue 
behavior or safety of floor structures [3]. Design codes and standards are primarily concerned 
with avoiding structural failure and deal with excessive vibrations only to a limited degree [4]. 
However, the structure should not only be sufficiently strong but also comply with comfort and 
serviceability criteria. 

The human perception of vibrations is, at one level, very sensitive, the acceptance 
criterion is possible to be set at a low level. At another level, it is very insensitive, a small 
quantitative change in the amplitude of vibration corresponds to a relatively small change in 
perception [2]. Human reaction at these levels depends on a number of factors such as the task 
or activity of the perceiver, the remoteness of the source, other objects movement in the 
surroundings and the orientation of body (standing or sitting). Perception is also affected by 
the characteristics of vibration response including frequency, amplitude and duration [5]. It 
must be point out that although floor vibration may cause a sense of insecurity in some people, 
it does not necessarily imply any lack of structural safety. 

One important parameter that determines the responses of floor structures is natural 
frequency. The floors can be divided into ‘low frequency floor’ and ‘high frequency floor’ 
depending on the natural frequency of the first mode [2], [6], [7]. If the fundamental mode is 
below 10Hz, the floor is called low frequency floor. Large space and long span offices and 
sports stadiums are examples of ‘low frequency floor’. On the other hand, if the fundamental 
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mode is beyond 10Hz. The floor is considered as ‘high frequency floor’. Small space collective 
housing is one example of the ‘high frequency floor’. For ‘low frequency floor’, the floor is 
considered to be prone to resonant vibration under excitations like walking-induced force, 
which means that the harmonics of force frequency can excite structural modes. For example, 
walking pacing rates have been measured to have frequency vary between 1.4Hz and 2.5Hz. 
Some of the harmonics have a frequency that potentially can excite structural modes greater 
than 4Hz [1]. On the other hand, for ‘high frequency floors’, it has been found that the response 
from each excitation dissipates before the next occurs, so the floor behaves impulsively to each 
excitation [8]. 

Another key parameter that affects the floor responses is the level of damping present in 
the floor system [1]. As damping increases, the steady-state responses due to walking become 
a series of transient responses, resulting in a less significant responses for ‘low frequency floor’. 
On the other hand, the impulsive responses attenuate quickly for the ‘high frequency floor’ if 
a large damping ratio exists. Increasing the level of damping in the floor structure is one of the 
general strategies for suppression of the human-induced vibrations. 

1.2 Vibration control for floors 

In most cases, the floors found to vibrate at levels annoying to building occupants after 
the completion of their construction. Several vibration mitigation techniques are currently used 
for controlling the vibration of floor structures. These are structural modification, passive 
control, active control and semi-active control. 

1.2.1 Structural modification 

The traditional methods for improving the vibration performance of floors involve major 
additions to the original structures. The addition of non-structural full-height partitions is one 
of the solutions [9]. This can add support and increase the damping of a floor, however, 
research has been shown that there is the possibility that annoying vibrations can be transfer to 
another location. This might extend the excessive vibration problem to other locations within 
the building. 

An alternative method is to stiffen the floor by installing extra columns to the most 
flexible members [2]. The extra stiffness can reduce the amplitude of vibration and increase 
the frequencies of vibration of the floor at the same time. It is possible to shift the floor 
frequencies so that resonance with the excitation is avoid or reduced if the excitation frequency 
is known [10]. The addition of columns or increasing beam or girder sections by cover plating 
are also implemented when the excessive floor vibrations exist. 
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It should be noted that correcting these floors using structural modification is extremely 
difficult and can be expensive. Usually, these retrofits must be done in the occupied building 
which adds significantly to the cost [11]. The modification is extremely disruptive if the 
building is occupied. 

1.2.2 Passive control 

In general, there is no fixed frame of reference against which a passive device can react, 
therefore, Tuned Mass Damper (TMD) consisting of a mass, a spring and a damper has been 
proposed to reduce the responses of floor structures to human-induced vibrations [10], [11]. 
The mechanism of suppressing floor vibrations by attaching a TMD is to transfer the vibration 
energy of the floor to the TMD and to dissipate the energy at the damper of the TMD. In order 
to increase the ability of energy dissipation in a TMD, it is essential to tune the natural 
frequency to that of the floor motion and to select the appropriate capacity of the damper, which 
means there exist optimum parameters of a TMD [12]–[14]. 

There are some disadvantages using a TMD to reduce the vibrations. First, a TMD’s 
effectiveness is sensitive to a fluctuation in the natural frequency or that in the damping ratio 
of the TMD. Also, the performance of a TMD is decreased by the mistuning or the off-optimum 
damping of the TMD [15]. 

Multiple Tuned Mass Dampers (MTMD) with distributed natural frequencies has been 
proposed to improve the robustness of TMD [16]. It is found that for the given total number of 
TMD’s, there exists an optimum MTMD with the optimum frequency range and the optimum 
damping ratio. For convenience of manufacture, the mass and damping of each TMD are 
usually the same. The effectiveness and robustness of MTMD is significantly improved from 
a TMD for the same amount of mass ratio. 

 

Figure 1.1 Passive control 

The advantages of passive devices are that no external power source is used and that 
their unconditional stability as the whole system is guaranteed since no phase delay issue 
accompanied with feedback mechanism is utilized for vibration suppression, as shown in 
Figure 1.1 [17]. However, due to their passive characteristics, the vibration reduction is often 
of limited effectiveness. The required level of reduction of sound-source vibration would be in 
the order of 10dB or more so that the cancellation be perceivable with significance, but 
application of existing passive devices to floor vibration problem has not been successful in 
achieving this level of reduction. Also, for each passive device, such as TMD, it often has to 
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be tuned to damp a single frequency-band vibration related to the specified natural mode of the 
structural system. Furthermore, since the reduction of response at one frequency may cause a 
large response at other frequencies, care must be taken in the case of human-induced vibrations 
possibly involving occur over a range of excitation frequencies [1]. 

1.2.3 Active control 

Recent advances in digital signal processing, sensor and actuator technology have 
prompted interest in active vibration control (AVC) [18]. Active control makes use of small 
units than some of their passive counterparts, and it can be a promising way to suppress the 
vibration of floor structures because of its high effectiveness of vibration cancellation and the 
ability to damp multiple modes easily. The concept of active control of structures is often 
viewed as an attempt to make them behave like machines or human-beings in the sense that 
they can be make adaptive or responsive to outside excitations [1]. It is based on monitoring of 
structural responses by sensors at pre-selected locations to disturbing forces and application of 
control forces calculated by the controller through an external energy source like actuator to 
improve the dynamic behavior of the floor structure, as shown in Figure 1.2 [17], [19]. Even 
though the concept is very simple, it is only with the development of low-cost fast digital 
processing systems during the last decades that the implementation of practical active control 
systems has become feasible [20]. The most challenging aspect of active control in civil 
engineering is the fact that it is an integration of a number diverse disciplines which are in 
general not within the domain of traditional civil engineering [21], [22]. These include control 
theory, signal processing, computer science, sensing dynamics as well as stochastic processing 
and structural dynamics. This facilitates collaborative research efforts among researchers from 
different background and accelerates the research-to-implementation process as one sees today. 

 

    Figure 1.2 Active control 

In terms of the information that is processed by the controller, control laws can be 
divided into the following three categories [1]: 
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1. Feedforward control (open loop), where the excitation force is measured and used 
to calculate the control force in a pre-defined manner without responding to how 
the load reacts. 

2. Feedback control (closed loop), where the structural response is measured and used 
to calculate the control force. 

3. Feedforward-feedback control, where both of the excitation force and response 
force are measured and used to calculate the control force. 

In the case of human-induced vibrations, since it is very difficult to detect the excitation 
force, feedback control laws are in general used for the vibration control [11]. Direct-Output 
feedback (DOFB) controllers and Model Based (MB) controllers are served as two different 
categories for the feedback control. In DOFB controllers, the sensor outputs are multiplied by 
a gain matrix to produce the actuator commands and most previous research in the floor 
vibration suppression field has focus on these controllers. The advantage of these controllers 
are their robustness to spillover effects due to un-modelled modes and it is unconditionally 
stable in the absence of actuator and sensor dynamics [23]. However, when the sensors and 
actuators are not collocated and their dynamics are considered, unconditional stability is no 
longer accomplished [24], [25]. Model-based controllers, on the other hand, use a state 
estimator to approximate the controlled mode states, upon which a gain matrix is applied to 
generate the actuator commands and these controllers are widely used in civil engineering for 
wind and seismic response cancellation [26], [27]. An accurate structural model is usually 
needed for model-based controllers. For the floor vibration control, these methods are not 
widely used mainly due to the requirement of the higher processing power and difficulty in the 
implementation compared with DOFB methods [1]. 

1.2.4 Semi-active control 

A compromise between active and passive control systems has been developed in the 
form of the semi-active control system, see Figure 1.3 [17]. The semi-active control system 
maintains the reliability of the passive control system while has the feature of adjusting 
parameter characteristics of an active control system [28]. Semi-active control typically 
requires a small external power source for operation and uses the motion of the structure to 
generate the control forces for vibration suppression. The magnitude of control forces can be 
adjusted by the external power source. Same as the active control, the control forces are 
generated based on feedback signals from sensors that measure the structural responses. Note 
that the semi-active control devices cannot inject the mechanical energy into the controlled 
floor system implying that the semi-active control devices do not have the potential to 
destabilize the floor system [29]. 

The advantages of semi-active control enhance the vibration control performance of 
these devices over their passive counterparts during proper functioning, while still have some 
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functionality in case of power failure. Electrorheological and magnetorheological dampers, 
semi-active TMD’s [30] and semi-active constrained layer damping are currently investigated 
for the implementation of structural vibration control. Although semi-active control has great 
potential for control of vibration in floors, it requires more research before this technology is 
applied at a stage for implementation in floor structures [1]. 

 

Figure 1.3 Semi-active control 

1.3 Modal model 

The number of degrees of freedom (DOF) of a floor structure is theoretically infinite. 
The finite element method (FEM) is typically employed to approximate the continuous 
structure. This is done by discretizing the structure into elemental simple shapes of known mass 
and stiffness matrices. The global mass and stiffness matrices synthesised from local mass and 
stiffness matrices can be used to analyse the original complex structural model with good 
accuracy. 

It is effectively a mathematical approximation of the continuous structure as a lumped 
system. The continuous system are lumped at discrete locations resulting in n multi-degree-of 
freedom (MDOF) system. The size of n is on the order of millions for large complex structures 
[31]. A reduced set of coordinates known as modal coordinates are typically used for analysis. 

The modal model of the system assumes that the deflections at all points of a structure 
are equal to a linear combination of an infinite number of mode shapes. Since the responses of 
high modes are negligible, the deformation can be approximated by a reduced set of modal 
coordinates and mode shapes which dominate the responses as: 

 𝑥𝑥(𝑡𝑡) ≈ 𝑞𝑞1(𝑡𝑡)𝜙𝜙1 + 𝑞𝑞2(𝑡𝑡)𝜙𝜙2 + ⋯+ 𝑞𝑞𝑚𝑚(𝑡𝑡)𝜙𝜙𝑚𝑚 (1-1) 

where 𝑥𝑥(𝑡𝑡) is the point responses with dimensions 𝑛𝑛 × 1.  𝑞𝑞1(𝑡𝑡), 𝑞𝑞2(𝑡𝑡), … , 𝑞𝑞𝑚𝑚(𝑡𝑡) are modal 
coordinate scalars varying with time  𝑡𝑡  and  𝜙𝜙1,𝜙𝜙2, … ,𝜙𝜙𝑚𝑚  are mode shape functions with 
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dimensions  𝑛𝑛 × 1  which satisfy the boundary conditions. A mode is the manifestation of 
energy that is trapped within the boundaries of the structure and cannot readily escape. 
Generally 𝑚𝑚 ≪ 𝑛𝑛 after modal truncation. Each mode shape corresponds to a particular modal 
natural frequency. Since the level of excitation of each mode will depend on the frequency and 
action location of external forces, certain mode shapes can be included in the modal model and 
certain can be ignored. The lower frequency mode shapes tend to be excited and to dominate 
the responses in most environments. 

The modal coordinates also characterize the dynamics of a structure. They can be used 
to represent modal velocities and accelerations of a system. Thus they have a dynamic nature, 
which can be very useful in moving the response of the structure if controlled. It has been 
shown above that the linear response is a function of the combined motions of its modes of 
vibration when a structure is excited. Likewise, when the excitation source is removed, the 
trapped energy within the structure will slowly decay out until it no longer vibrates. The rate 
at which energy decays out of the structure is determined by the amount of damping involved. 
Damping is also a modal property, each mode having a certain value of damping associated 
with it and the motion of heavily damped modes will decay out more quickly than that part of 
the motion comprised of more lightly damped modes. However, it should be noted that 
superposition of mode shapes to represent general deformation is only true for small 
deformations. For the human-induced floor vibrations, small deformations are usually the case. 
Therefore, it is of significant interest and applicability to use modal coordinates in human-
induced floor control system as the basis of control system development. 

Literatures have shown that the modal coordinates can be estimated from measured 
responses and used for purposes of control, identification and structural monitoring. Modal 
filtering techniques, e.g. modal filtering (MF) and spatio-temporal filtering (STF), are typically 
used to abstract modal responses. The development of modal filtering techniques will be 
reviewed in the next chapter. 

1.4 Objective of the study 

The objective of this study is to develop simple model-based feedback active control 
algorithms and implementations for the vibration control of floor structures. As has been 
introduced in Sec. 1.2, the active control technique has the greatest potential to suppress the 
floor vibrations compared to its passive or semi-active counterparts. Loss of effectiveness of 
active control in case of power failure would not be a critical problem for floor vibration 
suppression, since it is essentially a comfort improvement application during a regular service, 
as opposed to the case of safety problems in which interruption of the system’s functioning 
becomes a critical factor. 
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As described in Sec. 1.3, in practice, the continuous system is often treated as a lumped 
n multi-degree-of-freedom (n-MDOF) system established by using the responses at discrete 
locations on the system as the degrees of freedom. The dynamic responses of a floor can be 
expressed as the combination of its natural vibration modes, which are determined by the 
dimensions of the floor, material properties and boundary conditions. Using the modal filtering 
techniques, the measured responses can be decomposed into dynamic behavior of the natural 
modes, and the control of the responses can be considered for the individual modes based on 
the filtered modal responses. 

The advantages of this independent modal space control technology can be explained by 
several reasons. Firstly, in general, the ‘modal contents’ in the floor impact sound that cause 
the practical problem are within a specific frequency range, therefore, concentrating the control 
energy to the reduction of the responses of the natural modes in that problematic frequency 
range while neglecting the other natural modes can greatly contribute to minimize the required 
capacity of the control system in achieving the objective of the active control application. 
Secondly, the independent modal space control can simplify the frequency response 
compensation of the dynamic components such as the actuator with respect to amplitude and 
phase. It is known that the actuators and sometimes other dynamic components are involved in 
the control system, and their dynamics may introduce large time delays to the command control 
signals as shown in Figure 1.4, where the blue line represents the control force command signal 
and the red line represents the actual control forces. Since each natural mode components in 
the control signal is expected to be a single narrow frequency band, time delays (phase lags) 
can be easily compensated around the natural frequency of the control mode. If this idea is used, 
complicated compensation schemes or high-order controllers for phase compensation, which 
are effective in a wide frequency range, are not necessary. Furthermore, the independent modal 
space active control makes it possible to use different controllers and choose different control 
gains for different control modes, which contributes the control systems more flexible to deal 
with practical problems. Therefore, a simple and effective framework is expected to be 
achieved to the control system implementation by taking advantage of the mode-by-mode 
control approach. 

In this study, the modal filtering techniques (MF and STF) combined with modal direct 
velocity feedback controller are utilized as the basis of the active control testing that 
incorporate modal phase compensation techniques for time delays of dynamic components. 
The modal direct velocity feedback controller has the advantage of simple implementation and 
is used mainly to increasing the modal damping of the modes of interest. Efforts are mainly 
toward algorithm development and experimental verification. There are four major 
components in this study: (a) optimal sensor and actuator placement, (b) phase lead velocity 
feedback controller design, (c) automatic phase compensation design, and (d) spatial temporal 
filter controller design. 
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Figure 1.4 Time delay caused by dynamic components 

The floor structures considered in this study are floors with high frequency modes which 
is different from the traditional low frequency floors. The excitations to these structures can 
then be considered as impulsive excitations. A hammer is used to generate the impact loadings 
in this study. However, the methods developed in this study are readily applicable to low 
frequency floors. 

Because the focus of this study is to develop algorithms for active control of floor 
vibrations, the floor structure used in this study is of small scale, which is a rectangular steel 
plate with all four edges clamped. The techniques developed herein should also be suitable to 
larger test structures. 

The aim of the study presented in this dissertation is to develop a control algorithm that 
uses as little information (floor, actuator and other dynamic components) of the whole system 
as possible, in view of the fact that the floor structures are different from each other and quite 
complicated for modelling. Use of the spatio-temporal filter makes a great step to achieve this 
goal. The study demonstrates that model-based feedback control can be used as an effective 
technique to reduce the human induced floor vibrations. Furthermore, the methods and 
techniques presented in this dissertation also contribute to the development of model-based 
phase compensation that can be adopted in other control algorithms. 

1.5 Organization of the report 

Chapter 2 presents a detailed review of previous studies on active control of human-
induced floor vibrations, which contains Direct Output Feedback control and Model-Based 
control. The development of modal filtering techniques for active control is also reviewed. 

Chapter 3 provides the technical background for this study. The algorithms of MF, modal 
direct velocity feedback controller, the control and observation spillover effects, the actuator-
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floor interaction, low pass and high pass filters, and finally the types of delays are described. 
All of these will be used in the subsequent chapters. 

In Chapter 4, the experimental setup for the active control testing is presented. It first 
introduces the steel plate test bed, hardware and software that are used in this study. And then 
the dynamic identification of the steel plate and actuator are conducted. Finally, time delays 
associated with the experimental setup are studied. The testing system is extensively used in 
subsequent chapters to conduct real-time active control experiments and evaluate proposed 
methods and algorithms. 

Optimal sensor and actuator placement considering spillover effects is presented in 
Chapter 5. Enhancement of the separation performance of the modelled modes and reduction 
of the spillover effects of the truncated modes in modal filtering are achieved by combining 
the minimum spillover method, effective independence method (EFI) and modal assurance 
criterion (MAC). Performance of the proposed procedure is investigated by conducting 
verification tests to control vibrations of the steel plate, and the sensor and actuator placement 
determined by the proposed approach achieves preferable results. 

In Chapter 6, phase lead compensator combined with the modal direct velocity feedback 
controller is developed to enhance the stability margins and increase the damping of each 
filtered mode. The generalized actuator system 𝐺𝐺𝐴𝐴, which can accurately express the time lags 
caused by the actuator and DSP, is identified and the root-locus method is used for the 
compensator design based on this model. Verification experiments show that effective 
reduction of the vibration level is successfully achieved on the control modes. 

Chapter 7, an automatic phase compensation technique without the dynamic information 
of the actuator and other dynamic components (such as bandpass filter) is developed. Phase 
compensation can be implemented by a simple weighted linear combination of integration with 
the target modal control signal itself, which is similar to the proportional-integral (PI) technique. 
Verification experiments using the steel plate are conducted and the control performance 
achieved shows the validity of this approach. 

The generalization of modal filtering, spatio-temporal filter, is studied in Chapter 8. For 
modal filtering, the floor structure must be accurately modelled to ensure control stability and 
performance, while in many real world applications, this modelling effort can take the majority 
work required to develop an active control strategy. On the other hand, it has been shown that 
the spillover effects of higher modes cannot be totally eliminated using the MF if a small 
number of sensors are used, even when the low pass filter is involved. The spatio-temporal 
filter combined with less model information of both the actuator and floor system is developed. 
The validity of this technique is verified by the control experiments that are conducted on the 
same steel plate. 
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Chapter 9 summarizes the studies presented in this dissertation and provides 
recommendations and possible future research directions on model-based feedback control 
under impact loading. 

A flowchart representing the detailed organization is shown in Figure 1.5. 
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Figure 1.5 Dissertation Overview 
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Chapter 2 Literature Review 

This chapter presents a review of the active control of human-reduced vibrations on floor 
structures, focusing on the extensions of methods for Direct Output Feedback control and 
Model-Based Feedback control. The development of the modal filtering techniques is also 
reviewed. 

2.1 Direct output feedback control 

 

Figure 2.1 Concept of the Direct Output Feedback control 

The schematics of the concept of the Direct Output Feedback control is shown in Figure 
2.1. In this control strategy, collocated actuators and sensors are used. The previous research 
includes direct velocity feedback, direct velocity feedback with feed-through term, 
compensated acceleration feedback, response-dependent velocity feedback and multi-input 
multi-output direct output feedback and so forth. It should be noted that the Direct Output 
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Feedback control does not require a highly accurate model of the floor structure. More details 
about these controllers are provided below. 

The idea of direct velocity feedback (DVF) control of large space structures was initially 
proposed by Balas for the purpose of creating a simple-implement control strategy [23]. Direct 
velocity means that the output velocity signal is multiplied by a control gain and the resulting 
signal is then directly fed back to the collocated actuator, as shown in Figure 2.2. 
Accelerometers are often used to measure the responses of floors. The control gain should be 
non-negative in this method. The author concluded that the direct velocity feedback controller 
cannot destabilize any part of the system no matter what the choice of feedback gain and the 
stability margins of the whole closed-loop system will never fall below the open-loop system 
because of the well-known interlacing property of poles and zeros of collocated systems. As 
the feedback control gain is increased, the damping ratio of each mode is also increased because 
the poles of each mode have moved away from the imaginary axis. 

 

Figure 2.2 Direct velocity feedback 

This idea was successfully implemented by Hanagan to the human-induced floor 
vibrations [5], [11], [32]. The direct velocity feedback control algorithm was first implemented 
and studied analytically and experimentally on a lightweight steel floor system [5]. An 
electromagnetic proof-mass actuator was used to apply the control forces.  Only the modes of 
the structure under 30Hz were included in the analytical model since the lower-frequency 
modes of vibrations dominated the dynamic responses to heel drop excitation or walking. 
Analysis of the control system using the root locus method showed that the control system and 
the structure did not behave as independent dynamic systems, rather an interaction between 
them was observed. When the dynamics of the actuator and the sensor are considered, the 
interlacing property for the collocated case no longer holds since additional poles and zeros are 
introduced. Therefore, the control gain is limited by control system stability condition. The 
root locus of the control system also showed that as the control gain increases, the damping 
ratio of the actuator decreases, implying that the force output at this frequency will be increased 
- potentially inducing stroke saturation [1], and the feedback gain has to be decreased even 
further to avoid this situation. In order to avoid the actuator force saturation and stroke 
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saturation, a saturation nonlinearity was introduced to avoid unstable behavior that may be 
caused by both saturations, while the actuator was possibly involved in a stable limit cycle [33]. 
Despite this limitation, the direct velocity feedback controller has reduced the vibration of 
human-reduced vibrations to a large degree on a problematic office floor and a chemistry 
laboratory. Performance was evaluated using the peak values of running root mean square 
accelerations using 8s integration time. Over 70% vibration reduction was achieved for the 
office floor and the results for the chemistry laboratory showed over 75% reduction in vibration 
level. 

An improvement in the stability of the DVF controlled system was proposed by Díaz 
and Reynolds through introducing of a feed-through term (DVF with FTT) [34]. The feed-
through term here contains a small portion of the actuator signals to the sensor signals as shown 
in Figure 2.3. Typically, the natural frequency of the control actuators used for floor vibration 
control is chosen to be significantly lower than the lowest modal frequency of the floors [33]. 
In this situation, a conveniently designed feed-through term would allow the two zeros located 
at the origin to be displaced to a position between the actuator poles and the floor poles 
corresponding to its lowest natural frequency. The controlled system can exhibit an alternating 
pole-zero pattern even though the dynamics of the proof-mass actuator is involved. A high 
control gain without exhibiting a limit cycle behavior can be achieved. Control results showed 
that this method is robust with respect to stability and achieved excellent reductions in human-
induced vibrations. 

 

Figure 2.3 DVF with feed-through term 

Direct acceleration feedback (DAF) control is another choice for vibration suppression 
using the acceleration outputs from the sensors as the inputs to the control gain matrix. The 
research done by Shahabpoor [35] found that the effectiveness of DAF significantly depends 
on the frequency of the mode to be controlled, and it was discovered that instability occurs for 
the lower frequencies easily while large increases in damping can be achieved for higher 
frequencies. Compensated acceleration feedback (CAF) control is much more reliable than 
DAF that was proposed by Díaz and Reynolds [24], with the schematic shown in Figure 2.4. 
Compensators are designed to obtain high stability margins and to introduce possible 
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significant damping. First, a phase-lag compensator was introduced to account for the 
interaction between the structure and the actuator dynamics using the root locus method so that 
high damping in the fundamental vibration mode and high stability margins can be achieved. 
Then a phase-lead compensator, which functions as a high pass filter, was developed to prevent 
stroke saturation at low frequencies through a frequency domain analysis and optimization 
study. The control test results using an office floor showed that the duration of the time 
exceeding a response factor (a common vibration limit for high quality office environments) 
was reduced by 97% for the in-service condition. 

 

Figure 2.4 Compensated acceleration feedback 

On-off nonlinear active control and response-dependent velocity feedback (RDVF) 
control are introduced for the purpose of preventing the onset of limit cycles [33], [36] by 
changing the gain matrix that is applied to the velocity measurements, as shown in Figure 2.5.  
In the RDVF control law, a maximum voltage to the amplifier was pre-set and a variable gain 
proportional to the reciprocal of the maximum of the absolute value of a sampled signal in a 
fixed block of response data was derived. The use of a high gain matrix for low velocities while 
the use of a low gain matrix for high velocities can be achieved, which implies that the gain 
can be automatically selected through this method. Also, a non-linear element was used so that 
once a minimum level of vibrations is detected, the actuator signals is set zero, thus preventing 
the onset of limit cycles due to high gain [36]. On-off nonlinear active control, on the other 
hand, varies the gain matrix so that the command voltage signal is always in one of three states 
– maximum positive voltage, zero voltage or maximum negative voltage. A non-linear velocity 
feedback with a switching-off level controller and a non-linear velocity feedback with dead-
zone controller were investigated for this purpose[33]. 
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Figure 2.5 On-off and response-dependent velocity feedback 

Nyawako and Reynolds incorporated a disturbance observer with direct velocity 
feedback to deal with both on-resonance and off-resonance excitations of floor structures from 
human activities [37], as shown in Figure 2.6. Since human activities contain energy not only 
at the activity frequency but also at harmonics of this frequency, if the harmonics coincide with 
resonant frequencies, the vibrations may excite the resonance of the structure, while if it does 
not coincide with the resonant frequencies, the energy from activities may still be significant 
to cause annoyance or disturbance. Analytical studies indicated that there is a great potential to 
deal with off-resonance excitation forces within a certain frequency bandwidth by adding a 
disturbance observer to an outer loop DVF controller. 

 

Figure 2.6 Incorporating a disturbance observer with DVF feedback 

Although most of the research discussed above made use of a single-input single-output 
(SISO) collocated control structure, the excessive level of vibrations is usually a problem of a 
wide area and not of just a single location. In order to achieve the vibration reduction 
requirement in an area, several collocated actuators and sensors would be required. Use of 
multiple single-input and single-output (MSISO) control schemes, in which each SISO 
controller is independently designed for each location was investigated first. It was shown that 
the MSISO control system has limited efficiency in which a reduction of the control gain of 
each SISO is needed to guarantee stability, since the structural system does not act 
independently at each control location [38]. Multi-input and multi-output (MIMO) was then 
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used for the global vibration control of floor structures [39], [40]. The DVF MIMO control 
strategy found the optimal gain matrix and the optimal location for a predefined number of 
actuators and sensors obtained by minimizing a performance index PI. It was observed that 
MIMO control improved the results compared with the SISO control strategy [40]. 

While the DOFB controllers are very simple, because they are based on the direct output 
feedback, their control is effective to a limited subset of the active modes in the system, the 
higher modes largely remain unaffected. Another disadvantage of this approach is that the 
choice of the modes to be controlled is affected by the sensor and actuator locations [41]. 

2.2 Model-based feedback control 

Model-based feedback control, on the other hand, do not need to be collocated and a 
different number of sensors and actuators can be used to selectively control any of the active 
modes in the system, as shown in Figure 2.7. Pole-placement method, the Linear Quadratic 
Gaussian (LQG) control, Independent Modal Space Control (IMSC) are the common 
approaches among model-based controllers. 

 

Figure 2.7 Concept of model-based feedback control 

Model-based controllers have been extensively investigated and implemented on other 
sectors such as the mechanical engineering and aerospace industries and structure control for 
the reduction of effects of seismic and wind loading [42]–[45]. However, applications for the 
control of human-induced floor vibrations remain very limited since usually an accurate 
structure model is necessary, some of which are reviewed as follows. 
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An approximate pole-placement controller was designed by Nyawako via the inversion 
of the floor model dynamics [46], which was based on the previous research for remotely 
located vibration control [47]. This method has been found to avoid the numerical difficulties 
associated with the algebraic pole-placement approach. Both analytical and experimental 
studies were done on a laboratory floor using the derived approximate pole placement control 
and the control performance was compared to that of the DVF scheme. It was found that 
vibration mitigation performance between both methods are comparable and the analytical 
predictions correlate well with the experimental results. It was pointed out that a potential 
advantage of the approximate pole-placement controller is that it can be designed to isolate and 
control target modes of vibration [46]. 

Nyawoka and Reynolds investigated three controllers, two of which are model-based 
controllers, on a pedestrian walkway structure for active control of human-induced vibrations 
[48]. They comprised DVF, observed-based and independent modal space controllers that were 
implemented in SISO, MSISO and MIMO configurations. For SISO schemes, the objective 
was to compare vibration mitigation performances from global control versus selective control. 
For MSISO and MIMO control, the aims were to investigate the impact of isolation and control 
of specific structural resonant frequencies simultaneously at different locations on the structure 
with the objective of imposing global control. The observer based controllers were designed as 
shown in Figure 2.8. The symbols (A𝑝𝑝, B𝑝𝑝, C𝑝𝑝)  and  (A𝑝𝑝𝑝𝑝 , B𝑝𝑝𝑝𝑝 , C𝑝𝑝𝑝𝑝)  denote state-space 
parameters representing the existing structural dynamics and a reduced order model of the 
structure used in the controller design. The symbol K𝑝𝑝 denotes the feedback gain to achieve 
desired closed-loop eigenvalues and K𝑒𝑒 is the observer feedback gain. Also, v𝑜𝑜(𝑡𝑡), x𝑜𝑜(𝑡𝑡),𝑢𝑢(𝑡𝑡) 
and 𝑦𝑦(𝑡𝑡) are the estimated modal velocity, modal displacement, control input and the structural 
response, respectively. The independent modal space control was realized via spatial filtering 
which will be reviewed later. The results showed that the model-based controller can isolate 
and control specific vibration modes at different locations, being a more beneficial procedure 
for dealing with modally dense structures, in which particular resonant frequencies are found 
to be problematic [48]. 

 

Figure 2.8 Observer-based compensator 
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2.3 Modal filtering techniques 

Spatial modal filters were first proposed by Meirovitch and Baruh as alternatives to 
observer techniques such as Luenberger observer to estimate the modal states from distributed 
measurements of the system [49]. The concept of modal filter is that the modal coordinates at 
any instant of time can be determined from motion variable information measured at the same 
instant of time. For an n-DOF structural system, the modal filter was derived from the modal 
expansion theorem as: 

 
𝑥̅𝑥(𝑃𝑃, 𝑡𝑡) = �𝑞𝑞𝑟𝑟

𝑛𝑛

𝑟𝑟=1

(𝑡𝑡)𝜙𝜙�𝑟𝑟(𝑃𝑃) (2-1) 

where 𝑥̅𝑥(𝑃𝑃, 𝑡𝑡) ∈ 𝑅𝑅𝑛𝑛×1 and 𝜙𝜙�𝑟𝑟(𝑃𝑃) ∈ 𝑅𝑅𝑛𝑛×1 are the displacements at instant time t and the mass 
normalized eigenvectors of point P on the structure, respectively. The modal states 𝑞𝑞𝑟𝑟(𝑡𝑡) can 
be determined by Eq. (2-2): 

 𝑞𝑞𝑟𝑟(𝑡𝑡) = 𝜙𝜙�𝑟𝑟(𝑃𝑃)𝑇𝑇𝑀𝑀𝑥̅𝑥(𝑃𝑃, 𝑡𝑡) (2-2) 

where M is the mass matrix, 𝑀𝑀 ∈ 𝑅𝑅𝑛𝑛×𝑛𝑛. The method is exact if all of the n displacements of 
the structure are known in real-time. If the distributed measurements are not available, they can 
be reconstructed via interpolation from measurements at discrete points. Then the modal states 
were obtained by Meirovich and Baruh as: 

 
𝑞𝑞𝑟𝑟(𝑡𝑡) = � 𝑀𝑀(𝑃𝑃)𝜙𝜙𝑟𝑟(𝑃𝑃)��ψ𝑠𝑠(𝑃𝑃)𝑈𝑈−1[𝑥𝑥�𝑃𝑃𝑗𝑗� + 𝑣𝑣(𝑃𝑃𝑗𝑗)]𝑑𝑑𝑑𝑑

𝐾𝐾

𝑠𝑠=1

𝐾𝐾

𝑗𝑗=1𝐷𝐷
 (2-3) 

where  𝑀𝑀(𝑃𝑃) is the mass distributed at point P,  ψ𝑠𝑠(𝑃𝑃) is a global admissible interpolation 
function estimated at P. The matrix  𝑈𝑈 ∈ 𝑅𝑅𝑘𝑘×𝑘𝑘 = [ψ1,ψ2, …ψ𝑠𝑠]  consists of interpolation 
functions evaluated at sensor locations 𝑃𝑃𝑗𝑗, K is the total number of sensors, 𝑣𝑣(𝑃𝑃𝑗𝑗) is the zero-
mean Gaussian stochastic noise, and D is the domain of the physical system. Since structural 
properties is needed in Eq. (2-3), which are available from simple structures, Meirovich and 
Baruh suggested using FEM to apply this method to more complex cases by breaking the 
domain D into smaller sub-domains 𝐷𝐷𝑡𝑡 , 𝑡𝑡 = 1. .𝑇𝑇. Eq. (2-3) changes to: 

 
𝑞𝑞𝑟𝑟(𝑡𝑡) = �� 𝑀𝑀(𝑃𝑃)𝜙𝜙𝑟𝑟(𝑃𝑃)𝐿𝐿𝑡𝑡𝑇𝑇

𝐷𝐷𝑡𝑡

𝑇𝑇

𝑡𝑡=1

[𝑥𝑥𝑡𝑡�𝑃𝑃𝑗𝑗� + 𝑣𝑣𝑡𝑡(𝑃𝑃𝑗𝑗)]𝑑𝑑𝐷𝐷𝑡𝑡 (2-4) 

where  𝐿𝐿𝑡𝑡  is a vector of interpolation functions for element  𝐷𝐷𝑡𝑡 ,  𝑥𝑥𝑡𝑡�𝑃𝑃𝑗𝑗�  and  𝑣𝑣𝑡𝑡(𝑃𝑃𝑗𝑗)  are the 
measured deformations and zero-mean Gaussian stochastic noise on the tth element at sensor 
location 𝑃𝑃𝑗𝑗. This equation can then be used to filter the modal coordinates of complex structures. 
However, the equation in this form is still hard in its implementation since it generally requires 
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a considerable number of degrees of freedom in order to accurately generate the dynamics of 
the structure over the frequency range of interest. It would not be possible in many cases to 
measure all these degrees of freedom to implement the modal filter. 

 

Figure 2.9 The concept of modal filtering 

Two improvements of this method were proposed by Zhang and Shelley et al. in a more 
practical manner [50], [51]. These are the frequency response function (FRF) method and the 
pseudo-inverse method, which use only experimental data to derive the modal filter parameters. 
They pointed out that modal filtering techniques utilize the characteristic that the dynamic 
response of any real structure is composed of the sum of individual modal responses, as shown 
in Figure 2.9, each behaving as a single degree of freedom system and each having a particular 
response shape or eigenvector. The basis for modal filtering is the standard modal coordinate 
transformation to simplify the solution of the systems of linear differential equations. 

FRF method calculates a weighting vector, which is named reciprocal modal vector 
(RMV) or modal filter vector, such that the weighted sum of a number of FRFs approaches the 
FRF of a single-degree-of-freedom system as close as possible. As the first step, assuming 𝑁𝑁𝑜𝑜 
and 𝑁𝑁𝑖𝑖 are the number of displacement measurements and the number of inputs, then the  𝑁𝑁𝑜𝑜 ×
𝑁𝑁𝑖𝑖 FRF matrix is defined as: 

 
𝐻𝐻(𝜔𝜔) = �[
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𝑗𝑗𝑗𝑗 − 𝜆𝜆𝑟𝑟∗
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] (2-5) 

where N is the number of modes, 𝜆𝜆𝑟𝑟  and  𝑄𝑄𝑟𝑟  are the pole value and modal scale factor 
corresponding to mode r, respectively. The modal vector  𝜙𝜙�𝑟𝑟  contains 𝑁𝑁𝑖𝑖  components 
corresponding to the input locations for modes r. The modal vectors, 𝜙𝜙𝑟𝑟, may be scaled such 
that they are real-valued for a real normal mode system, which means 𝜙𝜙𝑟𝑟 = 𝜙𝜙𝑟𝑟

∗, and 𝑄𝑄𝑟𝑟 is a 
negative imaginary number for displacement response data, such that 𝑄𝑄𝑟𝑟 = −𝑄𝑄𝑟𝑟∗.  
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RMV is assumed to be a vector which is orthogonal to the remainder of the response 
subspace for the choice of sensor locations, which means that it should satisfy the following 
orthogonality relationship: 

 𝜓𝜓𝑖𝑖𝑇𝑇𝜙𝜙𝑘𝑘 = 0, 𝑖𝑖 ≠ 𝑘𝑘 (2-6) 

The RMV 𝜓𝜓𝑖𝑖 can then be scaled by 𝑄𝑄𝑖𝑖 such that: 

 𝜓𝜓𝑖𝑖𝑇𝑇𝜙𝜙𝑖𝑖𝑄𝑄𝑖𝑖𝜙𝜙�1𝑖𝑖 = −𝑗𝑗 (2-7) 

where 𝜙𝜙�1𝑖𝑖 is the element of the modal vector corresponding to the first input location and  𝑗𝑗 is 
the imaginary unit. Then, for the remaining input locations, the following relationship holds: 

 
𝜓𝜓𝑖𝑖𝑇𝑇𝜙𝜙𝑖𝑖𝑄𝑄𝑖𝑖𝜙𝜙�𝑞𝑞𝑞𝑞 =

𝜙𝜙�𝑞𝑞𝑞𝑞
𝜙𝜙�1𝑖𝑖

(−𝑗𝑗) (2-8) 

From Eq. (2-5) to (2-8), the following relationship can be obtained: 

 𝜓𝜓𝑖𝑖𝑇𝑇𝐻𝐻(𝜔𝜔) = [1, 𝜙𝜙
�2𝑖𝑖
𝜙𝜙�1𝑖𝑖

, 𝜙𝜙
�3𝑖𝑖
𝜙𝜙�1𝑖𝑖

, … ,
𝜙𝜙�𝑁𝑁𝑖𝑖𝑖𝑖
𝜙𝜙�1𝑖𝑖

] [ −𝑗𝑗
𝑗𝑗𝑗𝑗−𝜆𝜆𝑖𝑖

+ 𝑗𝑗
𝑗𝑗𝑗𝑗−𝜆𝜆𝑖𝑖

] (2-9) 

Eq. (2-9) can be evaluated at a sufficient number of discrete frequencies to form an 
overdetermined problem which may be solved for RMV ψ𝑖𝑖 in a least squares manner if the 
information of the FRF matrix and the pole value of the mode to be extracted is known. The 
total number of unknowns is (𝑁𝑁𝑜𝑜 + 𝑁𝑁𝑖𝑖 + 1) in Eq. (2-9). The poles of the system can be derived 
from the experimental FRF matrix using parameter estimation technique. 

The pseudo-inverse method, on the other hand, extracts the modal coordinates in a real-
time and frequency independent manner. Shelley et al. proposed the pseudo-inverse approach 
given as [51]: 

 𝜓𝜓𝑇𝑇 = (Φ𝑇𝑇Φ)−1Φ𝑇𝑇 (2-10) 

such that: 

 𝑞𝑞(𝑡𝑡) = 𝜓𝜓𝑇𝑇𝑥𝑥(𝑃𝑃, 𝑡𝑡) (2-11) 

where 𝑞𝑞(𝑡𝑡) ∈ 𝑅𝑅𝑁𝑁×1 is the modal coordinates at instant of time t, N is the number of modes to 
be considered. Φ ∈ 𝑅𝑅𝑁𝑁𝑜𝑜×𝑁𝑁 is the modal vector with 𝑁𝑁𝑜𝑜 as the total number of sensors. 

These two methods was tested on a 5 meter truss structure to extract modal coordinates. 
The calculations of modal filter matrix from the on-line implementation are discussed and 
compared with the off-line implementation. They chose to record 24 modes, and varied the 
number of sensors for this task. The results showed that both methods can extract low 
frequency modal coordinates with satisfactory accuracy, and higher frequency mode 
coordinates with less success because of the spatial aliasing. Indeed, the higher modes are not 
spatially independent and are more coupled than lower order modes. However, this is not an 
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obstruction for implementation of these methods in civil engineering structures because the 
natural frequencies of civil engineering structures are far below the frequencies where spatial 
aliasing could be a concern. 

Shelley et al. noted that these two methods have disadvantages, and the most significant 
of these disadvantages is the need for a complete and accurate model of the plant dynamics. 
However, the real-world structural systems are typically very complex. Therefore Shelley et al. 
extended modal filtering into adaptive works [52] that need only the information of measured 
force and pole values of modes of interest. An error is introduced which is the difference 
between the true modal coordinate, 𝜂𝜂(𝑘𝑘), and the modal coordinate estimated by the modal 
filter, 𝜂̂𝜂(𝑘𝑘), at time k: 

 𝑒𝑒(𝑘𝑘) = 𝜂𝜂(𝑘𝑘) − 𝜂̂𝜂(𝑘𝑘) 

                      = 𝜂𝜂(𝑘𝑘) − 𝜓𝜓(𝑘𝑘)𝑇𝑇x(k) 
(2-12) 

However, the true modal coordinate is not known. In fact, estimating 𝜂𝜂(𝑘𝑘) is the purpose 
of the modal filter vector. Shelley et al. introduced a reference modal coordinate 𝜂𝜂𝑟𝑟(𝑘𝑘), which 
is highly correlated with the true coordinate. 𝜂𝜂𝑟𝑟(𝑘𝑘) can be generated by driving a SDOF system 
utilizing the pole of the mode of interest. For the ith mode: 

 �𝜂̇𝜂
𝑟𝑟(𝑘𝑘 + 1)
𝜂̈𝜂𝑟𝑟(𝑘𝑘 + 1)� = �

0 1
−𝜔𝜔𝑛𝑛𝑖𝑖

2 2𝜔𝜔𝑛𝑛𝑖𝑖𝜎𝜎𝑖𝑖
� �𝜂̇𝜂

𝑟𝑟(𝑘𝑘)
𝜂̈𝜂𝑟𝑟(𝑘𝑘)� + �

0
2𝜔𝜔𝑑𝑑𝑖𝑖

� 𝑓𝑓𝑘𝑘 (2-13) 

where 𝑓𝑓𝑘𝑘 is the measured driving force and 𝜎𝜎𝑖𝑖 is the modal damping. After solving Eq. (2-13), 
the reference modal coordinate can then be used in Eq. (2-12) in place of the true modal 
coordinate to calculate the error. The solution problem of Eq. (2-12) is to adaptively find 𝜓𝜓 to 
minimize this error over a number of time steps. The structure of this estimation problem is 
illustrated in Figure 2.10. 

Then each of the SDOF system can be described as a first order state space model: 

 �𝜂̇𝜂𝑖𝑖
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� 𝑙𝑙𝑖𝑖𝑇𝑇𝑓𝑓(𝑡𝑡) (2-14) 

where 𝑙𝑙𝑖𝑖  is an vector of complex force appropriation coefficients (also called modal 
participation vector). Shelley et al. used the simple “collocated in modal space” rate feedback 
controller as the control method by choosing a control force as: 

 𝑓𝑓𝑖𝑖(𝑡𝑡) = −𝐺𝐺𝑖𝑖𝜂̇𝜂𝑖𝑖(𝑡𝑡) (2-15) 

where 𝐺𝐺𝑖𝑖 is the scalar feedback gain. Substituting Eq. (2-15) into Eq. (2-14) yields the resulting 
closed loop system matrix: 
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� 𝑙𝑙𝑖𝑖𝑇𝑇�𝑓𝑓(𝑡𝑡) − 𝐺𝐺𝑖𝑖𝜂̇𝜂𝑖𝑖(𝑡𝑡)� (2-16) 



 

24 
 

              = �
0 1

−𝜔𝜔𝑛𝑛𝑖𝑖
2 2(𝜔𝜔𝑛𝑛𝑖𝑖𝜎𝜎𝑖𝑖 − 𝜔𝜔𝑑𝑑𝑖𝑖𝑙𝑙𝑖𝑖

𝑇𝑇𝐺𝐺𝑖𝑖)� �
𝜂̇𝜂𝑖𝑖(𝑡𝑡)
𝜂̈𝜂𝑖𝑖(𝑡𝑡)

� + �
0

2𝜔𝜔𝑑𝑑𝑖𝑖
� 𝑙𝑙𝑖𝑖𝑇𝑇𝑓𝑓(𝑡𝑡) 

Eq. (2-16) shows that the modal damping has been increased from 2𝜎𝜎𝑖𝑖 to 2(𝜎𝜎𝑖𝑖 − 𝜔𝜔𝑑𝑑𝑖𝑖/𝜔𝜔𝑛𝑛𝑖𝑖𝑙𝑙𝑖𝑖
𝑇𝑇𝐺𝐺𝑖𝑖) 

for mode i. 

 

Figure 2.10 Structure of modal filter estimation problem 

Adaptive modal filtering was successfully implemented for controlling the Big Creek 
bridge in Ohio [53] and a 4.5 meter vertically hung truss[54]. A Luenberger observer for 
estimation of the true modal coordinate was used, and the Least Mean Square (LMS) algorithm 
was used to find the modal filter vector adaptively. 

It has been shown that a large number of point sensors are required for all the modal 
filter methods mentioned above. Typically more than two times the number of modes are 
required to analyze the structures. Since use of a large number of sensors is not recommended 
for the economic and aesthetic considerations, more efforts are needed for modal filtering 
techniques. Although the distributed modal sensors/actuators have been implemented to 
overcome the spillover phenomena [55], it seems extremely difficult to put the distributed 
materials on the floor if the building is occupied. 

To improve the traditional modal filtering, Shelley et al. proposed the Spatio-Temporal 
filter (STF) by extending the traditional modal filter from space domain into space and time 
domain to achieve higher accuracy with fewer sensors [56]–[58]. An Nth order spatio-temporal 
filter utilizes N past response samples at time k is defined as: 

 

Nk
T

Nk

k

k

T
k Xq ,

1ˆ ψ

x

x
x

ψ =



















=

−

−

M
 (2-17) 

which in fact introduces a different Nth order finite impulse response (FIR) on each sensor 
channel. The FIR filters perform different functions depending on the specific implementation: 
pole-zero cancellation if spatial resolution alone is insufficient to separate modes; 
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accommodating the relative phase shift between sensors caused by non-proportional damping 
modes and correction for some sensor dynamics. In the same manner as the adaptive modal 
filter, an error is introduced as: 

 𝑒𝑒𝑘𝑘 = 𝑞𝑞𝑘𝑘 − 𝑞𝑞�𝑘𝑘 = 𝑞𝑞𝑘𝑘 − 𝛹𝛹𝑇𝑇𝑋𝑋𝑘𝑘,𝑁𝑁 (2-18) 

Eq. (2-13) can then be used as the reference modal coordinate which is highly correlated 
with the true modal coordinate. Shelly et al. suggested using adaptive, on-line methods for STF 
parameter estimation since they recover from sensor and actuator failure and Recursive Least 
Squares (RLS) was chosen as the real-time adaptive STF update method. A STF based, 
multiple-input multiple-output active controller is designed by selecting only a single scalar 
control gain for each mode to be controlled [58]. 

