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Abstract

This thesis investigates important connection between two longstanding

problems in theoretical physics: the information loss paradox in quantum

gravity and the thermalization phenomena in quantum many-body systems.

Although these problems originate from entirely different contexts, the AdS/CFT

correspondence which is theoretical duality between chaotic quantum many

body systems and gravity reveals that they are, in fact, two manifestations of

the same underlying phenomenon.

Black holes exhibit thermodynamic behavior, and semiclassical gravity

predicts information loss during Hawking evaporation, apparently contradict-

ing unitarity. In the AdS/CFT framework, however, gravitational dynamics

including black hole formation is mapped to the unitary time evolution of

strongly coupled quantum many-body systems. This correspondence pro-

vides a precise reformulation of Maldacena’s information loss problem: the

late-time behavior of thermal correlation functions predicted by semiclassical

gravity fails to match the exact unitary evolution of the dual quantum system.

A key ingredient in resolving this discrepancy is the eigenstate thermaliza-

tion hypothesis (ETH), which characterizes thermalization in chaotic many-

body systems. By studying the large-deviation technique for thermal correla-

tion functions, we give a possible way of probing ETH for single non-integrable

Hamiltonian with some non-trivial assumptions. In holographic systems, ETH

captures the non-perturbative physics responsible for wormhole contributions

in the gravitational path integral, thereby providing a quantitative and con-

ceptual resolution of Maldacena’s version of the information loss paradox.

Moreover the thesis further develops a holographic framework for open

quantum systems, motivated by Hawking’s original information loss problem

in asymptotically flat spacetime. We are introducing non-Hermitian deforma-

tions such as imaginary Janus interfaces and brane-based constructions. We

identify geometric counterparts of dissipative dynamics and measurement-

induced like processes.
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1 Introduction

There are two major and distinct problems in theoretical physics:

1. One concerns quantum gravity. We do not know the correct procedure for

computing the quantum gravitational path integral. In particular, quantum

effects of gravity are important inside black holes. We do not know the fate

of particles that fall into a black hole, even though information should be

preserved in physical dynamics.

2. The other problem concerns non-equilibrium physics. We expect that any

sufficiently complicated initial state evolves toward thermal equilibrium in

finite time. However, once we try to deduce this macroscopic behavior from

the microscopic dynamics of (quantum) many-body systems, we immediately

encounter a naive paradox [14]. The macroscopic world has a time arrow,

whereas microscopic dynamics does not.

What we show in this thesis is that, under certain circumstances, these two

problems are equivalent. The key notion is the AdS/CFT correspondence. We now

explain this equivalence in more detail.

■ Black hole thermodynamics

Bekenstein and Hawking found that classical black holes obey the laws of ther-

modynamics [15, 16]. In particular, a static black hole represents a thermodynamic

equilibrium state. A naive way to understand this is as follows. A black hole solu-

tion is characterized only by a few parameters such as mass, angular momentum,

and electric charge. Suppose we throw some objects into a black hole; the black hole

gains mass. The difference between the two black holes is then only the mass and is

independent of the detailed information about the objects we threw in. Naively, this

is because the objects cannot escape from the black hole, and we cannot retrieve

their fine-grained information. This situation is completely analogous to thermody-

namics: an equilibrium state is characterized by a few parameters such as energy and

charge, and for a given equilibrium state, we cannot know how it was prepared [17].

■ Holographic correspondence

The surprising point is that this analogy is not merely superficial. Black hole

thermodynamics is in fact the thermodynamics of some quantum many-body system.

This observation stems from the entropy of the black hole. Bekenstein and Hawking

found that the entropy of a black hole is proportional to the area of the horizon:

SBH =
Area[horizon]

4GN

. (1.1)
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Figure 1: AdS/CFT relates gravitational collapse of a massive star into a black hole
to the quantum many-body dynamics evolving from a non-equilibrium state to an
equilibrium state, for example by a quantum quench.

In usual quantum many-body systems, entropy is an extensive quantity, i.e. it is

proportional to the volume rather than the area of the boundary. Thus the black hole

looks exotic. Susskind and ’t Hooft argued that a black hole should be equivalent

to a thermal system whose extensive entropy lives in one lower dimension [18, 19].

This idea is called the holographic correspondence.

■ AdS/CFT correspondence

Following this idea, Maldacena conjectured that this equivalence can be real-

ized concretely [20]. He proposed that a (d+ 1)-dimensional quantum gravitational

theory on AdS spacetime is equivalent to a d-dimensional strongly coupled quan-

tum many-body system without gravity. This equivalence or duality is called the

AdS/CFT correspondence. Although this duality is still a conjecture, there is abun-

dant evidence [21]. By using this duality, we can understand the dynamics of black

holes through the dynamics of quantum many-body systems, and vice versa.

In particular, black hole thermodynamics can be extended to non-equilibrium

regimes. Gravitational dynamics is mapped to the non-equilibrium dynamics of

quantum many-body systems. For example, gravitational collapse of a star corre-

sponds to quantum thermalization from a non-equilibrium initial state [22]. See

Figure 1.

■ Information loss problems

Using the AdS/CFT correspondence, we can tackle one of the most important

problems in quantum gravity: the information loss problem. There are two versions

of this problem:
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1. Hawking’s information loss problem [16]: Suppose we have a massive

star represented by some pure state; see Figure 2. Importantly, a black hole is

not completely black: it emits thermal Hawking radiation and evaporates [23].

In asymptotically flat spacetime, this evaporation continues for a long time,

and the black hole may eventually turn entirely into a collection of thermal

radiation. The problem is that this thermal radiation is characterized only by

a few parameters such as its temperature. The initial state, however, contains

many parameters {cn}n,
|Ψ⟩ =

∑
n

cn |En⟩ , (1.2)

and during the evaporation process we seemingly lose this information. How-

ever, any physical process in a closed system should be unitary and preserve

information. In particular, holography tells us that gravity is equivalent to a

usual quantum many-body system, where information is preserved. This naive

discrepancy is called the information loss problem.

2. Maldacena’s information loss problem [24]: Within AdS/CFT, we can

formulate the information problem more quantitatively. Consider throwing

a light particle from the AdS boundary into an AdS black hole. Because

the black hole emits thermal radiation, we can compare the original particle

with the outgoing radiation. This is equivalent to computing the probability

amplitude. According to the AdS/CFT dictionary [25, 26], the light particle

corresponds to a low-energy operator O and the amplitude corresponds to the

real-time evolution of a thermal correlator in a quantum many-body system,

Tr
[
ρ(β)canO(t)O(0)

]
. (1.3)

By computing this correlator using semiclassical gravity, we find that it decays

monotonically:

Tr
[
ρ(β)canO(t)O(0)

]
∼ e−t/tdec (1.4)

where tdec is some time scale. If we trust the semiclassical computation, this

decay continues indefinitely and eventually approaches zero. However, from

general principles of unitary quantum mechanics, the correlator cannot vanish,

as shown in Figure 3. This discrepancy constitutes Maldacena’s information

loss problem.

■ Eigenstate thermalization hypothesis and the resolution of Malda-

cena’s information loss problem

The natural questions are why gravity appears to lose information and where

the information goes. The first question is easily answered. After the time scale

10



Figure 2: Hawking’s information loss problem.

Time t

⟨Ô(t)Ô(0)⟩

Wormhole contribution
=

Prediction from ETH

Semi-classical computation

Figure 3: Time dependence of the two-point function Tr(e−βHO(t)O(0)). The blue
curve represents the contribution predicted by ETH and the associated wormhole
saddle, while the red dotted curve shows the semiclassical computation. These two
curves do not agree for t ≈ eSBH . This is Maldacena’s information loss problem.

when the correlation function becomes of order eO(SBH), semiclassical gravity loses

its predictive power [24]. This is because e−O(SBH) = e−O(1/GN ), so non-perturbative

effects become important. The next question is how to understand these effects at

late times.

Since gravitational dynamics is faithfully encoded in the non-equilibrium dynam-

ics of the dual quantum many-body system, we should learn from the latter. The

key point is that the relevant quantum many-body system is strongly coupled and

therefore chaotic [27–29].

Chaotic systems are expected to thermalize. A possible mechanism for ther-

malization is the eigenstate thermalization hypothesis (ETH) [30–32]. This gives

conditions for matrix elements of an operator O in the energy eigenbasis:

⟨En| O |En⟩ − Tr[ρmcO] ≈ e−
1
2
Smc , ⟨En| O |Em⟩ ≈ e−

1
2
Smc , (1.5)

where Smc is the microcanonical entropy. Once ETH is satisfied, one can show

thermalization for any initial state. ETH also predicts the late-time behavior of

correlation functions. Importantly, the small right-hand side of (1.5) contains the
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factor e−O(Smc), and via AdS/CFT we identify Smc = SBH. Thus ETH knows about

non-perturbative effects, and by studying ETH in the dual quantum many-body

system and translating its implications through the AdS/CFT dictionary, we can

resolve Maldacena’s information paradox.

ETH was originally motivated by random matrix theory (RMT), a model of

quantum chaotic systems. Srednicki and Deustch proposed that RMT arguments

lead to the ETH ansatz

⟨En| O |Em⟩ = O(E) δnm + e−
1
2
Smc(E) FO(E,ω)Rnm, (1.6)

where Rnm is a random variable. In recent decades, the relation between random

matrix theory and gravity has developed significantly. A concrete example is the

JT/SYK correspondence [33, 34]: JT gravity is a two-dimensional dilaton gravity

theory , and the SYK model is a Majorana quantum mechanics with random cou-

plings. It has been shown that at late times, these two theories share random matrix

universality [35–37]. In particular, Saad showed that by accurately incorporating

non-perturbative wormhole contributions in JT gravity which is obtains thermal

correlators consistent with the ETH ansatz (1.6) [38].

This is promising, but not the whole story. JT/SYK correspondence is simple but

quite different from higher-dimensional AdS/CFT because the SYK model involves

ensemble averaging. To understand possible wormhole-like contributions in higher

dimensions, we must seriously consider setups without ensemble averages.

Nevertheless, ETH should still hold. Although ETH was historically inspired

by RMT, it is not fundamentally tied to it. ETH is a condition for thermalization

that can be formulated without RMT and applies to any spacetime dimension with

a single Hamiltonian. For example, there are numerically confirmed that the ETH

holds in some non-integrable systems [39].

With this in mind, in Part II of this thesis we answer the following question:

Goal of Part II of this thesis

(Q) What is the precise and quantitative relation between ETH and the gravi-

tational path integral with wormholes and black holes?

(A) By using large deviation techniques, we relate ETH to the long-time average

of thermal correlators for any quantum many-body system. Applying this rela-

tion to AdS/CFT, we show some possible strategy for proving that holographic

quantum many-body systems satisfy the (strong) ETH in any spacetime dimen-

sion, without performing exact diagonalization.

■ Open quantum systems and Hawking’s information loss problem

12



Hawking’s information loss problem involves evaporating black holes in asymp-

totically flat spacetime. To discuss holographic duals of flat spacetime, we need to

generalize AdS/CFT. One interesting way is to couple AdS spacetime to a large

external bath [40, 41]; see Figure 4. From the perspective of the boundary the-

ory, this acts as a dissipative deformation. Thus we must consider a holographic

correspondence for open quantum systems.

In typical open quantum systems [42], time evolution can be divided into two

parts:

1. Time evolution with a non-Hermitian Hamiltonian,

2. Jump dynamics, such as measurements in quantum mechanics.

One goal of this thesis is to provide a concrete example of the holographic corre-

spondence for these two effects. This is achieved by deforming the usual AdS/CFT

framework.

Goal of Part III of this thesis

Construct the building blocks of the holographic correspondence for open quan-

tum systems.

Figure 4: Setup of AdS coupled to a bath. Hawking radiation (red) can escape into
the flat bath.

■ Organization of this thesis

This thesis is organized as follows. It is divided into three parts.

In Part I, we review the foundations of black hole thermodynamics and the

information loss paradox (Section 2) and the AdS/CFT correspondence (Section 3).

In Section 4, we discuss generalizations of AdS/CFT. Most of Part I is review, but

some parts of Sections 4.2 and 4.4 include new results based on our papers [2, 3].

In Part II, we examine the relation between ETH and gravity in AdS/CFT. In

Section 5, we review the foundations of statistical mechanics for closed quantum

systems and ETH. In Section 6, we introduce a strategy for proving strong ETH

13



based on [1], which relates ETH to thermal correlation functions. In Section 7, we

give examples of non-equilibrium dynamics in AdS/CFT and introduce Maldacena’s

information loss problem. Finally, in Section 8, we explain why AdS/CFT satisfies

the ETH criteria developed in Section 6.

In Part III, we discuss possible holographic duals of open quantum systems.

In Section 9, we introduce the holographic setting of evaporating black holes and

explain the motivation for studying open-system holography. In Section 10, we

present a concrete realization of holography with non-Hermitian physics via imag-

inary Janus deformation, based on [2, 3]. In Section 11, we explain a setup of

gluing two AdS/CFT systems as a possible model of open-system holography, based

on [4,8]. In Section 12, we see that boundaries and interfaces produce measurement-

like behaviors, such as the decrease of entanglement entropy, based on [5, 7, 10,11].

In Part IV, we give a summary and conclusion.
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Part I

Blackhole, Information loss and

holography
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2 Black Holes and the Information Loss Problem

In this section, we review the basics of blackhole thermodynamics, Hawking radia-

tion, holographic principle and information loss paradox.

2.1 Black Hole Thermodynamics

A black hole, which is a solution to Einstein’s equations in general relativity, is a

configuration that obeys thermodynamics. First, we show that a classical black-hole

configuration satisfies the first law of thermodynamics. Below we review the method

based on Noether’s theorem due to Wald [43,44]. Boldface symbols denote differen-

tial forms. Consider a field theory in d+ 1 dimensions that includes gravity. Let ϕ

denote all fields, including the gravitational field. The variation of the Lagrangian

is

δL = E δϕ+ dS[ϕ, δϕ] (2.1)

where

E =
δL
δϕ

, (2.2)

S = (dd−1x)A

(
∂L
∂ϕ,A

δϕ+
∂L

∂ϕ,A,B
δϕ,B + · · ·

)
. (2.3)

The object S is called the symplectic potential. From this we obtain the equations

of motion

E ≜ 0 , (2.4)

where ≜ denotes equality upon using the equations of motion.

On the other hand, if δs is a variation corresponding to a symmetry of the action,

then there exists a d-form X such that

δsL = dX . (2.5)

In particular, when the symmetry is a diffeomorphism generated by a vector field ξ,

δξL = LξL (2.6)

= d(iξL) , (2.7)

so that X = iξL. Using the identity valid for any differential form,

Lξ = d iξ + iξ d , (2.8)
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and the fact that L is a (d+ 1)-form, we obtain

δξL = d(iξL) (2.9)

⇔ d(S[ϕ, δξϕ]− iξL) = 0 . (2.10)

Hence, the Noether current associated with ξ is the d-form

J = S[ϕ, δξϕ]− iξL , dJ ≜ 0 . (2.11)

Using this current, the Noether charge H[ξ] defined on a Cauchy surface Σ is

H[ξ] =

∫
Σ

J . (2.12)

That this charge is conserved follows, for two Cauchy surfaces Σt,Σt+dt, from the

on-shell relation

dt
dH[ξ]

dt
=

[∫
Σt+dt

−
∫
Σt

]
J =

∫
V

dJ ≜ 0 (2.13)

where V is volume surrounded by Σt+dt and Σt. Since the Noether current is closed

on-shell, by Poincaré’s lemma there exists a (d− 1)-form Q such that

J ≜ dQ . (2.14)

This (d− 1)-form Q is called the Wald charge. Consequently,

H[ξ] =

∫
Σ

J ≜
∫
∂Σ

Q . (2.15)

To derive the first law of black-hole thermodynamics, consider a perturbation δϕ

around a solution ϕ to the equations of motion. For this perturbation,

δJ = δS[ϕ, δξϕ]− iξδL , (2.16)

where we assume δξ = 0. Furthermore,

iξδL = iξ(E δϕ+ dS[ϕ, δϕ]) (2.17)

≜ LξS[ϕ, δϕ]− d(iξS[ϕ, δϕ]) , (2.18)

so altogether

δJ = Ω[ϕ, δϕ, δξϕ] + d(iξS[ϕ, δϕ]) , (2.19)
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where we defined

Ω[ϕ, δϕ, δξϕ] := δS[ϕ, δξϕ]− δξS[ϕ, δϕ] . (2.20)

Using the (d− 1)-form

Kξ[δϕ, ϕ] = −δQξ + iξS[ϕ, δϕ] , (2.21)

the variation of the Noether charge is defined by

∆H[ξ] = −
∫
∂Σ

Kξ[δϕ, ϕ] =

∫
∂Σ

δQξ −
∫
∂Σ

iξS[ϕ, δϕ] . (2.22)

Note that this differs from the earlier definition by a surface integral of the interior

product of the symplectic potential. Variations of thermodynamic quantities—such

as the mass variation in the Schwarzschild black hole—are of this type. In general,

∆H[ξ] need not be integrable with respect to δ. Now we consider blackhole solutions

with bifurcation surface B. We take Cauchy slice Σ such that ∂Σ = B∪∂Σ∞ where

∂Σ∞ is subset of asymptotic infinity. See figure 5 for intuition.

B
∂Σ∞

Σ

Figure 5: Example of blackholes solution.

Suppose there are Killing vectors corresponding to time translations t and rota-

tions m. Then the variations of energy and angular momentum are defined by

∆E = δH[t] =

∫
∂Σ∞

[δQt − itS[ϕ, δϕ]] , (2.23)

∆J = −
∫
∂Σ∞

[δQm − imS[ϕ, δϕ]] . (2.24)

This energy corresponds to the ADM mass with possible long-range-correlation cor-
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rections. If there exists a (d− 1)-form B such that

δ

∫
∂Σ∞

itB =

∫
∂Σ∞

itS[ϕ, δϕ] , (2.25)

then we can integrate over δ and write

E =

∫
N

(Qt − itB) . (2.26)

Let B denote the bifurcation surface, and consider a Killing vector that can be

written as

ξ = t+ ΩHm. (2.27)

Since Lξϕ = 0, we have Ω[ϕ, δϕ, δξϕ] = 0, and hence

δJ[ξ] = d iξS[ϕ, δϕ] . (2.28)

On the other hand, by definition δJ ≜ δ dQ, so

δQ− iξS[ϕ, δϕ] = 0 . (2.29)

Integrating this over Σ, we obtain

0 =

∫
Σ

d(Q− iξS[ϕ, δϕ]) =
∫
∂Σ

(Q− iξS[ϕ, δϕ]) = ∆H[ξ] . (2.30)

Since ∂Σ = B ∪ ∂Σ∞, splitting the surface terms yields∫
B

(δQξ − iξS[ϕ, δϕ]) =
∫
∂Σ∞

(δQξ − iξS[ϕ, δϕ]) (2.31)

= ∆E − ΩH∆J , (2.32)

where in the last equality we used linearity of the charge variation in ξ. On the

bifurcation surface B, ξ = 0, so iξS[ϕ, δϕ] = 0. Therefore,∫
B

δQξ = ∆E − ΩH∆J . (2.33)

We can eliminate the explicit appearance of ξ from Q through the following

scheme:

1. Second and higher derivatives of a Killing vector can be expressed everywhere
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in spacetime using the identity

∇A∇Bξ
C = RC

ABD ξ
D , (2.34)

so Q can be written solely in terms of ξ and ∇ξ.

