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Chapter O Introduction

The boundary integral equation method (BIEM) refers to the methods
of numerical analysis based on certain boundary integral
representations of solutions of partial differential equations. It is
therefore a combination of new and old techniques; it is new in that
it was made possible by the development of digital compuling, and old
because the basic idea of using integral representations of solutions
dates back to the early 19th century. Because of this, we have a
relatively incomplete knowledge about the numerical aspects of this
method in contrast to a firmly established mathematical foundation
(Kupradze et al.(1979)).

In view of this situation, researchers of applied mechanics tried
to fill the gap between the theory and practice. They naturally
endeavoured to investigate numerical aspects of the method, expecting
that some of the apparent "advantages’' of this method would turn out
to be significant. Some of these 'advantages' claimed from the earlier
stage of investigation, and even now, are the following:

a) This method reduces the dimension of the problem by one. Namely,
it converts problems of finding solutions in a domain to those of
finding solutions on the boundary. We may therefore expect that this
method will decrease the amount of computational load compared to
conventional domain type methods such as FEM and FDM. Especially, it
will be effective in three dimensional problems.

b) This method constructs the solutions by  superposing exact
solutions. Therefore the approximate solution thus obtained satisfy
the field equations identically in linear problems. This suggests that
we may obtain very accurate numerical results.

¢) This method is applicable to problems for infinite domains.

d) Theoretically speaking, this method is applicable to any linear
problems. We can also use this method for non-linear analysis at the
cost of abandoning boundary-only property, or introducing volume
potentials with unknown (sometimes known) den31t1es We may therefore
say that this method is sufficiently general.

Two  decades  of investigation revealed that some of these
"advantages’ were truly advantages while others were just illusory.
Indeed, we have the following critical comments to each item of the
"advantages®™ listed above:

To a) concerning reduced dimensionality: Although the dimension of the
problem decreases by one, this does not necessarily reduce the amount
of computation. This is because

i) The BIE matrix is neither symmetric nor banded.

ii) The ratio of (boundary area)/(volume) can be very large for

slender bodies. Hence the number of unknowns in BIEM cannot be too
much different from that in FEM, etc., in such cases.
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iii) We have to use more accurate numerical integration formulae
in evaluating BIE matrix than in FEM, bearing in mind the
singularity of kernels. This makes BIE matrix construction a fairly
time consuming step in the BIEM algorithm. On the other hand, a
relatively simple quadrature is sufficient for FEM.

iv) In general, boundaries have far more complex topological
structures than domains. In fact, domains we consider in practice
are always connected, However, it is rather exceptional that the
boundary of a domain is connected. This makes the coding of BIEM
complicated,

We therefore see that it is too optimistic to say that the
boundary-only property is a favourable aspect of BIEM. As a matter of
fact, Wendland(1981) concludes that BIEM and FEM have the same
operation counts, indicating that the reduced dimensionality of BIEM
does not contribute to enhance the computational efficiency. (We note
that the discussion on operation counts by Bettess(1981), in favour of
FFM, is inadequate because he considers matrix inversion as the
dominating step in BIEM as well as in FEM, while in reality the most
time consuming step in BIEM is matrix making. Mukher jee &
Morjaria(1984) also raised an objection against Bettess from the point
of view of accuracy.) However, it is true that BIEM decreases the
effort required for data preparation. We may therefore say that BIEM
is advantageous for three dimensional analysis only after considering
human factors! ‘

To b) concerning accuracy: It is true that BIFM can give very accurate
numerical results if we use a carefully coded computer program.
However, we have to remember that BIE uses singular solutions even for
obtaining a regular field. Especially, when one uses numerical
integration formulae, the obtained field is always given in terms of
finite number of singular solutions regardless of whether or not the
exact field is singular. This shows that the obtained approximate
solution always possesses singularities, which implies that there are
points where the error also has “singularities’ (i.e. error of =% !},

To ¢) concerning applicability to infinite domains: We have no
objection to this. Indeed, this is why we think BIEM is one of ideal
numerical methods of solution for wave problems in infinite domains.
As we shall see in Chapter 4, however, the application of BIEM to
half-plane (-space) problems is by no means a simple matter.

To d) concerning generality: It is very difficult to obtain
fundamental selutions in most equations. In fact, we will see that the
determination of fundamental solution is not very easy even in linear
equations vwith constant coefficient. Also, fundamental solutions are
seldom available in linear equations with variable coefficients. 1In
addition, it 1is dubious that the BIE formulations with volume
integrals can have any effectiveness over FEM in non-linear problems.

Of course 1t 1is not the present author’s intention to say that
these items are not the advantages of BIEM. As a matter of fact, the



author believes that they are. However, the present author intends to
emphasise that the investigations of BIEM are no more in the stage of
developments where researchers «could stay with those naive
expectations; we have already found out in some applications that the
simplest BIE formulations used in the incipient stage are not
sophisticated enough to take advantage of the expected merits. Hence
the present author believes that the researchers should pursue the
refinement of this method. This is why this thesis deals with rather
non-standard methods of BIE analysis exclusively.

Chapter 1 of this thesis gives the fundamentals of the potential
theory and BIEM. This chapter investigates the behaviour of the
potential functions in anisotropic elastostatics without using the
explicit forms of fundamental solution. This method turns out to be
simple as well as effective even in cases where the fundamental
solutions are not available. We then describe some of possible BIE
formulations and the numerical aspects of the resulting BIEM.

Chapter 2 discusses the simple layer potential method for general
three dimensional elastostatics. We first propose a method of
calculating the simple layer potential for a plane element of an
arbitrary shape. The methods of Fourier transform and residue calculus
are found to be useful to this end. We then obtain a formula which
gives the required potential in the form of an integral having a
regular integrand. After examining the accuracy of the new approach,
we apply it to the stress analysis around a face of a tunnel in a
transversely isotropic rock.

Chapter 3 investigates problems relevant to singularities. This
chapter considers exclusively the problems of eliminating unfavourable
singularities. Specifically, we discuss elastoplastic antiplane crack
problems in the first part of this chapter. The double layer
formulation, along with the Galerkin's method, is used to this end. We
then employ an iterative method to determine the elastic-plastic
boundary. The second part of this chapter deals with the double layer
potential method in three dimensional elastodynamic crack problems. We
use the regularisation technique to reduce the order of the
singularity of the kernel functions. The last part of this chapter
considers the simple layer potential method for domains having
external corners. As will be seen, it is essential, for obtaining good
results, to take into account the correct singular behaviour of the
density function at corners. We do this by using an 'eigenfunction’
expansion of the density function, together with a special technique
to evaluate the resultant singular integrals.

Chapter 4 applies BIFEM to elastdynamics in two parts. The first
part describes its application to plane interior and exterior
problems. We consider both transient and time-harmonic problems,
reducing the former to the latter by using the method of Fourier
transform, or so called frequency domain analysis. The time-harmonic
problems are solved by using a direct BIEM. The obtained integral
equation, however, is seen to lose the uniqueness of the solution for
some frequencies even in exterior problems. We then discuss several
methods, both analytical and numerical, to avoid this trouble. We also
give scme numerical results to demonstrate the effectiveness of the
method. The second part of this chapter seeks the applicability of
this technique to half-plane problems. We test a numerical methed of
truncating the boundaries of infinite length leaving only the finite
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part of them for analysis. We then show the validity of this
approximation by comparing the obtained numerical results with those
computed by another BIEM using Green's function as the kernel.

Chapter 5 deals with the application of BIEM to consolidation
problems using a direct formulation. The first part emphasises the
usefulness of this method as a mathematical tool of investigating the
behaviour of the solutions. We discuss the initial field and jump
behaviour of the solution. In particular, we determine the structure
of the singularity of the fluid velocity in the problems of

instantaneous loading. The second part shows a method of numerical
analysis based on the present formulation, together with numerical
examples.

The author attempts, throughout this thesis, to lay stress on the
theoretical aspects of various BIFMs rather than on numerical results.
This is mainly due to the necessity in view of the present state of
development of BIEM. The author would be happy if this thesis could be
of any use for encouraging engineers to utilise BIEM in their
practice.

Notation

We use conventional direct notation and cartesian indicial notation
in the following chapters expect that we use (Vu);; for 9;u;.

Citation

We restrict our citation to those papers having direct connection
with this thesis. The lists of references in this thesis are therefore
by no means complete as a list of existing publications on BIEM.
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Chapter 1 Boundary Integral Equations

1 « 0 Introduction

This chapter presents some fundamental aspects of the bounda{y
integral equations using an example of anisotropic elastostatic
boundary value problems. We first introduce some potential functions
which naturally appear in the so called direct formulations. After a
brief discussion on fundamental solutions, we proceed to the
investigation of some properties of potential functions using Fourier
transform. The obtained results then reduce the boundary value problem
in question to some integral equations defined on the boundary of the
domain. Rewriting the resulting formulations into forms convenient for
numerical applications, we obtain the so called boundary integral
equation method (BIEM). This chapter concludes with some additional
remarks. ,

1 .1 Green's formula and potentials in elastostatics

Let D be a domain in RY (N=2 or 3), having a smooth boundary 4D .
We here try to find an integral representation of the solution u
(displacement) of the equation of equilibrium

dive + f =0, (1.1.1)

subject to certain boundary conditions, where f is the body force, and
T is the stress obtained by

T = C[Vu — &], (1.1.2" )

with € and &; 1indicating the elasticity tensor and initial strain,
respectively. Equations (1.1.1) and (1.1.2) yield the well-known
equation of Navier

div(C[Vu]) — div{(C[g&]) + f = 0. (1.1.8)

We note, in passing, that the differentiation in (1.1.1) should be
understood in the sense of distribution. This interpretation allows us
to include jump conditions into (1.1.1). Indeed, let S be a surface of
discontinuity of €, such as the material boundaries, etc. Then (1.1.1)
is equivalent to

div.e + f =90 in D\S,

(zn] =0 on S (n‘unit normal vector to S), (1.1.4)

where div, indicates the divergence in the classical sense, and

* CLE]y; stands for Cijkl €kl
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()= -*= . with superposed + indicating the limit from the side
into which n points, and - the limit from the other side.

We next investigate the so-called Green formula. We multiply
(1.1.3) by an arbitrary function wv, and integrate the obtained
expression over D, to have

0 :L[u- (div(C[Vu]) — div(C[gp])) + v- f} dV
= ";DU' (C[Vu — &]n)dS — '/;{Vv- (C[Vu - g&]) —v- f}dv
=f v (C[Vu — &]ln)dS — f (C[Vv]n) - udS
aD ab

+ L[div(C[VU])u + Vv (Clgg]) + v~ f}dV. (1.1.5)

We then substitute into wv(x) in (1.1.5) the fundamental solution
I'(x,y) defined by

A (VT (x,y) 1= divg(C[V.[(x,y)]) = -16(x—y) (1.1.8)

to obtain

) = fa @)t - [aravuaas

+ [rawsway + [ rews,-cleowldy, (1.1.7)
D D

or

W) = [ Py t@ds, - [ 01T Cun W @)ds,

+ fDTij(I,y)fj(y)dVy ;5 j{;akyrii(Iry)cjk!m<€0)lmdvy (1.1.8)

in the indicial notation, where 1 is the identity tensor, u(x) is a
field defined by

u(x) xeD

u(x) = 0 xeRND, (D = DUAD),

(1.1.9)
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T is the elastic traction operator defined by
Tu := C[Vuln, (1.1.10)

and t is the traction vector defined by
t = Tu — Cl&pln. (1.1.11)

Also, the operator AY in (1.1.8) is called the Navier opergtorA We
thus obtain an integral representation for u, i.e. (1.1.7), in terms
of four potential functions. The first potential in (1.1.7), 1.e.,

U(x) := Lnr(x‘y)?(y)dSu (¢ = 1) (1.1.12)

is called the simple layer potential with density ¢. The second
potential

Viz) := LD(TUF(I.y))Tq’(y)ng (¢ = u) (1.1.13)

is called the double layer potential with density ¢. For brevity, we
shall write I for the double layer kernel, 1.e.,

ey = (T,M(x.). (1.1.14)

The third potential

W(x) := j;al‘(.x.y)‘»(y)dvy (¢ = 1) (1.1.15)

is called the volume potential with density ¢. The fourth potential is
essentially the derivative of W(x).

In the following sections of this chapter, we discuss the behaviour
of these potentials and their derivatives. To this end, we shall start
with the investigation of fundamental solutions.

1 . 2 Fundamental solutions

Let the source point y be at the origin. It is then plain to see
that the Fourier transform of ['(x,0) (see (1.1.6)) is written as

f(x,0) = —A"(§) (1.2.1)
where ¢ indicates the parameter of Fourier transform. The inverse

transform 1s vsually obtained by taking the finite part of divergent
integral, 1.e.,



— 1 *~1 iz
r'(z,0) p.f. (%Nfa (if)e't =df.

Example 1. 3D isotropy
We have
Cijkt = R 6i;8a + n(éudji + 8:116jk)

AN (V) = pA + (R + pVev,

=ty = 1 2y _ A+p o : 1
AT = (1817 - T D06 1F

where A and u are Lame s constants. Since

p. f. 1§ I B lﬁfl lz|cos(€.x1)
(@n)’ u}w‘f (2—@3" F(.,;ﬁ TiEamme Ll

p.f. e:’ifll:i - e—ilf!l:l fi
(2m)?Jo 1§13z

. p.f. f“’eirlrl — e-ﬁ'l:l:ld
210l x| o 3 d

— 1 (_|1‘
8l x| 2 2

we use (1.2.1) and (1.2.2) to have

P _ A+ p
[(2,0) = (18 - £55Ev) 1al
or
ey = =—(1A — 2t Boyy|x — yi,

8nu A+ 21

(1:2.2)

(1.2.3a-6)

(1.2.4)

(1.2.5)

(1.2.8)

where S3; stands for a unit sphere. This result is known as Kelvin's

solution.

Example 2. 3D transverse isotropy



Let the rj—x2 plane be the plane of isotropy. We then have

Neh (V) = (Cop040y + C1s48303)8qp + (C11 — Cop) 0alp)
DA(V) = Af3(V) = (Cia + Cy4) 8493,
A (V) = Cydydy, + C338303, (1.2.7a-c)

where Ci;, Ciz, C33, Cas, and Cgs are the elastic constants in Voigt's
notation (Cy1=Ciyq1, C33=Cazsz» Cis=Ciiz, Cas=Cosps, Ce6=Cizi2), and Greek
indices range from 1 to 2. Following the general procedure shown 1in
(1.2.1) and (1.2.2), we have

I

\ |
1 [ X3l K1 XX } n K; (%ﬁ - _KJE:XE )
Fop (xy) 4TEC65{ I §4EC44 R RE)?

sgn(Xs) 2 LiXa

Fa3(x,y) = Taa(x,y) = =47 3CuR:R;
1= (e}

3

< 35 I o 8a-
FSB(I,U) - 47{{:2C44§i t (1. . C)
where
X=x -y,

K, = K2Cu-Css , _ (CistCulkz Crikz—Cyy
27 Cilkz—x3)’ Ciy (k2—k3) ’ Ci (kz2—k3)’

R: (KiXoXotX5) . R =Ri + 1X3l, (i= 1,8) (1.2.9a-f)
k1=C44/Ces , and k2 3 are the distinct roots of

2 C11C33—CT3—2C13Cu Cs3
K- = K + = = 0. 1.2.10
C11Cyy Cn ( )

Also, L3, Kz and Mz are defined by interchanging k2 and k3 in the
definitions of Lz, Kz, and M2. This result is seen to coincide with
the result of Kroner (1953) within a scalar factor which is missing in
his paper. See Kobayashi & Nishimura (1980) for the detail.

1 . 3 Behaviour of potentials

We now discuss the behaviour of potentials introduced in 1.1 . The



conventional methods of investigating these potentials usually rely on
the explicit form of the fundamental solution. This approach, however,
is both restrictive and laborious because the explicit form of
fundamental solution is not always available, ar!, even if it is, the
form is usually very complicated. We therefore attempt to deviate from
the standard approach and develop a new method which uses only the
Fourier transform of the fundamental solution; as we have seen in
(1.2.1), the Fourier transform of the fundamental solution is usually
very easy to obtain.

To begin with we introduce the notion of (m,n) homogeneity of a
function f(x) (xePW, N=2,3): A function is (m,n) homogeneous if

fQRz) = A" A 1"f(x) for AeR. (1.8.1)

We are particularly interested in functions having (n, 0) homogeneous
Fourier transforms (n = -2, -1, 0) because we have (1.1.12-15) and
(1.2.1). Such functions are known to be either functions with
logarithmic singularities at the origin for (N =2, n=-2), or
(—n,-N) homogeneous functions for -N < n < 0, or linear combinations
of &6(x) (Dirac’s delta) and v.p. (Cauchy's principal value) of
(0,-N)-homogeneous functions for n = 0 (Mizohata(1965)).

We now consider a domain D in RY (N= 2 or 3) whose boundary dD is
very smooth near xg<dD. Our problem is to determine the behaviour of
the potentials of the forms

f F(x-y)e(u)dS,, fF(I—y)co(y)dSy, (1.8.2a,b)
ab D

near xg, where F(-) is a kernel having (n,0) homogeneous Fourier
transform (n = -2, -1, 0), and ¢ is a smooth density function. Since
the comments below (1.3.1) show that F is an ordinary function away
from xp, we may introduce a ball B,(xp) which has a radius of p>0 and
is centred at xy, and concentrate our attention on the contribution to
(1.3.2) from within B,{xg) . The assumed smoothness of @D then enables
us to approximate ADNB,(xg) and DNB,(xp) by a circular plane segment
S and a half ball B shown in Fig.1.3.1. Hence we are led to the
investigation of the limits of the forms '

lin [Fewewds,, lin [Fawewas, (1.3.30,b)

T—2p

where the approach of x to xzg is along the unit outward normal vector
to S at xp, denoted by n. In the sequel we shall compute these limits
by using a cartesian frame whose Nth axis is in the direction of n and
whose origin is at xzg.

1 .3. 1 Surface integrals

We consider the following integral



Notation.

Fig.1.3.1



j;F(xvy)w(y)dSy. (1.3.1.1)

Obviously, one may replace the domain of integration by R¥! with the

extension ¢(y)=0 for yeR*"'\S. We have the following results for
different n:

i) n = -2. Since the kernels have estimates of the form

C C
an) | = =
] F(\ru IN) | ( I Ty [ 2 + INZ)(N_zjfz ! La | N2

(N = 3)* (1.8.1.2)

or

| F(xq,an) | = C1+Co| loga/ (| 24| 2+ 14%)

= C+Cz|loglza| | (N=2) (1.3.1.3)

near the origin (see the comments below (1.3.1)), we have

lim LF(:ru—ya,:rN)fp(y)dSy = 'I;F(I()_y)@(y)dsy (1.3.1.4)

-1y

for a sufficiently smooth ¢(y).

1i) n = -1. We use the notion of partial Fourier (inverse) transform
of F(¢,,¢y) with respect to £y, which is denoted by F(¢,lay) , and is
defined by

F(al ) = Z-lim [ et ea, crden . (1.8.1.5)

The required limit is calculated in terms of F(£,1 zy) as

: ) 1 . ~
Lin [Fa-vewd = e Lin [ P mobeods ... dow .
(Note ¢ = (0,...... ,0) by definition.) (1.3.1.6)

where @(&,) 1is the Fourier transform of ¢(u.) on S. Into the right
hand side of (1.3.1.5) we substitute an expansion

% Qreek indices run from 1 to N - 1



F(ga.6n) = EN"P< 1) = &Fo,1) + f~"“sa——ﬁ‘(0 1)

Ypwdy 5, OF (1.8.1.7)
+ St fafsa&afﬁﬁ’(o.l) B dmiee
Subsequent use of Lebesgue's theorem

which is valid for a large €x. :
converts the limit in (1.3.1.5) into

F(§)ettactidey + j;g . F& - M)elfaﬂu egidey

lim |
ci0 ‘Jigi<s

ei‘furn'ffr%d

+ F@,1) lg,1>6 &N & )

zj' B(d)eitdey +f K Peb — _(.Q}_l)exsnzud&
[ 5] <6 [ &1 >
ifNIN_Cfﬁ
+ F(o, 1)11mf e T dgy (1.3.1.8)
g, 056 EN
for a 6 > 0 and | £§,1#0 . The last term is equal to
Ti Lzl s xw > 0
[ 0 }i sen :cNf sing 4, for [ Ty = o] . (1.8.1.9)
i “8lm, & ay < O
Therefore, by letting 6§!/0 in (1.3.1.8-9) we have
. 1
FGgalan) =5 | O |F(O,1)
-1
s L F(F(f) —(-0—11) Sy (1.8.1.10)
according as ay > 0 (upper), xay = 0 (middle), or xy < O (lower),
where v.p. indicates the integral in the sense of Cauchy’'s principal
value. Note that the function (of £,) defined by
F(¢,10) = 7 Lim rﬁ(sc.fw)e “Hdgy (1.8.1.11)
is (n,1) homogeneous for n = -1, 0, In particular, for the present

case of (-1,1) homogeneity, we have



f F(¢g,100dS = 0 (1.3.1.12)
Szl

from the symmetry. This shows that & '(F(¢,10)) (x,)* , as an N 1
dimensional distribution, 1s expressed as a principal value of a
(1,-N)  homogeneous function (Mizohata(1965)). In addition,
§:, '(F(¢410)) (xa) coincides with F(x,,0) — a (1,-N) homogeneous
function— away from the origin. Hence we conclude

lim _/;F(x—y)w(y)ds = j:% Fn)p(xp) + v.p.LF(xo—y)fp(y)dS. (1.3.1.13)

T—I()

The upper (lower) sign 1is for the approach from the positive
(negative) side, with ’'positive side’ 1indicating x>0 . This
convention will be used throughout this chapter.

111) n = 0. Without loss of generality we may assume

Fo,1)

0. (1.3.1.14)

Actually, if this is not to be the case we may modify the definition
of F(§) by subtracting F(0,1) from F(§). This process changes F in
(1.83.1.1) by —F(0,1)d(x-y), but this term vanishes for
x € 0D and y € 9D, thus keeping (1.3.1.1) unchanged. With this
assumption, we use (1.3.1.5) and an expansion (1.3.1.7) for F to
obtain

i
onf (¢4 | Ty) = sc.a&mo 1)[ 0 }

-
+ V. pF(F(.E\ - ——ﬁ*(o 1))etfmdey (1.3.1.15)

and hence

1oy , (1.8.1.16)

Nl:—*

Lim Foeal ay) =

where we have used the same notation as has been used in ii).

We now proceed to the interpretation of & (F(£&,10)), or the
Fourier inverse transform of the second term in (1.3.1.16). To this
end we note that

P(ta10) = 2 Lim [“Feea eneSaey (1.3.1.17)

% §i denotes the Fourier inverse transform. (¢, — Za)



is a well-defined (0,1)-homogenecus function of §£,. IFS Eourler
inverse transform with respect to ¢, is equal to the restr}ction to
=0 of F(xy,2y) for a nonzero x,. a (0,N)-homogencous function of ..
From these observations, we can show that TfF(EQIO) (as an N-I
dimensional distribution) is to be understood as a finite part (p.f.)
defined by

= 1 ) a)dxq
£ [, P O0tadr, = Lp ([P0

_ 90 |
= L_IF(xq.G)dS}, (1.8.1.18)

where Sy.| 1is an N-1 dimensional unit sphere. To see this, we start
with an observation that p.f.F(x,.0) and 5g§(F($a|0)) ‘coincide on
' except at the origin. We therefore have

FL(F(&,100) = Y CD%6(x) + p.f.F(xa), (1.8.1.19)
lal =M

where C* 1s a certaln constant,

D%:= A% AW ... %,

a= (Q,0,........ Lay-1) (1.3.1.20a,b)
and

lal = Y el . (1.3.1.21)

Indeed a distribution having a point support is known to have the form
given 1in the first term of (1.3.1.19) (Mizohata(1965)). In addition,
we see

F..p.7. (F(x:.0)) (A¢4) = lim If F(xy,0)e Ma Tagy,
el0 " JReing, (0)

= %'/;N_’F(xa,oms]

— 7 n _i‘f!fa = _1.__[ ¥
i (o Fue,0)efdy, ek Fan.0as) 121



= | A1 & (p.T.F(x:,0)) , (Axy = Ug) (1.3.1.22)
which shows that
Fr, (p.f.F(x,,0)) (1.3.1.23)

is (0,1)-homogenecus. On the other handv F, (D% (x))(lal =1) 1is
(1,0)-homogeneous. Hence we conclude C'® = 0, which proves our
statement. We thus have

Il}rn; fSF(x—y)qp(y)dS = i%a%aﬁ'(ﬂ,ﬂa—i;ﬁﬂ(ito)

- p.f‘.LF(J:g—y)qo(y)dS. (1.3.1.24)

1 .3. 2 Volume integrals

We next investigate limits of the form

lim LF(I—y)@(y)dy i (1.3.2.1)

T2

where F(x) is the same function as in 1.3.1, and ¢(y) is a smooth
density function. As in 1.3.1 we replace the domain of integration by
R' with the help of an extension ¢(y)=0 for yERN\B . We then have the
following results for different n:

i) n=-2, -1. We easily see

o j; Fla-ioluidy = j;mxo—y)cp(y)dy . (1.8.2.2)

I—-Ig

ii) n = 0. We decompose F(f) into

F§ =¢ + 1§, (1.3.2.3)
where
_ 1 _
Cp = TSFLF(E)dS, e =F& - cr . (1.8.2.4a,b)

The inverse transform of Cr is Crd(x). Also we know that 3’51??5) is
equal to v.p.F(x) where F(x) is a (0,-N)-homogeneous function. Hence



ve see that the Fourier "integral’
5 (F&)o ) (1.8.2.5)
has an expression

Cro(x) + v.p. [Fx-wew)dv, (1.3.2.6)

for xreD, and

Jraweaay, (1.3.2.7)

for x<D\AD, where Cr is given in (1.3.2.4a). In these formulae we
have dropped because F = F in the classical sense.

In order to further investigate F(x), we use the partial Fourier
transform in the following manner:

fB Fla-y)e(y)dy = 55 ( f Flgal zv—uno(€a | ww)dun) (xa) ,
P

(xn=0) ’ (1.3.2.8)
vhere
BEal ) =f( o ) (1.3.2.9)
Ya Uyt =

Into F{-1-) in (1.3.2.8) wve substitute an analogue of (1.3.1.15)
given by

" . pu/de Tl
2l l¢q ) oy) = AT Lin=7 FL0,1) + gﬂafaz?(o | o }

-l

+ v.p.j:(ﬁtf) - Flo,1) - %ﬁ%ﬁto,n)eiinfmw ,  (1.8.2.10)

¥Tigh2digfers from (1.8.1.15) because ['{0,1) = 0 in general ., Use of
.3.2.10).,

0 _{1N Un) /‘l"—'
—nm/_f 172 77— #(£a | un)duy

2T 10



0 >0
= | o(¢a10)/2 | for | wy=0 | , (1.8.2.11)
p(€al 2N) <0

and

T2 f) Flgal an—un)o(€a | un)dun) (za)
-p

= 5 (FHed)) (@ (1.3.2.12)

then transforms (1.3.2.8) into

lin [Fawewa - 7o) + 5 E066) o),

(25=(0:Ds . o 0)) , (1.3.2.13)

vhere o(§) is the Fourier transform of o(x) on B. Hence we are left
with the interpretation of the last term in (1.3.2.13). To this end we
note the following relations which follow from the symmetry and
(1.3.2.4)1

L;F(:r)ds - J;;F(x)ds =0, (1.3.2.14)

vhere Sy~ = SyN {xy>,<0} (+,- and >.,< are to be taken in the same
order). Since

1 2 _ : _
5 FLORE) (x0) = lim fmwﬁ‘m e aidy,

= Wi Lp(xo—y)qa(y)dvy, (1.8.2.15)

vwe obtain

lin ¥ (B &) (@) = lim {[é]sﬂ(r) + v.p. [Flz-w)o)dv,}
-1 11 B

- & 7 Moy + v [Faweman, (1.3.2.16)
where



v.p.~ j‘-dV = limf -dVv. (1.3.2.17)
B el0 JB\B, (zq)

Note that the special principal-value integral, denoted by V.p. and
defined above, is convergent due to (1.3.2.14). Actually, this is why
(1.3.2.15) holds. We also have

lim V-p.LF(x—y)fp(y)dV = i(% - F(n)) o(xp)

I—Xg

+ v.p.'j;F(a:o—y}cp(y)dVy ; (1.3.2.18)

1. 3. 3 Elastic potentials

We now apply the foregoing analysis to elastic potentials. Since
~-AY (i§) is a (-2,0)-homogeneous function, we have the following
results.

a) Simple layer potential

We have F =T and F(§&) = AY' (§) by definition (see (1.2.1)). The
comments below (1.3.1) (or (1.3.1.4)) readily give

lim Lnr(x—y>¢<y)£ - Lnr<xo—y3¢<y>ds. (1.8.3.1)

T—Ig

As to the derivatives of this potential, we shall start with an
identity

lim V| T'(x-y)¢w)dS = lim [ VI(xz-y)¢(y)dS
T=1p ab T2 aDbNB, (xp)

+ f VI (z-y)¢(y)dS] . (1.8.3.2)
aD\(3DNB, (z())

After approximating @DNB.(xp) by a small plane segment, we apply
(1.8.1.13) to the first integral on the right hand side of (1.3.3.2),
vhere £>0 is a sufficiently small number. This, together with an
observation that the second integral has no singularity, yields

lim ¥V DF(x—y)sviy)dS

I—x) ad



= lim j; Dsrg‘ (if@A*1(§)) (z-y)9(y)dS

I—=Ig

= T5A  (m)e(z0) + v.p.LDVIF(xo—y)so(y)dS. (1.3.3.3)
In particular, we have a well-known formula (Kupradze et al.(1979))

lin T, C@-w)e@ds - o) + v.p.[ LhGwewds,  (1.8.8.4)

I—IQ

since Cipjgnpng = Aij(n) .
b) Double layer potential

We now apply the same reasoning as we have used in a) to obtain
various limits relevant to double layer potentials. To begin with, we
note from (1.1.10) and (1.1.14) that the Fourier transform of the
double layer kernel can locally be written as

— AN (E) €4Coqrinte (1.8.3.5)

since n 1is locally constant. This observation, together with
(1.3.1.13), yields (Kupradze et al.(1979))

lim LDF[ (z,y) ¢(y)dS

I—=I)

_ is'(azco) + v‘p,f It ¢(y)ds . (1.3.83.6)
ab
Also, we have

lim 8; r];k@k (y)ds

I-Ip

g (&:0%55(6) ¢4 pqu)|.g.nmax ok (x0)
+ p.f.f ail't ke (w)dS
ab
1 3 " a
5 {8iag i (x0) — A () Crpaamy 1 a (T0) }



; p.f.jgbairl 0k (U)dS, (1.8.3.7)
where we have used (1.3.1.24). In particular, we obtain

lim T, aoﬂ (x,y) ¢(uw)dS

I-Ip

= p.f.fannr] (x,u) $(u)dS (1.3.3.8)
since

ContlBicg; ~ WA Cooaiyt—ts) = O . (1.3.3.9

Tl uk[(amaxu@; - mAT (n) rpaqnpaxu@q) = . (1.3.3.9)

Equation (1.3.3.8) is often called the generalised Lyapunov-Tauber
theorem. (Kupradze et al.(1979))

We finally remark that the present derivation of (1.3.3.7) is not
rigorous from a purely mathematical point of view because it does not
take into consideration the possible effect of the curvature of 49D .
However, it is not difficult to see that the result 1is correct.
Indeed, one starts with a well-known formula (e.g. Sladek &
Sladek (1982) )

Ok faorl ij 9j dS = epgk LDR‘I, Clagj €pab T @j,b dS, (1.8.8.10)
and then use (1.3.1.13) to obtain (1.2.3.7), where ejj;x 1s the
permutation symbol.
c¢) Volume potential

From (1.83.2.2) one readily sees

v [rawewar = [ vraweway (1.3.3.11)
where z is a point in R'. We also have (see (1.3.2.6) and (1.3.2.7))

V’Vfl"(x,y}‘.b{y‘nd\’
D

= Crox) + pr#VF&ADMQMV xeaD, (1.3.3.12)



where
1 -

Criskt = ~—-——|SN|L&€,-A H€ds  (see (1.3.2.4a)). (1.8.3.13)
In particular, we obtain

(& [T@ oY) = Cipra@pda j; Mx.w)ew)dv),

— @i(x) zxeD

=1 £eRND (1.3.3.14)

This well-known result is usually called the Poisson formula (Kupradze
et al.(1979)).

The second derivative

V‘le;r(;t,y)f,ﬂ(y)dv (1::3.3.15)

jumps as the point x crosses D . Actually, we see from (1.3.2.16)
that

LinVV | Tz »)e@)dV = (Cr + nen®A* " (n))9(xp)

I—Ip

N

+ v.p.'LVVF(I,y)Q(U)dV (1.8.3.16)
holds. Also, from (1.3.2.18), we have

lim v.p.LVVI"(x,yJ(p(y)dV = & -lé(Cr + nen@A*! (n))e(xp)

T—xp

+ v.p.'LVVI"(x,y)fp(y)dV 5 (1.3.3.17)

Note that these results are consistent with the Poisson formula since
et sl :;f o .
uklchklm I Sy SNCIJkannkA lm (f)dS Sin - (1.3.3.18)

We finally remark that the potentials of the form



[ris awenway (1.3.3.19)
can be vieved as
'6k,ff"ij(m—y)w;‘k(y)d‘,f’ i (1.8.8.20)

which is exactly the derivative of a volume potential. Therefore, we
can apply the foregoing analysis for volume potentla}s to the
potential of this type, which plays an essential role in BIEM for
elastoplasticity (e.g. Nishimura(1979))
d) Application

It is easy to see that (1.1.7), (1.3.3.3), (1.3.3.7), (1.3.3.16)

and (1.3.3.11) yield the following identity on 8D (Nishimura &
Kobayashi (1987) )

Toq 1= Cogiz (Biu; — €9 45) = E(V-P-j;pcmi:‘ 9l b dS
- P.f‘.j;DCpqij ;T jk ue dS + V.P--anmij @iTjk.1, Cklan €0 an dV

# faDCpqu il S dV) = (CoqiiCrititCrian + Cogmn) € wn » (1.3.3.21)

where 7,, stands for the stress on the boundary. Cruse & VanBuren
(1971) obtained this formula for the isotropic case by using a direct
calculation. Equation (1.3.3.21) generalises their result to the
anisotropic cases.