The modal filters reviewed above may all be implemented with discrete sensor arrays, 
such as accelerometers, strain gauges, or piezoelectric patches[59], etc. However, the discrete 
nature of the array can result in spatial aliasing[60]. Spatial aliasing is defined as when the 
wave number k of one mode exceeds the number of sensors n regularly spaced in that direction, 
the sensor output appears as generated by a mode with a lower wave number (2n-k) [61]. 
Continuous modal filtering methods are developed to solve this problem using continuous 
distributed sensors such as piezoelectric films and optical fibers [62]–[65]. These methods are 
not reviewed here, but it seems that these continuous type distributed sensing techniques are 
promising ways for high frequency mode applications. 

2.4 Summary 

This section reviews some of the studies about the direct output feedback control, model-
based feedback control as well as modal filtering techniques. Although active control of floor 
structure vibration using DOFB is becoming a mature and reliable technique, further 
development is required, and MB active control is an attractive approach. Several modal 
filtering methods have been reviewed in this chapter and some of them will be used later on. 
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Chapter 3 Background on Model-Based Active 

Control 

In this chapter, research background regarding the modal filtering method, the modal 
direct velocity feedback control technique and the spillover effects are reviewed. Then the 
interaction between structure and actuator dynamics and the effects of actuator dynamics on 
active vibration control (AVC) are described. The effects of low pass and high pass filters on 
AVC are also presented. Finally, the types of delays are explained. 

3.1 Principle of modal filtering 

The equations of motion for free vibration of an N-DOF system is written as: 

 𝑴𝑴𝒖̈𝒖 + 𝑪𝑪𝒖̇𝒖 + 𝑲𝑲𝑲𝑲 = 0 (3-1) 

where M, C, K are the mass matrix, stiffness matrix and damping matrix, respectively, of size 
N, and 𝒖𝒖 is the displacement vector with the same order. Neglecting the damping, the equations 
of motion become: 

 𝑴𝑴𝒖̈𝒖 + 𝑲𝑲𝑲𝑲 = 0 (3-2) 

The free vibration of an undamped structure in one of its natural modes can be expressed 
by: 

 𝒖𝒖 = 𝝋𝝋 exp(𝑗𝑗𝑗𝑗𝑗𝑗) (3-3) 

where 𝜔𝜔 is the natural frequency, and j is the imaginary unit. The N-dimensional mode shape 
vector 𝝋𝝋 does not vary with time. Substituting Eq. (3-3) into Eq. (3-2) gives: 

 [𝑲𝑲− 𝜔𝜔2𝑴𝑴]𝝋𝝋 = 0 (3-4) 

which can be interpreted as a set of N homogeneous algebraic equations. The nontrivial 
solutions of Eq. (3-4) are: 
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 det(𝑲𝑲− 𝜔𝜔2𝑴𝑴) = 0 (3-5) 

Eq. (3-5) is known as the characteristic equation or frequency equation. The N roots of 
Eq. (3-5) determine the N natural frequencies 𝜔𝜔𝑛𝑛(𝑛𝑛 = 1,2, …𝑁𝑁) of vibration. When a natural 
frequency  𝜔𝜔𝑛𝑛  is known, Eq. (3-4) can be solved for the corresponding vector  𝝋𝝋𝑛𝑛 . The 
displacement response of the system can then be obtained as: 

 
𝒖𝒖(t) = �𝝋𝝋𝑛𝑛(𝐶𝐶𝑛𝑛 exp(𝑗𝑗𝜔𝜔𝑛𝑛𝑡𝑡) + 𝐶𝐶𝑛𝑛′ exp(−𝑗𝑗𝜔𝜔𝑛𝑛𝑡𝑡))

𝑁𝑁
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𝑁𝑁

𝑛𝑛=1

cos(𝜔𝜔𝑛𝑛𝑡𝑡 − 𝛾𝛾𝑛𝑛)                       

= �𝑞𝑞𝑛𝑛(𝑡𝑡)𝝋𝝋𝑛𝑛

𝑁𝑁

𝑛𝑛=1

                                            

(3-6) 

where 𝐶𝐶𝑛𝑛,𝐶𝐶𝑛𝑛′  and 𝐴𝐴𝑛𝑛 are the amplitudes and 𝛾𝛾𝑛𝑛 is the phase for the nth mode. The symbol 𝑞𝑞𝑛𝑛(𝑡𝑡) 
represents the generalized coordinate of the nth mode and indicates the nth mode response 
𝐴𝐴𝑛𝑛 sin(𝜔𝜔𝑛𝑛𝑡𝑡 − 𝛾𝛾𝑛𝑛) in this case. 

In practice, the floor structures are represented by discrete systems, implying that N is a 
finite number. However, the value of N is usually very large, since the bandwidths of actuators 
and sensors cannot response to the highest frequency modes and also the highest modes are 
hard to be excited in a physical structure. The number of modes contributed to the responses 
are assumed to be M such that: 

 
𝒖𝒖(t) = �𝑞𝑞𝑛𝑛(𝑡𝑡)𝝋𝝋𝑛𝑛

𝑀𝑀

𝑛𝑛=1

 (3-7) 

where 𝑀𝑀 ≪ 𝑁𝑁 . The structural displacements and/or velocities and/or accelerations are 
measured at various physical points by sensors. If S sensors are used, Eq. (3-7) can be re-written 
as: 

 
𝒖𝒖𝑠𝑠(t) = �𝑞𝑞𝑛𝑛(𝑡𝑡)𝝋𝝋𝑠𝑠𝑠𝑠

𝑀𝑀

𝑛𝑛=1

 (3-8) 

where 𝒖𝒖𝑠𝑠(t) and 𝝋𝝋𝑠𝑠𝑠𝑠 are S-dimensional vectors and the parameters of modal shape 𝝋𝝋𝑠𝑠𝑠𝑠 are the 
values corresponding to that at the same sensor locations of 𝝋𝝋𝑛𝑛.  

Then a modal filter is applied to the measured response data 𝒖𝒖𝑠𝑠(t) to extract the modal 
coordinate responses of interest. In order to extract the modal response of the ith mode, a modal 
filtering vector 𝝍𝝍𝑖𝑖 is sought which has the following characteristics: 
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 𝝍𝝍𝑖𝑖
T𝝋𝝋𝑠𝑠𝑠𝑠 = 0        𝑖𝑖 ≠ 𝑛𝑛 

                = 1        𝑖𝑖 = 𝑛𝑛  
(3-9) 

which is equivalent to generating a weighted average of the responses measured at S locations 
on the structure such that: 

 
𝝍𝝍𝑖𝑖
T𝒖𝒖𝑠𝑠(t) = 𝝍𝝍𝑖𝑖

T�𝑞𝑞𝑛𝑛(𝑡𝑡)𝝋𝝋𝑠𝑠𝑠𝑠

𝑀𝑀

𝑛𝑛=1

 

                = 𝝍𝝍𝑖𝑖
T𝝋𝝋𝑠𝑠𝑠𝑠𝑞𝑞𝑖𝑖(𝑡𝑡)          

= 𝑞𝑞𝑖𝑖(𝑡𝑡)      

(3-10) 

The above discussion holds for the damped case as well, both proportional and non-
proportional [58].  

It should be noted that the modal filtering vectors 𝝍𝝍𝑖𝑖 (𝑖𝑖 = 1,2 … M) are very sensitive to 
the modal shape 𝝋𝝋𝑠𝑠𝑠𝑠, therefore it is of great significance to obtain an accurate mode shape 𝝋𝝋n 
before calculating the modal filtering coefficients. Selecting sensor locations to obtain the 
optimal 𝝋𝝋�𝑠𝑠𝑠𝑠  is not an easy task. There are as many as 𝑁𝑁!/(𝑆𝑆! (𝑁𝑁 − 𝑆𝑆)!) ways to choose S 
sensor locations from a possible N candidates. The strategy to find an optimal sensor placement 
will be studied in Chapter 5. 

3.2 Modal direct velocity feedback control 

As discussed above, after modal filtering, the filtered mode can be approximately seemed 
as a single-degree-of-freedom system, as: 

 𝑚𝑚𝑖𝑖𝑞̈𝑞𝑖𝑖(𝑡𝑡) + 𝑐𝑐𝑖𝑖𝑞̇𝑞𝑖𝑖(𝑡𝑡) + 𝑘𝑘𝑖𝑖𝑞𝑞𝑖𝑖(𝑡𝑡) = 𝑓𝑓𝑐𝑐𝑐𝑐(𝑡𝑡) + 𝑓𝑓𝑑𝑑𝑑𝑑(𝑡𝑡) (3-11) 

where 𝑚𝑚𝑖𝑖 , 𝑐𝑐𝑖𝑖 and 𝑘𝑘𝑖𝑖 are the modal mass, modal damping coefficient and modal stiffness of the 
ith mode, respectively, 𝑓𝑓𝑐𝑐𝑐𝑐(𝑡𝑡) is the modal control force and 𝑓𝑓𝑑𝑑𝑑𝑑(𝑡𝑡) is the modal disturbance. If 
the dynamics of the actuator are not considered in the real system, the Modal Direct Velocity 
Feedback (MDVF) control strategy can be a natural choice due to its readily established 
implementation. The MDVF control indicates that the control force for the ith mode 𝑓𝑓𝑐𝑐𝑐𝑐(𝑡𝑡)(𝑖𝑖 =
1,2 … ) is defined to be proportional to the velocity of the ith response  𝑞̇𝑞𝑖𝑖(𝑡𝑡) obtained by 
utilizing the modal filtering to the dynamic response 𝒖𝒖s(t) measured by sensors, as: 

 𝑓𝑓𝑖𝑖(𝑡𝑡) = −𝛽𝛽𝑖𝑖 𝑞̇𝑞𝑖𝑖(𝑡𝑡) (3-12) 

where 𝛽𝛽𝑖𝑖 is the gain for the ith mode. In this case the system is “collocated in modal space” 
with the associated “nice characteristics” such as guaranteed stability associated with 
conventional “collocated in physical space” systems. By using this controller, this 
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characteristic exists even if the sensors and actuators are actually not physically collocated. 
Substituting the expression for control force into Eq. (3-11) gives: 

 𝑚𝑚𝑖𝑖𝑞̈𝑞𝑖𝑖(𝑡𝑡) + 𝑐𝑐𝑖𝑖𝑞̇𝑞𝑖𝑖(𝑡𝑡) + 𝑘𝑘𝑖𝑖𝑞𝑞𝑖𝑖(𝑡𝑡) = −𝛽𝛽𝑖𝑖 𝑞̇𝑞𝑖𝑖(𝑡𝑡) + 𝑓𝑓𝑑𝑑𝑑𝑑(𝑡𝑡) (3-13) 

Transforming the control force term to the left hand side, Eq. (3-13) becomes: 

 𝑚𝑚𝑖𝑖𝑞̈𝑞𝑖𝑖(𝑡𝑡) + (𝑐𝑐𝑖𝑖 + 𝛽𝛽𝑖𝑖)𝑞̇𝑞𝑖𝑖(𝑡𝑡) + 𝑘𝑘𝑖𝑖𝑞𝑞𝑖𝑖(𝑡𝑡) = 𝑓𝑓𝑑𝑑𝑑𝑑(𝑡𝑡) (3-14) 

which means that the damping ratio of the target mode would be increased. Therefore, the 
control force for multiple modes, denoted by 𝑓𝑓(𝑡𝑡), is calculated by: 

 𝑓𝑓(𝑡𝑡) = 𝑓𝑓1(𝑡𝑡) + 𝑓𝑓2(𝑡𝑡) + ⋯ = �−𝛽𝛽1 𝑞̇𝑞1(𝑡𝑡)� + �−𝛽𝛽2 𝑞̇𝑞2(𝑡𝑡)� + ⋯  (3-15) 

The response reduction effect for each mode is achieved by choosing optimal sufficiently 
large value of the control gain 𝛽𝛽𝑖𝑖. However, dynamics of actuator or other dynamic components 
involved in the system cannot be ignored during the real-time control process, therefore the 
amplitude and phase of the response  𝑞̇𝑞𝑖𝑖(𝑡𝑡) for each mode would be changed. Although the 
altered amplitude can be compensated by adjusting the value of  𝛽𝛽𝑖𝑖 for each mode, the phase 
change might degrade the performance of this control strategy by reducing the stability margins 
as well as possible damping to be introduced. Hence, a modified MDVF controller designed to 
increase the closed-loop system stability and to make the system more amenable to the 
introduction of significant damping is needed. In Chapter 6 and Chapter 7, designed techniques 
would be introduced to compensate for the phase lags caused by the dynamic components for 
each control mode. 

3.3 Control spillover and observation spillover 

For a structural vibration control problem, it is expected to control a large DOF system 
with a much smaller order controller because of the computing power limitations and modelling 
error, which would restrict the control to a few critical modes C (𝐶𝐶 < 𝑀𝑀). These critical modes 
to be controlled are chosen based on the system performance requirements and are not 
necessarily the lowest few frequency modes in the spectrum. In order to examine the effects of 
control spillover and observation spillover, it is assumed that C is the number of the critical 
modes considered to be controlled of a floor system and the rest (R=𝑀𝑀 − 𝐶𝐶) of the modes are 
the residual (uncontrolled) modes which will lead to control and observation spillover [66], 
[67]. The control force: 

 
𝐹𝐹(𝑥𝑥, 𝑡𝑡) = �𝛿𝛿(𝑥𝑥 − 𝑥𝑥𝑖𝑖)𝑓𝑓𝑖𝑖(𝑡𝑡)

𝐿𝐿

𝑖𝑖=1

 (3-16) 
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is generated by L force actuators located at points 𝑥𝑥𝑖𝑖 (𝑖𝑖 = 1,2 … , 𝐿𝐿), and the measured S sensor 
responses at points 𝑧𝑧𝑗𝑗 (𝑗𝑗 = 1,2 … , 𝑆𝑆) are expressed as either displacement: 

 𝑦𝑦𝑗𝑗(𝑡𝑡) = 𝑢𝑢�𝑧𝑧𝑗𝑗 , 𝑡𝑡�        𝑗𝑗 = 1, … , 𝑆𝑆 (3-17) 

 

or velocity: 

 𝑦𝑦𝑗𝑗(𝑡𝑡) = 𝑢̇𝑢�𝑧𝑧𝑗𝑗, 𝑡𝑡�        𝑗𝑗 = 1, … , 𝑆𝑆 (3-18) 

Then the equations of motion for an N-DOF structural system are written as (neglecting 
damping): 

 𝑴𝑴𝒖̈𝒖 + 𝑲𝑲𝑲𝑲 = 𝑭𝑭 (3-19) 

From Eq. (3-7), the solution of Eq. (3-19) can be partitioned into a controlled part and a 
residual part of displacements as: 

 𝒖𝒖(𝑥𝑥, 𝑡𝑡) = 𝒖𝒖𝐶𝐶(𝑥𝑥, 𝑡𝑡) + 𝒖𝒖𝑅𝑅(𝑥𝑥, 𝑡𝑡) (3-20) 

where the controlled part is: 

 
𝒖𝒖𝐶𝐶(𝑥𝑥, 𝑡𝑡) = �𝑞𝑞𝑖𝑖(𝑡𝑡)𝝋𝝋i

𝐶𝐶

𝑖𝑖=1

(𝑡𝑡) (3-21) 

The modal coordinates 𝑞𝑞𝑖𝑖(𝑡𝑡) of the controlled modes form a vector 𝒒𝒒𝐶𝐶(𝑡𝑡) and together 
with the velocity vector 𝒒̇𝒒𝐶𝐶(𝑡𝑡) form the state: 

 𝒗𝒗𝐶𝐶(𝑡𝑡) = [ 𝒒𝒒𝐶𝐶𝑇𝑇(𝑡𝑡), 𝒒̇𝒒𝐶𝐶𝑇𝑇(𝑡𝑡)]𝑇𝑇 (3-22) 

Similarly: 

 𝒗𝒗𝑅𝑅(𝑡𝑡) = [ 𝒒𝒒𝑅𝑅𝑇𝑇(𝑡𝑡), 𝒒̇𝒒𝑅𝑅𝑇𝑇(𝑡𝑡)]𝑇𝑇 (3-23) 

is the state of the residual part. Substituting of Eqs. (3-22) and (3-23) into Eqs. (3-16) and 
(3-19), 𝒗𝒗𝐶𝐶(𝑡𝑡) and 𝒗𝒗𝑅𝑅(𝑡𝑡) satisfy: 

 𝒗̇𝒗𝐶𝐶(𝑡𝑡) = 𝑨𝑨𝐶𝐶𝒗𝒗𝐶𝐶(𝑡𝑡) + 𝑩𝑩𝐶𝐶𝒇𝒇(𝑡𝑡) (3-24) 

   

 𝒗̇𝒗𝑅𝑅(𝑡𝑡) = 𝑨𝑨𝑅𝑅𝒗𝒗𝑅𝑅(𝑡𝑡) + 𝑩𝑩𝑅𝑅𝒇𝒇(𝑡𝑡) (3-25) 

where 𝒇𝒇(𝑡𝑡) = [𝑓𝑓1(𝑡𝑡), … ,𝑓𝑓𝑀𝑀(𝑡𝑡)]𝑇𝑇  is the control input vector, and the system parameters are 
expressed as: 

 𝑨𝑨𝐶𝐶 = � 𝟎𝟎 𝑰𝑰
−𝚲𝚲𝐶𝐶 𝟎𝟎�            𝑨𝑨𝑅𝑅 = � 𝟎𝟎 𝑰𝑰

−𝚲𝚲𝑅𝑅 𝟎𝟎�  
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    𝑩𝑩𝐶𝐶 = � 𝟎𝟎𝑩𝑩𝐶𝐶
′ �             𝑩𝑩𝑅𝑅 = � 𝟎𝟎𝑩𝑩𝑅𝑅

′ �             

where  𝚲𝚲𝐶𝐶  and  𝚲𝚲𝑅𝑅  are the diagonal matrices with entries of the controlled modal 
frequencies 𝜔𝜔1, … ,𝜔𝜔𝐶𝐶 and 𝜔𝜔𝐶𝐶+1, … ,𝜔𝜔𝑀𝑀, respectively, and 𝑩𝑩𝐶𝐶

′ ,𝑩𝑩𝑅𝑅
′  are the matrices whose rows 

are the controlled and residual mode shapes 𝝋𝝋i(𝑥𝑥) at the actuator locations 𝑥𝑥𝑖𝑖, which are: 

 
𝑩𝑩𝐶𝐶
′ = �

 𝜑𝜑1(𝑥𝑥1) ⋯ 𝜑𝜑1(𝑥𝑥𝑀𝑀)
⋮ ⋱ ⋮

𝜑𝜑𝐶𝐶(𝑥𝑥1) ⋯ 𝜑𝜑𝐶𝐶(𝑥𝑥𝑀𝑀)
�             𝑩𝑩𝑅𝑅

′ = �
 𝜑𝜑𝐶𝐶+1(𝑥𝑥1) ⋯ 𝜑𝜑𝑁𝑁+1(𝑥𝑥𝑀𝑀)

⋮ ⋱ ⋮
𝜑𝜑𝑀𝑀(𝑥𝑥1) ⋯ 𝜑𝜑𝑀𝑀(𝑥𝑥𝑀𝑀)

�  

The sensor output vector: 

 𝒚𝒚(𝒕𝒕) = [𝑦𝑦1(𝑡𝑡), … ,𝑦𝑦𝑆𝑆(𝑡𝑡)]𝑇𝑇  

satisfies: 

 𝒚𝒚(𝒕𝒕) = 𝑪𝑪𝐶𝐶𝒗𝒗𝐶𝐶(𝑡𝑡) + 𝑪𝑪𝑅𝑅𝒗𝒗𝑅𝑅(𝑡𝑡) (3-26) 

where, if displacement sensors are used: 

 𝑪𝑪𝐶𝐶 = [𝑪𝑪𝐶𝐶′       𝟎𝟎]           𝑪𝑪𝑅𝑅 = [𝑪𝑪𝑅𝑅′       𝟎𝟎]  
or, if velocity sensors are used: 

 𝑪𝑪𝐶𝐶 = [𝟎𝟎      𝑪𝑪𝐶𝐶′ ]           𝑪𝑪𝑅𝑅 = [𝟎𝟎      𝑪𝑪𝑅𝑅′ ]  
in either case: 

 
𝑪𝑪𝐶𝐶′ = �

 𝜑𝜑1(𝑧𝑧1) ⋯ 𝜑𝜑𝐶𝐶(𝑧𝑧1)
⋮ ⋱ ⋮

𝜑𝜑1(𝑧𝑧𝑆𝑆) ⋯ 𝜑𝜑𝐶𝐶(𝑧𝑧𝑆𝑆)
�             𝑪𝑪𝑅𝑅′ = �

 𝜑𝜑𝐶𝐶+1(𝑧𝑧1) ⋯ 𝜑𝜑𝑀𝑀(𝑧𝑧1)
⋮ ⋱ ⋮

𝜑𝜑𝐶𝐶+1(𝑧𝑧𝑆𝑆) ⋯ 𝜑𝜑𝑀𝑀(𝑧𝑧𝑆𝑆)
�  

Recall that the controller introduced in Sec. 3.2 is achieved by ignoring the residual mode 
system (3-25), and an adequate control performance can be provided if the matrices 𝑩𝑩𝑅𝑅

′  and 𝑪𝑪𝑅𝑅′  
are both zero. This is not the case for most of control systems and their effects (to which the 
term ‘spillover’ is affixed) can be detrimental. The control forces excite the residual modes by 
the term 𝑩𝑩𝑅𝑅𝒇𝒇(𝑡𝑡), which are termed the control spillover, while the sensor measurements are 
contaminated through the residual modes by the term  𝑪𝑪𝑅𝑅𝒗𝒗𝑅𝑅(𝑡𝑡) , which are termed the 
observation spillover, see Figure 3.1. 

If the observation spillover is zero (𝑪𝑪𝑅𝑅 = 𝟎𝟎) and the modal direct velocity feedback 
control introduced in Sec. 3.2 is used, implying that 𝒇𝒇(𝑡𝑡) = 𝑮𝑮𝐶𝐶𝒗𝒗𝐶𝐶(𝑡𝑡) in which 𝑮𝑮 is the control 
gain matrix, the residual mode system of Eq. (3-25) is: 

𝒗̇𝒗𝑅𝑅(𝑡𝑡) = 𝑨𝑨𝑅𝑅𝒗𝒗𝑅𝑅(𝑡𝑡) + 𝑩𝑩𝑅𝑅𝑮𝑮𝐶𝐶𝒗𝒗𝐶𝐶(𝑡𝑡) (3-27) 

or, equivalently: 
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𝒒̈𝒒𝑅𝑅(𝑡𝑡) + 𝚲𝚲𝑅𝑅𝒒𝒒𝑅𝑅(𝑡𝑡) = 𝑩𝑩𝑅𝑅𝑮𝑮𝐶𝐶𝒗𝒗𝐶𝐶(𝑡𝑡) (3-28) 

 

 

Figure 3.1 Control and observation spillover 

Eq. (3-28) implies that the residual system with no damping is driven by 𝒗𝒗𝐶𝐶 and any 
control spillover (𝑩𝑩𝑅𝑅 ≠ 𝟎𝟎) would cause unwanted vibrations of the residual modes, and that 
the control spillover can degrade the system responses through residual modes, but it cannot 
destabilize the system when observation spillover is absent. 

On the other hand, if the observation spillover is present and the modal direct velocity 
feedback control is used, the control force is expressed by 𝒇𝒇(𝑡𝑡) = 𝑮𝑮𝐶𝐶(𝒗𝒗𝐶𝐶(𝑡𝑡) + 𝒗𝒗𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡)), in 
which 𝒗𝒗𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡) means the control mode responses contaminated with residual mode responses 
through 𝑪𝑪𝑅𝑅 and 𝑩𝑩𝑅𝑅. The composite closed-loop system becomes: 

 𝒗̇𝒗𝐶𝐶(𝑡𝑡) = (𝑨𝑨𝐶𝐶 + 𝑩𝑩𝐶𝐶𝑮𝑮𝐶𝐶)𝒗𝒗𝐶𝐶(𝑡𝑡) + 𝑩𝑩𝐶𝐶𝑮𝑮𝐶𝐶𝒗𝒗𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡) (3-29) 

   

 𝒗̇𝒗𝑅𝑅(𝑡𝑡) = (𝑨𝑨𝑅𝑅 + 𝑩𝑩𝑅𝑅𝑮𝑮𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠)𝒗𝒗𝑅𝑅(𝑡𝑡) + 𝑩𝑩𝑅𝑅𝑮𝑮𝐶𝐶𝒗𝒗𝐶𝐶(𝑡𝑡) (3-30) 

Therefore, when observation spillover and control spillover are present, the poles of the 
closed-loop system are functions of the parameters of 𝑪𝑪𝑅𝑅 with the stating values of poles (𝑨𝑨𝐶𝐶 +
𝑩𝑩𝐶𝐶𝑮𝑮𝐶𝐶) and 𝑨𝑨𝑅𝑅. 

It should be noted that even for a small perturbations of the original poles instabilities 
can occur, especially for the poles of 𝑨𝑨𝑅𝑅 which are usually lie near the imaginary axis of the s-
plane and have an insufficient stability margin. For the poles of 𝑨𝑨𝐶𝐶 + 𝑩𝑩𝐶𝐶𝑮𝑮𝐶𝐶, it is not likely that 
the system becomes unstable for small spillover since they have been designed with a 
substantial stability. Although it is not always the case that the effects of control and 
observation spillovers would cause instability depending on the parameters 𝑩𝑩𝐶𝐶 ,𝑩𝑩𝑅𝑅 ,𝑪𝑪𝐶𝐶 ,𝑪𝑪𝑅𝑅, all 
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modal controllers have the possibility to produce instabilities unless observation spillover can 
be eliminated. Two obvious ways of reducing the effects of spillover are arranging the locations 
of actuators and sensors and using signal filters. Both of these two methods will be adopted in 
later Chapters. 

3.4 Effects of actuator and filter dynamics 

To simplify the explanation, all of the actuator and sensor dynamics have been ignored 
during the analysis, and it also has been assumed that the controller is perfectly implemented 
without the need for high or low pass filters. Accelerometers are usually used to measure the 
vibration of structures and they can be chosen such that a relatively flat frequency response 
within the bandwidth of interest, therefore their dynamics can be safely ignored. However, this 
is not the case for other dynamic components in reality and the existence of these dynamics 
can significantly influence both performance and stability of the resultant controller. Their 
effects on the structural system are discussed below. 

3.4.1 Effects of actuator dynamics 

In many civil engineering structures, it is often the case that there is no fixed frame of 
reference against which an actuator can react, therefore inertial actuators are generally used 
[68], [69]. The inertial actuator generates control forces through acceleration of a moving mass 
to the structure on which it is placed. Its behavior is described as a linear second order model 
as shown in Figure 3.2 [25]. 

 

Figure 3.2 Inertial actuator model 
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It is assumed the filtered ith mode can be treated as a SDOF after applying modal filtering 
as Eq. (3-11). By transforming both side of Eq. (3-11) into its Laplace domain, it can be 
expressed as: 

 𝑚𝑚𝑖𝑖𝑠𝑠2𝑞𝑞𝑖𝑖(𝑠𝑠) + 𝑐𝑐𝑖𝑖𝑠𝑠𝑞𝑞𝑖𝑖(𝑠𝑠) + 𝑘𝑘𝑖𝑖𝑞𝑞𝑖𝑖(𝑠𝑠) = 𝐹𝐹(s) (3-31) 

Then the transfer function (TF) between the modal displacement and the modal force can 
be represented as: 

 
𝐺𝐺𝑖𝑖(𝑠𝑠) =

1/𝑚𝑚𝑖𝑖

𝑠𝑠2 + 2𝜉𝜉𝑖𝑖𝜔𝜔𝑖𝑖𝑠𝑠 + 𝜔𝜔𝑖𝑖
2 (3-32) 

where  𝜉𝜉𝑖𝑖 ,𝜔𝜔𝑖𝑖  are the modal damping ratio and modal frequency of ith mode. The actuator 
control force 𝑓𝑓𝑎𝑎(t) proportional to the input voltage of ith mode, based on Sec. 3.2, can be 
generated by scaling it with a constant gain 𝑔𝑔𝑖𝑖: 

 𝑓𝑓𝑎𝑎(t) = 𝑔𝑔𝑖𝑖𝑣𝑣𝑖𝑖(𝑡𝑡) (3-33) 

From Figure 3.2, using the displacements of the inertial mass and the structure  𝑥𝑥𝑎𝑎 
and 𝑞𝑞𝑠𝑠 (𝑞𝑞𝑠𝑠 = 𝑞𝑞𝑖𝑖), respectively, the transmitted force from the actuator to the structure can be 
expressed in the Laplace domain as: 

 𝐹𝐹𝑡𝑡(s) = 𝐹𝐹𝑎𝑎(s) + (𝑐𝑐𝑎𝑎𝑠𝑠 + 𝑘𝑘𝑎𝑎)(𝑄𝑄𝑠𝑠(𝑠𝑠) − 𝑋𝑋𝑎𝑎(𝑠𝑠)) (3-34) 

where 𝐹𝐹𝑡𝑡(s),𝐹𝐹𝑎𝑎(s),𝑋𝑋𝑎𝑎(𝑠𝑠) and 𝑄𝑄𝑠𝑠(𝑠𝑠) are the Laplace transforms of 𝑓𝑓𝑡𝑡(t),𝑓𝑓𝑎𝑎(t),𝑥𝑥𝑎𝑎(𝑡𝑡) and 𝑞𝑞𝑠𝑠(𝑡𝑡), 
respectively. At the same time, the transmitted force acts on the inertial mass so that: 

 𝐹𝐹𝑡𝑡(s) = 𝑚𝑚𝑎𝑎𝑠𝑠2𝑋𝑋𝑎𝑎(𝑠𝑠) (3-35) 

Substituting Eq. (3-35) into Eq. (3-34), the following expression can be derived for the 
inertial mass displacement: 

 
𝑋𝑋𝑎𝑎(𝑠𝑠) =

1
𝑚𝑚𝑎𝑎𝑠𝑠2 + 𝑐𝑐𝑎𝑎𝑠𝑠 + 𝑘𝑘𝑎𝑎

𝐹𝐹𝑎𝑎(s) +
𝑐𝑐𝑎𝑎𝑠𝑠 + 𝑘𝑘𝑎𝑎

𝑚𝑚𝑎𝑎𝑠𝑠2 + 𝑐𝑐𝑎𝑎𝑠𝑠 + 𝑘𝑘𝑎𝑎
𝑄𝑄𝑠𝑠(𝑠𝑠) (3-36) 

Substituting Eqs. (3-36) and (3-33) into Eq. (3-35), the transmitted force to the structure 
can be written as: 

 
𝐹𝐹𝑡𝑡(s) = �

𝑚𝑚𝑎𝑎𝑠𝑠2

𝑚𝑚𝑎𝑎𝑠𝑠2 + 𝑐𝑐𝑎𝑎𝑠𝑠 + 𝑘𝑘𝑎𝑎
𝑔𝑔𝑖𝑖�𝑉𝑉(𝑠𝑠) + �

𝑚𝑚𝑎𝑎𝑠𝑠2(𝑐𝑐𝑎𝑎𝑠𝑠 + 𝑘𝑘𝑎𝑎)
𝑚𝑚𝑎𝑎𝑠𝑠2 + 𝑐𝑐𝑎𝑎𝑠𝑠 + 𝑘𝑘𝑎𝑎

�𝑄𝑄𝑠𝑠(𝑠𝑠) 

= 𝐺𝐺𝑎𝑎(𝑠𝑠)𝑉𝑉(𝑠𝑠) + 𝐺𝐺𝑟𝑟(𝑠𝑠)𝑄𝑄𝑠𝑠(𝑠𝑠)                                                  

(3-37) 

in which 𝑉𝑉(𝑠𝑠) is the Laplace transform of 𝑣𝑣𝑖𝑖(𝑡𝑡), 𝐺𝐺𝑎𝑎(𝑠𝑠) is the TF of the actuator when the mode 
displacement 𝑞𝑞𝑖𝑖(𝑠𝑠) is zero, and 𝐺𝐺𝑟𝑟(𝑠𝑠) is the sensitivity of the transmitted force to the mode 
movement. Eq. (3-37) can be expressed by the block diagram shown in Figure 3.3(a), in which 
the TF of modal structure 𝐺𝐺(𝑠𝑠) of Eq. (3-32) is considered. 
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Figure 3.3 Decoupling between actuator and modal dynamics 

From Figure 3.3(a), the TF between the modal displacement  𝑄𝑄𝑠𝑠(𝑠𝑠)  and the control 
voltage 𝑉𝑉(𝑠𝑠) is: 

 𝑄𝑄𝑠𝑠(𝑠𝑠)
𝑉𝑉(𝑠𝑠)

= 𝐺𝐺𝑎𝑎(𝑠𝑠)
𝐺𝐺(𝑠𝑠)

1 + 𝐺𝐺(𝑠𝑠)𝐺𝐺𝑟𝑟(𝑠𝑠) (3-38) 

Where the term 𝐺𝐺(𝑠𝑠)𝐺𝐺𝑟𝑟(𝑠𝑠) can be written as: 

 
𝐺𝐺(𝑠𝑠)𝐺𝐺𝑟𝑟(𝑠𝑠) =

1
𝑚𝑚𝑖𝑖𝑠𝑠2 + 𝑐𝑐𝑖𝑖𝑠𝑠 + 𝑘𝑘𝑖𝑖

𝑚𝑚𝑎𝑎𝑠𝑠2(𝑐𝑐𝑎𝑎𝑠𝑠 + 𝑘𝑘𝑎𝑎)
𝑚𝑚𝑎𝑎𝑠𝑠2 + 𝑐𝑐𝑎𝑎𝑠𝑠 + 𝑘𝑘𝑎𝑎

 (3-39) 

Since the modal mass 𝑚𝑚𝑖𝑖 is much larger than the mass of actuator in civil engineering 
structure, it is obvious to get 𝑚𝑚𝑎𝑎/𝑚𝑚𝑖𝑖 ≈ 0 such that G(𝑠𝑠)G𝑟𝑟(𝑠𝑠) ≈ 0. Then Eq. (3-38) can be 
simplified as: 

 𝑄𝑄𝑠𝑠(𝑠𝑠)
𝑉𝑉(𝑠𝑠)

= 𝐺𝐺𝑎𝑎(𝑠𝑠)𝐺𝐺(𝑠𝑠) (3-40) 

The block diagram of Eq. (3-40) is shown in Figure 3.3(b). Eq. (3-40) implies that the 
transmitted force generated by the actuator to the structure can be considered independent of 
the structural movement. The actuator dynamics  𝐺𝐺𝑎𝑎(𝑠𝑠) , which is the TF between the 
transmitted force and control voltage, can be expressed as: 

 
𝐺𝐺𝑎𝑎(𝑠𝑠) =

𝐹𝐹𝑡𝑡(s)
𝑉𝑉(𝑠𝑠)

=
𝑚𝑚𝑎𝑎𝑠𝑠2

𝑚𝑚𝑎𝑎𝑠𝑠2 + 𝑐𝑐𝑎𝑎𝑠𝑠 + 𝑘𝑘𝑎𝑎
𝑔𝑔𝑖𝑖 =

𝑔𝑔𝑖𝑖𝑠𝑠2

𝑠𝑠2 + 2𝜉𝜉𝑎𝑎𝜔𝜔𝑎𝑎𝑠𝑠 + 𝜔𝜔𝑎𝑎2
 (3-41) 

in which 𝜉𝜉𝑎𝑎 and 𝜔𝜔𝑎𝑎 are the damping ratio and natural frequency of the actuator, respectively. 
Hence, if a control signal calculated by the controller is provided to the actuator, not only the 
amplitude but also the phase of the original signal is altered. 

3.4.2 Effects of low pass and high pass filters 

Both a low pass filter and a high pass filter are necessary during AVC implementation. 
A low pass filter is required to avoid spillover effects of the higher modes introduced in Sec. 
3.3. A high pass filter is also required to avoid numerical issues associated with integration of 
acceleration signals to velocity as well as to reduce the stroke saturation effects caused by the 
dynamics of actuator, as described in Sec. 2.1. Therefore, it is of great importance to study the 
effects of the dynamics of these filters to the control system. 
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Filters can be divided into analog filters and digital filters, and the digital filter will be 
used in this study because of its better performance, not only in the time domain such as the 
step response but also in the frequency domain like the ripple and roll-off performance [70]. 

The finite impulse response (FIR) filter is one category of digital filter which is 
implemented through convolution, such as the Wiener and matched filters. Although these 
filters can achieve perfect performance for specific applications, it is not possible to apply a 
FIR filter in real-time control because of its heavy computational burden of convolution. In 
comparison, the infinite impulse response (IIR) filter works much faster, and can provide an 
acceptable level of performance. 

The IIR filter is also called a recursive filter, implying that it is carried out through the 
recursive method. The algorithm of the recursive method is in the form of: 

 𝑦𝑦[𝑛𝑛] = 𝑎𝑎0𝑥𝑥[𝑛𝑛] + 𝑎𝑎1𝑥𝑥[𝑛𝑛 − 1] + 𝑎𝑎2𝑥𝑥[𝑛𝑛 − 2] + 𝑎𝑎3𝑥𝑥[𝑛𝑛 − 3] + ⋯ 

                     +𝑏𝑏1𝑦𝑦[𝑛𝑛 − 1] + 𝑏𝑏2𝑦𝑦[𝑛𝑛 − 2] + 𝑏𝑏3𝑦𝑦[𝑛𝑛 − 3] 
(3-42) 

where 𝑥𝑥[𝑛𝑛], 𝑥𝑥[𝑛𝑛 − 1], 𝑥𝑥[𝑛𝑛 − 2], 𝑥𝑥[𝑛𝑛 − 3] are the input signals at sampling time 𝑛𝑛,𝑛𝑛 − 1,𝑛𝑛 −
2, 𝑛𝑛 − 3, and 𝑦𝑦[𝑛𝑛],𝑦𝑦[𝑛𝑛 − 1],𝑦𝑦[𝑛𝑛 − 2],𝑦𝑦[𝑛𝑛 − 3] are the output signals at sampling time 𝑛𝑛,𝑛𝑛 −
1, 𝑛𝑛 − 2,𝑛𝑛 − 3. The coefficients “a” and “b” values that define the IIR filter are called the 
recursion coefficients. Eq. (3-42) implies that each point in the output signal is calculated by 
multiplying the values from the input signal by the “a” parameters, multiplying the previously 
calculated output signals by the “b” parameters, and adding them together. In practice, it is not 
possible to use more than a dozen recursion coefficients because the filter will become unstable. 

The Chebyshev filter is often used as one of IIR filters for its ability of achieving a faster 
roll-off by allowing ripple in the frequency domain. As the ripple increase (not preferable), the 
roll-off becomes sharper (favorable). When the ripple is designed to 0%, the filter is called the 
Butterworth filter. There are four parameters to design a Chebyshev filter: (1) a high pass or 
low pass response, (2) the cut-off frequency, (3) the percent ripple in the passband and (4) the 
number of poles. 

For a two-pole low pass Butterworth filter, it is designed by placing two poles evenly 
around the left-half of the circle on the s-plane, as shown in Figure 3.4. The radius of the circle 
is the cut-off frequency. 

Since no zero exists in Figure 3.4, the TF of this filter can be written as: 

 𝐻𝐻(𝑠𝑠) =
1

(𝑠𝑠 − 𝑝𝑝1)(𝑠𝑠 − 𝑝𝑝2)
 (3-43) 

where 𝑝𝑝1 and 𝑝𝑝2 are the two poles of the filter. 
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Figure 3.4 The Butterworth s-plane 

Since a digital filter is considered here, it is necessary to convert the filter from the s-
domain into the z-domain using the technique called the bilinear transform. The bilinear 
transform changes 𝐻𝐻(s) into 𝐻𝐻(z), by the substitution of: 

 
𝑠𝑠 →

2(1 − 𝑧𝑧−1)
𝑇𝑇(1 + 𝑧𝑧−1)

 (3-44) 

that is replacement of each 𝑠𝑠 in the 𝐻𝐻(𝑠𝑠) with the above equation, and 𝑇𝑇 = 2 tan(0.5) = 1.093. 
Therefore, the TF in the z-domain becomes: 

 
𝐻𝐻(𝑧𝑧) =

𝑎𝑎0 + 𝑎𝑎1𝑧𝑧−1 + 𝑎𝑎2𝑧𝑧−2

1 − 𝑏𝑏1𝑧𝑧−1 − 𝑏𝑏2𝑧𝑧−2
 (3-45) 

where “a” and “b” are the recursion coefficients shown in Eq. (3-42). For the design of a two-
pole high pass Butterworth filter, it is simply changing the “a” and “b” coefficients of the low 
pass filter with the same cut off frequency using the technique called the spectral inversion, 
which keeps the “b” coefficients be unchanged and modifies the “a” coefficients by: 

 𝑎𝑎0 = 1 − 𝑎𝑎0 

𝑎𝑎1 = −𝑎𝑎1 − 𝑏𝑏1 

𝑎𝑎2 = −𝑎𝑎2 − 𝑏𝑏2 

(3-46) 

From Eq. (3-45), it is known that both the low pass filter and high pass filter are linear 
second order models, which are similar to the model of the actuator. Figure 3.5 and Figure 3.6 
show the performance of two-pole Butterworth low pass and high pass filters with a cut-off 
frequency of 0.2ω𝑁𝑁𝑁𝑁, where ω𝑁𝑁𝑁𝑁 is the Nyquist frequency, which is a half of the sampling 
frequency. It is obvious that the dynamics of these filters will change the amplitude as well as 
the phase of the original signal. 

For the higher-order Butterworth filters, the process of design is similar to the two-pole 
case. However, since the phase change will become extremely large for a higher order filter 
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and two-pole Butterworth filters perform well in the structural control region, the two-pole low 
pass and high pass filters (or bandpass filter) will be used in the ensuing chapters. 

 

Figure 3.5 Two-pole Butterworth low pass filter 

 

Figure 3.6 Two-pole Butterworth high pass filter 

3.5 Types of delays 

In the real-time active control tests, there are several inevitable time delays and lags that 
can be divided into three main categories: communication delays, computing time delays, and 
delays of dynamic components. These types of delays are described in this section. 

3.5.1 Communication delays 

Since the real-time active control is implemented as a closed-loop system, a continuous 
exchange of information among all of the components required to conduct the test (i.e., 
computer, digital signal processor (DSP) and data acquisition system) is needed and therefore 
communication delays obviously affect the system dynamics. The main communication delays 
are caused by: 

1. The time required to pass the acceleration responses measured by accelerators to the 
data acquisition system. 

2. The time required to digitize the continuous signals to discrete time digital signals 
with a time interval through Analog-to-Digital Conversion (ADC). 

3. The time required to pass the digitized signals from data acquisition system to DSP 
and send back the control signals to the data acquisition system. 

4. The time required to convert the digital signals to continuous signals through 
Digital-to-Analog Conversion (DAC). 

5. The time required to send the continuous control signals to actuators. 
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These delays become especially important when conducting remote control through the 
internet since the network delays are random and can be very large. The communication delays 
can be assumed as a constant time delay during the real-time active control tests. 

3.5.2 Computing time 

The processor in the controller calculates the modal accelerations from the measured 
accelerations and the modal velocities by numerical time integration, and the control outputs 
based on the calculated modal velocities. This time required to calculate the actuator outputs 
at the next time step becomes especially significant for an adaptive controller and large model 
control (several modes need to be controlled). The computing time can also be seemed as a 
constant delay. 

3.5.3 Delay of dynamic components 

As discussed in Sec. 3.4, in real-time active control tests, the dynamic coupling of the 
structures with other dynamic components is particularly important, resulting in a phase lag 
between the command signal and the realization by the actuator. Typically, the phase lag can 
be modelled as a pure time delay and the time lag due to the dynamic components depends on 
the response frequency; therefore, this phase lag cannot be regarded as a constant time delay. 

In fact, the total effects of these time delays and/or phase lags might reduce the stability 
margins and the possible damping to be introduced. In the implementation of the control 
strategy to the controller, all of these delays should be considered during the control system 
design. 

3.6 Summary 

This chapter provides background information regarding the model based active control, 
which will be used in the controller design in the ensuing chapters. 

The modal filtering (MF) method is first reviewed. The modal filtering vectors are very 
sensitive to the modal shapes, therefore it is of great significance to identify accurate mode 
shapes prior to the calculation of the modal filtering vectors. 

The simple modal direct velocity feedback controller, in which the control force for the 
ith mode is calculated as the modal velocity multiplied by a positive control gain, is presented. 
It performs well if dynamic components can be neglected. However, dynamics of the actuator 
or other dynamic components involved in the system cannot usually be ignored during the real-
time control process and therefore improvement should be considered. 
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A review of the control spillover and observation spillover effects to the control system 
follows. If the observation spillover does not exist, although the control spillover can degrade 
the system response through the residual modes, it does not contribute to destabilization of the 
system. On the other hand, if both of the observation and control spillover exist, the combined 
effect of spillover can lead to closed-loop instabilities especially in the residual modes with 
insufficient stability margins. 

Then, the effects of the actuator dynamics, the filter dynamics and the actuator-specimen 
interaction are presented. It has been demonstrated that the force transmitted from the actuator 
to the structure can be considered independent of the structural movement since the mass of 
the actuator is considerably smaller than the modal mass of floor. Also, it is shown that the 
dynamic characteristics of the actuator and the band pass filter can affect both magnitude and 
phase of the control signal. 

Finally, the sources of time delays and lags are reviewed. All of these delays should be 
considered during the control system design such that a good control performance can be 
achieved.
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Chapter 4 System for Active Control Testing 

In order to allow execution of real-time AVC testing, a testing system consisting of the 
real-time-oriented hardware and software for high speed computation and communication, 
with high performance actuators and sensors has been designed. This system is used throughout 
study developed in this dissertation to experimentally evaluate the proposed methods and 
algorithms. Descriptions of the system architecture, components and tests conducted to 
characterize their performance are presented in this chapter. 

4.1 System architecture 

 

Figure 4.1 Schematic of system for real-time active control testing 

Figure 4.1 shows the schematic of the testing system, which includes a hammer to 
generate impulsive loadings, an electromagnetic actuator connected with a power resource and 
an amplifier to produce the control force, four acceleration sensors to provide acceleration 
feedback through amplifiers, a computer to exchange data with a DSP (digital signal processor), 
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which is used for real-time control algorithm development, and digital-to-analog (D/A) and 
analog-to-digital (A/D) converters. The DSP system is based on TMS320C6713 processor 
(Texas Instruments). 

 

Figure 4.2 Experimental setup (system for real-time active control) 

4.2 System components 

Figure 4.2 shows the main components of the active control testing system and Figure 
4.3 shows a detailed view of the components on the specimen. This testing equipment is 
developed at the testing facility of Sumitomo Riko Co. Ltd. in Komaki city in Japan. 

 

Figure 4.3 Experimental setup (on the plate) 
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Descriptions of the components of the real-time active control testing system are as 
follows: 

4.2.1 Test specimen 

A series of verification experiments are conducted on the steel plate shown in Figure 4.3, 
which is regarded as the floor model. The specimen consists of a 840mm×840mm steel plate 
with a thickness of 4.5mm. All four edges are connected to sufficiently rigid steel beams with 
bolt-clamp connection. 

 

Figure 4.4 Dimensions of steel plate model (mm) 

Dimensions and material properties of the steel plate are presented in Figure 4.4 and 
Table 4.1, respectively. 

Table 4.1 – Material properties of steel plate 
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4.2.2 Actuator and sensor 

An electromagnetic actuator, which is manufactured by Sumitomo Riko Co. Ltd. for the 
development project, is used to provide the active control force. The appearance and dimension 
of the actuator are shown in Figure 4.5. The actuator consists of an inertial mass attached to a 
high performance magnet which is surrounded by a current-carrying solenoidal coil, as shown 
in Figure 4.6. The weight and stroke length of the inertial mass are 1.8kg and ±8mm, 
respectively. The actuator is connected to an analog amplifier and a power resource to generate 
the control force as shown in Figure 4.2. 