2. On the bifurcation surface B,

ξ = 0 , (2.35)

∇AξB = κ ϵAB , (2.36)

where the second relation follows from Frobenius’ theorem and the definition

of the surface gravity κ.

In this way, we obtain a Wald charge Q̃ that is independent of the explicit form of ξ.

The Q̃ depends only on the dynamical fields of the theory and their derivatives, is

invariant under diffeomorphisms on B, and is also the Wald charge associated with

the Killing vector ξ̃ = ξ/κ normalized to unit surface gravity. For an infinitesimal

perturbation with the Killing vector held fixed, we then have

δQ = κ δQ̃ . (2.37)

Defining the Wald entropy by

SWald = 2π

∫
B

Q̃ , (2.38)

we obtain

κ∆SWald = ∆E − ΩH∆J . (2.39)

For simple gravitational theories which is mild deviation of the Einstein gravity we

see [45]

SWald =
Area[B]

4GN

(2.40)

and κ can be regarded as a temperature. This is the first law of black-hole thermo-

dynamics.
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2.2 Thermodynamic Entropy of Black Holes from Euclidean

path integrals

Next, we show that classical black-hole solutions have finite thermodynamic entropy

from Euclidean path integral [46]. Consider the action of a gravitational theory

Itot = IEH[G] + IGH[γ] + Imat[X;G] , (2.41)

IEH =
1

16πGN

∫
M

dd+1x
√
−G

(
R[G]− 2Λ

)
, (2.42)

IGH =
1

8πGN

∫
∂M

ddx
√
−γ K , (2.43)

where the boundary term IGH is required to make the variational problem well-

defined. Imat[X;G] is the matter action. For simplicity, we will set the matter fields

to zero hereafter. The equations of motion are Einstein’s equations. We compute the

thermodynamic entropy of a static black-hole solution [47]. For simplicity, we pro-

ceed in the spherically symmetric case (2.48) with no matter fields. The Helmholtz

free energy of the gravitational theory in equilibrium is

F (β) = − 1

β
logZ(β) , (2.44)

Z(β) = Tr
[
e−βH

]
=

∫
KMS

DGe−Igrav , (2.45)

with Igrav = IEH + IGH. The thermodynamic entropy is

S(β) =

(
1− β

∂

∂β

)
logZ(β) . (2.46)

Here the subscript KMS on the measure indicates that the Euclidean time defined

by the timelike Killing vector satisfies the periodic boundary condition with inverse

temperature β. When Newton’s constant GN is much smaller than other dimen-

sionful scales, the saddle-point approximation gives

Z(β) ∼
∑

G∈saddle

e−Igrav[G] ∼ e−Igrav[Gmin] + · · · , (2.47)

where the sum runs over solutions of Einstein’s equations satisfying the periodic

boundary condition, and Gmin denotes the configuration with minimal on-shell ac-

tion. The saddle that minimizes the action depends on β. For example, with

compact asymptotic AdS boundary, thermal AdS dominates at low temperature

while the AdS black hole dominates at high temperature [48]. In what follows we

simply write Gmin as G and consider cases where a black-hole solution provides the
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dominant saddle. For simplicity, consider a static, spherically symmetric black-hole

solution in d+ 1 dimensions with the background metric

ds2 = −f(r) dt2 + dr2

f(r)
+ r2dΩ2

d−1 , (2.48)

where f(rH) = 0 and f ′(rH) > 0 at the event horizon r = rH . Here dΩ2
d−1 is the

metric on the unit (d− 1)-sphere Sd−1.

In asymptotically flat and asymptotically AdS spacetimes, the on-shell action

diverges because of the infinite volume. We therefore consider the regulated gravi-

tational action

I[G] = Igrav′ [G, γ] , (2.49)

Igrav′ [G] = Ireg[G, γ] + Ict[γ] , (2.50)

Ireg[G, γ] :=
1

16πGN

∫
rH+ϵ≤r≤r∞

dd+1x
√
G
(
R[G]− 2Λ

)
(2.51)

+
1

8πGN

∫
r∞

ddx
√
γ K[γ] , (2.52)

where γab is the induced metric at the IR cutoff surface r∞, and hab is the induced

metric at r = rH + ϵ. The counterterm Ict depends on the boundary condition and

the spacetime dimension. We will discuss the asymptotically AdS case in the next

chapter. For the asymptotically flat case, one may use [49]

Ict =
1

8πGN

∫
ddx

√
γ K0 , (2.53)

where K0 is the mean curvature of the surface r = rH embedded in the reference

metric

ds20 = f(rH) dt
2
E +

dr2

f(rH)
+ r2dΩ2

d−1 . (2.54)

As long as the total action is finite, the precise choice of counterterms is arbitrary;

as we will see, the thermodynamic entropy is independent of this choice.

We take ϵ≪ rH ≪ r∞ and send ϵ→ 0 and r∞ → ∞ after the computation. The

thermodynamic entropy is

S(β) = −
(
1− β

∂

∂β

)
I[G] . (2.55)

For a static black hole, the on-shell Lagrangian is time-independent, so

Igrav[G] = β L(β) , (2.56)
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and therefore

S = β2 ∂L

∂β
. (2.57)

A direct computation yields

∂βL =
1

16πGN

∫
ddx

[
−
√
GEAB ∂βGAB + ∂C

(√
G (GCA∇B∂βGAB −GAB∇C∂βGAB)

)]
+

∫
dd−1x ∂β(

√
γ K[γ]− Lct) , (2.58)

where EAB is the left-hand side of Einstein’s equations and hence vanishes on-shell.

Upon integrating by parts, boundary terms arise at r = rH and r = rH + ϵ. The

contribution at r = rH combines with the Gibbons–Hawking term and vanishes due

to the boundary conditions imposed when solving the equations of motion. Thus

only the horizon contributes to the entropy:

∂βL =
1

16πGN

∫
rH+ϵ

dd−1x
√
GnA

(
GCA∇A∂βGAB −GAB∇C∂βGAB

)
. (2.59)

Approximating the near-horizon geometry by the Rindler metric (2.62) and evalu-

ating the integrand explicitly, we obtain

S(β) =
rd−1
H Vol[Sd−1]

4GN

=
Area

4GN

, (2.60)

where Area is the area of the horizon. The same formula holds more generally for

static spacetimes [46,50]. This is the Bekenstein–Hawking entropy.

Also the inverse temperature is determined from the horizon singularity. Near

the horizon the metric becomes

ds2 ≈ −f ′(rH)(r − rH) dt
2 +

dr2

f ′(rH)(r − rH)
+ r2H dΩ2

d−1 . (2.61)

In what follows, we treat f(r) as a smooth function with a simple zero at r = rH .

Define a new radial coordinate ρ by ρ =
√
r−rH

2f ′(rH)
. Then

ds2 ≈ −4f ′(rH)
2ρ2 dt2 + dρ2 + r2H dΩ2

d−1 . (2.62)

Upon Wick-rotating tE = −it, the first two terms become

ds2 ≈ 4f ′(rH)
2ρ2 dt2E + dρ2 . (2.63)

Unless the Euclidean time tE is periodic with period βH = π
f ′(rH)

, the resulting space

has a conical singularity at the horizon; in particular, the Ricci scalar acquires a
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delta-function singularity. If the metric solves Einstein’s equations and the matter

fields do not have such delta-function singularities in their stress tensor, this conical

singularity is not allowed. Hence, tE must be identified with period βH = π
f ′(rH)

.

Due to this periodicity, all correlation functions of a field theory on this background

satisfy the KMS condition. That is, the field theory is thermal with inverse temper-

ature β = βH .

Figure 6: Left) Spacetime with β ̸= βH : a conical singularity appears at the horizon
r = rH . Right) β = βH .

2.3 Hawking Radiation

Next, we consider a QFT on blackhole [23,47,51,52]. In Hawking’s original work [23],

one considers quantum fields on a black hole formed by gravitational collapse and

shows thermal radiation by comparing Bogoliubov coefficients between past and fu-

ture null infinity I− and I+. This thermal radiation is called Hawking radiation.

The essence common to both derivations is the presence of two distinct notions of

time in the theory or state. For instance, in the static black-hole example above,

there is the time t of an observer at infinity and the time generated by the Killing

vector associated with the horizon. In Hawking’s setup in asymptotically flat space-

time, one has the Minkowski time at infinity and the proper time of an observer

falling into the black hole. Each time coordinate comes with its own Hamiltonian

and Fock space. In finite systems, Fock spaces generated by different Hamiltonians

are related by a unitary transformation, so a state in one Fock space can be expressed

as a linear combination of states in the other. However, in infinite systems such as

quantum field theory, the transformation between the two Fock spaces involves di-

vergent integrals unless regularized, and becomes a singular unitary transformation;

a state in one Fock space cannot be written as a regular linear combination of states

in the other [53, 54]. For example, consider infinitely many harmonic oscillators αk

and their Bogoliubov transforms αk(θ) = αk + θk. Each oscillator defines a vacuum

and a Fock space. If |θ⟩ denotes the vacuum of αk(θ) and |0⟩ the vacuum of αk, then

|θ⟩ = exp

{
−1

2

∫
ddk |θk|2 −

∫
ddk θk α

†
k

}
|0⟩ , (2.64)
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and ⟨0|θ⟩ = 0. Such a phenomenon also appears in discussions of phase transitions,

where distinct Fock spaces correspond to different phases. In the case of Hawking

radiation, the two Fock spaces correspond to the two notions of time and are related

in this way [55]. The vacuum with respect to one time appears as a condensate

of particle pairs with respect to the other. Consider an observer near the horizon

measuring with respect to the Killing time who looks at the Minkowski vacuum

at infinity: this state exhibits pair creation and annihilation with respect to the

Killing-time particles. Because of the presence of the horizon, one particle of each

pair falls into the black hole and never returns, while the other escapes to r → ∞
and is observed as thermal radiation.

One important remark is that we need to distinct the entropy of Hawking radia-

tion from the entropy of the blackhole. The former one is purely matter contribution

similar to the Unruh effect. On the other hand, the latter is purely contribution from

the classical gravity. Sometimes we can think of that the entropy of the Hawking

radiation as the blackhole entropy with ”fine tuning” UV cut-off of the QFT on the

blackhole. To see this, let us consider t’Hooft’s brickwall model [56]: we set a hard

wall on the stretch horizon r = rH + ϵ. Since the wall hide the horzion, there is no

classical gravity contribution to the blackhole entropy. Also the wall play a role of

UV regularization. For example, the QFT in Rinder wadge have the natural energy

which is nothing but a boost operator. This boost operator has continuous spectrum

and shows the UV divergence. In the recent terminology of the operator algebra the

continuous spectrum of the boost operator is refereed as the type III1 von Neumann

algebra [57,58]. Once we set the stretch horizon, the spectrum is discretized. Then

the leading contribution is coming from the matter thermal entropy. For free field,

by using the heat kernel method, we can concretely compute the matter thermal

entropy is proportional to the area of black hole divide by the UV cut-off

Smat = # · Area
ϵd−1

+ · · · (2.65)

where # is some numerical constant depends on the theory we consider [59]. By

fine-tuning the ϵ = O(lpl) we can obtain the Bekenstein-Hawking formula (2.60).

Actually we have the another interpretation for matter contribution. Following

to [60], the brickwall type regularization can be considered as the regularization of

the entangling surface. Thus, the matter entropy (2.65) can be considered as the

entanglement entropy between the inside and out side of the blackhole horizon. Now

we consider a generalized entropy

Sgen := SBH + Smat (2.66)
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which is total thermal entropy in the quantum gravity path integral. Susskind and

Uglum considered that the entanglement entropy of the string theory is finite since

there is minimum length scle ls and corresponding this Sgen is finite [61]. At the

level of the small but finite GN by doing the renormalization of Newton constant
1

4Gren
N

= 1
4GN

+ #
ϵd
, we obtain the finite Sgen. In the recent terminology the finite ness

of the generalized entropy is referred as the type II von Neumann algebra [62].

2.4 Holographic correspondence

In the previous section we see the following facts:

• The blackholes which are the solution of classical equation of motion of the

gravitational theories possess non-trivial entropy.

• The blackhole entropy is proportional to the area of blackhole and inverse of

gravitational coupling.

In usual (quantum) many body systems, the thermodynamic entropy is extensive for

the system size [17]. In this sense, the blachole entropy is exotic. We may explain

this exotic scaling of blackhole entropy by thinking that area law of blackhole entropy

in d+1 dimensional gravitational theory is considered as the usual extensive thermo-

dynamic entropy in d dimensional quantum many body systems. By proceeding this

consideration in more deeply, t’Hooft and Susskind suggest that this exotic behavior

of blackhole entropy in gravitational theory is explained by holographic principle:

d+1 dimensional gravitational theory is equivalent to d dimensional quantum many

body systems [18,19].

In usual statistical physics, the thermodynamic entropy is emergent concept

raised from the thermodynamic limit. For example, when we write down the thermal

partition function in terms of spectral function ρ(E) :=
∑

n δ(E − En), we see

Z(β) = Tr
[
e−βH

]
=
∑
n

e−βEn =

∫
dEρ(E)e−βE. (2.67)

When we assume ρ(E) = eV s(E/V )+o(V ) with convex function s(u), we write

Z(β) =

∫
dE eV (s(E/V )−βE/V )+o(V ) ≈ eS(E∗)−βE∗ (2.68)

with thermodynamic relation ∂S/∂E|E∗ = β in the saddle point approximation

under thermodynamic limit V → ∞ [63]. Similarly in the gravitational theory

gravitational entropy is also emergent in some thermodynamic limit. Indeed the

semi classical limit GN → 0 play a role of thermodynamic limit. We consider a
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Figure 7: Process of gravitational collapse and evaporation

quantum gravity partition function

Zgrav(β) =

∫
DGDXe−Igrav[G]−Imatter[X;G] ≈ eSBH−βE∗ . (2.69)

and by taking the ”naive” thermodynamic limit GN → 0 we obtain the Bekenstein

Hawking entropic formula (2.60). In the holographic principle 1/GN corresponds to

the number of local degree of freedom. The AdS/CFT correspondence is beautiful

example which realize these discussion in concretely.

2.5 Black-Hole Evaporation and the Information Loss Prob-

lem

So far we have treated a black-hole solution as a fixed background, but now we

consider the back reaction of Hawking radiation. From the viewpoint of an observer

outside the horizon, the in-falling partner of a created pair carries negative energy,

so the black hole loses mass as it emits Hawking radiation. In an asymptotically

flat spacetime without boundaries, the Hawking radiation does not return to the

black hole, and the mass is expected to eventually go to zero; that is, the black hole

ultimately evaporates.

Now consider a pure state |Ψ⟩ with large energy. According to general relativity,

such a quantum state undergoes gravitational collapse to form a black hole and

begins to emit Hawking radiation. Eventually, the black hole evaporates, leaving a

thermal state consisting of Hawking quanta. See figure 7 for illustration. From the

semiclassical analysis above, this final thermal state is a mixed canonical ensemble.

Naively, the process of formation and evaporation of a black hole thus appears to

evolve a pure state into a mixed state, seemingly violating unitarity [64]. On the

other hand, superstring theory, a candidate for quantum gravity, is a unitary theory;

hence the final state after evaporation ought to be pure. The apparent non-unitarity

of the evaporation process is called the information loss problem. Later we will
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see more concrete realization of information paradox in the context of AdS/CFT

correspondence.

3 AdS/CFT correspondence

The AdS/CFT correspondence is a concrete realization of the holographic correspon-

dence. They are duality between quantum gravity with asymptotic AdS structure

and some conformal field theories(CFT). Originally, it is conjectured by Malda-

cena by using the super string theory [20]. The duality relation is still conjecture

but there are many justification [21]. Moreover, the AdS/CFT correspondence is

nowadays considered as a duality relation which can be geneal more than the string

theory. For example we can see some matching of symmetry, correlation functions,

entanglement structure for examples for some simple setting which may not have

string theory interpretation [65].

In this section, we review the basic of AdS/CFT correspondence and their dic-

tionary.

3.1 AdS/CFT correspondence: Maldacena’s discussion

Maldacena pointed out that some QFTs obtained from the excitations on certain

branes match the string theory on AdS times some compact manifolds in certain

limits. Especially, he showed that the large N limit of certain CFTs in various

dimensions are equivalent to the supergravity on the product of AdS, spheres and

other compact manifolds. The insight comes from the two equivalent views for the

brane configuration.

3.1.1 World volume theory point of view

Let us consider a brane configuration where N parallel D3-branes are sitting. There

are naively two kinds of string excitations.

• open strings from D3-branes,

• closed strings from ten-dimensional empty space.

In this situation, we take a low-energy limit in the sense that the energy scale E we

take into account satisfies E ≪ 1/ls. Then only the massless modes survive.

• open strings: vector multiplet on the D3-brane, N = 4 U(N) super Yang

Mills theory (SYM) ,

• closed strings: ten-dimensional gravity supermultiplet, type II B super grav-

ity(SUGRA).
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The low-energy action is expected to take the form:

Itot = Ibulk + Ibrane + Iint. (3.1)

Taking the weak-gravity limit κ → 0, the interaction between branes and closed

strings vanishes. So the world volume theory on the D3-branes and ten-dimensional

SUGRA decouple. More precisely, the decoupling limit is the following: keeping

the energy scale E fixed and taking ls → 0, that is Els → 0, while keeping all the

dimensionless parameters gs, N fixed. Then the Newton constant κ ∼ gsα
′2 → 0.

3.1.2 SUGRA point of view

The SUGRA solution that carries D3-brane charges is

ds2 = f−1/2(−dt2 + dx21 + dx22 + dx23) + f 1/2(dr2 + r2dΩ2
5), (3.2)

F5 = (1 + ∗) dt ∧ dx1 ∧ dx2 ∧ dx3 ∧ df−1, (3.3)

eϕ = gs, f = 1 +
R4

r4
, R4 = 4πgsα

′2N. (3.4)

The proper energy Ep at r and the energy for an observer at infinity satisfy

dτrEp = dτ∞E, E = f−1/4Ep. (3.5)

Thus the redshift means that the same object brought closer and closer to r = 0

appears to have lower and lower energy for the observer at infinity. Next, we consider

the low-energy limit. To this end, we consider the throat around the brane with

string-scale radius. We want to consider the α′ → 0 limit, but now we want to

consider the duality between the world volume theory and the bulk, so we should

keep fixed the energies of the objects in the throat (the near-horizon region). Then

we can consider arbitrarily excited string states. More precisely, we fix lsEp. In this

limit, we also keep the energy from infinity

E∞ ∼ Ep
r

ls
∼ Ep

lsr

α′ , (3.6)

which is the energy of the field theory on the brane. With this setup, the low-energy

excitations from the point of view of an observer at infinity are

• the long-wavelength massless particles in the bulk region: ten-dimensional

SUGRA,

• any kind of string excitation in the near-horizon region.