1 . 4 Boundary value problems

The boundary value problems of elastostatics consist in finding a
displacement field u in D which satisfies the equation of equilibrium

A*(V)u — div(C[gl) + £=0 in D, (1.4.1)

subject to boundary conditions

u(x) = up(x) x€adD, ,

t(x)

Tu(x) — (Cl&p])n = to(x) x€dD; ,



(eb,nabs = ¢ , 8D,UADs = 8D), (1.4.2:a,b)

where up and t; are the given values of boundary displacement and
traction, respectively.

We can most naturally obtain an integral representation of the
solution u by using Green's formula as in (1.1.7). Since the form in
(1.1.7) satisfies the field equation (1.4.1) automatically, we are
left with the imposition of the boundary conditions. This can be
agcomplished in several ways, although we here discuss two out of
them.

The methed of Kupradze's functional equation determines the
unspecified values of u (on dDs ) and t ( cn 8D, ) in a way that
the expression

j; T tw)ds, - fa TiGe)uw)ds

+ ~/;l"(:c,y)f(y)dv +-'£F(I.y)7- (C[ﬁo])dv (1.4.3)

vanishes in R\D. It can be shown, from (1.1.7), 1.9) and the
results in 1.3, that (1.4.3) vanishes identically 1n R“\D only with
the exact values of u and t on 9D . In numerical analysis, however, we
usually set (1.4.3) to be zero at several points in R™\D.

Another method, which we shall call for convenience the (direct)
method of 1ntegral equation, takes the limit of the expression (1.4.3)
as x—8D from RY D, and then put it equal to zero. This process uses
(1.3.3.1), (1.83.3,8) and (1.3.3.11) to yield

0= j;DF(xo,y)t(y)dS - H(EO) - v.p.j;D I (x0,w)uy)dsS

+ [Paowf@)aV + [To,w)¥- (Cleg))dV, (x0edD)  (1.4.4)
D D

from which we obtain an integral equation for unspecified halves of u
and t as we introduce into (1.4.4) the boundary data up and tp given
in (1.4.2).

It is readily seen that the above two methods are equivalent as far
as the uniqueness of the solution of displacement boundary value
problems for R"\D holds true. Hence in 3D elastostatics these methods
are equivalent.

In some cases, it 1is convenient to replace the two surface

potentials in (1.4.4) by one. To discuss this, we assume that
f =€ =0 for simplicity. Also, we assume D to be bounded, and denote
the unit outward normal vector to dD by n. These assumptions,

however, apply only in the rest of this section.
The simple layer potential method uses the integral representation



i) = fabru.ymwdsg, (1.4.5)

vhere ¢ is the unknown simple layer density. . .
The double layer potential method uses the integral representation

u(x) = _/;Dl":(:r,y)&(wdsg. (1.4.6)

where ¢ is the unknown double layer density.

The former (latter) is useful mainly in traction (displacement)
boundary value problems. Actually, the simple layer potential method
uses the integral equation (see (1.3.3.4) and (1.4.5))

- o e(x) |
to(x) = F 5t v.p.LDT,F(I,y)?(y)dSy, x€dD (1.4.7)

vhere the upper (lower) sign is for exterior (interior) problems. (By
"exterior problems' we mean boundary value problems for an unbounded
domain R™D.) The double layer potential method leads to the
integral equation (see (1.3.3.6) and (1.4.6))

w@ = +¥2 ¢ vp [ PN@wiwds,  z<ad (1.4.8)

for the unknown density @. Solving these equations for ¢ and @, and
substituting the obtained solution in the corresponding integral
representation, we can calculate the displacement field. In the
sequel, we call those methods of solution which use some integral
representations but are not based on the Green's formula as indirect
methods. The simple and double layer potential methods provide typical
examples of indirect methods.

As methods of solution, the indirect methods are older than the
direct methods. In fact, the indirect methods had been used as tools
for investigating mathematical problems such as the existence of the
solution, analyticity, etc. It is, therefore, not surprising that the
equivalence (or non-equivalence) of the direct and indirect methods
has long been known to mathematicians. See Lamb(1932) for example. We
here list the solvability conditions for each indirect integral
equation. The proof, which we shall omit, can easily be obtained by
using Fredholm's theorems, which are known to be wvalid for our
singular integral equations (Kupradze(1965), Kupradze et al.(1979)).

a) Equation (1.4.7) for exterior problems is always solvable.

b)  Equation (1.4.7) for interior problems is solvable iff (if and
only if)



f tedS = 0, f rxtpdS = 0 . (1.4.9a,b)
ab aD

The solution is determined to within a linear combination of 6
(N=3) or 3 (N=2) functions.

c) Equation (1.4.8) for exterior problems 1is solvable iff the
boundary traction to be obtained satisfies (1.4.9). The density is
determined to within a ‘rigid motion’.

d) Equation (1.4.8) for interior problems is always solvable.

We may interpret these results as indications of equivalence of the
indirect methods to the direct methods, with an exception of double
layer formulation for exterior displacement boundary value problems,
The last non-equivalence, as a mater of fact, can also be resolved by
modifying the kernel function in a manner to be discussed in Chapter 4
within a different context. We here omit the detail since this topic
is purely of theoretical interest.

1 . 5 Boundary integral equation methods

The boundary integral equation method refers to those numerical
methods of solution of partial differential equations which utilise
integral representations of the solutions and resultant integral
equations. We here outline the method by using the example of
elastostatics assuming that the body force and the initial strain (see
(1.1.1-2)) are absent.

We consider direct formulations for mixed boundary value problems.
To this end, we introduce a set of collocation points x; (I=1,..... M)
on A0, and shape functions Q;{(x) ( x<dD ) such that

Q(x)) = {g) %;JJ_ (1.5.1)

The integral equation in {1.4.4) is then discretised as

S rawuwas,t - 2 - Ve [ @) @dsw
JYaD T an

=0, (1.5.2)

where u; = u(xy) and t; = t(xy) . Substituting from (1.4.2) the known
values of u and t into (1.5.2), we obtain a system of algebraic
equations for unknown u;’'s and t; s whose coefficient matrix can be
calculated by using numerical quadrature. After solving this system of
equations, we obtain displacement in D by

w(x) = Zfapr(x,ym: @)dS t; - war] @) (S w (1.5.3)



and its gradients by differentiating (1.5.3) directly.

This boundary integral equation method in its most fundamental, but
rather primitive form, is the one proposed initially. Subsequent
developments, however, have found various modified versions of BIEM.
We shall discuss some of these modifications in the rest of this
section.

a) Use of isoparametric element, etc.

Lachat & Watson(1976) were the first to introduce isoparametric
elements for the discretisation of integral equations. However, the
earlier attempts at using piecewise constant plane (line) elements
can be interpreted as the use of superparametric elements. It is
therefore not clear who was the first to introduce the notion of FEM
to BIEM.

b) Choice of shape functions

There can be various BIE formulations according as the choice of
shape functions. The early researches of BIEM started with piecewise
constant element (Rizzo(1967)). Gradually, researchers have come to
use higher order elements, e.g., Cruse(1974), Lachat & Watson(1978)
and Rizzo & Shippy(1977). Also, there are some attempts at using
spline functions, e.g., Hansen(1976), Wendland(1981), and even
Hermitian polynomials (Watson(1982)).

In the present author’s opinion, we have to choose the shape
function on the following basis

i) The order of shape functions should be sufficiently high that

the boundary value of the numerical solution is a good

We are therefore advised not to use piecewise constant
approximation for stress analyses using double layer potentials. It
is because the boundary stresses of double layer potential depend
explicitly on the derivatives of the double layer density (see
(1.8.3.7)), and because we cannot approximate the derivatives of
densities by using plecewise constant element. To examplify this,
we first note the relation

Tij = Cijkéai\-[LDrlmfmdS — faDﬂ wi,dS]  in D, (1.5.4)

which holds when f = & = 0. Also, we have (1.3.3.21), which holds
on dD as we have seen. Cruse(1972) reported that his piecewise
constant direct (therefore it includes the double layer potential)
BIEM computed stresses near the boundary more accurately with
(1.3.3.21) (with integrals taken in an ordinary manner) than with
the correct formula (1.5.4). This means that the relative error of
his results with (1.5.4) was as large as 100%. This inaccuracy
could have been resolved by the use of at least piecewise linear

shape fugctions for the double layer density. In passing it is
lnpergstlng to note that the limit to 9D of (1.5.4) does not
coincide with (1.3.3.21) when one uses approximations to u and t on
aD .



In simple layer potential methods, however, the boundary stress
does not depend on the derivatives of the density so that the
piecewise constant approximation is acceptable if the boundary is
smooth (Kobayashi & Nishimura(1979)).

i1} The shape functions should be sufficiently smooth that they do
not introduce unfavourable singularities into solutions

Piecewise linear simple layer formulation, for example, gives
rise to a logarithmic singularity in stress at inter—element nodes.
This formulation, therefore, is still insufficient for a very fine
resolution of stresses everywhere in D (Kobayashi, et al.(1984)). A
possible remedy for this inaccuracy problem is the use of Spline
functions. Experience tells, however, that the piecewise linear
simple layer formulation is not that bad from a practical point of
view (Kobayashi & Nishimura(1979)).

Some authors propose boundary elements with relaxed conditions
of continuity (Patterson & Sheikh(1981)). From our point of view,
however, such attempts are pointless, Indeed a numerical comparison
by Manolis & Baner jee(1988) confirms our view.

ii1) The shape functions should be abl i i r
nature of the solution.

The solution can have singularities on the boundary where (1)
the given data have singularities, (2) the type of boundary
condition changes, (3) the boundary forms a corner. Related
problems will be discussed in Chapter 3.

¢) Collocation, Galerkin or least square method.

Most engineers use collocation method for discretising integral
equations. Kobayashi & Nishimura(1979), Lean, et.al.(1979) and
Wendland(1981), however, tried Galerkin's method. Kobayashi &
Nishimura(1979) used the least square method also. Arnold &
Wendland(1982) concluded that the collocation 1is superior to
Galerkin when the solution does not have singularities.
Nishimura(1979) showed, however, that Galerkin's method is
preferable in some crack analyses (which necessarily 1involve
singularities) using double layer potential with piecewise linear
shape functions. Nedelec(1980) also proposed a Galerkin method 1in
order to reduce the order of singularity in formulations using
differentiated double layer potential. We finally remark that the
so-called Galerkin - collocation method of Wendland(1981) 1is
essentially Galerkin.

d) Evaluation of integrals

Few integrals involved in BIEM algorithm can be evaluated
analytically. Therefore, we usually have to resort to numerical
integration formulae. We, however, have to be careful in doing this
because some integrands include singularities.

In general, we can remove the singularity of integrands in
integrable integrals by using appropriate coordinate
transformations. For example, an integral of the form



f——f(T;"IZ)dmd.rg (1fl <o inB, B i= {z, lzl=1}) (1.5.5)
B

is reduced to

1
95:19_[; Fexi aaddr (1.5.6)

by using the polar coordinate (r,0) centred at the origin. For the
evaluation of principal-value integrals, however, we cannot apply
this technique, It is because any coordinate transformation would
convert one singular integral into another. The most popular
technique for evaluating singular integrals in direct method is that
of Lachat & Watson(1976). This technique calculates the non-integral
terms plus singular integrals in (1.5.2) in a way that (1.5.2) is
satisfied identically by some known solutions, such as rigid
translations. This technique is effective, and is useful also in
problems for domains having corners. However, this technique works
only in direct methods, since exact solutions of indirect integral
equations are seldom available. In some cases the use of Kutt's
numerical integration formulae for finite part may be effective
(Kutt(1975)). However, Kutt's formulae are not as versatile as the
standard Gaussian integration formulae because of the limited
tabulation. In addition Kutt's formulae are likely to cause
numerical trouble because they may include negative weights or even
integration points outside of the integration limits. In the present
author’s opinion, an analytical integration is the most suitable
technique for indirect methods. It is because one of the biggest
advantages of indirect methods over direct methods 1is the
simplicity; an indirect method would not be worthwhile if it
requires an equally, or more, elaborate numerical procedure as does
a direct method. Probably this is why researchers do not try to use
such sophisticated techniques as isoparametric elements, Hermitian
elements, etc., in indirect methods.

From various versions of BIEM algorithm, of which we have seen just
a few, one has Lo choose the most suitable one for his/her purpose.

1 . 6 Concluding remarks

a) We have so far restricted our attention to anisotropic elastostatic
problems. However, the BIE method can be applied, in principle, to any
problems governed by linear differential operators, as we shall see.

Let L bel a linear differential operator of order n defined in a
domain D in R', and u be a function defined in D. Since integration by
part gives

vau d‘.’:f( ...... )+fL*uudV
D an D



f S— )in surface integrals, L' : formal adjoint of L) (1.6.1)

for any smooth functions u and v, we have

ux) =j;D( ...... pr I' Lu dV, x¢dD,

i - ):n surface potentials) (1.6.2)

where I' is a fundamental solution of L* (L*I" = 8). This well-known
procedure shows how one can formulate BIEM's for arbitrary linear
differential equations.

b) It is customary to use the explicit form of the fundamental
solutions for the discussion of the behaviour of potentials. We here
used another method, developed by the present author (Nishimura &
Kobayashi (1987)), using only the Fourier transform of the fundamental
solutions. This technique is useful for those problems in which the
fundamental solutions are not available. One may think that it would
be of no use to calculate limiting formulae of potentials involving
kernels which cannot be written down explicitly. This is not true.
Indeed, our method paves the way for the use of numerical fundamental
solutions. In addition, the conventional method of investigating the
behaviour of various potentials is much more laborious than the
present method.

c) There is some confusion of terminology in BIEM community. For
example, what Patterson & Sheikh(1981) call their method of 'regular’
integral equations is identical with Kupradze's functional equation
method . Some authors call the simple layer potential methods as
fictitious force method (Clouch & Starfield(1983)) or ever 'the’
indirect method (Brebbia & Walker (1980)).

d) There are many indirect methods in addition to the two mentioned
here. We can find as many as 32 different indirect formulations for
plane elastostatics in the paper by Heise(1978).

e) The availability of a fundamental solution is crucial for the
success of BIEM in particular problems. We can find a list of
fundamental solutions for differential operators with constant
coefficients in the paper by Ortner(1980). It is often very difficult
to obtain fundamental solutions for equations having variable
coefficients. Clements(1980) and Clements & Rogers(1983) were able to
formulate BIEM for a Laplace type equation having variable
coefficients. Hirose (Niwa & Hirose(1983)) pointed out that a
fundamental solution is available for a special class of Helmholz type
equations with variable coefficients.

) We have restricted our considerations to the problems for domains

having smooth boundaries. For corner points x5 of dl), the limiting
formulae derived in 1.3 need some modifications. For example, the



limiting formula (1.3.3.8) for double layer potential is replaced by

lin LDFI (,9)9(y)dS

T—Ip

[ erm ] [ TGy swas,, (1.6.3)
C'o(xp) ab

where C° (C') is the non-integral term of the exterior (interior)
limit of double layer potential., C® (C') is equal to 1/2 (-1/2) when
dD is smooth near xp. € and C' are related by

G - C =1 (1:unit tensor). (1.6.4)

Hartmann(1982) tried to calculate C°' for some particular
geometries. However, the determination of these tensors are not of
practical importance since the method of Lachat & Watson(1976)
calculates these tensors {plus certain singular integrals)
automatically.

The present author is not able to extend the method of Fourier
transform developed here to the cases of cornered geometry at present.

g) The method of Fourier transform discussed in this chapter seems to
have connection with the theory of symbols (Mikhlin(1965)) and hence
with pseudo-differential operators (Kumano-go (1974)).

h} The content of this chapter is taken mainly from Nishimura &
Kobayashi (1987) .
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Chapter 2 The Simple Layer Potential Method for
Three Dimensional Anisotropic Elastostatics

2 . 0 Introduction

This chapter discusses some applications of BIEM to three
dimensional anisotropic elastostatics ——— a typical case of
elliptic problems.

Since the publication of Rizzo's paper (Rizzo(1967)), many
researchers have attempted to apply BIEM to elastostatics. Most of
these investigations, however, have restricted themselves to the
direct methods for isotropic materials. This trend is understandable
considering the difficulty of obtaining the fundamental solutions in
problems such as anisotropic elasticity, inhomogeneous cases, etc. In
3D anisotropic elastostatics, for example, it is not impossible to
evaluate the fundamental solutions numerically (Wilson & Cruse(1978)).
However a BIEM using this numerical fundamental solution is made
practicable only after constructing a huge table of fundamental
solutions, which is quite prohibitive. Hence one either has to be
satisfied with a limited applicability of BIFM, or has to deviate from
the conventional BIEM approach. This chapter constitutes one of the
attempts along the latter line.

We develop in this chapter a 3D elastostatic simple layer potential
method which does not use explicit expressions for the fundamental
solutions. As a matter of fact, a closed form for the fundamental
solution for 3D elastostatics is not available except in isotropic and
transversely isotropic cases. Our method, however, is applicable to
any class of anisotropy. We choose the simple layer potential method
because we can use the simplest piecewise constant elements with this
formulation (Kobayashi & Nishimura(1979)), and because it utilises
only one potential function, in contrast to two in direct
formulations; this reduces the computational load considerably.
Besides, there is no ambiguity in using the simple layer potential
method because it is known to be equivalent to the direct method
(chapter 1).

We consider, in the sequel, a plane piecewise constant element for
the sake of simplicity. We calculate the simple layer potential for
this element rather than the fundamental solution itself by using the
Fourier transform and residue calculus. The final expression is given
in terms of integrals having finite limits of integration. The
obtained formula 1s convenient for the numerical purpose because its
integrand has no singularity. We next test the accuracy of our new
formula by considering the special cases of isotropy and transverse
isotropy, in which cases the fundamental solutions are available.
After confirming the accuracy of the present formulation, we apply the
new method to the three dimensional stress analysis of a tunnel in an
anisotropic rock.

2 . 1 Simple layer potential

et E be a plane segment of an arbitrary shape. Inspired by the
theory of Mura(1982), we try to calculate the simple layer potential



with density ¢, i.e.,
u@ = [F@m)em)ds, @.1.1)

by using the Fourier transform.
To start with we use (1.2.1) to have

I fRachS A (i8) fE eif @ 20 g(x0)dS;,

1 w1 il £1E- (x-x0)
o [as [[arn o G [e g (xp)dS,

1 Fis (. . ) _
812 LS& (i§)dsz j;ﬁ(f (x—2xp) )9 (x0)dS;, » (2.1.2)

where § = £/IfI , and S3 is the unit sphere. Writing f instead of &,
we have

o f .
u@ = 2y | 7 s, [t - @9, (2.1.3)
vu@) = 2y [fen™ s [6 ¢ r0)owm)as, (2.1.4)
e Sy E
Now we take the unit vectors m, n and m* as in Fig.2.1.1. These

vectors give
€=¢n+ V1-Cn  (-1=¢=1) (2.1.5)
and
x— x =hn - ym — zm" , (2.1.8)

where ¢, h, y and z are numbers. Using (2.1.5) and (2.1.8) we have

_[_:5(5~ (x-2p) ) @{x0)dS,, = f 8(¢h — M 1-¢Cyw(u,m)dy

_ w(¢h/\/1-¢% m)

(I‘_€2)l/2 x (21.7)
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where

wiy,m) = j;(v m)?(ym + zm- + X)dz,

X=x—hn, (2.1.8a,b)

and l(y,m) is the cross section of E on which m- (xp-x) = y holds.
Therefore (2.1.3), (2.1.5) and (2.1.7) yield

2x 1 A% 2 2
o1 A (¢n + /1-¢%m(0)) w(¢h/n/1-¢° .m(8))
ww = g ;90 [, (1D “

2r _
- ABL [Tap ["A (m + hn(©)) wCnm(8))dn
8r= Jo m

I

Lhl [*ag [™ar
, , 2.1.9
y j;de fm/_\. (nn + hm(8)) w(n,m(8))dn ( )

where we have used a substitution n = (h/n/l—v§z , and the relations
w(—n,m(0+7)) = w(n.m(0)) and

A (= — hm) = AV (m + hm). (2.1.10)

In order to simplify (2.1.9), we introduce the Cauchy integral W
defined by

1 (™uG.m®)
W(z,0) = 5o fm L)) g, 2.1.11)

Since W' (z,0) — W (2,0) = w(n,m(0)) , we use (2.1.9) and (2.1.11) to
have

5 4 _
w(z) = §5‘%§‘4 fgd@ g‘é&*‘(xn + m)W(hy,8)dy, (2.1.12)

where ( is a contour surrounding the segment [/l hl, n/lhl], and
the contour integration in (2.1.12) 1is carried out clockvise.

Consequently, we use a residue calculus in (2.1.12), together with the
relations

A Gm + m ~ 002y, Why) ~ 0(x"), (2.1.13)

valid for a large ¥, to obtailn



u(x) = 1%&1 j:de S Res (A (. + m)) yoy, W(hia,8)

x n
= _5&%{-@ L de Y. Im{Res (A (m + m)] 4o, Whx,,0)}, (2.1.14)

vhere x, (a=1,6) are the roots (tentatively assumed to be distinct) of
the equation

det A(yn + m) =0 , (2.1.15)

and the E: with M indicates the sum over %, s such that Im %, > O .
It is known that x,’s are never real (Mura(1982)).
Analogously, we have

ry n
Yu(x) = —iﬂxﬂl fﬂde Y. In{Res|{ (G + m)OA" (m + m)) oy

WP (hxa 8} (2.1.16)

where WP (z,0) denotes the Cauchy integral defined by

W(2,0) = =i fm (d/dTg‘”_(”;‘(e))dn. (2.1.17)
2

which is equal to

dyz.0) (2.1.18)

dZ H . .
when w(n;,m(8)) = w(nz,m(@)) = 0.
2 . 2 Limiting values of the simple layer potential on the plane of
the element

In this section we compute the limits of (2.1.14) and (2.1.16) as h
approaches 0, assuming that ¢ = const ( = 1) over the element. In this
case, w(n,m(0)), defined in (2.1.8a), reduces to the width of the
element E at (n,8).

Before calculating these limits, we. shall prepare the following
formulae :

n
Y Re Res (A (jm + m)] yug, = O 2.2.1)



and
4 -1 -1
Y Re Res [ (m + m®AY (jm + m)) g, = NOAY (n)/2. (2.2.2)

These results are proved with the help of

*”
4m 95'& Om + mdx

n
Y Re Res (A" (o + m)) oy

__Ll _24 (2.2.3)

At Co x

and

n
Y Re Res ((m + m)®A*" (m + m)) 4oy,

N x - n@&*-l (n dx
S ﬁo(xn + m)@A" (m + m)dy = e (2.2.4)

where Cy denotes a sufficiently large circle, and the integration is
carried out counter clockwise. FEquations (2.2.3) and (2.2.4) follow
from the (-2,0) homogeneity of A* (see (1.3.1)). We then compute the
contour integrals in (2.2.3) and (2.2.4) to obtain (2.2.2) and
(2.2.3).

We now proceed to the calculation of the aforementioned limits. To
start with, we use the Plemelj formula (Muskhelishvili(1953)) to have

11m W(hy,0) = _EZM __ V. pf MO_)Z dn, (2.2.5)
vwhere v.p. stands for Cauchy's principal value. We then introduce

(2.2.5) into (2.1.14), followed by the use of (2.2.1), to obtain
s .
u(x) = ~ j{;d@ Z Im Res (A" (xn + m)) 4oy, w(0,m),
o

x=f0 (2.2.6)
In this formula u'x) refers to the limit of u as the observation point
tends to a point x on S. In the same manner we obtain the analogous
limit for Vu in the following form:

Vulx)



n
- ﬁg%@ 0 dB{ZRe Res( (xn+m) @A™ (n+m) | 4,

n ¥
+ LIn Res| Gt m) @A (utm) | o SERIIL (0 1) } @.2.7)

The first integral in (2.2.7) allows a further simplification. Indeed,
wve use the notation shown in Fig.2.2.1 to have

jmdﬁ v.p.jﬂmy;LHLEldn
0 m 7?

_l = n T'QQ!_ *
= 3 do v.p:[(cot(w 9)719) 1>d¢

otherwise.

2n . _o.2
= -léqup v.p.fo (cot(;o-e)%q%lq)de . {02” o the elenent oo 0 5

In the step leading to the third line in (2.2.8) we have transferred
the principal value integration from ¢ to 8. The validity of this
process is seen by noting that the v.p. integral in (2.2.8) is defined
as the limit as &—0 of the ordinary integral carried out on the
shaded region in Fig.2.2.2. Consequently, we combine (2.2.2), (2.2.7)
and (2.2.8) to obtain

Vuz) = SR popr (n)[ (‘)]

x A :
—é j; ZIm Res| (m+m) @AY (m+m) ) 4=y, w' (0,m)d0, (2.2.9)

where [1,0]7 indicates 1 on the element and O othervise.

+ The integration with respect to ¢ in (2.2.8) stands for

O
A f(r(p),8)dp for x on E

and

[rericor 0000+ [“1(r2(0) 030 othervise,
Pl

i
where f(.,.) denotes a certain function.
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2 . 3 Special cases

a) Multiple root
It may happen that (2.1.15) has multiple roots. In such cases
(2.1.14) and (2.1.18) must be modified. For example, we have

u(z) = —Se0h) j:de[lm{Res_1 (A om + m)),, Wh.0))
+ Im{REs-i[ZX*J(xn + m)) 5, Wihx,0)}

+ hIm{Res_z[if”(xn + m)) W'(hxl,e)}] (2.3:1)
if ¥ is a single root and ¥2 is a double root, and

u(@) = -SEndh) foﬁclS[Im{Res-l (A (m + m)) 4 Whxi 0)}

+ him{Res2 (A (m + m)) o W (hx1,0)}

+ h?Im{Ress (AY (m + m)) W"(hle_._@}] (2.8.9)

if x; is a triple root. In these formulae Res ,[),, indicates the
coefficient of the 1/(y-x,)" term in the Laurent series of the
expression in [] . Vu also admits an analogous expression.

It is to be noted that (2.3.1) and (2.3.2) tell that the limiting
formulae in (2.2.6) and (2.2.9) remain valid if 'Res’ is interpreted
as 'Res. |’

b) Isotropy

We here check (2.1.14) by comparing its prediction in the isotropic
case with the result for the same quantity obtained by the direct
integration of the fundamental solution in (1.2.5).

The inverse of the Navier tensor for isotropic elastostatics shown
in (1.2.3c) is rewritten as

A Gnt-m)

- 1G5 D= (o /(R2w) (nOnys (n@mmBn) y +mEm) 2.8.8)
wGE+1)? -

with x,’'s being 1 (This 1 is a double root. Since the numerator and



denominator share a factor, we have only 2 roots.). Using (2.3.3) and
(2.3.1) with some modifications, we have

2
sgn(h) a0 [l{zReW(hi.B)}

ufz) 8ru

- ffg'f;ln@n{l?ew(hi,e) ~ h Im¥' (hi,0)}
+ (n®m+m2n)h RelW' (hi,d)

+ m®m(ReW(hi,0) + h Imk’ (hi,@)}]] : (2.3.4)

The 1integrals with respect to 8 in (2.3.4) are then transformed into
those with respect to ¢ (Fig.2.3.1), with the help of the following
formulae:

2n

j; ReW(hi,0)do = f(sgn(h)M?+h2 — h)de ,

L (hi 0740 f h

. ml/* (ht,0)d0 = — (Sgﬂ(h)(—rfw- - 1)dp ,
2n

fo m RelW' (hi,0)do = sgn(h)fl (log {A/T°+h% + r}

_ r
"(“;2+—hz')|—/g—]d§01

21
j.; m®m[R‘eh’{h‘i,8) + h Imk’ (hi,f))]d@

_ f[ (sen(h) /72T 2 —h} k&k

2
- [sent) oty ~ h)1e1]oe, (2.3.5a-d)

where k and 1 are unit vectors on the plane of the element E which

have the directions shown in Fig.2.3.1. To see (2.3.5a), for example,
we use (2.1.11) to have



rio)

@)

Notatvion :

Fig.2-31

—45—



2x
A Relf(hi,0)do

2
_ 1 fw(t,m)
= dé Re 5 if T hi dt

i} f?rcde e j‘r(ﬁb)COS(fp—B)(r'(cp)sin(@B)Jrr(qo)cos(cp-e))d@
’ 2ri( r(e)sin(¢—6)—hi)

- [Faof aphrircoste- )y (ohaiulp-6)  ig)ooat- ), (238
D 2r( r?(p)sin® (¢p—0) +h?)

where we have substituted +(p)sin(¢—0) for t. The limits of
integration for ¢ in (2.8.8) are as have been stated in the previous
foot note. We then change the variable of integration from 8 to
u = sin(g—8) , to rewrite the integral in (2.3.86) into

h (o)1=
f f re(p)ud + h2 T

which is equal to

f(sgn(ll)f\/rz(qo)+h2 — h)dg. (2.3.8)

We thus obtain (2.3.5a). We can also prove other formulae in (2.3.5)
by using similar calculations. Finally we combine (2.3.4) and (2.3.5)
to obtain

u(x) =ﬁf{(2ﬁ‘—2ihl)! - %I(R---Ihl)l

h2

- (R+ & - 2Ihl1 )18l + (logR+r) - i’j)(zm + ne®l)
P S
5 nen| »do, (2.3.9)

where R = »/ +he .

We now show that a direct integration yields the same result. To do
this we use (1.2.5) to have

fEF(r,.m)dSl, : é—uﬁ f(i,& = “P*\*—-—E—VV) [ x—xp 1 dS,,



:_1_ff 2 . A+p 1 _ (x—xp)® (x—xp)
il B Ry vy vt v by ey T et

- 0 2
am ff[ (% _ sl rh(l@g;n@z)m n®n) | pdrdy.

( lz—xz0! =R, *=RP-h%, z-xp=—7l+hn ) (2.3.10)

The use of

R R
dR=R —Ihl , f PR-rR+ 2 oin,
Ikl Ihlg

fR LdR = log(R+r) — £ — logh f
e R L

fldrp:O, (2.3.11a-e)

then shows that (2.3.10) is equal to (2.3.9).

c¢) Transverse isotropy
The roots of (2.1.15) can be obtained analytically in the
transversely isotlropic case. These are the solutions of the equations

(- (1-Kki)ng?) — 2x(1-ki)meng + 1-(1—;)ms = O ,
i=1,8 , (2.3.12)
vhere k|=Cy4/Ces and k23 are the roots of the equation

o C11Ca3—Ci3*~2C13Cu i Ca3

K =0 . 2.3.13
C11Cu4 Cn ( )

Equation (2.3.12) has a double root when ,/Ci1Csz = Ci3 + 2C4, and a
triple root 1 when m3 = n3 = 0.

d) Quadrilateral element
Let E have a quadrilateral shape shown in Fig.2.3.2. The Cauchy
integrals W and W then assume the following forms®

(z— n)log 2, (BTW o m) + upllogt— B
z—

¥i=) = [nz m -0 n3—n2 n2



—
WT.IL”

Quadrilateral element.

Fig.2.3.2



~wy Z—m
+ {ru—wm(z n3) + ua}loggzﬁg], (2.3.14)

_ 1 w Z-m Uz—wp, Z—13
WP = i
V= 2ril ne—m logz—m T mm Bz
_ _us Z—T4
n4~nsl°g_z—n3] . (2.3.15)

The branch for log {(z—n,)/(z—ng)} is the one which is single valued
on the plane cut along [ng,n,] and 0(1/z) as |zl — = . We note that
these formulae require some modifications when one of the sides of the
element is perpendicular to the n axis. For example, the first term in
(2.8.15) is replaced by —wp/(z—72) when n — 12 .

We substitute (2.3.14) and (2.3.15) into (2.1.14) and (2.1.18) to
compute the simple layer potential and its gradient at the points away
from the plane of the element E. For the points lying on the plane of
the element, however, it is convenient to use (2.2.6) and (2.2.9). The
integrands of these formulae show no singularity except when x lies on
the continuation of one of the side lines, where w jumps, say, from O
tory — re (Fig.2,3.3) and w' behaves like Dirac's delta. Since

dw _1dry  1drp _d, (7
d " Tide ~ oas - aeioel) (2.3.16)

the contribution of this discontinuity to the integral in (2.2.9) is

n
~o= 2.Im Res [ (m+m(0))®A (m+m(8)) ) gmy, log( 1) . 2.3.17)

a

2 . 4 Numerical analysis

Equations (2.1.14), (2.1.16), (2.2.6) and (2.2.9) can be used to
calculate the influence coefficient defined in (2.1.1). Some
favourable aspects of the present formulation are

a) We do not have to compute singular integrals. Hence the numerical
integration is not difficult.

b) Residue analysis is required just once for all for one particular
set of n and m's for each element.

c) Cancellation is not likely to take place.

* Dependence on 0 is suppressed here .



Fig.2.3.3 A special case.



d) It 1s applicable to any anisotropic material, even if the
fundamental solution is not known. The roots of (2.1.15) for the
general case, may be obtained by using any existing algorithms for
solving algebraic equations (Iri(1981) for example).

We now discuss the computational aspects of our method by using
numerical examples. We restrict our attention to the cases of isotropy
and transverse isotropy, where the fundamental solutions are available
(see (1.2.5) and (1.2.8)). We use 20 point trapezoidal rule for the
numerical integrations with respect to 8 in (2.1.14), (2.1.16),
(2.2.61[ and (2.2.9). We compute x,'s and the residues
Res (A" (ym+m)) 4-,, Jjust once for the 20 m(f) s corresponding to the
integration 'points’ 6; (1 = 1 = 20) for each element, and store them
in core. One may thus improve the computational efficiency.