 

Figure 4.5 Electromagnetic actuator  

 

Figure 4.6 Components inside the actuator 

The piezoelectric accelerometers are used in the tests to measure the vibrations of the 
steel plate. Specifications of the accelerometers are shown in Table 4.2. Strain in the 
piezoelectric materials generates electrical charge and then the electrical charge is converted 
into a voltage in a suitable range. The piezoelectric accelerometer consists of a mass which is 
connected to the floor structure through the piezoelectric material which acts as an extremely 
stiff spring. This mass-spring system has its own resonant frequency which must be well above 
the frequency range of interest. Acceleration in the floor structure can then produce an inertial 
force in the piezoelectric material, which will be proportional to the acceleration. The 
appearance and dimension of the accelerometer are shown in Figure 4.7. 

Accelerometers can be mounted on the floor model via a variety of methods, such as 
using glue, magnets or beeswax. Since attaching the accelerometers with magnets and beeswax 
have the advantage that the sensing location can be moved with ease, this method is used in 
this study. 



 

47 
 

 

 Table 4.2 – Sensor specifications    

 

 

 

Figure 4.7 Sensor used in the test 

4.2.3 DSP and data communication system 

A PC connected with the DSP system based on a parallel processing DSK board based 
on the Texas Instrument TMS320C6713 processor is used to carry out the real-time active 
control. An input-output board that contains 6 input (A/D) channels and 8 output (D/A) 
channels is employed to convert the signals from analog to digital, and digital to analog, 
respectively, both having a resolution of 16 bits. All of the input and output channels have a 
voltage capacity range of +/-10V, providing a minimum resolution of 0.3mV on the ADC. 
Figure 4.8 shows the DSP system used in the test. Access to the input and output channels is 
provided by the board connector panels that allow the signal cables to be connected via BNC 
ports. 
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Figure 4.8 DSP system 

4.2.4 Impulse hammer 

The impulsive force for the active control testing is generated by striking the test object 
with the force-instrumented hammer shown in Figure 4.9. The length of the hammer is 37cm 
and the head diameter is 5.1cm. 

 

Figure 4.9 Impulse hammer 

The hammer consists of an Integrated Circuit Piezoelectric (ICP) force sensor mounted 
on the striking end of the hammer head. The sensing element works to transfer impulsive force 
into electrical signal for measurement. An impact tip is installed on the striking end of the 
hammer and it functions to transfer the force of impact to the ICP sensor and to protect the 
sensor face from damage. 
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Figure 4.10 Impulsive response in the time domain 

 

Figure 4.11 Impulsive response in the frequency 
domain 

The hammer can generate a nearly constant spectral values over a broad frequency range 
and is therefore capable of exciting all of resonances of the specimen in that range. The force 
impulse in the time domain and frequency domain on a stiff mass for the hammer are shown in 
Figure 4.10 and Figure 4.11, respectively. 

For more information about the hardware introduced above and the associated amplifiers, 
see Table 4.3. 

Table 4.3 – Website for all the hardware products 

Actuator https://www.sumitomoriko.co.jp/index.php 
Actuator Amplifier http://pioneer.jp/carrozzeria/archives/products/gm_d6400_6100/ 

Sensor http://svmeas.rion.co.jp/download/catalog/PV-90B 
Sensor Amplifier http://svmeas.rion.co.jp/products/10008/UV160009 

DSP system http://www.mtt.co.jp/dsp/sbox_index.html 
Hammer https://www.toyo.co.jp/pcb-pf/hammer.php 

4.2.5 Software 

The development environment for the algorithms used for the real-time active control is 
Code Composer Studio (CCS) development environment, as shown in Figure 4.12. All the 
algorithms are programmed into CCS using C language. In real-time active control testing, the 
output voltages to be imposed to the actuator are not known in advance. To prevent damage of 
the steel plate specimen and the actuator, limits of the absolute value of boundary outputs are 
set to prevent occurrence of excessive voltage. At each real-time step, the actuator output 
values are compared to the user-defined allowable values, and if any of these values is exceeded, 
the pre-defined value is used as the output. 

https://www.sumitomoriko.co.jp/index.php
http://pioneer.jp/carrozzeria/archives/products/gm_d6400_6100/
http://svmeas.rion.co.jp/download/catalog/PV-90B
http://svmeas.rion.co.jp/products/10008/UV160009
http://www.mtt.co.jp/dsp/sbox_index.html
https://www.toyo.co.jp/pcb-pf/hammer.php
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Figure 4.12 CCS interface 

4.3 Modal testing of steel plate 

It is necessary to establish an accurate model of the steel plate specimen for development 
of the active control algorithm based on modal filtering. The modal testing was carried out to 
identify the lowest modes of floor vibration. The identified mode shapes of the specimen can 
be used in the selection of the optimal sensor and actuator placement for the real-time control 
and implementation of the modal filtering technique. The identified mode frequencies can be 
utilized in the development of the modal phase compensation techniques. The modal tests were 
carried out in 4 hours without the adverse effects of extraneous excitation on the measurements. 

4.3.1 Equipment 

The modal testing was performed using the hammer described in Sec. 4.2.4 as the 
excitation source. The excitation forces were measured through the ICP sensor installed inside 
the hammer and sent to signal analyser. 

The structural responses were measured using the piezoelectric accelerometers described 
in Sec. 4.2.2, which were mounted on the steel plate with beeswax. 

The digital excitation and measurement signals were collected using the OR30 Series 
Multi-job FFT Analyser (http://www.toyo.co.jp/mecha/products/detail/oros-fft.html), which 

http://www.toyo.co.jp/mecha/products/detail/oros-fft.html
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has 16 input channels. The analyser provided immediate calculation of frequency response 
functions (FRFs) so that the quality of the signals can be assessed as the modal testing 
progressed. The effective signals were recorded and stored on the analyser for the structural 
parameter estimation performed afterwards. 

4.3.2 Methodology 

A square 9×9 grid mesh was defined to specify 81 test points (sensor location candidates) 
on the surface of the steel plate, as shown in Figure 4.13. The testing proceeded by knocking 
the steel plate at Point 21 using the hammer, the response accelerometers were located at eight 
test points and FRF measurements were made. Then the seven accelerometers were moved to 
another set of seven locations while the location of the other one reference sensor was retained 
at its original location and again the FRF measurements were made. The approximate 
impulsive loading was adjusted through the reference sensor. This process is repeated until the 
acquisition of all of the 81 FRFs was completed. The frequency range of the recording was set 
between 0Hz and 200Hz during the modal testing. 

 

Figure 4.13 Point mesh on the steel plate 

After the acquisition of 81 set FRF data, modal parameter estimation was conducted to 
determine the vibration modes of the steel plate. It took only a short time for the parameter 
estimation if the acquired data were of sufficient quality and if there were no points that 
required repeated measurement. 

The rational fraction polynomial method with global fitting [71]–[73] was utilized to 
achieve the modal estimation. In this method, the global frequency and damping are estimated 
as the first step, and these data were then used to estimate the modal shapes in the second step, 
therefore this method provided more accurate parameter estimates than simultaneously 
estimating the modal frequency, damping and mode shape for each mode in each measurement. 
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The modal estimation was carried out using the commercial software “ME’scope” 
(http://systemplus.co.jp/product/mescope/index.html). 

4.3.3 Results 

The first five modes of vibration (modal natural frequencies, modal damping ratios and 
mode shapes) estimated from the measured FRF data are shown in Figure 4.14, Table 4.4 and 
Table 4.5. 

 

Figure 4.14 Identified modal frequencies and mode shapes 

 

Table 4.4 – Identified modal frequencies and damping ratios 

 

 

 

 

 

 

 

 

 



 

53 
 

Table 4.5 – Relative mode shape values 
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Based on the results of the modal testing, the total number of the modes within the 
bandwidth of interest are selected to be five. In the subsequent steps of the investigation, the 
1st~3rd modes of the plate are chosen as the control modes, and the 4th~5th modes are 
considered as the residual modes, which will be used to analyse the spillover effects. More 
details will be shown in the next chapter. 

4.4 System characterization 

When conducting real-time active control experiments, information on the dynamic 
responses of the testing components is essential for the control algorithm development. Effects 
associated with actuator dynamics and time delays must be properly determined in advance. In 
this section, experimental identification of the actuator dynamics and time delays are conducted. 

4.4.1 Actuator dynamics 

In order to understand the behavior of the actuator over a wide range of frequencies, the 
TF 𝐺𝐺𝑎𝑎(s) from the input voltage (V) to the measured actuator force (N) was determined using 
a binary random excitation as input, as shown in Figure 4.15. The actuator force was measured 
by placing an accelerometer on the top of the actuator mass and obtained by multiplying the 
measured acceleration by the weight of the actuator mass. The output accelerations are shown 
in Figure 4.16. The data were captured at a sampling rate of 1000Hz for 5 seconds. 

 

Figure 4.15 Input binary random data 

 

Figure 4.16 Output acceleration 

The data set was divided into two parts; the first half data were used to estimate the 
actuator model while the second half data were used to detect the degree of fitting of the 
estimated model. The former was carried out through the Instrument Variable (IV) method as 
long as the number of the poles and zeros are known, while the latter was achieved through 
simulating the response of the estimated model and comparing the result with the measurement. 
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These were done using the System Identification Toolbox in MATLAB. The obtained actuator 
model was: 

 
𝐺𝐺𝑎𝑎(𝑠𝑠) =

𝐹𝐹𝑡𝑡(s)
𝑉𝑉(𝑠𝑠)

=
12.228𝑠𝑠3 + 15091𝑠𝑠2 − 2.73𝑒𝑒4𝑠𝑠 − 5.7174𝑒𝑒6

𝑠𝑠3 + 381.17𝑠𝑠2 + 3.7852𝑒𝑒4𝑠𝑠 + 4.7259𝑒𝑒6
   (4-1) 

Transfer Eq.   (4-1) to the zero-pole form gives: 

 
𝐺𝐺𝑎𝑎(𝑠𝑠) =

12.228(𝑠𝑠 − 18.45)(𝑠𝑠 + 20.57)(𝑠𝑠 + 1232)
(𝑠𝑠2 + 2 ∗ 0.295 ∗ 123.85𝑠𝑠 + 123.852)(𝑠𝑠 + 308.1)

 
(4-2) 

 

It can be found that there are two zeros near the origin in Eq. (4-2). The dynamics of the 
actuator can be regarded as a linear second-order system described in Sec. 3.4.1 cascaded with 
a system of the term (𝑠𝑠 + 1232)/(𝑠𝑠 + 308.1), which is added to account for the dynamic 
property of the actuator. The natural frequency and damping ratio of the actuator are estimated 
to be 19.71Hz and 0.2950, respectively. The bode diagram of the actuator system and the 
experimental data are shown in Figure 4.17. 

 

Figure 4.17 Frequency response of actuator: ( * ) experimental  (—) model 

Ideally, one would expect an actuator system with a phase lag of zero over the entire 
control frequency range. In usual cases, this behavior is not possible. At all the identified modes 
of the steel plate including the first mode at the natural frequency of 49.88Hz, non-zero phase 
lags present as indicated by the phase plot. 

4.4.2 Time delays 

Except for the actuator time lags, there are several other time delays and lags exist during 
the real-time active control experiment. Possible sources of these delays and lags are as follows: 

 Sampling rate of the controller 
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 Computation time 
 A/D converter for measured signals 
 D/A converter for command signals 
 Communication delays of cables 
 Low pass and high pass filter time lags 

A series of tests were performed to quantify these time delays. The communication 
delays caused by cables was assumed to be negligible. 

For the first test, the DSP system was set to run with a sampling time of 1msec (sampling 
rate of 1000Hz). A sinusoidal function with a frequency of 50Hz and an amplitude of 0.05V 
was generated, sent out to the D/A interface, and instrumented by the A/D interface by 
connecting the interfaces with a cable. This test considered the total delays associated with the 
D/A and A/D converters. Figure 4.18 shows the results of this test. As can be observed, the 
delays are approximately 1msec (one time step). 

 

Figure 4.18 Time delays generated by A/D-D/A 

 

Figure 4.19 A/D-D/A time delays of   different 
frequencies

The tests with the identical procedure were also conducted in the frequency range 
between 30Hz and 160Hz to examine the A/D-D/A delays at various frequencies. The results 
are shown in Figure 4.19. It is obvious that the A/D-D/A time delays do not depend on 
frequency and therefore can be regarded to be constant. 

The effect of the sampling rate on the time delay was studied using the same sinusoidal 
signal as the first test (50 Hz and 0.05V). The sampling rate was changed from 500Hz to 
5000Hz with a frequency interval. It can be seen from Figure 4.20 that as the sampling rate 
increases, the time delays caused by A/D-D/A decreases (keep one time step). In the following 
tests, the sampling rate of 1000Hz is chosen for consistency with the previous tests. 
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Figure 4.20 Effect of sampling rate 

The delay time due to calculation of the DSP system used in the tests was measured. 
Using the model identical to the one used for the real active three modes control of floor 
vibration testing, as described in Chapter 8, a computational burden is provided to the DSP 
system by running a code to simulate the response. Figure 4.21 shows the measured signal that 
includes the delays associated with the converters and computation time, and the signal that 
only includes the A/D-D/A delays. As can be observed, the total time delays are estimated to 
be the same for the two signals. Therefore, the computation time can be neglected during the 
real-time control tests. 

 

Figure 4.21 Effect of calculation delay 

The time lags associated with the actuator was measured. The measurement procedure 
is as follows: the same sinusoidal wave was generated on the DSP system, the signal was sent 
to the D/A interface to activate the actuator and the measured acceleration signal was captured 
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by the A/D interface. The acceleration is measured by attaching an accelerometer on the top of 
the actuator mass. Since the amplitude of the measured signal was significantly larger than 
0.05V, the amplitude was scaled to 0.05V for phase comparison. The results are shown in 
Figure 4.22, which includes the command signal (blue line), the measured A/D-D/A signal (red 
line) and measured A/D-D/A-actuator signal (green line). The time delay caused by A/D-D/A 
and the actuator is approximately 1.7msec. Therefore the time delay of the actuator for 50Hz 
sinusoidal input is 0.7msec. 

 

Figure 4.22 Effect of actuator delay 

Finally, the time lags caused by low pass filter and high pass filter were measured. Two-
pole Butterworth filters described in Sec. 3.4.2 were used in the tests. The cut-off frequency 
for high pass filter was set to 10Hz, while the cut-off frequency for low pass filter was 200Hz. 
The same signal was generated on the DSP system, sent out the D/A interface, and captured 
by the A/D interface, then the low pass filter or the high pass filter was applied on the captured 
signal. The results are shown in Figure 4.23 and Figure 4.24, which include the command 
signal (blue line), the measured A/D-D/A signal (red line) and measured A/D-D/A-high pass 
or low pass filtered signal (green line). From Figure 4.23, it can be observed that the total time 
delays caused by A/D-D/A and the high pass filter are approximately 0.085msec, which 
means that the high pass filter provides a lead time to the measured signal. The lead time of 
the high pass filter for the 50Hz sinusoidal signal is 0.915msec. The total time delays caused 
by A/D-D/A and low pass filter is approximately 2msec, as can be seen from Figure 4.24. 
Therefore, the time delay of the low pass filter for the 50Hz sinusoidal signal is 1msec. 

It should be noted that the time delays of the actuator and the filters were measured using 
only the 50Hz sinusoidal signal. The time delays for other sinusoidal signals will not the same 
as the 50Hz case, which can be explained by comparison of Figure 3.5, Figure 3.6 and Figure 
4.17. 
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Figure 4.23 Effect of high pass filter 

 

Figure 4.24 Effect of low pass filter 

It can be concluded from the measurement results that the main sources of delays in the 
present real-time testing system are the A/D-D/A converters, dynamics of actuators and filters. 

4.5 Selection of sampling rate 

It can be observed from Figure 4.20 that the value of sampling rate significantly affects 
the A/D-D/A time delays, and several other factors must be considered when choosing the 
sampling rate for satisfactory execution of a real-time active control experiment. These factors 
include accurate integration of the filtered modal response from acceleration to velocity, 
maintaining smoothness of the control signal and effective use of the two-pole Butterworth 
filters. Based on a series of trial-and-error testing, the sampling rate for the modal filtering-
based active control is selected to be 1000Hz. 

4.6 Summary 

A testing system that combines real-time hardware and software with high performance 
actuators and sensors is assembled for real-time active control experiments. The testing system 
is used throughout the whole active control experiments. 

Modal testing of the plate specimen and the actuator is conducted. Five modes are 
identified in the natural frequency range less than 200Hz. The lowest three modes are to be 
controlled and the other two modes are considered as the residual modes in the investigation 
developed in the ensuing chapters. 

Time delays/lags are critical parameters in the real-time active control experiments. 
Experimental measurements to quantify these parameters show that the time lags/delays 
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associated with the A/D-D/A converters, dynamics of actuators and filters are the dominant 
factors, while computing time and delays related to communication are, in general, relatively 
small. 
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Chapter 5 Optimal Sensor and Actuator 

Placement 

A new approach to optimal placement of sensors and actuators for suppressing vibration 
of floor panels using the modal filtering technique is presented. As discussed in Sec. 3.3, 
limitation of the model-based methods is related to the spillover effects caused by the neglected 
modes. In this chapter, a sensor and actuator placement determination procedure is developed 
so that enhancement of the separation performance of the modelled modes and reduction of the 
spillover effect of the truncated modes in modal filtering are achieved at the same time by 
combining the minimum spillover method, effective independence method (EFI) and modal 
assurance criterion (MAC). Performance of the proposed procedure is investigated by 
conducting verification tests on the rectangular steel plate, and the sensor placement 
determined by the proposed approach achieves preferable results than other two sensor 
placement cases. The effectiveness of the proposed approach is also verified by state feedback 
control for individual modes. 

5.1 Introduction 

The optimal sensor placement (OSP) in mechanical systems and structures has become 
a popular and frequently discussed topic in the past decades. Applications cover a variety of 
areas such as modelling, identification, fault detection, health monitoring and active control of 
such systems [74]–[81]. On the other hand, the optimal actuator placement (OAP) is frequently 
used in the area of active control and investigated in association with the OSP. The goal of OSP 
and OAP is to determine where sensors or actuators are to be installed so that the configuration 
fulfils the requirements. 

For the case of active control of human induced vibration of floors, since Direct-Output 
Feedback controllers are usually adopted, sensor and actuator placement for the application of 
modal filtering based active control have not been deeply developed. In Sec. 3.1, it has been 
shown that there are as many as 𝑁𝑁!/(𝑆𝑆! (𝑁𝑁 − 𝑆𝑆)!) candidates to choose S sensor locations from 
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a possible N candidates if the modal filtering technique is utilized, therefore it is not an easy 
task to select the sensor placement to achieve the optimal modal filtering matrix [51]. 

For successful application of the MF technique for floor system vibration control, the 
placement of sensors and actuators to reduce the associated noise and spillover effects and to 
enhance the performance of the system as well as its fatigue durability is of great significance 
[82]. While the number of sensors should be greater or equal to the total number of the modes 
considered in modal filtering, use of a large number of sensors is not recommended for the 
economic and aesthetic considerations. For the case of dynamic response control of a system 
with classical damping, it is possible to point out the following four issues that should be 
considered in determining the sensor placements. 

1) Observability: the sensors should be located in the vicinity of the anti-nodes of the 
natural modes to be measured. 

2) State estimate ability [19]: the covariance matrix of the estimate errors should be as 
small as possible with the effect of white noise in the measurement signal by the 
sensors. 

3) Orthogonality: this property is considered to ensure the principle of modal filtering 
to rigorously hold and to enhance robustness against the error of modal shape 
estimation. 

4) Observation spillover: since it is not practical and not necessary to model all the 
modes, a few number of lower modes or modes in the bandwidth of interest are 
considered to be controlled by this method. However, the neglected modes are still 
present in the system and the truncation of the modes may cause a spillover effect 
when the system is subjected to disturbance excitations or control forces, as 
described in Sec.3.3. The spillover observed by the sensors should be as small as 
possible to avoid instability caused by the truncated modes [66], [67], [83]. 

There are two issues for the optimal actuator placement. 

1) Controllability: the actuators should be located in the vicinity of the anti-nodes of 
the natural modes to be controlled.  

2) Control spillover: parallel to the observation spillover, the control spillover 
generated by actuators should be as small as possible to avoid instability caused by 
the truncated modes. 

The objective of the study described in this chapter is to develop a sensor and actuator 
placement procedure to deal with the above problems. The minimum spillover method, the 
effective independence method and the modal assurance criterion used as background 
techniques are introduced in Sec. 2. The proposed sensor and actuator placement method that 
enhances the separation performance of the modelled modes and reduces the spillover effects 
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of the neglected modes is developed in Sec. 3. Some results of experimental tests are discussed 
in Sec. 4. 

5.2 Preliminaries 

5.2.1 The minimum spillover method 

As introduced in Sec. 3.1, the MF technique is based on the idea of coordinate 
transformation, where the signal measured by the sensors can be expressed as a linear 
combination of sinusoidal responses in multiple natural vibration modes. Sensors can be placed 
randomly on the meshed point of finite elements, while the mode shape of the individual 
meshed points for each mode can be obtained from either FEM or modal testing. From Eq. 
(3-6), the physical responses measured by sensors can be expressed as: 

 
𝒖𝒖(t) = �𝐴𝐴𝑛𝑛𝝋𝝋𝑛𝑛 cos(𝜔𝜔𝑛𝑛𝑡𝑡 − 𝛾𝛾𝑛𝑛)

𝑁𝑁

𝑛𝑛=1

= �  𝑞𝑞𝑛𝑛(𝑡𝑡)𝝋𝝋𝑛𝑛

𝑁𝑁

𝑛𝑛=1

 (5-1) 

where 𝒖𝒖(t) is the responses measured by sensors represented as a vector, N is the number of 
natural modes to be considered, 𝐴𝐴𝑛𝑛 is the real amplitude, 𝝋𝝋𝑛𝑛 is the modal shape vector, 𝛾𝛾𝑛𝑛 is 
the phase, 𝜔𝜔𝑛𝑛 is the natural angular frequency and n denotes that the variable is for the nth 
mode. The symbol 𝑞𝑞𝑛𝑛(𝑡𝑡) represents the generalized coordinate of the nth mode that represents 
the nth mode response 𝐴𝐴𝑛𝑛 cos(𝜔𝜔𝑛𝑛𝑡𝑡 − 𝛾𝛾𝑛𝑛) in this case. 

The number of the modes 𝑁𝑁 is assumed to be a finite integer. Let us assume that the number 
of the controlled modes be 𝑀𝑀 such that 𝑀𝑀 < 𝑁𝑁. In this case, the responses 𝒖𝒖(t)can be divided 
into a controlled part and a residual part [84], [85], as discussed in Sec. 3.3, which can be 
expressed in a matrix-form: 

 {𝑢𝑢} = [𝜑𝜑𝑚𝑚]{𝑞𝑞𝑚𝑚} + [𝜑𝜑𝑢𝑢𝑢𝑢]{𝑞𝑞𝑢𝑢𝑢𝑢} (5-2) 

where {𝑢𝑢} is an 𝑆𝑆-dimensional vector, 𝑆𝑆 is the number of sensors such that 𝑆𝑆 ≥ 𝑀𝑀, the 
size of the matrix [𝜑𝜑𝑚𝑚] is 𝑆𝑆 × 𝑀𝑀, that of [𝜑𝜑𝑢𝑢𝑢𝑢] is 𝑆𝑆 × (𝑁𝑁 −𝑀𝑀), {𝑞𝑞𝑚𝑚} is an 𝑀𝑀-dimensional 
vector and {𝑞𝑞𝑢𝑢𝑢𝑢} is an (𝑁𝑁 −𝑀𝑀)-dimensional vector. 

From Eq. (5-2): 

 {𝑞𝑞𝑚𝑚} = ([𝜑𝜑𝑚𝑚]𝑇𝑇[𝜑𝜑𝑚𝑚])−1[𝜑𝜑𝑚𝑚]𝑇𝑇{𝑢𝑢} − ([𝜑𝜑𝑚𝑚]𝑇𝑇[𝜑𝜑𝑚𝑚])−1[𝜑𝜑𝑚𝑚]𝑇𝑇[𝜑𝜑𝑢𝑢𝑢𝑢]{𝑞𝑞𝑢𝑢𝑢𝑢} (5-3) 

Note that ([𝜑𝜑𝑚𝑚]𝑇𝑇[𝜑𝜑𝑚𝑚])−1[𝜑𝜑𝑚𝑚]𝑇𝑇) is the generalized inverse of the modal matrix [𝛹𝛹𝑚𝑚] 
[86]. The second term on the right hand side of Eq. (5-3) is referred to as the residual part. If 
the spillover effects are sufficiently small and negligible, Eq. (5-3) can be expressed as: 



 

66 
 

 {𝑞𝑞𝑚𝑚} = ([𝜑𝜑𝑚𝑚]𝑇𝑇[𝜑𝜑𝑚𝑚])−1[𝜑𝜑𝑚𝑚]𝑇𝑇{𝑢𝑢} (5-4) 

In order for {𝑞𝑞𝑚𝑚} to be acceptably expressed by Eq. (5-4), the modal shape matrix [𝜑𝜑𝑢𝑢𝑢𝑢] 
included in the residual part should be altered by adjusting the sensor placement. The 
observation spillover term {𝛥𝛥} is defined as the residual part with the negative sign: 

 {𝛥𝛥} = ([𝜑𝜑𝑚𝑚]𝑇𝑇[𝜑𝜑𝑚𝑚])−1[𝜑𝜑𝑚𝑚]𝑇𝑇[𝜑𝜑𝑢𝑢𝑢𝑢]{𝑞𝑞𝑢𝑢𝑢𝑢} = �𝜑𝜑𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠�{𝑞𝑞𝑢𝑢𝑢𝑢} (5-5) 

Minimization of the observation spillover can be achieved by using the norm of the 
spillover term {𝛥𝛥} as the objective function [87]: 

 ‖𝛥𝛥‖2 = {𝑞𝑞𝑢𝑢𝑢𝑢}𝑇𝑇�𝜑𝜑𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠�
𝑇𝑇
�𝜑𝜑𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠�{𝑞𝑞𝑢𝑢𝑢𝑢} = {𝑞𝑞𝑢𝑢𝑢𝑢}𝑇𝑇�𝜑𝜑𝑠𝑠𝑠𝑠𝑠𝑠�{𝑞𝑞𝑢𝑢𝑢𝑢} (5-6) 

For any {𝑞𝑞𝑢𝑢𝑢𝑢}, the following inequality holds: 

 
λ𝑚𝑚𝑚𝑚𝑚𝑚(�𝜑𝜑𝑠𝑠𝑠𝑠𝑠𝑠�) ≤

{𝑞𝑞𝑢𝑢𝑢𝑢}𝑇𝑇�𝜑𝜑𝑠𝑠𝑠𝑠𝑠𝑠�{𝑞𝑞𝑢𝑢𝑢𝑢}
{𝑞𝑞𝑢𝑢𝑢𝑢}𝑇𝑇{𝑞𝑞𝑢𝑢𝑢𝑢} ≤ λ𝑚𝑚𝑚𝑚𝑚𝑚(�𝜑𝜑𝑠𝑠𝑠𝑠𝑠𝑠�) (5-7) 

where λ𝑚𝑚𝑚𝑚𝑚𝑚(�𝜑𝜑𝑠𝑠𝑠𝑠𝑠𝑠�) and λ𝑚𝑚𝑚𝑚𝑚𝑚��𝜑𝜑𝑠𝑠𝑠𝑠𝑠𝑠�� are the minimum and maximum eigenvalues of �𝜑𝜑𝑠𝑠𝑠𝑠𝑠𝑠�, 
respectively. In order to minimize the spillover effect, sensors must be arranged to achieve the 
minimum value of λ𝑚𝑚𝑚𝑚𝑚𝑚(�𝜑𝜑𝑠𝑠𝑠𝑠𝑠𝑠�), which means that the sensor placement is to be determined 
using the following objective function [88]: 

 𝐽𝐽𝑠𝑠𝑠𝑠𝑠𝑠 = λ𝑚𝑚𝑚𝑚𝑚𝑚��𝜑𝜑𝑠𝑠𝑠𝑠𝑠𝑠�� → 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 (5-8) 

Note that the presence of noise in the measurement signals is not assumed in the 
formulation. Orthogonality of the modal matrix [𝜑𝜑𝑚𝑚] is not assumed in this approach either. 
Also, since an enormous number of possible sensor locations have to be considered in the 
algorithm in practice, computational efficiency is required in the determination procedure of 
the optimal sensor location to achieve the minimum of the objective function 𝐽𝐽𝑠𝑠𝑠𝑠𝑠𝑠. 

The minimum spillover method can also be developed for searching the optimal actuator 
placement. As discussed in Sec. 3.3, if the observation spillover effects exist, the filtered modal 
responses are contaminated by the residual modes, and because the modal direct velocity 
feedback controller is used, the control forces will excite the residual modes, which are referred 
to as the control spillover effects. If the number of actuators is assumed to be 𝑁𝑁𝑎𝑎𝑎𝑎, the modal 
control forces of the control modes {𝑓𝑓𝑚𝑚𝑚𝑚} and the residual modes {𝑓𝑓𝑟𝑟} can be expressed as:  

 {𝑓𝑓𝑚𝑚𝑚𝑚} = [𝐵𝐵𝑐𝑐]{𝑉𝑉} (5-9) 

And: 

 {𝑓𝑓𝑟𝑟} = [𝐵𝐵𝑟𝑟]{𝑉𝑉} (5-10) 
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where {𝑓𝑓𝑚𝑚𝑚𝑚} and {𝑓𝑓𝑟𝑟} are 𝑀𝑀-dimensional and (𝑁𝑁 −𝑀𝑀)-dimensional vectors, respectively. {𝑉𝑉} 
is the control force generated by the actuators represented as an 𝑁𝑁𝑎𝑎𝑎𝑎-dimensional vector. The 
size of the mode shape matrix [𝐵𝐵𝑐𝑐] is 𝑁𝑁𝑎𝑎𝑎𝑎 × 𝑀𝑀, and that of [𝐵𝐵𝑟𝑟] is 𝑁𝑁𝑎𝑎𝑎𝑎 × (𝑁𝑁 −𝑀𝑀).  

From Eq. (5-9): 

 {𝑉𝑉} = ([𝐵𝐵𝑐𝑐]𝑇𝑇[𝐵𝐵𝑐𝑐])−1[𝐵𝐵𝑐𝑐]𝑇𝑇{𝑓𝑓𝑚𝑚𝑚𝑚} (5-11) 

where [𝐵𝐵𝑐𝑐]𝑇𝑇[𝐵𝐵𝑐𝑐])−1[𝐵𝐵𝑐𝑐]𝑇𝑇 is the generalized inverse of the modal matrix [𝐵𝐵𝑐𝑐]. Substitution of 
Eq. (5-11) into Eq. (5-10) yields: 

 {𝑓𝑓𝑟𝑟} = [𝐵𝐵𝑟𝑟]([𝐵𝐵𝑐𝑐]𝑇𝑇[𝐵𝐵𝑐𝑐])−1[𝐵𝐵𝑐𝑐]𝑇𝑇{𝑓𝑓𝑚𝑚𝑚𝑚} (5-12) 

The control spillover term {𝛥𝛥𝑐𝑐} is defined as: 

 {𝛥𝛥𝑐𝑐} = [𝐵𝐵𝑟𝑟]([𝐵𝐵𝑐𝑐]𝑇𝑇[𝐵𝐵𝑐𝑐])−1[𝐵𝐵𝑐𝑐]𝑇𝑇 = �𝐵𝐵𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠� (5-13) 

A small control spillover effect can be achieved by altering the position of actuators. As 
discussed in the observation spillover, minimization of the control spillover can be achieved 
by using the norm of the spillover term {𝛥𝛥𝑐𝑐} as the objective function: 

 ‖𝛥𝛥𝑐𝑐‖2 = {𝑓𝑓𝑚𝑚𝑚𝑚}𝑇𝑇�𝐵𝐵𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠�
𝑇𝑇
�𝐵𝐵𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠�{𝑓𝑓𝑚𝑚𝑚𝑚} = {𝑓𝑓𝑚𝑚𝑚𝑚}𝑇𝑇�𝐵𝐵𝑠𝑠𝑠𝑠𝑠𝑠�{𝑓𝑓𝑚𝑚𝑚𝑚} (5-14) 

For any {𝑓𝑓𝑚𝑚𝑚𝑚}, the following inequality holds: 

 
λ𝑚𝑚𝑚𝑚𝑚𝑚(�𝐵𝐵𝑠𝑠𝑠𝑠𝑠𝑠�) ≤

{𝑓𝑓𝑚𝑚𝑚𝑚}𝑇𝑇�𝐵𝐵𝑠𝑠𝑠𝑠𝑠𝑠�{𝑓𝑓𝑚𝑚𝑚𝑚}
{𝑓𝑓𝑚𝑚𝑚𝑚}𝑇𝑇{𝑓𝑓𝑚𝑚𝑚𝑚} ≤ λ𝑚𝑚𝑚𝑚𝑚𝑚(�𝐵𝐵𝑠𝑠𝑠𝑠𝑠𝑠�) (5-15) 

where λ𝑚𝑚𝑚𝑚𝑚𝑚(�𝐵𝐵𝑠𝑠𝑠𝑠𝑠𝑠�) and λ𝑚𝑚𝑚𝑚𝑚𝑚��𝐵𝐵𝑠𝑠𝑠𝑠𝑠𝑠�� are the minimum and maximum eigenvalues of �𝐵𝐵𝑠𝑠𝑠𝑠𝑠𝑠�, 
respectively. The actuator placement is determined using the following objective function: 

 𝐽𝐽𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 = λ𝑚𝑚𝑚𝑚𝑚𝑚��𝐵𝐵𝑠𝑠𝑠𝑠𝑠𝑠�� → 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 (5-16) 

5.2.2 The effective independence method (EFI) 

The EFI was proposed by Kammer [89]–[93] to address the sensor placement problem 
of using the data collected from the sensors to validate the finite element model of an on-orbit 
large space structure (LSS). This is achieved by placing the sensors on the LSS such that the 
data measured during an on-orbit vibration experiment will provide independent tested mode 
shapes and frequencies that can be used to make a comparison with FEM modal parameters 
using test-analysis correlation techniques. The FEM can be updated to accurately represent the 
real structure and therefore used in structural dynamics analysis and system control.  

In the EFI, based on the pre-launch FEM, a set of target modes is selected so that the set 
include all the modes that are strongly excited by the actuator at the location of configuration. 
An initial candidate set of the sensor locations is also selected. The candidate sensor locations 
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are ranked according to their contribution to the linear independence of the target modal 
partitions in an iterative manner. The trace and determinant of the related Fisher information 
matrix are maximized by this method, leading to improved estimates of the concerned modes 
in the presence of white noise. The candidate solution is narrowed iteratively by removing the 
sensor locations that contribute the least of all the position sensor locations to the linear 
independence of the target modal partitions.  

If the initial candidate sensor set is assumed to be L and N target modes are excited by 
the actuator, from Eq. (5-1), the output of each sensor candidate with additive white noise can 
be written as: 

 {𝑢𝑢𝐿𝐿} = [𝜑𝜑𝐿𝐿]{𝑞𝑞𝑁𝑁} + {ε} = 𝑯𝑯(𝑞𝑞𝑁𝑁) + {𝜀𝜀} (5-17) 

where the symbol 𝑯𝑯 represents the process measurement and {𝜀𝜀} is a stationary Gaussian white 
noise vector with zero mean and a variance of [𝜓𝜓02]. For simplification of the analysis, it is 
assumed that the noise is uncorrelated and has the same statistical properties for all sensors. 
For an efficient unbiased estimator, the covariance matrix of the estimate error can be expressed 
as: 

 
E[(𝒒𝒒𝑁𝑁 − 𝒒𝒒�𝑁𝑁)(𝒒𝒒𝑁𝑁 − 𝒒𝒒�𝑁𝑁)𝑇𝑇] = ��

∂𝑯𝑯
∂𝒒𝒒𝑁𝑁

� [𝜓𝜓02]−1 �
∂𝑯𝑯
∂𝒒𝒒𝑁𝑁

��
−1

 

                                      = �
1

[𝜓𝜓02]
[𝜑𝜑𝐿𝐿]𝑇𝑇[𝜑𝜑𝐿𝐿]�

−1

 

            = 𝑸𝑸−1 

(5-18) 

in which 𝒒𝒒�𝑁𝑁  is the unbiased estimator of  𝒒𝒒𝑁𝑁 , and 𝑸𝑸  is the Fisher information matrix. 
Maximizing 𝑸𝑸 is assumed to lead to the best state estimate of 𝒒𝒒𝑁𝑁. From Eq. (5-18), the Fisher 
information matrix is given as: 

 𝑸𝑸 =
1

[𝜓𝜓02]
[𝜑𝜑𝐿𝐿]𝑇𝑇[𝜑𝜑𝐿𝐿] =

1
[𝜓𝜓02]

 𝑨𝑨0 (5-19) 

Therefore, minimization of the estimate error is equal to maximizing a suitable norm of 
the matrix 𝑨𝑨0, which is called the Fisher information matrix as well. It is suggested that the 
trace norm should be used as the most useful and meaning full matrix norm in a physical sense 
and the determinant of the Fisher information matrix achieves its maximum among all the 
linear unbiased estimators, if the modal estimate is the best. 

The Fisher information matrix 𝑨𝑨0 can be expressed as the formation of contribution of 
each degree of freedom to the mode shapes: 
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 𝑨𝑨0 = ��𝜑𝜑𝐿𝐿𝑖𝑖𝑖𝑖�{𝜑𝜑𝐿𝐿𝑖𝑖 }

𝐿𝐿

𝑖𝑖=1

= �𝑨𝑨𝑖𝑖

𝐿𝐿

𝑖𝑖=1

 (5-20) 

where {𝜑𝜑𝐿𝐿𝑖𝑖 } is the ith row of the modal partition [𝜑𝜑𝐿𝐿] corresponding to the ith degree of freedom 
or the ith candidate of sensor location. From Eq. (5-20), it can be observed that as each degree 
of freedom adding or subtracting from the candidate set, information is added or subtracted 
from the Fisher information matrix 𝑨𝑨0. The method is proposed by removing those sensor 
candidates that do not contribute significantly to the Fisher information matrix 𝑨𝑨0. The first 
step of the procedure is to find the solution of the eigenvalue equation: 

 [[𝜑𝜑𝐿𝐿]𝑇𝑇[𝜑𝜑𝐿𝐿]− 𝛌𝛌𝛌𝛌]𝞧𝞧 = 0 (5-21) 

where the N columns in [𝜑𝜑𝐿𝐿] are the target modes which are assumed to be linearly independent 
for the initial total candidate sensor set such that the 𝑁𝑁 × 𝑁𝑁 matrix 𝑨𝑨0 is positive definite, and 
𝛌𝛌 is the diagonal eigenvalue matrix, 𝞧𝞧 is the matrix consisting of the orthogonal eigenvectors 
such that 𝞧𝞧𝑻𝑻𝑨𝑨0𝞧𝞧 = 𝛌𝛌 and 𝞧𝞧𝑻𝑻𝞧𝞧 = 𝐈𝐈. Since the vectors of the columns of 𝞧𝞧 are orthogonal, 
they represent N orthogonal directions in an N-dimensional space. Defining the product: 

 𝑮𝑮 = [[𝜑𝜑𝐿𝐿] 𝜳𝜳]  ⊙ [[𝜑𝜑𝐿𝐿] 𝜳𝜳] (5-22) 

where the symbol ⊙ represents the term-by-term matrix multiplication, each row of the matrix 
G contains the square of the components of the rows of [𝜑𝜑𝐿𝐿] in terms of the coordinate system 
defined by the columns of 𝜳𝜳 . Therefore the ith component of a column represents the 
contribution of the ith sensor location to the associated eigenvalue. Post-multiplying G by the 
inverse of the matrix 𝛌𝛌 gives that: 

 𝑭𝑭𝐸𝐸 = [[𝜑𝜑𝐿𝐿] 𝜳𝜳]  ⊙ [[𝜑𝜑𝐿𝐿] 𝜳𝜳]𝛌𝛌−𝟏𝟏 (5-23) 

This means that each direction is now of equal importance. Note that the ith component 
in the jth column of the 𝐿𝐿 × 𝑁𝑁 matrix 𝑭𝑭𝐸𝐸 represents the fractional contribution of the ith sensor 
location of the jth eigenvalue. Matrix 𝑭𝑭𝐸𝐸  is called the fractional eigenvalue distribution. 
Adding all the components of each row of 𝑭𝑭𝑬𝑬 gives: 

 
𝑬𝑬𝐷𝐷 = [�𝑭𝑭𝐸𝐸1𝑗𝑗

𝑁𝑁

𝑗𝑗=1

∶  �𝑭𝑭𝐸𝐸2𝑗𝑗

𝑁𝑁

𝑗𝑗=1

∶  �𝑭𝑭𝐸𝐸3𝑗𝑗

𝑁𝑁

𝑗𝑗=1

∶ … ∶  �𝑭𝑭𝐸𝐸𝐸𝐸𝐸𝐸

𝑁𝑁

𝑗𝑗=1

] (5-24) 

where 𝑭𝑭𝐸𝐸𝐸𝐸𝐸𝐸 is the jth component in the ith row of matrix 𝑭𝑭𝑬𝑬. The summation ∑ 𝑭𝑭𝐸𝐸𝐸𝐸𝐸𝐸𝑁𝑁
𝑗𝑗=1  can be 

regarded as the fractional contribution of the ith sensor location to the linear independence of 
the modal shape 𝝋𝝋𝐿𝐿. Vector 𝑬𝑬𝐷𝐷 is referred to as the effective independence distribution of the 
candidate sensor location. 

The effective independence distribution vector 𝑬𝑬𝐷𝐷 can also be formulated as the diagonal 
of the matrix: 
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 𝑬𝑬𝐷𝐷 = [𝜑𝜑𝐿𝐿]𝜳𝜳𝛌𝛌−𝟏𝟏𝜳𝜳𝑻𝑻[𝜑𝜑𝐿𝐿]𝑇𝑇 (5-25) 

And therefore can be written as: 

 𝑬𝑬𝐷𝐷 = [𝜑𝜑𝐿𝐿]([𝜑𝜑𝐿𝐿]𝑇𝑇[𝜑𝜑𝐿𝐿])−1[𝜑𝜑𝐿𝐿]𝑇𝑇 (5-26) 

Then the procedure is employed to sort the elements of the 𝐸𝐸𝐷𝐷 vector and to remove the 
smallest component corresponding to a candidate sensor location. The vector 𝐸𝐸𝐷𝐷 is updated 
based on the new modal shape matrix, and the process is repeated iteratively until the number 
of remaining sensor locations reaches to a pre-defined value. 

Note that the purpose of EFI is to maximize information on the designated modes 
through the optimal configuration of sensors, while the spillover caused by the truncated modes 
is not considered. 

5.2.3 Modal assurance criterion (MAC) 

The development of the MAC originated from the need for a quality indicator for 
experimental modal vectors which are estimated from measured frequency response functions 
[94]. It was used to check the orthogonality between different modal vectors and therefore can 
be used here to check the orthogonality of different modal filtering vectors. 

The MAC is defined as a scalar value representing the degree of consistency (linearity) 
between modal shape vectors [95]. For two modal shape vectors 𝛹𝛹𝑎𝑎 and 𝛹𝛹𝑏𝑏, the MAC value is 
defined by: 

 
𝑀𝑀𝑀𝑀𝑀𝑀(𝛹𝛹𝑎𝑎,𝛹𝛹𝑏𝑏) =

�𝛹𝛹𝑎𝑎𝐻𝐻𝛹𝛹𝑏𝑏�
2

‖𝛹𝛹𝑎𝑎‖2‖𝛹𝛹𝑏𝑏‖2
 (5-27) 

The modal assurance criterion takes on values in the range between zero - representing 
mutual orthogonality of modal shape vectors, and unity – representing linear dependence of 
the two vectors. Therefore, the sensor placement with the greatest degree of independence can 
be found by solving the optimization problem for the following objective function: 

 
𝐽𝐽𝑚𝑚𝑚𝑚𝑚𝑚 = � � 𝑀𝑀𝑀𝑀𝑀𝑀(𝛹𝛹𝑎𝑎,𝛹𝛹𝑏𝑏)

𝑀𝑀

𝑏𝑏=𝑎𝑎+1

𝑀𝑀−1

𝑎𝑎=1

→ 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 (5-28) 

where M is the total modes to be considered. The sensor placement for which the sum of 
𝑀𝑀𝑀𝑀𝑀𝑀(𝛹𝛹𝑎𝑎,𝛹𝛹𝑏𝑏) for all different 𝑎𝑎 and 𝑏𝑏 achieves the minimum is supposed to be closest to the 
one that satisfies the mutual orthogonality condition. 
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5.3 Procedure of determination of optimal sensor and actuator 

placement 

5.3.1 Problem statement 

In the case of floor vibration, possible sensor and actuator location candidates are 
assumed to be the hypothetical rectangular grid points on the floor surface with a sufficiently 
fine mesh size. The values of the modal shape of the plate representing the floor are treated as 
vector components corresponding to the grid points, and the plate is approximated as a MDOF 
system. Therefore, the number of sensor and actuator placement candidates is equal to the 
number of the grid points of the plate, denoted by 𝐿𝐿. Since the value of 𝐿𝐿 can be enormous in 
practice, the number of modes to be considered 𝑁𝑁 is assumed to be divided into two parts-the 
control modes and the residual modes, as in Eq. (5-2). If the number of control modes is 
assumed to be 𝑀𝑀, 𝑁𝑁 −𝑀𝑀 is the number of residual modes. For the purpose of filtering out all 
the control modes, usually 𝑆𝑆 ≥ 𝑀𝑀 should be satisfied, where 𝑆𝑆 is the number of sensors. The 
actuator used to generate the control force is assumed to be 𝑁𝑁𝑎𝑎𝑎𝑎. As stated in Sec. 5.1, state 
estimate ability, orthogonality, observability as well as observation spillover should be 
considered in determining the sensor placement for the use of modal filtering, while 
controllability and control spillover effects should be considered for the actuator placement. 

5.3.2 Sensor placement 

Based on the number of sensors S that are used for the modal filtering implementation, 
the problem can be divided into a small number of sensors and a large number of sensors cases. 

5.3.2.1 Case of small number of sensors 

As the first step, EFI is used for the state estimate ability as well as decreasing the number 
of sensor placement candidates. The number of sensor candidates is then reduced from a large 
set 𝐿𝐿 to a pre-defined number 𝑃𝑃 by removing those candidates which contribute least to the 
state estimate ability of the control modes based on Eq. (5-26) in an iterative manner. The value 
of 𝑃𝑃 is specified to be sufficiently small for the use of the minimum spillover method. 
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Figure 5.1 Flow chart of small number sensor placement design 

Then for the 𝑃𝑃 candidate positions and 𝑆𝑆 sensors, all the possible sensor placements are 
ranked by the minimum spillover method in the order of the severity of spillover, implying the 
value of 𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠 = λ𝑚𝑚𝑚𝑚𝑚𝑚��𝜑𝜑𝑠𝑠𝑠𝑠𝑠𝑠�� in Eq. (5-7) in an increasing manner. It is possible to rank all of 
the sensor placement because a small number of sensors are assumed, the total number of 
possible sensor placement is equal to 𝑃𝑃!/(𝑆𝑆! (𝑃𝑃 − 𝑆𝑆)!). 

In the final step, observability and orthogonality are checked for the smallest 
λ𝑚𝑚𝑚𝑚𝑚𝑚��𝜑𝜑𝑠𝑠𝑠𝑠𝑠𝑠��  sensor placement, and the index  𝐴𝐴𝑚𝑚𝑚𝑚𝑚𝑚  is defined by  𝐴𝐴𝑚𝑚𝑚𝑚𝑚𝑚 =
∑ ∑ 𝑀𝑀𝑀𝑀𝑀𝑀(𝛹𝛹𝑎𝑎,𝛹𝛹𝑏𝑏)𝑀𝑀

𝑏𝑏=𝑎𝑎+1
𝑀𝑀−1
𝑎𝑎=1  here. If 𝐴𝐴𝑚𝑚𝑚𝑚𝑚𝑚 is sufficiently small and the system is observable, 

the sensor placement is the optimal one. Otherwise, if 𝐴𝐴𝑚𝑚𝑚𝑚𝑚𝑚 is greater than the tolerance value 
such as 0.1, this sensor placement is discarded and the next smallest sensor placement is 
examined and calculated by the same procedure until an acceptable value of 𝐴𝐴𝑚𝑚𝑚𝑚𝑚𝑚 is obtained. 
If 𝐴𝐴𝑚𝑚𝑚𝑚𝑚𝑚 is sufficiently small, it is likely to that the observability is also satisfied. The flow chart 
of the proposed design for choosing the optimal small number sensor placement is shown in 
Figure 5.1. 