These two excitations decouple because of the following reasons:
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• the long-wavelength low-energy massless particles in the bulk do not get ab-

sorbed into the throat since their absorption rate is σ ∼ ω3R8. Naively speak-

ing, in this low-energy limit, the wavelength of the bulk particles becomes

much bigger than the typical gravitational size of the brane ∼ R;

• similarly, the excitations that live very close to r = 0 find it harder and

harder to climb up the gravitational potential and escape to the asymptotic

region [66].

To consider the near-horizon region in the low-energy limit, it is convenient to in-

troduce the fixed coordinate U = r/
√
α′. Then, taking α′ → 0, r → 0 with fixed

U, gs, N , we obtain

ds2 = α′
[

U2

√
4πgsN

(−dt2 + dx21 + dx22 + dx23) +
√
4πgsN

dU2

U2
+
√
4πgsNdΩ2

5

]
.

(3.7)

This is the metric of AdS5 times S5. The important point is that the AdS radius

and the radius of the S5 match,

L2
AdS = R2

S5 = α′
√

4πgsN. (3.8)

3.1.3 Duality

Finally we have two different points of view for the same configuration in the ap-

propriate low-energy limit.

• World volume theory: four-dimensionalN = 4 U(N) SYM+ ten-dimensional

SUGRA in the flat background.

• SUGRA: type II B string on AdS5 × S5 (near horizon) + ten-dimensional

SUGRA in the flat background.

Here + means the two theories decouple. So it is natural to conjecture that : The

four-dimensional N = 4 U(N) SYM is equivalent to type II B string on AdS5×S5.

There are some comments for AdS5/CFT4 which will be important in later dis-

cussions.

• In the above argument, the validity of the SUGRA solution requires that the

curvature of the solution is much smaller than the string scale,

R4

l4s
∼ L2

AdS

l2s
∼ gsN ∼ g2YMN = λ≫ 1. (3.9)
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Also, the D-brane description above is valid when the D-brane is a heavy

object, that is

gs ≪ 1. (3.10)

So we need large N in the above argument. This can also be seen from the

suppression of quantum gravity effects:

R4

l4p
∼ N ≫ 1. (3.11)

• We can trust perturbation theory in SYM when

λ = g2YMN = gsN ∼ R4

l4s
≪ 1. (3.12)

So the AdS/CFT correspondence is a strong/weak duality in the sense that

the region where the theory can be easily treated is different and the hard part

on one side can be computed from the easy part of the other side. Another

important point is that the 1/N expansion in SYM corresponds to the ex-

pansion of the quantum fluctuations in quantum gravity. Especially, Hawking

radiation is a 1/N effect.

• The isometry of AdS5 × S5 corresponds to the global symmetry of the SYM.

The isometry of AdS5 is SO(4, 2) and this is exactly the conformal symmetry

of the four-dimensional SYM. The SO(6) isometry of S5 is the R-symmetry

of the N = 4 supersymmetry in SYM.

• The SYM coupling is given by the string VEV

τ =
4πi

g2YM

+
θ

2π
=

i

gs
+

χ

2π
, (3.13)

and gs, χ are the VEVs of the dilaton and the RR 0-form in string theory. The

SL(2,Z) duality in SYM corresponds to the SL(2,Z) symmetry of type II B

string on flat space. The AdS5 × S5 background is also invariant under the

SL(2,Z) duality. We also note that N is given by the number of D3-branes or

equivalently the flux of the RR 5-form,

N =

∫
S5
∞

F5. (3.14)

• When the D3-branes do not coincide, there appear strings stretched between

branes. They are W bosons in the world volume theory. The mass of the W
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boson is the tension times the length of the string, thus MW ∼ r/α′ = U ,

which is kept fixed in the low-energy limit.

• By considering other types brane configuration we obtin AdS/CFT correspon-

dence with other dimensions.

Moreover we can discuss AdS/CFT without string theory. As we will see from right

now, by consider some gravitational theory on AdS and moderate dictionary we can

see matching of symmetry, correlation functions and so on.

3.2 GKPW relation and holographic renormalization

3.2.1 GKPW relation

From the above discussion, the AdS/CFT correspondence is essentially a relation

between the closed string scattering process in the gravitational theory and open

string propagation on the brane. From the gauge theory perspective, the open string

propagation is the same as the correlation functions of gauge-invariant operators.

Gubser-Klebanov-Polyakov and Witten suggested that this relation is formulated

by the equivalence of the quantum gravity partition function with certain boundary

conditions and the sourced partition functions of CFTs [25,26]:

Zgrav[X ∼ X0] =

〈
exp

(
−
∫
∂M

X0OX

)〉
CFT

=: eWCFT[X0] (3.15)

Here X ∼ X0 means that we do the gravitational path integral with the Dirichlet

boundary condition X0 times some conformal factor. Often we consider the saddle-

point approximation for the gravitational theory, that is

Igrav[X0] = −WCFT[X0], (3.16)

where the underline denotes the on-shell action. With this relation, the correlation

functions are, in order,

⟨OX(x)⟩ =
δIgrav

δϕ(0)(x)

∣∣∣∣
ϕ(0)=0

, (3.17)

⟨OX(x)OX(y)⟩ = −
δIgrav

δϕ(0)(x) δϕ(0)(y)

∣∣∣∣
ϕ(0)=0

(3.18)

=
δ ⟨OX(x)⟩ϕ(0)
δϕ(0)(y)

∣∣∣∣∣
ϕ(0)=0

. (3.19)

Now we try to do some concrete computations of correlation functions via the
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dictionary. The two-point function can be computed as follows.

3.2.2 Holographic renormalization

■ Scale/radius duality

In QFT, we have UV divergences. Also, the gravitational theory on AdS space-

time has divergences which come from the infinite volume of asymptotic AdS space-

time. Thus these divergences are IR divergences from the bulk point of view. On

the other hand, thermodynamics is IR physics of the boundary QFTs. This ther-

modynamics is related to black hole thermodynamics in the bulk. The black hole

thermodynamics is governed by the black hole horizon and thus the physics in the

deep interior of the bulk. From these discussions, we may think there is a duality

relation between the energy scale of the boundary QFTs and the bulk distance from

the boundary. More clearly, in the asymptotic AdS spacetime, there is a canonical

ADM coordinate system called the Fefferman-Graham coordinate:

ds2 = dr2 + e2rγab(r, x
a)dxadxb,

γab(r, x
a) = g(0)ab(x

a) + e−2rg(2)ab(x
a) + e−4rg(4)ab(x

a) + · · · .
(3.20)

The limit r → ∞ corresponds to the conformal boundary. The statement of the

scale/radius duality is that we can identify the energy scale ΛQFT of the boundary

QFTs with the radial coordinate: ΛQFT ∼ r. See Figure 8.

Figure 8: Sketch of scale raidus duality in AdS spacetime. Large r corresponds to
UV degree of freedom of boundary QFTs and small r corresponds to IR part.

■ Holographic renormalization

The holographic renormalization is the scheme for regulating the IR divergences

of the gravitational theory on AdS by putting counterterms, similar to the computa-
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tion of the black hole entropy [67–69]. In AdS/CFT correspondence, the holographic

renormalization plays the role of the renormalization of the effective action of the

boundary CFTs [70].

There is a systematic method for holographic renormalization that relies only on

the induced fields on the cut-off surface [71–73]. In this method, we use the canonical

formalism of the AdS gravitational theory with the radial coordinate playing the role

of time. We consider the ADM decomposition

ds2 = dr2 + hab(r, x
a)dxadxb. (3.21)

Here we set the lapse to be one and the shift vectors to be zero. We denote the

constant r surface by Σr. The induced metric on Σr, hab, is related to the Fefferman-

Graham coordinate with hab = e2rγab. For the asymptotic AdS geometry it is useful

to consider the following dilatation operator,

δD :=

∫
Σr

d2x 2hab
δ

δhab
. (3.22)

This operator is basically equivalent to the r derivative for large r. In this note,

we consider the pure gravity case. The task we do is solving the Hamilton-Jacobi

equation. To this end let us consider the Hamilton’s principal function S in the

form

S[h] =
∫
Σr

d2x
√
hL. (3.23)

We consider the spectral decomposition for the dilatation operator,

S =
∑
k=0

S2−2k, δDS2k = 2k S2k. (3.24)

We also have the spectral decomposition for the Lagrangian density

L =
∑
k=0

L2k, (3.25)

where each L(2k) is defined up to a total derivative. From the general discussion in

the Hamilton-Jacobi formalism, we have the identity

πabδDhab = 2π =
1√
h
δD(

√
hL) + (total derivative). (3.26)

The total derivative term can be absorbed into the Lagrangian density and we do
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not care about it. We also have, for each eigenvalue sector,

πab(2k)δDhab =
1√
h
δD(

√
hL(2k)). (3.27)

In the pure gravity case, it is known that we have the following decomposition

L = L(0) + L̃(2) log e
−2r + L(2) + L(4) + · · · ,

δDL(n) = −nL(n), n ̸= 2, δDL̃(2) = −2L̃(2),

δDL(2) = −2L(2) − 2L̃(2).

(3.28)

This is because we have the formula δDγab = 2γab. The transformation law of L(2)

shows that L(2) cannot be a polynomial of the induced fields and is thus a non-local

functional. As mentioned, the dilatation operator δD is roughly the r derivative, thus

we can read off the scaling L(n) ∼ e−nr,
√
h ∼ e2r. Thus we define the counterterm

Sct = −
∫
Σr

d2x
√
h
(
L(0) + L̃(2) log e

−2r
)
. (3.29)

We also have the renormalized on-shell action

S = Sreg + Sct =

∫
Σr

d2x
√
hL(2). (3.30)

Recursive relation for L(n), L̃(2)

Let us introduce the method to compute the L(n) (n < 2) and L̃(2). To this end

we consider the expansion for the canonical momenta,

πab :=
1√
h

δ

δhab

∫
Σr

d2x
√
hL = πab(0) + π̃ab(2) log e

−2r + πab(2) + πab(4) + · · · . (3.31)

Note that δDπ
a
b (n) = −nπab (n). By using this relation, the identity (3.26), and the

Hamiltonian constraint we can obtain a recursive algorithm for L(n) and L̃(2).

1. We know that from the Einstein action the canonical momentum is defined

as1

πab = − 1

16πGN

(
Khab −Kab

)
. (3.32)

In the Fefferman-Graham coordinates

Kab =
1

2

∂

∂r
γab. (3.33)

1There is a difference of the volume factor
√
h from the usual definition.

35



Also we know that γab behaves as

hab ∼ e2rg(0)ab. (3.34)

This shows the leading term

πab(0) = − 1

16πGN

hab. (3.35)

2. By using the identity (3.26), we have

2
(
π(0) + π(2) + π̃(2) log e

−2r + π(4) + · · ·
)

= 2L(0) + 0 · L̃(2) log e
−2r − 2L̃(2) + 0 · L(2) − 2L(4) + · · · .

(3.36)

By picking up the equal-weight terms we have the equations

L(0) = π(0) = − 1

8πGN

, π̃(2) = 0,

L̃(2) = −π(2),
L(4) = −π(4), · · ·

(3.37)

Note that there is no equation to determine L(2).

3. To determine π(n) from πab(0) we should have equations between the π(n). These

are obtained from the Hamiltonian constraint,

0 = H = 16πGN

(
πbaπ

a
b − π2

)
+

1

16πGN

R[h] +
1

8πGN

. (3.38)

By expanding this equation in the dilatation operator, we have

16πGN

(
πb(0) aπ

a
(0) b − π2

(0)

)
+

1

8πGN

=0, (3.39)

1

16πGN

R[h] + 32πGN

(
πab(0)π(2) ab − π(0)π(2)

)
= 0, (3.40)

2πb(4) aπ
a
(0) b + πb(2) aπ

a
(2) b − 2π(4)π(0) − π2

(2) = 0. (3.41)

4. From π(n) we can read off the Lagrangian density L(n). And from these L(n),

we can in turn determine πab(n).

From the second equation of the Hamiltonian constraint we obtain

π(2) = − 1

32πGN

R[h], L̃(2) =
1

32πGN

R[h]. (3.42)
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Thus we have a counterterm

Sct = − 1

8πGN

∫
Σr

d2x
√
h

(
−1 +

1

4
R[h] log e−2r

)
. (3.43)

We also have

π̃ab(2) =
1

64πGN

(
R[h]ab − 1

2
R[h]hab

)
= 0. (3.44)

This is consistent with the condition.

The renormalized sourced one-point function is defined as

〈
T ab
〉
ren

:= − 2
√
g(0)

δSCFT

δg(0)ab
= −2 lim

rc→∞
e2rcπ(2) ab, (3.45)

From the momentum constraint at order d, we have

Dbπ
b

(d) a = 0 ⇔ Db

〈
T ab
〉
ren

= 0. (3.46)

Next, consider the diffeomorphism r → r + δσ(x), which corresponds to a Weyl

transformation of the boundary theory. Then we find

δσSren =

∫
ddx δσ δD

(√
g(0) L(d)

)
=

∫
ddx

√
g(0) δσ

(
−2 L̃(d)

)
. (3.47)

It is therefore natural to define the conformal anomaly A as

A = 2 L̃(d). (3.48)

From (3.37), we obtain

⟨T aa⟩ren = A. (3.49)

For example,

d = 2 : A =
1

16πGN

R[g(0)],

d = 4 : A =
1

320GN

(
−1

3
R[g(0)]

2 +Rab[g(0)]R
ab[g(0)]

)
∝ E(4) + I(4),

E(4) = Rabcd[g(0)]R
abcd[g(0)]− 4Rab[g(0)]R

ab[g(0)] +R[g(0)]
2,

I(4) = −Rabcd[g(0)]R
abcd[g(0)] + 4Rab[g(0)]R

ab[g(0)]−
1

3
R[g(0)]

2.

(3.50)
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For d = 2, we can relate the central charge and Newton constant by

c =
3LAdS

2G
(3)
N

, (3.51)

known as the Brown-Henneaux formula [74].

3.2.3 Large N factorization and QFT on AdS

In a large N gauge theory or large c CFT, it is typically expected or proved that

the single-trace light operators show large N or large c factorization.2 This is the

statement that the OPE (operator product expansion) is given by a generalized free

theory in the large N limit. For large but finite N we expect that

⟨O1(x1)O2(x2) · · · O2n(x2n)⟩ = ⟨O1(x1)O2(x2)⟩ ⟨O3(x3)O4(x4)⟩ · · · ⟨O2n−1(x2n−1)O2n(x2n)⟩

+ (permutations) +O

(
1

N#

)
.

(3.52)

This operator algebraic structure for light operators can be obtained by the weakly

coupled QFT on AdS spacetime. For example, for a scalar operator we consider

Iscalar[Φ] =

∫
M

dd+1x
√
G
[
∇AΦ∇AΦ +m2Φ2

]
+

λΦ
N#

∫
dd+1x

√
GΦ3 + · · · . (3.53)

Now we try to evaluate the leading part of the scalar correlation functions. We

consider a free massive scalar field on vacuum AdS. The on-shell action is evaluated

by GKPW dictionary (3.15) as

Iscalar =

∫
ddx

[
z−(d−1)Φ(z, x)∂zΦ(z, x)

]
z=ϵ

=

∫
ddkΦ(k)Φ(−k)

zKν(|k|z)∂zKν(|k|z)
∣∣
z=ϵ

ϵdKν(|k|ϵ)2

≡
∫
ddkΦ(k)Φ(−k)G(k), (3.54)

where the Green function is computed as (in the ϵ→ 0 limit)

G(k) = −
(
ϵ|k|
2

)2ν

· 2ν · Γ(1− ν)

Γ(1 + ν)
. (3.55)

2Here the terminology “light” refers to operators whose insertions correspond to perturbative
excitations of the bulk gravity theory.
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It is useful to note that the scalar field solution behaves near the boundary z → 0

as

Φ(z, x) ≃ π

2 sin(νπ)
eikx

(
1

Γ(1− ν)

(
ϵ|k|
2

)−ν

zd−∆+ − 1

Γ(1 + ν)

(
ϵ|k|
2

)ν
z∆+

)
.(3.56)

We write this as

Φ(z, x) ≃ α(x) zd−∆+ + β(x) z∆+ . (3.57)

α and β are interpreted as the source (external field) and the expectation value

⟨O(x)⟩ in the dual CFT, respectively. We also find the relation

β(k) = −G(k)α(k). (3.58)

This relation will be directly derived from

G(k) =
δ ⟨O(x)⟩
δJ(x)

, β(k) = ⟨O(k)⟩ , α(k) = J(k). (3.59)

3.3 Holographic entanglement entropy

There is a famous RT/HRT prescription for computing the entanglement entropy

holographicallyv [75,76]. The RT formula is as follows:

SA = min
ΓA

Area[ΓA]

4GN

. (3.60)

Here, the minimum is taken over co-dimension two surfaces ΓA such that ∂ΓA = ∂A,

and ΓA is homologous to A. The ΓA that realizes the minimum is called the Ryu-

Takayanagi (RT) surface.

■ Simple example: vacuum entanglement

Now we consider a simple case. We consider a vacuum AdS3 spacetime, for

example with Poincare coordinates.

ds2Poincare =
dz2 + dt2E + dx2

z2
, z = e−r. (3.61)

For three dimensional spacetime, the codimension 2 extreme surface is just a geodesics.

Then by using the embedding method discussed in the Appendix A, we can easily

compute the geodesics length connecting two points P = (zP = ϵ, tP = tb, xP = l
2
)
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x

z

ΓA : x2 + z2 = ℓ2

PQ A

Figure 9: The sketch of the RT surface for the POincare AdS3.

and Q = (zQ = ϵ, tQ = t, xQ = − l
2
),

Dist(P : Q) = LAdS cosh
−1

(
2ϵ2 + l2

2ϵ2

)
. (3.62)

Then by using the relation (3.51), we obtain the entanglement entropy for subsystem

A such that ∂A = {P,Q}, by

SA =
Dist(P : Q)

4GN

=
c

3
log

(
l

ϵ

)
+O

(
ϵ0
)

(3.63)

with relation ϵ ≪ l. This logarithmic behavior is universal in gapless 1 + 1 dimen-

sional systems and we can explicitly show this for two dimensional CFTs including

holographic CFTs [77,78]. In this case, the RT surface is given by

x2 + z2 = l2 (3.64)

as in Figure 9.