Table 2.4.1 compares the values of

ui; = j;f‘u(m.y)dsg, Tisk = Cijm E@.I"nk{x,y)dsg (2.4.1a,b)

calculated by several methods, at x = (0,0,0.1a) for isotropic and
almost isotropic cases, where E is a square which lies in the plane of
isotropy (y3 = 0) (see Fig.2.4.1). We specified the elasticity as
Cyy =20C) , Cia =20C; , C33 =80, Cyu =30C; and Cg = 30C; (in
Voigt’'s notation) in the isotropic case where Cy is a certain constant
having the dimension of stress. The almost isotropic case also uses
the same values for C;; except for Ciz = 80.8C; . 'Closed form™ in this
table indicates the results obtained by the method of Fukui (Niwa et
al.(1979)) ———— a method which integrates the isotropic fundamental
solutions analytically over planar elements. Also, "direct
integration’ refers to the results obtained by integrating Kroner s
fundamental solution (Kroner(1953)) for transversely isotropic
elastostatics (We here used the modified form given in Kobayashi &
Nishimura(1980), or in (1.2.8), in order to avoid possible
cancellation.) by using 100 or 900 point trapezoidal rule. This table
shows that the present method gives sufficiently accurate numerical
results. It is also remarkable that the conventional numerical
integration technique using trapezoidal rule is very inefficient for
obtaining stresses near the element. The CPU time for 100 (900) point
formula was about 3.8(30) times that of the proposed method.



Fig.2.4.1 Square element.



Table 2.4.1

Simple layer potential for (almost) isotropic case

+107"  u: a/Co ]
Isotropic Almost Isotropic
Closed Present Direct integration Present
form Method Method
100 points | 200 points
uy | 0.1420 0.1420 0.1419 0.1420 0.1420
uss 0.1224 0.1224 0.1207 0.1217 0.1217
13 -4.413 -4.414 -4.308 -4.4186 -4.415
T11(3 -0.9990 -0.9883 -1.350 -0.8933 -0.9765
Tas | -4.830 -4.884 -3.153 -4.818 -4.884
Table 2.4.2 gives the numerical results at x = (0,0,0") for
(almost) isotropic materials having the same elasticity as in the

preceding example. We see that the present method is reliable also for

calculating limiting values on the element.

Table 2.4.2 Limiting values on the element for (almost) isotropic

case

107" , u: a/Cy ]

Isotropic Almost isotropic
Closed form | Present meth. Present meth.
ujg 0.1578 0.1583 0.1583
us3 0.1286 0.1282 0.1282
131 -5.000 -5.001 -5.001
T3 -1.280 -1.238 -1.238
333 -5.000 -4.929 -4.999

Table 2.4.3 compares the field quantities at x = (0,0,0.1a) for a
fully anisotropic case (C)1=80Cy, Cij3=10Cy, C33=40Cy, Cy=15CH, Css=30Cy )

obtained by several methods.
accuracy and efficiency of the present method when the field point
near the element.

This table also indicates the high




Table 2.4.3 Simple layer potential for an anisotropic

case [*107! , u: a/Cp ]
Direct integration Present
Method
Int .points| 100 400 900 2500
uy 0.1881 | 0.1880 | 0.1880 | 0.1879 0.1880
us3 0.2300 | 0.2320 | 0.2321 | 0.2321 0.2322
T131 -4.193 |[-4.194 |[-4.176 |-4.173 -4.171
T3 -1.190 |-0.9351 |[-0.8907 (-0.8840 | -0.8733
T333 -3.182 |-4.548 |[-4.773 |[-4.805 -4.864

We next applied the present method to the analysis of stresses
around the face of a tunnel in an infinite anisotropic rock. To this
end we solved the discretised version of (1.4.7) obtained by using
piecewise constant boundary elements, together with the method of
integration discussed in this chaper. The cross section of the tunnel
is assumed to be a circle having a radius of a. The initial stress is
specified as a hydrostatic pressure having a magnitude of p’. The
material constants are set as C;;=80p", Cj3=10p°, C33=40p°, Cus=15p",
and Cg=30p" with the plane of isotropy (x;—x2 plane) being tilted
from the axis of the tunnel by 40° (see Fig.2.4.2). In the numerical
analysis we took 1into consideration the part of the side wall of
length 10a from the face, neglecting the influence from the rest of
the tunnel. From the point of view of efficiency, it is preferable to
use the conventional method of integration when the element and the
collocation points are far apart (see 2.5 ¢)). In the present example
we have used the proposed method only when a element includes the
collocation point. The obtained displacement and stress in the x>—x3
plane are shown in Fig.2.4.2.

2 . 5 Concluding remarks

a) We developed a method of evaluating simple layer potential over
plane elements for thrée dimensional anisotropic elastostatics. We
could confirm the applicability of the proposed method through several
numerical examples of isotropic and transversely isotropic cases. In
principle we can apply this method to any classes of anisotropy
although we have tested only two cases out of them.

b) Some authors tried to use numerical fundamental solutions in order
to extend the applicability of BIEM, e.g. Vogel & Rizzo(1973) and
Wilson & Cruse(1978). Since these methods ’tabulate’ numerical
fundamental solutions, however, they necessarily require a huge
computer.  These methods therefore may not be very practical for
engineering purposes, although they are very general. In addition,
these direct formulations may increase the numerical work compared

yith indirect methods since the former involve two potential functions
in contract to one in the latter.
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c) As we have seen, our method is particularly effective for
evaluating potentials near the boundary element. This is why our
method is wuseful also in the transeversely isotropic case where the
fundamental solution is known. From the point of view of efficiency,
however, it 1is desirable to use conventional integration method when
the field point is far away from the element, provided the fundamental
solution is available.

d) We did not take into consideration the well known singularity of
the simple layer density at corners in the sample analysis of tunnel.
One may obtain more accurate results by considering the effect of this
singularity. For related topics, see chapter 3 where we shall discuss
the singularities of this type in the context of acoustics.

e) Maruoka(1982) applied the present method to the calculation of
stresses and displacements around a face of tunnel under various
stress conditions. Interested reader 1is referred to his thesis.
Nishimura & Kobayashi(1983) also discuss the same topics.

f) The content of this chapter is taken from Nishimura &
Kobayashi (1983) .
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Chapter 3 Problems Involving Singularities

3 . 0 Introduction

This chapter investigates typical problems involving singularities,
i.e., crack problems and simple layer potential methods for domains
having corners.

BIFM is sometimes said to be an advantageous method for solving
problems involving high stress concentration, singularities, etc. This
is presumably because it constructs the solutions by superposing
singular solutions. {(One cannot expect that FEM, which usually
approximates solutions by polynomials, is capable of coping with steep
gradients of field quantities.) In fact, a meticulous coding
provides a highly accurate numerical BIE implementation (e.g.
Watson(1982) ). However, a careless job usually ends up with
unsatisfactory results polluted by unfavourable singularities.

Consider, for example, the double layer potential for two
dimensional Laplace's equation. One may think of using an
isoparametric boundary element having a linear shape function. To do
this, it is convenient to calculate the double layer potential with a
piecewise linear density ¢:

Wil = ol g 1og|Ify! p(y)dsS, (3.0.1)

2n Jyi-Yo-v, ONy

where we have used the notation given in Fig.3.0.1 (p(yg)=1). It is
not difficult to show that

2
Wix) = le: zﬂ?h[(x;-t;)e; + (x;-ng) loglaxg! /1yl ], (3.0.2)
and
2
VW(x) = | zl_h(tgﬂf + ny loglxgl/lxrl) (3.0.3)

1=

hold ( See Fig.3.0.1 for notation ). Equation (3.0.2) clearly shows
that VW has a logarithmic singularity at Yy, ¥; and Y>. This
singularity tells us that the piecewise linear isoparametric boundary
element may not be adequate for modelling a smooth boundary when one
uses formulations including the double layer potential. 1In fact, the
exact solution does not have singularity on the boundary provided the
data are smooth, whereas the approximate solution always has singular
gradients at nodes. Therefore, the resultant approximate solution
cannot be very accurate on the whole boundary, Besides, it is
impossible to combine this boundary element with the nodal collocation
when one wishes to solve Neumann problem via double layer potential
method, because (3.0.3) diverges at nodal points.

Also in the simple layer potential method, one encounters
difficulty caused by the singularity when the boundary 80D has



Fig.3.0.1 Double layer potential with piecewise linear density.



corners. Specifically when aD has external corners, we may expect
that the solution of the boundary value problem itself is regular
there. However, the simple layer density is usually singular (e.g.
Hartmann(1982)). In fact, we shall see that only those densities
having correct singularities there can make the solution regular. This
implies that a careless choice of shape functions leads to a poor
numerical resolution.

This chapter deals with methods of avoiding such unfavourable
singularities; one might therefore more properly have entitled this
chapter as the Methods of 'Avoiding’ Singularities. The first part of
this chapter discusses an elastic - perfectly plastic mode III crack
analysis using double layer potential method. It may be conceivable
that the double layer potential provides an ideal tool of analysing
crack problems since this potential 1is physically a displacement
discontinuity. However, we cannot use directly the simplest piecevise
linear isoparametric element in this application since this element
has logarithmically singular gradients at nodes whereas. the exact
displacement in elastic region has finite gradients because the stress
is finite in elastic - perfectly plastic material. Two methods of
avoiding this trouble occurs to us, 1.e., the use of smoother elements
and the formulation of the problem in a certain variational sense. In
Part 1 of this chapter we choose the latter, using a Galerkin
formulation. The second part of this chapter, on the other hand,
utilises the former approach. Specifically, we consider double layer
potential methods in 3D elastodynamic crack problems. We shall discuss
the use of the method of regularisation of a hypersingular kernel and
C' boundary elements. The last part of this chapter deals with the
singularity of the simple layer density function for domains having
external corners in the context of plane acoustics. We take into
analysis the effect of singular density by using 'eigenfunctions’ of
the problem. We introduce an auxiliary contour to evaluate the
resulting singular integrals.

Part I

3 . 1 Elastoplastic crack analysis by double layer potential method

In this section we discuss a method of elastoplastic crack analysis
using the double layer potential and Galerkin’s method. For the sake
of simplicity we assume the domain D to be the whole plane R°. The
reader may find no difficulty in extending the content of this section
to general cases.

3.1 . 1 Antiplane crack problems

Although we can find many elastoplastic analyses for cracked bodies
in literature, our present knowledge of the singularity at the tip of
elastoplastic cracks is still incomplete except in some simple cases.
We therefore restrict our attention to antiplane shear deformation of
an 1sotropic perfectly elastoplastic cracked body with the Mises yield
criterion; the singularity of the solution is well-understood in this



case.

Let the crack S be a slit having n as the unit normal vector. Then
the following results are available (Rice(1968)):
a) The antiplane displacement w(x;,x2) satisfies /Sw =0 in D. and
dw/dn® = 0 on the crack surface, where D, is the elastic zone, and
(x1,x2) 1s the cartesian coordinate whose origin is at a tip of S and
whose ) axis is tangent to S there, respectively.

b) w(xi,xz) in D, is a function of 0 (denoted by u(8)) satisfying

%:%:nq(e), (38.1.1.1)

where D, 1is the plastic zone, vy, = 7,/u, T, 1is the yield stress in
shear, p is the shear modulus and Q(8) is the distance fro: the tip to
the elastic-plastic boundary 9Dg, (See Fig.3.1.1.1.), respectively.

c) T = Ti31 + Tzziz in D, is written as
¢ = 17,(—11sin® + izcos0), (3.1.1.2)

where 1ti; (J=1,2) are the unit base vectors shown in Fig.3.1.1.1.
Therefore, the traction on 4D, can be written as

sty = Comeg = — EF% . @ = Sae) (3.1.1.3)

vhere n., 1is the unit normal vector to 3D directed towards D..

3.1 . 2 Dcuble layer potential

We now state the fundamentals concerning the double layer
potential .
The (classical) double layer potential

W(x) = —12?; Lé%(log}?)w(y)dsy , (R=lx—uyl) @121

is known to satisfy the Laplace equation in R*aD , and the jump
condition

Wt (x) = J_rﬁz£l - é j;a—‘?l—y(loglR)w(y)dSy . T eS8 (8.1.2.2)

Also, we can show that the following identity holds:



Fig.3.1.1.1 Antiplane deformation of crack.



(V@) = £5 e
+ Bl fvran (log )qo(y)dSu b (3.1.2.3)

where s and ¢ indicate the arc length of S and a unit tangent vector
to S 1in the direction of increasing s, and p.f. denotes the finite
part of the integral, respectively. In particular, we have

(f%g)+(x) = (é%f) (x)

- plak 18 Copmgal
= pdge fsam an, (loeglo@)dS,. = <8 (8.1.2.4)

One may prove these results by using the method of Fourier transform
discussed in Chapter 1.
3.1 .3 Galerkin's method in elastic crack analysis

We first consider the problem of finding the antiplane elastic

deformation w(x) which satisfies the Laplace equation and the traction
boundary condition of the form

(38 = (Y- =t on S, (3.1.3.1)

where t is the given traction. Both the direct method and indirect
method using the double layer potential lead to

- J_8 . 1
w(x) = Sanyl"(x=y)w(y)d»8y : r E}Klog;lm =T (3.1.3.2a,b)
where ¢ indicates the double layer density. It is clear, from
(3.1.2.2), that the density ¢ can be identified with the gap of the
displacement on 8, or ¢ =_(w) = w — w

The Galerkin solution E:SLgm (. shape function) of the "integral’
equation

t(x) = p.f. faman IMNx,y)e(y)dsS, 3.1.3.8

is obtained by solving



Lo.a(t = ; p.f.faman -2 r4dS,es)dS: = O . (3.1.3.4)

for @, .
In the sequel, we shall see that the Galerkin solution also makes
the potential energy

(w) =%LVw-\7de + Lt[w]ds (3.1.3.5)
minimum among the solutions which can be written as

aﬂgrnﬂds (3.1.3.6a,b)

5] :
w = —I,dS ¢y = WaPas UWy-—
;.’;anuﬂ“ @ }; @
To see this we substitute (3.1.3.6a) into (3.1.8.5) assuming that
Vw-Vw 1s integrable in R°. This assumption rules out the piecewise
constant shape functions since Vw would then have 1/r singularities
at the ends of elements. Since Aw = 0 in D, we have

M(w) = 7% _];{ [wg—z] — t(w)}dS, W=D, Wt . (3.1.3.7a,b)

We then differentiate (3.1.3.7a) with respect to ¢z, use Green's
formula, (3.1.2.2) and (3.1.2.4), and then put the resulting
expression equal to zero to obtain

! dup
G- E;L[wﬂan

Lt[wﬁjds

I

..,Zf wgawa]%:ds i 'l;t[wﬂ]ds

ad w
_g fsgﬁﬁ%ds + j;tﬂgds ; (3.1.3.8)

which 1is exactly the Galerkin equation given in (3.1.3.4). We thus
conclude that the Galerkin solution in elastic crack problems gives
the best approximation in the sense of energy.

3. 1.4 Double layer potential method for elastoplastic crack
problems

In the problems of antiplane shear, the stress field in D, at each

crack tip is already known (see (3.1.1.2)). Therefore, what are left
to be determined are the location of the elastic-plastic boundary and



the field quantities in the elastic domains. We here try to find w in
D. in the following form:

N
w = wy + rlpdS ZF j:':‘ﬂ' r?Jqu (3.1.4.1)

where wy is a far field which satisfies
Hug = 0 in D, (3.1.4.2)

® and Y| are unknown densities, afkp is the elastic-plastic boundarY
associated with DP (1 =1 = nejp )» Mip 1S the number of tips and Dp
is the plastic domain at the I-th tip, respectively. Our problem then
reduces to a problem of finding ¢, Y| and 8D}, which satisfy

Quye _ - _wo j‘i 3
(an) ( ) an T p.f.SanzanJhﬂS
2 o _
+ ZI: .I;DépanganyFWIdS on S,
qu. _dw [0 2 2 3
(an) an ganxangrmds i Zj: R ap: OMy anuw”ds
NP .. S———T 3.1.4.3a,b
@ + @)'? ° : )
and
2w = 7Q®6)  on Dk, (3.1.4.4)

where we have used the notation employed in 3.1.1.
We notice that the traction on BDQ,(see (3.1.1.3)) satisfies

5 /2
B _ ‘46 = 0 . 3.1.4.5
TULD,', @&+ a7 ds Ty —x/ZQ dé =0 ( )

This guarantees that w certainly admits an expre551on given in
(3.1.4.1). Indeed, the simple layer potential on each aD!, in the
direct potential representation

= 9 S 0~  Ow .
w=wp + j;angﬁpds + |§-:: jc:m;, (anyl“w or,)dS in De (3.1.4.8)
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is known to possess a double layer representation with a continuous
density if (3.1.4.5) is satisfied (Kupradze et al.(1979)). However, V)
in (3.1.4.3) are not determined uniquely, they are determined to
vwithin an additive constant, as can be inferred from the _ahove
discussion. It also follows that ¥ is discontinuous at the tip i,
the amount of discontinuity there being

Vilz) — ¥ilx) =olx) » 1 =1 = mip » (3.1.4.7)

in the notation given in Fig.3.1.4.1. Therefore one may arbitrarily
put

Vi(xr) = e(x)) and Yi(x)) =0 . (3.1.4.8a,b)

We will formulate an iterative method of solution for this problem in
the next section.

3.1 .5 Numerical procedures

In this section we discuss an iterative numerical method of
solution for our problem. We take one particular crack tip for
explanation (Fig.3.1.5.1).

Our method goes as follows:

a) Assume an initial shape of 4Dg.

b) Model S and 8D., by using line segments. Locate the nodes on adD
in an equal spacing of azimuth angle O as shown in Fig.3.1.5.1.

We can then use the piecewise linear elements discussed in 3.0 as
shown in Fig.3.1.5.1(b) (see (3 1. 4 8)). In the example of this figure,
the unknowns are ...., ™!, o*(=y"), UZ,...., ! and ¥ .

c) Solve (3.1.4.3) by using the Galerkin method.
This decision is made on the following grounds:

i) As has been discussed in 3.1.3, the Galerkin method in elastic
cases gives the best approximation in the sense of energy. This
suggests a good accuracy of this method also in elastoplasticity.

ii) We intend to use the piecewise linear element discussed in 3.0.

This approximation, however, introduce a logarithmic singularity in

Vw at the nodal points (see (3.0.1)-(3.0.3)), which makes

collocation difficult to apply.

In applying Galerkin's method, we have to evaluate integrals of the
following form:

3
fNﬁdSlanl FaoiNads, (8.1.5.1)
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Here we have evaluated the inner integral analytically (see (3.0.2))
and the outer integral by using a special 8 point Gaussian integration
formula which takes into consideration the logarithmic singularity of
the integrand. For the evaluation of Q" on the . right hand side of
(3.1.4.3b) we have used the central difference formula.

d) Calculate w on dD,, by (3.1.4.1) and then update Q(8) by
Qoo (8) <—— Qoia(8) + C(-2% _ Q.14(8)) | (3.1.5.2)
Yy 90

where ¢ (0 < ¢ = 1) is a constant (see (3.1.1.1)). Using the new
Q(8), we calculate the new configuration of 3Dep.

Agzain we have used the central difference formula to evaluate
Adw/00 . Also, we have chosen ¢ = 0.3.

e) Repeat this process until a convergence condition is met.
We have terminated the computation when the increment of @ becomes
less than 1 percent of @ everywhere on 9D,,.

3.1 .6 Example

We solved the problem of a straight crack of length 2a subject to a
uniform remote shear 7% (Fig.3.1.6.1). One may also view this crack as
emanating from the traction free boundary x; = 0 of a half-plane
1 = 0 because of the symmetry. This problem was solved by Hult and
McClintock (1956) analytically.

We solved this problem for the cases of %/t, = 1/3, 1/2 and 2/3,
by using the mesh shown in Fig.3.1.6.1. We took advantage of the
symmetry of the problem and applied our method to the right half of
the crack. The initial configuration of 8D, is assumed to be a circle
having a diameter of a/100. Fig.3.1.6.1 compares the plastic domain
calculated by the present method (shown by symbols) with the
analytical results. The agreement is satisfactory. 16 iterations have
led to convergence when t%/t, = 2/3, requiring about 0.5 sec of CFU
time per step.

This analysis was carried out by using FACOM M382 of the Data
Processing Centre of Kyoto University.

Part II

3 . 2 Elastodynamic crack problems

In part Il we discuss a BIEM for elastodynamic crack problems. Our
main interests here are the regularisation of a hypersingular kernel
and the use of C' base functions. (We here prefer the word 'base
functions™ to "shape functions’” due to a reason which we shall
describe later.)

As will be discussed in Chapter 4 there are two approaches in
elastodynamics, i.e., the time domain method and the frequency domain
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Fig.3.1.6.1 Plastic domains near the crack tip.
Lines: exact, Symbols: BIE.



method. We here use the latter. One may, however, think that we are
considering a steady state with an e™*' time dependence.

3.2 .1 Formulation

Let S be a piece of smooth curved surface in R° bounded by a
piecewise smooth edge dS. Also let n be the unit normal vector to S,
which points into a side of S called the "positive side’. Our problem
is to find a solution u which satisfies the equations

Ay + pfu = 0 in B\S, (A*u := div C[Vu])

Tu® =0 on S, (Tu := C[Vuln)

lim (v (x) o~ u(x)) =0, ze8, xp<d8s, (3.2.1.1a-¢)

I—Ip

and radiation condition (Kupradze et al.{(1979) or (4.1.1.13)) for
u-u;, where A* , T, C, p, @, and u; stand for the Navier operator,
elastic traction operator, elasticity tensor, density. frequency, and
the incident field which satisfies (3.2.1.1a) in RX, respectively.
Also, we have used a superposed + (-) to indicate a limit from the
positive (negative) side of S. The solution to this problem has a
double layer representation given as

ulle) = j; Mx,e(y) dS + up(x), reS (3.2.1.2)

where Iy is the double layer kernel defined in (1.1.14). The
fundamental solution for the isotropic case is written as (Kupradze et
al.(1979))

Nx,y) =1 FR) + VOVGR), (R := lx — yl) (3.2.1.3)
where
_ e'k® 1 eilh  oikR
F(R) R’ G(R) = 4Ruk?( = _??_),
f‘:L., k :—..-..C'J—’ _
i (/) 72 L ((i+2u)/p)”2 (3.2.1.4a-d)

and a4 gnd p are Lame's constants, respectively. Also, C takes the form
shown in (1.2.3a). For a smooth ¢, (3.2.1.1b).(3.2.1.2) and (1.3.3.8)
yield an “integral’' equation

“Tu(x) = p.f [ Tz u)e) ds, res (3.2.1.5)



where p.f. designates the finite part of a divergent integral.

As one sees easily, the integrand in (3.2.1.5) is hypersingular,
making (3.2.1.5) not suitable as a tool of numerical analysis. In
isotropic cases, however, we can reduce the order of the singularity
of TI'y by using the integration by part. To see this we assume x4¢8§.
As has been shown by several authors (Weaver(1977) in statics and
Sladek & Sladek (1984) in dynamics) we have

—L Ti; keCiklatign dS = pw? L Cinnpen dS

+ elpucjk!m js;rij.ketsuntqlm,s ds, (3-21 .6)

where e;jx 1s the permutation symbol and the differentiation in
(3.2.1.6) 1is with respect to the integration variable y. Since this
expression still includes an integral convergent in the sense of
Cauchy's principal value as x—dD , we shall attempt to use the
integration by part once again to reduce the singularity of the kernel

further, To do this we note that the second integral on the RHS of
(8.2.1.6) is written as

epCikta [L [ qgkeisultin s dS

+ '/5: rij,reqrwnqeukwnuetsunt@m.s dS], (321 7)

where we have used
ai = n;n,-a,- -+ eﬁmtes,-knsaj. (3218)

The second term in (3.2.1.7) obviously allows a regularisation with
the help of Stokes's theorem. The first term in (3.2.1.7), on the
other hand, is written as

j;nk—(n—éxl{é,-,-f?' + (8i; + 2ning) (£67)”
+ T5(AAE) )} ernups dS

- p.f.j; %G'eqmnqar{(niep,wnp + NjCpinllp ) MkCtsu NP s } S, (3.2.1.9)

where x =y — x and R = | x| . In the derivation of (3.2.1.9) we have



used

malaiajG
- x Lrvs o == ¢ 171y one
- Eﬁg{(@u + 2nim) (67) " + mxi({(RC )7) 7}

+ (Riepjulp + njepiwnp)eqmnqai%(}%e'). (3.2.1.10)

The p.f. symbol in (3.2.1.9) is due to the singularity of ¢ on QS.
(¢ ~ 872 where & is the distance from 9S.) Finally we combine
(3.2.1.8), (3.2.1.7) and (3.2.1.9) to obtain

8, fs Il in dS = pa? fs FialypadS

&3 elpucjklm[f; nkﬂi?—“x{fqu' + (& + 2n,»n,-)(%(;")'
==y ] g Ly oy s
+ xili(ﬁ(ﬁa) ) }etsunt@n.sds
= D.f.j; {T;G'eqrwnq 3.4 (Nienjulta +Mj€niuln) NkCtsuTttCn s |

+ TijeqnuNgr(CukuMuCtsuMi®n, s }}dS] : (8:2.1.11)

Notice that all the integrals in (3.2.1.11), except for the 'p.f.’
introduced by the near tip singularity of ¢, converge in the ordinary
sense for any ¢ having C' continuity on S. This convergence is partly
due to the smoothness of S. Hence we are justified to use (3.2.1.11)
as the basis of our BIEM because there is an easy way of evaluating
the p.f integrals in (3.2.1.11), as we shall see.

Obviously, from the (m-x) term in (3.2.1.11) results a
non-integral term as x tends to S. However, (1.3.3.8) guarantees that
this discontinuity term vanishes as one multiplies it by Cipgny . One
may alternatively show this by a direct calculation using (3.2.1.11),
but we shall omit the detail. Finally, we note, in the flat crack
case, that the 2nd integral in the RHS of (3.2.1.11) vanishes as x
tends to S. In addition. one shows that the in plane and out of plane
components of (3.2.1.11) decouple as one multiplies (3.2.1.11) by
Cipabiy, to obtain an integral equation.



3.2 .2 Numerical analysis

We first decide to use collocation method, which is believed to be
efficient in engineering applications. This choice in our formulation,
however, requires the use of C! base functions. Indeed, piecewise
constant  base functions for ¢ would pollute the solution by
introducing 1/86 singularities in (3.2.1.11), where & is the distance
between x and a point where ¢ is discontinuous. Actually, the second
derivatives of ¢ in (3.2.1.11) would behave like the Ist derivatives
of Dirac’s delta, which would pick up singularities from the kernel
functions. Still worse is a piecewise linear approximation, in which
case (3.2.1.11) would diverge logarithmically at points where the
slope of the base functions are discontinuous. This means that a nodal
collocation with piecewise linear base functions breaks down. Hence we
are left with the use of C!' base functions with which (3.2.1.11) is
seen to remain bounded on S,

This restriction of C' continuity is not very stringent in a
special case where one can find a smooth mapping from S onto a square,
say |xil<a, |x|<a, x3=0. Indeed, one first generates B-spline
functions of x| and x2 independently in the following manner:

1) Introduce a parameter t such that s = a sin(zl/2a) (|t|<a) where s
is either x; or xz .

2) Divide the interval (-a, a) for 1t into subintervals of equal length

At by using nodes (-a =) tp < t) < ... < tpg (= a).
3) Define 3rd order spline functions o;(t) (¢t = 1,2,...,n) by
oi(t) = f(|t-t:l/Aat) G =1,..,n) with exceptions

o1(t) = g(lt-t;|/At) for te<t<t; and o.(t) = g(|t-tul/At)  for
t,<t<t,. where (see Fig.3.2.2.1)

1 — (32 + 3/4)n° 0=n<1,

fa) ={a/4)@ - nd 1=n<2, (3.2.2.1)
0 othervise,

anm) = 3/2)(1 -~ n) — (1/21 - N 0=n<t. (3.2.2.2)

With the spline functions of x; and x2 thus defined, we can now
proceed to construct a system of base functions on the square by
multiplying the x; and x> spline functions. Finally one determines the
base functions {); (x) on S by using the pull back of the base functions
on the square which we have just defined.

Now assume

¢ = 2 90 (x), (3.2.2.3)

where ¢; are numbers. We substitute (3.2.2.3) into (3.2.1.11) to
discretise (3.2.1.5), and solve the resulting numerical matrix for ?1
to determine ¢ with the help of (3.2.2.3). Note that ¢ ~ (a + s)!/?
holds near edges due to the relation between s and !. Hence one easily
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Fig.3.2.2.1 Spline functions.



obtains stress intensity factors by computing the coefficients of
square root singular terms in ¢. At corner points, however, this
method renders ¢ non singular. The exact solution, on the other hand,
is known to be weakly singular there with an exponent (> 1/2)
dependent on Poisson’s ratio (Takakuda(1985)). This neglecting of the
corner singularity, however, does not have a significant effect on the
overall accuracy of the numerical solution as we shall see through
examples.

Another practically important special case which allows a simple
implementation is the case where there exists a smooth mapping from S
onto a disc. By the same reasoning as before we are justified to
restrict our attention to the case of a penny shaped crack having a
radius of a. Our scheme for this case goes as follows:

1) Introduce (t, 8) coordinate system by which the natural polar
coordinate on the crack, denoted by (r, 0), is expressed as
(r,0) = (a sin(nt/2a),0). We also define (&€,¢2) = (t cosh,t sin@) .

2) Divide the interval (0, a) for t into subintervals of equal length
At by introducing nodes (0 =) tp < t; <...< tw (= a) . Also divide
(0, 21) for a into subintervals of equal length
(0 =) 0g < 0y <...<0, (=21). For nodes (ti,8;)
(2=1=n,1=17 = m) we use 'product’ base functions similar to
those used befor=. This determines (n-1)m base functions ;(x).

3) In the domain defined by (t,0), t = t;, 0= 0 < 2r, we take
points &' (1 = t = k) arbitrarily. Draw circles of arbitrary (but not
too large) radius 2r; centred at 5. Define 'bell shaped’ base
functions associated with &' by Qn-1yp+i (X)) = fOl§-§|/r). A standard
choice for r; is A\t .

4) Use the base functions defined in 2) and 3) (see Fig.3.2.2.2),
assume (3.2.2.3) for ¢, and then discretise (3.2.1.5) with the help of
(3.2.1.11%.

We remark that ¢, in (3.2.2.3) does not have a clear physical
meaning since our §; does not satisfy relations similar to (1.5.1).
This is why we prefer the name 'base functions’ for our ;. Finally we
discuss the evaluation of the remaining p.f. integral in (3.2.1.11)
taking the second special case as an example. We shall start with a
formula

2
8 e
p.f‘.j; foa (ar) Q(r,8) H(r,0)rdrdf

21 a
=f0 f; (%)gﬂ(nﬁ)(ﬂlme) — aH(a,8))drds, (3.2.2.4)

vwhere  stands for one of the base functions having singularities on
3S ((8/0r)%Q ~ (a-r)™?), and H is a function regular at r=a. In
deriving (3.2.2.4) we have used the fact that Q vanishes except in a
region near the tip. With (3.2.2.4) we can comput- the p.f. integrals
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in (3.2.1.11) numerically since they take the form of the LHS of
(3.2.2.4), and the RHS of (3.2.2.4) converges in the ordinary sense.
For evaluating an integral having an integrable but weakly singular
integrand, we use a change of coordinate used by Lachat & Watson(1976)
and Watson(1982), together with the Gaussian integration.

3.2 . 3 Numerical results

This section shows some numerical results obtained by the present
formulation. In the figures to follow, the lines indicate solutions
from references and symbols stand for BIEM solutions.

1) Square crack

We consider a square crack having side length of 2a subject to a
plane P wave of normal incidence. The stress magnitude of the incident
wave is pg. This problem has been investigated by Itou(1980). Our
analysis has used a mesh having 225 nodes. FPoisson’'s ratio is set
equal to 0.2. Fi1g.3.2.3.1 shows the stress intensity factor along an
edge of the crack. Fig.3.2.3.2 plots the stress intensity factor at
the middle of an edge vs wave number. These figures show that the
accuracy of the present formulation is satisfactory.

2) Penny shaped crack

We next consider a penny shaped crack having a radius of a subject
to the same incident wave as 1in the previous example. Among the
existing investigations for this problem in literature the result by
Mal(1970) seems to be reliable. Our analysis employed a 177 degree of
freedom mesh (in ({,0) plane) shown in Fig.3.2.3.3. Poisson's ratio is
1/4. Fig.3.2.3.4 gives the magnitude of the crack opening displacement
vs r. Fig.3.2.3.5 displays the stress intensity factors. This example
also confirms the applicability of the present method.

3.2 . 4 Remarks concerning the method of regularisation

The formulation developed so far is closely related to the
variational formulation by Nedelec(1986). In this section, we shall
attempt to simplify his idea and apply the simplified version to the
collocation formulation discussed in 3.2.1. In particular, we shall
discuss the regularisation in the anisotropic cases.

To begin with, we consider the static case. We readily see that
there exists a stress function @, which satisfies

Cabikaixkaiy(rij (x-y)Ceaji
oo 8. 34 4 9 - -
= €qip€hjq€ckrEdls dx; an ayk a3 y!q,pqrs (I y) + Dabcde(I Y) . (3.2.4.1)
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Fig.3.2.3.1 Stress intensity factor along an edge.
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vhere I';; is the fundamental solution and Du.d is a constant. Also, we
may rewrite the 3D result in (3.2.4.1) into its 2D counterpart by

suppressing p, q, r and s. We then use (3.2.4.1) to compute the
traction of the double layer potential as follows:

[ 1@ Cabie e (@) Cesine () () S

= a 9 a
= = L %(I)eaipequedlsa_xia_xja_y[ pars (Me€ckrPd k) AS
a 8 3
= - j; (np(x) — nb(y))eaipequed!sﬁ?ia_xja—w‘gpqrs(meckr@d.k)ds
= p-f-feaspedzs—iié s M jq 2o (NeCokr@a k) S, (3.2.4.2)
S dx; Ouy P any; '

where x¢S, and the normal vector n(x) 1is arbitrary as far as it
approaches to the positive normal vector to S as x tends to a point on
S. As in (3.2.1.11) the p.f. symbol is due to the singularity of
VVe¢ on d8S. The limit of (3.2.4.2) as x—S takes exactly the same
form as (3.2.4.2) because all the kernels in (3.2.4.2) are integrable.