5.3.2.2 Case of large number of sensors 

If a large number of sensors is assumed, it is not possible to rank the spillover effect of 
all the possible sensor placement, requiring a large amount of computation as well as computer 
memories. The Genetic Algorithm (GA) will be used to search for the optimal sensor placement 
that satisfy the observability, orthogonality and spillover requirement. The GA is a search 
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method based on the mechanics of natural genetics and survival-of-the-fittest and the GA used 
here is very similar to the algorithm that can be found in the standard literature on this topic 
[75], [78], [96]–[99]. A brief introduction of GA is presented in Appendix A. 

The first step is the use of EFI for the state estimate ability and decreasing the number 
of sensor placement candidates, similar to the case of small number of sensors. The number of 
sensor candidates is reduced from a large number 𝐿𝐿 to a pre-defined number 𝑃𝑃. 

Next step is to apply the GA to the remaining P sensor placement candidates. Once the 
population of genomes of each generation is set, an initial population of binary strings can be 
randomly created. Each of these binary strings represents one possible sensor placement 
solution to the search problem. Then the binary strings are converted to their decimal 
equivalents and each solution is tested its fitness using the objective function. In this research, 
the fitness function is defined as: 

J𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 = 𝐶𝐶1 ∗ λ𝑚𝑚𝑚𝑚𝑚𝑚��𝜑𝜑𝑠𝑠𝑠𝑠𝑠𝑠�� + 𝐶𝐶2 ∗ � � 𝑀𝑀𝑀𝑀𝑀𝑀(𝛹𝛹𝑎𝑎,𝛹𝛹𝑏𝑏)
𝑀𝑀

𝑏𝑏=𝑎𝑎+1

𝑀𝑀−1

𝑎𝑎=1

 

where  𝐶𝐶1  and  𝐶𝐶1  are positive weight scalars. It is obvious that the algorithm acts towards 
minimizing this fitness measure. After the fitness J𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 of the entire population are calculated, 
the elite (best performance) candidate is recorded, and the three genetic operations of selection, 
crossover and mutation are applied to the original binary strings to generate the next generation. 
Then the binary string of the elite member is selected to replace any one of the new population. 
The same process is conducted to the next generation and an optimal or sub-optimal sensor 
placement can be found after all the generation are finished. The flow chart of the proposed 
design using GA is shown in Figure 5.2. 
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Figure 5.2 Flow chart of sensor placement optimization using genetic algorithm 

The solution is said to be sub-optimal because GA is operated in a random manner. It is 
believed that the sub-optimal solution is close to the optimal one. The entire process of GA can 
run several times and the sensor placement with the minimum J𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 can be treated as the 
final optimal one. 

5.3.3 Actuator placement 

Same as the sensor placement methods, the EFI method is firstly used to reduce the 
actuator placement candidate from the total number of the grid points 𝐿𝐿  to a pre-defined 
number 𝑃𝑃. This removes the candidates which contribute least to excite the control modes such 
that controllability can be guaranteed. 

Then for the 𝑃𝑃 candidate locations and 𝑁𝑁𝑎𝑎𝑎𝑎 actuators, the minimum spillover method is 
utilized for all the possible actuator placement and the one with the minimum  𝐽𝐽𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 =
λ𝑚𝑚𝑚𝑚𝑚𝑚��𝐵𝐵𝑠𝑠𝑠𝑠𝑠𝑠�� is treated as the optimal actuator placement. The flow chart of the proposed 
optimal actuator placement is shown in Figure 5.3. 
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Figure 5.3 Flow chart of actuator placement design 

5.4 Verification test: case of small number of sensors 

5.4.1 Test setup and experimental identification 

The sensor placement approach is applied to a steel plate specimen as described in Sec. 
4.2.1. The system is shown in Figure 4.3. The system consists of a 840mm×840mm steel plate 
with a thickness of 4.5mm. Dimensions of the steel plate specimen are shown in Figure 4.4. A 
square 9×9 grid mesh is defined to specify 𝐿𝐿 = 81 sensor location candidates on the surface 
of the steel plate, as shown in Figure 4.13. 

Experimental identification of the steel plate has been conducted to obtain the natural 
frequencies, modal damping ratios and mode shape vectors for the 81 grid mesh points 
described in Sec.4.3.2. The frequency range of recording is between 0Hz and 200Hz. The 
identified results are shown in Figure 4.14, Table 4.4 and Table 4.5. 

Based on the results of experimental identification, the total number of the modes to be 
considered is selected to be 5, implying that 𝑁𝑁 = 5. The 1st~3rd modes are chosen as the 
modelled modes, i.e. 𝑀𝑀 = 3, and the 4th~5th modes are considered as the residual modes, for 
which the spillover effect are to be minimized. The total number of the sensors used for the 
modal filtering of the first three modes is 4, implying that 𝑆𝑆 = 4, and one actuator is used to 
generate the control force, that is 𝑁𝑁𝑎𝑎𝑎𝑎 = 1. 
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5.4.2 Optimal sensor placement 

The results of each step in the procedure described in Sec. 5.3.2.1 are shown here. The 
modal matrix 𝜳𝜳 evaluated at the L grid points, such that 𝜳𝜳𝑻𝑻𝜳𝜳 = 𝑰𝑰 can be obtained by modal 
identification of the plate, as shown in Table 4.5. Therefore the 81 degrees of freedom are 
selected as the total candidate set of the sensor locations. The initial analysis ranks the 
importance of each sensor location within the 81 candidate set to the first three control modes. 
The vector 𝑬𝑬𝐷𝐷 that contains the effective independence for each sensor location calculated by 
Eq. (5-26). The effective independence values for the initial candidate sensor set within 𝑬𝑬𝐷𝐷 are 
sorted from the highest to the lowest values, and the plot is shown in Figure 5.4. The largest 
value is 0.1546, implying that no single sensor position is dominantly influential to the 
independence of the target control modes. However, it can be observed that 30 sensor positions 
out of 81 grid points are of almost no significance to the independence and, therefore, can be 
eliminated from the sensor set during the first iteration.  

 

Figure 5.4 Effective independence distribution for 81-DOF candidate sensor set and three target modes 

After several iterations, the number of sensor locations is reduced from 81 to a predefined 
value 𝑃𝑃 = 41. The remaining 𝑃𝑃 points are shown as blue circles in Figure 5.5. It can be seen 
that the contribution of the points near the clamped edges to the linear independence of the 
target first three modes is less significant and effects on the state estimation are comparatively 
minor. 
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Figure 5.5 Sensor candidates after EFI 

 

Figure 5.6 Optimal sensor placement 

Next, all the possible sensor placement of four sensors within 41 point candidates are 
ranked in an increasing manner based on the value of 𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠, as described in Sec. 5.2.1. The 
sensor placement for the smallest A𝑠𝑠𝑠𝑠𝑠𝑠 = 0.0705 is the case of sensor points 16, 31, 51, 60. 
However, since the value of  𝐴𝐴𝑚𝑚𝑚𝑚𝑚𝑚 = ∑ ∑ 𝑀𝑀𝑀𝑀𝑀𝑀(𝛹𝛹𝑎𝑎,𝛹𝛹𝑏𝑏)3

𝑏𝑏=𝑎𝑎+1
2
𝑎𝑎=1  is 0.6373, which is 

significantly larger than the tolerance value A𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 = 0.1, this sensor placement is not the 
optimal one. 

By checking the next smallest sensor placement and comparing the value of 𝐴𝐴𝑚𝑚𝑚𝑚𝑚𝑚 with 
the tolerance value  𝐴𝐴𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚  until  𝐴𝐴𝑚𝑚𝑚𝑚𝑚𝑚 ≤ 𝐴𝐴𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚  is satisfied, the final optimal sensor 
placement is found to be the case of sensor points 25, 31, 50 and 61 with 𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠 = 0.0948 
and 𝐴𝐴𝑚𝑚𝑚𝑚𝑚𝑚 = 0.056. The locations of the 4 sensors of the optimal placement are shown in Figure 
5.6. The MAC values for this sensor placement is shown in Table 5.1. 

5.4.3 Performance of modal filtering 

In order to evaluate the performance of the modal filtering with the optimal sensor 
placement, three cases are considered. Case A: the optimal sensor placement with 𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠 =
0.0948 and 𝐴𝐴𝑚𝑚𝑚𝑚𝑚𝑚 = 0.056. Case B: a large spillover and small consistency sensor placement, 
such that 𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠 = 30.2283 and 𝐴𝐴𝑚𝑚𝑚𝑚𝑚𝑚 = 0.0776. Case C: another large consistency and small 
spillover sensor placement, such that 𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠 = 0.0965 and 𝐴𝐴𝑚𝑚𝑚𝑚𝑚𝑚 = 0.7461. The illustration of 
the sensor placement for Case B and Case C are shown in Figure 5.7 and Figure 5.8, 
respectively. The MAC values for these two cases are shown in Table 5.1. 
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Figure 5.7 Case B sensor placement 

 

Figure 5.8 Case C sensor placement 

Table 5.1 – MAC values 

 

The Fourier spectra of the modal filtering output using Eq. (5-3) for the three cases are 
shown in Figure 5.9 through Figure 5.11 with a sampling rate of 1000Hz. The natural 
frequencies of the modes are indicated with red arrow symbols. It can be observed in Case A 
that all the first three modes are filtered out and the spillover of the 4th and 5th modes are small, 
implying that all of the first three modes are observed and the modal filtering for the optimal 
sensor placement enhances the target natural mode response while the other two residual modes 
are effectively reduced. Note that the spillover effect still exists here and refinement of the 
mesh (large L) is needed to achieve further reduction of the spillover effect. 
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Figure 5.9 Transfer function for MF output (Case A) 

 

Figure 5.10 Transfer function for MF output (Case B) 

 

Figure 5.11 Transfer function for MF output (Case C) 



 

80 
 

In Case B, not only the spillover effect for the first mode is far greater than Case A but also 
the separation performance for the first mode is poor, while the performance of the modal 
filtering is excellent for the 2nd and 3rd mode. The inferior effect for the first mode is caused by 
the poor observation quality of the 1st mode, while the good performance for the 2nd and 3rd 
modes are the consequence of the high value of 𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠, see Figure 5.7. All the four sensors are 
located near the nodes of the 1st mode. 

In Case C, although the spillover effect is small as in Case A, the separation performance 
of modal filtering is very poor, especially for the 1st and 3rd modes. This result is explained 
by the relatively large value of 𝐴𝐴𝑚𝑚𝑚𝑚𝑚𝑚. 

 

Figure 5.12 First mode modal acceleration 

 

Figure 5.13 Second mode modal acceleration 

 

Figure 5.14 Third mode modal acceleration 
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Figure 5.12 through Figure 5.14 show the performance of the filtering for the lowest 
three modes in the time domain. The natural frequencies of the three modes ranged from 0Hz 
to 200Hz. It can be observed that only Case A is successful in separating the three mode 
responses. For Case B, since the high spillover effect of the 4th and 5th modes is involved in the 
first mode, it is difficult to observe the first mode responses from Figure 5.12. In contrast to 
the first mode, good performance can be found in Figure 5.13 and Figure 5.14, in which the 
second and third mode responses are reasonably filtered out. Thus, a sensor placement with 
high value of 𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠 does not mean that all of the modes cannot be separated by this method. 

5.4.4 Actuator placement 

As described in Sec. 5.3.3, EFI is used to remove the candidate actuator points which 
contain least information to the control modes to obtain 10 candidate actuator points (a pre-
defined number) out of 81 grid points. The remaining 10 points are shown as red circles in 
Figure 5.15. Since only one actuator is used in this test, the spillover effects of the actuator can 
be checked through the modal participation of the residual modes on these 10 points using 
Table 4.5. A point located between 51 and 52 is found to have a large participation on the 
control modes and small participation on the residual modes. The actuator is determined to be 
located at this point near the node of the 4th mode. The optimal placement of the sensors and 
the actuator is shown in Figure 5.16. 

 

 

Figure 5.15 Actuator candidates after EFI 

 

Figure 5.16 Optimal sensor and actuator placement 

5.4.5 Active control using optimal sensor placement 

The performance of MF using the optimal sensor and actuator placement under real-time 
active control is shown in this section. The control strategy used in the tests is described in 
Chapter 6 and Chapter 7. 
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For all of the control tests, the hammer described in Sec. 4.2.4 is used to repeatedly apply 
impact loads to point 21. The piezoelectric accelerometers and the electromagnetic actuator 
introduced in Sec. 4.2.2 are used for measurement of the steel plate vibration and generation 
of control forces, respectively. 

 

Figure 5.17 Test result: first mode control at Point 
31 

 

Figure 5.18 Test result: actuator voltage for first 
mode control 

 

Figure 5.19 Test result: second mode control at 
Point 31 

 

Figure 5.20 Test result: actuator voltage for second 
mode control 
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Figure 5.21 Test result: third mode control at Point 
31 

 

Figure 5.22 Test result: actuator voltage for third 
mode control 

The proposed sensor and actuator placement method is verified by single-mode control 
tests. The results are shown in Figure 5.17, Figure 5.19 and Figure 5.21, in which the transfer 
functions between the excitation force and the acceleration response at Point 31 for the cases 
with and without active control are compared. The corresponding input voltages to the actuator 
are shown in Figure 5.18, Figure 5.20 and Figure 5.22. It can be seen that an effective modal 
filtering of the desired modes are achieved. Also, the spillover effect of the 4th and 5th modes 
with small amplitudes can be observed in these plots. 

5.5 Summary 

In order to develop an effective active control technique for reducing human-induced 
vibration and noise of building floors, a procedure for the optimal sensor and actuator 
placement applicable to active control of plate vibration is proposed. The aim of the proposed 
procedure is to provide a solution to the problems of ensuring the state estimate ability, 
minimization of the spillover effect, consideration for orthogonality of the natural vibration 
modes and system observability. Effectiveness of the proposed procedure and achieved control 
performance are examined by a series of verification tests using a rectangular steel plate and 
the optimal sensor and actuator placement determined by the procedure. 

The procedure for the proposed sensor placement approach is effective in the reduction 
of the spillover effect of the residual modes and in the enhancement of the separation 
performance of the modelled modes. First, the effective independence (EFI) method removes 
the sensor location candidates with small contribution to the state estimate of the controlled 
modes, and then for the case of a the small number of sensors, the minimum spillover method 
is used to rank all the possible sensor placements in the order of severer spillover effects, and 
finally the sensor placement with the minimal spillover effects, and the least off-diagonal MAC 
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values is chosen as the optimal one. For the case of large number of sensors, application of the 
genetic algorithm (GA) is proposed to estimate the optimal sensor placement considering 
minimum spillover effects and MAC values. 

A procedure for the optimal actuator placement approach is also proposed. In the first 
step, the effective independence method is used to remove the candidate actuator points with 
less influence on the control modes, then the minimum spillover method is used to determine 
the final actuator placement which provides the least control spillover effects. 

Effectiveness of the sensor placement by the proposed method is verified by comparison 
with other two cases. Orthogonality and spillover effect are the important factors for the 
successful separation of desired modes. It is found that the separation of the first mode fails 
while the separation of the other modes are successful for the case of high spillover 
indicator 𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠. 

Control tests also showed the effectiveness of the modal filtering in mode-by-mode 
floor vibration control if the sensor and actuator placement is determined by the proposed 
procedure.
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Chapter 6 Phase-lead Velocity Feedback Control 

With the determination of the optimal sensor and actuator placement and application of 
the modal filtering to the sensor measurements excited by human-induced impact loadings, 
each separated mode can be regarded as a SDOF system. It has been shown in the previous 
chapter that the control system may involve a large phase delay of the actuator force from the 
input signal, which can strongly influence the dynamics of the control system. In fact, the 
conventional modal direct velocity feedback controller for each filtered mode may go into 
system instability without attaining effective increase of modal damping if a large phase delay 
exists [24]. This chapter describes an independent modal space design process based on modal 
direct velocity feedback control with a phase-lead compensator, which is referred to as the 
independent modal space phase-lead velocity feedback (PLVFB) controller. The phase-lead 
compensator is designed using the root locus method to enhance the stability margins and 
increase the damping of each filtered mode [100]. Figure 6.1 shows the schematic block 
diagram of the PLVFB active control for a mode. The main purpose of this chapter is to lay a 
theoretical foundation for the use of the phase-lead compensator to compensate the phase 
delays. Verification experiments using the steel plate specimen are conducted and the test 
results show that effective reduction of the vibration level is successfully achieved. 

6.1 Model of dynamic testing system 

This section presents a model of the floor-actuator system. The model includes 
mathematical representation of three components of the testing system, including the SDOF 
modal of test specimen, the actuator model and the constant delay caused by DSP. 
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Figure 6.1 Schematic of control of a mode 

6.1.1 SDOF model of test specimen 

It has been shown in Chapter 5 that after applying modal filtering to the sensor 
measurements, the separated responses can be approximately seemed as that of individual 
SDOF systems. The filtered mode m of the specimen, therefore, has its own dynamic 
characteristics, which can be described using the following equation of motion: 

 𝑚𝑚𝑚𝑚𝑞̈𝑞𝑚𝑚(𝑡𝑡) + 𝑐𝑐𝑚𝑚𝑞̇𝑞𝑚𝑚(𝑡𝑡) + 𝑘𝑘𝑚𝑚𝑞𝑞𝑚𝑚(𝑡𝑡) = 𝐹𝐹𝐴𝐴(𝑡𝑡) (6-1) 

where 𝑚𝑚𝑚𝑚, 𝑐𝑐𝑚𝑚 and 𝑘𝑘𝑚𝑚 are the modal mass, modal damping coefficient and modal stiffness, 
respectively, of the mode m, and 𝐹𝐹𝐴𝐴(𝑡𝑡) is the force applied to the mode by the actuator. The 
transfer function relating the output velocity with the control force is obtained by taking the 
Laplace transform of Eq. (6-1), and is given by the following equation: 

  𝐺𝐺𝑚𝑚(𝑠𝑠) =
𝑞̇𝑞𝑚𝑚(𝑠𝑠)
𝐹𝐹𝐴𝐴(𝑠𝑠)

=
𝑠𝑠

𝑚𝑚𝑚𝑚𝑠𝑠2 + 𝑐𝑐𝑚𝑚𝑠𝑠 + 𝑘𝑘𝑚𝑚
 (6-2) 

where 𝑠𝑠 is the Laplace variable. Since the modal natural frequency 𝜔𝜔𝑚𝑚 and the modal damping 
ratio 𝜁𝜁𝑚𝑚 are obtained in advance through model testing as described in Sec. 4.3, Eq. (6-2) can 
also be written as: 

  𝐺𝐺𝑚𝑚(𝑠𝑠) =
𝑞̇𝑞𝑚𝑚(𝑠𝑠)
𝐹𝐹𝐴𝐴(𝑠𝑠)/𝑚𝑚

=
𝑠𝑠

𝑠𝑠2 + 2𝜁𝜁𝑚𝑚𝜔𝜔𝑚𝑚𝑠𝑠 + 𝜔𝜔𝑚𝑚2
 (6-3) 



 

87 
 

6.1.2 Actuator dynamics 

As described in Sec. 3.4.1, the behavior of the actuator can be approximately expressed 
as a linear second order model as shown in Figure 3.2 and the transfer function between the 
transmitted force and the control voltage can be expressed as: 

 
𝐺𝐺𝑎𝑎1(𝑠𝑠) =

𝐹𝐹𝑡𝑡(s)
𝑉𝑉(𝑠𝑠)

=
𝐾𝐾𝑎𝑎𝑠𝑠2

𝑠𝑠2 + 2𝜉𝜉𝑎𝑎𝜔𝜔𝑎𝑎𝑠𝑠 + 𝜔𝜔𝑎𝑎2
 (6-4) 

where 𝐾𝐾𝑎𝑎 is the amplifier gain, 𝜁𝜁𝑎𝑎 and 𝜔𝜔𝑎𝑎 are the damping ratio and natural frequency of the 
actuator, respectively. 

However, based on the experimental identification of the actuator in Sec. 4.4.1, another 
first order term G𝑐𝑐1 = 𝑠𝑠+𝜇𝜇

𝑠𝑠+𝜀𝜀
 appears to account for the dynamic property of the actuator. 

Therefore, the dynamics of the actuator is expressed as a third order transfer function: 

 
𝐺𝐺𝑎𝑎(𝑠𝑠) = 𝐺𝐺𝑎𝑎1(𝑠𝑠)G𝑐𝑐1(𝑠𝑠) =

𝐾𝐾𝑎𝑎𝑠𝑠2(𝑠𝑠 + 𝜇𝜇)
(𝑠𝑠2 + 2𝜉𝜉𝑎𝑎𝜔𝜔𝑎𝑎𝑠𝑠 + 𝜔𝜔𝑎𝑎2)(𝑠𝑠 + 𝜀𝜀)

 (6-5) 

6.1.3 Constant delay 

It has been shown in Sec. 4.4.2 that the delay caused by the A/D-D/A interfaces is one 
of the main sources of time delays, which is in fact a constant delay. The other two sources are 
the actuator and the band pass filter. The transfer function for a pure time delay is given as: 

 𝐺𝐺𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑠𝑠) = 𝑒𝑒−𝜏𝜏𝜏𝜏 (6-6) 

where 𝜏𝜏 is referred to as the time delay. Generally, control system design techniques require a 
rational transfer function, and for this purpose, the Padé approximation for dead time is often 
used. The Padé’s first-order approximation is:  

 
𝐺𝐺𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑠𝑠) = 𝑒𝑒−𝜏𝜏𝜏𝜏 ≈

1 − 𝜏𝜏
2 𝑠𝑠

1 + 𝜏𝜏
2 𝑠𝑠

=
1 − 𝑇𝑇𝑇𝑇
1 + 𝑇𝑇𝑇𝑇

 (6-7) 

where 𝑇𝑇 = 𝜏𝜏/2. 

Therefore, if no other dynamic components are involved, the feedback control system 
for the mth mode using the modal direct velocity feedback control with a constant gain K can 
be illustrated as in Figure 6.2. 
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Figure 6.2 Initial feedback control for actuator-floor system of mode m 

The transfer function of the closed-loop control system, therefore, can be written as: 

 
 𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠(𝑠𝑠) =

𝐺𝐺𝑚𝑚(𝑠𝑠)𝐺𝐺𝑎𝑎(𝑠𝑠)𝐺𝐺𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑠𝑠)
1 + 𝐾𝐾𝐺𝐺𝑚𝑚(𝑠𝑠)𝐺𝐺𝑎𝑎(𝑠𝑠)𝐺𝐺𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑠𝑠)

 (6-8) 

6.2 Effects of time delays 

In this section, the effects of constant time delays to a SDOF system is examined in order 
to explain why the time delay is a significant concern in the feedback control system. Since a 
SDOF system is considered, the influence of time delays caused by other dynamic components 
can also be regarded as a part of the pure constant time delays for simplicity, as shown in Figure 
6.3. As an example, it is assumed that the natural frequency and damping ratio of mode m are 
50Hz and 0.03, respectively, and therefore the transfer function for 𝐺𝐺𝑚𝑚(𝑠𝑠) is given as: 

  𝐺𝐺𝑚𝑚(𝑠𝑠) =
𝑞̇𝑞𝑚𝑚(𝑠𝑠)
𝐹𝐹𝐴𝐴(𝑠𝑠)/𝑚𝑚

=
𝑠𝑠

𝑠𝑠2 + 18.84𝑠𝑠 + 98596
 (6-9) 

 

In the discussion that follows, the effects of time delays on the stability margin and the 
damping ratio of the SDOF system with a modal direct velocity feedback controller is derived 
from the specific transfer function of Eq. (6-9). 

 

Figure 6.3 Simplified feedback control system with time delays 

6.2.1 Stability margin 

A feedback control system must be stable as a basic requisite for satisfactory control. 
The definition of BIBO stability is: “an unconstrained linear system is said to be stable if the 
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output response is bounded for all bounded inputs [101].” And it is well known that a feedback 
control system is stable if all the roots of its characteristic equation have negative real parts, 
which means the poles of the system are to the left of the imaginary axis on the complex s-
plane. The characteristic equation for the feedback control system shown in Figure 6.3 can be 
written as: 

  1 + 𝐺𝐺𝑚𝑚(𝑠𝑠)𝐺𝐺𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑠𝑠)𝐾𝐾 = 0 (6-10) 

Substitution of Eqs. (6-3) and (6-7) into Eq. (6-10) yields: 

  1 +
𝐾𝐾𝐾𝐾

𝑠𝑠2 + 2𝜁𝜁𝑚𝑚𝜔𝜔𝑚𝑚𝑠𝑠 + 𝜔𝜔𝑚𝑚2
1 − 𝑇𝑇𝑇𝑇
1 + 𝑇𝑇𝑇𝑇

= 0 (6-11) 

Rearranging Eq. (6-11) in a polynomial equation results in: 

  𝑇𝑇𝑠𝑠3 + (2𝜁𝜁𝑚𝑚𝜔𝜔𝑚𝑚𝑇𝑇 − 𝐾𝐾𝐾𝐾 + 1)𝑠𝑠2 + (𝐾𝐾 + 𝜔𝜔𝑚𝑚2 𝑇𝑇 + 2𝜁𝜁𝑚𝑚𝜔𝜔𝑚𝑚)𝑠𝑠 + 𝜔𝜔𝑚𝑚2 = 0 (6-12) 

Generally, it is difficult to solve the roots of Eq. (6-12). Thus, classical Routh’s stability 
criterion is often used to identify the stability of the control system [100]. This criterion of 
stability does not require calculation of the actual values of the roots of the characteristic 
polynomial equation, while it is a method to know if any root is to the right of the imaginary 
axis. A brief introduction of Routh’s stability criterion is shown in Appendix B. 

As the first step, it is necessary to check whether all of the coefficients in the 
characteristic equation is positive. Since 𝑇𝑇 and 𝐾𝐾 are positive values, the following condition 
must be satisfied: 

  2𝜁𝜁𝑚𝑚𝜔𝜔𝑚𝑚𝑇𝑇 − 𝐾𝐾𝐾𝐾 + 1 > 0 (6-13) 

Next, if all of the coefficients are positive, the Routh array can be calculated and the 
results are shown in Table 6.1. 

From Routh’s stability criterion, the necessary and sufficient condition for all roots to 
have negative real parts is that all of the elements in the first column of the Routh array are 
positive. 

Table 6.1 – Routh array of characteristic equation 
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Therefore, another condition that the system must satisfy is: 

  (2𝜁𝜁𝑚𝑚𝜔𝜔𝑚𝑚𝑇𝑇 − 𝐾𝐾𝐾𝐾)(𝐾𝐾 + 𝜔𝜔𝑚𝑚2 𝑇𝑇 + 2𝜁𝜁𝑚𝑚𝜔𝜔𝑚𝑚) + (𝐾𝐾 + 2𝜁𝜁𝑚𝑚𝜔𝜔𝑚𝑚) > 0 (6-14) 

It is obvious that if 𝐾𝐾 ≤ 2𝜁𝜁𝑚𝑚𝜔𝜔𝑚𝑚, Eqs. (6-13) and (6-14) will be unconditionally satisfied. 
However, if 𝐾𝐾 > 2𝜁𝜁𝑚𝑚𝜔𝜔𝑚𝑚, there will be a trade-off between 𝑇𝑇 and 𝐾𝐾. From Eq. (6-14), it can 
be found that as the value of 𝑇𝑇 increases, the margin of stability reduces, because the system is 
only stable for a lower value of 𝐾𝐾. For the transfer function of the SDOF system of Eq. (6-9), 
the characteristic equation is: 

  𝑇𝑇𝑠𝑠3 + (18.84𝑇𝑇 − 𝐾𝐾𝐾𝐾 + 1)𝑠𝑠2 + (𝐾𝐾 + 98596𝑇𝑇 + 18.84)𝑠𝑠 + 98596 = 0 (6-15) 

And the Routh array of the characteristic equation is shown in Table 6.2. 

From Table 6.2, the following two conditions must be satisfied for a stable feedback 
control system: 

  18.84𝑇𝑇 − 𝐾𝐾𝐾𝐾 + 1 > 0 (6-16) 

 

  (18.84𝑇𝑇 − 𝐾𝐾𝐾𝐾)(𝐾𝐾 + 98596𝑇𝑇 + 18.84) + (𝐾𝐾 + 18.84) > 0 (6-17) 

From Eq. (6-16), 

  𝐾𝐾 <
1 + 18.84𝑇𝑇

𝑇𝑇
 (6-18) 

Table 6.2 – Routh array of the characteristic equation for the specific mode 

 

The plot of 𝑇𝑇 verse 𝐾𝐾 is shown in Figure 6.4. In this case, the area under the curve is the 
stable region, while that above the curve is the unstable region. It can be observed that as the 
value of the time delay 𝑇𝑇 increases, the limitation of the control gain 𝐾𝐾 for a stable system 
decreases. The similar conclusion can be achieved for the condition of Eq. (6-17), as shown in 
Figure 6.5. The final stable region is the intersection of the stable regions of both two conditions. 
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Figure 6.4 T-K plot for condition 1 

 

 Figure 6.5 T-K plot for condition 2 

6.2.2 Damping ratio 

As shown in Sec. 3.2, the purpose of use of the modal direct velocity feedback controller 
is to increase the damping ratio of each mode to be controlled. Consider the block diagram 
shown in Figure 6.3. If no time delay exists, the characteristic function of the closed-loop 
system is given as: 

 
 1 + 𝐾𝐾𝐺𝐺𝑚𝑚(𝑠𝑠) =

𝑠𝑠2 + (2𝜁𝜁𝑚𝑚𝜔𝜔𝑚𝑚 + 𝐾𝐾)𝑠𝑠 + 𝜔𝜔𝑚𝑚2

𝑠𝑠2 + 2𝜁𝜁𝑚𝑚𝜔𝜔𝑚𝑚𝑠𝑠 + 𝜔𝜔𝑚𝑚2
 (6-19) 

Then the transfer function for the closed-loop system can be written as: 

 
 𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠1(𝑠𝑠) =

𝐺𝐺𝑚𝑚(𝑠𝑠)
1 + 𝐾𝐾𝐺𝐺𝑚𝑚(𝑠𝑠) =

𝑠𝑠
𝑠𝑠2 + (2𝜁𝜁𝑚𝑚𝜔𝜔𝑚𝑚 + 𝐾𝐾)𝑠𝑠 + 𝜔𝜔𝑚𝑚2

 (6-20) 

which means that the damping ratio is increased from 𝜁𝜁𝑚𝑚 to 𝜁𝜁𝑚𝑚 + 𝐾𝐾/2𝜔𝜔𝑚𝑚. 

On the other hand, if there is a time delay component within the closed-loop system, how 
will it affect the damping ratio with the same value of 𝐾𝐾? In this case, the characteristic function 
of the closed-loop system is: 

 
 1 + 𝐾𝐾𝐺𝐺𝑚𝑚(𝑠𝑠)𝐺𝐺𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑠𝑠) =

𝐾𝐾𝐾𝐾(1 − 𝑇𝑇𝑇𝑇) + (𝑠𝑠2 + 2𝜁𝜁𝑚𝑚𝜔𝜔𝑚𝑚𝑠𝑠 + 𝜔𝜔𝑚𝑚2 )(1 + 𝑇𝑇𝑇𝑇)
(𝑠𝑠2 + 2𝜁𝜁𝑚𝑚𝜔𝜔𝑚𝑚𝑠𝑠 + 𝜔𝜔𝑚𝑚2 )(1 + 𝑇𝑇𝑇𝑇)

 (6-21) 

Therefore, the transfer function for the closed-loop system can be derived as: 

  𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠(𝑠𝑠) =
𝑠𝑠(1 − 𝑇𝑇𝑇𝑇)

(𝑠𝑠2 + (2𝜁𝜁𝑚𝑚𝜔𝜔𝑚𝑚 + 𝐾𝐾)𝑠𝑠 + 𝜔𝜔𝑚𝑚2 ) + 𝑇𝑇𝑇𝑇(𝑠𝑠2 + (2𝜁𝜁𝑚𝑚𝜔𝜔𝑚𝑚 − 𝐾𝐾)𝑠𝑠 + 𝜔𝜔𝑚𝑚2 )
 (6-22) 

It is obvious that the first term of the denominator of Eq. (6-22) is the same as the 
denominator of Eq. (6-20), the effect of the time delay on the damping ratio of the whole 
feedback control can be detected from the second term of the denominator in Eq. (6-22), in 
which the damping ratio decreases. 
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Assuming the SDOF system descried in Eq. (6-9), and the constant control gains of 𝐾𝐾 =
10  and  𝐾𝐾 = 30 , the impulse responses of the feedback control system for different time 
delays 𝑇𝑇 = 0, 𝑇𝑇 = 0.005 and 𝑇𝑇 = 0.01 are shown in Figure 6.6 and Figure 6.7, respectively. 

For 𝐾𝐾 = 10, it is observed from Figure 6.6 that as the time delay increases, the damping 
ratio of the system decreases. The same situation occurs for the case of 𝐾𝐾 = 30 as shown in 
Figure 6.7, while the system becomes unstable when 𝑇𝑇 = 0.01. This is explained by the roots 
of Eq. (6-17) for those parameter values become negative values, and the stability condition 
given by Routh’s stability criterion is not satisfied. 

 

Figure 6.6 Impulse responses of different delay times for K=10 

 

Figure 6.7 Impulse responses of different delay times for K=30 
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6.3 Experimental identification of 𝑮𝑮𝒂𝒂 − 𝑮𝑮𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑 model 

In this section, the numerical model of the actuator dynamics and other time delay 
elements is experimentally identified using the measurements of the dynamic behavior of the 
system. It is expected that this model can accurately express the time delays caused by the 
actuator and the DSP system. The resulting model allows use of the root locus technique for 
phase-lead compensator design in the next section. 

Assuming a linear behavior, the transfer function  𝐺𝐺𝐴𝐴 , from the command voltage 
generated on the DSP system to the measured acceleration multiplied by the weight of the 
actuator mass can be determined. This is achieved by generating a random excitation as the 
DSP computation command, sending out through the D/A interface, activating the actuator and 
the response is captured by the sensor and the measured signal is provided to the A/D interface. 
The actuator is mounted on the steel plate during the test so that the effects of the actuator-floor 
interaction described in Sec. 3.4.1 are considered. The response and outputs of the system 
components are instrumented at a sampling rate of 1000Hz for 5 seconds. The command input 
and the acceleration output are shown in Figure 6.8 and Figure 6.9, respectively. 

 

Figure 6.8 Input random data 

 

Figure 6.9 Output acceleration 

Similar to the actuator model identification described in Sec. 4.4.1, the Instrument 
Variable (IV) method was utilized if the number of poles and zeros are known. For the 
estimation, MATLAB environment was used. When a fourth-order model for the 𝐺𝐺𝐴𝐴 dynamics 
is assumed, the resulting transfer function is: 

 
𝐺𝐺𝐴𝐴(𝑠𝑠) =

−0.008225𝑠𝑠4 + 3.655𝑠𝑠3 + 1.39𝑒𝑒4𝑠𝑠2 − 8.333𝑒𝑒4𝑠𝑠 − 5.735𝑒𝑒6

0.00065𝑠𝑠4 + 1.258𝑠𝑠3 + 421.6𝑠𝑠2 + 4.217𝑒𝑒4𝑠𝑠 + 4.957𝑒𝑒6
 (6-23) 

which has four poles and four zeros. Transferring Eq. (6-23) to the zero-pole form yields: 
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𝐺𝐺𝐴𝐴(𝑠𝑠) =

12.654(𝑠𝑠 − 23.45)(𝑠𝑠 + 17.57)(𝑠𝑠 + 1100)(1 − 0.00065𝑠𝑠)
(𝑠𝑠2 + 2 ∗ 0.295 ∗ 123.85𝑠𝑠 + 123.852)(𝑠𝑠 + 323.18)(1 + 0.00065𝑠𝑠)

 (6-24) 

 

Figure 6.10 Frequency response of 𝐺𝐺𝐴𝐴 system: (*) experimental (—) model 

It can be found from Eq. (6-24) that two zeros out of the four zeros are located in the 
vicinity of the origin. From Sec. 4.4.2, the total time delay caused by the actuator-plate 
interaction, A/D-D/A interfaces, signal communication and computation etc. is estimated to be 
0.0013s. As can be expected, comparison of Eq. (6-24) with Eq. (4-2) indicates that the 
dynamics of 𝐺𝐺𝐴𝐴 is approximately equal to the dynamics of the actuator 𝐺𝐺𝑎𝑎 cascaded with the 
pure term 𝐺𝐺𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 of Eq. (6-7) with 𝑇𝑇 = 0.00065. The dynamics of the actuator is still involved 
through the term  (𝑠𝑠2 + 2 ∗ 0.29 ∗ 123.85𝑠𝑠 + 123.852). Therefore,  𝐺𝐺𝐴𝐴  is referred to as the 
transfer function of the generalized actuator. The bode diagram of the estimated 𝐺𝐺𝐴𝐴 model and 
the measured data are shown in Figure 6.10 for the range of 10~200Hz. As can be observed, 
the four-pole four-zero model provides a good fit for the amplitude and phase of the system. 
Since the main purpose of the 𝐺𝐺𝐴𝐴 model is to reflect the phase characteristics within 0-150Hz 
frequency range (the lowest three modes), the fourth-order model is considered to be sufficient 
for the phase-lead compensator design, which will be introduced in the next section. 

6.4 Phase-lead compensator design 

In order to further enhance the control performance of MDVF controller, it is efficient 
to develop a modified MDVF controller designed to increase the closed-loop system stability 
and to make the system more amenable to the introduction of significant damping for each 
mode to be controlled. Toward this goal, a compensator should be introduced to compensate 
for the phase delays caused by the dynamic components for each control mode. 
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6.4.1 Preliminaries 

For compensator design, the dynamics of the generalized actuator of Eq. (6-24) is 
approximately expressed as a linear fourth-order system with the following transfer function 
relating the control force with the command input voltage: 

 
𝐺𝐺𝐴𝐴(𝑠𝑠) = (

𝐾𝐾𝐴𝐴𝑠𝑠2

𝑠𝑠2 + 2𝜁𝜁𝐴𝐴𝜔𝜔𝐴𝐴𝑠𝑠 + 𝜔𝜔𝐴𝐴2
)(
𝑠𝑠 + 𝜇𝜇
𝑠𝑠 + 𝜀𝜀

)(
1− 𝑇𝑇𝑇𝑇
1 + 𝑇𝑇𝑇𝑇

) (6-25) 

in which 𝐾𝐾𝐴𝐴 is the gain, 𝜁𝜁𝐴𝐴 and 𝜔𝜔𝐴𝐴 are the damping ratio and natural frequency of the actuator, 
respectively. A filter element expressed by the pole at – 𝜀𝜀 and zero at −𝜇𝜇 is added to account 
for the dynamic property of the actuator. 𝑇𝑇 is the half of the time delays caused by the DSP 
system and other components. 

A phase lead compensator  𝐶𝐶𝑝𝑝  is considered here for the purpose of increasing the 
stability and damping of the modes to be controlled. The following two assumptions are made 
for the design of the compensator: 

1) The spillover effects of truncated modes are neglected, implying that each mode can 
be treated as a SDOF system. 

2) The natural frequency of the actuator 𝜔𝜔𝐴𝐴 is sufficiently below the natural frequency 
of the mode 𝜔𝜔𝑚𝑚. 

6.4.2 Compensator Design 

The root locus method is used for the compensator design. The root locus of a feedback 
system is to represent the possible locations of its closed-loop poles for varying values of a 
certain system parameter in the graphical way on the complex s-plane [100]. The points which 
are part of the root locus must satisfy the phase condition, while the value of the parameter for 
a certain point of the root locus is obtained using the magnitude condition. A brief introduction 
of the root locus method is shown in Appendix B. 

The system parameter is the control gain 𝐾𝐾, and the phase-lead compensator design is 
achieved only use the information of 𝐾𝐾 = 0. 

Based on assumption 1), the transfer function relating the output velocity with the control 
force of mode m of floor can be written in Eq. (6-3). In order to improve the performance of 
the modal direct velocity feedback controller, the phase-lead compensator is applied to the 
mode velocity measurement signal as: 

 𝐶𝐶𝑝𝑝(𝑠𝑠) =
𝑠𝑠 + 𝛿𝛿
𝑠𝑠

, 𝛿𝛿 ≤ 0 (6-26) 
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where δ is a non-positive constant parameter. Therefore, the block diagram of the phase-lead 
velocity feedback control for each mode can be expressed as shown in Figure 6.1. The modal 
velocity is assumed to be the measured signal in Figure 6.1. If the structural acceleration is 
used as the measurement signal in the feedback control, an integrator component must be 
inserted to obtain the modal velocity. 

 

Figure 6.11 Root locus of DVF (×) poles (𝑜𝑜) zeros 

A typical root locus for the DVF controller is shown in Figure 6.11. An example of the 
mode with a natural frequency of 97Hz and a damping ratio of 0.003 is assumed. In this 
example, the specified mode is represented by a pair of low damped poles and a zero at the 
origin, while the actuator dynamics is represented by a pair of high-damped poles and two 
zeros at the origin. The natural frequency and damping ratio of the actuator are assumed to be 
20Hz and 0.29, respectively, 𝐾𝐾𝐴𝐴 is 12.65, 𝜀𝜀 is 323.18, 𝜇𝜇 = 1100 and 𝑇𝑇 = 0.005. As can be 
observed from the figure, the assumption 2) is satisfied by the natural frequency of the actuator 
is less than a half of 97Hz. It can also be observed that as the control gain increases, the damping 
ratio of this mode does not proportionally grow. 

The advantages of the application of the phase-lead compensator described in Eq. (6-26) 
can be described as follows. The parameter 𝛿𝛿 is chosen so that [24]: 

1) Substantially improves the relative stability of the mode. 
2) Decreases the angles with respect to the negative real axis to increase the mode 

damping. 
3) Increases the distance to the origin to allow increasing natural frequency. 

Among many possible values for   𝛿𝛿 , the design value is determined based on the 
departure angle at zero gain of the locus. The departure angle of the locus of the poles 
corresponding to the specified mode must point toward the negative direction of the real axis 
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to satisfy the conditions 1) ~ 3). Using the argument equation of the closed-loop characteristic 
equation, the following equation must be satisfied for any specific point on the trajectory: 

 
�∠(𝑠𝑠1 + 𝑧𝑧𝑖𝑖)
𝑛𝑛𝑧𝑧

𝑖𝑖=1

−�∠�𝑠𝑠1 + 𝑝𝑝𝑗𝑗�

𝑛𝑛𝑝𝑝

𝑗𝑗=1

= ±(2𝑘𝑘 + 1)𝜋𝜋     𝑘𝑘 ∈ ℕ (6-27) 

where 𝑛𝑛𝑧𝑧 and 𝑛𝑛𝑝𝑝 are the number of zeros and poles, respectively,  ∠(𝑠𝑠1 + 𝑧𝑧𝑖𝑖) is the angle of the 
vector drawn from ith zero and ∠�𝑠𝑠1 + 𝑝𝑝𝑗𝑗� is the angle of the vector drawn from the jth pole. 
Then by letting 𝑠𝑠1 be a point close to one of the poles of the mode, the departure angle can be 
determined. 

 

Figure 6.12 Departure angle of the locus corresponding to the specified mode (×) poles (𝑜𝑜) zeros 

If the zeros and poles of the phase compensated system are as shown in Figure 6.12, Eq. 
(6-27) for the transfer function of Eq. (6-8) can be rewritten as: 

 (𝛾𝛾1 + 𝛾𝛾2 + 𝛾𝛾3 + 𝛾𝛾4 + 𝛾𝛾5) − (𝛼𝛼1 + 𝛼𝛼2 + 𝛼𝛼3 + 𝛼𝛼4 + 𝛼𝛼5 + 𝛼𝛼6)

= ±(2k + 1)π     𝑘𝑘 ∈ ℕ 
(6-28) 

Since the damping of the mode to be controlled are considerably low in most cases, 𝜁𝜁𝑚𝑚 ≈
0, and it can reasonably be assumed that 𝛾𝛾1 = 𝛾𝛾2 ≈ 𝜋𝜋/2. 𝛼𝛼4 = 𝜋𝜋/2. Then Eq. (6-28) becomes: 

 𝛾𝛾3 + 𝛾𝛾4 + 𝛾𝛾5 − (𝛼𝛼1 + 𝛼𝛼2 + 𝛼𝛼3 + 𝛼𝛼5 + 𝛼𝛼6)

= �±2kπ +
𝜋𝜋
2
� 𝑜𝑜𝑜𝑜 �±2kπ +

3𝜋𝜋
2
�       𝑘𝑘 ∈ ℕ 

(6-29) 

Based on Eqs. (6-3), (6-7) and (6-25), the parameters can be calculated as: 
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𝛼𝛼1 = atan (

𝜔𝜔𝑚𝑚
𝜁𝜁𝑚𝑚𝜔𝜔𝐴𝐴

−
�1 − 𝜁𝜁𝐴𝐴2

𝜁𝜁𝐴𝐴
) (6-30) 

 
𝛼𝛼2 = atan (

𝜔𝜔𝑚𝑚
𝜁𝜁𝑚𝑚𝜔𝜔𝐴𝐴

+
�1 − 𝜁𝜁𝐴𝐴2

𝜁𝜁𝐴𝐴
) 

(6-31) 

 𝛼𝛼5 = atan (
𝜔𝜔𝑚𝑚
𝜀𝜀

) (6-32) 

             𝛼𝛼6 = atan (𝜔𝜔𝑚𝑚𝑇𝑇)                                                                                                    (6-33) 

            𝛾𝛾3 = atan (𝜔𝜔𝑚𝑚
𝜇𝜇

)                                                                                                    (6-34) 

            𝛾𝛾4 = 𝜋𝜋 − atan (𝜔𝜔𝑚𝑚𝑇𝑇)                                                                                                    (6-35) 

As for 𝛼𝛼3 , the minimum 𝛼𝛼3,𝑚𝑚𝑚𝑚𝑚𝑚  and the maximum 𝛼𝛼3,𝑚𝑚𝑚𝑚𝑚𝑚  values can be specified to 
satisfy the three conditions described above, such as 𝛼𝛼3 ∈ (0.95𝜋𝜋, 1.05𝜋𝜋). Then the minimum 
and maximum bounding values of 𝛾𝛾5 can be obtained as: 

 𝛾𝛾5,𝑚𝑚𝑚𝑚𝑚𝑚 = −
𝜋𝜋
2

+ �𝛼𝛼1 + 𝛼𝛼2 + 𝛼𝛼5 + 𝛼𝛼6 + 𝛼𝛼3,𝑚𝑚𝑚𝑚𝑚𝑚� − (𝛾𝛾3 + 𝛾𝛾4) (6-36) 

 

 𝛾𝛾5,𝑚𝑚𝑚𝑚𝑚𝑚 = −
𝜋𝜋
2

+ (𝛼𝛼1 + 𝛼𝛼2 + 𝛼𝛼5 + 𝛼𝛼6 + 𝛼𝛼3,𝑚𝑚𝑚𝑚𝑚𝑚) − (𝛾𝛾3 + 𝛾𝛾4) (6-37) 

where it is assumed that 𝑘𝑘 = 1. By combining Eqs. (6-36) and (6-37) with 𝛾𝛾5 ∈ (𝜋𝜋/2,𝜋𝜋), the 
variation set of 𝛾𝛾5 is derived as: 

 𝛾𝛾5 ∈ (max �
𝜋𝜋
2

; 𝛾𝛾5,𝑚𝑚𝑚𝑚𝑚𝑚� , min�𝜋𝜋; 𝛾𝛾5,𝑚𝑚𝑚𝑚𝑚𝑚�) (6-38) 

On the other hand, from Eqs. (6-3) and (6-26), the angle 𝛾𝛾5 is obtained as: 

 𝛾𝛾5 = 𝜋𝜋 − atan (
𝜔𝜔𝑚𝑚
−𝛿𝛿

) (6-39) 

Combining Eqs. (6-38) and (6-39), the corresponding variation set of 𝛿𝛿 ∈ (𝛿𝛿𝑚𝑚𝑚𝑚𝑚𝑚, 𝛿𝛿𝑚𝑚𝑚𝑚𝑚𝑚) 
can be determined. The final value 𝛿𝛿 must be chosen from this set to complete the phase-lead 
compensator. Substituting the parameters of the actuator and the floor mode into Eqs. (6-30) ~ 
(6-39), it can be found that 𝛾𝛾 ∈ (2.4576, 2.7718) and 𝛿𝛿 ∈ (−1571.1, −747.0431). The root 
locus plot of the proposed phase-lead velocity feedback control for the cases such that 𝛿𝛿 are 
chosen to be −1571.1, −747.0431 and -1000 are shown in Figure 6.13, Figure 6.14 and 
Figure 6.15, respectively. With the application of the compensator, the performance of the 
specified mode is significantly improved compared with the conventional MDVF controller. 
By appropriate choice of the control gain, the mode damping can be increased for the specified 
mode. The procedure introduced above then can be used for all the modes to be controlled with 
the modal filtering technique. 
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Figure 6.13 Root locus of PLVFB (×) poles (𝑜𝑜) 
zeros 𝛿𝛿=−747.0431 

 

Figure 6.14 Root locus of PLVFB (×) poles (𝑜𝑜) 
zeros 𝛿𝛿=−1.5711𝑒𝑒 + 03

 

Figure 6.15 Root locus of PLVFB (×) poles (𝑜𝑜) zeros 𝛿𝛿=−1000 

It should be pointed out that from Eq. (6-38), it is assumed that 𝛾𝛾5 should be smaller 
than 𝜋𝜋, otherwise the calculated range for 𝛿𝛿 cannot satisfy the specified range of 𝛼𝛼3. However, 
if the time delays are very large, the calculated 𝛾𝛾5 will be larger than 𝜋𝜋. In this situation, the 
counterpart phase lag compensator must be used to improve the performance of the control 
system. The design process is the same as the procedure described above, except that 𝛿𝛿 > 0. 