■ Heuristic proof via gravitational replica

There is a heuristic proof of the RT formula [79–81]. I am going to give a quick

review of the proof. The key points are as follows:

• In AdS/CFT, the planar limit c → ∞ corresponds to the weak-gravity limit,

and we only consider the saddle point of the gravitational path integral with

prescribed boundary conditions.

• In the QFT replica computation, we consider the replica manifold Bq and

compute the partition function on the replica manifold Z[Bq]. To this end, we

compute the on-shell action of the bulk manifoldMq with boundary conditions

∂Mq = Bq.

The general strategy for the proof is following:

1. Consider solutions of the Einstein equation with boundary conditions ∂Mq =

Bq.
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2. Evaluate the on-shell action for these solutions.

3. Compute the Rényi entropy given by

S
(q)
A =

1

1− q
log

(
Tr ρqA

(Tr ρA)q

)
(3.65)

=
1

1− q
log

(
Z[Bq]

Z[B]q

)
(3.66)

=
1

1− q
log

(
Zgrav[Mq]

Zgrav[M ]q

)
. (3.67)

Since we are now focusing on the semi-classical limit, we will have

Zgrav[M ] = e−Igrav[M ],

Igrav[M ] = IEH[M ] + IGH[∂M ].
(3.68)

Here we use the notation that Igrav[M ] contains the boundary terms for all the

boundaries that M has. The computation of the partition function Zgrav[Mq]

is a bit tricky and we will see it later.

4. Analytically continue q ∈ Z to q ∈ R and take the q → 1 limit.

The argument in [81] can be divided into two parts:

1. Kinematical part: Providing the essence of how to implement analytic contin-

uation.

2. Dynamical part: Ensuring that the contribution of the saddle point configu-

ration gives the modular entropy.

Now, we go into the details.

Kinematical part

There are a few key assumptions:

• Assumption 1: We can extend the replica symmetry Zq on the boundary into

the bulk.

• Assumption 2: The fixed points of the Zq action in the bulk are co-dimension

2 loci.

Inspired by Assumption 1, we can consider the orbifold by Zq:

M̂q :=Mq/Zq. (3.69)

The M̂q is almost topologically equivalent to the original manifold M , but M̂q has

a singular locus eq, which is the set of fixed points of the Zq action. Recalling the

41



fact that the entangling surface ∂A is the Zq fixed locus on the boundary replicated

manifold and is a co-dimension 2 surface on the boundary, the singular locus eq is

some extension of the entangling surface into the bulk. This intuition is locally valid

in the neighborhood of the conformal boundary but may not be true globally. So a

natural question to ask is when the assumptions are true. The answer is as follows:

as long as one has a family of replica symmetries parametrized by a positive integer

q and any result is smooth for integer q, we can extend the local statement about

the singular locus to a global one.

We now move to the gravitational setup. From now on, we focus on M̂q rather

than Mq. As mentioned above, M̂q is almost the same as M , except for the co-

dimension 2 singular locus eq. We can think of the manifold M̂q as the manifold M

with a conical defect eq, which causes backreaction and deforms M into M̂q. The

tension of the defect eq is given by:

Tq =
1

4GN

q − 1

q
. (3.70)

This is because when the manifold has a co-dimension two conical defect, the Ricci

curvature behaves as:

R = α δ(y). (3.71)

Here, α denotes the deficit angle, and y denotes coordinates transverse to the defect.

Now the orbifold possesses the deficit angle α = 2π− 2π
q
. Suppose the defect can be

described by the action:

Ibrane = Tq

∫
eq

√
h, (3.72)

where hab describes the induced metric on the locus; then from Einstein’s equation,

we finally obtain the tension.

Let us summarize the discussion above: we can compute the geometry of M̂q and

also Mq by starting from the original manifold M with a co-dimension two defect

eq with tension Tq. This claim is important because the effect of the replica index

q is converted into the tension of the defect, and this ensures that we can safely

analytically continue the integer q to real values.

Consider the manifold Mq(ϵ), which is Mq with a hollowed-out tubular neigh-

borhood of radius ϵ around the Zq fixed line. Recall that Mq is a smooth manifold.

Then the on-shell action of Mq is

Igrav[Mq] = lim
ϵ→0

Igrav[Mq(ϵ)] = q lim
ϵ→0

Igrav[M̂q(ϵ)] =: qI[M̂q]exploit brane. (3.73)

Here we would like to stress that I[M̂q]exploit brane does not possess the boundary
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term for the co-dimension one surface eq(ϵ).

Finally, we conclude the kinematical part with a few comments about the ad-

vantages of the approach:

• As mentioned above, when we consider the analytic continuation of the integer

q to real values, in the gravitational perspective, q is just a parameter for the

tension of the cosmic brane eq, and the analytic continuation should be safe.

• We can write down the metric of the original manifold M around the brane:

ds2 ∼ dx2 + dt2 + (γij + 2Kx
ijx+ 2Kt

ijt)dy
idyj, (3.74)

where Ka
ij, a = x, t, are the extrinsic curvatures with respect to the normal

vectors a = x, t.

Dynamical part

Here we want to figure out which configuration dominates the partition function

and compute the on-shell action in practice. The metric of Mq around the brane eq

in polar coordinates x± itE = e±iτ , yi, should satisfy the following conditions:

• Zq symmetry, i.e. invariance under τ → τ + 2π,

• periodicity τ ∼ τ + 2π,

• smoothness of Mq,

• in the q → 1 limit, it coincides with the original metric (3.74).

An ansatz for such a metric is the following:

ds2 = (q2dr2 + dτ 2) + (γij(y) + 2Kx
ijr

q cos τ + 2Kt
ijr

q sin τ)dyidyj + · · · . (3.75)

This is natural from the conditions, but let us add some comments on why rq appears

in the second term. To this end, let us consider a massless real scalar field on the

background ds2(0) = q2dr2+dτ 2+γij(y)dy
idyj. The equation of motion for the mode

ϕ = f(r)eiωτYω(y) is:
1

q2
r
d

dr

(
r
d

dr
f

)
− ω2f = 0. (3.76)

Consider solutions of this equation around the brane r ∼ 0 with an ansatz f ∼ rs.

We obtain s = ±qω. Then around the brane:

ϕ ∼ (rqe−iτ )ωYω(y). (3.77)
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So the on-shell mode arises from the combination rqe−iτ rather than reiτ . Note that

we have the replica symmetry which requires 2π periodicity in τ , so we learn that

ω ∈ Z. Also the r-expansion is in powers of rq. This guarantees that when q is an

integer the field is smooth everywhere.

The computation is the same for the perturbed metric GAB = G
(0)
AB + δGAB.

The quotient operation does not change the functional form of the metric. Thus,

we expect the metric of M̂q around the defect to be again:

ds2 = (q2dr2 + dτ 2) + (γab(y) + 2Kx
abr

q cos τ + 2Kt
abr

q sin τ)dyidyj + · · · . (3.78)

Importantly, the range of the angle τ is different from that in Mq. It is τ ∼ τ + 2π

by construction. This corresponds to the conical singularity at the edge with the

deficit angle 2π(1− 1
q
). Once we have an ansatz, we can directly compute the field

equations. Then we obtain

curvature ∼ q − 1

r
Ka + · · · . (3.79)

Actually, none of the higher terms can cancel this since they are just regular poly-

nomials. So the only way the equations of motion are satisfied is simply Ka = 0

for both a = x, t. However, because we are now considering a static spacetime and

it should have reflection symmetry t → −t, Kt automatically vanishes. Thus the

only condition we should impose is Kx = 0. This leads us to the conclusion that, to

satisfy the equations of motion, eq should be a minimal surface in the q → 1 limit.

Finally we move to the evaluation of the on-shell action and the entropy. To

evaluate the on-shell action we would in principle need the global information about

the bulk manifold. But there is a trick. To compute the entanglement entropy we

use, rather than the Rényi entropy, the so-called modular entropy defined by

S̃
(q)
A :=

1

q2
∂q

(
q − 1

q
S
(q)
A

)
. (3.80)

It is easy to see that this matches the entanglement entropy in the q → 1 limit. The

Rényi entropy is expressed in terms of the gravitational action as

S
(q)
A =

1

1− q
(logZgrav[Mq]− q logZgrav[M ]) =

q

q − 1

(
I[M̂q]exploit locus − Igrav[M ]

)
,

(3.81)

and the modular entropy now becomes

S̃
(q)
A =

1

q2
∂qI[M̂q]exploit locus. (3.82)
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The on-shell metric depends on q and we can regard ∂q as a deformation of the

on-shell metric.

To evaluate the q-derivative in an elegant manner, let us recall the variational

problem in general relativity. In general, any variation of the Einstein–Hilbert action

for some manifold M with boundary ∂M is

δIEH[M ] =

∫
M

[
EABδGAB + dΘ(GAB, δGAB)

]
≜
∫
∂M

Θ(GAB, δGAB), (3.83)

where EAB is a (d + 1)-form expressing the equations of motion (the Einstein

equations), and Θ(G, δG) is a presymplectic form. The total action is Igrav[M ] =

IEH[M ] + IGH[∂M ]. The Gibbons-Hawking term IGH[∂M ] is added so that we have

a well-defined variational problem; that is,

δIgrav[M ] =

∫
M

EABδGAB,∫
∂M

Θ(GAB, δGAB) + δIGH[∂M ] = 0.

(3.84)

Let us go back to the problem of evaluating (3.82). One key point is that our

gravitational action I[M̂q]exploit locus has the Gibbons–Hawking term only for the

conformal boundary Bq and not for eq(ϵ). Thus

δI[M̂q]exploit locus = lim
ϵ→0

δ
(
Igrav[M̂q(ϵ)]− IGH[eq(ϵ)]

)
= − lim

ϵ→0
δIGH[eq(ϵ)] (3.85)

for any variation δ. In the last line, we use the fact that M̂q(ϵ) satisfies the Einstein

equation since there is no singularity, and M is also an on-shell geometry. So

∂qI[M̂q]exploit locus = − lim
ϵ→0

∂qIGH[eq(ϵ)] (3.86)

and

lim
ϵ→0

δIGH[eq(ϵ)] =
1

8πGN

∫
eq(ϵ)

√
hK. (3.87)

With the above metric (3.78) and using the fact Ka = 0, we can evaluate the

extrinsic curvature K as

K =
1

qϵ
, (3.88)

and ∂qh = 0. Finally,

− lim
ϵ→0

∂qIGH[eq(ϵ)] =
Area[eq]

4q2GN

. (3.89)
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So taking the limit and we obtain

SA =
Area[ΓA]

4GN

. (3.90)

For the time-dependent non-equilibrium situation, by repeating the above argument

in the Schwinger-Keldysh path integral, we obtain the HRT formula [76]

SA = min
ΓExt
A

Ext
ΓA

[
Area[ΓA]

4GN

]
. (3.91)

with the appropriate extremal surface in the Lorentzian geometry rather than the

minimal surface. Minimal surface does not meaning since we can always take surface

to be null.

By considering the perturbation of the replica gravitational path integral, we

can discuss the quantum corrections to the RT/HRT formula. Especially we need

to consider a bulk QFT entanglement between regions separated by the RT surface.

In that case we may think there is a bulk UV divergence from matter entangle-

ment. However, similar to the generalized entropy, we can avoid this divergence by

renormalizing the Newton constant. Especially we can easily verify this point in

AdS/CFT by using the scale/radius duality. Suppose we consider asymptotic AdS

spacetime whose boundary is given by a cylinder with finite spatial volume. In this

case there is no IR-type divergence in the boundary. From scale/radius duality, we

can relate the bulk UV structure to the IR structure in the boundary QFT. So there

should not be any bulk UV divergence and they should be renormalized.

3.4 SYK/JT correspondence

In this subsection, we give a quick review of the SYK model and JT gravity, which is

a nice example of low-dimensional holography [33,34,82]. Here we refer to “low di-

mension” as holographic correspondence between two-dimensional gravity and one-

dimensional quantum mechanics. Since in two-dimensional spacetime the Einstein–

Hilbert action is topological,∫
M

d2x
√
G(R[G] + 2) + 2

∫
∂M

dy
√
γK[γ] = 4πχ[M ], (3.92)

where χ[M ] is the Euler characteristic. To get non-trivial gravitational dynamics we

need to add new degrees of freedom which are not topological. Also, on the boundary

side, one-dimensional conformal theories have vanishing Hamiltonian because of the

traceless condition from conformal symmetry,

H = 0. (3.93)
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Thus there is no non-trivial time evolution. To get interesting dynamics we need

to deviate from this conformal fixed point. In conclusion, to get non-trivial holog-

raphy for low-dimensional systems we need to consider nearly AdS / nearly CFT

correspondence. The SYK/JT correspondence is a particular realization of nearly

AdS / nearly CFT correspondence.

3.4.1 SYK models

The SYK models are defined by theories of Majorana fermion quantum mechanics

with q-body interactions. Here we consider the Schwinger–Keldysh path integral

for SYK models for later convenience. The Schwinger–Keldysh path integral of the

SYK model is given by

ZSK =

∫
Dψ± exp{iStot[ψ+, ψ−]},

iStot[ψ+, ψ−] = iSSYK[ψ+]− iSSYK[ψ−]

= −1

2

∫
I

dt
∑
a=±

ϵaψ
i
a(t)∂tψ

i
a(t)

− iq/2+1

∫
I

dt
∑

1≤i1<···<iq≤N

ji1i2···iqfq(t)
∑
a

ϵaψ
i1i2···iq
a (t),

(3.94)

where

ϵ+ = −ϵ− = 1, (3.95)

and fq(t) is some function of time.

J-integral

We now perform the ji1i2···iq integral. The probabilistic measure is given by the

Gaussian ensemble,

[dji1i2···iq ] =
∏

1≤i1<···<iq≤N

dji1i2···iq Pq(ji1i2···iq),

Pq(ji1i2···iq) = A exp

− 1

2σ2
q

∑
1≤i1<···<iq≤N

j2i1i2···iq

,
σ2
q =

J2
q (q − 1)!

N q−1
, A =

√
1

2πσ2
q

.

(3.96)
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The relevant integral for our action is

∫
[dji1i2···iq ] exp

−
∑

1≤i1<···<iq≤N

ji1i2···iqB
i1i2···iq

 = exp

σ2
q

2

∑
i1i2···iq

(Bi1i2···iq)2

.
(3.97)

Here we take

Bi1i2···iq = i
q
2
+1

∫
dt fq(t)

∑
a

ϵaψ
i1i2···iq
a (t). (3.98)

After simplification, we obtain

exp

σ2
q

2

∑
i1i2···iq

(Bi1i2···iq)2


= exp

{
−
N iqJ2

q

2q

∑
ab

sab

∫
dt1

∫
dt2 fq(t1)fq(t2)

(
i

N

∑
i

ψia(t1)ψ
i
b(t2)

)q}
,

(3.99)

where

sab = ϵaϵb, s++ = s−− = 1, s+− = s−+ = −1. (3.100)

Introducing bi-local fields G,Σ

Importantly, we have a nice mean-field expression in terms of Keldysh Green

functions

Gab(t1, t2) := − i

N

∑
i

〈
ψia(t1)ψ

i
b(t2)

〉
, (3.101)

and the self-energy Σab(t1, t2). To see this, we insert the identity in the path integral:

1 =

∫
DGab δ

[
Gab(t1, t2) +

i

N

∑
i

ψia(t1)ψ
i
b(t2)

]

=

∫
DGabDΣab exp

{
i
∑
α,β

∫
dt1

∫
dt2Σab(t1, t2)Gab(t1, t2) +

i

N

∑
i

ψia(t1)ψ
i
b(t2)

}

=

∫
DGabDΣab exp

{
−N

∑
α,β

∫
dt1

∫
dt2 sabΣab(t1, t2)Gab(t1, t2)

}

× exp

{
i

N

∑
i

∫
dt1

∫
dt2
∑
α,β

ψia(t1)Σab(t1, t2)ψ
i
b(t2)

}
,

(3.102)

where in the last equality we changed variables Σab → iN
2
sabΣab. The reason for in-

troducing the sab factor is to match expressions with complex time contours. Finally,
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substituting the above expression, we obtain

ZSK =

∫
DGabDΣabDψa

× exp

[
− 1

2

∫
dt
∑
i

∑
a

ϵa ψ
i
a(t) ∂tψ

i
a(t)

− i

2

∫
dt1dt2

∑
ab

sab
∑
i

ψia(t1) Σab(t1, t2)ψ
i
b(t2)

]

× exp

[
−
N(i)qJ2

q

2q

∫
dt1dt2

∑
ab

sabfq(t1)fq(t2)
(
Gab(t1, t2)

)q
+

∫
dt1dt2

∑
ab

sabΣab(t1, t2)Gab(t1, t2)

]
.

(3.103)

Fermion path integrals

Finally, by completing the fermion path integral we obtain the effective action

in terms of the bi-local fields

ZSK =

∫
DGabDΣab exp{NIeff [G,Σ]},

Ieff [G,Σ] =
1

2
Tr log

[
−i
(
G−1

0 − Σ′)] − iqJ2
q

2q

∫
dt1

∫
dt2
∑
ab

sabfq(t1)fq(t2)(Gab(t1, t2))
q

− 1

2

∫
dt1

∫
dt2
∑
ab

sabΣab(t1, t2)Gab(t1, t2),

(3.104)

where

(G−1
0 )ab(t1, t2) = ϵaδabi∂t1δ(t1 − t2),

Σ′
ab(t1, t2) = sabΣab(t1, t2).

(3.105)

■ Saddle point equation

In the large N limit, we can consider the saddle point equation. We obtain

δIeff
δΣ′

ab

= 0 ⇔ G−1
0 −G−1 = Σ′,

δIeff
δGab

= 0 ⇔ Σab = −iqJ2
q fq(t1)fq(t2)(Gab(t1, t2))

q−1.

(3.106)

■ Kadanoff-Baym equation

Finally, from the saddle-point-equation we derive the Kadanoff-Baym equations.
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Firstly, we multiply G from the left and right for (3.106) and we obtain

ϵai∂t1Gab(t1, t2) = δabδ(t1 − t2) +

∫
I

dt3
∑
c

sacΣac(t1, t3)Gcb(t3, t2),

−ϵai∂t2Gab(t1, t2) = δabδ(t1 − t2) +

∫
I

dt3
∑
c

Gac(t1, t3)scbΣcb(t3, t2).