Hence we see that the regularisation of (3.2.1.5) is straightforward
once one gets the stress function ¢ in (3.2.4.1).

We now proceed to the computation of ®. This calculation is made

easier with the help of the Fourier transform. 1In 3D isotropic case
the Fourier transform of

— %bik“%;‘%rij (x)Ceaji (3.2.4.3)

is written as
1 22 4 2
1A OabOecd + 24 Sed + 8
(A+2u) Ifld-l |£| bOcd 4 |£| (€a€b0cd £c€d0ab)

+ pR+2) |€12(8actuta + Spatatc + Badbbfc + Bpcfatd)

— Ap(A+p)Eatuectal (3.2.4.4)

vhere § is the parameter of the Fourier transform. But (3.2.4.4) is
equal to

(2ANCainCbjn€cknedln

__l_.{
(A+2m) | E]*



+ p(?\'l“?#) (eainecjmebknedln + eaiwedjmebknecln> } fifjfkfl (3245)

modulo a constant tensor. Hence we use (3.2.4.1) and (3.2.4.5) to have

et =~ Frraamy (2A0stw + (A+2) (Bsube + Bavdru)}
cNx-yl. (3.2.4.6)
We now consider the dynamic case. Since the elastodynamic
counterpart of (3.2.4.4) differs from (3.2.4.4) by a function of order
1/1€|2 —co , we generally have

Cubikain{'égg‘;rij (x—y)Cedjl

= €aip€hjq€ckrdls ax; a?r: aayk aéL 1I’pqrs (x-u) + Yiped(x-1)

+ Dibedd(z-y) , (3.2.4.7)

where @* is a function of order |x-y| as |x-y|~0, and ¥ is a
function locally integrable in R°. Of course, Ij; in (3.2.4.7)
indicates the elastodynamic fundamental solution. The functions
®* and V¥ in (3.2.4.7) are not determined uniquely. For example one
may use the elastostatic & for &, or alternatively use the following:

a a
Cabika—na_mrij (x-u)Cedji

N 1 21 kf eikiR B kf eikiR

[ A%6u,6008c1 + 201(8ab6esBar + BedBusBbt)

+ pz(aacab»adt + 8udObsOct + ObdBasbet + Sbcaasadt)]

a a /Cik,R e“‘%ﬁ')
3. du\ R R

_ ﬁ{z;‘tér.,,a,b + (R4+21) (8prBgs + BpsBar) }



o e 9 0 a9 8 (et e“‘ﬁ)
eotpebzqeckredlsaxi aljaykayt\ R R » (3.2.4.8)

where R=lx—yl , and ~ indicates an equality modulo Dirac's delta.
The first 4 lines on the RHS of (3.2.4.8) are identified as ¥jp.d. It

is now a simple matter to regularise the traction of the elastodynamic
double layer potential. Indeed, we have

j; %(I)Cabikéa_—r;-aa—mrej(I—y)Ccdjmc(y)@d(y)dS

= = j; (nb(I) = n-b(y))eaipequedls%%aimq);qrs(nceckr@d,k)ds
i OX;

da a d
> D-f-Leaipedlsa—na—yT‘I’;qrsﬂbEqua—yj (Ne€ckr@d k) AS

+ fs 1 () Wabedne (W) @adS. (3.2.4.9)

Equation (3.2.4.8) is similar (but not identical) to the expression
used by Nedelec(1986), whose calculation is less intuitive.
The same idea applied to 2D yields

a 9
T('—(}wik?gigzggqr}j(ﬁfcd)

_ _ aiepjeckeditit €kl
. o det C (3.2.4.10)

for the static case and
F( -Cabsk%mé%refcitcd)
= [—%emeb;eckea‘lf{f;‘fkfldet C

+ pw? (CabedCijit — CijabCited)€i81 — 0°0*Cabed) /J (3.2.4.11)

for the dynamic case, where



JD = 'lz'cijklfjflcpqrsquseipekr=
J = Jo - pfCisuig;61 + poat,
det C = 2(Ci111C2222C1212 + 2C1122C1222C1112

— C112C2e — ChizeCiziz — CazeCiint) . (8.2.4.12a-c)

Equations (8.2.4.10) and (3.2.4.11) are valid for the fully
anisotropic case. The Fourier inversion of (3.2.4.10) for the static
case can be carried out explicitly if the material is orthotropic. The
dynamic counterpart, however, is possible only in the time domain.
Finally we remark that the Nedelec type formulation is
indispensable in the anisotropic case, but it regularises the traction
only. The formulation in 3.2,1-3, on the other hand, is restricted to
isotropic case, but regularises all the stress components on 8.



Part II1

3 . 3 Simple layer potential method for domains having external
corners

In this section we develop a simple layer potential method for
Neumann problem for 2D Helmholtz's equation for domains having
external corners. Our method solves those problems in which the
solutions are analytic at the corners. As has been pointed out,
however, the density function will then have singularity at the
corners. We here incorporate into the analysis the effect of this
singularity by using 'eigenfunctions’. Also, we solve some sample
problems to test our approach.

We finally remark that our method can easily be extended to other
problems of interest such as lLaplace's equation, elasticity, etc.

3.3 .1 Formulation

Let D be a domain in R? having a piecewise smooth boundary &b .
Also, let the corners of 4D, denoted by x',* 1 = 1 = n. ( ne
number of corners), be external, or the vertex angle o8 (Fig.3.3.1.1)
be less than =.

We shall now find a scalar field u(x) in D which satisfies the
Helmholtz equation

(A + KPulx) =0 , x eD (8.3.1.1)

and the Neumann boundary condition
Q) = fo) ) (3.3.1.2)

wvhere k is a constant named wave number, n is an external unit normal
vector to 9D, and f is a given function on 8D . We assume that f(x)
is sufficiently smooth except at corners, and that f(x) has definite
limiting values from both sides on 9D at the corners. We further
assume that u is analytic there. This assumption is not a too
stringent restriction since many solutions of practical interest
indeed satisfy this.

We now seek a solution of this problem in the form of simple layer
potential, i.e.,

u(z) = Lnrtx,yxo(y)dsy , (3.8.1.3)

where ¢ is the simple layer density and I' is the fundamental solution

# In the rest of this chapter we use superscripts exclusively as
the indices for the corner points. However, we sometimes omit the
superscripts in order to simplify the notation.



[(z,y) = }; HY (klz - yl) . (3.3.1.4)

with H§" being the Hankel function of the first kind and zeroth
order. Equations (3.3.1.2) and (3.3.1.3) yield an integral equation

flx) = 5"—%1 + Lna%;r(x,y)qo(y)dsy . x e 8D\ U {xl) (3.3.1.5)

for x which is not on the corner.

We are now interested in the behaviour of ¢ near x..* To
investigate this, we first assume that we already know the exact
solution ¢. Then the function u(x) defined by

v(x) = j;DF(I,y)w(y)dSh ; r e R
satisfies
v(x) = ulx) , xr e D (3.3.1.7)

by assumption. It is necessary for us to know the structure of v(x) in
U N D, for the ensuing considerations, where D. is a domain exterior
to D, and U is a small neighborhood of z.. To study this, we remember
that u(x) allows an analytical continuation to U N D. as has been
assumed. Also, we know that v(x) is continuous in R® . We therefore see
that v(x) can be written as

u(x) = uf(x) —wx), xelUND (3.3.1.8)

where u* is the continuation of u, and w is a function satisfying

(A + KDw(x) =0, e UND, (3.3.1.9)
and
v (x) = 0. e dDNU (3.3.1.10)

From (3.3.1.7) and (3.3.1.8), and a well-known property on the jump of
the normal derivative of the simple layer potential, we get

p(x) = %-L:T(‘I) = %%(:c) = %%(I) , x € 8D N U\N{x} (3.3.1.11)

where we have used

+ See the previous foot note.



** -
aa“n (x) = -@(%(:c) . xeadNnuU (3.3.1.12)

Our next step is to obtain an explicit formula for w. To this end, we
introduce the following set of 'eigenfunctions’

Vi@ = LggGrsin® g2 -,

3 = LaBases ) (3.3.1.13)

which satisfy the Helmholtz equation and the boundary conditions

Vileo = ¥iles = 0, i=1,2,...... ) (3.3.1.14)
where J.{ - ) 1s the Bessel function, 8 is the angle measured from
one of the tangents at x., and r = |x - x|, respectively

(Fig.3.3.1.1). We may therefore infer, from (3.3.1.10), that w(x) has
an expansion

w(z) = _ZIA,-VJ,-(:-:) (3.3.1.15)
=

in the immediate vicinity of x., where A;'s are complex constants.
Equation (3.3.1.15), together with (3.3.1.11), yields

-3 Sy 8
o(x) = Mg (x) + ;Ajanwj(x) . (3.3.1.16)
We note that the first term in (8.3.1.16) is estimated as
ZZ

;%yi = o(r (/8 @< 1~ ) asr—0, (3.8.1.17)

M=

I
B8

thus giving rise to a singularity in ¢(x). Also, we see that the
second term in the same equation is of order

O(T.(ZI/E—D) 0 < % - 1< ]) (33118)

as r — 0. We thus conclude that ¢ admits the following decomposition:

o(x) = Z Clof(x) + er(z) . (C' : const.) (3.3.1.19)
=1
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In (3.3.1.19), ¢i(x) denotes a function which has the same 51ngu1ar1ty
as adyj/dn(x) at x! and vhose support is in a neighborhood U} of 5.
Also, ¢r(x) indicates a function which vanishes at the corners, the
order of magnitude there being as given in (3.3.1.18).

We here have localised the function @i(x) to U in order to avoid
posslble trouble caused by the multi-valuedness of dy|{/dn(x) when D
is multiply connected. This modification for dy¥{/dn also helps us to
simplify the structure of numerical equations to be solved.

Finally, we have

B 9
g(xe) = r(;I-Dl)IEId - aNzr(x,y)qo(y)dSy (3.3.1.20)

as an 'integral’ equation at corners, where N is an arbitrary unit
vector. The quantity ¢ on the left hand side of (3.3.1.20) stands for

g(xe) 1= W(xe) = N- ifi(ze) + brfr(ze)) (3.3.1.21)

where the suffix | (r) indicates the limiting value at z. from the
left (right) side of aD (Fig.3.3.1.2), and u; and v, denote the
vectors reciprocal to ny and n, (vy-my = v, -m =0,
p-m = b,-n, = 1), respectively.

3. 3. 2 Numerical procedure

In this section we outline our numerical procedure for the
formulation given in the previous section.

We first model 4D by using appropriate boundary elements. Of
course, we have to make sure that all the corners x! coincide with one
of nodal points of boundary elements. It is desirable that the
modelled boundary does not have corners other than xi (see 3.4). We
then discretise ¢p. rather than @ by using shape functions associated
with boundary elements. We use piecewise polynomial shape functions of
order greater than 1 (i.e. at least piecewise linear) for ¢p. This
choice makes it possible to put @z=0 at =x!. Because of this
constraint, the number of unknowns arising from ¢ is n,—n. , where n,
is the number of nodal points. However, we have n. more unknowns C* in
(3.3.1.19) in addition to ¢g. Hence the total number of unknowns
amounts to n,.

In order to determine these unknowns, we solve the discretised
version of integral equations obtained from (3.3.1.5) and (3.3.1.20)
by using the collocation. As usual. we use the nodal points as
collocation points. Keeping in mind the decomposition of ¢ in
(3.3.1.19), we obtain

x; 6] §
t(x;) = Eﬂ%g—l + z; j;DE;H;r(Ii'y}QJiy-dbuQRkI;‘
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Zk: f -—r(x“y)qoéiy)dsy e, (3.3.2.1)

and

o) = ¥ [ Borhwe w)dsem)

+ 11me vl @ v)ek(v)ds, ¢ , (3.3.2.2)

-1}

provided ¢4(x) 's are chosen such that ¢(x;) =0 for any i and j,
where x;'s are non-corner nodal points, and Q; s are shape functions
corresponding to x;, respectively. We readily see that the integrals
in (3.3.2.1) and (3.3.2.2) involving {; can be evaluated by using any
standard quadrature formula, since the integrands have no singularity.

Before discussing other integrals, we shall describe our choice for
@ps(x) . Let x; and x; be two non-corner nodal points adjacent to x,. We
put (see Fig.3.3.2.1)

ps(x)
ayy/an(x) — Qi(x)ovy/an(x) — Q(x)avy/an(x;),

= x € (xi—xZ.—x5} (3.3.2.3)
0, x e DN\ (xi—xc—xj}

where [x;-x.—x;j} indicates the portion of boundary between x; and x;
via xz.. This choice (essentially due to Watson(1982)) is easily seen
to satisfy the requirements for ¢s(x) stated in the preceding section.
Having determined ¢s(x), we can calculate those integrals in (3.3.2.1)
and (3.83.2.2) involving ¢s by introducing an auxiliary contour, as we
shall see. We take the second integral in (3.3.2.2) for example. We
readily see from (3.3.2.3) that this integral is written as

aWI

S WdSy

lim
z(eD)—z, JTy aN

Integrals whose integrands:]
% [ do not have singularities |’ (8.3.2.4)

where I'> is the part of AD shown in Fig.3.3.2.2. To evaluate the
first integral we note the relation

0=2- [ @ Wil - L yvwis, . z<Dd 33285
I+ls nU

where Iy is an auxiliary contour in D. (Fig.3.3.2.2). From the above
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formula follows

; awl
- ol E, aN N (@w) 5 (y)dS,
_ GUH
= {fn ERA N (Teu) Fo-(w)dS, f aN. 5-;1;-1“(1.:,;:) Vi (y)dsSy)
+ | 2 L,y w@ds, . (3.3.2.6)
Ty aNI ang (s y IR .

Since Y1 ~ O(r'"*#) near x. as long as the curvature of 8D is finite,
the last integral on the right hand side of the above expression is
integrable; the order of magnitude at =x. of the integrand is
o(r "By with 0 < 1-1/8 < 1/2 . We can therefore calculate this
integral numerically by introducing a new variable of integration s
behaving as s ~ r® near x, (Watson(1982)). In particular, this
integral vanishes when I's is piecewise linear because we would then
have Y (x) = 0 on I'2. The numerical computation of other two integrals
on the right hand side of the above formula is not difficult. The
remaining integral in (3.3.2.1) can also be estimated either by
coordinate transformation or by introducing an auxiliary contour.

We can thus evaluate all the integrals needed for humerical
analyses accurately.

3.3 . 3 Examples

We tested the formulation proposed above through a simple example.
We chose a square having sides of length 2a as the domain D
(Fig.3.3.3.1). As the Neumann data, we gave

f@ = Zdotklxl) (3.3.3.1)

vhere we took the origin of the coordinate at the centre of D. Of
course the exact solution to this problem is

ulx) = Jolklx|) . (3.3.3.2)

We used piecevwise linear isoparametric boundary elements of equal
length with 8 point Gaussian integration formula. The vector N (see
(3.3.1.20)) for each corner is taken in the direction bisecting the
adjacent normals.

Fig.3.3.3.2 compares the BIE solutions (symbols) for u on one of
the sides (Due to the symmetry of the problem the solutions on all the
sides are identical.) with analytical solutions (lines). Figs.
3.3.3.2(a) and (b) show the results of analyses for ka =1, 2, 3, 4
obtained by using 40 elements, and ka = 1, 2 vith 16 elements (It
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would be meaningless to attempt at analyses for larger k by using 16
element model.), respectively. These results show the good accuracy of
the present method. We used FACOM M382 of the Data Processing Centre
of Kyoto University for the computation.

3 . 4 Concluding remarks

a) As has been stated in Chapter 1, Arnold & Wendland(1982) concludes
that the collocation method is more effective than Galerkin's method
for BIEM in problems without having singularities. The results in 3.1,
however, show that Galerkin's method is convenient for crack problems.
Nedelec(1986) also concluded to this effect. Besides, Nishimura(1979)
found that a collocation method using the conventional double layer
potential formulation can sometimes be led to a numerical instability
in elastic crack problems. Weaver (1977), however, used successfully a
collocation BIEM with an analogue of (3.2.1.6) in 3D elastostatic
crack problems. The same conclusion was obtained by Takakuda et
al.(1985), who used a elastostatic version of (3.2.1.5), by Polch et
al, (1887) who proposed a modification of Weaver s method, and by the
present author as we have seen in 3.2 (see Kaneko(1987) for more
numerical results). We therefore have two choice in crack analysis:
use Galerkin method with a relatively simple base functions (€ is
admissible) or use collocation with C' base functions. Obviously the
former is easier to implement in problems including cracks of
arbitrary shapes. However, the double integration in the Galerkin
scheme requires more CPU time than the collocation, even after
counting the symmetry of the resulting matrix. Actually Nedelec
estimates the CPFU time of the Galerkin’'s method to be about 10% more
than that of collocation (Nedelec(1986)). On the other hand the
requirement of C! continuity for base functions makes the collocation
method extremely complicated in 3D problems.

In 2D cases the collocation method is considered to be preferable
because it is not difficult to generate C' base functions in this
case. As discussed in 3.1, however, a Q@Galerkin method is still
worthwhile in 2D when the double integrals included in the expressions
for the coefficient matrix allow a fast numerical evaluation. In 3D
the present author prefers the collocation because one seldom has to
consider a 3D crack having a complicated geometry in engineering
practice, If one really needs to analyse a crack with a complicated
geometry, Galerkin’s method would be his choice. As far as the present
author knows, however, nobody other than Matsumoto(1986) has ever used
Galerkin's method in 3D numerical crack analyses.

b) As has been pointed out, the C' base functions in 3.2 have been
devised in order not to introduce non-physical singularities into the
numerical solutions. Also, the method proposed 3.3 is viewed as a
technique of eliminating singularities in Vu at corners. In the
present author’s opinion, it is important to seek BIE formulations
which do not introduce unfavourable singularities into the solution
when one wishes to have an extremely accurate numerical method of
analysis. This is true not only in crack problems but in any BIEM,

The usual direct BIE's for Laplace’'s equation, Helmholtz's



equation, elastostatics, etc., for example, necessarily bring about
logarithmic singularity in the first derivatives of the solutions at
nodal points unless the (tangential) derivatives of double layer
densities are continuous. This is because these BIEs include the
double layer potentials. One would therefore have to use C' base
functions such as spline or Hermitian functions in order to calculate
these derivatives accurately. Indeed, the logarithmic singularities
would pollute the solution otherwise. From this point of view,
piecewise linear elements are acceptable in the simple layer potential
method for Laplace’'s equation (or Helmholtz's equation) provided that
one uses a smooth boundary modeling except at corners. In this respect
the method of Athanasiadis(1980) using quadratic shape function for
density and Hermitian polynomials for boundary shapes is appropriate.

Finally, we remark that Chaudonneret’s compatibility conditions
(Chaudonneret.(1978)) to be satisfied by displacements and tractions at
a corner of elastic body can also be regarded as a special case of the
condition of vanishing stress singularity in the direct BIE.

c) The idea of introducing auxiliary contours for the evaluation of
singular integrals (see 3.3.2.) 1is due to Watson(1982). He used
Hermitian  boundary elements, and sucgeeded in obtaining highly
accurate numerical results with small numbers of boundary elements in
the problems of 2D linear elastostatics. It is, however, almost
hopeless to extend his method to 3D.

d) Mixed boundary value problem is another typical case where the
solution includes singularities. Indeed, the solution usually shows
singularities at the boundary points where the types of boundary
conditions change. For applications of BIEM to problems of this kind
the reader is referred to the papers by Wendland et al.(1979) and
Kawakami (1983), etc.

e) One may carry out the crack analysis presented in Part II in time
domain also. Some attempts at crack analyses in time domain are found
in Nishimura, Guo & Kobayashi(1987), in Nishimura, Kobayashi &
Okada (1987) and in Das & Kostrov(1987).

f) The 1st, 2nd and the 3rd parts of this chapter are taken from
Nishimura & Kobayashi(1984), Nishimura & Kobayashi (1987) and Kobayashi
et al.(1984), respectively.
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Chapter 4 Elastodynamics

4 ., 0 Introduction

In this chapter, we shall discuss some applications of the BIEM to
elastodynamic boundary value problems a special class of
hyperbolic problems. As is very often claimed the applicability to
problems for infinite domains is one of the most significant features
of BIEM. This advantage makes BIEM particularly promising 1in
applications relevant to wave propagations. This 1s because other
conventional numerical methods, such as FEM, FDM, etc., cannot deal
with infinite domains directly; these methods would require the
introduction of fictitious boundaries, the reflection from which could
pollute the solution. In addition the existing techniques to eliminate
this unfavourable reflection are not necessarily reliable {e.g. Cohen
& Jennings(1983)). It is therefore worthwhile to study BIEM for
elastodynamics.

There are¢ iwo approaches 1in formulating transient elastodynamic
problems (for the related topics in acoustics, the reader is referred
to the reviev by Shaw(1979)). One is the tims-domain analysis and the
other is the integral transform approach. Accordingly, we have two
types of BIE formulations. The former approach yields hybrid integral
equations (Volterra (Fredholm) type with respect to time (space)),
while the latter leads to the Fredholm integral equations and the
inversion of integral transformations. The integral transform approach
is further classified into subgroups according as the type of integral
transformation used. In practice Fourier or Laplace transforms are
favoured because they have effective numerical means of inversion.
Some early numerical investigations are found in Cruse & Rizzo(1968)
and Cruse(1968), where these authors have tried a Laplace transform
approach, and in Niwa et al. (1980) who used a time domain BIEM.

The Fourier transform approach, which we believe to be practical,
uses the Fourier transform to reduce the original hyperbolic governing
equations for elastodynamics into elliptic equations. The resulting
equations are identical with the equations for time-harmonic
elastodynamics. One then solves this transformed problem under the
transformed boundary and radiation conditions by using BIEM. Finally,
one carries out the inverse transformation by synthesising the
time-harmonic BIEM solutions with the help of the FFT (Fast Fourier
Transform) algorithm. A BIEM approach which follows the above steps in
a vague manner was used earlier by Niwa et al.(1975). However, these
authors did not recognise the possible non-uniqueness of the solutions
of their integral equations. Nor is it clearly addressed how they deal
with incident waves having an arbitrary time dependence. In view of
this we shall spend this chapter for establishing a general BIEM in
elastodynamics which uses the Fourier transform approach.

The first part of this chapter deals with interior and exterior
problems. We investigate a BIE formulation for time-harmonic
elastodynamics paying attention to the uniqueness of the solutions. As
will be seen, the conventional BIE sometimes loses the uniqueness of
the solution even in exterior problems, although the uniqueness of the
solution to these boundary value problems (not the solutions of
integral equations) is well established. This non-uniqueness is a
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source of 1naccuracy because the non-uniqueness of the original
integral equation leads to an ill-conditioned numerical BIE matrix, if
not to a singular one. We therefore seek some techniques to overcome
this difficulty. We finally give some numerical examples. The second
part of this chapter discusses the application of BIEM to half-plane
problems. Since the half-plane boundary is of infinite length, we
cannot apply directly the BIEM techniques developed so far. We here
try to truncate the infinite boundary taking into consideration only
the finite part of it. An approximation, as a rule, requires
justification. We therefore test this method of truncation by
comparing the obtained numerical results with more accurate results
computed by a modified BIEM using Green’'s function. The second part of
this chapter ends with the conclusion that the method of truncation is
sufficiently accurate., economical, and therefore practical.

Part 1
4 . 1 Interior and exterior problems
4 .1 .1 Formulation
Let D be a domain in RY (N = 2 or 3), which may be interior or

exterior to a piecewise smooth boundary aD . The equation of motion
for isotropic elastic body is written as

ANu + pbi= pAu + (A+p)Vdivu + pb = pu (4.1.1.1)
vhere A is the Laplacian,  is the time derivative 8/dt (t: time),
A and p are Lame's constants, p is density, and pb = f is body force,
respectively.

The elastodynamic initial- boundary value problem is formulated as
follows :

To find a solution u(x,t) of (4.1.1.1) in Dx(t > 0) , subject to
the initial conditions

u(z,0) = u(x), ulx,0) = v(x) in D, (4.1.1.2a,b)

boundary conditions

u(x,t) = wp(x,t), on 3Dx(t > 0),
Tu(x,t):= An(div u(x,t)) + p(Vulx,t) + (Vulx, ) )n

= to(x, t) on aDsx (t > 0), (8Ds = aD\oDy) (4.1.1.3a,b)

and, in addition, the radiation condition for the scattered field us
defined by
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us(x,t) = u(x,t)—u (x, 1) (4.1.1.4)

if D is an exterior domain. The explicit form of this condition is
given as

duys 1 us _ ~(N-1)/2 _ -(N-3)/2

3r T o ot = o(r ), ws = ofr )s

Juss | 10Uss _ o172 uss = o(r~®372), (4.1.1.5a-d)
ar cr at

as ri=|lx|—o (Eringen & Sghubi(lﬁﬂS)).

In this statement, u(x),v(x) ,uw(x,t),#(x,t) and u;(x,t) denote the
given initial displacement, initial velocity, boundary displacement,
traction and the incident field, u s and us: indicate the lamellar and
solenoidal parts of the scattered field, 4D, (3D;) stands for a
portion of 8D where the displacement (traction) 1is given, and
c. and ¢ are the velocities of the longitudinal ( P ) and transverse
(S ) waves defined by

cL = & (A+20) /p, cT = AMu/p o, (4.1.1.86a,b)

respectively. Also, in part I of this chapter the unit normal vector n
to dD is assumed to point into the infinite domain bounded by aD .

In order to solve the elastodynamic initial- boundary value
problem, we use the method of Fourier transform. We first consider the
interior problem assuming that the body force is absent and that the
displacement field is with a quiescent past (see (4.1.1.2)), i.e.,

u(x) = v(x) = 0. (4.1.1.7)

The Fourier transform of (4.1.1.1) with respect to t is then written
as

Aru(x,0) + po®u(x,w) =0 , (4.1.1.8)

where the symbol ( ~ ) denotes the Fourier transform defined as

- 1 L
. :Ej': _eletqt (4.1.1.9)

Also, the boundary conditions are transformed into

u(x,w) = wyix,0), xeadb,

Tu(x,w) = Inix.2). xedh, (4.1.1.10a,b)
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After solving this transformed problem the solution to the original
problem is found in the form of the Fourier integral:

ul(x, t) =f u(x,w)e “tdy, (4.1.1.11)

For the exterior problem, we apply the same method to us defined in
(4.1.1.4). In other words, we solve (4.1.1.8) (with u replaced by ug)
subject to the boundary conditions

us(x,0) = t(x,0)—u(x,0) , x€dD,

Tus(z,0) = to(x,w)-Tu (x,0) , xedD, (4.1.1.12a,b)

and the radiation conditions

WS dwn /2y A (32
3t CLM¢ = o(r ), us = olr i

A~

duss

_Aeg o o
Ty CTuss o(r

n

12y, g = o(r 372y, (4.1.1.13a-d)

as r—oe (Kupradze et al.(1979)). Using the solution to this
transformed boundary value problem, we find the solution to the
original equation in the following form :

u(x,t) = f us(x,w)e “tde + ui(x,t). (4.1.1.14)

We next examine the solution of (4.1.1.8), i.e., the equation for
time-harmonic elastodynamics. We shall write u(x) instead of u(x,w) in
order to simplify the notation.

We first assume that D is interior to @D . The argument used in 1.1
yields the potential representation for the displacement field wu(x) in
the following form:

2w} = fa TEWtds, - fa TiEu@ds,,

xeRMaD (4.1.1.15)

vhere I'(z,y) is the fundamental solution of (4.1.1.8) which statisfies
the radiation condition, I'j(x,y) is the double layer kernel defined by
(1.1.14) with the elastodynamic TI', t is the traction defined by
(4.1.1.3b), u is defined by
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u in D,
2 = (4.1.1.186)
0 in D*\@aD,

and D indicates the domain conjugate to D with respect to RN
respectively. Letting x—xpedD from D° side in (4.1.1.15), we obtain
an integral equation

Ciu(xo) =j;Dl"{xo,y)t(y}dSu = V-P-LDFI (xo,y)u(y)dsy,

z0€ AD (4.1.1.17)

where Cu(xy) 1is the non-integral term of the exterior limit of the
double layer potential ((1.3.3.6) tells C°u = u/2 if the boundary 1is
smooth near xp), and v.p. stands for Cauchy'’'s principal value,
respectively.

Next let D be exterior to @D . Using the potential representation
for the scattered field us, and assuming that the incident field u; is
regular (without singularity) in D, we see that the expression

u(z) = j;nl"l(x’y)u(y)dsu = LDF(I,y)t(y)dSy + u(x)

xeRNAD (4.1.1.18)

holds true. The integral equation for the exterior problems is
qbtained by letting x—xpedD from D° side in (4.1.1.18). The result
is

-Clu(xy) = v.p-.fabl“u (xo,w)u(y)ds, — LDF(xo.y)t(def?u + uy(x0) ,

xge dD (4.1.1.19)

where C'u is @he non-integral term of the interior limit of the double
‘Jée;)y?r potential ((1.3.3.6) says C'u = —u/2 on the smooth portion of

Tﬁe fundamental solutions which fulfil the radiation conditions are
well known to have the following forms (Kupradze et al.(1979)):

1 (efkR 1 okR oikR
Ix.y) 4I“{—R 1+ E?V@W(—P—— - £5-)), (=3)

1]

(

, _ Ay een 1
M(x,y) = 4—H{I-!'_J"(k-rR)l + EV@V(H&”(MR) - HV (kR)) ),
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(N=2) (4.1.1.20a,b)

where R = |lx — yl, k. 1 are the wave numbers of the longitudinal and
transverse waves defined by

kLt = w/cLr (4.1.1.21)

1 is the identity tensor, and H§" is the zeroth order Hankel function
of the first kind.

4 ., 1 . 2 Special classes of the problem

From now on we sha!l consider the two special classes of problems
given below:

Problem A @ Exterior boundary value problem for (4.1.1.8), in which
dD may consist of several boundaries. The solution to this problem is
known to be unique. We may use (4.1.1.18) and (4.1.1.19) to solve this
problem.

Problem B : Let the bodies under consideration be as shown in
Fig.4.1.2.1. Also, let the normals on S and S; be directed oulward
viewed form Dp. It is required to find a displacement field u which
satisfies the field equations

(A + pie®u = piiu + (Ai+p)Vdiv u + piedu = 0 in Dy,

(A + poe®lu 1= pdu + (Re+pe)Vdiv u + pea®u = 0

in D, (4.1.2.1a,b)

boundary conditions on Sy

u(x) = wlx), xeSn

Tau(x) = A, (div wn + p(Vu + (Vu)Dn = to(x),

x€Soe (4.1.2.2a,b)
continuity conditions on S :

u (x)y = w"(x) . xeS

Tiu (x) = Tou'(x), xe8 (4.1.2.3a,b)

and the radiation condition, given in (4.1.1.13), for the scattered
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Fig.4.1.2.1 Domains and boundaries for problem B.
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field us = u — u; , where wu; 1is the given incident field which
satisfies

Nbuy + pewtu; = 0 (4.1.2.4)

in the whole space except possibly at finite number of singular points
in D., Sn and Sy stand for the disjoint portions of Sy where the
displacement and traction, respectively, are given, the superposed +
indicates the limit on the boundary from the side into which n points,
and - the limit from the opposite side, respectively. Also, the
subscript e (i) indicates quantities relevant to D. (D;) . The solution
to this problem is also unique.

The potential representations for the solutions to this problem are

u(x) =fsrle<x,y)u<y>ds - j;re<x,y>t<y>ds + il

xeD, (4.1.2.5)

@ = Lrleu,y)u(y}ds : fsre(x,y)tcmds + w@),
xeD\S (4.1.2.86)
u(z) = Lrux,y)t(y)ds - fsrs.-cc,y)u(y)ds
+ fsol"n(:c.y)v(y)ds = fsori(:r,y)s(y)dS.
Bl (4.1.2.7)
0 = fsrf (x.y) (x)dS — j;ﬂi(x,y)u(y)ds

+ fsoru(x,y)v(y)ds = .[Sal"s(x,y)s(y)dS,

xeD.UDg (4.1.2.8)
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where v and § are the displacement and the traction on S;. FEquations
(4.1.2.5)-(4.1.2.8) foliow trivially from (4.1.1.15) and (4.1.1.?8).
We then use (4.1.2.6) and (4.1.2.8) to have three integral equations
given by

0 = Cux) + v.p.fsrle(x,y)uw)ds _ fsrm,y)t(y)ds ¥ e

xeS

0- j;nu,y)t(y)ds ~ Clu(x) - v.p.Lrli(x,y)ucy)ds
¢ [Fi@yvaes - [F@wswds,  xes
So So
0= fl"i(:c,y)t(y)ds - fl“u(z,y)U(y)dS + Clu(x)
s S

+ v.p._l;QFu(Ly)v{y)dS - ﬁoricx,y>s<y>¢s, xS  (4.1.2.90-¢)

which, after setting the specified values for v on Sy and § on S
from (4.1.2.2), we expect to determine u, t and the unspecified halves
of v and S.

4 ., 1. 3 Fictitious eigenfrequencies

We introduce the following notation 1in order to facilitate the
description.

a) D{(A,u,p) : The body with the given material constants which
occupies the domain D.

by 2(B) : The set of all the eigenfrequencies of the displacement
boundary value problems for the body B.

c) [D(A,p,p),w] . The set of all the functions which satisfy the field
equations

Oy + pefu = 0 in D, (4.1.3.1)

and, 1in addition, the radiation condition provided that D is an
exterior domain.

d) [D(A,u,p),w]o * The set of all the elements of [D(A,u,p),w] which
vanish on df) .

We shall now explain the problem of fictitious eigenfrequencies.