6.4.3 Design process 

Based on all the analysis described in the preceding sections, the whole control scheme 
for the independent modal space phase-lead velocity feedback control can be summarized by 
the following steps: 

1) Experimentally identify the dynamics of the floor and the generalized actuator. For 
the floor, it is expected to determine the modal frequencies, modal damping ratios 
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and mode shapes of individual modes which are in the frequency range of interest. 
For the generalized actuator, it is expected to identify the model that can express the 
phase dynamics exhibited by the actuator and other dynamic components as accurate 
as possible. 

2) Determine the number of modes to be controlled and the number of sensors and 
actuators to be used. 

3) Determine the locations of the sensors and actuators based on the procedure 
described in Chapter 5 and calculate the modal filtering coefficients. 

4) Design the phase-lead compensator for each mode to potentially increase the modal 
damping and robustness with respect to stability and performance following the 
steps described in Sec. 6.4.2. 

5) Design the control gain for each mode to be controlled according to stability 
condition and control performance of the whole floor system. Non-linear actuator 
saturation must also be considered when choosing the control gains. 

6.5 Verification test 

In this section, a series of verification tests of the proposed phase-lead velocity feedback 
control scheme using the steel plate test specimen subjected to impact loads are described, and 
its control efficiency is discussed. A typical example of the controller design process is 
illustrated through the verification test, and the experimental control performance enhancement 
achieved by the proposed control scheme is investigated by the comparison between the test 
result of PLVFB and the result using the conventional modal direct velocity feedback (MDVF) 
controller. 

Step 1 to 3 of the design process of Sec. 6.4.3 are introduced in Secs. 5.4.1 and 6.3, and 
a brief review is given herein. 

For the first step, the modal frequencies, modal damping ratios and mode shapes are 
shown in Table 4.4 and Table 4.5, in which five modes in the frequency range between 0Hz 
and 200Hz are identified. The transfer function for the generalized actuator is identified as Eq. 
(6-24). 

Next, the lowest three modes are considered to be controlled, and four sensors and one 
actuator are used for the active control implementation. 

For the third step, the placement of sensors and actuator is determined as shown in Figure 
5.16. The corresponding modal filtering coefficients are shown in Table 6.3. 
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Table 6.3 – Modal filtering coefficients 

 

6.5.1 Controller design 

The purpose of this sub-section is to design the compensator 𝐶𝐶𝑝𝑝(𝑠𝑠) for the lowest three 
modes of the steel plate following the procedure described in Sec. 6.4.2. 

For the first mode, the modal frequency and modal damping are 48.88Hz and 0.0108, 
respectively. Since two zeros of the actuator are close to the origin—one on the left side and one 
on the right side of the complex plane, and  𝛾𝛾1 + 𝛾𝛾2 ≈ 𝜋𝜋 ,  𝛼𝛼4 = 𝜋𝜋/2 . The values 
of 𝛼𝛼1,  𝛼𝛼2,  𝛼𝛼5,  𝛼𝛼6, 𝛾𝛾3 and 𝛾𝛾4 can be determined using Eqs. (6-30) ~ (6-35) and the results are 
1.5676, 1.5635, 0.7599, 0.1970, 0.2723 and 2.9446, respectively. If  𝛼𝛼3 ∈ (0.95𝜋𝜋, 1.05𝜋𝜋), 
from Eqs. (6-36) to (6-39), it can be calculated that 𝛾𝛾1 ∈ (2.5992, 2.9134) and 𝛿𝛿1 ∈ (−509.6,
−266.3).  

 

Figure 6.16 Root locus using DVF for the first mode 
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Figure 6.17 Root locus using PLVFB for the first mode 

In this example, 𝛿𝛿1 = −226.3 is selected as the parameter for the compensator. The root 
loci using MDVF and PLVFB controllers for the first mode SDOF system are plotted as Figure 
6.16 and Figure 6.17, respectively. Since a small amount of phase lag caused by the generalized 
actuator is involved, the difference between these two root locus figures is insignificant. 
Therefore, it is expected that the simple modal direct velocity feedback controller can be used 
to control the first mode of the steel plate. 

For the second mode, the modal frequency and modal damping are 97.01Hz and 0.0052, 
respectively. Same as the first mode, 𝛾𝛾1 + 𝛾𝛾2 ≈ 𝜋𝜋 and 𝛼𝛼4 ≈ 𝜋𝜋/2. The values of 𝛼𝛼1, 𝛼𝛼2, 𝛼𝛼5, 𝛼𝛼6, 
𝛾𝛾3 and 𝛾𝛾4 are 1.5699, 1.5695, 1.0833, 0.3772, 0.5060 and 2.7644, respectively. From Eqs. 
(6-36) to (6-39), it can be found that 𝛾𝛾2 ∈ (2.7432, 3.0574) and 𝛿𝛿2 ∈ (−7221.7, −1448.3).  

 

Figure 6.18 Root locus using DVF for the second mode 
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Figure 6.19 Root locus using PLVFB for the second mode 

The parameter of the phase-lead compensator 𝛿𝛿2 = −1448.3 is selected for this mode. 
The root loci for using MDVF and PLVFB controllers for this mode are plotted in Figure 6.18 
and Figure 6.19, respectively. It is obvious that the performance of the second mode is 
significantly improved using the PLVFB controller compared with the MDVF controller. By 
appropriate choice of the control gain, the mode damping is expected to be increased for this 
mode using the PLVFB controller. The control results will be shown later. 

For the third mode, the modal frequency and modal damping are 149.05Hz and 0.0035, 
respectively. The process is the same as the previous two modes. First, 𝛾𝛾1 + 𝛾𝛾2 ≈ 𝜋𝜋 and 𝛼𝛼4 =
𝜋𝜋/2. 𝛼𝛼1 = 1.5704, 𝛼𝛼2 = 1.5703, 𝛼𝛼5 = 1.2385, 𝛼𝛼6 = 0.5468, 𝛾𝛾3 = 0.7053 and 𝛾𝛾4 = 2.5948. 
Based on these values, it can be calculated that  𝛾𝛾3 ∈ (3.0396, 3.1416)  and  𝛿𝛿3 ∈ (−𝑖𝑖𝑖𝑖𝑖𝑖,
−9151.7). 
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Figure 6.20 Root locus using DVF for the third mode 

 

Figure 6.21 Root locus using PLVFB for the third mode 

In this case, 𝛿𝛿3 is chosen as -9151.7. Figure 6.20 and Figure 6.21 show the root loci for 
the MDVF controller and PLVFB controller, respectively. Since a large amount phase lag is 
involved, the modal damping ratio of the third mode will not increase, but rather decreases as 
the control gain increases if the MDVF controller is used. Therefore the use of the PLVFB 
controller for the real-time active control is expected to be effective. 

The final step for the control process is tuning the control gains for the three control 
modes. Using the test system the control gains are tuned by a repetitive procedure, in which 
the vibration of the plate induced by an impact load by the hammer is measured by the sensors, 
and the values of the gains of control modes are incrementally increased, until the system 
becomes unstable. When instabilities occur, the tuning process is completed. The reasonable 
gains can be determined as the ones used in the latest stable case. 
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6.5.2 Impact loading test 

6.5.2.1 Modal direct velocity feedback control 

The performance of the controlled floor using the MDVF control under impact hammer 
loading is examined first. For the MDVF approach, since acceleration sensors are adopted, 
integrators should be used to obtain the filtered velocity responses. The filtered velocity 
responses are then multiplied by control gains directly to generate the control forces. The 
frequency response functions between the acceleration sensor outputs and the hammer input at 
points 25, 31, 50 and 61 are compared for the case with and without the active control of single 
mode. 

Firstly, the frequency response functions of the first mode control at four sensor points 
under different control gains are shown in Figure 6.22 through Figure 6.25. It can be observed 
that the damping ratio and natural frequency of this mode are increased with the increasing of 
control gain. Figure 6.26 shows the zoom-in view of the first mode of Point 31 to focus on the 
changes of frequency and damping ratio. The reason can be explained by the root locus of the 
first mode with the increasing of control gain, as shown in Figure 6.16. Because of the good 
performance of modal filtering, the peaks of the second and third modes are not changed, while 
the peaks of the fourth and fifth modes are increased due to the spillover effects, as shown in 
Figure 5.9. The effects of the modal filtering become more evident through the control outputs 
of the DSP system. The frequency response functions between the control outputs and the 
hammer input are shown in Figure 6.27. From Figure 6.27, it can be detected that as the control 
gain increases, the peak frequency of the control outputs for the first mode control increases as 
well, which also explains the reason of the increase of the natural frequency of the first mode 
shown in Figure 6.26. Furthermore, it can be observed from Figure 6.22 through Figure 6.25 
that the control performance at the four points are consistent with each other, which conformed 
the global control characteristics of the model-based feedback controller. 

Figure 6.28 through Figure 6.31 show the frequency response functions of the second 
mode control at four sensor points under different control gains. Significant changes of the 
damping ratio cannot be seen from these figures while the natural frequency of this mode is 
considerably increased. Figure 6.32 shows a zoom-in view of the second mode where the 
natural frequency and damping ratio are changing with the increasing of control gain. This is 
due to the large phase difference caused by the actuator and DSP hardware. From Figure 6.33, 
it can also be found that even though the control energy is large for the second mode, the 
damping ratio of this mode cannot be sufficiently increased because of the phase delay. This 
phenomenon can also be explained through the root locus of the second mode control, as shown 
in Figure 6.18. However, it is observed from Figure 6.28 through Figure 6.31 that the peaks of 
the first mode and the third mode are not significantly changed, which is owing to the good 
performance of the modal filtering method. 
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Figure 6.22 First mode control using MDVF for 
different control gains (Point 25) 

 

Figure 6.23 First mode control using MDVF for 
different control gains (Point 31) 

 

Figure 6.24 First mode control using MDVF for 
different control gains (Point 50) 

 

Figure 6.25 First mode control using MDVF for 
different control gains (Point 61) 

 

Figure 6.26 First mode control (Point 31) 

 

Figure 6.27 Control force outputs for different 
control gains
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Figure 6.28 Second mode control using MDVF for 
different control gains (Point 25) 

 

Figure 6.29 Second mode control using MDVF for 
different control gains (Point 31) 

 

Figure 6.30 Second mode control using MDVF for 
different control gains (Point 50) 

 

Figure 6.31 Second mode control using MDVF for 
different control gains (Point 61) 

 

Figure 6.32 Second mode control (Point 31) 

 

Figure 6.33 Control force outputs for different 
control gains 
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Figure 6.34 Third mode control using MDVF for 
different control gains (Point 25) 

 

Figure 6.35 Third mode control using MDVF for 
different control gains (Point 31) 

 

Figure 6.36 Third mode control using MDVF for 
different control gains (Point 50) 

 

Figure 6.37 Third mode control using MDVF for 
different control gains (Point 61) 

 

Figure 6.38 Third mode control (Point 31) 

 

Figure 6.39 Control force outputs for different 
control gains
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Finally, the frequency response functions of the third mode control at four sensor points 
under different control gains are examined, as shown in Figure 6.34 through Figure 6.37. Figure 
6.38 and Figure 6.39 show the zoom-in view of the third mode peak change and DSP control 
outputs, respectively. Similar to the second mode MDVF control case, the damping ratio of the 
third mode is not increased, but rather decreased due to the large phase delay, and the system 
became instable when the control gain is increased further. The performance is well estimated 
from the root locus of shown in of Figure 6.20. It can also be observed that the peaks of the 
first mode and the second mode do not significantly change. 

6.5.2.2 PLVFB control of single mode 

From Sec. 6.5.2.1, it is known that a good control performance of the first mode can be 
achieved using the simple MDVF control, and the damping ratio was sufficiently increased. 
However, the performance of the MDVF controller is not excellent for the second and third 
modes control, and it is found that the modal frequencies of both modes increased while the 
modal damping ratios did not increase as that of the first mode. The reason can be explained 
from the root locus of these three modes without phase lead compensation. In order to improve 
the control performance, phase-lead compensators of Eq. (6-26) must be used. 

The test results for the first mode control using three different 𝛿𝛿 within the calculated 
range are shown in Figure 6.40, in which the frequency response functions of the three control 
cases are compared with the case without active control of Point 31. The control gains for the 
three cases are chosen for the purpose of achieving the same amplitude. It can be seen from 
this figure that the damping ratios of all the three cases are increased while the natural 
frequencies are changing in different ways. This can also be explained through the root locus 
of this mode when the phase-lead compensator is utilized, since the distance between the poles 
of mode and the origin represents the natural frequency, with the increase of the control gain, 
the poles of the system move in different manners when different phase-lead compensators are 
used. 
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Figure 6.40 First mode control using selected phase-lead parameters 

Figure 6.41 and Figure 6.42 show two cases of the PLVFB control for the first mode of 
the plate for increased control gains. The compensator parameter 𝛿𝛿 in case 1 is larger than that 
of case 2. It can be observed that as the control gain increases, the natural frequency of the first 
mode remarkably increases for case 1 compared with case 2, while more significant increase 
of the damping ratio for case 2 is achieved compared with case 1. 

 

Figure 6.41 PLVFB control of the first mode (case 
1) 

 

Figure 6.42 PLVFB control of the first mode (case 
2) 

Figure 6.43 shows the performance for the second mode control using three different 
compensator parameters 𝛿𝛿. It is found that the control performance is significantly improved 
compared with the control results using the MDVF controller. For different parameters 𝛿𝛿, the 
natural frequency and damping ratio will change in different manners, which can be estimated 
from the root locus of the poles of the mode. 
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Figure 6.43 Second mode control using selected phase-lead parameters 

Same as the first mode control, Figure 6.44 and Figure 6.45 show two cases of the 
PLVFB control for the second mode for increased control gains, where the compensator 
parameter 𝛿𝛿 in case 1 is larger than that of case 2. It can be observed that both of the two cases 
are capable of sufficiently increasing the damping ratio of the second mode. 

 

Figure 6.44 PLVFB control of the second mode 
(case 1) 

 

Figure 6.45 PLVFB control of the second mode 
(case 2)

Finally, the PLVFB controller is applied on the third mode control application. Figure 
6.46 shows the performance for this mode control using three different compensator 
parameters 𝛿𝛿. Similar to the control performance for the second mode, it is noticed that the 
control performance is significantly improved compared with the MDVF controller counterpart. 
Figure 6.47 shows the case of using PLVFB controller for the third mode with increased control 
gains. It can be observed that the damping ratio is considerable increased as the control gain 
increases. 
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Figure 6.46 Third mode control using selected 
phase-lead parameters 

 

Figure 6.47 PLVFB control of the third mode 

6.5.2.3 PLVFB control of multiple modes 

The final experiments are conducted for the cases of using PLVFB controller to suppress 
the vibration of multiple modes. A high pass filter with a cut-off frequency of 10Hz is used to 
avoid the low frequency noise. Since the high pass filter will introduce phase lead to the control 
modes, it will not degrade the control performance. Because of the global control characteristic 
of the model based controllers, only the control results of Point 31 are shown. 

 

Figure 6.48 Test result: lowest two modes control 
at Point 31 

 

Figure 6.49 Test result: first and third modes 
control at Point 31 
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Figure 6.50 Test result: second and third modes 
control at Point 31 

 

Figure 6.51 Test result: lowest three modes control 
at Point 31

Figure 6.48 shows the test result of control of the lowest two modes, in which the 
frequency response functions of Point 31 between sensor outputs and hammer inputs are 
compared for the case with and without active control. It is observed that the modal frequencies 
and damping ratios of the lowest two modes increases without affecting the modal properties 
of the third mode due to the high performance of the PLVFB controller and the modal filtering 
technique. Figure 6.49 and Figure 6.50 show the results of the first and third modes control and 
second and third modes control, respectively. 

Figure 6.51 shows the control results of the lowest three modes for the cases with and 
without active control of Point 31. Significant reduction of peaks in the lowest three modes 
shown in the figure indicates that the independent modal control enables the system to increase 
the modal damping of each controlled mode to effectively reduce the vibration of the steel plate. 
Since the actuator is placed in the vicinity of the node of the 4th mode shape, the change of the 
peak response of this mode is not significant. On the other hand, the increase of the peak of the 
5th mode response is a strong indication of the spillover effect.  

6.6 Summary 

The independent modal space phase-lead velocity feedback controller was presented in 
this chapter in the context of cancellation of floor vibration. The motivation of the development 
is that the traditional modal direct velocity feedback (MDVF) controller may not be a good 
choice if a large phase delay exists. 

Firstly, the effects of time delays are examined in order to explain the problem of time 
delay in the feedback control system. It is found that large time delays would reduce the 
stability margins and the possible damping for each of the control mode. 
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Then a numerical model of the dynamics of the actuator and time delay due to other 
components which is referred to as the generalized actuator system, is identified using 
experimental measurements of the dynamic behavior of the system. This model can accurately 
express the time delays caused by the actuator and the DSP hardware. 

Next, the phase-lead compensator technique, which is in fact introducing a first order 
compensator to the control system, is proposed in order to achieve significant stability 
enhancement and damping for the control modes. The root locus method is used to calculate 
the phase-lead compensator parameters for individual control modes. 

Finally, an active control system designed based on the proposed control scheme is 
tested on the steel plate. The control tests using the MDOF controller are conducted for 
individual modes control. Because of the large phase delay involved, the performance of the 
MDOF controller is not excellent. Then the phase-lead compensators for individual control 
modes are designed and introduced to the system. The test results show that significant 
reduction of the responses are achieved in the control modes. 

Up to present, only the modes within 0-200Hz are considered. However, higher modes 
above 200Hz are present and may degrade the control performance during the active control if 
their influence is ignored in the control system. Figure 6.52 shows an example of the control 
force outputs from the DSP system when the first mode is controlled using the PLVFB 
controller. It is observed that the modes above 200Hz are intensely excited and in fact the 
amplitudes of these modes will increase as the control gain for the first mode control increases. 
Therefore, if the control gain is large, the system may become unstable because of the poles of 
the higher modes move to the right hand side of the s-plane. 

 

Figure 6.52 Control force outputs for first mode control using PLVFB controller 
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One possible solution is the use of the optimal sensor placement technique described in 
Chapter 5. For this purpose, the higher modes above 200Hz must be accurately identified and 
then considered as the residue modes. However, it has been shown in Chapter 5 that the 
spillover effects of the residue modes cannot be completely eliminated unless they are 
considered as the control modes. In that case, more sensors should be used. Furthermore, it is 
difficult to suppress the spillover effects using a small number of sensors if a large number of 
modes are considered as the residue modes. 

Another possible solution is the application of the low pass filter to attenuate the signals 
in the frequency range higher than the cut-off frequency. However, the low pass filter will 
introduce more poles into the whole system, and therefore will introduce more phase delay. On 
the other hand, from Figure 6.52, it should also be noted that a high pass filter is need to 
attenuate the signals in the low frequency range due to numerical issues associated with 
integration of acceleration signals to velocity. Furthermore, use of high pass filter can avoid 
the stroke saturation described in Sec. 2.1 and therefore make the system more stable. 

It is possible to design the phase-lead compensators when low pass and high pass filters 
are applied. However, the process is complicated and the dynamic components involved in the 
whole control system must be accurately identified for the compensator design. Based on the 
theoretical fundamentals of the PLVFB controller presented in this chapter, a more practical 
and accurate method will be introduced in the next chapter for the purpose of phase 
compensation without any information of the dynamic components. 
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Chapter 7 Compensation for Time Delays 

The effects of time delays on the performance of real-time control using MDVF 
controller for each control mode were analysed in detail in the previous chapter, and a phase-
lead compensator was developed using root locus method based on a generalized actuator 
model. However, there are disadvantages of the root-locus based method. First, application of 
the root locus technique becomes more complicated if the high pass and low pass filters are 
involved, since a higher order model must be identified to represent the phase dynamics of all 
the components including the filters. Second, it may be difficult to choose a proper parameter 
δ from a range of allowable values for each mode so that all the control modes be well-behaved 
based on the same criterion. Finally, model identification becomes time consuming, 
complicated and error prone with the increase of the dynamic components in the real-time 
control. 

In this chapter, new phase compensation techniques are proposed. The associated 
controller associated with these techniques is referred to as the phase compensated velocity 
feedback control (PCVFB). All the time delays caused by the dynamic components for each 
control mode will be compensated in this study. Phase compensation can be implemented by a 
simple weighted linear combination of integration with the target modal control signal itself, 
which is similar to the proportional-integral (PI) technique. The only information needed for 
the implementation is the modal frequency. As long as the modal frequency of the control mode 
is known, the PI parameters can be searched in an automatic way such that not only the phase 
but also the magnitude can be compensated. 

7.1 PI compensation 

The idea of PI compensation comes from the phase-lead compensator introduced in the 
previous chapter. Recall that the transfer function for the phase-lead compensator is written as: 

 𝐶𝐶𝑝𝑝(𝑠𝑠) =
𝑣𝑣𝑐𝑐𝑐𝑐
𝑣𝑣𝑓𝑓

=
𝑠𝑠 + 𝛿𝛿
𝑠𝑠

, 𝛿𝛿 ≤ 0 (7-1) 
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where 𝑣𝑣𝑓𝑓 is the modal velocity and 𝑣𝑣𝑐𝑐𝑐𝑐 is the compensated modal velocity. Transformation of 
Eq. (7-1) from the Laplace domain to the time domain yields: 

 
𝑣𝑣𝑐𝑐𝑐𝑐(𝑡𝑡) = 𝑣𝑣𝑓𝑓(𝑡𝑡) +  𝛿𝛿 � 𝑣𝑣𝑓𝑓(𝜏𝜏)

𝑡𝑡

0
𝑑𝑑𝑑𝑑 (7-2) 

In order to keep the amplitudes of these two modal velocities equal, a scaler parameter 𝛽𝛽 
is multiplied to the right-hand side of Eq.(7-2): 

 
𝑣𝑣𝑐𝑐𝑐𝑐(𝑡𝑡) = 𝛽𝛽𝑣𝑣𝑓𝑓(𝑡𝑡) +  𝛽𝛽𝛽𝛽� 𝑣𝑣𝑓𝑓(𝜏𝜏)

𝑡𝑡

0
𝑑𝑑𝑑𝑑 (7-3) 

Therefore, the PI compensator can be written as: 

 
𝑣𝑣𝑐𝑐𝑐𝑐(𝑡𝑡) = 𝑎𝑎𝑣𝑣𝑓𝑓(𝑡𝑡) +  𝑏𝑏� 𝑣𝑣𝑓𝑓(𝜏𝜏)

𝑡𝑡

0
𝑑𝑑𝑑𝑑 (7-4) 

Figure 7.1 shows a schematic block diagram of the configuration for the phase 
compensated velocity feedback control of mode m. 

 

Figure 7.1 Phase compensated velocity feedback control of the mth mode 

The purpose of the PI compensation is to compensate all the time delays caused by the 
dynamic components, such as the actuator, A/D-D/A interfaces and bandpass filters. The issue 
is the method to adjust the PI parameters 𝑎𝑎𝑚𝑚 and 𝑏𝑏𝑚𝑚 for each mode without any knowledge of 
the transfer functions of these dynamic components. 

7.2 PCVFB controller design 

In this section, the proposed procedure of PI parameter search is described. The PI 
parameters 𝑎𝑎𝑗𝑗  and 𝑏𝑏𝑗𝑗  are obtained by a set of real-time experiments prior to the real-time 
control. In order to search for the value of these parameters, the following four assumptions 
are introduced here: 
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1) The digital signal processing (DSP) system has the ability to generate signals by 
itself to activate the actuator. 

2) The sinusoidal signals are used in the PI parameter search and the phase 
compensation procedure. 

3) The delayed control force can be detected by the sensor mounted on the mass of the 
actuator. 

4) All the components in the control loop are linear time invariant systems. 

The DSP system used in the phase compensation and active control has six input 
channels and eight output channels that satisfy the assumption 1). In the ensuing subsections, 
two phase compensation techniques are introduced. Both methods can successfully search the 
PI parameters. 

7.2.1 Standard phase compensation 

According to the assumption 2), a sinusoidal signal  𝑦𝑦 = 𝐵𝐵sin(𝜔𝜔𝜔𝜔) , which can be 
regarded as the modal velocity, where B is the amplitude (selected randomly) and 𝜔𝜔 is the 
frequency of the mode that need to be controlled, is supposed to be generated and provided 
from Output Channel 1. While the sinusoidal signal is monitored through the Input Channel 1, 
the signal is provided to the feedback control loop to activate the actuator. For the measurement 
of the control force, the acceleration of the actuator mass is measured as the amplifier output 
of the accelerometer mounted on the mass detected with Input Channel 2. The system concept 
is shown in Figure 7.2. The green lines represent the digital processing inside the DSP system 
and the red lines represent analogue signal cable connection. 

 

Figure 7.2 Signal before phase compensation 

Assuming that the physical signal is expressed by 𝑦𝑦 = 𝐵𝐵sin(𝜔𝜔𝜔𝜔), the instrumented signal 
received through Input Channel 1 eventually has a phase lag 𝜑𝜑1 , which can be expressed 
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as 𝑦𝑦 = 𝐵𝐵sin(𝜔𝜔𝜔𝜔 − 𝜑𝜑1). The signal instrumented through Input Channel 2 and filtered can be 
written as 𝑦𝑦 = 𝜅𝜅𝜅𝜅sin(𝜔𝜔𝜔𝜔 − 𝜑𝜑0), in which 𝜑𝜑0 is the phase lag from the physical signal, and 𝜅𝜅 
is the factor of the amplitude change. The phase delay 𝜑𝜑0 − 𝜑𝜑1 is regarded to be caused by the 
bandpass filter and actuator dynamics. 

In order to compensate the phase lag 𝜑𝜑0, a PI manipulation using two parameters a and 
b is then applied to the signal from Input Channel 1, so that the measured signal by input 
channel 2 is expected as same as the original physical signal 𝑦𝑦 = 𝐵𝐵sin(𝜔𝜔𝜔𝜔). The process is 
shown in Figure 7.3. 

 

Figure 7.3 Signal after phase compensation 

Two techniques to automatically search for the appropriate values of the parameters a 
and b are developed. The only information required is the modal frequencies of the control 
modes. The proposed techniques do not require any accurate model of the actuator nor 
information regarding other dynamic components of the control system. 

As the first step, the discrete time data of the measured signal is expressed as sinusoidal 
signals with the offset 𝐴𝐴𝑜𝑜𝑜𝑜𝑜𝑜, amplitude 𝐴𝐴𝑎𝑎𝑎𝑎𝑎𝑎, frequency 𝜔𝜔 and phase 𝜑𝜑 by: 

 𝑦𝑦 = 𝐴𝐴𝑜𝑜𝑜𝑜𝑜𝑜 + 𝐴𝐴𝑎𝑎𝑎𝑎𝑎𝑎sin (𝜔𝜔𝜔𝜔 + 𝜑𝜑) (7-5) 

in which 𝜔𝜔 should be set equal to the natural frequency of the mode to be controlled because 
of the linear time invariant characteristics of the system as assumed in assumption 4). The 
identification of the other three parameters  𝐴𝐴𝑜𝑜𝑜𝑜𝑜𝑜 ,  𝐴𝐴𝑎𝑎𝑎𝑎𝑎𝑎  and  𝜑𝜑  is achieved by nonlinear 
parameter fitting with the Lebenberg-Marquardt algorithm (LMA) [102]. Appendix C shows a 
brief introduction of the LMA. The identified 𝐴𝐴𝑜𝑜𝑜𝑜𝑜𝑜 can be subtracted from the measured signal 
during tests to obtain unbiased signal to be used in the ensuing signal processing. This operation 
is trivial and 𝐴𝐴𝑜𝑜𝑜𝑜𝑜𝑜 will not be mentioned in the discussion that follows. 
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The process of the standard phase compensation is shown as follows: 

Step 1: A sinusoidal signal with amplitude A, expressed by 𝑦𝑦 = 𝐴𝐴sin(𝜔𝜔𝜔𝜔), is assumed to 
be generated at the Output Channel 1 for a short duration of time. Therefore, the signal 
measured at Input Channel 1 is 𝑦𝑦 = 𝐴𝐴sin(𝜔𝜔𝜔𝜔 − 𝜑𝜑1). Meanwhile, the signal measured at Input 
Channel 2, including the dynamics of the bandpass filter and the actuator, is expressed as 𝑦𝑦 =
𝐵𝐵sin(𝜔𝜔𝜔𝜔 − 𝜑𝜑0). The amplitude 𝐵𝐵, and the phase lags 𝜑𝜑1and 𝜑𝜑0 are identified by LMA. 

Step 2: A sinusoidal signal with the identified amplitude B, expressed by 𝑦𝑦 = 𝐵𝐵sin(𝜔𝜔𝜔𝜔), 
is then generated at Output Channel 1 for a short duration of time. The same process as Step 1 
is applied, and the signals are measured at Input Channel 1 and Input Channel 2 as  𝑦𝑦 =
𝐵𝐵sin(𝜔𝜔𝜔𝜔 − 𝜑𝜑1) and 𝑦𝑦 = 𝐶𝐶sin(𝜔𝜔𝜔𝜔 − 𝜑𝜑0), respectively. 

Step 3: The signal 𝑦𝑦 = 𝐵𝐵sin(𝜔𝜔𝜔𝜔) is assumed as the target signal, in order to obtain 𝑦𝑦 =
𝐵𝐵sin(𝜔𝜔𝜔𝜔) at Output Channel 2, the signal that should be generated at Output Channel 2, from 
Step 1, is 𝑦𝑦 = 𝐴𝐴sin(𝜔𝜔𝜔𝜔 + 𝜑𝜑0). The parameters 𝑎𝑎 and 𝑏𝑏 should satisfy the following equation: 

 𝑎𝑎 ∗ 𝐵𝐵sin(𝜔𝜔𝜔𝜔 − 𝜑𝜑1) + b ∗ Int�𝐵𝐵sin(𝜔𝜔𝜔𝜔 − 𝜑𝜑1)� = 𝐴𝐴sin(𝜔𝜔𝜔𝜔 + 𝜑𝜑0) (7-6) 

where  Int�𝐵𝐵sin(ω𝑡𝑡 − 𝜑𝜑1)�  denotes the integration of signal  𝐵𝐵sin(𝜔𝜔𝜔𝜔 − 𝜑𝜑1) . Substitution 
of Int�𝐵𝐵sin(𝜔𝜔𝜔𝜔 − 𝜑𝜑1)� = −𝐵𝐵cos(ω𝑡𝑡 − 𝜑𝜑1)/ω into Eq. (7-6) yields: 

 𝑎𝑎 ∗ 𝐵𝐵sin(𝜔𝜔𝜔𝜔 − 𝜑𝜑1) −
𝑏𝑏 ∗ 𝐵𝐵
𝜔𝜔

cos (ω𝑡𝑡 − 𝜑𝜑1) = 𝐴𝐴sin(ω𝑡𝑡 + 𝜑𝜑0) (7-7) 

From the basic sine and cosine of sum identities, 𝑎𝑎 ∗ 𝐵𝐵 = 𝐴𝐴cos(𝜑𝜑0 + 𝜑𝜑1) and −𝑏𝑏 ∗ 𝐵𝐵
ω

=
𝐴𝐴sin(𝜑𝜑0 + 𝜑𝜑1).  Therefore, the parameters a and b are found to be: 

 𝑎𝑎 =
𝐴𝐴cos(𝜑𝜑0 + 𝜑𝜑1)

𝐵𝐵
 (7-8) 

 

 𝑏𝑏 = −
𝐴𝐴 ∗ 𝜔𝜔sin(𝜑𝜑0 + 𝜑𝜑1)

𝐵𝐵
 (7-9) 

 

Table 7.1 – Theoretical procedure of phase compensation 

Procedure Output Channel Input Channel 1 Input Channel 2 
Step 1 𝑦𝑦 = 𝐴𝐴sin(𝜔𝜔𝑡𝑡) 𝑦𝑦 = 𝐴𝐴sin(𝜔𝜔𝑡𝑡 − 𝜑𝜑1) 𝑦𝑦 = 𝐵𝐵sin(𝜔𝜔𝑡𝑡 − 𝜑𝜑0) 
Step 2 𝑦𝑦 = 𝐵𝐵sin(𝜔𝜔𝑡𝑡) (Target) 𝑦𝑦 = 𝐵𝐵sin(𝜔𝜔𝑡𝑡 − 𝜑𝜑1) 𝑦𝑦 = 𝐶𝐶sin(𝜔𝜔𝑡𝑡 − 𝜑𝜑0) 

Calculate a and b by Eqs. (7-8) and (7-9). 
Step 3 𝑦𝑦 = 𝐴𝐴sin(𝜔𝜔𝑡𝑡 + 𝜑𝜑0)  𝑦𝑦 = 𝐵𝐵sin(𝜔𝜔𝑡𝑡) 
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Table 7.1 shows the corresponding mathematical expressions for the signals in the 
procedure. 

Step 4: The actuator is connected to Output Channel 2. The PI compensation scheme 
using the computed a and b is applied to the assumed input 𝑦𝑦 = 𝐵𝐵sin(𝜔𝜔𝜔𝜔), and the resulting 
signal is generated at Output Channel 2 for a short duration of time to excite the actuator. 
Because of inherent nonlinear characteristics in the control system and the difference between 
the ideal integrator and the implemented integrator (with intentionally added high pass 
characteristics to remove the DC bias from the output), the measured signal at Input Channel 
2, in general, will not be exactly equal to  𝑦𝑦 = 𝐵𝐵sin(𝜔𝜔𝜔𝜔) , and turns out to be, say, 𝑦𝑦 =
𝐵𝐵1sin(𝜔𝜔𝜔𝜔 − 𝜑𝜑2), where 𝐵𝐵1 is the amplitude and 𝜑𝜑2 is the phase lag. Replacing 𝜑𝜑0 with 𝜑𝜑0 +
𝜑𝜑2 and 𝐵𝐵 with 𝐵𝐵1, the updated values of the parameters a and b are computed by Eqs. (7-8) 
and (7-9). This process is repeated until the conditions 𝜑𝜑2 = 0 and 𝐵𝐵1 = 𝐵𝐵 are acceptably 
satisfied. The final a and b are used to the phase compensation. 

Step 5: The procedure Step 1 through Step 4 is repeated for all the control modes to find 
the PI parameters 𝑎𝑎 and 𝑏𝑏 for each mode. 

7.2.2 Modified phase compensation 

Due to the transient nature of the response generated by individual dynamic components 
as well as unexpected outside disturbances, the sinusoidal signals obtained by curve fitting, 
with the signal measured from Input Channel 2 and filtered with the bandpass filter may be 
different every time even for the same input signal. Therefore, it may take several times of 
repetition in Step 4 until the convergence of the parameters a and b is achieved. 

 

Figure 7.4 Signal before phase compensation (modified) 
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In order to circumvent the problem of such a situation, a modified version of the phase 
compensation procedure incorporating the bandpass filtering of the response measurement 
signal is developed. The details of this modified procedure are described as following: 

The assumed process is shown in Figure 7.4. A sinusoidal signal  𝑦𝑦 = 𝐵𝐵sin(𝜔𝜔𝜔𝜔)  is 
generated at Output Channel 1, while the sinusoidal signal is monitored through the Input 
Channel 1, which is 𝑦𝑦 = 𝐵𝐵sin(𝜔𝜔𝜔𝜔 − 𝜑𝜑1). This signal at Output Channel 1 is connected to the 
actuator, and the actuator mass acceleration measurement signal is connected to Input Channel 
2. It is assumed that the measurement signal at Input Channel 2 is expressed by 𝑦𝑦 =
𝜅𝜅𝑚𝑚0𝐵𝐵sin(𝜔𝜔𝜔𝜔 − 𝜑𝜑𝑚𝑚0), where 𝜅𝜅𝑚𝑚0 is a constant to represent the amplitude factor, and 𝜑𝜑𝑚𝑚0 is a 
phase lag. Then, the monitored signal of Input Channel 1 is manipulated with a bandpass filter 
and the filtered signal is assumed to be expressed by 𝑦𝑦 = 𝜅𝜅𝑚𝑚1𝐵𝐵sin(𝜔𝜔𝜔𝜔 − 𝜑𝜑𝑚𝑚1), where 𝜅𝜅𝑚𝑚1 is 
a constant, and 𝜑𝜑𝑚𝑚1 is a phase lag. 

The process is shown in Figure 7.5. If the bandpass filter is applied to the measured 
signal at Input Channel 1, the total phase delay is expected to be 𝜑𝜑𝑚𝑚0 + 𝜑𝜑𝑚𝑚1 − 𝜑𝜑1. In order to 
compensate this delay, the PI manipulation scheme with the parameters a and b is applied to 
the signal measured at Input Channel 1, and the resulting signal is generated at Output Channel 
2, which is connected to the actuator. In this case, the measured signal at Input Channel 2 is 
expected to be 𝑦𝑦 = 𝐵𝐵

𝜅𝜅𝑚𝑚1
sin(𝜔𝜔𝜔𝜔 + 𝜑𝜑𝑚𝑚1 − 𝜑𝜑1). The procedure to find the parameters a and b 

such that the measured signal at Input Channel 2 be  𝑦𝑦 = 𝐵𝐵
𝜅𝜅𝑚𝑚1

sin(𝜔𝜔𝜔𝜔 + 𝜑𝜑𝑚𝑚1 − 𝜑𝜑1) can be 

described as follows: 

 

Figure 7.5 Signal after phase compensation (modified) 

Step 1: A sinusoidal signal with the amplitude A, expressed as 𝑦𝑦 = 𝐴𝐴sin(𝜔𝜔𝜔𝜔), is assumed 
to be generated by the Output Channel 1, which is connected to the actuator, for a short duration 
of time. Then the signals measured at Input Channel 1 and Input Channel 2 are 𝑦𝑦 = 𝐴𝐴sin(𝜔𝜔𝜔𝜔 −
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𝜑𝜑1) and 𝑦𝑦 = 𝐵𝐵sin(𝜔𝜔𝜔𝜔 − 𝜑𝜑m0), respectively. The signal 𝑦𝑦 = 𝐴𝐴sin(𝜔𝜔𝜔𝜔 − 𝜑𝜑1) goes through a 
pre-defined bandpass filter and the resulting signal is  𝑦𝑦 = 𝜅𝜅𝑚𝑚1𝐴𝐴sin(𝜔𝜔𝜔𝜔 − 𝜑𝜑m1) . The 
amplitude 𝐵𝐵, the scalar 𝜅𝜅𝑚𝑚1 and the phase lags 𝜑𝜑1, 𝜑𝜑m0 and 𝜑𝜑m1 are identified by LMA. 

Step 2: A sinusoidal signal with amplitude B, expressed as  𝑦𝑦 = 𝐵𝐵sin(𝜔𝜔𝜔𝜔) , is then 
generated at Output Channel 1 for the short duration of time. The signals measured by Input 
Channel 1 and Input Channel 2 are  𝑦𝑦 = 𝐵𝐵sin(𝜔𝜔𝜔𝜔 − 𝜑𝜑1)  and  𝑦𝑦 = 𝐶𝐶sin(𝜔𝜔𝜔𝜔 − 𝜑𝜑m0) , 
respectively. 

Step 3: The signal 𝑦𝑦 = 𝐵𝐵sin(𝜔𝜔𝜔𝜔) is assumed as the target signal. In order to obtain the 
signal 𝑦𝑦 = 𝐵𝐵

𝜅𝜅𝑚𝑚1
sin(𝜔𝜔𝜔𝜔 + 𝜑𝜑𝑚𝑚1 − 𝜑𝜑1) at Input Channel 2, the signal that should be generated at 

Output Channel 2 is 𝑦𝑦 = 𝜑𝜑
𝜅𝜅𝑚𝑚1

sin(𝜔𝜔𝜔𝜔 + 𝜑𝜑𝑚𝑚0 + 𝜑𝜑𝑚𝑚1 − 𝜑𝜑1). The parameters 𝑎𝑎 and 𝑏𝑏 are to be 

determined to satisfy: 

 𝑎𝑎 ∗ 𝐵𝐵sin(𝜔𝜔𝜔𝜔 − 𝜑𝜑1) + 𝑏𝑏 ∗ Int�𝐵𝐵sin(𝜔𝜔𝜔𝜔 − 𝜑𝜑1)�

=
𝐴𝐴
𝜅𝜅𝑚𝑚1

sin(𝜔𝜔𝜔𝜔 + 𝜑𝜑m0 + 𝜑𝜑𝑚𝑚1 − 𝜑𝜑1) 
(7-10) 

Substitution of Int�𝐵𝐵sin(𝜔𝜔𝜔𝜔 − 𝜑𝜑1)� = −Bcos(ω𝑡𝑡 − 𝜑𝜑1)/ω, into Eq. (7-6) yields: 

 𝑎𝑎 ∗ 𝐵𝐵sin(𝜔𝜔𝜔𝜔 − 𝜑𝜑1) −
𝑏𝑏 ∗ 𝐵𝐵
𝜔𝜔

cos (ω𝑡𝑡 − 𝜑𝜑1) =
𝐴𝐴
𝜅𝜅𝑚𝑚1

sin(ω𝑡𝑡 + 𝜑𝜑m0 + 𝜑𝜑𝑚𝑚1 − 𝜑𝜑1) (7-11) 

From the basic sine and cosine of sum identities, 𝑎𝑎 ∗ 𝐵𝐵 = 𝐴𝐴
𝜅𝜅𝑚𝑚1

cos(𝑡𝑡m0 + 𝜑𝜑𝑚𝑚1) and −𝑏𝑏 ∗
𝐵𝐵
𝜔𝜔

= 𝐴𝐴
𝜅𝜅𝑚𝑚1

sin(𝜑𝜑m0 + 𝜑𝜑𝑚𝑚1).  Therefore: 

 𝑎𝑎 =
𝐴𝐴cos(𝜑𝜑m0 + 𝜑𝜑𝑚𝑚1)

𝐵𝐵𝜅𝜅𝑚𝑚1
 (7-12) 

 

 𝑏𝑏 = −
𝐴𝐴 ∗ 𝜔𝜔sin(𝜑𝜑m0 + 𝜑𝜑𝑚𝑚1)

𝐵𝐵𝜅𝜅𝑚𝑚1
 (7-13) 

Step 4: The actuator is connected to Output Channel 2. The PI compensation scheme 
using the computed a and b is applied to the assumed input 𝑦𝑦 = 𝐵𝐵sin(𝜔𝜔𝜔𝜔), and the resulting 
signal is generated at Output Channel 2 for a short duration of time to excite the actuator. The 
measured signal at Input Channel 2 in Step 3, in general, will not be exactly equal to  𝑦𝑦 =
𝐵𝐵
𝜅𝜅𝑚𝑚1

sin(𝜔𝜔𝜔𝜔 + 𝜑𝜑𝑚𝑚1 − 𝜑𝜑1) due to the nonlinearity and transient nature of the response, and turns 

out to be, say, 𝑦𝑦 = 𝐵𝐵1
𝜅𝜅𝑚𝑚1

sin(𝜔𝜔𝜔𝜔 + 𝜑𝜑𝑚𝑚1 − 𝜑𝜑1 − 𝜑𝜑2), where 𝐵𝐵1 is the amplitude and 𝜑𝜑2 is the 

phase lag. Replacing 𝜑𝜑1 with 𝜑𝜑1 + 𝜑𝜑2 and 𝐵𝐵 with 𝐵𝐵1, the updated values of parameters a and 
b are computed by Eqs. (7-12) and (7-13). This process is repeated until the conditions 𝜑𝜑2 = 0 
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and 𝐵𝐵1 = 𝐵𝐵 are acceptably satisfied. The final a and b are used as the parameters in the phase 
compensation. 

Step 5: The procedure Step 1 through Step 4 are repeated for all the control modes to 
find the PI parameters 𝑎𝑎 and 𝑏𝑏 for each mode. 

7.2.3 Examples 

Some example tests are shown to illustrate the previously described procedures. In the 
example tests, the actuator is attached on a rigid fixed base. 

7.2.3.1 Standard procedure case 

It is assumed that a structure to be controlled has a modal natural frequency of 50Hz. 
The cut-off frequencies for the high pass filter and low pass filter are 10Hz and 200Hz, 
respectively. The sampling rate used in the DSP system is 1000Hz. 

As the first step, a signal 𝑦𝑦 = 0.03sin (100π𝑡𝑡) is generated at the Output Channel 1 for 
0.2s and the measured signal at Input Channel 1 is shown in Figure 7.6. The actuator response 
to the signal of the Output Channel 1, measured at Input Channel 2 is shown in Figure 7.7. The 
filtered actuator response measurement signal is shown Figure 7.8. Note that the LMA works 
very well to regress the discrete signals even with the presence of transient responses. Based 
on the results of LMA, the identified response amplitude and phase lags are  B =
0.0597V, 𝜑𝜑1 = 0.3125rad and 𝜑𝜑0 = 0.5414rad. 

 

Figure 7.6 Step 1 – input channel 1 (standard) 

 

Figure 7.7 Step 1 – input channel 2 (standard) 
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Figure 7.8 Step 1 – filtered data (standard) 

 

Figure 7.9 Step 2 – input channel 1 (standard) 

In Step 2, the signal 𝑦𝑦 = 0.0597sin (100π𝑡𝑡) is generated at Output Channel 1 for the 
same duration of 0.2s. The signal measured at Input Channel 1 is shown in Figure 7.9. It is 
found that the phase lag 𝜑𝜑1 = 0.3099 identified by LMA are almost equal to 𝜑𝜑1 = 0.3125 
obtained in Step 1. In Step 3, firstly, discrete time integration of the measured signal obtained 
in Step 2 is computed, as shown in Figure 7.10. The values of PI parameters a and b can be 
calculated using Eqs. (7-8) and (7-9). Then the result of PI compensation with the determined 
parameters is obtained, as shown in Figure 7.11. 

 

Figure 7.10 Step 3 – Integrated data (standard) 

 

Figure 7.11 Step 3 – Synthesized data after PI 
(standard) 

The result of PI compensation is provided to the actuator. The measured actuator 
response is filtered with the bandpass filter (10-200Hz). The output of the bandpass filter is 
shown in Figure 7.12. 
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Figure 7.12 Step 3 – filtered data (standard) 

 

Figure 7.13 Step 4 – filtered data (standard) 

From Figure 7.12, it is found that there still exists a phase lag of 0.0794rad. The final 
results of the repetition in Step 4 are shown in Figure 7.13, where the phase lag becomes as 
small as 0.0011rad. The PI parameters are calculated as 𝑎𝑎 = 0.37 and 𝑏𝑏 = −115.21. 