(3.107)

Next, we consider the ab = −+ component of these equalities. To derive the

Kadanoff-Baym equations, we need to recall the basis of the non-equilibrium Green

functions:

The correlators on closed time contours are related to the non-equilibrium Green

functions as follows:

G++(t1, t2) = GF (t1, t2), G−−(t1, t2) = GF (t1, t2),

G+−(t1, t2) = G>(t1, t2), G−+(t1, t2) = G<(t1, t2).
(3.108)

The Feynman and retarded and advanced Green functions are defined form the

Wightman functions as

GF (t1, t2) = Θ(t1 − t2)G
>(t1, t2) + Θ(t2 − t1)G

<(t1, t2),

GF (t1, t2) = Θ(t2 − t1)G
>(t1, t2) + Θ(t1 − t2)G

<(t1, t2),

GR(t1, t2) = Θ(t1 − t2)(G
>(t1, t2)−G<(t1, t2)),

GA(t1, t2) = Θ(t2 − t1)(G
<(t1, t2)−G>(t1, t2)).

(3.109)

We can find that the non-equilibrium Green functions are not independent. Ex-

plicitly, we can find following relations,

GF (t1, t2) +GF (t1, t2) = G>(t1, t2) +G<(t1, t2)

GF (t1, t2) = −GR(t1, t2) +G>(t1, t2)

GF (t1, t2) = GA(t1, t2) +G>(t1, t2).

(3.110)

We then rewrite (3.107) and obtain the Kadanoff–Baym equations:

i∂t1G
>(t1, t2) =

∫
I

dt3
[
ΣR(t1, t3)G

>(t3, t2) + Σ>(t1, t3)G
A(t3, t2)

]
,

−i∂t2G
>(t1, t2) =

∫
I

dt3
[
GR(t1, t3) Σ

>(t3, t2) +G>(t1, t3) Σ
A(t3, t2)

]
,

Σ>(t1, t2) = −iqJ2
q fq(t1)fq(t2) (G

>(t1, t2))
q−1

,

Σ<(t1, t2) = −iqJ2
q fq(t1)fq(t2) (G

<(t1, t2))
q−1

.

(3.111)
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Note that for Majorana fermion models, we have the relation

G<(t1, t2) = −G>(t1, t2) (3.112)

and the Kadanoff-Baym equation is the equation to determine G>(t1, t2).

Finally let us substitute the expression of Σ into the Kadanoff-Baym equation

(3.111). Then we obtain

i∂t1G
>(t1, t2)

= −iq
∫ t1

−∞
dt3Jq(t1)Jq(t3)

[
(G>(t1, t3))

q−1 − (G<(t1, t3))
q−1
]
G>(t3, t2)

+ iq
∫ t2

−∞
dt3Jq(t1)Jq(t3)(G

>(t1, t3))
q−1[G>(t3, t2)−G<(t3, t2)]

(3.113)

and

− i∂t2G
>(t1, t2)

= −iq
∫ t1

−∞
dt3Jq(t3)Jq(t2)[G

>(t3, t2)−G<(t3, t2)] (G
>(t3, t2))

q−1

+ iq
∫ t2

−∞
dt3Jq(t3)Jq(t2)G

>(t1, t3)
[
(G>(t3, t2))

q−1 − (G<(t3, t2))
q−1
]
.

(3.114)

The task of SYK model is solve this integral equations.

■ Euclidean correlator

We can also consider the Euclidean propagator

GE
ab(τ) :=

1

N

N∑
i=1

〈
TEψia(τ)ψib(0)

〉
, (3.115)

:=
1

N

N∑
i=1

[〈
ψia(τ)ψ

i
b(0)

〉
θ(τ)−

〈
ψib(0)ψ

i
a(τ)

〉
θ(−τ)

]
, (3.116)

GE,β
ab (τ) :=

1

N

N∑
i=1

〈
TEψia(τ)ψib(0)

〉
β
. (3.117)

To get some feelings, we consider the free Majorana fermion theory at J = 0. In

this case, the Hamiltonian is zero and

〈
ψia(τ)ψ

i
b(0)

〉
=
〈
ψia(0)ψ

i
b(0)

〉
=

1

2
δab, (3.118)
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from the anti-commutation relations. This means

GE
0,ab(τ) =

1

2
δab sgn(τ), (3.119)

GE,β
0,ab(τ) =

1

2
δab sgn

(
sin

(
πτ

β

))
. (3.120)

Note that the Green function is antisymmetric,

GE
ab(−τ) = −GE

ba(τ), GE,β
ab (−τ) = −GE,β

ba (τ), (3.121)

which also follows from the anti-commutation relations.

In Euclidean signature we have the effective action

⟨Z⟩J =

∫
DGE

abDΣE
ab e

−NIeff [GE ,ΣE ], (3.122)

Ieff [G
E,ΣE] := (3.123)

− 1

2
log det

[(
GE

0

)−1

ab
(τ1, τ2)− ΣE

ab(τ1, τ2)
]

(3.124)

+
1

2

∫
dτ1dτ2

∑
a,b

(
ΣE
ab(τ1, τ2)G

E
ab(τ1, τ2)−

(i)
q
2

q

(
GE
ab(τ1, τ2)

)q)
,

(3.125)

(GE
0 )

−1
ab (τ1, τ2) := −δabδ(τ1 − τ2)∂τ1 . (3.126)

At large N , we can use the saddle point approximation for the path integral. The

saddle point equation is exactly the Schwinger–Dyson equation,

GE
ab(τ1, τ2) = GE

0,ab(τ1, τ2) +

∫
dτ3dτ4G

E
0,ac(τ1, τ3)Σ

E
cd(τ3, τ4)G

E
db(τ4, τ2), (3.127)

ΣE
ab(τ1, τ2) = J2

(
GE
ab(τ1, τ2)

)q−1
, (3.128)

where we define GE
ab(τ1, τ2) = GE

ab(τ1 − τ2) and self-energy ΣE
ab(τ1, τ2) = ΣE

ab(τ1 − τ2).

The first equation can be simplified in Fourier space,

GE
ab(ω) =

∫ ∞

−∞
dτ eiωτGE

ab(τ). (3.129)

Note that by using the formula for the Fourier transform of the sign function, we

see

GE
0,ab(ω) =

i

ω + i0+
⇒
(
GE

0

)−1

ab
(ω) = −iδabω, (3.130)
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and the first equation is rewritten as(
GE
)−1

ab
(ω) = −iδab ω − ΣE

ab(ω). (3.131)

The Schwinger–Dyson equations can be solved

• numerically for all q,

• exactly when q = 2,

• analytically in a q → ∞ expansion,

• in the IR, ω ∼ τ−1 ≪ J and strong coupling βJ ≫ 1.

■ Conformal symmetry in the IR

Let us consider the IR regime where ω ∼ τ−1 ≪ J and strong coupling βJ ≫ 1

holds. In this case, as an approximation we can drop the GE
0 terms,

(
GE
)−1

ab
(ω) ≈ −ΣE

ab(ω) ⇔
∫

dτ2G
E
ab(τ1, τ2)Σ

E
bc(τ2, τ3) ≈ −δ(τ1 − τ3). (3.132)

Then, there is no dimensionful parameter in the Schwinger–Dyson equations and we

find that the equations possess the reparametrization symmetry,

GE
ab(τ1, τ2) → GE

f,ab(τ1, τ2) := GE
ab(f(τ1), f(τ2))(f

′(τ1)f
′(τ2))

∆
, (3.133)

ΣE
ab(τ1, τ2) → ΣE

E,ab(τ1, τ2) := ΣE
ab(f(τ1), f(τ2))(f

′(τ1)f
′(τ2))

(q−1)∆
, (3.134)

with ∆ = 1
q
. As one particular solution, we obtain

GE
conf.ab(τ1, τ2) = B

sgn(τ1 − τ2)

|J(τ1 − τ2)|2∆
δab. (3.135)

For the finite-temperature case,

GE,β
conf.ab(τ1, τ2) = Bβ

sgn
(
sin
(
π(τ1−τ2)

β

))
∣∣∣sin(π(τ1−τ2)β

)∣∣∣2∆ δab. (3.136)

In Lorentzian signature

Gconf(t1 − t2) ∝ e−
π∆
β

(t1−t2) (3.137)

and we see exponential decays.

■ Thermodynamics

By using the bi-local field expression, we can compute the thermodynamic quan-

tities. We have two ways of computing when we have disorder average
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1. First way is we compute the averaged Eucldeian partition function ⟨Z⟩J and

define the free energy

F = − 1

β
logZJ . (3.138)

2. In the context of spin-glass theory, we have another way of performing the

average, called the replica trick:

β ⟨F ⟩J := −⟨logZ⟩J = − lim
n→0

∂n ⟨Zn⟩J . (3.139)

It is known that the two definitions give the same result in the large N limit since

the replica off-diagonal components are suppressed [83]. Indeed we can find the

off-diagonal solution which is sub-dominant and

⟨Zn⟩J = (⟨Z⟩J)
n + o

(
1

N

)
. (3.140)

By integrating out the couplings and the fermions, we obtain the effective action

in terms of the bi-local fields GE
ab(τ1, τ2) and ΣE

ab(τ1, τ2). By substituting the solution

of the saddle point equation (3.127), we can discuss the thermodynamics at large

N . It is known that in the IR regime, i.e. at low temperature,

βF = βE0 +N

[
−S0 −

2π2C

βJ
+O

(
1

(βJ)2

)]
+

3

2
log βJ + const +O

(
1

N

)
.

(3.141)

Here, we denote S0 as the ground state entropy (S0 ≈ 0.232) and E0 as the ground

state energy.

■ Schwarzian action

As we saw above, in the IR regime βJ ∼ τJ ≫ 1, we drop the kinetic term

(GE
0 )

−1
ab and find the reparametrization symmetry of the equations of motion. In

terms of the effective action, this reparametrization symmetry is a symmetry of the

following action,

Irepa.[G
E,ΣE] := −1

2
log det

[
−ΣE

ab(τ1, τ2)
]

(3.142)

+
1

2

∫
dτ1dτ2

∑
a,b

(
ΣE
ab(τ1, τ2)G

E
ab(τ1, τ2)−

(i)
q
2

q

(
GE
ab(τ1, τ2)

)q)
,

(3.143)

where we dropped the derivative ∂τ in the determinant. Since the Schwinger–Dyson

equation at low energy is invariant under the reparametrization transformation, the
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action also has the symmetry,

Irepa.[G
E
conf.,f ,Σ

E
conf.,f ] = Irepa.[G

E
conf.,Σ

E
conf.]. (3.144)

Also, all of the solutions of the Schwinger–Dyson equations are obtained from the

reparametrization f(τ) : S1 → S1 ∈ Diff(S1). That is, the solution spontaneously

breaks the reparametrization symmetry. Since the conformal solution (3.135) is

invariant under the SL(2,R) ⊂ Diff(S1) action,

f → af + b

cf + d
, a, b, c, d ∈ R, ad− bc = 1, (3.145)

the spontaneous breaking occurs from Diff(S1) to SL(2,R). Then, we expect that

at large N and at low energy

⟨Z⟩J ≈
∑

(GE ,ΣE)∈{solutions of SD eq.}

e−NIrepa.[G
E ,Σe]

=

∫
f∈Diff(S1)/SL(2,R)

Df e−NIrepa.[GE
conf.,f ,Σ

E
conf.,f ].

(3.146)

In the original path integral of GE and Σe, we do not have any action for f and also

no Fadeev–Popov ghosts coming from the inverse of the volume factor. Thus, we

see the divergence

⟨Z⟩J ≈ Vol
(
Diff(S1)/SL(2,R)

)
× e−NIrepa.[G

e
conf.,Σ

e
conf.]. (3.147)

To solve this divergence we recall that the reparametrization symmetry is just

an emergent symmetry at the exact IR limit βJ → ∞ and is explicitly broken in

the effective action Ieff [G
E,ΣE] for finite βJ . So for large but finite βJ , we have the

1/βJ correction to the low-energy action Irepa. and f is actually a pseudo Nambu–

Goldstone mode. This correction should satisfy the following properties:

1. it explicitly breaks the reparametrization symmetry;

2. it does not break the SL(2,R) symmetry;

3. it vanishes in the βJ → ∞ limit;

4. it scales as O(N).
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The natural action satisfying these properties is the Schwarzian action3

ISch[f ] = −NαS
J

∫
dτ Sch(f, τ), Sch(f, τ) =

f ′′′(τ)

f ′(τ)
− 3

2

(
f ′′(τ)

f ′(τ)

)2

. (3.149)

and the path integral is given by

⟨Z⟩J ≈
∫

Df
Vol(SL(2,R))

exp
[
−N

(
Irepa.[G

E
conf.,f ,Σ

E
conf.,f ] + ISch[f ]

)]
. (3.150)

For the finite-temperature case, one usually uses

f(τ) = tan
πφ(τ)

β
, (3.151)

and

ISch[φ] = −NαS
J

∫ β/2

−β/2
dτ Sch

(
tan

πφ(τ)

β
, τ

)
. (3.152)

The Schwarzian action is also derived from the original effective action Ieff by con-

sidering the fluctuation around the solution of the Schwinger-Dyson equation.

■ Large q SYK model

Now we try to consider large q limit of SYK models without taking conformal

limit [34,84]. This is one solvable limit to get some analytical result of SYK models.

Now we consider the large q expansion,

G>(t1, t2) = − i

2
e

1
q
g(t1,t2) = − i

2

(
1 +

1

q
g(t1, t2)

)
. (3.153)

By using the relations

G<(t1, t2) =
i

2
e

1
q
g(t2,t1) =

i

2

(
1 +

1

q
g(t2, t1)

)
. (3.154)

Then, O(1/q) order of (3.113) and (3.114) are given by

∂

∂t1
g(t1, t2) = 2

∫ t2

−∞
dt3J (t1)J (t3)e

g(t1,t3) −
∫ t1

−∞
dt3J (t1)J (t3)

[
eg(t1,t3) + eg(t3,t1)

]
,

∂

∂t2
g(t1, t2) = 2

∫ t1

−∞
dt3J (t3)J (t2)e

g(t3,t2) −
∫ t2

−∞
dt3J (t3)J (t2)

[
eg(t3,t2) + eg(t2,t3)

]
(3.155)

3There is another well-known expression,

Sch(f, τ) =

(
f ′′

f ′

)′

− 1

2

(
f ′′

f ′

)2

. (3.148)

56



where we define canonical choice of coupling J (t) in large q SYK models by

J (t)2 =
qJ2(t)

2q−1
. (3.156)

By combining the two equations (3.155), we obtain

∂2

∂t1∂t2
g(t1, t2) = 2J (t1)J (t2)e

g(t1,t2). (3.157)

For time-independent coupling J (t) = J , this is just a equation of motion of Li-

uoville theory and we know general solutions,

g(t1, t2) = log

[
−h′1(t1)h′2(t2)

J 2(h1(t1)− h2(t2))2

]
(3.158)

with arbitrary function h1(t1) and h2(t2). Importantly, there is SL(2,C) gauge

symmetry

hα(t) →
ahα(t) + b

chα(t) + d
, , a, b, c, d ∈ C, ad− bc = 1. (3.159)

One typical way of fixing this gauge symmetry in thermal physics is

h1(t) =
aeiθeσt + b

ceiθeσt + d
, h2(t) =

ae−iθeσt + b

ce−iθeσt + d
(3.160)

with complex parameters a, b, c, d and real parameters σ an θ. Then, independent

of choice of a, b, c, d we obtain

g(t1, t2) = log

 −σ2

4J 2 sinh2
(
σ(t1−t2)

2
+ iθ

)
. (3.161)

This is seemingly surprising. By just gauge fixing, we obtain the static solution

i.e., the two time solution g(t1, t2) is a function of t1 − t2. Then some people may

wonder that the large q SYK cannot have non-equilibrium dynamics at least in the

leading part of large q expansion. However, this is not true. In non-equilibrium

situation we prepare some initial states and we use the gauge fixing to represent

that states. When we have external driving, for example, we obtain non-trivial two

time solutions 4. Now we try to compute the solution in thermal equilibrium. First

4However, in some quantum quench protocol, it is known that the relaxation time is very rapid
O
(
1/q2

)
and we obtain equilibrium solution for t1 > 0, t2 > 0 [84].
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we need to take care about the algebra of Majorana fermiton. WE see

G>(t, t) = − i

N

∑
i

〈
ψi(t)ψi(t)

〉
= − i

2
. (3.162)

This leads

g(t, t) = 0. (3.163)

And we obtain

σ = 2J sin θ. (3.164)

Also we consider the KMS condition for thermal equibrium situation

G>(t1 + iβ, t2) = −G<(t1, t2) ⇒ g(t1 + iβ, t2) = g(t1, t2). (3.165)

This determines

β =
2(π − 2θ)

σ
. (3.166)

In [34], the other parameter v satisfying

βJ =
πv

cos
(
πv
2

) (3.167)

is used. We have simple relation

v = 1− 2θ

π
⇔ sin θ = cos

πv

2
. (3.168)

the conformal limit v → 1 is thus θ → 0. With this choice of σ and θ we obtain

eg(t1,t2) =
cos2

(
πv
2

)
cosh2

(
πv
(
t
β
− i

2

)) . (3.169)

We see that the correlation function exponentially decay

G>(t1, t2) = − i

2
e

1
q
g(t1,t2) ∝ e−

2πv
qβ

|t1−t2|, |t1 − t2| ≫ β/v. (3.170)

Interestingly, it is known that the large q expansion matches to numerical solution

even in q = 4 if we take plot the form of e
1
q
g(t1,t2) [85]. However, if we plot with the

form of G = − i
2
(1 + 1

q
g(t1, t2)), we see the matching with more large q. Note that

from the expression, we can estimate the relaxation time

trel =
qβ

2πv
(3.171)

which is shortest in conformal limit v → 1. This means that conformal limit makes
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the large q SYK more chaotic. Indeed, we can exactly compute the out-of-time-order

correlator (OTOC) exactly and read off quantum Lyapnov exponents [34,86,87],

λL =
2πv

β
. (3.172)

And conformal limit saturates the Lyapnov bound λL = 2π
β

in [29].

3.4.2 JT gravity

The JT gravity configurations consist of cutting out different shapes from AdS2. We

will see this in JT gravity on Poincaré AdS. In Euclidean signature, AdS2 is just a

hyperbolic disk:

ds2 =
dt2 + dz2

z2
. (3.173)

The Euclidean JT action is the following

IJT[G, ϕ] =
ϕ0

16πGN

[∫
M

d2x
√
GR[G] + 2

∫
∂M

du
√
hK[h]

]
− 1

16πGN

[∫
M

d2x
√
Gϕ(R[G] + 2) + 2

∫
∂M

du
√
hϕbK[h]

]
,

(3.174)

where K is the extrinsic curvature of the boundary. The variation (or the path

integral) with respect to the bulk dilaton requires that R = −2, that is, the bulk

metric is locally AdS. The first term is topological and its action value is given by

the Euler number of the manifold we consider. So the dynamical degrees of freedom

are only on the boundary. This degree of freedom comes from different ways to cut

out a chunk of the hyperbolic geometry, see Figure 10.