Consider Probien A for an exterior domain D. We may put u; = O without
loss of generality (Otherwise replace u by us.). It is known (Kupradze
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et al.(1979)) that the expression

W(x) := j;mﬁ(x,y)u(y)dS - fapr(x,y)t(y)d& (4.1.3.2)

satisfies the conditions

¥ (x) = u(x), TW(x) = t(x), xeadD (4.1.3.3a,b)
iff
K¥ix) =0 (4.1.3.4)

identically in D°. The boundary integral equation in (4.1.1.19), on
the other hand, ensures

W(x)e [D°(A,u,p) wl0, (4.1.3.5)

from which (4.1.3.4) follows unless weQ(D°(A,u,p)). However, if
weQ(D(A,1,p)) , it may happen that

¥(x) =u"(x_) (xeD®), u* (x) (£0) € [D°(A,11,p),w]g (4.1.3.8a,b)

hold. Actually, it is easy to see that the pair

Tuf (x) —Tu* (x) , xedD

t { y

=) =10, xe D,

_ fo, xedD,
u(x) = {ué(:r), reaD. (4.1.8.7a,b)

when introduced into (4.1.3.2), leads to (4.1.3.8), where
ug(x) € [D(A, 1, p), 0] stands for a function which satisfies the
conditions

ug(x) = 0, xeaby

Tug(x) = Tu* (x). x< D (4.1.3.8a,b)

Noting that u(x) (#(x)) in (4.1.3.7) vanishes on 9D, (dD;), we see
that (4.1.83.7) gives a non-trivial solution to the homogeneous
integral equation associated with (4.1.1.19), and w is, therefore, one
of the fictitious eigenfrequencies. Hence we conclude that (4.1.1.19)
does not render the solution unique for a particular set of
frequencies, although the solution to the original boundary value
problems is unique (Kupradze et al.(1979)). This difficulty may be
termed the problem of fictitious eigenfrequencies.

—111—



An analogous phenomenon takes place in the integral equations.f‘or
Problem B. Actually, we can state that the set of fictitious
eigenfrequencies for this problem is

Q(Dg(ie’ueupe)) U Q(DOU\iv“i:Di)) . (4.1.3.9)

The corresponding eigendensities are

u=u—F, = u;+F; on S,

t = Toup — T.F. = Tiu; + TiF; on S,

S = T on S,

v = ul on s, (4.1.,3.10a-d)

where uc< [De(Re.pe.pe), @] and wie [Di(Ri,1i,p;),@] are the functions
which satisfy the jump conditions

-y, = F,+F; = F; on S,

Tewz—T;u; = T F.+T;F; on S, (4.1.3.11a,b)
and the boundary conditions

ul =0 on Sou,

Tu =0 on Sps . (4.1.3.12a,b)

The functions F;< [D§(A;,ui,p;),w] and F.e [DS(Ae Merpe),w] are chosen
as follows :

a) If weQ(D:(Ae.pe,pe)) but w&Q(Do(As,pirpi)) we set

F, = 0. (4.1.3.13)

For F. we use an arbitrary nonzero element of (DZ(Re sMe + D) »w]p .
?) I;' QEQ(DU(:L- Wiapi)) but @eQ(DE(Ae e pe)) the appropriate choice
or F. is

F. = 0. (4.1.3.14)

=112=



Also we set F; € [Df(Ri,¢i.pi), @] to be a function which satisfies the
boundary condition

Fi =0 on Spy,

T:Fi = Tiu"™ on Sgs, (4.1.3.15a,b)

and the radiation condition, where u* 1is a non-zero element of
[DO(Ri yLi !.Di) »(JJ]O ‘

c) If 0eQ(Do(Riki»pi) ) NADE(Resttespe)) » we take F; just as in b),
and F. as in a).

To prove this, we denote the RHSs in (4.1.2.5) and (4.1.2.8) by u.
and F,, respectively. Also, we put the RHS in (4.1.2.8) in Dy as u",
noting, from (4.1.2.9b), that (4.1.2.8) is identically zero in D, .
Furthermore, we write the RHS of (4.1.2.7) as w;+F; , where F; 1is
defined in (4.1.3.15) with the u* being just introduced. We may then
put 41=0 in (4.1.2.5) and (4.1.2.6) since we are interested in the
homogeneous equations corresponding to (4.1.2.9). Equation (4.1.2.9¢)

tells that u*e [Dp(A;,ui.pi) @l » which implies u*=0 if
weQ(Do{di,pi,pi)) . However, u"* may coincide with an appropriate
eigenmode otherwise., Also (4.1.2.9a) says F.< [DE(A.,pe,pe) @)oo , which
means F.=0 if we&Q(Di(A¢,pespe)) . However, F. may coincide with a

nonzero eigenmode otherwise.
We now use the jump properties of the double layer potential in
(4.1.2.5)-(4.1.2.8) to have (4.1.3.10a,b) and

ui + Fi,

<
I

3

T,ui + T;Fi — T;u™ on Sp. (4.1.8.16a,b)

Notice that the equalities in (4.1.3.10a,b) are consistent with each
other if the conditions in (4.1.3.11) are satisfied. Also from
(4.1.3.18) and (4.1.3.15) follow

v=20 on S,

S

0 on Sos (4.1.3.17a,b)

if the conditions in (4.1.3.12) are fulfilled. In addition u.
satisfies the radiation condition by definition. Hence we may view
i, and u; as displacement fields defined in D.UD; which satisfy the
connectivity conditions in (4.1.3.11) and the boundary conditions 1in
(4.1.3.12). Such u; and u. are known to be determined uniquely for a
given set of F; and F, (Kupradze et al.(1979)). Hence we have

u==%t=0 on S,
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$=0 on Sy, u=0 on Sy (4.1.3.18a-c)

if F;=F.=0. However, the definitions for F; and F. tell that these
functions vanish identically unless w belongs to the set in (4.1.3.9).
In other words, the solutions to (4.1.2.9) are unique if © does not
belong to the set defined in (4.1.3.9). Moreover, we easily see that
the RHSs in (4.1.3.10) and (4.1.3.11) are zero only if F;=0 and F_.=0.
Hence we conclude the fictitious eigenfrequencies for problem B to be
as given in (4.1.3.9).

Specifically, when (&;,4i,p:i)=(Re,Me,pe)=(A,u,p), Problem B reduces
to Problem A for the domain D = Df. Actually, we add (4.1.2.5) and
(4.1.2.8), (4.1.2.8) and (4.1.2.7), and (4.1.2.6) and (4.1.2.8) to
obtain (4.1.1.18). However, the integral equation for Problem B in
(4.1.2.9) is not equivalent to that for Problem A given in (4.1.1.19).
Indeed, (4.1.2.9) fails to give a unique solution at an additional set
of fictitious eigenfrequencies, i.e., Q(DS(R.u,p)) .

In numerical calculations, one has to devise techniques to
circumvent inconvenience caused by this non-uniqueness.

4 .1 .4 Methods of avoiding fictitious eigenfrequencies

This section presents some methods of avoiding the non-uniqueness
of BIE solutions for the case of Problem A.

The non-uniqueness phenomenon in acoustics has long been known to
mathematicians and some methods to avoid this difficulty are
available. We now extend these methods to elastodynamics and classify
them into the following (overlaping) categories:

a) Methods using interior constraints.

As has been discussed. the conventional BIE loses the uniqueness of
the solution because the conventional BIE for Problem A given in
(4.1.1.19) is not equivalent to (4.1.3.4). In view of this
Schenck (1968) proposed to supplement the conventional BIE by the
following N. conditions:

W(xi) = 0. el (i51,2,..... Ne) (4.1.4.1)

where x; ‘s are points chosen arbitrarily in D, and ¥ has been defined
in (4.1.8.2). This method, however, fails when all the x;'s are on the
nodal lines of the eigenmodes.

Jones s method in acoustics, which we shall discuss in depth later,
can also be classified into this category (Jones(1974)) .

b) Methods which use the uniqueness of the solution of certain
boundary value problems.

As is clear from the discussion in 4.1.3, the conventional BIEM

solves a homogugeon§ Dirichlet problem defined in D¢ in order to have
(4.1.3.4), This is why the conventional BIEM breaks down when the
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solution of the Dirichlet problem for D° is not unique. One may
therefore think of obtaining new BIEs by utilising other boundary
value problems for D° having the uniqueness property. The following
boundary value problems are easily seen to satisfy this requirement:
1) Let u be a solution of
(A + p®)u = 0 (4.1.4.2)
in D° (interior domain) which satisfies the boundary condition

v =Tu =0 on abD. (4.1.4.3)

Then we have wu = 0 identically in D°. Actually (4.1.1.15) readily
proves this.

2) Let u be a sclution of (4.1.4.2) in D° which satisfies

u = olu on ab, (4.1.4.4)
where « is a number whose imaginary part 1s non-zero., Again we have
u = 0 identically in D°. Indeed, a well-known argument shows

0 =f u - TuwdS — f o -TudS = 2i Im af | Tu” | 2dS, (4.1.4.5)
ab ab an

from which we have u = Tu” =0 on 48D .

3) The solution to (4.1.4.2) in D, subject to the boundary conditions

u (x) =0, x<aD
u—aoTu = 0, xesS (4.1.4.6a,b)
vanishes identically, where D, is an annular domain bounded

externally by 8D and internally by a surface S, and the unit normal
vectors on dD and S are taken outward viewed from Dg.

We now discuss BIEs for exterior elastodynamics whose solutions are
unique.

An elastodynamic counterpart of the method of Kleinman &
Roach(1974) utilises 1) to avoid the fictitious eigenfrequency, or
specifically they solve

F(x) =0 and TW (x) =0 xedD (4.1.4.7a,b)
simultaneously using (4.1.8.2). Their method therefore yields an over
determined systen . The elastodynamic counterpart of the method of
Burton & Miller(1971) makes use of 2) by solving the equation

W(x) — oTF (x) =0 (Im a = 0) .x€dD (4.1.4.8)

with (4.1.3.2). Finally, the method of Ursell(1973) uses 3) to obtain
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a BIE which has a unique solution. His method can be written as

Wi(x) =0, xedD (4.1.4.9)
where

= T B , 1.4.

W fa (1,60 9) W), fa G tW)S, (4.1.4.10)

and G(x,y) is a Green's function for DUADUD, which satisfies
Glx,y)” — ol (G(x,y)) = 0. (ye (DUBDUD,), x€8S) (4.1.4.11)

Since (4.1.4.11) gives W' — oTW =0 on S, we have ¥ = 0 in D, ,
thus ensuring the uniqueness of the integral equation obtained from
(4.1.4.9) and (4.1.4.10).

¢) Methods using modified kernels.

One may also obtain a BIE which has the aforementioned uniqueness
by modifying the kernel functions I' and ['}. For example, the method of
Ursell uses @ instead of [, as we have seen. Likewise, the method of
Jones(1974) uses a modified kernel which allows an easier construction
than that of Ursell.

In the next section we shall discuss the elastodynamic counterparts
of Jones’'s methods., which are considered to be practical. We shall use
the direct method for 2D exterior mixed problems (i.e. Problem A in
the classification of the last section).

4 .1 .5 Some preliminaries
We prepare some formulae for later use. We first introduce a polar

coordinate (r, ) by which the cartesian coordinates of two points x
and y are given as

| _ [ cosﬂ:] [ yl} B [ cong]
[ 12:] " sing |’ v | ro sinfy . (4.1.5.1a,b)

We first expand the fundamental solution I'(x,y) into Fourier series on
the circle defined by r = const. with the help of Fourier transform.
To this end we wuse the fact that the Fourier transform of the
fundamental solution I'(x,y) with respect to x is written as

— (A (i) +pu”1) e My, (4.1.5.2)
where ¢ is the parameter of the Fourier transformation and A*(if) is

the matrix obtained by replacing V in A*(V) by i¢ (See 1.1 and
(4.1.1.1)). Using the polar coordinate ( |€| , ¢) of &, we have
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- (&AM +peP1)!
-:Eh (Tfjr——g ——FT——g)(u®u + YY)

_ (veue?® + 5@9_%)(1@ _ (%)ZW?I—TLZ” , (4.1.5.3)

where k. and kr are the wave numbers of the longitudinal and
transverse waves defined in (4.1.1.21), v and v are vectors defined by
v=ij—1itz and wv=i;+1i2 , and i; and i» are the base vectors,
respectively. It is then easily seen that the Fourier coefficient of

ini

e in the Fourier expansion for I'(x,y) on the circle r = const. 1is
given by

B (23:)2 Eﬁdee_me j:dl‘ﬂ

.Sﬁdqg £ |11 r00s(0-0) (A (id) 4 p?1)Temi ElTooos (o-00) (4.1.5.4)

The well-known limiting absorption principle for e time-harmonic
problem then says that we can calculate the integral in (4.1.5.4)
assuming Im kL 1>0. Indeed the use of some known formulae for the
Bessel functions gives

2 w2
Py = —1 2 LN @ew™ M) (4.1.5.5)

n=-=oa 1

for ro<r . For r<ryp we must interchange the subscripts J and H in the
above expression. The vectors ¥]'(x) in (4.1.5.5) are defined by

W' @) = e (pi ()Y + J (DR

VP (x)

e ™ (1o (krr)V + Jaot (k1M)V) (4.1.5.6a,b)

where J is the Bessel function, V=1i,—11g , V=1,+11g, and 1, and iy are
the unit vectors in the direction of r and 6 coordinate at x,
respectively. UJ'(x) have the same expressions as V¥]'(x) except that
the Bessel functions in (4.1.5.6) are replaced by the Hankel functions
of the first kind denoted by H.O In passing, we note that
Kitahara(1985) reproduced the calculation leading to (4.1.5.5) in his
book .
We next prove the identity
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f’Ni“'(z)-wﬁf(x)ds - f ¥ (x) - TR (x)dS
ab ab

= 16 (~1)"8,08i;, —oo<m,n<ee, 1=1,j=2, (4.1.5.7)

which holds for any boundary @D to which the origin is interior. To
see this we assume that x (y) is exterior (interior) to 9D . . Equation
(4.1.1.18) then gives

Fx.w) = faor‘l (x,2)['(z,y)dS, — LDF(::.Z) T.I'(z,y)dS;. (4.1.5.8)

Hence by substituting (4.1.5.5) into (4.1.5.8), followed by comparing
the coefficients of the W (x)@¥} (y) term in (4.1.5.8), we obtain
(4.1.5.7). Also, we see, from (4.1.5.6), that the relations

U= (D@ - 2, Wt = (D)MW (4:1:5.90,8)

hold for (—eco<<n<ee ,i=1,2). From (4.1.5.9) and (4.1.5.7) follow

LD(T\PF WY — W T AS = 32018855 (4.1.5.10)
and
LD(WJ‘-W — W -TV)AS = 160184,6; (4.1.5.11)

for —ce<m,n<e and 1,j=1,2.

These results could have been obtained by using the addition
theorems and some identities for Wronskian of the Bessel functions
(e.g. Shaw(19/9) for acoustics). However, the present method is
simpler.
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4 .1 .6 Elastodynamic counterpart of Jones's methods

In this section we discuss the elastodynamic version of Jones's
methods (Jones(1974)). We shall utilise the argument used by
Ursell (1978) in the sequel.

Let the origin be in D°. The elastodynamic counterpart of Jones s
method is stated as follows: To solve (4.1.1.19) subject to the
conditions

m o= LDW (x) - t(x)dS— j;DNﬁ‘ (x) -u(x)dS = 0, (4.1.86.1)

for —M=n=M, 1=i=2, where M is a certain integer. We shall call this
method the first method. It is clear from Green's formula that the
unique solution to (4.1.1.19) satisfies (4.1.6.1) when weQ(D°,%,u,p) .

We next interpret (4.1.6.1) when w ¢ Q(D°, &, p, p). Since the
eigendensities for (4.1.1.19) are given by (4.1.3.7), we use QCreen’'s
formula and (4.1.3.8) to rewrite (4.1.6.1) as

fq:gf(x> - Tu" (x)dS — f T (x) - u* (x)dS = 0, (4.1.6.2)
aD an
from which follows

_/;m‘ (x) - Tu* (x)dS — fCpr (x) -u*(x)dS = 0 (4.1.6.3)

for any circle C which is inside D° and is centred at the origin.
Indeed, we use Green's formula for a domain bounded by 8D and C to
show (4.1.6.3). Since the eigenmode u* can be expanded in the interior
of C as

oo 2
wt(x) = ), 2.0 (x), (C :const.) (4.1.6.4)
1

n=—os i=

(4.1.6.3), together with (4.1.5.7), implies
' =0 for —-Ms=nsM, 1=i=2. (4.1.8.5)

Therefore, we conclude that u*(x) = O in D° unless we can find a
nontrivial eigenmode u* which satisfies (4.1.6.5). Since the lower
eigenmodes generally contain terms having a small Inl in (4.1.6.4),
this method determines u and t for given & uniquely if M is
sufficiently large.

Jones also showed that an equivalent result can be achieved by
using a modified kernel in a simple layer potential formulation for
the Neumann problem for the Helmholtz equation. The elastodynamic
counterpart of this second method, using direct method instead, may be
stated as follows: Replace the kernels in (4.1.1.18) and (4.1.1.19) by
the following expressions
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M 2
Flz,y) — 2, 2 6 (— 1M () @UF™ (y)

n==Hf i=]

r(z,y) :

m(Iny) .

Jid 2
M (xy) — _ZH ;:e,.x—l)"w (x) TV (y) (4.1.6.6a,b)

respectively, and solve the modified version of (4.1.1.19), where
€q; S are constants such that the numbers

Im ey + 16ul €pi |2 (—o0<n<oo , i=1,2) (4.1.8.7)

have the same sign for all n and i .

We shall now prove the equivalence of these formulations. Since we
easily see that the first method implies the second, we show the
converse.

Let ¥ (x) be defined by

v@ = [ Mayuwds - [ Fapt@ds , 2D\ (0] . (4.1.6.8)
ap ap

The second method determines u and t on 8D in a way that W (x) = 0
is satisfied on 3D . Since W' (x) solves the equation of elastodynamics
in D\ {0} , we use Green's formula for a domain bounded by dD and C
to have

b = fau(wm -TW (x)™ — TW*(x) - W (x) )dS

= fc(w*(x) STW (x) — TW (x) - W (x))dS , (4.1.6.9)

where C is a closed contour in D° which does not touch @D and
includes the origin in its interior. On the other hand (4.1.6.6),
(4.1.6.8) and (4.1.6.1) yield

=3 2 i
Wz = ), Z](—1)"(ﬁ¢3“i(x)+s-m¢ﬁ""(J:))I“*. x<C
€ = 0. (Inl>M) (4.1.6.10a,b)

Hence we can rewrite (4.1.6.9) into

0 =L T Nl -t [T — o T)ds

!
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mps-,, (9™ - TV™) — T - ¥™))dS

+ Eni Eonj j;(wi- o~ TSI T, (4.1.6.11)

where we have used (4.1.6.10) and Green’'s formula for ¥j* . Equation
(4.1.6.11) simplifies to

0= Y(—Enitem — 320ilen|2) 1|2
n 1

N2

= —20Y) Y(Im e + 1601 o 12) 1 T2, (4.1.6.12)
n=-N i=]

as we use (4.1.5.7), (4.1.5.10) and (4.1.5.11). Consequently

(4.1.6.12), together with the assumption in (4.1.6.7), shows
™ = 0, meeMo. .. 0508 3=,.2 (4.1.6.13)

thus proving the equivalence of the two methods.

4 .1 .7 Remarks concerning Jones's method

a) Kobayashi & Nishimura(1982b) proved the above result by using a
different argument, The proof given there was quite involved in spite
of more stringent restrictions imposed on £,; than those used here.
Jones himself later extended his method to 3D displacement or traction
boundary value problems of elastodynamics (Jones(1984)).

b) As is easily inferred, the methods of Jones can be extended to
other problems whose fundamental solution allows a series expansion in
terms of products of interior and exterior solutions. For examples,
the fundamental solution for 3D time-harmonic elastodynamics given 1in
(4.1.1.20) can be rewritten, after a formidable manipulation, as

- m jL hL
4m% Z{}Z( D™ {4 () @ (1)

1

+ W@ eWh, (v + W@ oWz, w)} (4.1.7.1)

for lxl < |yl , where

Wl ()= W/ @tk (i (kLr)P (cos0) iy
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m:p

JnlkLr) 8 . . JalkLr) Pa" (cosf)
B - %Pn”‘(cosél)te + im - oy

i,)e

W= /ety @k (228I0p e (cos0) i,

18 plerr) s 8 pa
n(n+1)( Jn(k?r) + r )agpn (cosh) 1

Fnlkerr) Py (cos8) - ) Raw
n(nrl)(éirj"(kTr) % r ) sing  * R

P, (COSB)
sinb

Wl = /@nilikr/(n(nr1)) (i m kr da(krr)

= jn(kTr)%an(cosﬂ)im)e""”"’,
(n=0,1,2,..,m= —n,...0,....-n)

W = o, W' = 0, (4.1.7.20-¢)

(r,0,0) are the spherical coordinates of x, (i,,1p,%, ) are the unit
base vectors, j., is the spherical Bessel function, and P," 1is the
associated Legendre function, respectively. ¥ also has an obvious
meaning. It is now clear how one should proceed in order to formulate
a 3D version of Jones's methods in direct BIEM. We therefore omit the
further detail.

4 .1 .8 Peripheral stress

The evaluation of the peripheral stress is one of the most
important problems for engineers. The BIEM is well suited to this end
because of its fine resolution for the boundary quantities, In this
section we shall present one method of computing the peripheral
stress.

In 3D case, we take a surface curvilinear coordinate system
¢¥(1=K=2) on the boundary 8D of a body D. Also, the third axis is
taken in the direction of the normal vector n to 9D, with 63 being
the distance measured from A0 (positive in the direction of n). Then
the peripheral stresses take the following forms:

2pu11{r' + 13
TR = Aag—— 5 o TR + oplugiL + Uik,

(A
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g =tk » T3 =3, (4.1.8.1a-¢c)

where ug;. * indicates the 3D covariant derivative defined as

WL = — wll — usbg, (4.1.8.2)

STR fe)
Wy | &
=

and ax., by, T stand for the first and second fundamental forms of
8D and the Christoffel symbol calculated from ag. . All the quantities
are referred to the specified curvilinear coordinates.

For the 2D problems, (4.1.8.1) is simplified considerably.
Actually, we can write the result in physical components as

_ Ap(A+w) du, dx, Angty

T# T Q+2ma 08 0F | A+dwm
0 Xy
Ttn = F;rfé'tu'a—z s Tan = Tala » (4.1.8.3a-—c)

vhere ¢ is the parameter which describes the boundary curve x,(¢), and

CENCES
a-= 3t 3¢ (4.1.8.4)

The vectors on the right-hand sides of (4.1.8.3) are referred to an
arbitrary cartesian coordinate system.

Recently, Sladek & Sladek(1988) proposed formulae similar to
(4.1.8.1).

4 .1 .9 Numerical procedures

We now describe the numerical procedures which we shall use in the
next section. We restrict our attention to 2D cases in order to fix
the idea. It is, however, not difficult to extend the present
procedures to 3D cases.

a) Boundary elements

We use gquadratic isoparametric boundary elements. The singular
integrals and the non integral terms resulting from the double layer
potential (see (4.1.1.17) and (4.1.1.19)) are evaluated with the help
of the method of substitution proposed originally by Lachat &
Watson(1976) in elastostatics. In elastodynamics, we use the following
identities obtained from (4.1.1.17) and (4.1.1.19):

* The upper-case indices range from 1 to 2.
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e =fFHB—fF dS d.1.9.1)
= Jap TP an P (
for the interior problems and

-Clu, = Lnriupds - faﬂrtpds + u, (4.1.9.2)

for the exterior problems, where u, and {, are the displacement for a
certain plane wave and the associated boundary traction, respectively.
The plane S waves travelling, say, in r; and 12 directions may be used
to determine the singular terms completely.

For the calculation of the peripheral stresses we use (4.1.8.1) or
(4.1.8.3) by identifying the parameters of the isoparametric element
with the curvilinear coordinate system in (4.1.8.1) or (4.1.8.3).

The boundary modelling must be fine enough so as to be compatible
with the wave number. We recommend the use of about four elements for
one wavelength of an S wave.

b) Fundamental solution
The explicit form of the fundamental solution obtained from
(4.1.1.20b), i.e,

rew = 4 [0 wr + A= (H QR — HEY GerRker) |

_ VR®VR,

“GR (R(KTHED (kerR) — kEHE" (kLR))

— 2(ktH{V (k1R) — kLHfU(kLR))}“] (4.1.9.3)

suggests that a cancellation may occur due to the three parenthesised
terms, especially in the low frequency range, where R = |x-yl .
Therefore, for small R, we should expand the Hankel functions in
series and delete the unfaveurable terms (terms of order 1/R° in the
first parentheses. and those of order 1/R? and log R in the third),
before numerical calculation. The use of standard subroutines for the
Bessel functions available in most computer centres etc. should
therefore be avoided. This applies to I'| also.

c¢) FFT Algorithm

The use of an FFT algorithm is recommended for the numerical
calculation of the Fourier transform, in order to cope with arbitrary
boundary conditions and an arbitrary incident motion. However, we must
remenber that the finite Fourier transform approximates a non-periodic
motion by a periodic motion. We therefore have to add sufficient
number of ‘additional zeros' to the incident field so that the
solution actually has a quiescent past as we have assumed in
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(4.1.1.7).

It 1is customary to use as many as 512 or more steady states for
earthquake-response analysis. In such cases, we may carry out a
smaller number of BIEM analyses, say 30, and then interpolate these
results to complete the calculation.

d) Circumvention of the fictitious eigenfrequencies

As we have discussed in 4.1.4 ~ 4.,1.6, we can prevent the
occurence of the fictitious eigenfrequencies by several methods. These
methods, however, may not always be very practical because some of
them introduce very singular kernel functions while others involve
evaluation of complicated series. For example, the elastodynamic
version of the Burton-Miller method introduces hypersingular kernels,
which are difficult to deal with numerically unless one regularises
them. However, this regularisation is possible only with the use of C!
boundary elements (see 3.2), thus making the computer code both
inefficient and complicated. Although the methods discussed in 4.1.6
are considered to be practical, we still have to be careful in
concluding that these methods are indispensable for transient wave
analysis. Actually, our experience tells that the BIE formulations
described 1in the previous section work well even for such values of
that deviate from the unfavourable value w* by a small quantity, say

2-3% of w". Therefore, we may use the following method: we use the
conventional BIE formulations and check whether the w is very close to
one of the fictitious eigenfrequencies, If not, we accept the

calculation. Otherwise, we give a small increment to @, solve the new
problem and check the validity of the results again. We repeat this
process until we obtain accurate results. Some interpolation schemes
are used thereafter to compute the results for the original frequency,

We then have to be able to tell if a certain frequency is a
fictitious eigenfrequency or not for the abovementioned method to
work. As we shall see, however, this is possible at least in traction
boundary value problems. Consider Problem A. We arrange the obtained
matrix in the following form:

N N
>, Diju(x;) = ), Sijt(x;) — wix), (4.1.9.4)
7=1 1=1
where
Dj. = _/;DFI(Ij,I)Qk(I)dS + C'(x;) 8k (no sum on j)
Sjk = j‘TTIj,x)Gm(I)dS, (4.1.9.5a,b)
an

Q;(x) is the shape function which satisfies

Q;(xi) = 6ij» (4.1.9.86)
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for the nodal points x;€dD, and &;; is Kronecker's delta. According

to our experience, one can (L-U)-decompose D;; without using the
partial pivoting algorithm whenever the frequency is not very close to
one of the fictitious eigenfrequencies. Also, in this case, the

minimum absolute value of the diagonal terms of the lower triangular
matrix, denoted by L;; and obtained with the help of the Crout method,
is almost independent of the frequency. However, for the fictitious
eigenfrequencies, the value of

minILi{I (4.1.9.7)

becomes very small. Therefore by checking if

we can distinguish a fictitious eigenfrequency from the ordinary ones,
where C < 1 is a constant. Note that the RHS of (4.1.9.8) is obtained
without additional computation because FFT usually requires a static
analysis. For C we use 0.7 in the examples to follow. This simple
algorithm works well as long as the fictitious eigenfrequencies are
not very densely distributed. Therefore, this method is considered to
be sufficient for our purpose because it is often unnecessary, as well
as impractical, to take wvery high frequency contributions into
consideration for transient analysis, and because it is the high
frequency range where the fictitious eigenfrequencies are densely
distributed. In the next section we shall compare the efficiency of
this method and Jones's methods in transient elastodynamic analysis.
An analogous method is available in Problem B, provided that the
boundary condition is of the second kind (i.e. S:=% ). Actually, we
arrange the discretised integral equation in the following form

xS Ql? Q _Sei’n 'li(I.'j)
{IkESG -Dj Dl Sk, |:v(x1)}
Xy €S ~Di; Dir Spa t(x,)
0 —uy (x;)
=| St | [ S(x) 1 + [ 0 } , (4.1.9.9)
&L, 0

and then apply the same method as has been used with (4.1.9.4) to the
underlined part of the matrix in (4.1.9.9). Note that we obtain the
L-U  decomposition of the submatrix denoted by Di; during the
triangular decomposition process of the whole matrix because the upper
right block of the underlined submatrix in (4.1.9.9) is identically
zero. Since D{; is the BIEM matrix for a traction boundary value
problem for a domain exterior to Dy we recall (4.1.3.9) to justify
this method. Table 4.1.9.1 shows some numerical examples for a lined
circular hole. For the notation, see 4.1.10.b.ii).
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Table 4.1.9.1
min| L;; | versus wave number. E;p./E.p:=E;/E.=2/3. v;=1/6, v.=1/4

i oag/b=1.2

k1ea minlL;; | Eigenfrequency
0 0.4427 x

3.204 0.5624% 1072 0

3.250 0.3288 x

3.365 0.3677x1072 o

6.144 0.1340 o

6.400 0.3485 X

6.637 0.7511x107! o
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4 .1 . 10 Examples

In this section we shall show some 2D examples. The following
remarks are common to all the examples.

(1) Plane strain is assumed.
(2) 8-point Gaussian quadrature formula is used. _
(3) FACOM M200 of Kyoto University Data Processing Centre is used.

The following remarks apply to all the examples of the transient
analyses:

(4) The frequencies up to krea~7 are taken into consideration in the
analyses, where a is the characteristic length of the problem
(indicated for every problem).

(5) The 1incident field is assumed to be a plane step stress wave
having a magnitude of <ty and the time degendence shown in
Fig.4.1.10.1. We tried several values of 1 in the range of
30a = t%nb = 120a . The results, however, were essentially identical,
(6) The time is measured from the arrival time of the incident wave
at the origin (indicated for every problem).

a) Steady-state solutions

First of all, we shall show some results of the time-harmonic
analysis.

We calculated the stresses around a circular hole having a radius
of a subject to the incident plane harmonic P and S waves. These
problems were investigated analytically by Pao(1962) and Mow &
Mente(1963), respectively. (For additional references, see the
monograph by Pao & Mow(1971)) Fig.4.1.10.2 shows the hoop stress due
to the incident P wave, The real (imaginary) part of the solution
gives the stress at the moment when the peak (node) of the incident
wvave arrives at the centre of the hole. Our results show an excellent
agreement with the analytical solution by Pao. Fig.4.1.10.3 shows the
peripheral stress versus the wave numbers of the incident P and S
waves. The results also agree well with the analytical solutions. All
the analyses were carried out employing 24 boundary elements.

We next tested the methods of Jones by using the same example. We
calculated the hoop stress around a circular hole having a radius of a
subject to plane time-harmonic P wave. Poisson's ratio is 1/4. The
fictitious eigenfrequencies for this problem are the =zeros of the
following expression (Vekua(1968)):

Iner(kyad dnor (kpa) + Joer (kpa) Joog (kt@), no= 0,1, .. .. (4.1.10.1)

Indeed. one readily sees this from the expressions for V]i(x) given in

(4.1.5.8). As can be easily checked, kia = 3.906 (n = 3) is one of the
zeros of (4.1.10.1).

The numerical analysis is carried out as follows:

(1) 24 quadratic  isoparametric elements using 8-point Gaussian
quadrature are employed.
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Fig.4.1.10.1 Incident stress history.
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Fig.4.1.10.2 Steady state hoop stress distribution around a circular

hole; incident P wave, v = 0.26; lines: exact.
symbols: BIE.
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Fig.4.1.10.3 Steady state hoop stress. lines: exact. symbols: BIE.

(a) Incident P wave, 8 = /2. (b) Incident S wave, solid
line: 68 = ©/4. broken line: 8 = 3a/4.
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(2) Boundary stress is calculated by differentiating boundary
quantities directly with the help of (4.1.8.3).

(83) M = 3 for both first and second methods (See the lines below
(4.1.6.1).).

(4) We set g;; = -1/32u

(5) The first method requires the use of a least-square solver. We
used the Householder transformations. For the second method, we
used the Crout method.

Fig.4.1.10.4 shows the improvement of the result when ko= 3.908.
The results of the both remedies have agreed completely. The imaginary
parts of the conventional and modified BIE coincided by chance, This
coincidence reflects the fact that the eigeniode is essentially real.
Table 4.1.10.1 compares the CPU time of these methods. This result
shows that the modified methods require about 30% more CPU time than
the conventional method. The CPU time for the first and second methods
are almost the same.

Table 4.1.10.1 CPU time (sec.)

conventional first second

BIE method method
make matrix 6.5 7.6 8.7
solver 0.5 1.7 0.5
total 7.0 9.3 9.2

Now, suppose that we attempt at a transient elastodynamic analysis
by using m different frequencies with the conventional BIEM. The
foregoing results tell that one should switch to Jones s methods if
more than m/3 of these analyses yield inaccurate solutions due to the
fictitious eigenfrequencies. In practical transient stress analysis,
however, we are not likely to encounter this trouble of non-uniqueness
that often. We shall therefore use the simple method of detecting
fictitious eigenfrequencies described in 4.1.9.d) in the following
analyses. It 1is to be remembered, however, that this conclusion is
valid only in transient analysis, where one is not interested in a
time-harmonic solution for a particular frequency. If one is, however,
one should use the methods discussed in 4.1.3 ~ 4.1.6,

b) Transient stress and deformation states around a circular hole due
to incident step waves

b.i) Transient response of a circular to the inci

As the first example, we consider the transient response of a
circular hole to the incident step tensile P wave. Poisson's ratio is
1/4. Fig.4.1.10.5 shows the peripheral stresses and deformations at
the instant when the front of the incident wave reaches the indicated
locations. Although a little tremor remains prior to the arrival of
the incident wave, the amount is negligible from a practical point of
view.