 

Figure 7.14 Lissajous curves 

The plot of the Lissajous curve between the target and filtered actuator response signals 
is an ellipse with a phase difference involved in two signals, while the curve becomes a straight 
line when the phase difference is zero. The Lissajous curves for no phase compensation, phase 
compensation with one-time parameter calculation and the phase compensation with final 
parameters are shown in Figure 7.14. It is observed that the curve for the final phase 
compensation case becomes almost a straight line. 
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7.2.3.2 Modified procedure case 

A controlled mode with a natural frequency of 50Hz is also assumed. The cut-off 
frequencies for the high pass filter and low pass filter are 10Hz and 200Hz, respectively. The 
sampling rate in the DSP system is 1000Hz. 

 

   Figure 7.15 Step 1 – input channel 1 (modified) 

 

    Figure 7.16 Step 1 – input channel 2 (modified) 

As the first step, a signal 𝑦𝑦 = 0.03sin (100π𝑡𝑡) is generated at Output Channel 1 for 0.2s. 
The signal measured at Input Channel 1 is shown in Figure 7.15. The measured signal of the 
actuator response is shown in Figure 7.16. The Input Channel 1 signal processed with the 
bandpass filter is shown in Figure 7.17. 

 

Figure 7.17 Step 1 – filtered data (modified) 

 

   Figure 7.18 Step 2 – input channel 1 (modified) 

Based on the results of LMA, identified amplitude parameters and time delays are B =
0.0608V ,  𝜅𝜅𝑚𝑚1 = 0.099,𝜑𝜑1 = 0.3104rad,𝜑𝜑m1 = 0.3396rad  and  𝜑𝜑m0 = 0.5231rad . The 
total phase lag (𝜑𝜑𝑚𝑚0 + 𝜑𝜑𝑚𝑚1 − 𝜑𝜑1)  is 0.5523rad, which is almost equal to the total phase 
lag 𝜑𝜑0 = 0.5414rad for the standard case. 



 

129 
 

In Step 2, the signal 𝑦𝑦 = 0.0608sin (100π𝑡𝑡) is generated at Output Channel 1 for 0.2s. 
The measured signal at Input Channel 1 is shown in Figure 7.18. 

 

   Figure 7.19 Step 3 – Integrated data (modified) 

 

Figure 7.20 Step 3 – Synthesized data after PI 
(modified) 

In Step 3, discrete time integration of the measured signal obtained in Step 2 is computed 
first, as shown in Figure 7.19. The values of the PI parameters a and b are calculated using Eqs. 
(7-12) and (7-13). The result of PI compensation is shown in Figure 7.20. 

 

Figure 7.21 Step 3 – input channel 2 (modified) 

 

    Figure 7.22 Step 4 – input channel 2 (modified) 

The result of PI compensation is provided to the actuator. The measured actuator 
response at Input Channel 2 is shown in Figure 7.21. 

Base on the algorithm of the modified phase compensation, the measured signal at Input 
Channel 2 is expected to have a phase lag of 𝜑𝜑m1 − 𝜑𝜑1 = 0.0292rad, while it is found that 
there still exists a phase lag of 0.0873 − 0.0292 = 0.0581rad, as shown in Figure 7.21. The 
final results of the repetition in Step 4 are shown in Figure 7.22, where the phase lag becomes 
as small as 0.0014rad. The PI parameters are calculated as 𝑎𝑎 = 0.36 and 𝑏𝑏 = −116.78. 
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From the example tests, it is verified the PI parameters can be successfully determined 
by both of the phase compensation techniques. The standard phase compensation procedure is 
straightforward and comprehensible. The calculation involved in this method is simple as well. 
Furthermore, the Lissajous curve can be directly used to check the accuracy of the result. On 
the other hand, if the original signal is processed by high order dynamic component, a severe 
effect of transient response may be involved in the processed signal as shown in Figure 7.12, 
and this effect may degrade the applicability of the LMA. The modified phase compensation 
is advantageous in improved stability owing to division of the dynamic component into two 
parts for the PI parameter search, although the calculation is more complicated and the 
Lissajous curve cannot be directly used to check the results. 

7.2.4 Phase control 

In the above analysis, the time delay caused by the dynamic components is compensated 
using the proposed phase compensation techniques. Therefore, the damping ratio of the control 
mode is expected to be increased without significantly affecting the natural frequency with the 
MDVF control. However, it is preferable to introduce a small amount of time lag such that the 
modal frequency be increased because increase of modal frequency and modal damping is 
known to be effective in reducing the settling time of the said mode. The phase compensation 
techniques can also be used for this purpose. 

If the time delay to be introduced to the control mode is 𝜑𝜑𝑙𝑙𝑙𝑙𝑙𝑙  (𝜑𝜑𝑙𝑙𝑙𝑙𝑙𝑙 > 0), the total 
compensated phase in Figure 7.2 will be  𝜑𝜑0 − 𝜑𝜑𝑙𝑙𝑙𝑙𝑙𝑙, as shown in Figure 7.23. If the same PI 
manipulation is applied to the target signal to compensate the time lag  𝜑𝜑0 − 𝜑𝜑𝑙𝑙𝑙𝑙𝑙𝑙 , the 
measurement signal at Input Channel 2 is expressed by 𝑦𝑦 = 𝐵𝐵sin(𝜔𝜔𝜔𝜔 − 𝜑𝜑𝑙𝑙𝑙𝑙𝑙𝑙), as shown in 
Figure 7.24. 

The standard and modified phase compensation techniques described in Sec. 7.2.1 and 
Sec. 7.2.2 can be used for the PI parameter search. 
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Figure 7.23 Signal before phase compensation (phase control) 

 

Figure 7.24 Signal after phase compensation (phase control) 

7.3 Design process 

The steps of the procedure to apply the independent modal space phase compensated 
velocity feedback control can be summarized follows: 

1) Identify the dynamic properties of the floor and to determine the modal frequencies, 
modal damping ratios and mode shapes of individual modes which are in the 
frequency range of interest. Based on the information, select the cut-off frequencies 
for the band-pass filters. 
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2) Determine the number of modes to be controlled and the number of sensors and 
actuators to be used. 

3) Determine the locations of the sensors and actuators based on the procedure 
described in Chapter 5 and calculate the modal filtering matrix. 

4) Determine the PI parameters for all the control modes and actuators using the 
techniques described in Sec. 7.2. It is recommended to use the modified phase 
compensation if a number of high-order dynamic components are involved. 

5) Tune the control gains according to the stability condition and control performance. 
Non-linear actuator saturation must be considered when choosing the control gains 
as well. 

7.4 Verification test 

This section presents the design and practical implementation of the PCVFB control 
system based on the process described in Sec. 7.3 for the steel plate test setup. 

The identified modal frequencies, modal damping ratios and mode shapes of the five 
modes in the frequency range between 0Hz and 200Hz are already shown in Table 4.4 and 
Table 4.5. The cut-off frequencies for the high pass filter and low pass filter are 20Hz and 
200Hz, respectively. The determined coefficients for the two-pole Butterworth bandpass filter 
are shown in Table 7.2. (Step 1)) 

Table 7.2 – Coefficients for the bandpass filter 

 

As Step 2), the 1st, 2nd and 3rd modes are selected to as the modes to be controlled, and 
four sensors and one actuator are used for the active control implementation. During the phase 
compensation tests, one more sensor is used to measure the response of the actuator. 

Following Step 3), the placement of sensors and actuator is determined as shown in 
Figure 5.16. The corresponding modal filter coefficients are shown in Table 6.3. 

7.4.1 Controller design 

In this sub-section, the PI parameters a and b for the lowest three modes of the steel plate 
are identified following the procedure described in Sec. 7.2. 
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The actuator is attached on the steel plate during the PI parameter search. Since the modal 
frequencies has already been obtained, the PI parameters can be determined in an automatic 
manner. The results with and without the bandpass filter are shown in Table 7.3 and Table 7.4, 
respectively. 

Table 7.3 – PI parameters (without bandpass) 

 

Table 7.4 – PI parameters (bandpass) 

 

It should be noted that the parameters a and b are both negative for the third mode 
without bandpass filter and the second mode with the bandpass filter. It implies that the phase 
lags between the target signal and the actuator response are larger than 𝜋𝜋/2 in these cases, 
based on Eqs. (7-8) and (7-9). For a similar reason, the phase lag is larger than 𝜋𝜋 for the third 
mode with the bandpass filter. 

The final step for the controller setup is tuning the control gains for the three control 
modes using a repetitive procedure, in which the vibration of the plate induced by an impact 
load by the hammer is measured, and the values of the gains of the control modes are 
incrementally increased, until the system becomes unstable. When instabilities occur, the 
tuning process is completed. The reasonable gains can be determined as the ones used in the 
latest stable case. 

7.4.2 Impact loading test 

7.4.2.1 Modal direct velocity feedback control with bandpass filter 

In this section, the control performance of the MDVF controller with the bandpass filter 
is investigated. For simplification, only the control results of Point 31 will be shown. Refer to 
Figure 6.22 through Figure 6.39 regarding the test results on the reduction effects of the MDVF 
controller without bandpass filtering. 
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Figure 7.25 First mode control using MDVF with 
bandpass filter for different control gains (Point 31) 

 

Figure 7.26 First mode control (Point 31) 

The frequency response functions of the first mode control are shown in Figure 7.25. 
Figure 7.26 shows the zoom-in view of the first mode (from 35Hz to 65Hz) and the changes of 
the modal frequency and damping ratio. Firstly, it can be observed that the damping ratio and 
natural frequency of the first mode increased with the increase of the control gain. By 
comparison of Figure 7.26 with Figure 6.26, the first mode natural frequency in Figure 7.26 
does not change as much as that in Figure 6.26. This improved result is the effect of bandpass 
filter, which provides a phase lead to the first mode (the phase lead caused by the high pass 
filter is larger than the phase lag caused by the low pass filter). Figure 7.27 shows the spectrum 
of the corresponding DSP outputs. Because of the use of the two-pole Butterworth low pass 
filter with a cut-off frequency of 200Hz, the spillover effect of the seventh (230Hz) mode is 
decreased compared with the case without the low pass filter, as shown in Figure 6.52. However, 
it can be observed that the spillover effect is still significant. For a better control performance, 
it is expected either to use a lower cut-off frequency or to choose a higher-pole Butterworth 
low pass filter. From Figure 7.27, it can also be found that the low frequency noise is 
significantly decreased because of the use of the high pass filter. 
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Figure 7.27 Spectra of control force outputs for different control gains (first mode) 

Figure 7.28 shows the frequency response functions of the second mode control under 
different control gains and Figure 7.29 shows the corresponding zoom-in view of the second 
mode. Since the bandpass filter (the phase lead caused by the high pass filter is smaller than 
the phase lag caused by the low pass filter) introduces additional time delays to this mode, it is 
observed that the natural frequency increases while the damping ratio decreases as the control 
gain increases. This result indicates a poor control performance. 

 

Figure 7.28 Second mode control using MDVF 
with bandpass filter for different control gains 

(Point 31) 

 

Figure 7.29 Second mode control (Point 31) 

 Figure 7.30 gives the spectrum of the DSP outputs of the second mode control. It can be 
observed that the spillover effects of the higher modes are minor. 
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Figure 7.30 Spectra of control force outputs for different control gains (second mode) 

Finally, the frequency response functions of the third mode control are shown in Figure 
7.31. Figure 7.32 and Figure 7.33 show the zoom-in view of the third mode and the spectra of 
the corresponding DSP control outputs, respectively. As the bandpass filter (the phase lead 
caused by the high pass filter is smaller than the phase lag caused by the low pass filter) 
introduces a large phase delay to this mode, the damping ratio of the third mode reduces, and 
the system became unstable even when the control gain remains small. Application of the phase 
compensation technique is expected to be effecting in improving the control performance of 
the third mode. Also, it can be observed that the spillover effects of higher modes are very 
small in Figure 7.33. 

 

Figure 7.31 Third mode control using MDVF with 
bandpass filter for different control gains (Point 31) 

 

Figure 7.32 Third mode control (Point 31) 
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Figure 7.33 Spectra of control force outputs for different control gains (third mode) 

These test results reveal that the traditional MDVF controller can successfully control 
only the first mode, while the performance of the second and third modes control is poor. 
Therefore, it is imperative to use the phase compensation technique in order to achieve a good 
control performance for all the control modes. 

7.4.2.2 PCVFB control without bandpass filter 

In this section, the tests of control using the PCVFB controller without bandpass filter is 
described. The PLVFB controller described in Chapter 6 is applied, and the phase-lag feedback 
controller is used for the third mode. The determined PI parameters for these tests are shown 
in Table 7.3. 

 

Figure 7.34 First mode control using PCVFB for 
different control gains (Point 31) 

 

Figure 7.35 First mode control (Point 31) 
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Figure 7.34 shows the spectrum of the response at Point 31 when the PCVFB controller 
is applied for the first mode control and Figure 7.35 shows the zoom-in view of the first mode. 
As can be expected, the damping ratio of this mode considerably increased while the natural 
frequency does not significantly change as the control gain increases. By comparison of Figure 
7.35 with Figure 6.26 and Figure 7.26, it can be noticed that the increase of the damping ratio 
is more efficient when using the PCVFB controller than the other two cases The root loci of 
the closed loop control systems also suggest the efficiency of PCVFB controller in enhancing 
the damping without significantly affecting the natural frequency. 

 

Figure 7.36 Spectra of control force outputs for different control gains (first mode) 

The amplitude spectra of the DSP control outputs are shown in Figure 7.36. It can be 
observed that not only the spillover of the higher modes but also the low frequency noise is 
significant if the bandpass filter is not applied. A peak at around 20Hz can be seen and is found 
to become higher as the control gain increases. This is because the poles corresponding to the 
actuator move to left as the gain increases, and they eventually come close to the imaginary 
axis of the s-plane. If a higher control gain is adopted, stroke saturation or even system unstable 
is likely to be induced. 

The results of the second mode control test are shown in Figure 7.37 and Figure 7.38. As 
can be anticipated, the control performance of the second mode is significantly improved and 
the amplitude of the peak of the second mode reduced by greater than 10dB. 

The amplitude spectra of the DSP control outputs for the second mode control are shown 
in Figure 7.39. Similar to the first mode control case, significant low frequency noise is found. 
The control performance may be affected by the low frequency noise. 
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Figure 7.37 Second mode control using PCVFB for 
different control gains (Point 31) 

 

Figure 7.38 Second mode control (Point 31) 

 

Figure 7.39 Spectra of control force outputs for different control gains (second mode) 

Figure 7.40 and Figure 7.41 show the results of the third mode control using the PCVFB 
controller, and Figure 7.42 shows the corresponding DSP control outputs. Since the spillover 
of the seventh (230Hz) mode is severer than the spillover effects shown in Figure 7.33, use of 
the low pass filter is effective in reducing the spillover effects of the seventh mode. A high pass 
filter is also required to mitigate the effect of low frequency noise. 
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Figure 7.40 Third mode control using PCVFB for 
different control gains (Point 31) 

 

Figure 7.41 Third mode control (Point 31) 

 

Figure 7.42 Spectra of control force outputs for different control gains (third mode) 

From the above experiments, it is verified that the phase compensation technique 
perform well to compensate the time delays caused by the dynamic components and therefore 
improve the control performance in a great degree. However, based on the control outputs of 
the DSP, a bandpass filter is required for a better control performance. 

7.4.2.3 PCVFB control with bandpass filter 

Now it is time to examine the control performance using the PLVFB controller with 
bandpass filter. Modified phase compensation technique described in Sec. 7.2.2 is used to 
search the PI parameters and the results are shown in Table 7.4. 
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Figure 7.43 First mode control using PCVFB with 
bandpass filter for different control gains (Point 25) 

 

Figure 7.44 First mode control using PCVFB with 
bandpass filter for different control gains (Point 31) 

Figure 7.43 and Figure 7.44 show the spectra of the measured response of Points 25 and 
31 for the test of the PLVFB controller with bandpass filter for the first mode, and Figure 7.45 
shows the zoom-in view of the first mode. Similar to the results of Sec. 7.4.2.2, the damping 
ratio of this mode is effectively increased, while the natural frequency is not significantly 
affected. 

 

Figure 7.45 First mode control (Point 31) 

 

Figure 7.46 Spectra of control force outputs for 
different control gains (first mode) 

Figure 7.46 shows the spectra of the DSP control outputs. Although the peaks of the 
higher mode responses increase and a peak around 20Hz appears when the gain is increased, 
the spillover effects and the amplitude of the peak around 20Hz are smaller than the case 
without bandpass filter. Furthermore, the low frequency noise is successfully reduced by the 
high pass filter. 
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Figure 7.47 Second mode control using PCVFB 
with bandpass filter for different control gains 

(Point 25) 

 

Figure 7.48 Second mode control using PCVFB 
with bandpass filter for different control gains 

(Point 31) 

Figure 7.47 and Figure 7.48 show the spectra of the response at Points 25 and 31 obtained 
in the second mode control tests and Figure 7.49 is the corresponding zoom-in view of the 
second mode peak. Similar to the results of Sec. 7.4.2.2 for the second mode control, the control 
of the second mode is excellent. 

 

Figure 7.49 Second mode control (Point 31) 

 

Figure 7.50 Spectra of control force outputs for 
different control gains (second mode) 

As can be seen in the spectra of control output in Figure 7.50, the spillover effects and 
the low frequency noise are not significant. Superior effect of the bandpass filter is revealed by 
the comparison of Figure 7.50 with Figure 7.39. 
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Figure 7.51 Third mode control using PCVFB with 
bandpass filter for different control gains (Point 25) 

 

Figure 7.52 Third mode control using PCVFB with 
bandpass filter for different control gains (Point 31) 

Finally, the results of the third mode control using the PCVFB controller with the 
bandpass filter are shown in Figure 7.51, Figure 7.52 and Figure 7.53. 

 

Figure 7.53 Third mode control (Point 31) 

 

Figure 7.54 Spectra of control force outputs for 
different control gains (third mode) 

The spectra of the control outputs is shown in Figure 7.54. As can be seen in this plot, 
the spillover effects significantly increase and the peaks of higher modes increase faster than 
the peak of the third mode as the control gain increases. Although the control performance is 
acceptable, spillover is more problematic in the third mode control. 

7.4.2.4 Multi-mode PCVFB control with bandpass filter 

Tests of the PLVFB controller with bandpass filter to suppress the vibration of multiple 
modes of the plate are described in this subsection. 
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Figure 7.55 Test result: first and second mode 
control at Point 25 

 

Figure 7.56 Test result: first and second mode 
control at Point 50 

Figure 7.55 and Figure 7.56 show the results of the tests of first and second mode at 
Points 25 and 50. Successful control of the two modes is shown. 

 

Figure 7.57 Test result: first and third modes 
control at Point 31 

 

Figure 7.58 Test result: first and third modes 
control at Point 61 

The results of the tests of the first and third mode control at Points 31 and 61 are shown 
in Figure 7.57 and Figure 7.58. 
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Figure 7.59 Test result: second and third modes 
control at Point 25 

 

Figure 7.60 Test result: second and third modes 
control at Point 61 

Figure 7.59 and Figure 7.60 show the results of the test of the second and third mode 
control at Points 25 and 61. Both of the modal damping ratios are increased. 

 

Figure 7.61 Test result: first, second and third mode 
control at Point 25 

 

Figure 7.62 Test result: first, second and third mode 
control at Point 31 

Finally, Figure 7.61 and Figure 7.62 show the results of the test of controlling the first, 
second and third mode control at Points 25 and 31. It is obvious that all of the damping ratios 
of the modes are increased using the proposed PCVFB controller. 

7.5 Summary 

In this chapter, PI phase compensation techniques for the actuator and other dynamic 
components are developed to avoid control system instability and to achieve significant 
damping for the modes to be controlled with the modal filtering approach. 
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Two techniques of PI parameter search are proposed – standard phase compensation and 
modified phase compensation. The standard PI parameter search procedure is advantageous in 
its straightforward framework, ease of application and allowing accuracy check of the phase 
compensation by means of the Lissajous curve. The modified procedure incorporating the 
bandpass filtering of the response measurement signal is more stable than the standard 
procedure even in the presence of severe transient response caused by higher order dynamic 
components. 

The PI parameters can be automatically determined by the proposed two techniques as 
long as the modal frequencies of control modes are known. Since little knowledge is required 
to implement these phase compensation techniques, the methods are suitable for application to 
complicated control systems, in which identification of all the dynamic components is time 
consuming and error prone. The control method combined with modal filtering, modal direct 
velocity feedback control and the phase compensation techniques is referred to as the phase 
compensated velocity feedback (PCVFB) control. 

The control performance of the proposed control scheme is verified by a series of tests 
using a steel plate as the model of a floor system. First, the performance of the MDOF controller 
with bandpass filter is found to be poor, because of the large phase delays involved for the 
second and third modes. The results of the test using PCVFB controller without bandpass filter 
show that the performance of the PCVFB controller is greatly improved, and its effectiveness 
is limited by the existence of low frequency noise as well as higher modes spillover effects. 
The PCVFB controller with bandpass filter is most successful in experimentally achieving 
remarkable control performance while circumventing the problems of the low frequency noise 
and the higher mode spillover effects. 
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Chapter 8 Spatio-Temporal Filtering 

In Chapter 6 and Chapter 7, the modal filtering based velocity feedback controllers with 
a phase-lead term and a phase-compensated term were proposed. The most important work for 
the successful implementation of these controllers is the modal testing in order to identify the 
modal frequencies, modal damping ratios and mode shapes. The results of modal testing should 
be of utmost accuracy such that the modal filtering technique can be used to separate the 
individual modes. A complete model of the floor is necessary in order to insure control stability 
and performance for these controllers. For the case of phase-lead controller, a complete and 
accurate model of the generalized actuator dynamics is also necessary for the control parameter 
design. In many real world applications, these modelling efforts of the floor and actuator can 
take the majority work required to develop an active control strategy. For this reason, it is 
expected to establish a simple and robust active control strategy without requiring extensive 
and accurate system models. On the other hand, it has been shown that the spillover effects of 
higher modes cannot be totally eliminated using the MF if a small number of sensors are used, 
even when the low pass filter is involved. This will degrade the control performance and make 
the system unstable when large control gains are selected. Therefore, it is also expected to find 
another MF strategy such that the spillover effects of higher modes for the abstracted mode is 
minimized. In order to deal with these two problems, the spatio-temporal filtering technique 
will be investigated and combined with the phase compensation techniques described in the 
previous chapters to control the vibration of floor structures. 

The adaptive spatio-temporal filtering was proposed as a practical and computationally 
efficient tool for controlling and monitoring the behavior of complex linear systems [41], [52], 
[56]–[58], [103]. The basic concept of the spatio-temporal filtering is similar to the modal 
(spatial) filtering: the dynamic response characteristics of a complex system with many 
structural modes can be decomposed into its fundamental components, so that each component 
can easily be controlled or monitored independent of the complexities of the rest of the system. 
Compared with the conventional modal filtering, the adaptive spatio-temporal filtering differs 
in two aspects: 

1. It filters in both space and time is to achieve higher accuracy with fewer sensors.  
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2. A practical, reference model based approach is used to adaptively calculate spatio-
temporal weighting coefficients if the poles of the control modes are known.  

Rather than attempting to identify a complete and accurate model of a complex system, 
only the poles are needed to implement the controller. The spatio-temporal filter attempts to 
make all of the system response except the modes of interest completely unobservable, dealing 
with only the modes contributing to the phenomenon – the rest of the system characteristics 
are not considered any more. Furthermore, it is a robust method that inherently accommodates 
sensor and actuator failures. 

In this chapter, a non-adaptive spatial-temporal filtering combined with phase-
compensated modal velocity feedback control without the knowledge of the structure and 
actuator dynamics is developed. Non-adaptive means that spatio-temporal coefficients are 
determined before real-time control. In order to achieve this, white noise input is first used to 
active the actuator, while the vibrations of the floor and the mass of the actuator are detected 
by sensors at the same time. The spatio-temporal coefficients used to extract desire modes can 
be calculated based on these data. The phase-compensated modal velocity feedback controller 
developed in the previous chapter can then be utilized for each of the control mode. Phase lag 
and spillover effects are considered inherently in this approach. 

8.1 Spatio-temporal filtering (STF) 

8.1.1 Basic concept 

STF is an extension of modal filtering, which utilizes the characteristic that the dynamic 
response of any real structure is composed of a sum of individual modal responses. In this 
subsection, the concept of STF will be derived from beginning. The equations of motion for 
free vibration of an N-DOF floor structure system is written as: 

 𝑴𝑴𝒖̈𝒖 + 𝑪𝑪𝒖̇𝒖 + 𝑲𝑲𝑲𝑲 = 0 (8-1) 

where M, C, K are the mass matrix, stiffness matrix and damping matrix, respectively, of order 
N. 𝒖𝒖 is the displacement vector. If the damping term is not considered, the N-DOF system 
equations can be written as: 

 𝑴𝑴𝒖̈𝒖 + 𝑲𝑲𝑲𝑲 = 0 (8-2) 

The free vibration of an undamped structure in one of its natural modes can be expressed 
mathematically by: 

 𝒖𝒖 = 𝝋𝝋𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖 (8-3) 
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where 𝜔𝜔 is the natural frequency, and 𝝋𝝋 is the N-dimensional mode shape vector. Substitution 
of Eq. (8-3) into Eq. (8-2) yields: 

 [𝑲𝑲− 𝜔𝜔2𝑴𝑴]𝝋𝝋 = 0 (8-4) 

which can be interpreted as a set of N homogeneous algebraic equations. The nontrivial 
solutions of Eq. (3-4) are: 

 det(𝑲𝑲− 𝜔𝜔2𝑴𝑴) = 0 (8-5) 

The N roots of Eq. (8-5) determine the N natural frequencies  𝜔𝜔𝑛𝑛(n = 1,2, …𝑁𝑁)  of 
vibration. When a natural frequency  𝜔𝜔𝑛𝑛  is known, Eq. (8-4) can be solved for the 
corresponding vector 𝝋𝝋𝑛𝑛. The displacement response of the system can then be obtained as: 

 
𝒖𝒖(t) = �𝝋𝝋𝑛𝑛(𝐶𝐶𝑛𝑛 exp(𝑖𝑖 𝜔𝜔𝑛𝑛𝑡𝑡) + 𝐶𝐶𝑛𝑛′ exp(−𝑖𝑖 𝜔𝜔𝑛𝑛𝑡𝑡))

𝑁𝑁

𝑛𝑛=1

 

= �𝐴𝐴𝑛𝑛𝝋𝝋𝑛𝑛

𝑁𝑁

𝑛𝑛=1

cos(𝜔𝜔𝑛𝑛𝑡𝑡 − 𝛾𝛾𝑛𝑛)                       

= �𝑞𝑞𝑛𝑛(𝑡𝑡)𝝋𝝋𝑛𝑛

𝑁𝑁

𝑛𝑛=1

                                            

(8-6) 

where 𝐶𝐶𝑛𝑛,𝐶𝐶𝑛𝑛′  and 𝐴𝐴𝑛𝑛 are the amplitudes (complex and real) and 𝛾𝛾𝑛𝑛 is the phase for the nth mode. 
The symbol 𝑞𝑞𝑛𝑛(𝑡𝑡) represents the generalized coordinate of the nth mode that represents the nth 
mode response 𝐴𝐴𝑛𝑛 sin(𝜔𝜔𝑛𝑛𝑡𝑡 − 𝛾𝛾𝑛𝑛) in this case. 

Then a modal filter is applied to the measured response data 𝒖𝒖(t) to extract the modal 
coordinate response of interest. In order to extract the modal response of the ith mode, the 
modal filtering vector 𝝍𝝍𝑖𝑖 is sought which has the following characteristics: 

 𝝍𝝍𝑖𝑖
T𝝋𝝋𝑛𝑛 = 0        i ≠ n 

                = 1        i = n  
(8-7) 

Therefore the ith modal coordinate response can be derived as: 

 
𝝍𝝍𝑖𝑖
T𝒖𝒖(t) = 𝝍𝝍𝑖𝑖

T�𝑞𝑞𝑛𝑛(𝑡𝑡)𝝋𝝋
𝑁𝑁

𝑛𝑛=1

 

                = 𝝍𝝍𝑖𝑖
T𝝋𝝋𝑞𝑞𝑖𝑖(𝑡𝑡)          

   = 𝑞𝑞𝑖𝑖(𝑡𝑡)      

(8-8) 

The above is the same as the derivation of modal filtering coefficients, which uses the 
information in the spatial domain – mode shapes. The spatio-temporal filter extends the 
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capabilities of the modal filtering by applying temporal information, implying that both 
information in space and information in time are utilized to filter the global responses. 

Recall that in modal filtering, in order to extract the modal coordinate response of interest, 
the modal vectors, as sampled at the sensor locations, must be linearly independent. This means 
that at least as many sensors as the independent modes contributing to the measured response 
are required. If less sensors are utilized, spillover effects caused by the ignored modes may be 
occurred, as described in Sec. 3.3. Therefore, it is expected to reduce the number of sensors 
using the temporal information through STF to extract the individual modes successfully. 

From Eq. (8-8), 𝝍𝝍 is assumed to be the spatial weighting coefficients of the specified 
mode. The modal coordinate response at time k using modal filtering can be estimated as: 

 𝑞𝑞�𝑘𝑘 = 𝝍𝝍𝑇𝑇𝒖𝒖𝑘𝑘 (8-9) 

Therefore, an Nth order spatio-temporal filter utilizes N past response samples can be 
defined as: 

 

𝑞𝑞�𝑘𝑘 = 𝝍𝝍𝑇𝑇
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 (8-10) 

which in fact introduces a different Nth order finite impulse response (FIR) filter on each sensor 
channel. The FIR filters perform different functions depending on the specific implementation: 
pole-zero cancellation if spatial resolution alone is insufficient to separate modes; 
accommodating the relative phase shift between sensors caused by non-proportional damping; 
and compensation for sensor dynamics. 

8.1.2 Reference model 

A reference model is introduced for calculating the spatio-temporal weighting 
coefficients 𝝍𝝍 of Eq. (8-10) with limited information of the system. This enables the method 
to be applied to complex real-world structures. 

The framework of the spatio-temporal filter coefficients estimation problem is similar to 
other estimation problems including an error as a function of the coefficients to be estimated. 
The parameters are estimated by minimizing the error. 

Since discrete-time sampled data systems are assumed in this study, which are widely 
used for practical applications, the subscript is used to denote the sample number in the ensuing 
discussion. 
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An error which is the difference between the true modal coordinate 𝑞𝑞𝑘𝑘 and the modal 
coordinate estimated by the spatio-temporal filter 𝑞𝑞�𝑘𝑘 at time k is defined as: 

 𝑒𝑒𝑘𝑘 = 𝑞𝑞𝑘𝑘 − 𝑞𝑞�𝑘𝑘 = 𝑞𝑞𝑘𝑘 − 𝝍𝝍𝑻𝑻𝑼𝑼𝑘𝑘,𝑁𝑁 (8-11) 

The true modal coordinate 𝑞𝑞𝑘𝑘, however, is not known. A reference modal coordinate, 𝑞𝑞𝑘𝑘𝑟𝑟, 
which is highly correlated with the true modal coordinate may be generated by driving a SDOF 
reference system constructed from the pole of the mode of interest. The discrete time reference 
system is: 

 𝑞𝑞𝑘𝑘+1𝑟𝑟 = 𝑧𝑧𝜆𝜆𝑞𝑞𝑘𝑘𝑟𝑟 + 𝑓𝑓𝑘𝑘 (8-12) 

where 𝑧𝑧𝜆𝜆  is the z-domain pole 𝑧𝑧𝜆𝜆 = 𝑒𝑒𝜆𝜆Δ𝑡𝑡 , 𝑓𝑓𝑘𝑘  is the driving force. Then the reference modal 
coordinates are used in Eq. (8-11) instead of the true modal coordinates to calculate the error. 
The solution problem is to minimize the error over a number of time steps to estimate 𝝍𝝍. 

Off-line batch method or on-line adaptive method can be employed to minimize the error. 
For the first step of floor vibration control, off-line method is adopted to search the spatio-
temporal weighting coefficients. Through off-line analysis, even if the floor dynamics is not 
known, pairs of estimated poles can be found and the STF coefficients can then be derived and 
immediately used for the active control. 

8.2 Off-line STF coefficients searching 

In modal filtering, the design process is first identifying the dynamic characteristics of 
the structure using the modal testing technique. Based on the results of structural identification, 
the number and the placement of sensors and actuators are determined in sequence, and then 
the controller is designed. Therefore, the structural identification plays the most important role 
in the modal filtering based controller. However, modal testing is not necessary in the spatio-
temporal filtering. It is operated by first determining the number of sensors and actuators, 
placing the sensors and actuators on the floor, activing the actuators one by one using white 
noise excitation and recording the responses of the sensors. Based on the excitation and 
response data, the STF coefficients can be estimated, and finally the controller design can be 
accomplished for the individual modes. In this section, the process of the off-line search of the 
STF coefficients is described in details. 

8.2.1 Data acquisition 

From Eq. (8-10), it is found that if the total number of the STF coefficients is determined, 
there will be a trade-off between the number of sensors and the number of pass samples. Since 
the consequence of increasing the number of the pass samples is increase of the amount of 
computation, while the current DSPs can deal with remarkably immense computation 
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requirement, the number of sensors can be significantly reduced. However, the number of 
sensors should be greater than the number of modes to be controlled in general, the size of the 
floor should also be considered in determining the number of sensors. On the other hand, the 
number of actuators is also determined based on the size of the floor and the number of modes 
to be controlled such that global response reduction of the floor can be achieved. 

Unlike modal filtering, the observation spillover effects caused by residual modes are 
inherently eliminated in the STF. Based on the discussion in Sec. 3.3, if the observation 
spillover is zero, the control spillover effect alone would not destabilize the structural system 
even though it may degrade the system response through residual modes. Therefore, there 
exists a greater extent of freedom in the placement of sensors and actuators for the STF based 
control scheme. Depending on the pattern of the floor, the sensors and actuators can be placed 
randomly, while the observability and controllability characteristics of the sensor and actuator 
layout must be satisfied. This can be achieved easily through a series of trial-and-error 
adjustments or the rough results of modal testing. 

After determining the number and placement of the sensors and actuators, the data used 
for the STF coefficient estimation can be taken from the physical floor system to be controlled 
on site. 

 

Figure 8.1 Data acquisition system set up 

An example of the data acquisition system is shown in Figure 8.1. For simplicity, four 
sensors and one actuator are placed on the steel plate used as a floor model. One more sensor 
mounted on the mass of the actuator is used to measure the actuator force (mass acceleration). 
During the data acquisition test, white noise input is used to active the actuator, while the 
responses of the floor and the mass of the actuator are measured. If multiple actuators are used, 
the same procedure can be repeated for individual actuators. The measured data will be used 
to estimate the STF coefficients of the modes of interest for each actuator. 
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8.2.2 Data processing 

The first step for the coefficient estimation is to find the system poles using the measured 
excitation (acceleration of the actuator mass) and the measured responses (acceleration of the 
floor). 

There are plenty of methods that can be used to estimate the poles of a structural system, 
such as the peak picking – half power method [104], the rational fraction polynomial method 
with global fitting [71]–[73] and the eigensystem realization algorithm (ERA) [105], [106]. In 
this application, the ERA is adopted for the pole estimation. A brief introduction of the ERA 
is shown in Appendix D. 

As long as the poles of the structural system are obtained, the next step is to estimate the 
reference modal coordinates 𝑞𝑞𝑟𝑟  for the modes of interest based on Eq. (8-12). Because the 
reference model is a LTI SDOF system, the Nigam Jennings method can be used here for the 
 𝑞𝑞𝑟𝑟 estimation [107]. The Nigam Jennings method is introduced in Appendix E. 

As the last step, the classical Least Squares filter [108] is applied to the estimation of the 
STF coefficients based on Eq. (8-11). The theory of Least Square method is presented in 
Appendix F. After obtaining the STF coefficients, the estimated modal coordinates can be 
calculated using the estimated STF coefficients. 

The flow chart of the proposed STF coefficient estimation is shown in Figure 8.2. 

Two indices, Root-Mean-Square (RMS) error and the coefficient of determination 𝑅𝑅2 
[109], are used to evaluate the fitness of the estimated modal accelerations to the reference 
modal data. 

Root-Mean-Square error: 

 
𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 = �∑ (𝑎𝑎�𝑖𝑖 − 𝑎𝑎𝑖𝑖)2𝑛𝑛

𝑖𝑖=1
𝑛𝑛

 (8-13) 

where 𝑎𝑎�𝑖𝑖 and 𝑎𝑎𝑖𝑖 are the estimated modal accelerations and reference modal accelerations at 
time step i, respectively, and 𝑛𝑛 is the total time steps. 

Coefficient of determination: 

 
𝑅𝑅2 = 1 −

∑ (𝑎𝑎𝑖𝑖 − 𝑎𝑎�𝑖𝑖)2𝑛𝑛
𝑖𝑖=1

∑ (𝑎𝑎𝑖𝑖 − 𝑎𝑎�𝑖𝑖)2𝑛𝑛
𝑖𝑖=1

 (8-14) 

where 𝑎𝑎�𝑖𝑖 is the mean of the reference modal accelerations. For this index, the perfect regression 
to the reference data corresponds to 𝑅𝑅2 value of unity. 
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Figure 8.2 Flow chart of STF coefficients estimation 

8.3 Performance of STF 

In order to examine the performance of STF, a set of experimental data are required. For 
illustration, the STF coefficients search is demonstrated using the experimental data obtained 
by the tests using the steel plate specimen. 

8.3.1 Standard procedure for STF estimation using experimental data 

Five sensors and one actuator are mounted on the plate as shown in Figure 8.3, while 
one more sensor is used to detect the actuator force. For the data acquisition, the DSP system 
firstly generates a white noise signal to excite the actuator, and the responses are captured by 
the sensors and provided to the A/D interface, as shown in Figure 8.1. The data are captured 
using a sampling rate of 1000Hz for 10 seconds. The command white noise signal is shown in 
Figure 8.4 and the magnitude plots of the frequency response functions between the five 
measured floor accelerations and the actuator excitation measured by the mounted sensor 
between 0Hz and 200Hz are shown in Figure 8.5. Since the actuator is located near the node 
of the 4th mode as described in the previous Chapters, it can be observed from Figure 8.5 that 
the response of the 4th mode is minuscule. 
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Figure 8.3 Sensor and actuator placement (Case A) 

Then the ERA introduced in Appendix D is used to estimate the system poles. The 
parameters s and r, corresponding to the number of columns and rows in the Hankel matrix, 
are set to be 200 and 600, respectively. The modal frequencies and modal damping ratios of 
the identified modes within 200Hz are shown in Table 8.1.

The results are slightly different from the results shown in Table 4.4, which are identified 
using the rational fraction polynomial method with global fitting. The reason can be attributed 
to the difference of the environmental temperature between the two tests conducted in autumn 
and in summer. It is well known that the natural frequencies increase with decreasing 
temperatures [110]. 

 

Figure 8.4 Command white noise signal 

 

Figure 8.5 Magnitude plots of the frequency 
response functions

In the next step, the Nigam Jennings method is used to calculate the reference modal 
coordinates 𝑞𝑞𝑟𝑟 of Eq. (8-12) using Eq. (E-15), where the acceleration 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡) is the measured 
actuator mass acceleration. The resulting reference modal accelerations for the first three 
modes are shown in Figure 8.6. 
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Table 8.1 – Identified modal frequencies and damping ratios (Case A) 

 

 
Figure 8.6 The reference modal accelerations 

The last step is to estimate the STF coefficients of the three modes using the Least 
Squares method. If the order of the spatio-temporal filter N is set to 20, the total number of the 
coefficients for the estimation are 100 for each mode.  

 

Figure 8.7 Comparison results —reference modal accelerations—estimated modal accelerations 
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Figure 8.8 Comparison results (9s-9.5s) —reference modal accelerations—estimated modal accelerations 

Once the STF coefficients for each mode are obtained by Eq. (F-25), the estimated modal 
accelerations can be calculated and compared with the reference ones shown in Figure 8.6 to 
check the effectiveness of the STF coefficients. The comparison results are shown in Figure 
8.7 and Figure 8.8. 

 

Figure 8.9 Magnitude plots of the frequency response functions of the lowest three modes 

The Root-Mean-Square errors of these three modes are 0.0355, 0.0481 and 0.0636, 
respectively. The coefficients of determination  𝑅𝑅2  of these modes are 0.9910, 0.9864 and 
0.9812, respectively. These results indicate that the estimated STF coefficients perform well to 
trace the reference modal coordinates. The magnitude plots of the frequency response functions 
between the actuator excitation and the estimated modal accelerations of the three modes 
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among 0Hz and 500Hz are shown in Figure 8.9, demonstrating that the STF coefficients are 
capable of extracting the modes of interest from the experimental data. The spillover effects of 
the other modes are not observed from Figure 8.9. 

The same procedure can be applied to different sets of the STF-based parameters. In the 
next subsections, the effects of the past sample (temporal) numbers, sensor (spatio) numbers, 
sensor locations and actuator locations are investigated. 

8.3.2 Effects of past sample numbers and sensor numbers 

The same experimental data used in the previous subsection is used to investigate the 
effects of past sample numbers and sensor numbers. Figure 8.10, Figure 8.12  and Figure 8.14 
show the relationship between the analyzed Root-Mean-Square errors of the lowest three 
modes and past sample numbers. Figure 8.11, Figure 8.13 and Figure 8.15 show the 
relationship between analyzed R2 values of the lowest three modes and past sample numbers. 
Five different curves in each figure correspond to the results for different sensor numbers NS. 
(NS=1: Point 25; NS=2: points 25, 32; NS=3: points 25, 32, 40; NS=4: points 25, 32, 40, 50; 
NS=5: points 25, 32, 40, 50, 57) 

 

Figure 8.10 RMS Errors of estimated coordinates 
of different sensor numbers versus past sample 

numbers (mode 1) 

 

Figure 8.11 R2 values of estimated coordinates of 
different sensor numbers versus past sample 

numbers (mode 1) 
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Figure 8.12 RMS Errors of estimated coordinates 
of different sensor numbers versus past sample 

numbers (mode 2) 

 

Figure 8.13 R2 values of estimated coordinates of 
different sensor numbers versus past sample 

numbers (mode 2) 

 

Figure 8.14 RMS Errors of estimated coordinates 
of different sensor numbers versus past sample 

numbers (mode 3) 

 

Figure 8.15 R2 values of estimated coordinates of 
different sensor numbers versus past sample 

numbers (mode 3) 

As can be seen from these figures, the number of sensors is an important parameter to 
achieve accurate estimated modal coordinates. As the number of sensors increases, the RMS 
errors decrease and the R2 values increase with the same number of past samples. It should be 
also noted that the performance is almost the same for the four-sensor and five-sensor cases, in 
which RMS errors becomes small and R2 values are nearly become unity. Therefore, due to 
the trade-off between the number of sensors used and the economy consideration, use of a large 
number of sensors is not necessary. 

The number of past samples is another important parameter as can be seen from these 
figures. A critical value of the number of past samples can be seen in each plot, so that the 
performance index rapidly decreases or increases to a convergent value at when the number of 
past samples reaches the critical number. Therefore, the number of past samples should be 
larger than the critical value and may not be extremely larger than that number. It can also be 
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found that as the number of sensors increases, the critical past sample number decreases. This 
is an indication of the trade-off between the sensor numbers and the past sample numbers. 

Surprisingly, these figures also showed that only one sensor can be used to extract the 
lowest three modes with an acceptable performance if a large past sample numbers are used, 
such as 𝑁𝑁 = 40. It can be seen from Figure 8.10 to 8.15 that even if 𝑁𝑁 > 40 the index values 
will not significantly change to acheive the nearly best performance. The magnitude plots of 
the frequency response functions between the estimated modal accelerations of the three modes 
and the actuator excitation between 0Hz and 500Hz when 𝑁𝑁𝑁𝑁 = 1 and 𝑁𝑁 = 40 are shown in 
Figure 8.16. 

 

Figure 8.16 Magnitude plots of the frequency response functions of the lowest three modes 𝑁𝑁𝑁𝑁 = 1,𝑁𝑁 = 40 

8.3.3 Effects of sensor locations 

The sensor placement shown in Figure 8.3 is assumed as Case A, in order to analyze the 
effects of sensor locations, and another two placements, Case B and Case C as shown in Figure 
8.17 and Figure 8.18 are considered. In Case B, the sensors are symmetrically arranged on the 
plate surface, while in Case C, the sensors are arranged on the surface of one half side of the 
plate. The sensor Point 25 is used in all the three cases. The data quality can be guaranteed if 
the responses of sensor Point 25 are the same for the three cases. The actuator is placed on the 
same location as the Case A. The same white noise excitation shown in Figure 8.4 is used to 
excite the actuator and another two sets of sensor measurements are obtained, and used for the 
analysis. 
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Figure 8.17 Sensor and actuator placement (Case 
B) 

 

Figure 8.18 Sensor and actuator placement (Case 
C) 

Table 8.2 – Identified modal frequencies and damping ratios (Case B) 

 

Table 8.3 – Identified modal frequencies and damping ratios (Case C) 

 

The system poles within 200Hz of the two cases identified with the ERA method are 
shown in Table 8.2 and Table 8.3. It can be observed that the poles are almost the same for the 
three cases. 

Firstly, the STF performance for the lowest three modes when 𝑁𝑁𝑁𝑁 = 5, and 𝑁𝑁 = 20 are 
examined for the two cases and compared with the results of the previous case using the two 
indices. The results are shown in Figure 8.19 and Figure 8.20, and the corresponding magnitude 
plots of the frequency response functions are shown in Figure 8.21. Figure 8.19 and Figure 
8.20 show the performance of Case A and that of Case B are almost the same, while for Case 
C the performance is slightly inferior. Nonetheless, in all of the three cases, the desired modes 
are successfully separated, which can be observed in Figure 8.21. It can also be noticed in 
Figure 8.21 that the peak values of individual modes are the same for the three cases, seemingly 
because the same excitation of Figure 8.4 are used. 
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Figure 8.19 Coefficient of Determination 
comparison among three cases 𝑁𝑁𝑁𝑁 = 5,𝑁𝑁 = 20 

 

Figure 8.20 RMS Errors comparison among three 
cases 𝑁𝑁𝑁𝑁 = 5,𝑁𝑁 = 20 

 

Figure 8.21 Magnitude plots of the frequency response functions of the lowest three modes for three cases 𝑁𝑁𝑁𝑁 =
5,𝑁𝑁 = 20 

It has been shown in Figure 8.16 that it is possible to extract the modes of interest with 
one sensor using STF. It is realizable when the sensor is located away from the nodes of the 
lowest three modes. In order to investigate the possibility when the sensor is located near the 
node of mode of interest, the sensor measurement of Point 11 of Case C is used. The frequency 
response function of this point is shown in Figure 8.22, which depicts that the first mode is 
hardly observed at this point. The STF result of the first mode for 𝑁𝑁 = 40 is shown in Figure 
8.23, for which 𝑅𝑅2 = 0.2884 and RMSError = 0.2664 m/s2. From Figure 8.23, it is noticed 
that the first mode cannot be smoothly extracted from the point which is near the node. The 
similar phenomenon is seen when Point 41 is used in Case B to extract the third mode. The 
frequency response function of Point 41 and the corresponding result are shown in Figure 8.24 
and Figure 8.25, respectively. 
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Figure 8.22 Magnitude plot of the frequency 
response function of point 11 

 

Figure 8.23 Magnitude plots of the frequency 
response functions of mode 1 𝑁𝑁𝑁𝑁 = 1,𝑁𝑁 = 40 

point 11 

 

Figure 8.24 Magnitude plot of the frequency 
response function of point 41 

 

Figure 8.25 Magnitude plots of the frequency 
response functions of mode 3 𝑁𝑁𝑁𝑁 = 1,𝑁𝑁 = 40 

point 41 

Therefore, the effective points (EFP) can be defined for the present analysis. Since RMS 
error is not a dimension-less index, 𝑅𝑅2 is used for the definitions that follow. If one mode of a 
system can be extracted (𝑅𝑅2 ≥ 0.7) using STF with a sufficiently great N (𝑁𝑁 = 40) from a 
sensor point, the said point is called as an effective point for the mode. The effective points of 
the lowest three modes for the three cases are shown in Table 8.4. 
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Table 8.4 – Effective points of each mode for the three cases 

 

The elite point (ELP) is defined as the sensor point which has the maximum 𝑅𝑅2 value 
among all the sensor sets for the specified mode. The corresponding maximum 𝑅𝑅2 value is 
defined as the elite value (EV). The ELP and EV of the lowest three modes for the three cases 
when 𝑁𝑁𝑁𝑁 = 5 are shown in Table 8.5. 