Now we discuss the independent ways of such cuttings. As we said, the first term

is just topological, and thus whenever the manifold M is a simply connected chunk

of the hyperbolic disk the actions have the same value. In other words, there is an

enormous amount of symmetry from continuous deformations. But the second term

breaks this degeneracy.

Let us denote the boundary trajectory as (t(u), z(u)). The parameter u is the

time coordinate of the boundary. To make the boundary metric uniform, we demand

G
∣∣
bdry

=
1

ϵ2
=
t′(u)2 + z′(u)2

z(u)2
. (3.175)

Suppose the cutoff ϵ is small compared to every other length scale we discuss.

Then

z(u) = ϵ t′(u) +O
(
ϵ3
)
. (3.176)
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Figure 10: The sketch of boundary curve.

We treat the way of cutting out as the dynamical degree of freedom, so the function

t(u) is the dynamical variable in this model. This is called the boundary particle.

The Einstein–Hilbert term is topological and has the same value for all t(u). This is

the symmetry of the action called the reparametrization of the boundary, u→ f(u).

Notice that most of these reparametrizations, i.e. transformations of t(u), map a

given cut-out of the hyperbolic disk to a different one. However, the translations

and rotations map it to the same one. These generate an SL(2,R) subgroup of the

reparametrization symmetry:

t(u) → at(u) + b

ct(u) + d
, ad− bc = 1. (3.177)

Because of the non-trivial dilaton ϕ, the second term is not invariant under the

reparametrization and gives a nontrivial finite action for t(u). One can notice this

fact from the following viewpoints:

• In the context of a (nearly) extremal black hole, this translates to: the very

near-horizon region enjoys the reparametrization symmetry, but as we move

to the asymptotic boundary this symmetry is broken.

• In terms of the holographic RG, the reparametrization is just the conformal

symmetry of the CFT1. This is expressed by the vanishing Hamiltonian. But

once we move a little to the UV along an irrelevant deformation which cor-

responds to a blown-up boundary condition of the dilaton, the symmetry is

explicitly broken.
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Next we want to argue the action for t(u). The boundary dilaton term is the only

candidate. Suppose the value of the boundary dilaton is constant:

ϕb =
ϕ̄r
ϵ
. (3.178)

Then

ISch[t(u)] = − ϕ̄r
8πGN

∫
du Sch(t(u), u). (3.179)

We can obtain this expression from the direct computation of the extrinsic curvature,

but the fact that the Schwarzian derivative is the unique SL(2,R)-invariant func-

tional constructed out of a few derivatives leads us to this expression without such

a calculation. We now have the same Schwarzian action from the small deviation

from the conformal limit of SYK models and from the boundary curve fluctuation

of JT gravity. So, at least in this energy regime, we have the holographic duality

between SYK and JT gravity. Later we will see that this duality also holds in the

very late-time regime where the quantum systems show random matrix universality.

4 Deformations of AdS/CFT correspondence and

wormholes

In this section we discuss the deformation of CFTs or SYK models and their effect

in gravitational systems. We discuss these models:

• double trace deformation by light operators,

• the analogue of double trace deformation in SYK/JT models,

• TT deformation and its generalisation.

• AdS/BCFT correspondence and AdS/ICFT correspondence

• Braneworld holography

4.1 Double trace deformation

Now we consider some primary operator of CFTs O. For later use we focus on a

case where O is light. We consider the following deformation of boundary QFTs:

S[µ+∆µ] = S
(0)
[µ] +

∫
ddx J[µ]O(x) +

∆µ

2

∫
ddxO(x)F (−□)O(x). (4.1)

Here F (x) is a function such that it decays as x→ ∞ and J[µ](x) is a source of the

operator O(x) in the theory at µ. This equation defines families of QFTs labelled by
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a parameter µ. To discuss the flow equation of the source J[µ](x) and the expectation

value O[µ] let us consider the Hubbard–Stratonovich transformation,∫
DX e−S[µ+∆µ]

=

∫
DX e−S

(0)
[µ]

−
∫
ddx J[µ]O(x)−∆µ

2

∫
ddxO(x)F (−□)O(x)

=

∫
DXDψ e−S

(0)
[µ]

−
∫
ddx J[µ](x)O(x)−

∫
ddxψ(x)O(x)+∆µ

2

∫
ddxψ(x)F (−□)ψ(x).

(4.2)

The saddle point equation in ∆µ→ 0 is given by

1

∆µ
F (−□)ψ∗(x)− F (−□)O(x) = 0,

ψ∗(x) = ∆µO(x).

(4.3)

Then the flow equation is given by

J[µ+∆µ](x)− J[µ](x) = ψ∗(x),

∂µJ[µ](x) = F (−□)O[µ](x).
(4.4)

And the flow equation of the effective action is read off as

∂µW[µ] =
1

2

∫
ddxO[µ](x)F (−□)O[µ](x). (4.5)

Then consider the variation of the source which keeps the flow equation of the source

(4.4),

∂µδJ[µ] = F (−□)δO[µ] = 0. (4.6)

Now we see that

∂µδW[µ] =

∫
δJ[µ]∂µO[µ] = δ

1

2

∫
ddxO[µ](x)F (−□)O[µ](x) = 0. (4.7)

Thus,

∂µO[µ] = 0. (4.8)

Then the flow equation is solved and we find

J[µ](x) = J[0](x) + µF (−□)O[0](x),

W[µ] = W[0] +
µ

2

∫
ddxO[0](x)F (−□)O[0](x).

(4.9)

In the GKPW dictionary, we can identify the non-normalizable mode α(x) with

J[0](x) and the normalizable mode β(x) with O[0](x). Therefore for the bulk field
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Φ(x) in the bulk dual theory we assign the modified boundary conditions

J[µ](x) = µF (−□)β(x) + α(x) (4.10)

for a given source J[µ](x) [88].

■ Double trace deformation: two sides

As a variant of the double trace deformation we consider deformations of two

CFTs [89]. We consider two CFTs CFT(1) and CFT(2) and two operators O1(x) and

O2(x) from each theory. Now we consider a deformation

Stot
[µ+∆µ][X1, X2] = Stot

[µ] [X1, X2] +

∫
ddx J

(1)
[µ] (x)O1(x) +

∫
ddx J

(2)
[µ] (x)O2(x)

+ ∆µ

∫
ddxO1(x)O2(x),

Stot
[0] [X1, X2] = SCFT(1) [X1] + SCFT(2) [X2].

(4.11)

Similar to the single-side case, we consider the Hubbard–Stratonovich transfor-

mation,∫
DX1DX2 e

−Stot
[µ+∆µ]

[X1,X2]

=

∫
DX1DX2 e

−Stot
[µ]

[X1,X2]−
∫
ddx J

(1)
[µ]

(x)O1(x)−
∫
ddx J

(2)
[µ]

(x)O2(x)e−∆µ
∫
ddxO1(x)O2(x)

=

∫
Dψ1,2 DX1,2 e

1
∆µ

∫
ddxψ1(x)ψ2(x)−Stot

[µ]
[X1,X2]

× e−
∫
ddx (J

(1)
[µ]

(x)+ψ1(x))O1(x)−
∫
ddx (J

(2)
[µ]

(x)+ψ2(x))O2(x)

(4.12)

In the saddle point for the integral of ψ1,2(x) in ∆µ→ 0, we see

ψ∗
1(x) = ∆µ O2(x), ψ∗

2(x) = ∆µ O1(x). (4.13)

Then we identify

J
(1)
[µ+∆µ](x) = J

(1)
[µ] (x) + ψ∗

1(x) = J
(1)
[µ] (x) + ∆µ O2(x), (4.14)

J
(2)
[µ+∆µ](x) = J

(2)
[µ] (x) + ψ∗

2(x) = J
(2)
[µ] (x) + ∆µ O1(x). (4.15)

Then we obtain

∂µJ
(1)
[µ] (x) = O(2)

[µ] (x), ∂µJ
(2)
[µ] (x) = O(1)

[µ] (x). (4.16)
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By substituting the saddle point we obtain the flow equation of the effective action

∂µW[µ] =

∫
ddxO(1)

[µ] (x)O
(2)
[µ] (x). (4.17)

Now we consider a variation of sources while keeping the flow equations

∂µδJ
(1)
[µ] (x) = δO(2)

[µ] (x), ∂µδJ
(2)
[µ] (x) = δO(1)

[µ] (x). (4.18)

Then we have two expressions for the variation of the effective action

δ∂µW[µ] = ∂µ

∫
ddx

(
O(1)

[µ] δJ
(1)
[µ] (x) +O(2)

[µ] δJ
(2)
[µ] (x)

)
= ∂µ

∫
ddx

(
O(1)

[µ] δO
(2)
[µ] + δO(1)

[µ]O
(2)
[µ]

)
= 0.

(4.19)

From these we see

∂µO(1)
[µ] (x) = 0, ∂µO(2)

[µ] (x) = 0. (4.20)

Then we see the solution of the flow equation of sources,

J
(1)
[µ] (x) = J

(1)
[0] (x) + µO(2)

[0] (x), J
(2)
[µ] (x) = J

(2)
[0] (x) + µO(1)

[0] (x). (4.21)

Now we consider a case where the deformation
∫
O1(x)O2(x) is a relevant deforma-

tion. In this case we expect that the effect in the bulk appears deep inside the bulk

and does not change the asymptotic structure of AdS spacetime. Now we think that

two spacetimes before deformation are connected in some sense and we have a single

scalar Φ. The field has asymptotics

Φ ≈ zd−∆α(1)(x) + z∆β(1)(x) for asymptotics in boundary 1 (z → 0),

≈ (z′)d−∆α(2)(x) + (z′)∆β(2)(x) for asymptotics in boundary 2 (z′ → 0).

(4.22)

Then, based on the GKPW relation, we identify the non-normalizable mode for

each source as α(a)(x) = J
(a)
[0] (x), a = 1, 2 and the normalizable mode with the

expectation value β(a)(x) = O(a)
[0] (x). Then, for given sources J

(a)
[µ] (x), we have the

deformed boundary conditions for the bulk theory,

J
(1)
[µ] (x) = α(1)(x) + µβ(2)(x),

J
(2)
[µ] (x) = α(2)(x) + µβ(1)(x).

(4.23)

Now using the relation α(a)(k) = −G(k)β(a)(k) in (3.58), we obtain the correlation
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functions between the two CFT operators,

G12
[µ](k) =

⟨O(2)
[µ] ⟩

J
(1)
[µ]

∣∣∣∣∣
J[µ]=0

=
β(2)

α(1)

∣∣∣∣
J[µ]=0

=
µG(k)2

1− µ2G(k)2
. (4.24)

That is, there is a non-trivial correlation between the two holographic CFTs.

In the bulk, this correlation is highly related to the existence of a wormhole con-

necting two asymptotic boundaries. Indeed, in [89] they compute the gravitational

perturbation corresponding to the deformations via the matter stress tensor and

find traversable wormholes. Especially, the deformed boundary conditions (4.23)

induce a Casimir effect in the bulk and allow us to violate the energy conditions

which protect the traversable wormhole. In these computations, the deformation is

relevant deformation and the wormhole appear in the bulk inside. Similar things

happened in SYK/JT [90]

We can also consider a marginal or irrelevant deformations. In these, we expect

that the effect of deformation appears around the conformal boundary. Especially,

we expect that the two conformal boundaries are glued at least in gravitational

perpetuation. In [91, 92], this set up is discussed in detail. In the bulk, from

the deformed boundary conditions, we have a interaction between fields in distinct

AdSs. It is known that because of this interaction the self energy of graviton is

non zero and thus graviton acquire mass. From the boundary side, this is easily

understood. Before deformation, we have two conformal CFTs. In total we have

two conformal symmetry. This corresponds to the two massless gravitons. However,

after deformation, we have one conformal symmetry and thus there is only one

massless graviton. The other gyration should be massive. Similar massive graviton

also appears in Karch-Randall type brane world gravity [93].

4.2 TT deformations and its generalization

The TT deformation is an irrelevant deformation of two dimensional QFTs defined

by flow equation [94–96]

∂µS[µ] = −1

2

∫
d2x
(√

γ(T abTab − T 2)
)
[µ]

=: −1

2

∫
d2x

√
γ[µ](OTT )[µ]. (4.25)

This flow equations define a family of QFTs labeled by µ. Interestingly, this flow

equations are exactly solved as we will see. Also the energy spectrum and some

correlation functions of deformed theories are exactly evaluated. We also have a nice

holographic interpretation called ”finite cut-off proposal”. The proposal suggests

that the TT deformed theories are holographically dual to the gravitational theories

with finite cut-off surface [4, 97, 98].
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In our paper [2,3], we explore generalization of TT deformation including many

derivative or non-local kernel and discuss their gravity dual. Interestingly, the dual

gravitational theories no longer than the Einstein gravity and indeed non-local.

By using the Coleman’s result we may relate the non-locality to some microscopic

wormhole.

4.2.1 Usual TT deformation and finite cut-off holography

■ QFT computation

In this section, we concentrate on the TT deformation purely from the perspec-

tive of quantum field theory.

Consider a two-dimensional QFT with action S[0], defined on a background met-

ric γ[0]. We introduce a deformation by means of the TT flow equation,

∂

∂µ
S[µ] = −1

2

∫
d2x
(√

γ(T abTab − T 2)
)
[µ]

=: −1

2

∫
d2x

√
γ[µ](OTT )[µ]. (4.26)

We denote the metric associated with the theory S[µ] by γ[µ], and define the stress

tensor as

T[µ]ab :=
2

√
γ[µ]

δS[µ]

δγ[µ]ab
. (4.27)

We adopt a formulation in which the background metric itself evolves along the

flow [98, 99]. This viewpoint will be particularly convenient when we later discuss

holographic dual descriptions. In analogy with double-trace deformations of scalar

operators, we employ a Hubbard–Stratonovich transformation.

We now present an alternative derivation of the TT flow equation. Cardy showed

that the TT deformation can be understood in terms of a random-geometry path

integral [100]. The key idea is to apply a Hubbard–Stratonovich transformation to

the TT interaction,

STT =
1

2

∫
d2x

√
γOTT

= −1

2

∫
d2x

√
γϵacϵbdT

abT cd.

(4.28)

Here ϵab denotes the Levi–Civita tensor.

Performing the Hubbard–Stratonovich transformation, we obtain

e
∆µ
2

∫
d2x

√
γ[µ]ϵacϵbdT[µ]

abT[µ]
cd ∝

∫
Dh e+

∫
d2x

√
γ[µ]

1
2
T[µ]

abhab− 1
8∆µ

∫
d2x

√
γ[µ]ϵ

ac
[µ]
ϵbd
[µ]

habhcd .

(4.29)

Since ∆µ is assumed to be small, we evaluate the h-integral using the saddle-point
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approximation. The saddle-point configuration h∗
ab satisfies

T[µ]
ab = − 1

2∆µ
ϵac[µ]ϵ

bd
[µ]h

∗
cd,

h∗
ab = −2∆µ(T̂[µ])ab = −2∆µ

(
T[µ]ab − (γ[µ])abT[µ]

)
.

(4.30)

Substituting the saddle-point solution back into the exponent reproduces the original

TT interaction. We furthermore note that hab ∼ O(∆µ), and thus

e−S
eff
[µ+∆µ]

[γ[µ+∆µ]] =

∫
DX e−S[µ][X;γ[µ]]e−

∆µ
2

∫
d2x

√
γ[µ]ϵacϵbdT[µ]

abT[µ]
cd

∝
∫

DX Dh e−S[µ][X;γ[µ]+h]− 1
8∆µ

∫
d2x

√
γ[µ]ϵ

ac
[µ]
ϵbd
[µ]

habhcd+O((∆µ)2)

=

∫
Dh e−S

eff
[µ]

[γ[µ]+h]− 1
8∆µ

∫
d2x

√
γ[µ]ϵ

ac
[µ]
ϵbd
[µ]

habhcd+O((∆µ)2)

∼ e−S
eff
[µ]

[γ[µ]+h∗]− 1
8∆µ

∫
d2x

√
γ[µ]ϵ

ac
[µ]
ϵbd
[µ]

(h∗)ab(h
∗)cd+O((∆µ)2).

(4.31)

From this expression, we can read off

(γ[µ+∆µ])ab = (γ[µ])ab + (h∗)ab,

⇔ ∂

∂µ
(γ[µ])ab = −2

(
T̂[µ]

)
ab
.

(4.32)

This coincides precisely with the first equation in (4.45). To determine the flow of

T[µ], we must compare the effective actions. Using the saddle-point result, we find

Seff
[µ+∆µ][γ[µ+∆µ]] = Seff

[µ][γ[µ]]−
1

2

∫
d2x

√
γ[µ](T[µ])

ab(h∗)ab +
1

8∆µ

∫
d2x

√
γ[µ]ϵ

ac
[µ]ϵ

bd
[µ](h

∗)ab(h
∗)cd

= Seff
[µ][γ[µ]] +

∆µ

2

∫
d2x

√
γ[µ]OTT .

(4.33)

Next, consider a deformation of the metric γ[µ] → γ[µ] + δγ that leaves the flow

equation (4.32) unchanged, namely

∂

∂µ
(δγab) = −2δ(T̂[µ])ab = 0. (4.34)

Taking the variation of (4.33) along this direction gives

δ
(
Seff
[µ+∆µ] − Seff

[µ]

)
= −∆µ

2
δ

(∫
d2x

√
γ[µ]ϵ

ac
[µ]ϵ

bd
[µ]

(
T̂[µ]

)
ab

(
T̂[µ]

)
cd

)
. (4.35)

Since T̂ is invariant under this variation, and using the definition of the stress tensor,
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δSeff
[µ] =

1
2

∫
d2x

√
γ[µ](T[µ])abδγ

ab = −1
2

∫
d2x

√
γ[µ](T[µ])

abδγab, we obtain

∂

∂µ

(√
γ[µ](T[µ])

ab
)
δ(γ[µ])ab = δ

(√
γ[µ]ϵ

ac
[µ]ϵ

bd
[µ]

)
(T̂[µ])ab(T̂[µ])cd. (4.36)

The right-hand side consists of two contributions. The first arises from the variation

of
√
γ,

δ(
√
γ)
(
(T̂ 2 − T̂ dc T̂

c
d )
)
=

1

2

√
γγabδγab(T̂

2 − T̂ dc T̂
c
d ). (4.37)

The second contribution is

2
√
γ
(
δγabγcd − δγadγbc

)
T̂abT̂cd = 2

√
γ
(
δγabT̂abT̂ − δγadT̂abT̂

b
d

)
= 2

√
γδγab

(
−T̂ abT̂ + T̂ ac T̂

cb
)
.