We compared the calculated stress and deformation histories at
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Modified

Conventional

Fig.4.1.10.4 Hoop stress around a circular hole subject to plane
time-harmonic P wave (kpa = 3.906,v = 1/4).
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Fig.4.1.10.5 Transient stresses and deformations around a circular
hole; incident P wave, (a) Hoop stress distribution.
(b) Deformation of the boundary.
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several boundary points with the approximate analytical results by
Garnet & Crouzet-Pascal (19668) (Fig.4.1.10.6). Our results agree fairly
well with theirs. We next calculated the transient response of a
circular hole to the incident step S wave. Fig.4.1.10.7 shows the
peripheral stresses and deformations at the moment when the incident
wave front arrives at the specified positions. In Fig.4.1.10.8 ve
compared the stress histories obtained at several boundary points with
the numerical results by Fujiki(1980), who used a time domain BIEM.
Again these results agree quite well with each other.
All these analyses were carried out by using 24 boundary elements.

b.ii) Transient responses of a lined circular hole to the incident
step waves

We consider the transient responses of a lined circular hole to the
incident step waves. The following notation will be used:

a: outer radius of the lining, b inner radius of the lining,
E: Young's modulus, v, Poisson's ratio.

Also we shall put the subscript e (i) to the quantities relevant to
the surrounding medium (lining).
Our calculations were carried out under the feollowing conditions:

(1) 48 boundary elements are used.

(2) ve = 1/4, v; = 1/86, p./pi = 1.
(3) a/b = 1.2.

As the first example, we show the responses to the step incident P
wave. Fig.4.1.10.9 shows the peripheral stress (tgp ) histories at the

indicated positions. The calculations were carried out for
Eipe/Eepi = Ei/E, = 5/3 and 2/3.
We also analysed the responses to the incident S waves. The

peripheral stress on the inner boundary of the lining at the indicated
time is given in Fig.4.1.10.10. Also the tangential (7ss ) and shear
(7gr ) stress histories at the indicated locations are plotted in
Fig.4.1.10.11.

¢) Transient responses of a lined horseshoe-shaped tunnel to the
incident step S wave

We calculated the transient response of a lined horseshoe-shaped
tunnel to the incident step S wave using the model depicted in
Fig.4.1.10.12. The analysis was carried out under the same conditions
as stated in 4.1.10.b). Also, we set E;/E, = 5.

Fig.4.1.10.12 shows the deformation during the passage of the wave
front. The incident angle © is n/4 as shown in Fig.4.1.10.12. The

tangential and shear str-ss histories at the indicated positions are
given in Fig.4.1.10.13.

d) Transient responses of a pair of caverns to the incident step S
We €

We calculated the transient responses of the pair of caverns, a
typical shape of underground power stations, to the incident step S
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Fig.4.1.10.86 Transient stresses and deformations around a circular
hole; incident P wave, (a) Hoop stress at 68 = /2.

(b) Hoop stress at @8 = T, (c) Displacement (u;) at
8 =0, /2, and 7.
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Fig.4.1.10.7 Transient stresses and deformations around a circular
hole; incident S wave. {(a) Hoop stress distribution.
(b) Deformation of the boundary.
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Fig.4.1.10.10 Transient stress distribution around a lined circular
hole; incident S wave. <tps on the inner face of the
lining. (a) Ei/E. = 3. (b) E;/E. = 2/3.
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wave. The incident angle @ is m/4, and Poisson’s ratio is 1/4.
Figs.4.1.10.14 and 4.1.10.15 show the deformation during the
passage of the incident wave and the peripheral stress histories at
the indicated points, respectively.
We employed B4 boundary elements for the analysis,
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Part II

4 . 2 Half-plane problems

In the rest of this chapter, we discuss the application of BIEM to
half-plane problems,

Let (xi(0), xp(0)) (—oolpo<ee) be a smooth non-self-intersecting
contour satisfying

in | B |- r=ol am [ 2O ]-[ 5],
[x2(0) | < C, (—oo<ag<ee). (4.2.1a-c)

We denote by D the domain located above (x3(0), x2(0)) (Hence
(0,e2) €D .) and having possibly finite number of holes of finite
linear dimension. We also denote the union of (xi(@), 12(0)) and the
hole boundaries by 9D (See Fig.4.2.1).

We now consider the problem of determining the time-harmonic
elastodynamic displacement field in D generated by an incident field
u; which satisfies (4.1.1.8), and by a traction iy on 8D :

t '=Tu= 1 on aD. (4.2.2)

For solving this problem we introduce the notion of a radiating field:
A displacement field u which allows an integral representation

u(x) = faDr(x,th(y)ds = LD I (x,v)u(y)dS, x<RA\aD {4.2.3)

is called a radiating field where u is defined in (4.1.1.16).

We now split the whole displacement field u into a sum of an
incident field u; and a radiating field uz . By assumption 1z satisfies
the equation

w8 - [ rawhads - voe. [ D)@, .
ab ab
xedD (4.2.4)
where #p is the traction associated with wuz. One may think of

computing the total field u by solving a BIE obtained form (4.2.4) and
(4.2.2), followed by the use of

ue) = w@ + [ Fewh@ds, - [ NEnwas, D @.2.5)
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This method, however, does not work, as we shall see. Consider, for
example, the case where D is a half plane defined by 12>0. Then the
integral equation obtained from (4.2.4) and (4.2.2) is seen not to
have a unique solution. Indeed, the surface displacement generated by
Rayleigh waves satisfies the homogeneous version of (4.2.4).

This trouble, however, can be avoided if the displacement field uy
(sometimes called the free field) generated by u; in a traction free
half plane admits an analytical continuation into D. In this case, we
replace (4.2.5) by

u(x) = uy(x) + faur(x,y)ta(y)dsy = faorl(x.y)un(y)dsy zeD (4.2.8)

UPgr) - J;Dr(x,yjtﬁ(y)ds - v.p.j;n Ui (x,y) )wp(y)ds,

xedD (4.2.7)
subject to
21y : x|
a—x[ — sgn(x)ikpug — O as x| — oo, (4.2.8)

where kg is the wave number of Rayleigh waves. The condition in
(4.2.8) is introduced so that the solution up of (4.2.7) includes only
the outgoing Rayleigh waves. The next section introduces a numerical
method based on (4.2.7) and (4.2.8).

4 .2 .1 Method of truncation

Equation (4.2.7) 1s a singular integral equation defined on a
boundary having an infinitz length. Hence the BIEMs developed so far
cannot be used directly with (4.2.7) because these methods solve
problems with boundaries of finite linear dimension only. We therefore
have to devise a new numerical method.

A simple method of solution for (4.2.7) is to truncate the boundary
and to take into consideration only a finite part of the original
boundary. Namely, we solve (4.2.7) with @D replaced by a truncated
boundary a4D; . Obviously, we may also view this approach as solving
(4.2.7) and (4.2.2) on 98D; rather than on 8D under a constraint
given by

up = 0 on 9OD\OD;. 4.2.1.1)

We may therefore expect that the method of truncation yields an
approximate solution to the problem defined by (4,2,7), (4.2.2) and
(4.2.8), since (4.2.1.1) loosely corresponds to (4.2.8).
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In 4.2.3 we shall carry out a numerical experiment in order to test
this truncation approach. Before doing this, however, we shall prepare
a more reliahle (but not necessarily practical) BIE formulation for
half-plane problems which uses the Green's function for a traction
free half plane. This Green's function approach will be used to obtain
a 'reference’ solution for assessing the applicability of the method
of truncation.

4 . 2 . 2 Method of Green's function
Let D be an upper half-planner domain having possibly an

indentation and/or holes. The boundary of infinite length x| (o), x2(0)
is assumed to salisfy

x1(0) = @, 12(0) = 0, (lol>"a>0)
x2(0)>0. (1ol <a) (4.2.2.1a,b)
We consider a boundary value problem for (4.1.1.8) in D with boundary

conditions given by

O on x2 =0, lxl>a,
t '=Tu = (4.2.2.2)
ty for the rest of AD.
By definition wy satisfies
Tuy = 0 on 12 = 0, (4.2.2.3)

Also, uwp, defined by ug=u—uy , has a representation given by
wx) =[Gl s, - L(Tyccx.yn%(ymy, ) (4.2.2.4)

where _G(x,y) 15 the Green function for the upper half-plane which
satisfies

T,G(z,y) - 0, (y2 = 0, 22>0) (4.2.2.9)
and S 1s a finile subset of D defined by
S=090DX {(x,0)] x|l =2 a } . (4.2.2.6)

Equation @4.2,2.4) yields an integral equation on S, which can be
golvsdd with the help of the conventional BIE techniques since S is
ounded
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In many problems of practical interest such as the cases of
incident plane waves, we can write uy explicitly. Hence we may now
proceed to the determination of G(x,y); a classical problem considered
originally by Lamb(1904). The well established method of Fourier
transform readily gives

i s = ri' s {7 ) B L '_—'1 A B )

vhere
_fE ~xR 2 25 —1oR ~yoR 2 2y ,~ugk
A = g (BRRre™ — (26%-ki?)e ™) (2RRre ¥ — (262~ kiP)e ) ,
B=— {s(ggze—xgﬂ._ﬁ (262_kT2)e~IQR, ) (2RTRL8_“J2R“— (252‘ kTE}e"!lQR,) '
C = if(28%e ™~ (27— ki )e ™) (2R Rre v — (282 -k e ViR )
2
D= -ET(ERTRLC”‘ERL—(Efz—k'rz)e"“’n') (2RLRre ¥R~ (22— kp?)e vl ) |

Ry =4/ 82—k 1% . (4.2.2.8a-¢)

In (4.2.2.8) the branches for the radicals are taken as the limiting
absorption principle (Im k. 1!0) requires. Hence they are continuous
and Rt~ 1 €1 as | €l — == on the real axis. Also, [(¢) signifies
the Rayleigh function defined by

F(¢) = (2¢2-k1®)? — 4¢%R.Ry, (4.2.2.9)

and y° indicates the mirror image of y with respect to x2 = 0. The
expression in (4.2.2.7) involves an inverse transform which can only
be carried out numerically.

Our next step 1is to establish an effective numerical method of
inverting the ¥ transform in (4.2.2.7). Since (4.2.2.7) 1s too
complicated, howvever, we extract from (4.2.2.7) a typical term given
by

o szT (252_k_t:’)e—zgR.-ng,_+i§1
o ()

dg, T =22 — Y, (4.2.2.10a,b)

and discuss our method of inversion with (4.2.2.10a), where the path
of integration in (4.2.2.10a) 1s as shown in Fig. 4.2.2.1.

There are three reasons which make the evaluation of this integral
difficult. The first is that the limits of the integration are =eo.
The second is that the integrand is oscillatory. The third is the
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singularity of the integrand at the Rayleigh poles. We here avoid
these troubles by using a method of contour integration.
To begin with we observe that the exponent

—XoRT—Y2R L+ 182 4.2.2.11)
approaches on the complex plane to

(—xp—yp+1ix)€ in the 1st and 4th quadrant

(xot+yo+ix)€ in the 2nd and 3rd quadrant (4.2.2.12a,b)

asymptotically as |€|—+e , where we have made the radicals in
(4.2.2.11) single valued by using the cuts shown in Fig.4.2.2.1. We
therefore see that the exponent is asymptotically real negative on the
paths defined by

€ {(‘W”LL‘QJF“E)S’_/r"2 (s=0) (4.2.2.13)
(- (xo+u2)+ix) s/B
where}?=12+(x2+;m)2. This suggests that the change of the path of
integration from the original path to the new one shown in Fig.4.2.2.2
would prevent the oscillation of the integrand. At the same time, this
change of path eliminates the difficulty caused by the infinite
integration limits because the Laguerre quadrature formulae for

j:f(t)e"dt (4.2.2.14)

is applicable to our integral. This is because the integrand in the
integral in (4.2.2.10) decays exponentially on the nev path.
Consequently, we perform the change of the path of integration in
(4.2.2.10), followved by the addition of the residue contribution to
(4.2.2.10) from the Rayleigh poles, to have

r EZRT (2{2_kT2)e—Igﬂ,—yzﬁL+ iéIdE
—eo F(g)

_ f”[( xo+ vpt+ 12§30/ 6T —kr? (27— krP)erme/ Hob -van/ Bk it
o B/ F(&D)

(1‘2+ up— ix)fEA/ g5kt (288~ kr?)e 2 Hki-ua/ fﬁ-k“?“f?] ]
+ - & ds
R F(£2)
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e f*zs%zs? kr® >e*fu,/kT2 EZCOS(xza/kT—Eg-Fyzf\/kL —52)

(282~ k1 Yo+ 482 (ki "~ £9) 172 (kP — ¢7) 172

k.
~2i[ "2 @8- ki?) P~ ¢t/ TR
3

oz ki-¢
(2% ~kr )2+4152(kT A G T R )dg

A 2p- (082 _ o2y o Fofe—yaRe +idz
+erisen(x) s P2 = (); s (4.2.2.15)
vhere
£l - ATIgtiE, §2 = — ¢4,

0
b={p k-{f m-{& w-{&
for % Zg. (4.2.2.16a-f)

Equation (4.2.2.15) is suitable for numerical calculation since this
equation consists of an integral which is evaluated by the Laguerre
integration, integrals having finite limits of integration, and a
residue term. We thus have established an accurate method of computing
the Green's functions.

We finally remark that the modified BIEM using Green’s function may
lose the uniqueness of solutions in the half-plane problems. Indeed,

we see that the fictitious eigenfrequencies for the present problems
are either

a) Eigenfrequencies of displacement boundary value problems for the
interiors of holes if any.

b) Eigenfrequencies of the domain enclosed by
x2 =0, lxyl<a and (xi(o),x2(0)) lol<a (4.2.2.17)
with the boundary conditions given by

Tu=0 on x2 =0, lxl<a,
=0 on (x{0), x2(0)) , lol<a. (4.2.2.18a.b)
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This trouble can be avoided in several ways as we have discussed in
4.1.3 ~ 4.1.6. Among them, the method by Schenck is the best choice,
since this method does not make the algorithm too complicated.

We are now ready to apply the modified BIFM to half-plane problems.

4 .2 . 3 Numerical example

We here compare the numerical results obtained by the method of
truncation and the modified BIEM which uses Green’'s function. As we
have stated, the objective of this study lies in assessing the
applicability of the former approach. We here use, as an example, a
column - half-plane system shown in Fig.4.2.3.1.

We carried out the analysis under the following conditions (see
Fig.4.2.3.1 for notation):

Incident wave : Plane S wvave, l/a =2, 0 = 30°,
(l: incident wave length, 6: incident angle)

Material constants :
po/py = 10, vi =ve =1/4, (p2p1)/(p2y) = 10,

where the subscript 1 (2) designates quantities relevant to the
half-plane (column).

In the method of truncation we took into consideration the
half-plane boundary of twice the incident wave length on both sides of
the column. Also, we can show, by a numerical eigenvalue analysis,
that the Green's function BIEM has a unique solution in the present
case. Hence we did not use any measure against the fictitious
eigenfrequencies. The boundary elements are piecewise constant.

Fig.4.2.3.2 shows the real and imaginary parts, respectively, of
the displacement (normalised by the amplitude of the incident wave)
obtained by the method of truncation. Here the real (imaginary) part
of the solution indicates the displacement when the peak (node) of
incident  displacement field arrives at the origin shown in
Fig.4.2.3.1. Fig.4.2.3.3 shows the same fields obtained for the
reference purpose by the modified BIEM. We may conclude that there is
no appreciable difference between these results. In addition, the
thesis by Kinoshita(1983) reports more computations which support this
conclusion. Consequently we state with confidence that the method of
truncation is applicable for practical purpose provided we retain
sufficient length of half-plane boundary.

The method of truncation is also economical in comparison with the
Green's function BIEM. Indeed, our experience shows that the latter
requires about 10 times the CPU time of the former. We thus conclude
that the method of truncation is recommendable for engineering
purpose.,

We can now attempt to synthesise the solutions obtained by using
the method of truncation to carry out a transient analysis.
Fig.4.2.3.4 shows results of such an attempt. We calculated the
deformation and stress around a circular hole having a radius of a
near the surface of a half-plane, subject to plane S wave of critical
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incidence whose stress history is shown in Fig.4.2.3.4(a). Note that
this stress history can be viewed as a step stress wave of a uniform
magnitude in the time range shown in Figs.4.3.2.4(b) and (¢). The
depth of the centre of the hole is 3a, the Poisson's ratio is 1/4, and
we have used piecewise quadratic isoparametric boundary elements.
Figs.4.2.3.4(b) and (c), respectively, show the displacement and
stress around the hole when the wave fronts of incident (S) and
reflected (P,S) waves arrive at the indicated location. These results
confirm the applicability of the method of truncation to transient
analysis.

4 . 3 Concluding Remarks

a) In this chapter we have discussed the integral transform
formulation for transient elastodynamics using the BIE method. We also
showed the efficiency and applicability of this method to many
engineering problems.

The present method is especially advantageous for scattering
problems because of its applicability to exterior domains. This method
is also applicable to half plane problems with the help of the
truncation technique. Although the non-uniqueness caused by the
fictitious eigenfrequencies is a drawback, we can circumvent this
either by using modified integral equations or by checking the
resulting matrix numerically. From a numerical experiment we concluded
that the former methods of avoiding fictitious eigenfrequencies are
not 1indispensable for transient analyses. It goes without saying,
however, that the use of the former methods are essential when one is
interested in time-harmonic analysis for a certain frequency.

It 1is interesting, from various viewpoints, to compare the content
of this chapter to the paper by Niwa et al.(1988a).

b) The extension of the content of this chapter to 3D cases is
straightforwvard. Rizzo et al.(1985), for example, have investigated a
3D BIEM in time-harmonic elastodynamics. The method of integration for
singular integrals presented in 4.1.9, however, seems to be much
simpler than their counterpart which uses the elastostatic double
layer kernel.

¢) One of the attractive alternative numerical procedures in the
transient elastodynamics is the time domain formulation. This approach
seems to give finer early-time resolution than the present
formulation, especially when the field contains some discontinuities.
However, the time domain formulation as a numerical scheme is rather
core consuming and susceptible to instability due to the accumulation
of errors. In addition the time domain BIEM seems to have a different
kind of instability than those in FDM or in FEM. Indeed, Fukui(1986)
reports that a very small time increment is harmful for the stability
of the BIEM algorithm. The Fourier transform approach, on the other
hand, gives stable results for a long period of time. Manolis(1983)
performed a comparative study of various formulations in elastodynamic
BIFM, according to which the Laplace transform approach is the most
efficient choice. This conclusion, however, is dubious because the

—165—



numerical procedures in Laplace and Fourier transform approaches
differ only slightly.

We remark that Nishimura et al.(1988) extended the applicability of
the time domain BIEMs to anisotropic cases. Also, Nishimura, Guo &
Kobayashi (1987) and Nishimura, Kobayashi & Okada(1987) investigated a
time domain BIEM in fracture mechanics.

d) Niwa's colleagues (Niwa & Hirose(1983), Kitahara et al.(1984) and
Niwa et al.(1986b) for example) applied BIFM to problems in which a
bounded part of a homogeneous domain has different (possibly
non-constant) material properties. They either construct numerical
Green's function by using BIEM including volume potentials, or use an
explicit Green's function if possible, or use volume integrals with
the help of fundamental sclutions for a homogeneous material.

In the present author's opinion, however, a combination of BIEM
(for homogeneous parts) and FEM (for inhomogeneities) could be an
alternative for their problems; probably this alternative would be
more practical than their methods. For such an attempt the reader is
referred to Kobayashi et al.(1986) for example.

e) We did not discuss the method of determining various constants
involved in Jones's methods. Kleinman & Roach(1982) claim to have
established an "optimum’ choice for these constants in the context of
acoustics. We may interpret their method as making the resultant
numerical matrix most diagonally dominated. The practicability of
their method, however, is dubious because it requires evaluation of an
infinite series. Bencheikh(19868) proposed a modified BIEM using an
arrangement of Y- different from the one in (4.1.6.6). His
formulation includes the elastodynamic version of Jones's methods
discussed in this chapter as special cases.

f) The method of computing Green's functions discussed in part II of
this chapter uses a contour on which a function given in (4.2.2.11)
becomes asymptotically real negative. We chose this contour inspired
by the method of Cagniard(1962), as readers may probably infer. One
may then think that the present numerical procedure can further be
improved by using a contour on which (4.2.2.11) takes exactly a real
negative value. This, however, would require a far more involved
numerical calculation including a solution of quartic equations. This
explains why we have decided to choose the linear path shown in
(4.2.2.13).

The numerical method of calculating Green's function given in this
chapter is applicable only when the new contour, given by (4.2.2.13),
is sufficiently far from the Rayleigh pole. We therefore have to
modify the procedure when the above condition is not met.
Kinoshita(1983) describes one modification which splits the pertinent
integrand into a sum of singular and non-singular terms, evaluating
the integral of the former analytically, and that of the latter

numerically. The samples shown in this chapter were obtained by using
this modified method.

g) In the example shown in 4.2.3 we have truncated the half-plane
boundary at points twice the incident wave length away from the
structure. This "twice the wave length’ criterion, however, has been
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set in an arbitrary manner. Indeed, Mori(1987) reported that a still
shorter boundary modelling is sufficient in loaded half-plane
problems. In general it is not very easy to establish a definite
standard for an acceptable location of the truncation. Indeed, such
location should depend not only on the wave length, but also on the
size of the structure, hole location, etc. In practice it would be
safe to try several truncations and check the agreement of the
results.

Kinoshita(1981) and Mori(1987) tested the so called semi-infinite
element devised by the present author (Kobayashi & Nishimura(1983)).
This element uses a shape function having a spatial variation for an
outgoing Rayleigh wave. These authors concluded, however, that the use
of this element has only marginal effect on the solution. One may
interpret this fact as another evidence of the validity of the method
of truncation.

h) For additional existing BIEM researches the reader is referred to
a review article by Kobayashi(1985).

i) The content of the first part of this chapter is taken from
Kobayashi & Nishimura(1982a,b). The material in the second part has
been published in Kobayashi & Nishimura(1982a) and Kobayashi &
Nishimura(1983).

Appendix to chapter 4
BIEM in incompressible elastostatics

It can be shown that the same phenomenon as the fictitious
eigenfrequencies takes place in BIE for the incompressible solids (or,
what is the same thing, incompressible slow viscous fluid). The
indeterminancy of the BIE solution to the exterior problem for
Stokes’s flow under the velocity boundary conditions is known in
connection with the question of the existence of the solution
(Odqvist (1930)). In this appendix we discuss the non-uniqueness
problem in the incompressible elastostatics, and show that the methods
described in 4.1.3 ~ 4.1.6 yield BIEs which have unique solutions. We
consider 3D problems using the same notation for the domains as 1in
problem A introduced in 4.1.2.

The governing equations of incompressible elastic solids are

—piu + Vp = 0, div u = 0, (4.A.1a.b)
where we have neglected the body force. In (4.A.1) u stands for the
displacement, p for the indeterminate pressure and p for the modulus
of rigidity, respectively.

The potential representations of the solutions in exterior problems
are

e = LDFI (@) y)ds — faﬂm_y)t(y)ds,
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p = . = : , .A.2a,b
10 fa Ty (2.9) - u(w)ds j; T(z.y) - tw)ds (4.A.2a,b)
where

1

Fiz,u) < -BTIC—P(m ~ VeV)lz-yl, Nxy) = Vyrlzx — yl™,

e

Fi(ew) = (ST@W)T + Vig-lz — yl'en,,

M (x,y) = S(z,u), Su = p(Vyu + (Vyw)T)ng,

t = Su - np, (4.A.3a-f)

respectively. We then let x approach 4D from D° in (4.A.2a) to obtain
0 = C'(x)u(x) + LDFI (x,w)u(y)dsS - _LDF(I.y)t(y)cB.

xedD (4.A.4)

where C'u is the non-integral term of the interior limit of the double
layer potential. From the uniqueness theorems for the incompressible
elastic solids and (4.A.4), we have

K(x):= faor, (x,y)u(y)dsS — LDF(J:,y)t(y)dS =0 1in D%,

Qx):= LDUE(I,Q) -u(y)dS — -’;DH(I’y) - t(y)dS = const

in D°. (4.A.5a,b)

Therefore the argument used in 4.1.3 shows that the solution to the
homogeneous version of (4.A.4) is written as

u = u°, t =1 — nC on aD, (4.A.6a,b)

where_ ¥ is an extez‘“ior displacement field, t* is the corresponding
traction on 9D and C is a constant. The boundary condition for »f is

u* =0 on aD,, t* =nC on 3Ds. (4.4.7a,b)

We thus conclude that the uniqueness of the solution does not hold in

—168—



this case.

We can apply the remedies analogous to those for elastodynamics to
the BIE in (4.A.4) in order to assure the uniqueness of solutions. We
here state the results without derivation.

1) The following method gives a unique solution; Solve (4.A.4)
subject to a condition Q(x) = 0, where x is an arbitrary point in D°.

2) The replacement of I'(x,y) and I'|{(x,y) by

[Nx,y) + cod(z)@d(y),

I(x,y) + co®(x)@¥(y) (4.4.8a,b)

in (4.A.4) renders the solution of (4.A.4) unique where ¢y 1is a
nonzero constant,

1

) = Vigie — xgl

: ¥(x) - Eu%ld’(:c). (4.A.9a,b)

and g is a point in D°.
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Chapter 5 Consolidation Problems

5 . 0 Introduction

This chapter presents some applications of BIEM to Biot s theory of
consolidation (Biot(1841)) a special case of parabolic problems.

As in elastodynamics we can carry out the analysis either in the
time domain or in a certain transformed domain. We here choose the
former approach because of two reasons. The first reason is concerned
with our intention of showing the usefulness of potential methods for
applied mathematical purposes. Indeed, we shall emphasise in the first
part of this chapter that the present formulation provides an
effective tool of investigating the behaviour of the solution, It is
preferable, to this end, that all the field quantities are given in
terms of physical variables including time. The second reason is
related to the jump properties of the soclution. We know that the most
outstanding difference between the solution of Biot’'s theory and that
of heat equation is that the former solution often jumps (as a
function of time) while that of the latter does not. It is therefore
conceivable that the time domain methoed will give better numerical
results than the other since most transformation methods tend to blur
discontinuities.

In the first part of this chapter we present some results
concerning the behaviour of the solution. We maintain the description
as general as possible; the obtained results are valid for fully
anisotropic cases. This generality is achieved by using the method of
Fourier transform used in Chapter 1., This method enables us to discuss
problems whose fundamental solutions cannot be written explicitly.
Specifically, we discuss the initial behaviour and jump properties of
the solutions. We also determine the structure of the singularities of
fluid velocity on the boundary at the instant of sudden loading.

The second part describes a method of numerical analysis using the
present formulation. We discuss the method of space and time
integration in detail. We finally show sample analyses which show the
applicability of our formulation.

Part I

5 .1 Initial- boundary value problems for Biot s equations

The well-known equations of Biot in forms familiar to soil
engineers can be written as

N — Vp = ~f, (5.1.1)

divu + mp - K-VVp =g, (5.1.2)

where u, p, f. g and K, m ( > 0) stand for the displacement, pressure,
body force, (i - f; K-Vf) (ff : fraction of fluid which is assumed to
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be a constant, i : rate of fluid injection per unit volume),
permeability tensor and the compressibility of the fluid. The symbol
A* stands for the Navier operator defined by

A*u = div C[Vu] , (u: vector) (5,1.8%

where C is the elasticity tensor (4th order) which is assumed to be
constant. We also assume the usual symmetry and positive definiteness
for both C and K, and use ’ for the time derivative
(" = d/dt, t:time™ ).

It is plain to see that the following identity holds for any
sufficiently smooth wvectors u, u* and scalars p, p*:

ft2f{u S - u-anp+nK(Vp)}det

ta
=f j;{iz*-(,&*u - Vp) — (At + Vp*) -u
ty
+ p*(divu + mp — K-VVp) — (div «* — mp* — K—VVp*)p}dVdi

- fD[p*(div u + mp) )2 dv (5.1.4)

where D 1is a bounded (open) domain with smooth boundary 2D,
( - )8 =-(t2) = -(t;), and S and S' are the traction and
‘adjoint’ surface traction defined by

= (C[Vul - 1p)n, st = (CVu'] + 1p")n . (5.1.5a,b)

Note that $ has the same physical meaning as t in other chapters (e.g.
(1.1.11)). However, we here use this notation in order to emphasise
the dependence of § on p. Also, the quantity $' does not have any
particular physical meaning.

Suggested by (5.1.4) we seek a solution of the following initial
boundary value problem.

Find a regular solution (u, p) of (5.1.1) and (5.1.2) in D and
t>0, subject to an initial condition

(div u + mp) |0 = B in D (5.1.8)
and boundary conditions for {>0

u = uy on ab, ,

* ClE]s; = Cijkierl
*+ s 1s also used for time.
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$=25 on dD; , (ab,JaDs = @D, aD,NADs = @)

P = pPo on 9D, ,
r:=-n-KVp = rg on 9D, ,
(éb,uaD, = aD, a8D,naD, = @) (5.1.7Ta-d)

where 0, u, Sp, pp and rg are given functions.
By the word "regular” we mean

1) wand p in DxR" are piecewise smooth in t for a fixed x
(analytical backward, to be precise) and the limits u(x,t*) , p(xz,t%)
(t>0) , u(x,0") and p(x,0") are sufficiently smooth in =z (xeD) so
that the following arguments are justified

2) For points x € (9D, U dDs) N (8D, U 8D;) = dDg , u, S and p
satisfy the same condition as in 1) (except that "x€D " is replaced by
"x € ADg7). As to dp/an (or r) we allow it to have singularities of
the following forms

M
Y. Ci(@H(t-s;) (t-si)%  (sg = 0), (5.1.8)
i=0

wvhere C;{x) 1s a function sufficiently smooth on 3Dy , s;(0=i=M) are
the values of t where the solution suffers discontinuity, H(-) 1is the
step function and f; are constants such that

B: > =1 . (5.1.9)

Equation (5.1.9) implies that the amount of the fluid flow through 8D
in a infinitesimal time interval must be infinitesimal.

3)u, S, p, 9p/3dn on 48D may have singularities near points in
OD\ADr, but the order of the singularity is sufficiently small that
the following arguments are justified.

Accordingly, we specify the data wy, Sy, po, 1m0 and O keeping
consistency with the conditions 1) ~ 3). As to f and g, we assume
piecewise continuity in t for a fixed x € D = D + 38D and smoothness
in x.

The uniqueness of the solution to this problem is easily
established by using the standard argument, together with an identity

fos fan(""s + pn-EVpdSdt + fo j;ﬁl-f + pg)dvdt
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+—]é{fu-SdS+f(divu + mp)p dV + fu-f dV}|t=o
aD D D
s -
:fo j;u-(A*u - Vp + F)dvdt
+ 'E fnp(—divix - mp + K-VVp + g)dvdt
+ 1 fu-(A*u - Vp + f)|e=0dV + lfV’u-C[‘U’u]|g=st
2 Jb 2

'S
+ f lrniozlfzi.-d‘wrf pr-KVp avdt, (5.1.10)
D 2 o J

which holds for any smooth vector fields (u, f). scalar fields (p, g)
and a scalar s (time) > 0. Indeed, (5.1.10) shows the uniqueness of
the solution within a rigid body motion if 8D, = ¢. If m = 0 and
0D, = dDs = ¢ , ve see that the pressure is determined to within a
constant. For other cases the solution is totally unique. The boundary
and field data cannot always be given arbitrarily. Actually,
substituting u*(x,!) = H(s-H)up(x) (up : rigid displacement), p* = 0
in (5.2.4) we have

LDS(I.s)dS + fo(:c.s)dV = B s>0 (5.1.11)
and
LD x x S(x,s)dS + fD x x f(x,s)dV = 0. s>0 (5.1.12)

If m = 0, introduction of p*(x,t) =H(s — t) and u"(x,t) =0 in
(5.1.4) yields

s S
fn-u|¢=sd3+ffrdet=ffngdf+deV.
an 0 Jab 0 Jp D

s >0 (5.1.13)

Equations (5.1.11) and (5.2.12) are necessary conditions for the
solvability of the present problem when 8D, = ¢ . Equation (5.1.13) is
necessary for the solvability when 8D, = dD, = ¢ and m = 0. It is
highly plausible that these conditions are also sufficient, but the
present author does not have the proof at present.
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Before closing this section we shall make a comment on the physical
interpretation of the initial condition. Assume that there was a
certain consolidation process going on before { = 0. For example we
have u = 0, p =0 for t < 0 if the soil was at rest under no load
before the loading begins. We then integrate (5.1.2) with respect to
time from —At to At (At > 0) to obtain

(div u + mp) I p=nt

Ot
= (div u + mp) | - pnr + fﬁ (K-VVp + g)dt. (5.1.14)
At

Since the integral on the RHS of (5.1.14) tends to zero as Atl0 , we
get

(divu + mp) | j=gr = (div u + mp) | s=¢-. (5.1.15)
Consequently we are led to interpret 0 in (5.1.6) as
0 = (div u + mp) | t=0- (b.1.16)

In particular, we have 6 = 0 if the soil is with a quiescent past.
5 .2 Green’'s formula, fundamental solution and integral
representation of the solution

Let U, V, P and @ be functions which satisfy the ‘causality’ (i.e.
U etc. vanish for t < 0) and the equation

=—

_ T 18(hs@ 0 :l
- [ : B I - (5.2.1)
where &(-) is the Dirac delta. U, ¥V, P and Q are called the
fundamental solutions for (5.1.1) and (5.1.2). These fundamental

solutions can easily be obtained by using the Fourier transform.
Namely, we have

U=6(0U + 1,

V=281VW+ 7
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. AT E
P = —iH(1)3: (m 5 E-A*'(f)fcx(‘f't))’
Q= H(t)fa‘?(m E f_lﬂ,-l (E)fex(f’”)' (5.2.2a-d)
wvhere
Y BN ¢ 97 L TANC 9] 4
b = se{(an@ - S-S}

b (o TLOBE Y,

=
i

- 5 {Hvar dgear ® ; exd. ).