Table 8.5 – ELP and EV for the lowest three modes 

 

Thus, the overall performance of individual modes for the three cases (see Figure 8.19) 
can be regarded as the combination effects of EFP and EV. The sensor placement such that 
both EFP and EV are high can achieve better STF results. Nonetheless, as has already been 
mentioned, all of the three modes can be extracted successfully for the three cases if five 
sensors are used. 

8.3.4 Effects of actuator locations 

The actuator is located a location between point 51 and 52 as shown in Figure 8.3, and 
this location turns out to be near the node of the fourth mode, as indicated in Table 4.5. 
Possibility of extraction of the fourth mode using STF is examined. For Case A, the magnitude 
plot of frequency response function of the fourth mode with 𝑁𝑁𝑁𝑁 = 5 and 𝑁𝑁 = 20 is shown in 
Figure 8.26, for which 𝑅𝑅2 = 0.5859 and RMSError = 0.3032 m/s2. For completeness, the 
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STF result for mode 5 is shown in Figure 8.27. In this case, the performance indices are 𝑅𝑅2 =
0.9664 and RMSError = 0.0851 m/s2. 

 

Figure 8.26 Magnitude plot of the frequency 
response function of mode 4 𝑁𝑁𝑁𝑁 = 5,𝑁𝑁 = 20 

 

Figure 8.27 Magnitude plot of the frequency 
response function of mode 5 𝑁𝑁𝑁𝑁 = 5,𝑁𝑁 = 20 

Therefore, it can be concluded that extraction of the specified mode is possible 
(controllable) if the location of the actuator is sufficiently apart from the node of that mode. 

8.4 Effectiveness and robustness of STF 

In this section, the sensitivity of the STF’s effectiveness to an uncertainty in the natural 
frequency and damping ratio of specified mode is investigated. The experimental data of Case 
A is used for the analysis. 

In the numerical analysis, it is assumed that the poles of the lowest three modes of Table 
8.1 estimated by ERA are accurate. Then the modal coordinates (acceleration) estimated from 
these poles using Nigam Jennings method can be regarded as the reference modal coordinates. 

The past sample numbers N is fixed to 60 to ensure the almost best performance for 
different sensor numbers (see Figure 8.10~Figure 8.15), and the estimated modal coordinates 
are then obtained for different values of poles around the accurate poles. Five different sensor 
numbers are considered for comparison. 

The RMS error of Eq. (8-13) is used as the performance index which represents the 
effectiveness of a STF result. It is noted that the STF result providing the smaller value of the 
RMS Error is regarded to be more effective. 
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Figure 8.28 Effectiveness of STF in RMS Error 
versus frequency for different sensor numbers of 

Mode 1 (𝑁𝑁 = 60 β = 0.0143)  

 

Figure 8.29 Effectiveness of STF in RMS Error 
versus frequency for different sensor numbers of 

Mode 2 (𝑁𝑁 = 60 β = 0.0044) 

 

Figure 8.30 Effectiveness of STF in RMS Error 
versus frequency for different sensor numbers of 

Mode 3 (𝑁𝑁 = 60 β = 0.0032) 

 

Figure 8.31 Effectiveness of STF in RMS Error 
versus damping ratio for different sensor numbers 

of Mode 1 (𝑁𝑁 = 60 ω = 48.81) 

 

Figure 8.32 Effectiveness of STF in RMS Error 
versus damping ratio for different sensor numbers 

of Mode 2 (𝑁𝑁 = 60 ω = 96.04) 

 

Figure 8.33 Effectiveness of STF in RMS Error 
versus damping ratio for different sensor numbers 

of Mode 3 (𝑁𝑁 = 60 ω = 148.69) 
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Figure 8.28, Figure 8.29 and Figure 8.30 show the relationship between the effectiveness 
of a STF result or the RMS error and the modal frequency. The modal damping ratios are fixed 
to the accurate values shown in Table 8.1. The curves for various sensor numbers are shown in 
each plot. 

It can be clearly seen in Figure 8.28, Figure 8.29 and Figure 8.30 that there is the well 
distinguished optimal frequency such that the RMS Error achieves the minimum. The optimal 
frequencies correspond to the accurate values shown in Table 8.1. As has been indicated in the 
previous section, the minimum value of the RMS error can be smaller for large numbers of 
sensors. It implies that the effectiveness of the STF is enhanced with the increase of the total 
number of sensors, while the improvement in the effectiveness will be saturated. 

Figure 8.28, Figure 8.29 and Figure 8.30 also indicate the robustness against the change 
or the estimation error in the modal frequencies. As shown in these figures, the STF is not 
robust when 𝑁𝑁𝑁𝑁 = 1 in the sense that the error in the modal frequencies tends to increase the 
RMS Error and hence reduces the effectiveness significantly. On the contrary, the degree of 
the effectiveness drop of a STF result with large sensor numbers is not significantly different 
from that of a single sensor case. However, a STF result with large sensor numbers can be more 
robust by considering the values of effectiveness. Even though the effectiveness of the STF 
with large sensor numbers is reduced when the modal frequencies are changed within a certain 
range, it is still capable of extracting the desired modes. 

Figure 8.31, Figure 8.32 and Figure 8.33 show the relationship between the effectiveness 
and the damping ratio. The modal frequencies are fixed to the accurate values shown in Table 
8.1. The same conclusion can be achieved as the plot for the modal frequency so that the 
effectiveness of STF is increased with increase of the total number of sensor although the 
improvement in effectiveness is limited if larger number of sensors are used. As for the 
robustness of STF against the change in the damping ratio, it is obvious that within a certain 
change of the damping ratio, the more sensors are used, the more robust the system is. 

Therefore, it is concluded that the STF is more effective and robust against the change 
in the modal frequency and damping ratio if a large number of sensors are used. However, the 
effectiveness and robustness are also good even when the number of sensors is small. 

8.5 Phase compensated controller design 

8.5.1 Phase compensation 

From Sec. 8.2, the STF coefficients of the modes to be controlled can be estimated for 
the individual actuators according to the procedure described in Figure 8.2. Then the modal 
responses of the control modes can be calculated based on Eq. (8-10). The controller can be 
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designed based on these modal responses. Note that the STF coefficients are estimated from 
the measurement of actuator force. Therefore, phase lags caused by the DSP system and 
actuator are involved if the modal direct velocity feedback controller is utilized. This is the 
same situation as the modal filtering-based case introduced in the previous chapters. 

Since the spatio-temporal filter acts like a FIR filter which conducts pole-zero 
cancellation to extract the modal responses, the observation spillover effects can be ignored 
during the STF-based controller design. Therefore only the high pass filter is used in order to 
avoid numerical issues and to remove the low frequency noise during the real-time active 
control. 

Then, the phase compensation methods proposed in Chapter 7 can be utilized to 
compensate the time delays caused by these dynamic components. The procedure is described 
in Sec. 7.2, and the modified phase compensation method will be adopted here. 

Figure 8.34 shows the schematic block diagram of the phase compensated velocity 
feedback control of a mode using spatio-temporal filtering. 

 

Figure 8.34 Phase compensated velocity feedback control of a mode using STF 

8.5.2 Design process 

According to the development described in the previous sections, the control scheme for 
the independent modal space phase compensated velocity feedback control combing with 
spatio-temporal filtering can be summarized as follows: 

1) Determine the number of modes to be controlled and the number of sensors and 
actuators to be used. 

2) Put the sensors and actuators on the floor where the observability and controllability 
of the control modes can be satisfied. 

3) Estimate the STF coefficients of the control modes for individual actuators based on 
the procedure described in Sec. 8.2. 
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4) Identify the PI parameters for all the control modes on site by a series of real-time 
tests using the techniques described in Sec. 7.2. If multiple actuators are used, this 
step is repeated for all actuators. 

5) Design the control gains for the control modes according to stability and 
performance of the whole floor system. Issues appearing in typical practical 
situations, including non-linear actuator saturation must also be considered when 
choosing the control gains. 

8.6 Verification test 

In order to verify the control efficiency of the proposed STF based phase compensated 
velocity feedback control scheme, steel plate vibration control tests using the experimental 
system described in the previous sections were conducted. The design process described in Sec. 
8.5.2, was applied to determine the sensor placements and to develop the code installed in the 
DSP controller. The test results and its control efficiency is discussed in this section. 

8.6.1 STF based control for different sensor placement 

To investigate the effects of sensor placement on the control efficiency, the three 
configurations, Case A, Case B and Case C shown in Figure 8.3, Figure 8.17 and Figure 8.18 
are used in the verification tests. Since the sensor Point 25 is commonly included in all the 
three cases, it is regarded as the reference point and the responses at this point are compared 
among three cases. 

The actuator is placed on the same location as mentioned in Sec. 8.3.3, and the identical 
white noise excitation signal shown in Figure 8.4 is used. As has been described to discuss the 
result using three sensor placement cases in Figure 8.21, the control performance evaluated by 
the response at the reference point does not depend on the sensor placement, provided that the 
control gain is the same. 
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Figure 8.35 First mode control of the three cases 
with the same control gain 

 

Figure 8.36 First mode control (Point 25) 

 

Figure 8.37 Second mode control of the three cases 
with the same control gain 

 

Figure 8.38 Second mode control (Point 25) 

The control results for the first mode and second mode are shown in Figure 8.35 through 
Figure 8.38, among which Figure 8.36 and Figure 8.38 are the zoom-in views of these two 
modes. It can be observed that the response of the first two modes are successfully reduced by 
approximately 10dB in both cases, and the equal control performance is obtained with the same 
control gain. This means that the effectiveness of the STF based controllers are not affected by 
sensor placement. This is a great advantage of the STF approach in practical application it is 
often the case that there exists strict restriction on the locations of the sensors to be installed. 

In the following control tests, the performance of STF based controller is thoroughly 
investigated using the ‘optimal’ sensor and actuator placement to compare the control results 
with those obtained in the previous chapters. 
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8.6.2 STF based phase-lead controller 

First of all, the number of past samples used is chosen as 20, and then the STF 
coefficients for the lowest three modes are estimated by the procedure described in Sec. 8.2. 
The values of ELP, EP and EV for this sensor placement are shown in Table 8.6. 

Table 8.6 – EP, ELP and EV for the lowest three modes 

 

The bandpass filter shown in Table 7.2 is used in the STF based controller. The use of a 
low pass filter can also be favorable in avoiding higher modes spillover effects. 

The phase lead compensators introduced in Chapter 6 is effective in frequency increase 
and damping enhancement. In order to implement phase lead compensators, the technique 
proposed in Sec. 7.2.4 is used. The control performance of the lowest two modes are 
highlighted in this section for demonstration of the global control characteristics of the STF 
based controller. The control results of the third mode will be given in the next section. 

Figure 8.39 through Figure 8.43 show the results for the first mode control. Obviously, 
as the control gain increases, the damping ratio of the first mode increases without influencing 
the response of other modes within 300Hz. This is a desirable result expected to STF based 
controllers. 

 

Figure 8.39 First mode control using STF based 
phase-lead controller for different control gains 

(Point 25) 

 

Figure 8.40 First mode control using STF based 
phase-lead controller for different control gains 

(Point 31) 
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Figure 8.41 First mode control using STF based 
phase-lead controller for different control gains 

(Point 50) 

 

Figure 8.42 First mode control using STF based 
phase-lead controller for different control gains 

(Point 61) 

 

Figure 8.43 First mode control (Point 31) 

 

Figure 8.44 Control force outputs for different 
control gains (first mode) 

Figure 8.44 shows the corresponding DSP control outputs. It is found that the spillover 
effects of higher modes can be neglected for the first mode control. Since a high pass filter is 
used, the low frequency noise and the responses of actuator dynamics around 20Hz are 
effectively reduced even for higher values of gain. 

Figure 8.45 through Figure 8.50 illustrate the results of the second mode control. Similar 
to the first mode control, the STF performs excellent to extract the specified mode, and the 
phase lead compensator is found to function as to assure the control performance. Furthermore, 
these plots show uniform amplitude reduction of the second mode response at all the four 
sensor locations (compare the curves corresponding to a specific gain). This characteristics 
indicates that the global response reduction is achieved by the STF based controller. 
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Figure 8.45 Second mode control using STF based 
phase-lead controller (Point 25) 

 

Figure 8.46 Second mode control using STF based 
phase-lead controller (Point 31) 

 

Figure 8.47 Second mode control using STF based 
phase-lead controller (Point 50) 

 

Figure 8.48 Second mode control using STF based 
phase-lead controller (Point 61) 

 

Figure 8.49 Second mode control (Point 31) 

 

Figure 8.50 Control force outputs for different 
control gains (second mode) 
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8.6.3 STF based phase compensated controller 

In this section, the STF combined with the phase compensated controller proposed in 
Sec. 7.2.2 is used to control the lowest three modes of the plate. Similarly to Sec. 8.6.2, the 
number of sensors is set to 𝑁𝑁𝑁𝑁 = 4 and the number of past sample is set to 𝑁𝑁 = 20. 

 

Figure 8.51 First mode control using STF based 
phase compensated controller for different control 

gains (Point 25) 

 

Figure 8.52 First mode control using STF based 
phase compensated controller for different control 

gains (Point 50) 

 

Figure 8.53 Control force outputs for different control gains (first mode) 

The results of the first mode control are shown in Figure 8.51 through Figure 8.53. For 
simplification, only the results of two points are shown. It can be observed that the damping 
ratio of this mode increases while the frequency does not changes with the increase of the 
control gain. 
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Figure 8.54 Second mode control using STF based 
phase compensated controller for different control 

gains (Point 31) 

 

Figure 8.55 Second mode control using STF based 
phase compensated controller for different control 

gains (Point 61) 

 

Figure 8.56 Control force outputs for different control gains (second mode) 

The results of the second mode control are shown in Figure 8.54 to Figure 8.56. As can 
be seen from these figures, both of the STF and the phase compensation technique work 
considerably well for this mode. 
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Figure 8.57 Third mode control using STF based 
phase compensated controller for different control 

gains (Point 25) 

 

Figure 8.58 Third mode control using STF based 
phase compensated controller for different control 

gains (Point 31) 

 

Figure 8.59 Control force outputs for different 
control gains (third mode) 

 

Figure 8.60 Control force outputs for small control 
gain (third mode) 

Finally, testing of the STF based phase compensated controller is conducted for the third 
mode control, and the results are shown in Figure 8.57 through Figure 8.59. From Figure 8.59, 
the spillover effect of the fourth mode (172Hz) is observed. In fact, the spillover effect is 
negligible when the control gain is small, as shown in Figure 8.60. However, as the control 
gain increases, the peak of the fourth mode in Figure 8.59 considerably grows. This is because 
when the control gain is large, the poles of the fourth mode moves and reaches near the 
imaginary axis of the s-plane and therefore appear as the sharp peak of the frequency response 
function. The existence of the fourth mode responses even with STF application may be due to 
the inaccurate identified values of the modal frequency and damping ratio that have been used 
for the STF coefficients estimation. Further study is required. 
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8.6.4 STF based phase compensated controller using one sensor 

In Secs. 8.3.2 and 8.3.3, it has been pointed out that extracting a specific mode with only 
one sensor is possible if the elite value (EV) for that mode at the sensor point is large. In this 
section, applicability of this idea to control the first mode is experimentally verified. 

From Table 8.6, the sensor location with the greatest EV for the first mode is Point 50. 
Therefore, this point is used as the only sensor location to control the first mode using the STF 
based phase compensated controller. Two cases, 𝑁𝑁 = 20 and 𝑁𝑁 = 40, are tested and the test 
results are compared with the case of four sensors obtained in the previous section. 

 

Figure 8.61 First mode control results of Point 50 
using one sensor at Point 50 (Gain=30) 

 

Figure 8.62 First mode control results of Point 50 
using one sensor at Point 50 (Gain=40) 

The measured plate response at Point 50 is shown in Figure 8.61 and Figure 8.62 for the 
control gains of 30 and 40, respectively. It is clearly shown by these figures that control of the 
first mode with one sensor is successful, with almost the same control performance as the four 
sensor case. 

The responses of other three points are shown in Figure 8.63 through Figure 8.68. The 
results show that control of the other points with one sensor is also achieved. 
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Figure 8.63 First mode control results of Point 25 
using one sensor at Point 50 (Gain=30) 

 

Figure 8.64 First mode control results of Point 25 
using one sensor at Point 50 (Gain=40) 

 

Figure 8.65 First mode control results of Point 31 
using one sensor at Point 50 (Gain=30) 

 

Figure 8.66 First mode control results of Point 31 
using one sensor at Point 50 (Gain=40) 

 

Figure 8.67 First mode control results of Point 61 
using one sensor at Point 50 (Gain=30) 

 

Figure 8.68 First mode control results of Point 61 
using one sensor at Point 50 (Gain=40) 
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Figure 8.69 Control force outputs (Gain=30) 

 

Figure 8.70 Control force outputs (Gain=40) 

Figure 8.69 and Figure 8.70 show the corresponding DSP control force outputs. It can 
be observed that the performance of the 𝑁𝑁𝑁𝑁 = 4 case is the best while the width of the first 
mode peak of the control force spectrum for the case of 𝑁𝑁𝑁𝑁 = 1 and 𝑁𝑁 = 40 becomes wider 
than that of the other two cases. The reason is due to the overfitting of the model when 𝑁𝑁𝑁𝑁 = 1 
and 𝑁𝑁 = 40 is used, which means that the fitted model is too closely to the particularities of 
the training data set (the white noise excitation) and obtain a model that works well on the 
training data but is not able to fit the new data set (hammer loading).  

While the same location Point 50 can also be used for the second mode control, it is not 
effective to use Point 50 to control the third mode, based on the EV value criterion. Therefore, 
if control of multiple modes is considered, use of multiple sensors is recommended. 

8.6.5 STF based phase compensated control of multiple modes 

In this final section, the tests of multiple mode control using the STF based phase 
compensated controller are conducted. The time domain responses and the corresponding 
frequency response functions are shown in order to deeply understand the mechanism of 
model-based active control. 

Figure 8.71 and Figure 8.72 show the acceleration response at Point 25 with and without 
the first-and-second-mode control. Although the spectral responses in the first and second 
modes are reduced, effects on the peak and decay of the acceleration response cannot be seen 
in Figure 8.72. This is because the contribution of the lowest two modes to the response at 
Point 25, which is dominated by the third and higher modes, is minor, as shown in Figure 8.71. 
On the other hand, at Point 50 where the principal contribution to the response is of the lowest 
two modes, the measured acceleration is remarkably reduced as shown in Figure 8.73 and 
Figure 8.74. Figure 8.75 and Figure 8.76 give the corresponding DSP control outputs. It is 
observed that the spillover effects of higher modes can be neglected for the first-and-second-
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mode control. The low frequency noise and the responses of actuator dynamics around 20Hz 
are also effectively reduced due to the use of the high pass filter. 

The results of first and third mode control are shown in Figure 8.77 through Figure 8.82, 
indicating the acceleration responses at Points 25 and 31. Because the responses at these points 
contain considerable second mode and fourth or higher mode components, the response decay 
is not outstanding. Nonetheless, the response at Point 25 shown by Figure 8.78 is more 
efficiently reduced compared with the response under first-and-second-mode control shown by 
Figure 8.72, due to the higher proportion of the third mode content in the original response at 
Point 25. 

Figure 8.83 to Figure 8.88 show the response of Point 31 and 61 to indicate the result of 
the second-and-third-mode control. At these two points, the effectiveness of the control is 
notable.  

Finally, the responses at Points 25 and 31 when first-second-third-mode control is 
applied are shown in Figure 8.89 through Figure 8.94. Considerable fourth and higher mode 
components are still visible in the response at Point 25, these higher modes must be controlled 
to further improve the control performance. On the other hand, since the responses of higher 
modes are relatively small, the control performance at Point 31 is excellent since the higher 
mode response at Point 31 is relatively small. 
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Figure 8.71 Test result: lowest two modes control 
at Point 25 (frequency domain) 

 

Figure 8.72 Test result: lowest two modes control 
at Point 25 (time domain) 

 

Figure 8.73 Test result: lowest two modes control 
at Point 50 (frequency domain) 

 

Figure 8.74 Test result: lowest two modes control 
at Point 50 (time domain) 

 

Figure 8.75 Test result: lowest two modes control 
output (frequency domain)  

 

Figure 8.76 Test result: lowest two modes control 
output (time domain) 
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Figure 8.77 Test result: first and third modes 
control at Point 25 (frequency domain) 

 

Figure 8.78 Test result: first and third modes 
control at Point 25 (time domain) 

 

Figure 8.79 Test result: first and third modes 
control at Point 31 (frequency domain) 

 

Figure 8.80 Test result: first and third modes 
control at Point 31 (time domain) 

 

Figure 8.81 Test result: first and third modes 
control output (frequency domain) 

 

Figure 8.82 Test result: first and third modes 
control output (time domain) 
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Figure 8.83 Test result: second and third modes 
control at Point 31 (frequency domain) 

 

Figure 8.84 Test result: second and third modes 
control at Point 31 (time domain) 

 

Figure 8.85 Test result: second and third modes 
control at Point 61 (frequency domain) 

 

Figure 8.86 Test result: second and third modes 
control at Point 61 (time domain) 

 

Figure 8.87 Test result: second and third modes 
control output (frequency domain) 

 

Figure 8.88 Test result: second and third modes 
control output (time domain) 
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Figure 8.89 Test result: lowest three modes control 
at Point 25 (frequency domain) 

 

Figure 8.90 Test result: lowest three modes control 
at Point 25 (time domain) 

 

Figure 8.91 Test result: lowest three modes control 
at Point 31 (frequency domain) 

 

Figure 8.92 Test result: lowest three modes control 
at Point 31 (time domain) 

 

Figure 8.93 Test result: lowest modes control 
output (frequency domain) 

 

Figure 8.94 Test result: lowest modes control 
output (time domain) 
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It should be noted that the impact excitation with the hammer is applied to Point 21 in 
all the cases. It can be confirmed that the second and third modes are fully excited with the 
impact, based on the information in Table 4.5. Therefore, the control performance for the 
second and third modes is significantly superior to the control performance for the other modes. 
However, if the impact is applied to the center of the plate, control of the first mode becomes 
effective. 

Therefore, the model-based active control is particularly effective when several modes 
of the floor are intensely excited. Focusing the control power resource on the target modes is 
practically efficient not only in avoiding force and stroke saturation which may cause system 
instability, but also in reducing initial and running costs for active control operation. 

8.7 Summary 

Non-adaptive spatial-temporal filtering (STF) combined with a phase-compensated 
modal velocity feedback control strategy is proposed in this chapter. The proposed control 
scheme is expected to achieve a simple and robust active control strategy without requiring 
extensive and accurate system models. One of the merits of this approach is that complete 
modelling of the floor, actuator and other dynamic components is not necessary, and it enables 
the control system to be implemented to difficult real-world applications. 

The theory of STF is described first and the off-line search method of STF coefficients 
is proposed. Two indices of separation performance of STF, Root-Mean-Square (RMS) error 
and the coefficient of determination 𝑅𝑅2, are introduced. 

Then, the performance of the proposed non-adaptive STF is examined using the test 
results of three cases with five sensor points. The effects of the past sample numbers, sensor 
numbers, sensor and actuator locations are studied. The numbers of the sensors and past 
samples are important parameters for accurate estimate of modal coordinates. It is found that 
there is a trade-off between the sensor numbers and the past sample numbers. The concepts of 
effective points (EP), elite point (ELP) and elite value (EV) are introduced for sensor and 
actuator placement and it is shown that estimation of modal coordinates is possible with only 
a single sensor if the location of the sensor has a high EV. Observability and controllability 
should be considered during the sensor and actuator placement. 

It is found that the STF is effective and robust against the change of the modal frequency 
and damping ratio if the number of sensors is sufficient. Even if the number of sensor is few, 
the effectiveness and robustness are still acceptable. 
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Chapter 9 Conclusions and Recommendations 

9.1 Conclusions 

In the studies presented in this dissertation, model-based strategies for real-time active 
control of floor structures were developed and the control performance of the proposed 
strategies was investigated by verification tests using a steel plate model under impact loading 
and control system hardware. In the developed control system, the individual natural modes of 
vibration of the floor structures are extracted with the modal filtering (MF) and spatio-temporal 
filtering (STF) techniques. For the separated modal responses to be controlled, the time delays 
caused by dynamic components involved in the system can be efficiently compensated using a 
simple PI framework in the actual implementation of the control strategies to control hardware. 
Real-time active control experiments were successfully conducted using the test systems with 
a DSP system, piezoelectric accelerometers and a magneto-electric actuator. The proposed 
model-based active control strategy is a promising approach to reduce the vibration of real-
world floor structures, since extensive and accurate system models are not required for the 
implementation. 

The background for this study was provided in Chapter 1, 2 and 3. Current methods for 
real-time active control of floor structures and the history of modal filtering methods were 
reviewed. Emphasis was placed on the modal filtering method, the modal direct velocity 
feedback controller, the spillover effects and actuator-structure interaction and the effects of 
time delays of the dynamic components were identified. 

The experimental setup for the testing of real-time active control was presented in 
Chapter 4. The test system consists of a square steel plate and real-time signal processing 
hardware including a high-performance actuator system. The capability of the system in high 
speed computations and communication is demonstrated by preliminary test results. Five 
natural vibration modes with associated natural frequencies less than 200Hz were identified. 
The time delays caused by the dynamic components in the test system were also identified, and 
it was found that time delays associated with the A/D-D/A Conversions as well as with the 
dynamics of the actuator and Butterworth filters were the major factors, while the computing 
time and delays related to communication were, in general, relatively small. 
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In Chapter 5, a procedure for the optimal sensor and actuator placement applicable to 
modal filtering based active control of floor vibration was proposed. The method provides a 
solution to the problems of minimization of the spillover effects, consideration for 
orthogonality of the natural vibration modes and system observability. The proposed method 
is effective in the reduction of the spillover effect of the residual modes and enhancing the 
separation performance of the modelled modes. The procedure for the determination of the 
optimal sensor placement and optimal actuator placement was presented. The effectiveness of 
the proposed method was demonstrated by an example of the four-sensor placement problem 
in the test system. However, limitation of the method was also revealed from the test result 
showing that the spillover effects of the residual modes cannot be completely eliminated. 

In Chapter 6, design of the phase-lead compensator based on the dynamic characteristics 
of the actuator and controller hardware is described. The first-order phase-lead compensator 
was investigated in order to achieve sufficient system stability margin and damping for the 
control modes. The root locus method was used to calculate the phase-lead compensator 
parameters for individual control modes. The experimental verification of the application of 
the MDOF controller to individual mode control was conducted. Although the MDOF 
controller did not perform well for the second and third modes of the plate, when the phase-
lead compensators are combined, a good performance with significant reduction of the 
response of the specified modes to be controlled was obtained. 

In Chapter 7, the PI-based mode-by-mode phase compensation technique was developed. 
As long as the modal frequency of one control mode is known, the PI parameters can be 
automatically obtained through several on-site experiments. Two techniques of PI parameter 
search were developed – Standard phase compensation and modified phase compensation. The 
modified procedure incorporating the bandpass filtering of the response measurement signal is 
more stable than the standard procedure even in the presence of severe transient response 
caused by higher order dynamic components. Combination of the PI-based mode-by-mode 
phase compensation technique and modal direct velocity feedback control was proposed as the 
Phase Compensated Velocity Feedback control (PCVFB control). The test results showed the 
improved while limited performance of the PCVFB controller. The PCVFB control combined 
with a bandpass filter was found to be most effective in the tests. 

In Chapter 8, use of non-adaptive spatial-temporal filtering (STF) was proposed to solve 
the problems of the need of complete information on the modes in the modal filtering technique. 
The performance of the proposed non-adaptive STF were examined based on numerical 
simulation with the effects of past sample numbers, sensor numbers, sensor and actuator 
locations. The effectiveness and robustness of STF were also investigated to show that the 
number of the sensors can be reduced by using STF. The control performance of the STF based 
phase-lead, phase-compensated mode-by-mode control were found to be excellent, 
circumventing the spillover effects of higher modes. 
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9.2 Future Studies 

This section provides recommendations for future research related to this study. 

 In the experiments conducted in this study, a steel plate was used as the floor 
structure. Effectiveness of the proposed active control strategies should be verified 
using real-world floor structures. 

 Impact loading was applied to the same location with a hammer for all the tests. 
Excitation at different locations and other type of impact loadings, including human 
induced footsteps, should be used to demonstrate the performance of the proposed 
control strategies. 

 Only one actuator was used in the experiments in this study. Extension of the 
methodologies and techniques for multiple actuators should be investigated. 

 The proposed sensor and actuator placement method were only studied using a small 
number of sensors and one actuator. Verification tests for a large number of sensors 
and multiple actuators should be conducted. 

 During real-time active control, the control gains were tuned by trial and error 
experiments, which becomes time consuming and troublesome when multiple 
actuators and a greater number of modes are considered. Techniques for searching 
the optimal control gain in such situations using a wider range of methodologies, 
including the genetic algorithm (GA) for example, should be investigated. 

 Fixed bandpass filters (cut-off frequencies for high pass and low pass are 20Hz and 
200Hz, respectively) were used for the tests. Use of diffident bandpass filters 
depending on the mode to be controlled should be investigated so that the effects of 
spillover can be sufficiently reduced for the normal modal filtering based controller. 

 As opposed to the non-adaptive STF used in this study, an adaptive STF based 
controller should be developed, so that the modal frequencies and modal damping 
ratios are identified first and the corresponding STF coefficients and control gains 
are computed in real-time. (e.g. combining the adaptive STF and ERA) 

 The aim of the proposed feedback controllers is enhancement of the modal damping 
to reduce the response of the modes of the floor structures to be controlled. However, 
feedback control is not suitable for reduction of the amplitude of first peak in the 
time domain responses under impact loading. Therefore, feedforward control to 
suppress the first peak combined with the proposed feedback controllers should be 
investigated to improve the control performance. (e.g. disturbance observer based 
controller) 
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Appendix A Genetic Algorithm 

A.1  Introduction 

Genetic algorithms (GA) are numerical optimisation algorithms enlightened by the 
natural selection and natural genetics and have been applied to an extremely wide range of 
problems. Unlike the traditional optimisation methods which are typically starting from a single 
point or guessing within the search space, GAs are initialised with a population of guesses. 
These guesses are usually random chosen and will be spread throughout the search space. In 
general, these initial guesses of the variables are expressed as binary encodings of the true 
variables and then this initial population is processed by the three operators, named selection, 
crossover and mutation, to direct the population (over a series of time steps or generations) 
towards convergence at the global optimum. 

GA is invented with the following fundamentals: 

1. In a population, individuals compete for resources and mates. 
2. Those most successful individuals will produce more offspring than those who 

performed poorly. 
3. Genes from ‘superior’ individuals propagate throughout the population (two good 

parents will sometimes produce offspring that are better than either parent). 
4. Hence, each successive generation will become more suited to their environment. 

A.2  Elements of GA 

The genetic algorithm mainly involves the following elements: 

1. Population 

The initial population is generated considering range of possible values each parameter 
can take. The M unknown parameters are each represented as binary sub-strings of length 𝑙𝑙 and 
then these sub-strings are joined together to form an individual population number of length L, 
where: 
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All the N numbers of the initial population are random chosen and is expected to be 
spread throughout the possible range. 

2. Evaluation 

For the purpose of selecting the most appropriate individuals from the population, 
aptitude of each individual should be evaluated. In terms of GA, this aptitude is called fitness, 
which is used to measure the suitability of each individual. Those with high fitness survive, 
whereas those with low fitness fade and disappear. In general, a target function (objective 
function) 𝑓𝑓(𝒙𝒙) of parameter x optimization is set to evaluate the fitness. 

3. Selection 

Once each individual has been assigned certain fitness, parents to create next population 
should be chosen. Probability for each individual of being chosen is estimated by Eq. (A-2), 
giving to the individuals as probability to be chosen proportional to their fitness values. 

𝑝𝑝𝑖𝑖 =
𝑓𝑓(𝒙𝒙𝑖𝑖)

∑ 𝑓𝑓(𝒙𝒙𝑗𝑗)𝑁𝑁
𝑗𝑗=1

 
(A-2) 

4. Elitism 

Fitness-proportional selection may not guarantee the selection of fittest individual unless 
that one is much fitter than any other individual. Even in this case, it will occasionally not be 
selected. Therefore with the fitness-proportional selection the best solution discovered can be 
regularly thrown away. In fact, the searching speed can be greatly improved by not losing the 
best, or elite, member between generations. 

5. Crossover 

Two point crossover as shown in Figure A.1 is used in this study. For a chromosome of 
a length L, a random number c between 1 and L is generated. Offspring 1 is formed by 
appending the last 𝐿𝐿 − 𝑐𝑐 elements of the first parent to the first c element of the second parent. 
Offspring 2 is formed by appending the last 𝐿𝐿 − 𝑐𝑐 elements of the second parent to the first c 
elements of the first parent. 
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Fig. A.1 Two points crossover method 

6. Mutation 

Mutation is essentially an arbitrary modification which helps to prevent premature 
convergence, and operates independently on each individual by stochastically perturbing each 
bit string. Mutation is performed by generating first a random number m between 1 and L, and 
then flipping the mth bit from 0 to 1 or from 1 to 0, as shown in Figure A.2. 

 

Fig. A.2 Genetic mutation scheme 

7. Termination condition 

The termination condition is chosen as it gives reasonable target function and the time 
employed is not very long. Termination condition is selected in terms of iteration, considering 
the time each iteration takes. A terminator G for the total generation can be set to stop the 
searching. 

A.3  Procedure of the Little Genetic Algorithm 

Having defined the mutation, selection, crossover and elitism operators, then this 
knowledge can be brought together to generate the famous Little Genetic Algorithm as the 
following steps: 

1. Generate an initial N members (g=1) population of random binary strings of 
length ∑ 𝑙𝑙𝑗𝑗𝑀𝑀

𝑗𝑗=1 , where M is the number of unknowns and 𝑙𝑙𝑗𝑗 is the length of binary 
string required by any unknowns. 

2. Decode each individual, 𝑖𝑖, within the population to integers and then to real numbers 
to obtain the unknown parameters. 

3. Test each individual in turn on the problem and convert the objective function of 
each individual to a fitness 𝑓𝑓𝑖𝑖, where a better solution implies a higher fitness. 
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4. Using fitness proportional selection to select pairs of individuals and apply with 
probability 𝑃𝑃𝑐𝑐 two points crossover. Repeat until a new temporary population of N 
individuals is formed. 

5. Apply the mutation operator to each individual in the temporary population with the 
mutating probability of 𝑃𝑃𝑚𝑚. Typically, 𝑃𝑃𝑚𝑚 is very small. 

6. If the temporary population does not contain the elite member of the previous 
generation, randomly replace one member of the temporary population with the elite 
member. 

7. Replace the old population by the new temporary generation. 
8. Increment, by 1, the generational counter (g=g+1) and repeat from step 2 until G 

generations have finished. 

The flowchart of the Little Genetic Algorithm is shown in Figure 5.2. 

References 

[1]  L. Davis, “Handbook of genetic algorithms.”, 1991. 

[2]  M. Mitchell, “An introduction to genetic algorithms.”, MIT press, 1998. 

[3]  D. A. Coley, “An introduction to genetic algorithms for scientists and engineerings.”, 
World Scientific Publishing Co Inc, 1999.



 

  B-1 
 

Appendix B Routh’s Stability Criterion and Root 

Locus Method 

B.1  Introduction 

It is known that in the theory of system control, a system is stable if and only if all of the 
closed-loop poles lie in the left-half s plane. The Routh’s stability criterion is a mathematical 
test that is used to check the stability of a linear time invariant system. This criterion provides 
a way to determine whether the transfer function of a linear system have only stable poles 
without solving the system directly. 

The characteristic of the transient response of a closed-loop system is related to the 
location of system poles, which depend on the value of the loop gain chosen if the system has 
a variable loop gain. Therefore, it is significantly important to know how the closed-loop poles 
move as the loop gain is varied in the s plane. The method, called root-locus method, has been 
developed by W. R. Evans for finding the roots of the characteristic equation of the closed-
loop system and used extensively in control engineering. In this method, the roots of the 
characteristic equation are plotted for a system parameter, which is usually the control gain, to 
be varied from zero to infinity. Then the design problem may become the selection of an 
appropriate control gain. When the gain adjustment alone does not give a desire result, addition 
of compensators to the system will become necessary and the new closed-loop system can be 
checked by the root locus again until a desire result is achieved. In our application, the root 
locus method is used for designing the compensator such that the open-loop poles of the floor 
system can be modified to achieve a good system performance. 

B.2  Routh’s stability criterion 

In general, most linear closed-loop systems have the transfer function of the form: 
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where the 𝑎𝑎𝑖𝑖’s and 𝑏𝑏𝑖𝑖’s are real constants and 𝑚𝑚 ≤ 𝑛𝑛. Instead of factoring the denominator 
polynomial, the Routh’s stability criterion can be used to determine the number of closed-loop 
poles in the right-half s plane without solving the roots. This criterion applies to polynomial 
𝐴𝐴(𝑠𝑠) with only a finite number of terms and the information about absolute stability can be 
obtained directly from the coefficients of 𝐴𝐴(𝑠𝑠). 

The procedure of the Routh’s stability criterion is as follows: 

1. Factor out the roots at the origin and multiply by -1 if necessary to obtain: 

𝑎𝑎0𝑠𝑠𝑛𝑛 + 𝑎𝑎1𝑠𝑠𝑛𝑛−1 + ⋯+ 𝑎𝑎𝑛𝑛−1𝑠𝑠 + 𝑎𝑎𝑛𝑛 = 0 (B-2) 

where 𝑎𝑎𝑛𝑛 ≠ 0 and 𝑎𝑎0 > 0. If any of the coefficients 𝑎𝑎𝑖𝑖 ( i=1, …, n-1 ) is zero or negative when 
at least one positive coefficient exists, there is at least one root that have positive real part, 
which means the system is not stable. However, all the coefficients be positive is not sufficient 
to assure stability. 

2. To obtain the precise number of roots with nonnegative real parts, arrange the 
coefficients 𝑎𝑎𝑖𝑖 ( i=0, 1, …, n ) and values subsequently calculated from them as 
shown in the following pattern: 

𝑠𝑠𝑛𝑛          𝑎𝑎0          𝑎𝑎2          𝑎𝑎4          𝑎𝑎6    ⋯ 

𝑠𝑠𝑛𝑛−1      𝑎𝑎1          𝑎𝑎3          𝑎𝑎5          𝑎𝑎7    ⋯ 

𝑠𝑠𝑛𝑛−2      𝑏𝑏1          𝑏𝑏2          𝑏𝑏3          𝑏𝑏4     ⋯ 

𝑠𝑠𝑛𝑛−3      𝑐𝑐1          𝑐𝑐2          𝑐𝑐3          𝑐𝑐4     ⋯ 

𝑠𝑠𝑛𝑛−4      𝑑𝑑1          𝑑𝑑2         𝑑𝑑3          𝑑𝑑4    ⋯ (B-3) 

    ⋮           ⋮            ⋮                                        

𝑠𝑠2          𝑒𝑒1          𝑒𝑒2                                     

𝑠𝑠1          𝑓𝑓1                                                   

𝑠𝑠0          𝑔𝑔1                                                  

where the coefficients 𝑏𝑏𝑖𝑖 are generated until all subsequent coefficients are zero: 

𝑏𝑏1 =
𝑎𝑎1𝑎𝑎2 − 𝑎𝑎0𝑎𝑎3

𝑎𝑎1
 (B-4) 

𝑏𝑏2 =
𝑎𝑎1𝑎𝑎4 − 𝑎𝑎0𝑎𝑎5

𝑎𝑎1
 (B-5) 
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𝑏𝑏3 =
𝑎𝑎1𝑎𝑎6 − 𝑎𝑎0𝑎𝑎7

𝑎𝑎1
 (B-6) 

⋮  

In the same way, cross multiply the coefficients of the two previous rows to obtain the 
other coefficients 𝑐𝑐𝑖𝑖, 𝑑𝑑𝑖𝑖, etc: 

𝑐𝑐1 =
𝑏𝑏1𝑎𝑎3 − 𝑎𝑎1𝑏𝑏2

𝑏𝑏1
 

(B-7) 

𝑐𝑐2 =
𝑏𝑏1𝑎𝑎5 − 𝑎𝑎1𝑏𝑏3

𝑏𝑏1
 

(B-8) 

𝑐𝑐3 =
𝑏𝑏1𝑎𝑎7 − 𝑎𝑎1𝑏𝑏4

𝑏𝑏1
 

(B-9) 

⋮  

𝑑𝑑1 =
𝑐𝑐1𝑏𝑏2 − 𝑏𝑏1𝑐𝑐2

𝑐𝑐1
 

(B-10) 

𝑑𝑑2 =
𝑐𝑐1𝑏𝑏3 − 𝑏𝑏1𝑐𝑐3

𝑐𝑐1
 

(B-11) 

⋮  

The process lasts until the nth row of the array has been completed and the missing 
coefficients are replaced by zeros. The resulting triangular array is named the Routh array. 

3. Count the number of sign changes in the first column of the array, and the Routh’s 
stability criterion states that this number is equal to the roots of Eq. (B-2) with 
positive real parts. The necessary and sufficient condition for all the roots of Eq. 
(B-2) to be located in the left half plane of s plane is that all the coefficients 𝑎𝑎𝑖𝑖 are 
positive and all of the coefficients in the first column have positive signs. 

B.3  Root locus method 

For the closed-loop system shown in Figure B.1, the closed-loop transfer function is 
expressed as: 

𝐶𝐶(𝑠𝑠)
𝑅𝑅(𝑠𝑠)

=
𝐺𝐺(𝑠𝑠)

1 + 𝐺𝐺(𝑠𝑠)𝐻𝐻(𝑠𝑠)
 

(B-12) 

The characteristic equation for the closed-loop system is: 
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1 + 𝐺𝐺(𝑠𝑠)𝐻𝐻(𝑠𝑠) = 0 (B-13) 

Or 

𝐺𝐺(𝑠𝑠)𝐻𝐻(𝑠𝑠) = −1 (B-14) 

 

Fig. B.1 Closed-loop control system 

In many cases, 𝐺𝐺(𝑠𝑠)𝐻𝐻(𝑠𝑠) contains a gain K and the characteristic equation of Eq. (B-14) 
can be written as: 

1 +
𝐾𝐾(𝑠𝑠 + 𝑧𝑧1)(𝑠𝑠 + 𝑧𝑧2)⋯ (𝑠𝑠 + 𝑧𝑧𝑚𝑚)
(𝑠𝑠 + 𝑝𝑝1)(𝑠𝑠 + 𝑝𝑝2)⋯ (𝑠𝑠 + 𝑝𝑝𝑛𝑛)

= 0 
(B-15) 

Because 𝐺𝐺(𝑠𝑠)𝐻𝐻(𝑠𝑠) is a complex quantity, Eq. (B-14) can be divided into the angle and 
magnitude equations as following: 

Angle condition: 

∠ 𝐺𝐺(𝑠𝑠)𝐻𝐻(𝑠𝑠) = ±𝜋𝜋(2𝑘𝑘 + 1)         𝑘𝑘 ∈ ℕ (B-16) 

Magnitude condition: 

|𝐺𝐺(𝑠𝑠)𝐻𝐻(𝑠𝑠)|  = 1 (B-17) 

Therefore, the values of s for different gain K that satisfy the above both conditions are 
the roots of the characteristic equation, or the poles of the closed-loop system. In the root locus 
method, the locus of the points in the complex s plane can be drawn from the angle condition 
alone and the roots corresponding to the specified gain K can be determined from the magnitude 
condition. The root locus for the closed-loop system is the loci of the closed-loop poles as the 
gain K is changing from zero to infinity. 

It should be noted that the drawing of the root locus is started from knowing the location 
of poles and zeros of 𝐺𝐺(𝑠𝑠)𝐻𝐻(𝑠𝑠), which is corresponding to K=0. It should also be noted that 
the angles of the complex quantities originating from the open-loop poles and zeros to the test 
point s are measured in the counter clockwise direction as shown in Figure B.2. 
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Fig. B.2 Angle measurements from open-loop poles and zero to test point s 

The details of the rules for graphically constructing root locus will not be given here, 
while the root locus plot can be easily drawn using the software MATLAB. For more details 
about the rules of plotting root locus, see reference [1]. 
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Appendix C Lebenberg-Marquardt algorithm 

(LMA) 

C.1  Introduction 

In regression problems, one of the variables which is called dependent or response 
variable is of particular interest and is denoted by 𝑦𝑦. The other variables 𝑥𝑥1, 𝑥𝑥2, …, 𝑥𝑥𝑘𝑘, usually 
called independent variables, are mainly used to predict the behavior of 𝑦𝑦. If plots of data 
suggest a certain relationship between 𝑦𝑦 and 𝑥𝑥𝑖𝑖’s, then it is expected to express this relationship 
via the function 𝑓𝑓, namely: 

𝑦𝑦 ≈ 𝑓𝑓(𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥𝑘𝑘) (C-1) 

It can then using 𝑓𝑓 to predict 𝑦𝑦 for a given set of 𝑥𝑥𝑖𝑖’s, As in Eq. (C-1), relationships can 
never hold exactly since data will unavoidable contain noise and some degree of measurement 
error. 

The Lebenberg-Marquardt algorithm (LMA) is a standard technique for non-linear least-
squares problems and widely used in a broad spectrum of disciplines. LMA is considered as 
the combination of steepest descent and the Gauss-Newton method. When the current solution 
is far from the correct one, the LMA behaves like a steepest descent method, while if the current 
solution is close to the correct solution, it behaves as the Gauss-Newton method. In the 
following, a brief introduction of the LMA is given and this algorithm will be used for the non-
linear regression problem in Chapter 7. 

C.2  Non-linear least-squares problems 

In the non-linear least-squares problems, the object function 𝑆𝑆 has the following form: 



Appendix C Non-linear least-squares problems C-2 
 

C-2 
 

𝑆𝑆(𝒙𝒙) =
1
2
�𝑟𝑟𝑗𝑗2(𝒙𝒙)
𝑚𝑚

𝑗𝑗=1

=
1
2
�[𝑦𝑦𝑗𝑗 − 𝑓𝑓𝑗𝑗(𝒙𝒙)]2
𝑚𝑚

𝑗𝑗=1

 
(C-2) 

where the total number of measured data is 𝑚𝑚, 𝑦𝑦𝑗𝑗 is the measured data at number 𝑗𝑗. 𝑓𝑓𝑗𝑗(𝒙𝒙) is the 
non-linear function calculated at number 𝑗𝑗 with the estimate independent variables 𝒙𝒙 which is 
a vector of dimension 𝑘𝑘. 𝑟𝑟𝑗𝑗 is a smooth function from 𝑹𝑹𝑘𝑘 to 𝑹𝑹, in which 𝑘𝑘 is the number of 
variables. 𝑟𝑟𝑗𝑗 is referred as a residual at number 𝑗𝑗. In general, 𝑚𝑚 ≥ 𝑘𝑘 should be satisfied. 

In order to solve the problem of minimizing 𝑆𝑆(𝒙𝒙) in Eq. (C-2) that based on the real 
variables 𝒙𝒙, algorithm have been developed which exploit the special structure of Eq. (C-2) as 
a sum of squares. The algorithm is based on a modification to the Newton method introduced 
by Gauss and known as the Gauss-Newton algorithm. 