(4.38)

Collecting terms, we read off the flow equation for the stress tensor,

∂

∂µ

(√
γ[µ]T

ab
[µ]

)
=

√
γ[µ]

(
1

2
γ[µ]

ab
(
T[µ]

2 − T[µ]
cdT[µ]cd

)
+ 2T[µ]

a
c
T[µ]

bc − T[µ]
abT[µ]

)
.

(4.39)

For the lowered indices, this implies

∂

∂µ

(√
γ[µ](T[µ])ab

)
= 2

∂

∂µ
(γ[µ]ac)γ[µ]bd

√
γ[µ]T[µ]

cd + γ[µ]acγ[µ]bd
∂

∂µ

(√
γ[µ]T[µ]

cd
)

=
√
γ[µ]

(
1

2
γ[µ]ab

(
T[µ]

2 − T[µ]
cdT[µ]cd

)
+ 2
(
T[µ]abT[µ] − T[µ]acT[µ]

c
b

))
.

(4.40)

Finally, let us compare two different evaluations of the variation of the effective

action Seff
[µ+∆µ],

δSeff
[µ+∆µ] = δSeff

[µ] +∆µ δ

(
1

2

∫
d2x
(√

γ(T abTab − T 2)
)
[µ]

)
=

1

2

∫
d2x
(√

γTabδγ
ab
)
[µ]

+∆µ δ

(
1

2

∫
d2x
(√

γ(T abTab − T 2)
)
[µ]

)
=

1

2

∫
d2x
(√

γTabδγ
ab
)
[µ+∆µ]

.

(4.41)

This leads to the identity

∂

∂µ
((
√
γTabδγ

ab)[µ]) = δ(
√
γOTT )[µ]. (4.42)
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After some algebraic manipulations, this relation can be rewritten as

∂

∂µ
(
√
γTab)δγ

ab +
√
γTabδ

(
∂

∂µ
γab
)

=
√
γ

((
−1

2
OTTγab − 2TacT

bc + 2TTab

)
δγab + 2Tabδ(T

ab − γabT )

)
.

(4.43)

Here, for notational simplicity, we have suppressed the [µ] labels, i.e., γ = γ[µ] and

Tab = T[µ]ab.
5

By matching independently the terms proportional to δγab and to Tab, we obtain

∂

∂µ
γab = −2T̂ab =: −2(Tab − γabT ),

∂

∂µ
(
√
γTab) =

√
γ

(
−1

2
OTTγab − 2TacT

bc + 2TTab

)
.

(4.44)

From these relations, we finally arrive at

∂

∂µ
γab = −2T̂ab,

∂

∂µ
T̂ab = −T̂acT̂ cb ,

∂

∂µ

(
T̂acT̂

c
b

)
= 0.

(4.45)

The third equation implies

(T̂[µ])ac(T̂[µ])
c
b = (T̂[0])ac(T̂[0])

c
b. (4.46)

Consequently, the second equation integrates to

(T̂[µ])ab = (T̂[0])ab − µ(T̂[0])ac(T̂[0])
c
b. (4.47)

Finally, using the first equation, we find

γ[µ]ab = γ[0]ab − 2µ(T̂[0])ab + µ2(T̂[0])ac(T̂[0])
c
b. (4.48)

Equivalently, one may write

∂3

∂µ3
(γ[µ])ab = 0. (4.49)

5When taking the variation δγab, one must also account for the induced variation δT[µ]
ab. These

two variations should be treated as independent, which ensures that the decomposition (4.43) is
unique.
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Moreover, we can establish the relations

∂

∂µ

(√
γ[µ]R[γ[µ]]

)
= 0,

∂

∂µ

(√
γ[µ]T[µ]

)
=

√
γ[µ](OTT )[µ]. (4.50)

Invoking the trace anomaly,

R[γ[0]] =
c

24π
T[0], (4.51)

we finally obtain

T[µ] =
c

24π
R[γ[µ]]− µ

√
γ[µ](OTT )[µ]. (4.52)

This expression represents a natural generalization of the trace anomaly to TT -

deformed theories.

■ Gravity Dual: Finite cut-off proposal

Now we discuss holographic dual of TT deformed holographic CFTs. Before

discussing the TT deformation we summarize the geometry of AdS3 and its hologra-

phy. Suppose we have asymptotically AdS3 spacetimes with the Fefferman-Graham

coordinate (3.20). By using the Einstein equation, in three dimensional asymptotic

AdS spacetime, we find that the FG expansion exactly end up in g(4) and g(4) is

expressed in terms of g(0), g(2) by [70],

g(4) =
1

4
g(2)(g(0))

−1g(2). (4.53)

Also some components of the g(2) are determined but not all of the component are

still determined.

g(2) = −1

2
R[g(0)]g(0) + t (4.54)

where t = (tab) is the two rank tensor which satisfies

∇(0)
a tab = 0, g(0)

abtab =
1

2
R[g(0)]. (4.55)

,where ∇(0)
a is covariant derivative with respect to g(0). These equations fix some

components of the t but not all. Suppose, we take g(0) as

g(0) = γ[0] = η, ds2 = ηabdx
adxb = dudv. (4.56)

Then, we find that tab satisfies the same equations of the CFT2 stress tensor on the

flat space. Thus, tuv = 0 and the algebras factorize into the chiral and anti-chiral,

tuu = L(u), tvv = L̃(v) (4.57)

The form of L(u) and L̃(v) are not determined from the Einstein equation and
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related to the boundary quantities like Brown-York tensor. The, we find that

g(2)abdx
adxb = L(u)du2 + L̃(v)dv2

g(4)abdx
adxb =

1

4
L(u)L̃(v)dudv.

(4.58)

The total three dimensional metric is given by so called Banados metric,

GABdx
AdxB = dr2 + e2r

(
1 + e−4rL(u)L̃(v)

)
dudv + L(u)2du2 + L̃(v)2dv2 (4.59)

Since three dimensional asymptotic AdS spacetime is locally equivalent to vacuum

AdS spacetime. This means that the Banodos metric are obtained by moderate

coordinate transformation with chiral/ anti-chiral function L(u) and L̃(v). These

coordinate transformations are corresponding to the local conformal transformations

in the boundary CFTs.

Now let us going back to the problems of TT deformation and use the general

background g(0). As in the standard prescription in the multi trace deformation

in AdS/CFT [88], by using the relation for the un-deformed theory, we obtain the

holographic dictionary for the TT deformed theory and its gravity dual. To this

end, notice that

g(0)ab = γ[0]ab, g(2)ab = 8πGN

(
T̂[0]

)
ab
. (4.60)

Then we compare two results

1. The solutions of TT flow equation (4.48) is quadratic in µ.

2. The solutions of Einstein equation in pure three dimensional AdS gravity is

quadratic in radial coordinate e−2r.

Now suppose we consider a gravitational theories with finite cu-off surface r = rc

such that

e−2rc = − µ

4πGN

, µ < 0 (4.61)

and assign the Dirichlet boundary conditions there. Then we observe that (4.48)

and

γ(rc, x) = g(0) + e−2rcg(2) + e−4rcg(4) (4.62)

completely matches. Notice that the effect of TT deformations are back reacting

effect i.e., effect in O(1/GN). Also corresponding to the fact that TT deformation is

the irrelevant deformation the effect only appears around the conformal boundary.

■ TT deformation from holographic renormalization
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Above we see the finite cut-off holography is related to TT deformed theories.

We can see this relation also on the level of action by using the holographic renor-

malization in Section 3.2.2. Now we consider terms in recursion which we miss in

large rc limits. These are corresponds to the irrelevant deformations. In the same

manner of our finding L(2), π(2)
b
a
, we find

π(4) = −8πGN

(
π(2)

2 − π(2)
b
a
π(2)

a
b

)
, (4.63)

L(4) = −π(4) = −8πGN

(
π(2)

b
a
π(2)

a
b
− π(2)

2
)
. (4.64)

Finally we can write down the effective action for the boundary theory at r = rc.

SCFT := lim
rc→∞

∫
Σrc

d2x
√
hL(2),

Sfinite :=

∫
Σrc

d2x
√
h
(
L(2) + L(4)

)
.

(4.65)

Then we have two stress tensors,

〈
T ab
〉CFT

g(0)
:= − 2

√
g(0)

δSCFT

δg(0)ab
= −2 lim

rc→∞
e2rcπ(2)ab,

〈
T ab
〉finite

:= −e2rc 2√
h

δSfinite

δhab
= −2e2rc

(
π(2)ab + π(4)ab

)
.

(4.66)

The finite cut-off action can be expanded as

Sfinite = SCFT[g(0)]− 2πGNe
−2rc

∫
d2x

√
g(0)

(〈
T ab
〉CFT

g(0)
⟨Tab⟩CFT

g(0)
−
(
⟨T aa ⟩

CFT
g(0)

)2)
.

(4.67)

Comparing this to the definition of the TT deformation, we see the relation (4.61)

again. Similar results are observed in [101]. We summarized the important points

of usual TT deformation,

1. The three times derivatives of the metric is zero,

∂3µγ[µ]ab = 0. (4.68)

2. The Einstein equation with Einstein Hilbert action shows that the Fefferman-

Graham expansion ends in the order of O(e−4r) and we can match this expan-

sion and the solutions of the flow equation by which we see the finite cut-off

interpretation.

3. From the holographic renormalization computation shows that the finite cut-

off correction is actually equivalent to the TT deformation.
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4.2.2 Generalized TT deformations, non-local gravity duals and worm-

hole

We now consider a broader class of TT -type deformations,

STT = −1

2

∫
d2x

√
γ[µ]ϵacϵbdT

abK(−□γ)T
cd. (4.69)

The kernel K(x) is introduced to suppress contributions from high-energy modes.

Even though the ordinary TT deformation is irrelevant, the present non-local de-

formation is engineered to act predominantly on infrared degrees of freedom. We

postpone specifying an explicit form of K(x) until later. The motivations for study-

ing such non-local TT deformations can be summarized as follows.

• We would like to regard this setup as a generalization of the Gao–Jafferis–Wall

wormhole mechanism with backreaction.

• As discussed above, the gravitational dual of the TT deformation inevitably

involves backreaction effects.

• However, the usual TT deformation is an irrelevant deformation.

⇒ Accordingly, the resulting backreaction is confined to the vicinity of the

asymptotic region.

⇒ By introducing a controlled non-locality, one may instead deform the

infrared sector of the QFT.

⇒ This suggests the possibility of producing a wormhole that penetrates

further into the bulk, analogously to what happens for relevant double-

trace deformations.

We now analyze the non-local TT deformation.

We proceed as before, starting from a Hubbard–Stratonovich representation,

e−S
eff
[µ+∆µ]

=

∫
DX e−S[µ][X;γ[µ]] e

∆µ
2

∫
d2x

√
γ[µ]ϵabϵcdT

abK(−□γ)T cd

=

∫
DX Dh e−S[µ][X;γ[µ]] e−

1
8∆µ

∫
d2x

√
γ[µ]ϵ

abϵcdhabK
−1(−□γ)hcd+

1
2

∫
d2x

√
γ[µ]T

abhab .

(4.70)

The saddle-point equations are then

− 1

4∆µ
ϵacϵbdK−1(−□γ)(h

∗)cd +
1

2
T̂ ab = 0,

(h∗)ab = −2∆µK(−□γ)T̂ab.

(4.71)
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This leads to the metric flow equation

∂

∂µ
γ[µ]ab = −2K(−□γ)

(
T̂[µ]

)
ab
. (4.72)

Likewise, the flow of the effective action is

∂

∂µ
Seff
[µ][γ[µ]] = −1

2

∫
d2x

√
γ[µ]ϵ

acϵbd(T̂[µ])abK(−□γ)(T̂[µ])cd. (4.73)

Next, we consider varying the metric γ[µ]ab while keeping the flow equation (4.72)

intact,
∂

∂µ
δγ[µ]ab = −2δ

(
K(−□γ)

(
T̂[µ]

)
ab

)
= 0. (4.74)

The right-hand side can be reorganized as

δ
(
T̂[µ]

)
ab
= −K−1(−□γ)(δK(−□γ))

(
T̂[µ]

)
ab
= K−1(−□γ)K

′(−□γ)δ(□γ)
(
T̂[µ]

)
ab
.

Using this identity, and after an involved but direct computation, one obtains

∂

∂µ

(
T̂ab

)
= −1

2

(
T̂acŶ

c
b + T̂bcŶ

c
a − 3T̂ Ŷab + 3T̂ Ŷab

)
−Nab, (4.75)

where Ŷab = K(−□γ)T̂ab. Moreover, by applying the variation formula summarized

in Appendix A of [102], we find

Uab :=

[
(∇aT̂cd)(∇bW cd) + (∇bT̂cd)(∇aW cd)− γab

(
(□T̂cd)W

cd + (∇eT̂cd)(∇eW cd)
)

+□(T̂ acW
bc) +□(T̂ bcW

ac)− 2∇e(T̂
a
c∇eW bc)− 2∇e(T̂

b
c∇eW ac)

+∇c∇b(T̂ adW
cd) +∇c∇a(T̂ bdW

cd)− 2∇c(T̂
a
d∇bW cd)− 2∇c(T̂

b
d∇aU cd)

−∇e∇a(T̂ecW
bc)−∇e∇b(T̂ecW

ac) + 2∇e(T̂ec∇aW bc) + 2∇e(T̂ec∇bW ac)

]
,

where Wab = K′(−□γ)(T̂ab − γabT̂ ). For the standard TT deformation, one simply

takes Yab = Tab and Uab = 0, and substantial cancellations occur. By contrast, for

the present general (non-local) deformation (4.69), we instead obtain

∂3

∂µ3
γ[µ]ab ̸= 0. (4.76)

■ Possible Gravity Dual and Wormhole

From the discussion above, we can contemplate several holographic scenarios for

a non-local TT deformation:
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• One possibility is that a finite cut-off holographic description exists within

Einstein gravity, although the cut-off surface need not be of the simple form

r = const..

• Another possibility is to keep a cut-off surface at r = const., but to replace

the bulk dynamics by a non-Einstein theory. In such a setup, the Fefferman–

Graham expansion need not truncate at order O(e−4r). Hence it can remain

consistent to identify µ with e−r.

• A third possibility is that no finite cut-off interpretation exists at all.

The first possibility clashes with the following symmetry-based argument. Start

from an undeformed boundary theory with a flat metric g(0)ab = δab. If the de-

formed theory were dual to a description on a cut-off surface r = r̄(xa), then the

induced metric on that surface would generically fail to preserve the symmetries of

δab, namely the two-dimensional Poincaré symmetry. However, the non-local TT de-

formation does not break this symmetry, so the two pictures would not match. Fur-

thermore, inserting an inhomogeneous cut-off surface into the holographic renormal-

ization group analysis merely produces a TT deformation with a position-dependent

coupling.

For these reasons, we focus on the second possibility. As we show below, the

non-local TT deformation arises naturally as a finite cut-off effect in a gravitational

theory whose Hamiltonian takes the form

H =

∫
Σr

d2x(NH +NaHa),

1√
h
H = 16πGN

(
πabK(−e2r□h)π

b
a − πK(−e2r□h)π

)
+

1

16πGN

(R[h] + 2),

Ha = −2Db

(
1√
h
πab
)
.

(4.77)

where Da is the covariant derivative compatible with hab and

K(−e2r□h) =
∑
k=0

kk(−e2r□h)
k. (4.78)

We will later return to the choice of coefficients kk.

To study the gravity dual of a non-local TT deformation, we must refine the usual

scaling estimates by taking into account the explicit r-dependence in the Hamilto-

nian constraint. Once the r-direction appears in this way, it is natural to modify
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the dilation operator as

δD =

∫
d2x

(
∂r + 2hab

δ

δhab

)
. (4.79)

Here, ∂r acts only on the explicit dependence on r in the Hamiltonian constraint.

The combination −e2r□h is then invariant under this modified scaling, in the sense

that for any field X obeying δDXab = −λXab,

δD(K(−e2r□h)Xab) = −λK(−e2r□h)Xab,

δD(K(−e2r□h)X) = −(λ+ 2)K(−e2r□h)X.
(4.80)

As in the analysis of the ordinary TT deformation, we solve the Hamilton–Jacobi

equation perturbatively. The first-order equation reads

0 = (16πGN)
(
π(0)

b
a
K(−e2r□h)π(0)

a
b
− π(0)K(−e2r□h)π(0)

)
+

1

8πGN

. (4.81)

Assuming π(0)ab = Phab, we obtain

P = − 1√
k0

1

16πGN

, (4.82)

where the sign is chosen so that the spacetime remains asymptotically AdS.

The second-order equation becomes

π(0)
b
a
K(−e2r□h)π(2)

a
b
+ π(2)

b
a
K(−e2r□h)π(0)

a
b

− π(0)K(−e2r□h)π(2) − π(2)K(−e2r□h)π(0) = − 1

(16πGN)2
R[h]

(4.83)

This is solved by

π(2) = − 1√
k0

1

16πGN

Q(−e2r□h)R[h], (4.84)

where Q(−e2r□h) is the inverse of 1 + 1
k0
K(−e2r□h) and

Q(−e2r□h) =
∞∑
k=0

qk(−e2r□h)
k, q0 =

1

2
, q1 = − k1

4k0
, · · · . (4.85)

The resulting second-order Lagrangian is topological:∫
d2x

√
hL̃(2) =

1

32πGN

1√
k0

∫
d2x

√
hR[h], (4.86)
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and therefore

Π̃
(2)
ab = 0. (4.87)

The fourth-order equation becomes

0 = π(0)
b
a
K(−e2r□h)π(4)

a
b
+ π(2)

b
a
K(−e2r□h)π(2)

a
b
+ π(4)

b
a
K(−e2r□h)π(0)

a
b

− π(0)K(−e2r□h)π(4) − π(2)K(−e2r□h)π(2) − π(4)K(−e2r□h)π(0).
(4.88)

This is solved by

π(4) = −16πGN√
k0

Q(−e2r□h)
(
π(2)

b
a
K(−e2r□h)π(2)

a
b
− π(2)K(−e2r□h)π(2)

)
. (4.89)

The associated fourth-order action is∫
d2x

√
hL(4) =

8πGN√
k0

∫
d2x

√
h
(
π(2)

b
a
K(−e2r□h)π(2)

a
b
− π(2)K(−e2r□h)π(2)

)
.

(4.90)

In boundary variables, the resulting effective action at r = rc is

Sfinite =

∫
Σrc

d2x
√
h
(
L(2) + L(4)

)
= SCFT[γ] +

2πGN e−2rc

√
k0

∫
d2x

√
γ
〈
T ab
〉CFT

γ
K(−□γ)

〈
T̂ab

〉CFT

γ
.