£-k€
(m+ &0 (OE)

0

1]

ffé‘(H(t)iA*"' (£)E(m - ;"ﬂf_, 0L

Also, 57 indicates the Fourier inverse transform ( §- x). A
the inverse of the matrix obtained by replacing V in A* by £, and

ex(f,t)). (5.2.3a-d")

ex(§,t) = etk £0TNOD (5.2.4)
Note that P and Q can be expressed as

P(x,t) = Po(x)8(t) + ®(x,t),

Qx,t) = Q@)s(t) + 2=z, t), (5.2.5a,b)
where

Py = Vo, ® =17,

@ -7 @)

+ For N = 2 one would either have to interpret the non-integrable
integral included in the Fourier inversion of (5.2.3a) as p.f. or an
integral performed on a path in a complex plane which circumvents the
singular point of the integrand (origin).
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A —H(t)sg‘( ex(i,t)). (5.2.6a-d)

£ KE
m + -2 ()72
The Fourier transforms of Us, Vy, Py and @ are homogeneous
functions of order (-2,0), (-1,0), (-1,0), (0,0), respectively (see
1.8 for the definition). For the case of N spatial dimension (N = 2 or
3) this observation, together with the theory of Fourier transforms of
homogeneous functions (see Mizohata(1983) or 1.3 of this thesis),
shows

i) Uy is a (2,-3)-homogeneous function when N = 3, When N =2, U
is a CW(RQ\ {0} ) function having an estimate

]Ug(x)| =C + log|;c| (Cy,C> constants) (5.2.7)

near the origin.
ii) Vo, Pp and VUp are (1,-N)-homogeneous functions.

i1ii) @y can be expressed as

Qx) = Cd(x) + v.p.&(x), (5.2.8)

where

_ 1
G = 7o fSNfIQo&)ds,

v.p.&(x) = F' {50l - C} ., (5.2.9a,b)

Sy 1s the N-dimensional unit sphere, and !Eml is its surface area,
respectively. Also, Q(x) is a (0,-N)-homogeneous function whose
mean value over Sy vanishes. We may sometimes write @y for Q3 since
they are identical except at the origin. VVy also has an
expression analogous to (5.2.8).

We next consider the time dependent kernels (U etc.) in (5.2.2) and
(5.2.3). A useful observation is that these kernels are written as

5! F(&)ex(&, ) = (21:)“ j;ﬂﬁ(&ex@.t)e‘f'fdf i >0, (5.2.10)

where ['(§) is a certain (n,0)-homogeneous function (-1 = n = 2) (n =
-1 for P, 2 for VU, etc.). Writing this integral as I(x,t) we readily
establish
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1 x
I{x,t) = (tNm)I/ZI( t’fz'l) . (5.2.11)

I(x,1) is a C° function in z. Since (3/8)°F(§)ex(§,t) is integrable

(near the origin, and therefore inR') for n — lal= -N + 1, we
have
1/2
|1(—t%/7,1)| < Const (‘F‘:ET)NI , (n+N-120), (5.2.12)
and
|I(I,t)| = Const Wr (5213)

for |x| = 0. This proves that U, Vi, U, VO, P, ®, VP, Q, 2 and
VQ are (C° functions for a non-zero t and are integrable in t for a
fixed |x| = 0. We also note that from (5.2.2c-d) and (5.2.6a,c)
follows

(P(x,1),Q(x, 1)) — (Po(x).Q(x)) as t | O. (5.2.14)

We now proceed to the construction of the potential representations
for u and p. To this end, we introduce functions U", V', P* and @
defined as

[ U(x,t) V(x,t)} _ [ ~U(—x,-t) —V{—I,—t)}'

P*(I,t) @(I,t) P(‘I,‘-t) Q(—Ia—t) (5.215)

These functions are easily seen to satisfy the "anti-causality’ (i.e.
U* etc.vanish for t > 0 ) and the equation

[A* va/at } [U V}

V -md/at-K-VV Pt g
- [ 18(t)8(x) 0
- [ 0 s(1)s(x) :l ; (5.2.18)

We then substitute I* etc. into u* etc. in (5.1.4) with the help of
(5.2.1'5). This process yields potential representations of the
solution to (5.1.1) and (5.1.2) in the following forms:

u(x,s) = LDUoix-y)S(yrS)dS = faDSo(x,y)u(y,s)dS

—180—



e ¢ s' - 2 ;

+ jl; Uo (x-y) f(u,s)dV + -/(:)D.](‘)‘u(x y,s-t)S(y, t)dtds

N fao fo $(x,y,s-Hu(y, HHdtdS - fan fDPcac—y,s—t)r(y,t)dtds
-+ fan LZ{I,y's—t)p(y.t)dtdS + ﬁf:mx—yﬁ-t)f(y,t)dtdv

+ [ [Pavs-bow bay + [ Peysowmar 621

and

px,s) = LDVo(x—y) $(y,s)dS — faBTo(:r,y) -u(y,s)ds
+ _/;Vo(x—y) - fly,s)dV + j;n j:ﬁ(:r—y,s—t) - S(y, 1)dtdS
= fau fosfi'(x.y,s—t) ~uly, t)dtdS — LD LSQ(I—Q.S-t)r(y,tJdtds
+ faa fuslv’(:c.y,s—t)p(y,t)dtds - '};‘[;U(I—y,s—t) - f(y, Hdtdv

4 L[}Q(x—y,s—t)gcy,t)dtdtf 4 fDQ(I-y,s)B(y)d\’,

x ¢ aD (6.2.18)

where Sy, §, To, 7. Z and W are kernels defined by

Soij(xy.s) 1 8 [ lhik(x-y,s) |
[ TOJ'}(I!‘U'S) :I’_ dyy [ Vor (x-y,s) ]Clﬂklnm(y)

Poi (x-u,s) _
* [Qo(:r—y»S) } n; (W) -

[&j(:ﬁ:,y.s) :|k K [‘flsk(I—y,S)
- du

Ti(x.y,s) 0 (x-u,s) ]ijktnm (y)
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@i (xﬁyvs} :| ]
[ 2(z-u,s) ().
Zi(xy,s) | . __ 8 [ Pi(z-u,s) ; o
|: W(x,y,s) ] - dy; I: Q(x-u,s) ] Kk (y) (b.2.1 c)
and
gy <4 WP &0 (5.2.20)

Oyo IEDB=R~\5.

To be precise, (5.2.7-9) and (5.2.13) are not enough to clarify the
meaning of the time-volume integral involving U. We shall return to
this problem later in 5.6, where this integral will be seen to
converge in the ordinary sense.

5 . 3 Initial fields

In sections 5.3-5.5 we shall discuss the initial behaviour of the
solution to our initial- boundary value problem. The result of this
investigation will be used in Part II of this chapter to implement an
accurate BIEM. Our discussion takes for granted the existence of the
unique solution to our initial- boundary wvalue problem, which
satisfies (5.2.17) and (5.2.18). We may therefore use these potential
representations to examine the property of the solution.

In the first place we have to introduce some definitions. By
"initial field’' we mean

lim u(x,s) x €D (5.3.1)
sl

etc. A limit of this form for a certain fixed point in R is called
the initial value. The initial condition is what we 'prescribe’, but
the initial field is what we “compute’'. In other words, the initial
field 1is a part of the unknowns. The 'boundary value  of a certain
field, say u(x,s), indicates the limit

lim u(x,s) (5.3.2)

z(eD or D®)—xgp

where xp ig a point on the boundary, and D? is the domain exterior to
D as defined in (5.2.20), respectively. Hence the boundary value of
the initial field of wu(x,s) is

lim lim u(x,s) (6.3.3)

z(eD)—=xg siD

while the initial value of the boundary wvalue of u(x,s) is
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ﬁ%g I(bggm u(x,s) (5.3.4)

In the sequel we shall write

u(x,0) := l}g u(x,s), (xeRN)

s

u(xp,s) := (lim u(x,s). (xpedD, s>0) (5.3.5a,b)
TL€

HES )

Our tools for the investigation of the initial fields are the

equations

(x,0) = _I;DUO(I—H)S(yvO)dS - LDSO(I:!J)U(yaO)dS

+—~f Uy (x-uy) f(y,0)dV +-.[ Py (x—y)8 (y)dV (5.8.6)
D D

and

B0 = LDVO(I-!J) . $(4,0)dS - LDT"(I‘y) - u(y,0)dS

+ fVo(:r—y)-f(y,O)dV + f Qo (x-y)6(y)dVY, x¢dD (6.3.7)
D D

which we obtain by letting s | 0 in (5.2.17) and (5.2.18) with the
help of (5.2.13) and (5.2.14). The last integral in (5.3.7) is short

for

Cobi(x) + v.p.L & (x-y)0(y)dVv (5.3.8)

(see (5.2.8) and (5.2.9)).
Fquations (5.3.6) and (5.3.7) are the representations of the

initial fields in terms of the initial values of the boundary values
of uand §. It is important to notice that there is no a priori reason

to assume
lim  u(x,0) = u(xp.0),
x(eD)—xq
lim p(x,0) = p(x0,0) (x0€dD) (5.3.9a,b)
z(eD)—xq

at this moment. Actually, we shall see that (5.3.9a) is correct, but

(5.3.9b) is not.
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We now prepare formulae for the boundary values of the potentials
in (5.3.6) and (5.3.7). This is in order to relate the boundary values
of u(x,0) and p(x,0) (xedD ) to u(xy,0) and p(xy.0) (xpedD). We
first note from (5.2.2),(5.2.3) and (5.2.19) that these potentials are
of the type discussed in 1.3, Hence we may utilise (1.3.1.4),
(1.3.1.13), (1.3.1.24), (1.3.2.2) and (1.3.2.16) to obtain

lim LDUo(xfy)S(y,s)dS = LDUo(xo~y)S(y.s)dS . {(5.38.10)

T—xp

lim j;DSo(:r,y)u(y,S)dS

I—=In

= i%u(ro,s) + v.p.f So(xo—y)uly,s)dsS , (5.3.11)
oD
Lin fD U (x-u) £ (y,s)aV = j; Up Cxo-1) FunS)aV (5.3.12)
Lin fDPo(x—y)ew)dv - fDPo<xo—y)e(y>dv , (5.3.13)
1imf Vo(x-y) - S(y,s)dS = +1 A*_'(“)_I‘ - $(x0,5)
T-=1) v OD 2 m+ n-A* (n)n

- v.p.LDVo(xg—y) -S5(y,s)ds , (5.3.14)

1im j;Drou,y) cu(y,s)dS

T—I)

_zl 0 (cm""(f)s@ﬂn — n\
296\ m+ L0t/

au,-
E=naxu <I038)

+ p_f.j;DTo(x,y) -u(y,s)dsS
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. w1 (div u(xg,s) — A*-I(n)n-C[Vu(:ro.s)]n)
= +-— =
2 m+ n-AY (n)n

+ p.fl[ To(x,y) -uly,s)ds, (5.3.15%)
ab
Lin [Vo(v) - £w.)aV = [Votmo-w) - Fw, ) (5.3.16)
. ) _ 1o = 1
tin faowowav - 4 ¥ b o

+ v.p.'wgah(xa—y)e(y)dv ; (5,3.17)

where the upper (lower) sign indicates the approach from the exterior
(interior) of D, (j is defined in (5.2.9a), and the cartesian frame
used in (5.3.15) is the same as the one in 1,3, The apparent
dependence of the non-integral term in (5.3.19) on du/dn 1s resolved
by substituting Vu — n®(du/dn) for Vu in (5.3.15). The limiting
values of these integrals as sl 0 are obtained by putting s = 0 on the
RHS's of (5.3.10-17).

We are now ready to compute the boundary values of the expressions

(5.3.6) and (5.3.7) with the help of (5.3.10-17). Actually, we easily
obtain

lin §(z,0) = Fhu(s,0) + fa Uy (x0-) Sy, 0)S

T-1g

- v.p.ﬁ)a&(xo,y>u<y.0>d3+ fDUoca:a—ymy,O)dv

+ fDPo(xOfyw(y)dV, xo € 9Dy (5.3.18)
— 1 A ()n
1 Q) = 5 = + 5(x0,0)
:c—-jlsl:I;l P, e m+ n-AF l(n)n g

+ Greek index runs from 1 to N-1.
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1 (div u(xp,s) — A {n}n-C[Vu(:co.s)]n)
—2 m + n-ﬁfq(n)n

Cy 1 1 )
= T = - 6(xp)
¥ ( 2 2 m+ 11-13*'(n)n %

; v.p.faDvO(mo—y) - 5(y,0)dS - p.f.j;ﬂ'n;(xo,y) -u(y,0)dS

+ fDVocxo—w £y, 0)dV + v.p.‘fDQouo—y)e(y)dv .

xp € ADg (5.3.19)
From (5.3.18) follows
lim u(x,0) = lim u(x,0) — lim u(x,0)
z(eD)—xzg x(eD)—xp z(eD®) —=xg
= u(xp,0), x9 € 9Dp (5.3.20)
wvhere we have used (5.2.20). In the same manner we use (5.3.19) to
obtain
lim p(xz,0) = lim p(x,0) — lim p(x,0)
z(eD)—ap z(eD) =19 z(<D?)—=xp
!
= - a (nzp - 5(xp,0)
m+ n-A"Y (n)n
div u(xg,s) - A (m)n-C[Vulxy,s)ln
m+ n-A7 (n)n
(5.3.21)

0(xo)
m o+ n-AY (n

-+

Also, we can write these limits as

lim u(x,0) = lim u(x,0)+ lim u(x.0)
z(<D)=x0 (D) ~xzq x(eD?)—=xq

= Q(L{JUO(I—Q)S(y,O)dS - v.p.LBSD(m,y)u(y.O)dS
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+ _I;Uo(xo—y)f{y,o)dv + f;Pu(:co-y)B(y)dV),

xp € ODg (5.8.22)

and

lim p(x,0) = lim p(x,0)+ lim p(x,0)
z(eD)—zy z(eD)—xp z (D) —xo

_ o &
= 2 28(3:9) + v.p.LDVo(xohy) -3(y,0)dS
- p-f-faDTo(Io,y) -u(y,0)dS + j;Vo(Io-—y) - f(y,0)dV

+ v.p.’LQo(xg—y)G(y)dV). x) € ADg (5.3.23)

Equations (5.3.20) and (5.3.21) are useful for computing the boundary
values of the initial field, whereas (5.3.23) will be used later to
find a relation between the limit in (5.3.23) and p(xp,0) (xpeadD) .

It is also interesting to establish a relation between the boundary
values of the initial field u(x,0), p(x,0) and S(x3.,0) (xpedD) . One
may do this by differentiating (5.3.6), followed by the use of the
formulae analogous to (5.3.14-17). We here take another approach,
which considers the physical meaning of the initial field. To this
purpose an equation

ERIEHIEE RN =

which readily follows from (5.2.3a,b) and (5.2.6a,c), turns out to be
useful.
Assume m=0 first. Fquation (5.3.24) readily gives

(& + 1 vdiv)yy = -18G) . (5.3.25)

Obviously, (5.2.25) means that Uy 1is a fundamental solution of
elastostatics with C + (1®1)/m as the elasticity tensor. Also
(5.2.9a) gives

Soi; (x,4) | _ Uoik (x-y) : 8jpbil
[ TOjJ(Iay) :I - a’“[ Vor (x—y) j[ (Cfpkt + - )Tlp
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fx-y| = 0 (5.3.26)

because we have

[ggg:g; J B i-:ri div‘-‘[ ggg;:g% :I = [ S(m-(;)/m] (5.8.27)

from (5.3.24). Equation (5.3.26) says that S is the double layer
kernel associated with Uy and the modified elasticity tensor. In
addition, the use of (5.3.27) transforms the volume integrals in
(5.3.6) and (5.3.7) into

[ mawewav - L [ divty-wowav

_ 1 . _ 1 s
ok LDUo(x u)nd(u)dS 5 -[D Up(x-y) VO (y)dVv (5.3.28)

and

y S N y 1
fD Qo (x-uw)B(y)aV = mj; div,Vo(z-y)8W)dV + — B(x)
= 4, Y - _ 1 573 »
Bk LDV{)(I y) -nf(y)dsS me Volx-y) - VO {uy)dV

+ 1 B(x). (5.3.29)

Hence we substitute (5.3.28) and (5.3.29) into (5.3.6) and (5.3.7),
respectively, to obtain

u(x,0) = LDU{J(I"Q)(S(Q.O) T ;1-1 nd(y))ds - LD&(I,y)u(y,o)ds

+ fD Up (x-y) (f(y,0) — i VO(y))dV (5.3.30)

and

p(x,0) = LDVo(ry) - (S(y,0) + %t nf(y))ds - faﬂrg(x,y) -u(y,0)dS
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+ fD Woz-w) - (F@.0) - 1 vow)av + 1 )

=;1;‘ (~div t(x) + B(x)), 1z e ab, (5.3.31)

where we have used (5.3.28), (5.3.27) and (5.2.8a). We thus conclude
from (1.1.7), (5.3.25), (5.3.30) and (5.3.31) that: "When m == 0, the
initial values of u and p coincide with the displacement and
—1/m x (volume strain) + 8/m of the elastostatic solution whose
elasticity tensor is C + (1®1)/m , and whose given data are ug( - ,Q)
for the surface displacement on 8D, , S$So(-,0) + nB(-)/m for the
traction on 9D, and f{-,0) — VO(.-)/m for the body force,
respectively.” In particular we have

3(xp,0) = 1lim {C[Vu(x,0)]n + I div u(x,0)} — L 6(xp)
x(eD)—=zq m m
= lim {C[Vu(ac,())]n — p(:r.ﬂ)n} = lim 5(x,0). (5.3.32)
z(eD)—zq z(eD)—xg

When m = O we see from (5.3.24) that Uy, Vo, Py and @y are the
fundamental solutions of elastostatics with prescribed volumetric
strain (see the appendix to chapter 4 or Kobayashi & Nishimura(1882)
Bearing this in mind we conclude from (5.3.8) and (5.3.7) that "When
m = 0 the initial values of u and p coincide with the displacement and
indeterminate pressure of the elastostatic solution whose elasticity
tensor, volumetric strain, surface displacement on a0, ., surface
traction on db; and body force are C, 8, u(-.,0), S(-,0) , and
f(-,0), respectively.” Hence we obtain (5.3.32) again.

One may think that these results are trivial. For example when
m=0, one may ‘use’ (5.1.1) and (5.1.8) to obtain

ANu - Vp + f =0,
divu = 0 inD (t =0) (5.3.33u,b)

and

u=u(-,0) on dDy,

{C[Vu] - p}n = $(-,0) on 9D (5.8.34a,b)

for t+ =0. This is exactly the result which we have just proved.
However, this argument is ambiguous. Indeed, the same argument might
have concluded that
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C[Vuln = S(-,0) + po{-,0)n on abhsNaD, (5.3.39)

were the boundary condition for the initial field, which is obviously
wrong. This explains why the above lengthy calculation is necessary.
Also, it is seen from the foregoing argument that (5.3.8) and (5.3.7)
are not independent.

Finally, we consider how one can compute the initial field. As can
be easily seen, one just has to determine u(xp,0) and S(xp,0) (xpedD)
and use (5.3.6) and (5.3.7) to compute the initial field. Hence we are
led to the following question: How can we determine
u(xp,0) and S(xp,0) for xpcdD? Equations (5.1.7a,b) show that half
of these quantities are given as the boundary data, but the unknown
halves of u(xp,0) and S(xp,0) are still to be determined. We can,
however, easily obtain an integral equation to determine these
quantities. Namely, we use the exterior limit in (5.3.18) to have

0 = ~Lu(z,0) + LDUauo—y)sty,mds
. v.p.LD&(xo,y>u<y,o>w+ fDUo(xo—y)fty,mdv

- lkh(rg—y)ﬂ(y}dv. xg € ODgp (5.3.36)

If m + 0 one may alternatively use a BIE obtained from (5.3.30). As
could be inferred from the dependence of (5.3.7) on (5.3.6), one does
not have to consider a BIE obtained from (5.3.7) for determining the
initial field. This is in contrast to the subsequent analysis to be
discussed in 5.6 where one has to solve 2 integral equations
simultaneously. As a cost for this saving, however, (5.3.38) loses the
uniqueness of the solution when m = 0 and D has holes, although the
solution to the original boundary value problem is unique. This purely
mathematical phenomenon could be eliminated by using remedies
discussed in Kobayashi & Nishimura(1982) and in the appendix to
chapter 4. After solving (5.3.36) for wu(xy,0) and $(xp,0) (xge aD) ,
one may determine the boundary values of the initial fields through
(5.3.20) and (5.3.21).

Before closing this section we remark, as another consequence of
(5£2.}7) and (5.2.18), that the possible jumps of u and p at sp > 0
satisfy

(§(x,50) ) =faDUo<x—y) (S(y,s0)) dS — LDSG(Isy) (u(y,s0) ) dS

+ j; Uo(x-y) (f(y,sp)) dV, (5.8.37)
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and

(Blx,s)] = LDVG(:C-y)- (S(y,s0)) dS — fap'ro(x.y)- (u(y,s0) ) dS

+ _/; Vo(z-u) - (F(u,sp)) dV , x ¢« aD (5.8.38)

where (u(x,sp)) indicates u(x,s§) — u(x,sj) and so on. Therefore, we
can interpret [u(x,sp)] and (p(x,sp)] in almost the same manner as
we did the initial values by utilising the obvious correspondence such

as  u(x,0) ~ (u(xz,sp))l ., B ~ O etec. between (5.3.6-7) and
(5,3.37-38).
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5 . 4 Initial behaviour of time dependent potentials on the boundary

In this section and the next we shall continue the effort of
relating

p(xp,0) (6.4.1)
and
lim p(x.,0). xpe dD (5.4.2)
z(«D)—xq

We first remember that the analysis in 5.3 has yielded expressions
for the limit in (5.4.2). Obviously, one needs an analogous expression
for (5.4.1) to discuss relations between (5.4.1) and (5.4.2). With
this in mind we shall attempt to carry out the limit calculation of
letting x (€D) tend to zp followed by letting sl0 in (5.2.18). A
part of this work, however, has been done in the previous section
where we have considered time independent potentials. Actually., we put
s =0 in (5.8.10-17) to obtain what we need. We are thus led to the
computation of the aforementioned limit for the potentials in (5.2.18)
having time dependent kernels. In the sequel we shall do this with the
help of the method of Fourier transform used in 1.3. Specifically, we
generalise the problem a little and consider the limits

s
lim limf f F(x—y,s-t) y(y,t) dV, dt, (5.4.4)
s10 z-x9 JO VD
lim lim‘[ Flx—y,s) ¥(y,0) dV,, (5.4.5)
sl z-xzg Jp

where Y(y.,t) is a density function having an asymptotic expansion

Y t) ~ Yo@th  ast |0, (5.4.6)

with _exponents -1 < B < B <. , and F is a kernel which has a
(partial) Fourier transform

i; Flx, e s * ¢ = F(§et@t (5.4.7)

For the purpose of completeness we shall also consider potentials in
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(5.2.17) since this can be done without additional effort. Egquations
(5.2.2-4) and (5.2.19) then suggest an assumption that F is (n, 0)
homogenecus with -1=n=2 and smooth except at the origin. Also, we
require G to be (2, 0) homogeneous (see 1.3) and ‘differentiable and
positive’ except at the origin. It is then sufficient to set the
parameters n and $; as in the following table:

n B kernels (n)

. P (-1)
AI$0 B 1 b3 71 u)Q!Z (O)

surface-time integral —

(5.4.3) U, 8. W (1)

1.8 B1=0 T (2

volume-time integral . P(-1)
(5.4.4) -1,0,1 B =20 U,Q(0),0(1)

volume integral P(-1)

(5.4.5) -1,0 B1=0 Q(0)

Indeed, one readily shows that the above combinations cover all the
possibilities one may encounter in the investigation of the integrals
in (5.2.17) and (5.2.18). For example, one has tc consider a negative
B only in surface-time integrals involving r in (5.2.17) and (5.2.18).
Since these integrals have either P or Q as kernel functions, one may
keep his/her attention only to the cases with n = -1, O.

5.4 .1 Surface-time integrals

We now consider the limit shown in (5.4.3) assuming, as in 1.3,
that 9D is locally plane. Again, as in 1.3, only the effect of the
singularity of the kernel function F on (5.4.3) is of interest. Since
this singularity is localised at a boundary point x93, we may pay
attention only to the contribution to (5.4.3) from the immediate
vicinity of xp. This justifies us to assume that the domain of
integration is RY' .  Actually. we may approximate ¥ by a function
defined on a small planer disc S centred at zy and tangent to 4D
followed by putting ¥ = 0 in RN4\S . It is then convenient to use a
cartesian frame vhose origin is at xo and whose xy axis 1is 1in the
direction of the normal vector n to S (see Fig.5.4.1.1). With these
tools thus introduced, we are now ready to investigate the limit in
(5.4.3) by considering the following partial Fourier transform with
respect to x, (1=a=N-1):

l}m lim E(¢q ] 2w, )

2~

* One may take G(§) to be short for ex(§, 1) in (5.2.4).
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= o Ln = 13 fs A { iba-eth f G (£a, 80 (s-t) 4
= 1 nIn—E8y a SN
i:ll.g.l :E:‘ll'{l}i or E:lll(')l'i A thdt e (fq ,EN)Q dia (5 .1 1)

where 3 is one of f; 's in (5.4.6) (| in most cases). The limit in

(5.4.3) is then obtained by multiplying (5.4.1.1) by the N-1

dimensional Fourier transform of i, followed by a Fourier inversion.
To begin with we prepare a

Proposition. Let f be (n,0) homogeneous, with either n=-1, or 'n=0
and F(0,1) = 0." Also, let G be a positive (2,0) homogeneous function.
Furthermore, F and G are assumed to be continuously differentiable
except at the origin. We then have

Lim F¢q,8y)e B tegey,
£ —a

= v.p. E(P@u,sm ~ #H(&)) dé, (5.4.1.2)

vhere H 1is a certain function independent of . Hence this limit is
independent of the form of G. In particular,

Lim F¢a,en)eladege, = 1ligl F (g0, 8n)e 5y (5.4.1.3)

Proof. We have

f F (€, &n)e 02 dgy

= V.p. F(F(fa»EN) - E‘IEH(&,))Q-C(E“'E“): di

—C(Eu-fl‘l)’t
+ H(ED v.p. jme—T dén, (5.4.1.4)

where v.p. stands for Cauchy’'s principal value, and

HES = { F(0,1), (n=-1) 5,47 50
’ ¢ 0/0¢ F(&) | ga0-0.1. (n=0) T

The first integral on the RHS of (5.4.1.4) tends to the RHS of
(5.4.1.2) as £l0Q because the expression in the parentheses in

(5.4.1.4) is G(1/¢8) as | ¢yl — o=. The integral in the second term on
the RHS of (5.4.1.4) is rewritten as
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C(Eab)e et _ oC(-/Th0m)
vp. | & dn=| & g dn, (5.4.1.8)
- N 0 )

vhich tends to zero as €0 due to the assumption on G. This concludes
the proof'.

We now compute (5.4.3) for various combinations of n and S:
i) n=-1,0, 8> -1. We first rewrite the time integral in (5.4.1.1)
into

s 1
feﬂf”f” thdt = e*9<f)=‘s‘*ﬁf b Esuybay B> -1) (5.4.1.7)
0 0

The asymptotic expansion for incomplete gamma function then shows that
the last integral in (5.4.1.7) is of the order of s*/G(§€) for a large
|€|. We are thus justified (by Lebesgue’s theorem) to write (5.4.1.1)
as

Lin lip E(gq|ay.s)

N T " ClEa. ) (s-1) 8
5= lim j:dfyfop(fu;fbi)a thdt | (5.4.1.8)

because the integrand (as a function of ¢y) is of order n-2 (= -2) at

infinity. In passing we present two other forms for the integral in
(5.4.1.8), i.e.

I
s' j; uﬁduf F(£)et®s0 ggy (5.4.1.9)
and
|
S1/2+B-n/2 fd” j;p(,\/gfu1n)e—ct~/§fa.n)(1vu)uﬁdu, (5.4.1.10)

for later use.
When n = -1 the proposition and (5.4.1.9) give

|Etgs1 0,8)] = s™eey, (5.4.1.11)
wherg C{fa) is a constant dependent on ¢, but not on s. This means
%f@ E(£410,s) = 0 for n = -1 since # > -1. Hence we conclude
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lim limj;LF(I—y,s—t)w(y) thas, dt = 0 (5.4.1.12)

si0 z—xg

for n =-1and § > -1 (see (56.4.7) and (5.4.1.1)). where ¢ indicates
¢1 in (5.4.8).

For n = 0, (5.4.1.10) yields

|
1%31 S-(I/2+3)E(ga|o‘s) = é% rdnJ;F(O,n)e“;“)'”“"“’uﬁdu
Ly -3

1 Feo,1) 1
= A—/E B(B+1.%). 5.4.1.13
272 (GO,1))72 SR ; )
where B( -, -) 1is the Beta function. This equation then shows that
1%31 E(¢,10,8) (5.4.1.14)
s
is finite only if 8 = —1/2 for a non-zero F(0,1). Moreover this
limit is nonzero only if § = —1/2, in which case we have
; T  F0,1) : 1
) = 2 g =0, 8= —= 4.1,
lim E(¢,]0,5) = %3 TR TI (n B=-3) (5.4.1.15)

Hence we have the following result:

S
lim lim f‘;st(x—y,s—t)qo(y)tﬁdSy dt

si0 x—xq

1/2 1/2 e
z{(m Fn) e(@)/2(6m)"Y2, B =-1/2) (5.4.1.18)

0. 8> - 1/2)

The limit in (5.4.1.16) cannot be finite for § < -1/2 in general.

ii) n = 1,2, B = 0, We first perform the time integration in
(5.4.1.1) to obtain

E(¢alan.s)

S ita-ed( B F(§etWs
= 272l Eoe e7¢3) e )di- (5.4.1.17)

An additional assumption F0,1) =0 for n=2, which our particular
potentials of interest will be seen to satisfy. then transforms the
first term on the RHS of (5.4.1.17) into
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lim llm 'f“x" 25"4'? dgy
-0 €10

= +H(%,) + lliglf ettt %d&, (5.4.1.18)
where
B {i(ﬁ(f)/m(f))I(sa,fN)={0.l)s (n=1) 08, 41,485
d i £a(8/8¢)(F&)/266)) | t.00-00.1), (R=2)

and the + 1is for the approach from xy > 0 (upper) and xy < 0
(lower) *. FEquations (5.4.1.18) and (5.4.1.19) follow from (1.3.1.10)
and (1.3.1.16). We next apply Lebesgue’'s theorem to the second term on
the RHS of (5.4.1.17) to show

- ifuxn‘efr%g%l‘c(as - Fg%z L)
M L ,Ce aye % .CG( e (5.4.1.20)

This result and the proposition then prove

S Ty C(&)s
Lin i Lin [“etectt Efle0®eqg,

_ i E(E) c®ysqp _ 14 fm F Li)_ -e22

= 111{[)[! '/:(%%e déy = ls.jll.gi e )e déy. (5.4.1.21)

Hence by combining (5.4.1.17), (5.4.1.18) and (5.4.1.21) we obtain

IH)" llrg E(gglan,s) = +R(gy). (5.4.1.22)

Ly~

Consequently we have

11- lim ff F(x-y,s-t)p(y)dS,dt

stz

:{ +(i/2)(F(n)/G(n)) olx), n=1

+ (1/2)(0/0¢) (F/G) |gn (8/0¢)0(xq), 1n =2 (5.4.1.23)
if a condition
il il (5.4.1.24)

* This convention is consistent with the sign convention in 5,3,
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is satisfied for n=2, where we have used (5.4.1.19) and (5.4.1.22). We
remark that the condition 1n (5.4.1.24) is essential in the present
application because of €' term in (5.4.7). This is in contrast to
the elastostatics case (see (1.3.1.14)) where we did not have to
assume (5.4.1.24).

One may wonder if terms with 8 > 0 might give rise to any
additional nonzero terms to (5.4.3). That this is impossible is seen
by using

E(¢qlay,s)

- e C@® G-t
= %}g} £etfrﬁn_ﬁfﬁ( l%-l 34? f :]‘.G A t)‘ (5.4.1%)

which one obtains from (5.4.1.1) and

s 8 o6& (s-t)
-CG(§) (s—t) 48 _ _S
e thdt = - j‘ dt. 5.4.1.26
fo &6 - o (- ( )
The first term in the integral in (95.4.1.25) is evaluated by using
(5.4.1.18). Since B > 0, however, this term vanishes as s | 0. For

the second tern we use the proposition and (5.4.1.9) (with § replaced
by 8 - 1) to see that this also vanishes as s | 0 ( F(0,1) =0 for n
= 2 by assumption). This completes the proof.

5.4 .2 Volume-time integrals

The method used in 5.4.1 yields

lim lim‘ﬁs‘ﬂ F(x-y,s-t)p(y) tfdydt =

si0 z—xp

B=0, -1=n=1, x€dD (5.4.2.1)

We shall, however, omit the proof in order to avoid repetition.
5.4 .3 Volume integrals

In this section we shall use P and Q (see (5.2.2) and (5.2.8)) for
arbitrary (1,0) and (0,0) homogeneous kernels, respectively, in order

to save symbols.
Again the same argument as has been used in 5.4.1 gives

Lim llm‘[ P(x-y,s)8(y)dV = _[ Po(xo—y)0(y)dV. (5.4.3.1)

sl I—=Zo
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lim limj; Q(x-y,s)8(y)dV = %B(xo) - v.p.‘j; Qo (xp—y) 0 (y)dV.

510 z—-xp
xg € ab (5.4.3.2)
where (p 1is defined in (5.2.9) and v.p. 1indicates a principal value

integral defined in (1.3.2.17).