At the regression step 𝑎𝑎, by taking a linear Taylor series approximation to 𝑓𝑓𝑗𝑗(𝒙𝒙) about 
𝒙𝒙(𝑎𝑎) to obtain: 

𝑓𝑓𝑗𝑗(𝒙𝒙) ≈ 𝑓𝑓𝑗𝑗�𝒙𝒙(𝑎𝑎)� +
𝜕𝜕𝑓𝑓𝑗𝑗�𝒙𝒙(𝑎𝑎)�
𝜕𝜕𝒙𝒙𝑇𝑇

(𝒙𝒙 − 𝒙𝒙(𝑎𝑎)) 
(C-3) 

Using the approximation of Eq. (C-3) in Eq. (C-2), the minimization problem was 
converted to a linear least-squares problem, namely: 

𝑀𝑀𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 
1
2
�𝒓𝒓(𝑎𝑎) − 𝑭𝑭.(𝑎𝑎) (𝒙𝒙 − 𝒙𝒙(𝑎𝑎))�

2
 

(C-4)          

where the vector 𝒓𝒓(𝑎𝑎) is 𝒚𝒚 − 𝒇𝒇(𝒙𝒙(𝑎𝑎)) and 𝑭𝑭.(𝑎𝑎) is 𝜕𝜕𝒇𝒇/ 𝜕𝜕𝒙𝒙𝑇𝑇 evaluated at 𝒙𝒙(𝑎𝑎). Note that Eq. (C-2) 
is written in vector form. Based on the algorithm of linear least-squares, Eq. (C-4) has the 
following solution: 

𝒙𝒙 − 𝒙𝒙(𝑎𝑎) = (𝑭𝑭.(𝑎𝑎)𝑇𝑇 𝑭𝑭.(𝑎𝑎) )−1𝑭𝑭.(𝑎𝑎)𝑇𝑇 𝒓𝒓(𝑎𝑎) (C-5) 

Leading to the Gauss-Newton algorithm: 

𝒙𝒙(𝑎𝑎+1) = 𝒙𝒙(𝑎𝑎) + 𝜹𝜹(𝑎𝑎) (C-6) 

Where: 

𝜹𝜹(𝑎𝑎) = (𝑭𝑭.(𝑎𝑎)𝑇𝑇 𝑭𝑭.(𝑎𝑎) )−1𝑭𝑭.(𝑎𝑎)𝑇𝑇 𝒓𝒓(𝑎𝑎) (C-7) 

For the purpose of explanation of the above Gauss-Newton algorithm, now let us see the 
objective function expressed in terms of Eq. (C-2), the gradient and Hessian of 𝑆𝑆(𝒙𝒙) are, 
respectively: 
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𝒈𝒈(𝒙𝒙) =
𝜕𝜕𝜕𝜕(𝒙𝒙)
𝜕𝜕𝒙𝒙

= �𝑟𝑟𝑗𝑗(𝒙𝒙)
𝜕𝜕𝑟𝑟𝑗𝑗(𝒙𝒙)
𝜕𝜕𝒙𝒙

𝑚𝑚

𝑗𝑗=1

= 𝑱𝑱𝑇𝑇𝒓𝒓 
(C-8) 

And: 

𝑯𝑯(𝒙𝒙) =
𝜕𝜕2𝑆𝑆(𝒙𝒙)
𝜕𝜕𝒙𝒙𝜕𝜕𝒙𝒙𝑇𝑇

= �
𝜕𝜕𝑟𝑟𝑗𝑗(𝒙𝒙)
𝜕𝜕𝒙𝒙

𝜕𝜕𝑟𝑟𝑗𝑗(𝒙𝒙)
𝜕𝜕𝒙𝒙𝑇𝑇

𝑚𝑚

𝑗𝑗=1

+ �𝑟𝑟𝑗𝑗(𝒙𝒙)
𝜕𝜕2𝑟𝑟𝑗𝑗(𝒙𝒙)
𝜕𝜕𝒙𝒙𝜕𝜕𝒙𝒙𝑇𝑇

𝑚𝑚

𝑗𝑗=1

= 𝑱𝑱𝑇𝑇𝑱𝑱 + 𝑨𝑨 
(C-9) 

Here: 

𝑱𝑱 = 𝑱𝑱(𝒙𝒙) = ��
𝜕𝜕𝑟𝑟𝑗𝑗
𝜕𝜕𝒙𝒙𝑗𝑗

�� = −𝑭𝑭. (𝑥𝑥) 
(C-10) 

And:  

𝑨𝑨 = 𝑨𝑨(𝒙𝒙) = �𝑟𝑟𝑗𝑗(𝒙𝒙)
𝜕𝜕2𝑟𝑟𝑗𝑗(𝒙𝒙)
𝜕𝜕𝒙𝒙𝜕𝜕𝒙𝒙𝑇𝑇

𝑚𝑚

𝑗𝑗=1

 
(C-11) 

Thus the Newton step is: 

𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁:         𝜹𝜹(𝑎𝑎) = −𝑯𝑯(𝑎𝑎)−1𝒈𝒈(𝑎𝑎) = −(𝑱𝑱(𝑎𝑎)𝑇𝑇𝑱𝑱(𝑎𝑎) + 𝑨𝑨(𝑎𝑎))−1𝑱𝑱(𝑎𝑎)𝑇𝑇𝒓𝒓(𝑎𝑎) (C-12) 

Based on Eq. (C-10), 𝑭𝑭.(𝑎𝑎) = −𝑱𝑱(𝑎𝑎) and therefore the Gauss-Newton algorithm of Eq. 
(C-7) is simply obtained from the Newton algorithm by ignoring part of the Hessian, that is 𝑨𝑨(𝑎𝑎) 
of Eq. (C-12) and setting the step length α to 1. This dropping of 𝑨𝑨(𝒙𝒙) from the Hessian matrix 
is leading to both the strengths and the weaknesses of Gauss-Newton-based algorithms. 

Based on Eq. (C-7), only the first derivatives of the 𝑟𝑟𝑗𝑗(𝒙𝒙) stored in 𝑱𝑱(𝒙𝒙) are required. No 
separate approximation to the Hessian need to be stored. Thus each step is less expensive than 
its Newton counterpart in terms of both time and storage. In problems where 𝑨𝑨(𝒙𝒙) is small 
compared with 𝑱𝑱𝑇𝑇𝑱𝑱 in Eq. (C-9), Gauss-Newton-based algorithms often take a similar number 
of iterative to a full modified Newton algorithm and are thus much more efficient. 

For the purpose of solving non-linear regression problem, there are many Gauss-
Newton-based algorithms for small residual problems and the famous Levenberg-Marquardt 
method will be introduced as following. 

C.3  Levenberg-Marquardt method 

Levenberg-Marquardt algorithms allow for singular or ill-conditioned matrices 𝑱𝑱(𝑎𝑎)𝑇𝑇𝑱𝑱(𝑎𝑎) 
of Eq. (C-7) by modifying the Gauss-Newton step to: 
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𝜹𝜹(𝑎𝑎) = −(𝑱𝑱(𝑎𝑎)𝑇𝑇𝑱𝑱(𝑎𝑎) + 𝜂𝜂(𝑎𝑎)𝑫𝑫(𝑎𝑎))−1𝑱𝑱(𝑎𝑎)𝑇𝑇𝒓𝒓(𝑎𝑎) (C-13) 

where 𝑫𝑫(𝑎𝑎) is a diagonal matrix with positive diagonal elements. A popular choice is to set the 

diagonal elements of 𝑫𝑫(𝑎𝑎)  to be the same as those of 𝑱𝑱(𝑎𝑎)𝑇𝑇𝑱𝑱(𝑎𝑎)  so that the algorithm is 
approximately invariant under rescaling of the 𝒙𝒙. Also, for simplicity, we could chose 𝑫𝑫(𝑎𝑎) =
𝑰𝑰. 

When 𝑫𝑫(𝑎𝑎) = 𝑰𝑰, the Levenberg-Marquardt direction (i.e. the direction of 𝜹𝜹(𝑎𝑎)  in Eq. 
(C-13)) interpolates between the Gauss-Newton direction (𝜂𝜂(𝑎𝑎) → 0) and the steepest-descent 
direction (𝜂𝜂(𝑎𝑎) → ∞). 

For 𝜂𝜂(𝑎𝑎) > 0, 𝑱𝑱(𝑎𝑎)𝑇𝑇𝑱𝑱(𝑎𝑎) + 𝜂𝜂(𝑎𝑎)𝑫𝑫(𝑎𝑎)  is positive definite since 𝑫𝑫(𝑎𝑎)  is positive definite. 
Thus, 𝜹𝜹(𝑎𝑎) of Eq. (C-13) is a descent direction. As noted from Eq. (C-13), as 𝜂𝜂(𝑎𝑎) → ∞, the 
length 𝜹𝜹(𝑎𝑎) tends to zero, therefore by choosing 𝜹𝜹(𝑎𝑎) significantly large we can reduce 𝑆𝑆(𝒙𝒙) =
1
2
∑ 𝑟𝑟𝑗𝑗2(𝒙𝒙)𝑚𝑚
𝑗𝑗=1 . However, if 𝜹𝜹(𝑎𝑎) is too large for too many iterations, the algorithm will take too 

many small steps and make little progress. 

Then the problem is how to choose the value of 𝜂𝜂(𝑎𝑎) for each iterate. Marquardt adopted 
a strategy which are easy to implement as following. Initially a small positive value was taken, 
e.g. 𝜂𝜂(1) = 0.01 , if, at the 𝑎𝑎 th iteration, the step  𝜹𝜹(𝑎𝑎)  reduces 𝑆𝑆(𝒙𝒙) , he sets  
𝒙𝒙(𝑎𝑎+1) = 𝒙𝒙(𝑎𝑎) + 𝜹𝜹(𝑎𝑎) and divides 𝜂𝜂 by a factor e.g. 𝜂𝜂(𝑎𝑎+1) = 𝜂𝜂(𝑎𝑎)/10, to push the algorithm 
closer to Gauss-Newton (and to bigger steps for the next iteration, by Eq. (C-13)). If within the 
𝑎𝑎th iteration the step 𝜹𝜹(𝑎𝑎) does not reduce 𝑆𝑆(𝒙𝒙), he progressively increases 𝜂𝜂 by a factor e.g. 
𝜂𝜂(𝑎𝑎+1) = 10𝜂𝜂(𝑎𝑎), each time re-computing 𝜂𝜂(𝑎𝑎) until a reduction in 𝑆𝑆(𝒙𝒙) is achieved. 

References 

[1]  G. A. F. Seber and C. J. Wild, “Nonlinear Regression.”, John Wiley & Sons, 2003. 
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Appendix D Eigensystem Realization Algorithm 

(ERA) 

D.1  Introduction 

Numerous methods are available for identification of the modal parameters from the 
experimental data. Here the ERA is adopted since it is effective for identifying the lightly 
damped structures and is applicable to multi-input/multi-output systems. 

The ERA was initially developed for modal parameter identification and model reduction 
for dynamical systems from test data by J. N. Juang and R. S. Pappa. Two major parts are 
involved in this algorithm, namely, basic formulation of the minimum order realization and 
modal parameter identification. In the part of basic formulation, the Hankel matrix which 
contains the pulse-response histories (system Markov parameters) is generated. Through the 
use of the Hankel matrix, a linear model is realized which matching the input and output 
relationship of the dynamical system combined with the singular value decomposition 
technique. The realized system model is then used for the modal parameter identification. 

D.2  Basic formulation 

In the discrete time domain, the state-space representation for the linear time invariant 
system is written in the following form: 

 𝒙𝒙(𝑘𝑘 + 1) = 𝑨𝑨𝑨𝑨(𝑘𝑘) + 𝑩𝑩𝑩𝑩(𝑘𝑘) (D-1) 

 𝒚𝒚(𝑘𝑘) = 𝑪𝑪𝑪𝑪(𝑘𝑘) (D-2) 

where 𝒙𝒙 is an n dimensional state vector, 𝒖𝒖 is an m dimensional control input and 𝒚𝒚 is an p 
dimensional measurement vector. k is the time indicator. A is the 𝑛𝑛 × 𝑛𝑛 dimensional state (or 
system) matrix. B is the 𝑛𝑛 × 𝑚𝑚 input matrix and C is the 𝑝𝑝 × 𝑛𝑛 output matrix. The problem of 
system realization is defined that given the measurement functions 𝒚𝒚(𝑘𝑘), construct the matrices 
[A, B, C] such that the y can be reproduced by the state-space representation. For the multi-
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input multi-output case, the time-domain description is expressed by the pulse-response (or 
initial-state-response) function: 

𝒀𝒀(𝑘𝑘) = 𝑪𝑪𝑨𝑨𝑘𝑘−1𝑩𝑩 = 𝑪𝑪𝑨𝑨𝑘𝑘[𝑥𝑥1(0), 𝑥𝑥2(0), 𝑥𝑥3(0), … , 𝑥𝑥𝑚𝑚(0)] (D-3) 

𝒀𝒀(𝑘𝑘) is a 𝑝𝑝 × 𝑚𝑚 pulse response matrix at the kth time step which is known as the Markov 
parameter, and 𝑥𝑥𝑖𝑖(0) represents the ith set of initial condition. First, the Hankel matrix is 
formed by: 

𝑯𝑯(𝑘𝑘 − 1) = �

𝒀𝒀(𝑘𝑘) 𝒀𝒀(𝑘𝑘 + 1) ⋯ 𝒀𝒀(𝑘𝑘 + 𝑠𝑠 − 1)
𝒀𝒀(𝑘𝑘 + 1) 𝒀𝒀(𝑘𝑘 + 2) ⋯ 𝒀𝒀(𝑘𝑘 + 𝑠𝑠)

⋮ ⋮ ⋮ ⋮
𝒀𝒀(𝑘𝑘 + 𝑟𝑟 − 1) 𝒀𝒀(𝑘𝑘 + 𝑟𝑟) ⋯ 𝒀𝒀(𝑘𝑘 + 𝑟𝑟 + 𝑠𝑠 − 2)

� 

(D-4) 

The parameters s and r correspond to the number of columns and rows in the Hankel 
matrix. In order to achieve good results, s should be selected to be approximately ten times the 
number of modes to be identified and r should be selected to be 2~3 times s. 

If 𝑠𝑠 ≥ 𝑁𝑁  and  𝑟𝑟 ≥ 𝑁𝑁 , the matrix  𝑯𝑯(𝑘𝑘 − 1)  is of rank N. Substituting the Markov 
parameter of Eq. (D-3) into Eq. (D-4), the Hankel matrix 𝑯𝑯(𝑘𝑘 − 1) can be factorized as: 

𝑯𝑯(𝑘𝑘 − 1) = 𝓟𝓟𝒓𝒓𝑨𝑨𝑘𝑘−1𝓠𝓠𝒔𝒔 (D-5) 

For the case of 𝑘𝑘 = 1, Eq. (D-4) is written as: 

𝑯𝑯(0) = �

𝒀𝒀(1) 𝒀𝒀(2) ⋯ 𝒀𝒀(𝑠𝑠)
𝒀𝒀(2) 𝒀𝒀(3) ⋯ 𝒀𝒀(𝑠𝑠 + 1)
⋮ ⋮ ⋮ ⋮

𝒀𝒀(𝑟𝑟) 𝒀𝒀(𝑟𝑟 + 1) ⋯ 𝒀𝒀(𝑟𝑟 + 𝑠𝑠 − 1)

� 

(D-6) 

And based on the SVD technique, 𝑯𝑯(0) can be factorized as: 

𝑯𝑯(0) = 𝑹𝑹𝚵𝚵𝑺𝑺𝑇𝑇 (D-7) 

where the columns of R and S are orthonormal and 𝚵𝚵 is: 

𝚵𝚵 = �𝚵𝚵𝑁𝑁 𝟎𝟎
𝟎𝟎 𝟎𝟎� 

(D-8) 

in which 𝟎𝟎 s are zero matrices of appropriate dimensions and 𝚵𝚵𝑁𝑁 =
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑[𝜎𝜎1,𝜎𝜎2, … ,𝜎𝜎𝑖𝑖,𝜎𝜎𝑖𝑖+1, … ,𝜎𝜎𝑁𝑁] and 𝜎𝜎1 ≥ 𝜎𝜎2 ≥ ⋯ ≥ 𝜎𝜎𝑖𝑖 ≥ 𝜎𝜎𝑁𝑁 ≥ 0.  

From Eq. (D-8), it is assumed that the matrix 𝑯𝑯(0) has a rank of N since the singular 
values 𝜎𝜎𝑖𝑖(𝑖𝑖 = 𝑁𝑁 + 1,𝑁𝑁 + 2, … ) are set to be 0. When singular values 𝜎𝜎𝑖𝑖(𝑖𝑖 = 𝑁𝑁 + 1,𝑁𝑁 + 2, … ) 
are not exactly zero but very small, then it can easily recognize that 𝑯𝑯(0) is not far away from 
an N-rank matrix. However, in the actual operation, one has to make efforts to determine a gap 
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between the computed last nonzero singular value and what should be effectively considered 
zero caused by the measurement noise, computer round-off and instrument imperfections. 

After determining the order of the system, let 𝑹𝑹𝑁𝑁 and 𝑺𝑺𝑁𝑁 be the matrices formed by the 
first N columns of R and S, respectively. Then: 

𝑯𝑯(0) = 𝑹𝑹𝑁𝑁𝚵𝚵𝑁𝑁𝐒𝐒𝑁𝑁𝑇𝑇 = �𝑹𝑹𝑁𝑁𝚵𝚵𝑁𝑁
1/2�[𝚵𝚵𝑁𝑁

1/2𝑺𝑺𝑁𝑁𝑇𝑇 ] (D-9) 

And also, 𝑹𝑹𝑁𝑁𝑇𝑇𝑹𝑹𝑁𝑁 = 𝑺𝑺𝑁𝑁𝑇𝑇 𝑺𝑺𝑁𝑁 = 𝑰𝑰𝑵𝑵. From Eq. (D-5), for 𝑘𝑘 = 1, the following relationship 
holds: 

𝑯𝑯(0) = 𝓟𝓟𝒓𝒓𝓠𝓠𝒔𝒔 (D-10) 

From Eqs. (D-9) and (D-10): 

𝓟𝓟𝒓𝒓 = 𝑹𝑹𝑁𝑁𝚵𝚵𝑁𝑁
1/2 (D-11) 

𝓠𝓠𝒔𝒔 = 𝚵𝚵𝑁𝑁
1/2𝑺𝑺𝑁𝑁𝑇𝑇  (D-12) 

From Eq. (D-3), it is known that: 

𝒀𝒀(1) = 𝑪𝑪𝑪𝑪 (D-13) 

Based on Eqs. (D-6) and (D-10)~(D-13), B is the first m columns of 𝓠𝓠𝒔𝒔 and C is the first 
p rows of 𝓟𝓟𝒓𝒓, which means: 

𝑩𝑩 = 𝚵𝚵𝑁𝑁
1/2𝐒𝐒𝑁𝑁𝑇𝑇𝑬𝑬𝑚𝑚 (D-14) 

𝑪𝑪 = 𝑬𝑬𝑝𝑝𝑇𝑇𝑹𝑹𝑁𝑁𝚵𝚵𝑁𝑁
1/2 (D-15) 

where 𝑬𝑬𝑝𝑝𝑇𝑇 = [𝑰𝑰𝒑𝒑,𝟎𝟎] and 𝑬𝑬𝑚𝑚𝑇𝑇 = [𝑰𝑰𝒎𝒎,𝟎𝟎]. In order to determine the state matrix A, from Eq. (D-4), 
𝑯𝑯(1) can be written as: 

𝑯𝑯(1) = �

𝒀𝒀(2) 𝒀𝒀(3) ⋯ 𝒀𝒀(𝑠𝑠 + 1)
𝒀𝒀(3) 𝒀𝒀(4) ⋯ 𝒀𝒀(𝑠𝑠 + 2)
⋮ ⋮ ⋮ ⋮

𝒀𝒀(𝑟𝑟 + 1) 𝒀𝒀(𝑟𝑟 + 2) ⋯ 𝒀𝒀(𝑟𝑟 + 𝑠𝑠)

� 

(D-16) 

From Eq. (D-5), it is found that 𝑯𝑯(1) can be factorized using SVD as: 

𝑯𝑯(1) = 𝓟𝓟𝒓𝒓𝑨𝑨𝓠𝓠𝒔𝒔 = 𝑹𝑹𝑁𝑁𝚵𝚵𝑁𝑁
1/2𝑨𝑨𝚵𝚵𝑁𝑁

1/2𝑺𝑺𝑁𝑁𝑇𝑇  (D-17) 

And then: 

𝑨𝑨 = 𝚵𝚵𝑁𝑁
−1/2𝑹𝑹𝑁𝑁𝑇𝑇𝑯𝑯(1)𝑺𝑺𝑁𝑁𝚵𝚵𝑁𝑁

−1/2 (D-18) 
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D.3  Modal parameter identification 

After the test of mode cut-off values, assume that the matrix 𝑯𝑯(0) has rank N. The 
eigenvalues matrix Z and eigenvectors 𝞧𝞧 can be determined such that: 

𝜳𝜳−1𝑨𝑨𝜳𝜳 = 𝒁𝒁 (D-19) 

The modal damping rates and damped natural frequencies are simply achieved through 
the real and imaginary parts of system poles, after the transformation of poles from z-plane to 
s-plane using the relationship: 

𝑠𝑠 = [ln(𝑧𝑧)]/∆𝑡𝑡 (D-20) 

where ∆𝑡𝑡 is the data sampling interval.  

The mode shapes of the system corresponding to the measured points can be determined 
using the following relationship: 

𝜞𝜞 = 𝑪𝑪𝑪𝑪 (D-21) 

Two accuracy indicators, namely, the modal parameter amplitude coherence and the 
modal phase collinearity can then be used to quantify the system modes and noise modes. These 
two indicators will not be mentioned here. 

D.4  Procedure of ERA 

The computational steps of ERA are summarized as follows: 

1. Based on the test input and output data, calculating the pulse-response functions 
Y(k). 

2. Constructing the matrix 𝑯𝑯(0) by arranging the pulse-response functions Y(k) with 
given s and r. (Eq. (D-6)) 

3. Decomposing the matrix 𝑯𝑯(0) using the singular value decomposition method. (Eq. 
(D-7)) 

4. Determining the order of the system by examining the singular values of the matrix 
𝑯𝑯(0). (Eq. (D-8)) 

5. Calculating the minimum-order realization [A, B, C] using the results of 4 and the 
hankel matrix 𝑯𝑯(1). (Eqs. (D-14), (D-15) and (D-18)) 

6. Finding the eigensolutions of the identified state matrix A and compute the modal 
damping ratios and modal frequencies of individual modes. (Eq. (D-19)) 

7. Checking the reduced system model based on the two accuracy indicators. 
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Appendix E Nigam Jennings Method 

E.1  Introduction 

The Nigam Jennings method is developed for computing response spectra from strong-
motion earthquake records based on the exact solution to the governing differential equation. 
If the excitation record is digitized at equal time intervals, this method gives a three to four-
fold saving in computing time compared to a third Runge-Kutta method of comparable 
accuracy. In our application, the task is to estimate the reference modal coordinates 𝑞𝑞𝑟𝑟 for the 
interest SDOF modes with the recorded actuator acceleration. The natural frequencies and 
damping ratios of individual SDOF modes are known. It is known that the spectra which are 
calculated from recorded acceleration are plots of the maximum response of a simple one 
degree of freedom system over a range of values of its natural period and damping. Therefore, 
it is perfectly suitable to use the Nigam Jennings method to solve our problem. 

 

Fig. E.1 Idealized base acceleration 
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E.2  Formulation of the Nigam Jennings method 

The equation of motion of the SDOF system subjected to base acceleration 𝑎𝑎(t) is 
expressed as: 

𝑥̈𝑥(𝑡𝑡) + 2𝛽𝛽𝛽𝛽𝑥̇𝑥(𝑡𝑡) + 𝜔𝜔2𝑥𝑥(𝑡𝑡) = −𝑎𝑎(𝑡𝑡) (E-1) 

where 𝛽𝛽 is the damping ratio and 𝜔𝜔 is the natural frequency of the SDOF system. 

If the 𝑎𝑎(t) is assumed as a segmentally linear function shown in Fig. E.1, Eq. (E-1) can 
be written as: 

𝑥̈𝑥 + 2𝛽𝛽𝛽𝛽𝑥̇𝑥 + 𝜔𝜔2𝑥𝑥 = −𝑎𝑎𝑖𝑖 −
∆𝑎𝑎𝑖𝑖
∆𝑡𝑡𝑖𝑖

(𝑡𝑡 − 𝑡𝑡𝑖𝑖)                 𝑡𝑡𝑖𝑖 ≤ 𝑡𝑡 ≤ 𝑡𝑡𝑖𝑖+1 
(E-2) 

∆𝑡𝑡𝑖𝑖 = 𝑡𝑡𝑖𝑖+1 − 𝑡𝑡𝑖𝑖  

∆𝑎𝑎𝑖𝑖 = 𝑎𝑎𝑖𝑖+1 − 𝑎𝑎𝑖𝑖  

The solution of Eq. (E-2) for 𝑡𝑡𝑖𝑖 ≤ 𝑡𝑡 ≤ 𝑡𝑡𝑖𝑖+1 is given by: 

𝑥𝑥 = 𝑒𝑒−𝛽𝛽𝛽𝛽(𝑡𝑡−𝑡𝑡𝑖𝑖) �𝐶𝐶1𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠�1 − 𝛽𝛽2(𝑡𝑡 − 𝑡𝑡𝑖𝑖) + 𝐶𝐶2𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐�1 − 𝛽𝛽2(𝑡𝑡 − 𝑡𝑡𝑖𝑖)� −
𝑎𝑎𝑖𝑖
𝜔𝜔2

+
2𝛽𝛽
𝜔𝜔3

∆𝑎𝑎𝑖𝑖
∆𝑡𝑡𝑖𝑖

−
1
𝜔𝜔2

∆𝑎𝑎𝑖𝑖
∆𝑡𝑡𝑖𝑖

(𝑡𝑡 − 𝑡𝑡𝑖𝑖) 

(E-3) 

By setting 𝑥𝑥 = 𝑥𝑥𝑖𝑖 and 𝑥̇𝑥 = 𝑥̇𝑥𝑖𝑖 at 𝑡𝑡 = 𝑡𝑡𝑖𝑖 the unknowns 𝐶𝐶1 and 𝐶𝐶2 are found to be: 

𝐶𝐶1 =
1

𝜔𝜔�1 − 𝛽𝛽2
(𝛽𝛽𝛽𝛽𝑥𝑥𝑖𝑖 + 𝑥̇𝑥𝑖𝑖 −

2𝛽𝛽2 − 1
𝜔𝜔2

∆𝑎𝑎𝑖𝑖
∆𝑡𝑡𝑖𝑖

+
𝛽𝛽
𝜔𝜔
𝑎𝑎𝑖𝑖) 

(E-4) 

𝐶𝐶2 = 𝑥𝑥𝑖𝑖 −
2𝛽𝛽
𝜔𝜔3

∆𝑎𝑎𝑖𝑖
∆𝑡𝑡𝑖𝑖

+
𝑎𝑎𝑖𝑖
𝜔𝜔2 

(E-5) 

Substituting of Eqs. (E-4) and (E-5) into Eq. (E-3) give 𝑥𝑥 and 𝑥̇𝑥 at 𝑡𝑡 = 𝑡𝑡𝑖𝑖+1: 

𝑥̅𝑥𝑖𝑖+1 = A(β,ω,∆𝑡𝑡𝑖𝑖)𝑥̅𝑥𝑖𝑖 + B(β,ω,∆𝑡𝑡𝑖𝑖)𝑎𝑎�𝑖𝑖 (E-6) 

in which: 

𝑥̅𝑥𝑖𝑖 = �
𝑥𝑥𝑖𝑖
𝑥̇𝑥𝑖𝑖�         and       𝑎𝑎�𝑖𝑖 = �

𝑎𝑎𝑖𝑖
𝑎𝑎𝑖𝑖+1� 

(E-7) 

𝐴𝐴 = �
𝑎𝑎11 𝑎𝑎12
𝑎𝑎21 𝑎𝑎22�       and       𝐵𝐵 = �𝑏𝑏11 𝑏𝑏12

𝑏𝑏21 𝑏𝑏22
� 

(E-8) 

The elements of matrices A and B are: 
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𝑎𝑎11 = 𝑒𝑒−𝛽𝛽𝛽𝛽∆𝑡𝑡𝑖𝑖(
𝛽𝛽

�1 − 𝛽𝛽2
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠�1 − 𝛽𝛽2∆𝑡𝑡𝑖𝑖 + 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐�1 − 𝛽𝛽2∆𝑡𝑡𝑖𝑖) 

 

𝑎𝑎12 =
𝑒𝑒−𝛽𝛽𝛽𝛽∆𝑡𝑡𝑖𝑖

𝜔𝜔�1 − 𝛽𝛽2
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠�1 − 𝛽𝛽2∆𝑡𝑡𝑖𝑖 

 

𝑎𝑎21 = −
𝜔𝜔

�1 − 𝛽𝛽2
𝑒𝑒−𝛽𝛽𝛽𝛽∆𝑡𝑡𝑖𝑖𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠�1 − 𝛽𝛽2∆𝑡𝑡𝑖𝑖 

(E-9) 

𝑎𝑎22 = 𝑒𝑒−𝛽𝛽𝛽𝛽∆𝑡𝑡𝑖𝑖(𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐�1 − 𝛽𝛽2∆𝑡𝑡𝑖𝑖 −
𝛽𝛽

�1 − 𝛽𝛽2
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠�1 − 𝛽𝛽2∆𝑡𝑡𝑖𝑖) 

 

And: 

𝑏𝑏11 = 𝑒𝑒−𝛽𝛽𝛽𝛽∆𝑡𝑡𝑖𝑖 ��
2𝛽𝛽2 − 1
𝜔𝜔2∆𝑡𝑡𝑖𝑖

+
𝛽𝛽
𝜔𝜔
�
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠�1 − 𝛽𝛽2∆𝑡𝑡𝑖𝑖

𝜔𝜔�1 − 𝛽𝛽2

+ �
2𝛽𝛽

𝜔𝜔3∆𝑡𝑡𝑖𝑖
+

1
𝜔𝜔2� 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐�1 − 𝛽𝛽2∆𝑡𝑡𝑖𝑖� −

2𝛽𝛽
𝜔𝜔3∆𝑡𝑡𝑖𝑖

 

 

𝑏𝑏12 = −𝑒𝑒−𝛽𝛽𝛽𝛽∆𝑡𝑡𝑖𝑖 ��
2𝛽𝛽2 − 1
𝜔𝜔2∆𝑡𝑡𝑖𝑖

�
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠�1 − 𝛽𝛽2∆𝑡𝑡𝑖𝑖

𝜔𝜔�1 − 𝛽𝛽2
+

2𝛽𝛽
𝜔𝜔3∆𝑡𝑡𝑖𝑖

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐�1 − 𝛽𝛽2∆𝑡𝑡𝑖𝑖� −
1
𝜔𝜔2

+
2𝛽𝛽

𝜔𝜔3∆𝑡𝑡𝑖𝑖
 

 

𝑏𝑏21 = 𝑒𝑒−𝛽𝛽𝛽𝛽∆𝑡𝑡𝑖𝑖 ��
2𝛽𝛽2 − 1
𝜔𝜔2∆𝑡𝑡𝑖𝑖

+
𝛽𝛽
𝜔𝜔
��𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐�1 − 𝛽𝛽2∆𝑡𝑡𝑖𝑖 −

𝛽𝛽
�1 − 𝛽𝛽2

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠�1 − 𝛽𝛽2∆𝑡𝑡𝑖𝑖�

− �
2𝛽𝛽

𝜔𝜔3∆𝑡𝑡𝑖𝑖
+

1
𝜔𝜔2� �𝜔𝜔�1 − 𝛽𝛽2𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠�1 − 𝛽𝛽2∆𝑡𝑡𝑖𝑖

+ 𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽�1 − 𝛽𝛽2∆𝑡𝑡𝑖𝑖�� +
1

𝜔𝜔3∆𝑡𝑡𝑖𝑖
 

(E-10) 

𝑏𝑏22 = −𝑒𝑒−𝛽𝛽𝛽𝛽∆𝑡𝑡𝑖𝑖 �
2𝛽𝛽2 − 1
𝜔𝜔2∆𝑡𝑡𝑖𝑖

�𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐�1 − 𝛽𝛽2∆𝑡𝑡𝑖𝑖 −
𝛽𝛽

�1 − 𝛽𝛽2
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠�1 − 𝛽𝛽2∆𝑡𝑡𝑖𝑖�

−
2𝛽𝛽

𝜔𝜔3∆𝑡𝑡𝑖𝑖
�𝜔𝜔�1 − 𝛽𝛽2𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠�1 − 𝛽𝛽2∆𝑡𝑡𝑖𝑖 + 𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽�1 − 𝛽𝛽2∆𝑡𝑡𝑖𝑖��

−
1

𝜔𝜔3∆𝑡𝑡𝑖𝑖
 

 

Based on Eq. (E-2), the absolute acceleration 𝑧̈𝑧𝑖𝑖 of the mass at time 𝑡𝑡𝑖𝑖 can be calculated 
as: 
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𝑧̈𝑧𝑖𝑖 = 𝑥̈𝑥𝑖𝑖 + 𝑎𝑎𝑖𝑖 = −(2𝛽𝛽𝛽𝛽𝑥̇𝑥𝑖𝑖 + 𝜔𝜔2𝑥𝑥𝑖𝑖) (E-11) 

Therefore is the initial displacement and velocity of the SDOF system are known, the 
state of the system at all times 𝑡𝑡𝑖𝑖 can be calculated exactly in an iterative way using Eqs. (E-9), 
(E-10) and (E-11). It is realized that the calculation of A and B of Eq. (E-8) depend only on 𝛽𝛽, 
𝜔𝜔 and ∆𝑡𝑡𝑖𝑖. If these parameters are constants, A and B can be evaluated before the evaluation of 
the system state 𝑥𝑥𝑖𝑖, 𝑥̇𝑥𝑖𝑖 and 𝑧̈𝑧𝑖𝑖, which makes it very easy for each step of integration. 

E.3  Force excitation 

In Eq. (E-1), the SDOF system is subjected to base acceleration, while in the situation of 
our case, the excitation is the actuator force 𝐹𝐹𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡), which means that the equation of motion 
of the SDOF system is: 

𝑀𝑀𝑥̈𝑥(𝑡𝑡) + 𝐶𝐶𝑥̇𝑥(𝑡𝑡) + 𝐾𝐾𝐾𝐾(𝑡𝑡) = 𝐹𝐹𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡) (E-12) 

where 𝑀𝑀 ,  𝐶𝐶  and 𝐾𝐾  are the mass damping coefficient and stiffness of the SDOF system. 
Because the measurements of the excitation is the acceleration of the mass of the actuator, Eq. 
(E-12) can be rewritten as: 

𝑀𝑀𝑥̈𝑥(𝑡𝑡) + 𝐶𝐶𝑥̇𝑥(𝑡𝑡) + 𝐾𝐾𝐾𝐾(𝑡𝑡) = 𝑚𝑚𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡) (E-13) 

where 𝑚𝑚 is the mass of the actuator. It then divides both sides of Eq.(E-13) by the system mass 
M gives: 

𝑥̈𝑥(𝑡𝑡) + 2𝛽𝛽𝛽𝛽𝑥̇𝑥(𝑡𝑡) + 𝜔𝜔2𝑥𝑥(𝑡𝑡) =
𝑚𝑚
𝑀𝑀
𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡) (E-14) 

Since the coefficient 𝑚𝑚
𝑀𝑀

 can be compensated by the control gain later, without of loss 
generality, Eq. (E-14) can be written as: 

𝑥̈𝑥(𝑡𝑡) + 2𝛽𝛽𝛽𝛽𝑥̇𝑥(𝑡𝑡) + 𝜔𝜔2𝑥𝑥(𝑡𝑡) = 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡) (E-15) 

Then the equations of the Nigam Jennings method derived in Sec. E.2 can be used to 
estimate the reference modal coordinates 𝑞𝑞𝑟𝑟. 
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Appendix F Least Squares Filter 

F.1  Introduction 

The method of Least Squares is a model-dependent procedure to solve the linear filtering 
problem. To illustrate the basic idea of least squares, suppose it has a set of real-valued sensor 
measurements  𝑢𝑢(1),𝑢𝑢(2), … ,𝑢𝑢(𝑁𝑁) , measured at times  𝑡𝑡1, 𝑡𝑡2, … , 𝑡𝑡𝑁𝑁 , respectively, and the 
requirement is to build a curve that is used to fit these measurements in some optimum way. 
For the method of Least Squares, the best fit is obtained by minimizing the sum of squares of 
difference between 𝑢𝑢(𝑖𝑖) for 𝑖𝑖 = 1,2, … ,𝑁𝑁 and the corresponding points on the fitted curve. 

The method of Least Squares is deterministic in approach. It uses the time averages with 
the result that the filter depends on the total number of samples used in the computation. 

F.2  The Least Squares estimation problem 

For a physical phenomenon that has two sets of variables 𝑑𝑑(𝑖𝑖) and 𝑢𝑢(𝑖𝑖). It is assumed 
that the variable 𝑑𝑑(𝑖𝑖) is observed at time step 𝑖𝑖 in response to the subset of variables 𝑢𝑢(𝑖𝑖), 
𝑢𝑢(𝑖𝑖 − 1),…, 𝑢𝑢(𝑖𝑖 − 𝑀𝑀 + 1) applied as inputs, which means that 𝑑𝑑(𝑖𝑖) is a function of the inputs 
𝑢𝑢(𝑖𝑖), 𝑢𝑢(𝑖𝑖 − 1),…, 𝑢𝑢(𝑖𝑖 − 𝑀𝑀 + 1). Therefore, the response 𝑑𝑑(𝑖𝑖) is modelled as: 

𝑑𝑑(𝑖𝑖) = �𝑤𝑤𝑜𝑜𝑜𝑜
∗ 𝑢𝑢(𝑖𝑖 − 𝑘𝑘)

𝑀𝑀−1

𝑘𝑘=0

+ 𝑒𝑒𝑜𝑜(𝑖𝑖) 
(F-1) 

where the 𝑤𝑤𝑜𝑜𝑜𝑜 are the unknown parameters of the model, and 𝑒𝑒𝑜𝑜(𝑖𝑖) is the measurement error. 
This model is called the multiple linear regression model. 

The measurement error 𝑒𝑒𝑜𝑜(𝑖𝑖), which is an unobservable random variable, is customary 
to assume as the white with zero mean and variance σ2. Therefore, Eq. (F-1) can be rewrite in 
the ensemble-averaged form: 
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𝐸𝐸[𝑑𝑑(𝑖𝑖)] = �𝑤𝑤𝑜𝑜𝑜𝑜
∗ 𝑢𝑢(𝑖𝑖 − 𝑘𝑘)

𝑀𝑀−1

𝑘𝑘=0

 
(F-2) 

The problem is to estimate the unknown parameters 𝑤𝑤𝑜𝑜𝑜𝑜 given the two observable sets 
of variables 𝑑𝑑(𝑖𝑖) and 𝑢𝑢(𝑖𝑖), 𝑖𝑖 = 1,2, … ,𝑁𝑁. Defining the estimation error 𝑒𝑒(𝑖𝑖) as the difference 
between the desired response 𝑑𝑑(𝑖𝑖) and the filter output 𝑦𝑦(𝑖𝑖) as: 

𝑒𝑒(𝑖𝑖) = 𝑑𝑑(𝑖𝑖) − 𝑦𝑦(𝑖𝑖) (F-3) 

where: 

𝑦𝑦(𝑖𝑖) = �𝑤𝑤𝑘𝑘
∗𝑢𝑢(𝑖𝑖 − 𝑘𝑘)

𝑀𝑀−1

𝑘𝑘=0

 
(F-4) 

Therefore, Eq. (F-3) can be written as: 

𝑒𝑒(𝑖𝑖) = 𝑑𝑑(i) − � 𝑤𝑤𝑘𝑘
∗𝑢𝑢(𝑖𝑖 − 𝑘𝑘)

𝑀𝑀−1

𝑘𝑘=0

 
(F-5) 

In the method of Least Squares, the optimal parameters 𝑤𝑤𝑘𝑘  are chosen such that the 
following sum of error squares objective function can be minimized: 

F𝑜𝑜𝑜𝑜𝑜𝑜(𝑤𝑤0,𝑤𝑤1, … ,𝑤𝑤𝑀𝑀−1) = �|𝑒𝑒(𝑖𝑖)|2
𝑁𝑁

𝑖𝑖=𝑀𝑀

 
(F-6) 

F.3  Principle of orthogonality 

Eq. (F-6) can be written as: 

F𝑜𝑜𝑜𝑜𝑜𝑜(𝑤𝑤0,𝑤𝑤1, … ,𝑤𝑤𝑀𝑀−1) = �𝑒𝑒(𝑖𝑖)𝑒𝑒∗(𝑖𝑖)
𝑁𝑁

𝑖𝑖=𝑀𝑀

 
(F-7) 

Let the kth tap-weight 𝑤𝑤𝑘𝑘 be expressed in term of its real and imaginary parts as: 

𝑤𝑤𝑘𝑘 = 𝑎𝑎𝑘𝑘 + 𝑗𝑗𝑏𝑏𝑘𝑘,    𝑘𝑘 = 0,1, … ,𝑀𝑀 − 1 (F-8) 

Then from Eq. (F-5): 

𝑒𝑒(𝑖𝑖) = 𝑑𝑑(i) − �(𝑎𝑎𝑘𝑘 − 𝑗𝑗𝑏𝑏𝑘𝑘)𝑢𝑢(𝑖𝑖 − 𝑘𝑘)
𝑀𝑀−1

𝑘𝑘=0

 
(F-9) 
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By defining the kth component of the gradient vector 𝛁𝛁F𝑜𝑜𝑜𝑜𝑜𝑜  as the derivative of the 
objective function F𝑜𝑜𝑜𝑜𝑜𝑜(𝑤𝑤0,𝑤𝑤1, … ,𝑤𝑤𝑀𝑀−1) with respect to the real and imaginary parts of tap-
weight 𝑤𝑤𝑘𝑘 as: 

∇𝑘𝑘F𝑜𝑜𝑜𝑜𝑜𝑜 =
𝛿𝛿F𝑜𝑜𝑜𝑜𝑜𝑜
𝛿𝛿𝑎𝑎𝑘𝑘

+ j
𝛿𝛿F𝑜𝑜𝑜𝑜𝑜𝑜
𝛿𝛿𝑏𝑏𝑘𝑘

 
(F-10) 

Substituting Eq. (F-7) into Eq. (F-10) gives: 

∇𝑘𝑘F𝑜𝑜𝑜𝑜𝑜𝑜 = −� �𝑒𝑒(𝑖𝑖)
𝛿𝛿𝑒𝑒∗(𝑖𝑖)
𝛿𝛿𝑎𝑎𝑘𝑘

+ 𝑒𝑒∗(𝑖𝑖)
𝛿𝛿𝛿𝛿(𝑖𝑖)
𝛿𝛿𝑎𝑎𝑘𝑘

+ 𝑗𝑗𝑗𝑗(𝑖𝑖)
𝛿𝛿𝑒𝑒∗(𝑖𝑖)
𝛿𝛿𝑏𝑏𝑘𝑘

+ 𝑗𝑗𝑒𝑒(𝑖𝑖)
𝛿𝛿𝛿𝛿(𝑖𝑖)
𝛿𝛿𝑏𝑏𝑘𝑘

�
𝑁𝑁

𝑖𝑖=𝑀𝑀

 
(F-11) 

where from Eq. (F-9): 

𝛿𝛿𝛿𝛿(𝑖𝑖)
𝛿𝛿𝑎𝑎𝑘𝑘

= −𝑢𝑢(𝑖𝑖 − 𝑘𝑘) 
 

𝛿𝛿𝑒𝑒∗(𝑖𝑖)
𝛿𝛿𝑎𝑎𝑘𝑘

= −𝑢𝑢∗(𝑖𝑖 − 𝑘𝑘) 
(F-12) 

𝛿𝛿𝛿𝛿(𝑖𝑖)
𝛿𝛿𝑏𝑏𝑘𝑘

= 𝑗𝑗𝑗𝑗(𝑖𝑖 − 𝑘𝑘) 
 

𝛿𝛿𝑒𝑒∗(𝑖𝑖)
𝛿𝛿𝑏𝑏𝑘𝑘

= −𝑗𝑗𝑢𝑢∗(𝑖𝑖 − 𝑘𝑘) 
 

Substituting Eq. (F-12) into Eq. (F-11) gives: 

∇𝑘𝑘F𝑜𝑜𝑜𝑜𝑜𝑜 = −2�𝑢𝑢(𝑖𝑖 − 𝑘𝑘)
𝑁𝑁

𝑖𝑖=𝑀𝑀

𝑒𝑒∗(𝑖𝑖) 
(F-13) 

For the minimum problem of the objective function, the following conditions must be 
satisfied simultaneously: 

∇𝑘𝑘F𝑜𝑜𝑜𝑜𝑜𝑜 = 0,    𝑘𝑘 = 0,1, … ,𝑀𝑀 − 1 (F-14) 

Therefore the orthogonal equations can be derived as: 

�𝑢𝑢(𝑖𝑖 − 𝑘𝑘)
𝑁𝑁

𝑖𝑖=𝑀𝑀

𝑒𝑒𝑚𝑚𝑚𝑚𝑚𝑚∗ (𝑖𝑖) = 0,   𝑘𝑘 = 0,1, … , M − 1 
(F-15) 

The time average on the left hand side of Eq. (F-15) means that the cross-correlation 
between the tap input 𝑢𝑢(𝑖𝑖 − 𝑘𝑘) and the minimum estimation error 𝑒𝑒𝑚𝑚𝑚𝑚𝑚𝑚(𝑖𝑖) over the values of 
time 𝑖𝑖 in the range of [M, N] for a fixed value of k. 
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F.4  Least Squares Filter 

If the optimal tap weights are assumed to be 𝑤𝑤�𝑡𝑡, 𝑡𝑡 = 0,1, … , M − 1 then From Eq. (F-5): 

𝑒𝑒𝑚𝑚𝑚𝑚𝑚𝑚(𝑖𝑖) = 𝑑𝑑(𝑖𝑖) − � 𝑤𝑤�𝑡𝑡∗𝑢𝑢(𝑖𝑖 − 𝑘𝑘)
𝑀𝑀−1

𝑡𝑡=0

 
(F-16) 

Substituting Eq. (F-16) into Eq. (F-15) gives: 

�𝑤𝑤�𝑡𝑡

𝑀𝑀−1

𝑡𝑡=0

� 𝑢𝑢(𝑖𝑖 − 𝑘𝑘)𝑢𝑢∗(𝑖𝑖 − 𝑡𝑡)
𝑁𝑁

𝑖𝑖=𝑀𝑀

= �𝑢𝑢(𝑖𝑖 − 𝑘𝑘)𝑑𝑑∗(𝑖𝑖)
𝑁𝑁

𝑖𝑖=𝑀𝑀

,   𝑘𝑘 = 0,1, … , M − 1 
(F-17) 

Here, it is assumed that: 

Φ(𝑡𝑡,𝑘𝑘) = �𝑢𝑢(𝑖𝑖 − 𝑘𝑘)𝑢𝑢∗(𝑖𝑖 − 𝑡𝑡)
𝑁𝑁

𝑖𝑖=𝑀𝑀

,    0 ≤ (𝑡𝑡,𝑘𝑘) ≤ 𝑀𝑀 − 1 
(F-18) 

And: 

𝑧𝑧(−𝑘𝑘) = �𝑢𝑢(𝑖𝑖 − 𝑘𝑘)𝑑𝑑∗(𝑖𝑖)
𝑁𝑁

𝑖𝑖=𝑀𝑀

 
(F-19) 

Then, Eq. (F-17) can be written as: 

�𝑤𝑤�𝑡𝑡Φ(𝑡𝑡,𝑘𝑘)
𝑀𝑀−1

𝑡𝑡=0

= 𝑧𝑧(−𝑘𝑘),   𝑘𝑘 = 0,1, … , M − 1 
(F-20) 

It can recast the equations of (F-20) in matrix form by introducing the following 
definitions. 

The M-by-M time-averaged correlation matrix 𝜱𝜱: 

𝜱𝜱 = �

Φ(0,0) Φ(1,0) ⋯ Φ(M − 1,0)
Φ(0,1) Φ(1,1) ⋯ Φ(M − 1,1)

⋮ ⋮ ⋱ ⋮
Φ(0, M − 1) Φ(1, M − 1) ⋯ Φ(M − 1, M − 1)

� 

(F-21) 

The M-by-1 time-averaged cross-correlation vector: 

𝒛𝒛 = [𝑧𝑧(0), 𝑧𝑧(−1), … , 𝑧𝑧(−𝑀𝑀 + 1)]𝑇𝑇 (F-22) 

The M-by-1 tap weight vector of the least squares filter: 
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𝒘𝒘� = [𝑤𝑤�0,𝑤𝑤�1, … ,𝑤𝑤�𝑀𝑀−1]𝑇𝑇 (F-23) 

Therefore, Eq. (F-20) can be rewritten as: 

𝜱𝜱𝒘𝒘� = 𝒛𝒛 (F-24) 

The above equation is the matrix form of the normal equations for linear least-squares 
filter. If the matrix 𝜱𝜱 is non-singular, the tap weight vector of the linear least squares filter can 
be solved as: 

𝒘𝒘� = 𝜱𝜱−1𝒛𝒛 (F-25) 
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