5.4 . 4 Potentials in consolidation

Using the results given in (5,4.1.12),(5.4,1.16),(5.4.1.23) and
(5.4.2.1) we obtain the following formulae in addition to (5.4.3.1-2):

lim limf fﬂ(r—y,s-t)s(y,t)dtds = 0, (5.4.4.1)
sl0 z—xp JaD JO
lim limf fs(x,y,s—t)u(y,t)dtds = 0, (5.4.4.2)
sl z—xy JaD JO
s
lim limf fP(ry,s—f)T(y,t)dtdS =0, (5.4.4.3)
s10 z—xg JaDp JO
. . s
lip Lin faD Lzu,y,s—t)p{y,t)dtds _ o, (5.4.4.4)
Lin lin fD L U(x-y,s-t)f(y, HdtdV = 0, (5.4.4.5)
s I—Zg
lim Il_iIrg .[) fGP(x—y,s—t)g(y.t)dtdv =0, (5.4.4.6)

A
lim 1i f f-‘f “u.s-t) -
im lim s ) Uix-y,s-t) - Sy, t)dtds

sl x-1g
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_ _1( A (m)n )
=l L . $(x5.0)., (5.4.4.7)
2\ m + n-A* (n)n x0.0)

an Vo

si0 z—xp

e div u(xg,s) — AF (n)n C[Vu(xg,s)]n
£l ( ) (5.4.4.8)

m+ n-A (mn

(Equation (5.4.1.24) is satisfied.)

lim limf f@(x—y,s—t)r(y,t)dtds
ap Jo

sl x—xg

divergent, -1 < B8 < -1,/2
—(x n-Kn)'2 y(xo)/2(m + n-A mn)'2, B =1/2 (5.4.4.9)
0 ~1/2 < B,

where [ and v{(xg) are the exponent of the lowest power and the
corresponding coefficient of the asymptotic expansion of
(@p/3n)(xp,t) near t = 0, i.e.,

—E(xo ) = thy(xp) + o(th) as t | 0, (5.4.4.10)
lim limf fSW(:r,y,s—t)D(y,f)dde = F=p(xp,0) , (5.4.4.11)
sh0 x—-zo Jap J0 2

s-
1liBn lim j’; j;‘l)(x—y,s—t) - fly, HdtdV = 0, (5.4.4.12)
s I—~Iq
lim lim f fsQ(x—y,S-f)g(y,t)dth = 0. (5.4.4.13)
sl x—x9 JD JD

5. 5 Initial behaviour of pressure and fluid velocity on the
boundary

In this section we discuss the initial behaviour of p and r on the
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boundary. Specifically we shall consider the relation between the
limits in (5.4.1) and (5.4.2). The result of this section will be used
in part II of this chapter to set the initial conditions for p and r
on ab .

It is now a simple matter to compute the limit in (5.4.1) from
(5.2.18) with the help of the results in 5.4. Indeed, we use (5.2.18),
(5.4.4.7-13) and (5.4.3.2) to obtain

p(x0,0):= lim p(xo,s)
si0

z(v.p.fabvs(xw) - $(y,0)dS — p.f.fanrmo,y)  u(y,0)dS

+

[Voto-v) - sw.0av + Do) + v.p. [@a-wo@IaY
I} D

|

lim lim jgug Q(x—y,s—t)r(y,t)didS). xp € 9Dy (5.5.1)

si0 r—xp

Hence by comparing (5.5.1) and (5.3.23) we obtain

lim p(x,0) = p(xp,0) + 2 l}g lim j;}LSQ(x—y,S—t)r(y,t)dtdS.

z(eD)—xp s T—xg

xp € ADg (65.5.2)

In contrast to (5.3.20) which says that the boundary value of the
initial displacement coincides with the limit to t = 0 of the boundary
displacement, the implication of (5.5.2) is not trivial. Actually,
(6.5.2), together with (5.4.4.9), rules out the possibility of -1 <

< -1/2 (see (5.4.4.10)), because p has to be finite by assumption.
Also ve see that (5.5.2) reduces to

lim p(x,0) = p(xp,0) - ( mn - Kn )IIZ , B,
x(eD)—xg 0,0) m o+ neA* I(R)R ¥(xo) (5.5.3)

with the help of (5.4.4.9), where
¥(z0) = Lim 2B(xy,5) /5. (5.5.4)

sl [

Hence, we conclude
g=-3
5 (5.5.5)
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as far as the limits in (5.4.1) and (5.4.2) are both finite and
different. In this case the coefficient y of the s /2 singularity in
ap/dn (see (5.5.4)) is obtained from (5.5.3). If § > -1/2 holds, or,
in particular, if xp € 9D, and the data rp(xp,t) is bounded as a
function of t (see (5.1.7.d)), we necessarily have

(H%ﬂ p(x,0) = p(x0,0), xp € ODg (5.5.6)
z(eD)—zp

because y(xp)=0 in (5.5.3) and (5.5.4).
Finally, we shall make two remarks. The first remark 1s concerned
with the relation

lim p(x,0) # p(xp,0) {b5.5.7)

z(eD)—xqg

which might look queer at first. As a matter of fact, it 1is not.
Indeed, the process of determining (5.4.2) discussed in 5.3 tells that
(6.4.2) is independent of pp or ryp (see (5.1.7)). Actually, (56.4.2) is
determined only by wy, Sp, f and 0 because one obtains (5.4.2) by
solving (5.3.38) followed by the use of (5.3.21). On the other hand we
are supposed to specify p(xp,0) = pp on 9D, arbitrarily. Therefore
p(xp,0) on aD, is independent of the data in (5.1.6)-(5.1.7) and,
hence, independent of (5.3.21). Therefore we generally have (5.5.7).

The second remark is concerned with (5.3.20). In deriving this
formula we have utilised expressions for initial fields (see 5.3). One
may wonder if the method of this section yields a result consistent
with (5.3.20) when applied to u. To answer this question in the
affirmative, we use a potential representation for the limit in
(5.3.4) obtained from (5.2.17), (5.4.4.1-6) and (5.4.3.1). The result
of this manipulation is seen to be identical with (5.3.22). thus
concluding (5.3.20) once again.

Example

In the case of isotropy we have
Cijki = R6ijSi+u(8ikbji+6:1165k), Ki; = kdyij, (5.5.8a,b)

where (A, p) and k are Lame’'s constants and the permeability constant,
respectively. Furthermore, we assume the fluid to be incompressible by
putting m = 0. The one dimensional motion

u = y(x,t), w23 =0, p=plxr,t) (5.5.%a-c)
with initial and boundary conditions (see (5.1.8) and (5.1.7))

d
dli} t=0 = 0,
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po (constant), p =0 onx =0

S|

u = 0, =0 onux =h (h > O.constant) (5.5.10a-e)

o

produces p given by (Terzaghi(1943))

=l

(1]
p(x) = f_:.) gﬁ— sin&ﬂ- exp(—M2T,) (6.5.11)

where M = (2m + V)n/2, T, = c,t/h? and

comk (A+2p) . (5.5.12)
At x; = 0, we have
= 0
9p - _ 3 20 exp(—MT,) (5.5.13)
an =0 h

which approaches asymptotically to

0 0
- %Ew .I:e_t2dt T n(ca;)'/z ) VE/EE = —p'(re ) Nl

ast | 0. Therefore (5.5.4) gives y(0) = —p°/y/7c, . Also, (5.5.11)
yields p(x;,0) =p® (0 < 1y < h). On the other hand the boundary
condition at x; = 0 says p(0,0) = 0. Hence by using

w1
(n - .z:..Kgnnzn)uz - VEG + 20, (5.5.15)

which follows from (1.2.3), we conclude that (5.5.3) is satisfied.

5 . 6 Boundary integral equations

This section considers the limits of (5.2.17) and (5.2.18) for
s > 0 as the observation point x tends to a point xy on the boundary.
This calculation determines the boundary integral equations for
consolidation  problems. Hence this section is intended as a
preparation for the numerical BIEM to be discussed in Part II.

As a matter of fact a part of this work has already been done in
5.3, where we have considered potentials whose kernels do not include
time. In addition we have already considered a more difficult problem
of letting s!0 in the limits which we shall compute here. Hence in
this section we shall deal with the limits of the forms
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lim j;mfo Flx—y,s-)y(y, t)dtds,

%0

lin;j; fﬂs F(x-y,s-t)¥(y, t)dtdV. (x€aD, xgcaD) (5.8.1a,b)

I—I|

without going into the detail of the derivation, where F is a kernel
function whose spatial Fourier transform is written as in (5.4.7) and
Y is a density function which appears in (5.4.3-5).

As in 1.3 we start by replacing 0 and D by a circular disc § and
a half ball B. We then compute the Fourier transform of (5.6.1a) by
using the backward analyticity of ¥ assumed in 1) and 2) in 5.1 to
have

s{fs fo F v dtds)

_F»
- é%%%w<f“’s> o (5.6.2)

and a similar result for (5.6.1b), where ¥(£,,s) stands for the
Fourier transform of (-,s) on S, and the suppressed terms 1in the
series include functions of order O(1&1™%) as |§| - . The
cartesian axes which we have used here are the same as those used in
1.3 and 5.4. Since F/C is an (n-2,0) homogeneous function, we can
apply the the results in 1.3 to this leading term. Therefore we do not
have to assume (5.4.1.24) even when n = 2. This is in contrast to the
case discussed in 5.4.1. In addition the remaining terms in (5.6.2)
are seen to give rise only to an integrable contribution to (5.6.1)
because -1=n=2 (see (1.3.1.2) and (1.3.1.3)). Therefore the boundary
behaviour of the potentials in question is completely the same as that
of a time-independent potential having f}"'(F/G) as the kernel and
¥(-,s) as the density function. We thus obtain

limf fsﬂ(xﬁy.sft)S(y,t)dtdS
ab Jo

T30

=f fsﬂ(:co—y.s—t)s(y,t)dtds, (5.6.3)
ab 0
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i s B , tdS
lim LDJ;&(I.y,s uly, t)d

210

=v.p.f j:&(:co,y,s-t)u(y,t)dtds, (5.6.4)
ap

s 1 AT (m)n )
in 1i _y,s—t) - S(y, t)dtdS= i,.( ) - 5(x0,5)
ﬁ{}“}}i’;j;gfom“‘”} L 2A\m + n-A (W)n

isencay oty : 5.6.5
+ v.p. j;o j;‘(](:co y,s-1) - $(y, t)dids, ( )

b3
lim j;ofoi'(x,y.svt) -u(y, t)dtds

I—Ip

" (div u(xp,s) — ! (n)n-C[Vu(xo,s)]n)
S TR m+ n-A (W)n

+ p.f. -,;u fosfcxg.y,s—t}-u(y,i)dtds, (5.6.8)

limf fh’(x,y,s—t)p(y,t)dtds = $—ép(xu,s)
an Jo

T-+I(

+ v.p. LD Lsh"(xo,y.s—t)p(y.t)dtdS. x0€ 8D (5.6.7)

Other potentials satisfy relations similar to (5.6.3).

From these results, (5.2.17) and (5.2.18) we obtain the following
integral equations for consoclidation problems:

%u(I,S) =f Up(x-y)S(y,s)dS — v.p.f So (x,y)uly,s)ds
ab ab

S
 » fn Up(x-u) fy,s)dV + fan Lﬂ(x—y.s—i').'s{y,t)dtds

. v_pf fs(x,y.s—nu(y,t;dtds - f fpcx—y,s—nr(y.t)dtds
ab <0 ap Jo
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+ LD .];Z(I:yvs‘t)P(y7f)dde + j;'/‘oﬂcxﬁy'sfth(y,t)dtdv

+ fDLP(:r—y.s-t)g(y.t)dth + j‘; P(x-y,s)0{y)dV , (5.6.8)

and

%pms) = v.p._/;DVo(:r~y) -8(y,s)dS — p.f-j;DTo(I,y) -u(y,s)ds
+ j{;Vo(:r—y) - fly,s)dV + v.p.faa j:ﬁ(x—y,s—t) - S(y, t)dtds
- p.f‘.j;w fcs‘i’(x,y,s—t) -u(y, t)dtds — faD LSQ(J:fy,sft)r(y.t)dtdS
; v.p.faD f;wu,y,s-np(y.t)dtds " faj:‘ﬂ(rfy,s—t)-f(y.t)dtdv

+ _];‘,;SQ(I@,S—UQ(ysf)dth + LQ(I—H,S)G(y)dV.

x ¢ aD (6.6.9)

For s > 0 we solve (5.6.8) and (5.6.9) simultaneocusly to determine
boundary quantities completely.

It is noteworthy that (5.6.8), viewed as an integral operator on
u(-,s) and s(-,s), has the same singularity as that of the direct
integral equation for elastostatics. This is seen from (5.6.2) and

F U0 _ psei
Flo + oy = & (5.6.10)

which follows from (5.2.3a,c). As to (b.6.9) the apparent
singularities of the kernels in the integrals involving wu(-:,s) and
S(-,s) «cancel with each other to reduce themselves to integrable
singularities. This result is read off from (5.6.2) and

FUle0 _
5V + oS = 0, (5.6.11)

which follows from (5.2.3b,d). Also, ve see form (5.6.8) and (5.6.9)
that the strongest possible singularities of kernels which operate on
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p and r are v.p. singularities.

Finally we note that the argument used in this section proves that
the volume-time integrals in (5.2.17) and (5.2.18) are actually
integrable.
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Part II

5 . 7 Numerical procedure

In the sequel we shall discuss a numerical method of analysis using
the formulation developed so far. We shall restrict our attention to
the isotropic case characterised by (5.5.8a.b), where the fundamental
solution is available. Also, we shall neglect the compressibility of
fluid ( m = O ) following a common practice among soil engineers.

5.7 . 1 Fundamental solutions

In the first place we have to determine the fundamental solutions.
The calculation of these solutions, however, does not introduce any
difficulty. Indeed, the Fourier inversion based on (5.2.3) leads to

_ -R2/4cvt
U= 6%{“(“%10& R 4 VR@VR) " kH?Et)[](l 28R2 )

41
-R%/de, t —Rmct
‘I — v
— VR®VR] ;2 ~ 5 His

¢ - s() YR _ HORe™/it op

2rp 8rc, t° ’

1 — e—R2/4l:.,t

—RMct

Q= H(t) e (N=2) (5.7.1.1a-d)
and

_ 1 _
i = Sm(m VOV )IRS(L)

- hl{reom - me(am))

-R2/4c t B2 /4t
_ 2e ’ 3e sl - ; R
VR@VR{ 2 T R )7 RBE’"F( <4cut>”2)}] ’
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V= —iﬁ%VR - H(t)28%§?§——?¥72 R,

-R2/4c t
- B gy R B, - s, )vR,
P= o (Rzm( (mut)w) R(4c, 1)'/?

c,H( t)e-ﬁ‘zﬂcut

(4mcy )%k N=3 (5.7.1.2a-d)

Q=

vhere ¢, is a constant defined in (5.5.12), R = |x — yl|, &(t) is
Dirac's delta, H(t) is the step function and Erf is the error function
defined by

Erf(z) = j:e"zdt , (5.7.1.3)
respectively. V 's in (5.7.1.1) and (5.7.1.2) are with respect to x.
5.7 . 2 Integral equations

In the sequel, we shall restrict our attention to 2 dimensional
case for the purpose of simplicity.

The 4integral representations investigated so far convert the
original initial- boundary wvalue problems to a system of integral

equations (5.6.8) and (5.6.9). For the special case of 2D isotropy,
these integral equations reduce to

s - [t wsw.s)as - [ sEyuw.sds
- vp.[ Pwmaas- [ oo fw.s)av
+ faD j:‘\l(x—y,s—t)sw,t)dtds— v.p.LD j:gu,y,s-t)u(y,t)dtds
’ v.p.j;m j;t@(y—x,s—i)q(y,t)dtd8+ LD Ez(x,y,s-wp(y,t)dtds

v [, [ svswnaavs [ [Pay.s-bow, batay
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+ f P(x-y,s)0(y)dV , (6.7.2.1)
D
and
plx.s) _ v.p.f Vo(z-y) - S(y,s)dS — p.f.f To(x,y) - u(y,s)dsS
ab ap

2

= fva(yﬂ:) - fly,s)dvV + v.p.f fsﬁ(:c-y,s—t) - S(y,t)dtds
D ap Jo
= p.f.LDLT(I.y,S—H -u(y, t)dtdS— LDLQ(I—y,S-t)q(y.t)dtdS

- _I;D_};W(U,Ias—f)p(y,f)dtd3+ LLU(I-y,S_t) . f(y, t)dtdS

s
y,s- : _y, av, 5.7.2.2
+ fnfomx v.s-bay, Hdtdv+ fbmx ¥,5)0(u) ( )
vhere
q(x,s) = j:r(x,t)dt v
-R%/4c
(z,s) = — MR = gp (5.7.2.3a,b)
8rc,s
and
~ HgS: RZQ-RQ/-tc,,s 3 8—5’2/4:':,,3} 5.7.2.4
Q(x$s) == Ak { 4{:033 SZ . ( sl )

In deriving (5.7.2.1) and (5.7.2.2) from (5.6.8) and (5.6.9), we have
used integration by part with respect to i, along with (5.2.5a,b) in
integrals including r (q). This is in order to eliminate the possible
1/»/s singularity of r(-,s) discussed in 5.5. The apparent
non-symmetry of (5.7.2.1) and (5.7.2.2) is due to the assumption of
isotropy, with wiich Q is seen to vanish®. Also the absence of v.p.
symbols in front of integrals involving S and W is due to the assumed
isotropy and incompressibility of fluid.

One may doubt the effectiveness of (5.7.2.2) for numerical
applications because of the apparently very strong singularity of the

* C 8(x) to be precise, where C is a constant.
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kernels. As one may gather from the discussion in 5.6, however, this
is not to be the case. Indeed, the singularities in the integrands in
(5.7.2.2) are expected to cancel with each other to reduce themselves
to integrable singularities. A direct calculation to be shown in the

next section confirms this,

5 .7 . 3 Numerical methods of integration

In this section we shall implement a numerical method of solution
of Biot's equations using the formulation investigated so far.
Our method consists of the following steps

1) We first compute the initial field. A direct BIEM discussed in
1.5. 1is used to this end. Namely, we discretise (5.3.35) by using
boundary conditions (5.1.7a,b) and certain shape functions, solve
the resulting algebraic equations for discretised
u(xp,0) and s(xp,0) , and then use (5.3.6) and (5.3.7) to obtain the
initial fields.

We next compute the initial values of the boundary quantities
u, s, p and q as a preparation for the subsequent analysis. The
first two, however, have been obtained as solutions of (5.3.368),
and the initial value of q is zero by definition. As to p on 8D,
the boundary condition (5.1.7c) provides the answer. Finally, one
uses (5.5.3) and (5.1.7d) to set the initial value of p on 4D,
after computing (5.4.2) from (5.3.21) and the solution of (5.3.38).
In the present context (5.3.21) simplifies to

. _ . _Qll B ‘
y(eu)l--lzr?ean)p(y'o) = 2u(8(x) - ¢ 90 ®0)— S-n, (56.7.3.1)

where ¢ 1is a unit tangent vector to dD at x. As can be inferred
from (5.7.8.1) it is convenient to use a sufficiently smooth shape
function for u since (5.7.3.1) includes tangential differentiation.

As has been pointed out in 5.3 the integral equation for the
initial field loses the uniqueness of solution when D has holes.
Correspondingly, the associated numerical equation yields
inaccurate results. We therefore avoid this inaccuracy by using one
of the remedies discussed in Kobayashi & Nishimura(1982) or in the
appendix to chapter 4.

2) Let the solu@ion be known up to a certain time s — At =0
where At > 0 is a constant. We now wish to obtain the solution at

s=s(>0). To this end, we introduce time interpolation functions
Q(t) and (1) in the interval [s-At,s] in a way that

Qi (s)

1, Qi(s-At)

0,

(2 (s)

0, Q(s-At)

I
—

(56.7.3.2a-d)
are satisfied. One may then interpolate a function of t, say
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‘U( " at) » by
u(-,t) ~ u(-,s)Q ) + ul-,s-A)M%R(() (5.7.3.3)

in [s-At,s ], where u(-,s-At) is known, but u(-,s) may not be.
It may then be clear that the integral equations (5.7.2.1) and
(5.7.2.2), with approximations of the forms in (5.7.3.3) applied to
boundary quantities such as wu, reduce themselves to integral
equations of the following form:

j;D(kernels) - (quantities at t = s)dS = known functions. (5.7.3.4)

We shall henceforth call the transformation of this type as

"time-discretisation’. After time-discretising (5.7.2.1) and
(5.7.2.2), we apply the conventional BIE techniques using spatial
shape functions. The solution to the resulting simultaneous

algebraic equations determines the boundary quantities at it = s,
3) Repeat step 2) by setting s + At for the new s

We next discuss our specific choice of the time interpolation
function and the method of integration. In principle we may use any
time interpolation function. We here choose linear time variation so
as to keep the method simple. This time variation also allows us to

calculate all the pertinent time integrals analytically. Indeed, the
following glossary is useful to this end:

lf(s—t)e“/“'”df
o (5o owen  AGD) w6y | A2 Ei(-A/(s-t)),
2 2 2
fe—w—:)dt = — (s-De et _ A Ei(-A/(s-1)),

fL{“t) dt = Bil-A/(S-£)),

s —

f e‘A/(S't} = ﬁl e_"‘/(s_t),
(s — t)? A
-4/ (s~t) ~A/(s-t)
e - eV 1 s
f(s = 1F at As-0H " ®° '
(A := R/4c,) (5.7.3.5a-¢)
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where Ei denotes the exponential integral function.

We now use the formulae in (5.7.3.5) to compute the kernel
functions in the time-discretised versions of (5.7.2.1) and (b.7.2.2),
Only the kernels which operate on u(-,s) are considered because the
other kernels can also be determined in the same manner. To begin with
we shall list the explicit forms of the relevant kernels in (5.7.2.1)

and (5.7.2.2):

So(x,y) = %? (VR-n) VROVR,

bxy,s) = — Bl [{(1 ~ AVR®VR)(VR-n) + n®VR + VR®n)}

) e-—ﬁ'eﬂ»c‘,s 1 - e-ﬁ‘zﬁl-cus
dc,s R

-R2/4c,s
+ {VR®n - VR®VR(VR- n)} Ee—z—z—] ,

8c,s

To(x,y) = -~ p(n — 2VR(VR-n)) /1R?,

; -R2/4,
T(x,u,s) = %%[-R%(n _ VR(VR-n))

22—92/41:.,5
- __ﬁgﬁ__— n]' (5.7.3.8a-d)

In the derivation of (5:7.3.6) we have used (5.7.1.1) and (5.2.19).
The ‘kernel K,(x,y) vhich operates on u(-,s) in the time-discretised
version of (5.7.2.1) is written as

Ki(z,y) = Sp(xy) + fs_M&(I,y.s—t)(l - %f)dt , (5.7.3.7)

where we have used a linear time interpolation. Use of (5.7.3 5 4
(5.7.3.6) then transforms (5.7.3.7) into (6. T.3,5) an

Ki(x,u)

_ 1
= ___27[(&+2;1)R““1 + 2(2 + p)VROVR) (VR-n) + p(n®VR — VRen)}
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o u (A _ ,
4%(&&&0R<£¢)[{(1 4AVR®VR)(VR-n) + n®VR + VRen}

'(Ez(ﬁ) ¥ EI(ﬁ)) + 4{VRen ~ VR®VR(VR-n)}Ei(4;)

- {1(VR-n) + n®VR — 3VR®n} Ei(—-Aﬁ‘-t-)], (5.7.3.8)

where

¥

Ei(x) = Eii;;_l. Er(x) = 2:1_:;%_1;45_ (5.7.3.9a,b)

In the same manner we obtain a similar kernel (denoted by K2) in the
time-discretised version of (5.7.2.2) as

t

K2(x,y) :=To(x,y) + f_m‘f(rryis'”“ - SRpdt

. §7I;‘C_u[(zm — (VR-n)VR) ﬁ(a(ﬁ) + B(A))

= ﬁ{d-e"/‘m(n — (VR-n)VR)

- 2n {Ei(-A}) - El(ﬁ)}}]- (5.7.3.10)

These forms will be used in the numerical calculations to be presented
in 5.8.

As a check of the general theory in 5.6.concerning the behaviour of
the kernels we shall compute the singularities in K; and K>. A direct
calculation shows that (5.7.3.8) has an asymptotic form

Ki(z,y) = m{(m + 2(A + u)VR®VR) (VR-n)

+ u(n®VR — VR®n)} + O(R log R) as R0, (6. 7.8.11)

The singular term in this expression is seen to coincide with the
elastostatic double layer kernel (see Chapter 1), Similarly, we see
that (5.7.3.10) behaves as

—215—



K>(x,y) = — ﬁ:‘(‘:?ﬁ-n log R + 0(1) (5.7.3.12)

for a small R. This shows that K->(x,y) has an integrable singularity
at R = 0. These results conform to the prediction of the general
theory in 5.6.

Now that we have shown the singularities of our kernels to be the
same as those of elasticity, we may apply the techniques for
evaluating the elastostatic singular integrals to our integral
equations, Namely, we may compute such integrals in (5.7.2.1) and
(5.7.2.2) so that the discretised versions of (5.7.2.1) and (5.7.2.2)
are satisfied by some known solutions of (5.1.1) and (5.1.2). In
elastodynamics plane waves have turned out to be a convenient choice
for the "known solutions’ (see Chapter 4). 1In consolidation, we may
use

1. Rigid translation
u=ug-f(t), p=0, (5.7.3.13a,b)

where wup 1s a constant vector, and f(t) is an arbitrary function of
time.

2. Uniform shear

u = (uniform simple shear) - f(t). p = 0. (5.7.3.14a,b)
This satisfies (5.1.1) and (5.1.2) because div u = 0.
3. Uniform pressure

u =0, p = constant. (b.'7.8.15a,b)
p may be an arbitrary function of time if m vanishes.

4. Radial expansion

X

u = E 7ty =0, (5.7.3.16a,b)

| x

This is'a solution of (5.1.1) and (5.1.2) when the material is
1sotropic.

1~ 3 are interior solutions while 4 is an exterior solution of
(5.1.1) and (5.1.2). In using the method of substitution one has to
remember that an interior (exterior) solution satisfies integral
equat}ons for interior (exterior) problems. One may, however, use an
exterior solution for computing singular integrals in interior
problems and vice versa. Indeed, one first adds u (p) to the RHS of
(5.7.2.1) {(5.7.2.2)) to obtain the BIE for exterior problems, which
will be satisfied by an exterior solution. The method of substitution
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then computes some singular integrals in the BIE for exterior
problems. This process determines singular integrals in the BIE for
interior problems at the same time because the exterior BIE and the
interior BIE differ only by non-integral terms. Note that we now have
more known solutions that the number of singular integrals (2 in 2D)
in (5.7.2.1) and (5.7,2.2). As it turned out, however, use of this
technique to some of logarithmically singular integrals increases the
accuracy of the numerical solution considerably. Hence we shall try to
use as many of the above 4 solutions as possible in the numerical
examples to folliow.

5 . 8 Numerical examples

In this section we shall test the performance of the present method
by applying it to some sample problems. We shall use p” for a constant
having a dimension of stress.

5.8 .1 Circular disc

We solved the following initial- boundary value problem for a
circular domain D having a radius of a.

Initial condition

6 =0, (28l 1)

Boundary conditions

S$=-pn, p=0 on 4D, (5.8.1.2a,b)

Poisson’'s ratio

v=0, 1/3. (5.8.1.3)

For this analysis we used 32 linear isoparametric boundary
elements. The time shape function 1is also linear. All the time
integrations are carried out analytically, whereas the spatial
integrals are evaluated by use of the Gaussian integration together
with the method of substitution with (5.7.3.13). The time increment
At is kept constant (Atec,/a® = 1/100 ) during the analysis.

Fig.5.8.1.1 shows the obtained boundary displacement as a function
of time factor tc,/a®. The BIE results shown by symbols agree well
with the analytical solution given by curves( Tamura(1981) ). The CPU
time was about 3 sec. per step by using VP100 of the Data Processing
Centre of Kyoto University.

5 .8 . 2 Circular hole in an infinite plane

We next consider a circular hole (radius = a) in an infinite plane.
We assume that this infinite plane has an initial stress ° and a
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vanishing initial pressure. We then 'excavate' a hole in a way that it
satisfies the following conditions:

Tnitial condition
0 =0, (5.8.2.1)
Boundary conditions

$=0, p=0 on aD. (5.8.2.2a,b)

In the present analysis we set Tﬁ = —O.4p°, 'ﬁﬁ =-0.8% ©¥=0,
and v = 0. Also, we have used 32 piecewise linear boundary elements of
equal length. Fig.5.8.2.1 shows the deformation of the boundary
calculated by using the present formulation. The out-most circle
represents the undeformed shape of the boundary and the least flat
(flattest) curve shows the initial (final) shape. In this figure we
have plotted two series of numerical results together, i.e., the
displacements on ab for 0 < cl,t/'a2 < 1 obtained with
cwﬁt/hz = 1/100 and those for 1 < ¢,t/a®° < 10 obtained with
cbéxt/ae = 1/10 . As it +turned out, this problem is particularly
sensitive to the accuracy of numerical integration. Therefore we have
used the method of substitution with (5.7.3.13), (5.7.3.14) and
(5.7.3.16) 1in order to obtain not only v.p. integrals, but also some
of logarithmically singular integrals.

5.8 .3 Loaded half-plane

As the third example we consider a loaded half-plane. The
conditions are

Initial condition
8 =0, (5.8.3.1)

Boundary conditions

5 = as given in the inset of Fig.5.8.3.1,

p=0 on ab, (5.8.3.2a,b)
Poisson's ratio

v =0. (5.8.3.3)

From a physical point of view the displacement field for this
problem is rather pathological because it behaves logarithmically at
the point of infinity. In addition the solution is not unique in the
sense that one may superpose a rigid motion on one solution of this
problem to obtain another. In civil engineering practice, however, one
usually sets vertical displacements at certain points (usually taken
away from the loaded =zone) equal to zero by superposing a rigid
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motion. We here follow this practice by setting uz =0 at
x) = +7a, x2 = 0. It should therefore be remembered that the pattern
of the displacement, rather than its absolute value, bears physical
meaning. Another peculiarity of this problem arises from the fact that
the length of the boundary is infinite. Since our method cannot deal
with such a boundary, we truncate it and take only the finite part of
it into account. In order to see the effect of this truncation we have
carried out two numerical analyses, one with the {truncation at
Ty = +9a and the other at x = +20a . This comparison has shown
practically no difference between these two computations, thus
justifying the method of truncation. The deformation pattern shown in
Fig.5.8.3.1 is obtained by using c,At/a® = 1/10 and 1,100 (1/100 for
cyt/a® < 1 and 1/10 for cut/az > 1 . The number of (linear) boundary
elements is 45 and the boundary is truncated at ¥y = +20a . In this
example it is inadmissible to use the method of substitution because
dD does not form a closed contour. Hence we used a standard Gaussian
integration even for computing singular integrals, but only after
reducing them to ordinary integrals by using the geometrical symmetry
of the element. For example we use formulae such as

a’?b b
v.p.| % dr ,f % i ta,b > 0) (5.8.3.4)

to reduce singular integrals to ordinary integrals, The upper-most
curve in Fig.5.8.3.1 shows the 1initial deformation. As the time
proceeds the deformation at the mid point of the boundary increases
apparently.

5 . 9 Concluding remarks

a) Some authors have developed different BIE formulations for the same
problem. Predeleanu(1981) used a potential representation for u rather
than u as a basis of his method. This is, however, not very convenient
for consolidation problems since u sometimes jumps as a function of
time, and, hence, u may behave like Dirac's delta 6(s). In addition,
Predeleanu’s formulation uses p as the initial condition, which is not
only awkward physically but also inconvenient numerically. Actually
this means that his method almost always requirez volume integration
since the initial pressure p is seldom zero in practical problems.
Hence his method is possible only after sacrificing the boundary only
nature of BIEM. Banerjee & Butterfield(1981) proposed a BIEM using
BIE's for elastostatics and heat equation. Kuroki et al. (1982) also
proposed essentially the same method independently. Their method is
not of 'boundary' type, in the strict sense of the word, since their
formulation involves volume integrals. Besides, their approach seems
to reflect the mathematical structure of the problem only in an
avkwvard manner. For example, their exponential factor in their
fundamental solution is different from the natural one given in
(5.7.1.1) and (5.7.1.2). However, their method is superior to the
present formulation as far as the core saving is concerned. Aramaki et
al.(1982) extended the Banerjee Butterfield Kuroki formulation to the
case where the soil has a thin layer of permeable material.
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Garcia-Suarez & Alarcon (1982) also proposed a method going along a
similar line as that of Banerjee Butterfield Kuroki formulation except
that they used a finite difference formula to reduce heat equation to
a Helmholtz type equation. Their method, at its best, is an
approximation to Banerjee Butterfield Kuroki formulation which is
another. In addition, their treatment of initial field is inadequate.
Cheng and Liggett(1984) proposed a BIEM using Laplace transform with
respect to time. Their approach is expected to provide a practical
alternative to the present formulation. It appears to the present
author, however, that their argument could have been simplified by the
use of u and p as unknowns. Recently, Cheng & Predeleanu(1987)
obtained a formulation similar to the present one.

b) The author emphasised the effectiveness of the present formulation

for applied mathematical applications. In particular, we could
determine the structure of singularity of fluid eflux on the boundary
at s = 0. We may further improve the accuracy of the numerical

solution by taking the exact singular behaviour of the solution into
account. The analysis in chapter 3 may help the reader understand what
kind of numerical techniques one will require for such refinements.

c) Soil engineers often use a quantity called ‘'degree of
consolidation’ defined by

Uis) =1 —-ugp(x,s)dKigp(x,O)dV (5.9.1)

It is easy to see that this quantity is also a "boundary’ quantity
when the skeleton is linearly elastic. Indeed, assuming that the body
force vanishes, we have

0 = jl;:r (div € — Vp)dV

= LDI'SdS - j;(tr(’ — Np)dVv , (6.9.2)

for the N dimensional case, where ' stands for the effective stress.
From (5.9.2) we conclude

_ 1 ) —
f‘;p(x,s)dv =N j;m[:t $(x,s) - tr{Clu(x,s)®@n]}]dS . (56.9.3)
In particular, we have
1 .
j;p{x,s)dv = -% LD[I-S(I,S) = (M + 2wu(x,s) -n JdS (5.9.4)

for isotropic cases. We can therefore calculate this quantity directly
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from the boundary traction and displacement obtained as BIE solutions.

d) Biot's theory of consolidation is closely related to coupled
thermoelasticity in that these theories are based on similar
equations. Sladek & Sladek(1983) investigated several BIEM's in
various theories of linear thermoelasticity.

e) The material in this chapter is taken from Nishimura(1984),
Nishimura & Kobayashi(1987), Nishimura, Umeda & Kobayashi(1886) and
Nishimura(1987) .
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