(4.91)

We now fix k0. As in the previous discussion, we want to regulate boundary UV

degrees of freedom while suppressing the deformation near the conformal boundary,

unlike the usual TT case. Thus we require e−2rc√
k0

K(k2) → 0 when the boundary

momentum k2 is large and rc is large. We also demand that bulk physics is modified

only deep in the interior, r ≪ 1, while the asymptotic region r ≫ 1 reproduces

Einstein gravity. Hence we impose K(e2rk2bulk) → 1 for large r. Both requirements

are met by choosing k0 = e4rcµ2, µ = O(e−0·rc), together with K(x) → 1 as x→
∞, and then taking rc ≫ 1 at the end. A concrete example is K(x) = x/Λ2+e4rcµ2

x/Λ2+1
,

with a UV scale Λ. This leads to the boundary effective action

Sfinite = SCFT[g(0)]−
2πGN e−2rc

√
k0

∫
d2x

√
g(0)

〈
T ab
〉CFT

g(0)
K(−□g(0))

〈
T̂ab

〉CFT

g(0)

.

(4.92)

This expression matches a non-local TT deformation. In other words, a generalized

TT deformation with infinitely many derivatives appears as a finite cut-off correction

to a modified bulk gravity theory whose Hamiltonian contains explicit non-local

operators. For sufficiently large rc, the cut-off effects become negligible, and the
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deformation effectively acts only in the deep interior of the bulk.

We emphasize that the modified Hamiltonian (4.77) depends explicitly on r, and

hence breaks diffeomorphism invariance in the radial direction. From the boundary

point of view, the infrared fixed point of the deformed theory retains Poincaré and

scale invariance, but no longer exhibits full conformal symmetry. This provides a

loophole to the standard theorem that scale invariance in two dimensions typically

implies conformal invariance under broad assumptions6 [103–105].

The bulk non-locality can be interpreted as an effective imprint of wormhole

contributions. As emphasized by Coleman [106–109], wormholes can influence long-

distance physics. If one constructs an effective theory valid at scales larger than the

wormhole throat size, the resulting description naturally includes a non-local action

of the form

Ieff =
1

2

∫
dd+1x

√
G(x)

∫
dd+1y

√
G(y)

∑
i,j

∆ijΦi(x)G(x, y)Φj(y)

=
∑
i,j

∫
dd+1x

√
G(x)Φi(x)

∆ij

□
Φj(x).

(4.93)

Here Φi are low-energy composite operators in the bulk and G(x, y) is the Green

function for the □ operator7. Turning this logic around, one may conjecture that the

modified Hamiltonian (4.77) effectively captures the influence of certain wormhole

geometries. The detailed features of such wormholes would then be encoded in the

specific functional form of K(−e2r□h).

The characteristic separation scale of the wormhole mouths, lWH, is reflected

in the momentum dependence of K. Since K(e2rk2bulk) departs appreciably from

its limiting values only when e2rk2bulk ≤ Λ, bulk probes with wavelengths of order

lWH ∼ k−1
bulk ∼ erΛ are sensitive to wormhole effects. Near the asymptotic boundary

(large r), only very small momenta can detect such effects, and in the limit r → ∞
only zero-momentum modes remain sensitive. This is consistent with the boundary

perspective, where the deformation acts only in the extreme infrared.

The explicit r-dependence may also be viewed as an effective breaking of radial

diffeomorphism symmetry induced by the wormhole, leading to an effective descrip-

tion on the wormhole background without this symmetry. Other mechanisms beyond

geometric wormholes could also generate similar non-local structures.

6We thank Yu Nakayama for emphasizing this point.
7Coleman’s original discussion effectively used G(x, y) = const., whereas the present setup

allows for a more general kernel.
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4.2.3 T1T2 deformation: discussion

We now return to our main target: the possibility of obtaining a CFT dual via a

non-local T1T2 deformation. The discussion below is necessarily heuristic. We begin

with the local T1T2 deformation,

∂

∂µ
S[µ] =

1

2

∫
d2x

√
γ[µ]

(
T

(1)
ab T

(2)ab − T (1)T (2)
)
. (4.94)

Applying the Hubbard–Stratonovich method, one finds that the metric flow equa-

tions take the form

∂

∂µ
γ[µ]

(1)
ab = −2

(
T̂ (2)

)
ab
,

∂

∂µ
γ[µ]

(2)
ab = −2

(
T̂ (1)

)
ab
.

(4.95)

To derive the stress-tensor flow, we must confront a key subtlety of the T1T2 defor-

mation: after turning on the interaction, the two metrics that would otherwise be as-

sociated with the two CFTs are no longer independent. Since the interaction breaks

part of the diffeomorphism invariance, one effectively has only a single conserved

stress tensor. To sidestep this issue, we restrict attention to a finite-temperature

setting where CFT(1) and CFT(2) are related by the KMS condition,

T (2)ab(t, x) = T (1)ab
(
t+ i

β

2
, x

)
. (4.96)

In this case, one can write the stress-tensor flow equation as

∂

∂µ
T̂

(1)
ab = −1

2
T̂ (1)
ac T̂

(2)c
b − 1

2
T̂ (2)
ac T̂

(1)c
b − 3

2
T̂ (1)T̂

(2)
ab +

3

2
T̂

(1)
ab T̂

(2), (4.97)

where the right-hand side is expressed solely in terms of the metric γ
(1)
ab . A corre-

sponding equation can also be written for T̂
(2)
ab . Solving these coupled flow equations

in general is nontrivial. However, if we impose γ
(1)
ab = γ

(2)
ab and T̂

(1)
ab = T̂

(2)
ab at µ = 0,

then the flow reduces to the standard TT case. In that situation, the bulk dual is

the usual finite cut-off holography, at least at the level of the on-shell action and

thermodynamics. In more general situations, we expect the two boundaries to be

related in a nontrivial way near the asymptotic region. One possibility is to glue two

surfaces in a manner similar to [4, 110]. Note that [4] studied brane-world hologra-

phy via junction conditions, which may differ from the dual of a T1T2 deformation:

junction conditions yield “dynamical” gravity on the brane and require imposing a

Virasoro constraint on the sum of the two stress tensors.
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We now extend this logic to the non-local T1T2 deformation to probe effects

deeper in the bulk. Concretely, we consider

∂

∂µ
S[µ] =

1

2

∫
d2x
√

−γ[µ] ϵabϵcd(T[µ](1))abK(−□γ)(T[µ]
(2))cd. (4.98)

Although an analytic treatment of this deformation is difficult, we expect it to share

qualitative features with the non-local TT deformation. For the bulk interpretation,

it is useful to again focus on the finite-temperature setup and identify

T
(2)
ab (t, x) = T

(1)
ab

(
t+ i

β

2
, x

)
= ei

β
2
∂tT

(1)
ab (t, x). (4.99)

In this viewpoint, the differential operator ei
β
2
∂t can be regarded as an additional

source of non-locality, to be combined with K(−□γ). By analogy with the non-

local TT case, one may then imagine that the bulk dual is a non-local gravitational

theory with additional factors of the form eie
2r β

2
∂t . Such factors may be interpreted

as encoding wormhole-like connections between Rindler wedges. This suggests that

even when one begins with two disconnected AdS geometries, an appropriate double-

trace deformation can create an IR connection between the two. Applied to the

eternal AdS black hole setup discussed here, it is then natural to expect wormhole-

like connections to develop in the near-horizon region. A more detailed analysis of

this speculative picture is left for future work.

4.3 AdS/BCFT and AdS/ICFT

The AdS/BCFT correspondence is a generalization of the AdS/CFT correspon-

dence with boundary. As a bottom-up model, the following correspondence was

proposed [111,112]: A BCFT on a d-dimensional manifold N is equivalent to (d+1)-

dimensional AdS gravity with a dynamical d-dimensional membrane attached. This

dynamical membrane is called an end-of-the-world brane (EOW brane) [113]. More

concretely, consider the gravitational action

Igrav[G] =
1

16πG
(d+1)
N

∫
M

dd+1x
√
−G(R[G]− 2Λ) (4.100)

+
1

8πG
(d+1)
N

∫
N

ddx
√
−γK[γ] + Ict[γ] (4.101)

+
1

8πG
(d+1)
N

∫
Q

ddx
√
−h (K[h]− T ). (4.102)

Here ∂M = N ∪ Q, γab is the induced metric on the conformal boundary N on

which Dirichlet boundary conditions are imposed, and hab is the induced metric on
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d-dim. BCFT

AdS/BCFT

=

(d+ 1)-dim. gravity

EOW brane

AdSd+1 bulk

Figure 11: Geometry of the gravitational dual in AdS/BCFT. M is the (d + 1)-
dimensional bulk spacetime. N is the d-dimensional conformal boundary where the
BCFT lives. Q is the EOW brane.

the EOW brane Q, where the Israel boundary condition

K[h]ab −K[h]hab + T hab = 0 (4.103)

is imposed. The parameter T is the brane tension.

The classical position of the EOW brane is determined by the boundary condition

(4.103). Taking the trace of (4.103), we obtain

K =
d

d− 1
T . (4.104)

This yields

Kab =
1

d− 1
T hab, (4.105)

which is the equation we must solve.

Let us now consider EOW branes allowed in the bulk when the bulk is three-

dimensional with the Poincaré metric. Suppose the EOW brane is expressed as

z = F (x, t) in these coordinates. The components of (4.105) become

Kxx =
1 + F ′2 + FF ′′

F 2
√

1− Ḟ 2 + F ′2
= T 1 + F ′2

F 2
= T hxx, (4.106)

Ktt =
−1 + Ḟ 2 + FF̈

F 2
√

1− Ḟ 2 + F ′2
= T −1 + Ḟ 2

F 2
= T htt, (4.107)

Kxt =
ḞF ′ + FḞ ′

F 2
√

1− Ḟ 2 + F ′2
= T F

′Ḟ

F 2
= T hxt. (4.108)

Here F ′ = ∂xF (x, t) and Ḟ = ∂tF (x, t).

Assuming a static vacuum BCFT with boundary located at X = 0, we have
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Ḟ = 0. Then the second equation yields

1√
1 + F ′2

= T . (4.109)

From this we find that the EOW brane surface is uniquely given by

x+ λ z = 0. (4.110)

The induced metric on the EOW brane Q is the AdS2 metric

ds2|ind =
(1 + λ2)dz2 − dt2

z2
, (4.111)

and the relation between the brane tension and the coefficient λ is

λ =
T√

1− T 2
. (4.112)

Thus, for an AdS brane we must have |T | < 1.

The form of (4.106) in Poincaré coordinates can be constructed using the Bañados

transformation [13, 114]. Since any 3D AdS spacetime can be mapped into the

Poincaré metric by a coordinate transformation, EOW branes in other spacetimes

can be obtained by transforming the solutions (4.109) and (4.110).

■ Holographic Entanglement Entropy

We now extend the holographic entanglement entropy formula to the AdS/BCFT

correspondence. The following prescription gives the entanglement entropy [111,

112]. For simplicity, we discuss the case d = 2 where the subsystem is an interval,

since this is the only case we will use later.

Let A ∪N be a subsystem of the BCFT. Define SconA and SdisA by

SconA :=
Area[Γcon

A ]

4GN

, (4.113)

SdisA :=
Area[Γdis

A ]

4GN

. (4.114)

Here Γcon
A is the geodesic connecting ∂A, and Γdis

A is the sum of two geodesics:

one from each endpoint of A to a point on the EOW brane. This point is chosen

to minimize the total length. We call Γcon
A the connected geodesic and Γdis

A the

disconnected geodesic. The holographic entanglement entropy is then

SA = min{SconA, SdisA}. (4.115)

As an example, consider the vacuum state of a BCFT defined on the left half-line
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x ≤ 0. Let the subsystem be A = [l1, l2]. The bulk metric is the Poincaré metric.

Since Γcon
A is the same as in the case without a boundary, using the cutoff η = ϵ we

obtain

SconA =
c

3
log

(
l2 − l1
ϵ

)
. (4.116)

Next consider the disconnected geodesics. Take a point R1 = (z = zR, x = xR =

−λzR, t) on the EOW brane and a boundary point P1 = (zP = ϵ, x = xP = l1, t).

Then

−XM
P1
XR1M =

LAdS
2

ϵ

(
1

2zR

(
(1 + λ2)z2R + l21

)
+ l1λ

)
. (4.117)

This is minimized for zR =
l1√

1 + λ2
, and we obtain

SdisA =
c

6
log

2l1
ϵ

+
c

6
log

2l2
ϵ

+ 2Sbdry, (4.118)

Sbdry =
c

6
log
(
λ+

√
1 + λ2

)
, (4.119)

where Sbdry corresponds to the boundary entropy.

The difference is

SconA − SdisA =
c

6
log

(
(l2 − l1)

2

4l1l2

1

λ+
√
1 + λ2

)
, (4.120)

so for example when l2 ≫ l1, the disconnected geodesic is preferred.

For the half-line A = [l,∞), the connected geodesic does not exist, and only the

disconnected one contributes:

SA = SdisA =
c

6
log

2l

ϵ
+ Sbdry. (4.121)

This agrees with the field-theoretic calculation. Indeed, recalling the entanglement

entropy of an interval in the vacuum of a 2D CFT , one obtains this formula from

the one-point function of the twist operator in BCFT via the doubling method.

■ AdS/ICFT

The AdS/ICFT correspondence is a generalization of AdS/BCFT to the interface

CFTs (ICFTs for short). There are many models of holographic ICFTs, typically

the bulk duals possess some branes which dual to the conformal interface. Here,

we discuss Janus deformations which includes a soft wall. We consider a three

dimensional gravitational theory with massless dilaton fields To show this, let us

recall the AdS3 Janus solution [115,116]. For this we start with the three dimensional
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Γdis;1
A

Γdis;2
A

Figure 12: Holographic entanglement entropy in AdS/BCFT. The green curve is the
connected RT surface; the yellow curve is the disconnected RT surface.

action for the 3d metric and the dilaton field φ:

Igrav[G,φ] =
1

16πGN

∫
d3x

√
G
[
R[G]−GAB∂Aφ∂Bφ+ 2

]
. (4.122)

The equation of motion is given by

R[G]AB − 1

2
R[G]GAB −GAB = 8πGNT(φ)AB,

T(φ)AB =
1

8πGN

(
∇Aφ∇Bφ− 1

2
GAB(∇Cφ∇Cφ)

)
,

□Gφ = 0.

(4.123)

Now supppose we seek the solution with AdS2 isometry similar to the previous

AdS/BCFT subsection. The solution ansatz looks like

ds2 = f(µ)(dµ2 + ds2AdS2
), φ = φ(µ). (4.124)

The equations of motion for the scalar field φ and the metric f(µ) leads to

1

f(µ)3/2
d

dµ

(√
f(µ)

d

dµ
φ

)
= 0 ⇒ dφ(µ)

dµ
=

γ√
f(µ)

,

R[G] = − 2

f
− 2f ′′(µ)

f(µ)
+

3

2

f ′(µ)

f(µ)3
= −6 +

γ2

f(µ)2
⇔ df(µ)

dµ
=
√
f(4f 2 − 4f + 2γ2),

(4.125)

where γ is a constant which parametrizes the Janus deformation. For generic γ

we find a following solution

f(µ) =

(
1+χ
2

)2
sn
(

1+χ
2
(µ+ µ0),

1−χ
1+χ

) (4.126)
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where we introduced χ =
√

1− 2γ2, µ0 is explained right now. In the Janus solution,

there is a parameter µ0. This is the such that −µ0 ≤ µ ≤ µ0, given by

µ0 =

√
2

1 + χ

∫ 1

0

ds√
(1− s2)

(
1− 1−χ

1+χ
s2
) =

√
2

1 + χ
K

(
1− χ

1 + χ

)
, (4.127)

where K (z) is the complete elliptic integral of the first kind. We find that γ should

be γ2 < 1
2
for nice solution. If γ2 ≥ 1

2
, its is known that there is a naked singluarity.

At µ = ±µ0, f(µ) gets divergent and these two correspond to two different AdS

boundaries. When γ = 0 i.e. without the Janus deformation, we have f(µ) = 1
cos2 µ

and µ0 =
π
2
. There is another nice radial coordinate. The coordinate transformation

y =
∫ µ
0
ds
√
f(s) rewrites the solution as follows

ds2 = dy2 + f(y)ds2AdS2
,

f(y) =
1

2
(1 +

√
1− 2γ2 cosh 2y),

φ(y) = φ0 +
1√
2
log

[
1 +

√
1− 2γ2 +

√
2γ tanh y

1 +
√
1− 2γ2 −

√
2γ tanh y

]
. (4.128)

We are noticing that φ(y → ±∞) = φ0 ± 1√
2
log

[
1+
√

1−2γ2+
√
2γ

1+
√

1−2γ2−
√
2γ

]
. This two dif-

ferent asymptotic values of the dilaton indicate that the CFTs in y → ±∞ are

different CFTs. Two distinct CFTs are connected by a interface. Because of left

AdS2 isometry we can see that this interface is conformal interface since they keep

half of conformal symmetry. One specific examples are D1-D5 CFTs and we see

the deformed theories constructed from two different tori radius. The integration

constant γ or χ is related to the energy of this conformal interface.

Depending on the choice of AdS2 metric in (4.128), we have various physical

situations of ICFTs. One simplest choice is the Poincare AdS2 metric,

ds2AdS2
=

−dt2 + dξ2

ξ2
, ξ > 0. (4.129)

In this case, we see that the corresponding ICFT lie in the plane and interface locates

in x = 0. Similar to the EOW brane in the AdS/BCFT correspondence, there is a

brane corresponds to this interface. Indeed, the solution of equation of motion is

very similar to the kink solution of ϕ4 theory and the bulk stress tensor is localized

as we can see in the Figure 13. Thus the Janus solution is nothing but a soft wall

solution.

Later, we consider another choice that ds2AdS2
is blackhole which gives nontrivial
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Figure 13: Plot of solution of φ(y) and bulk stress tensor Ttt(y). We can see that
the plots are very similar to the kink solution.

non-equilibrium dynamics.

4.4 Braneworld holography

In the usual AdS/CFT correspondence, we assign the Dirichlet boundary conditions

for bulk fields and boundary fields are frozen and non dynamical (Thus they are

play a role of source). We can consider another boundary conditions for example

the Neumann boundary conditions [117–119]. In this case, the boundary fields

can be dynamical and some parts of the conformal boundary is EOW brane. As

one specific example, we consider flat brane T = 1 which is originally discussed

by Landall-Sundram. Then we consider to expand the Einstein Hilbert action with

Hwaking-Gibbons boundary action. This procedure is exactly same as what we done

in the holographic renormalization. Here we consider d = 2 for simplicity. Suppose

we have S
(fin)
ren as a renormalized on-shell action. Then we discuss the GKPW relation

for this gravitational action,

e−S
(fin)
ren [γ] = e−W

(fin)
CFT[γ] (4.130)

,where

S(fin)
ren =

∫
d2x

√
γ
(
L(2) + L(4)

)
= Sreg + Sct = W

(fin)
CFT

(4.131)

Then moving the counter term to the left and doing the integral since we consider

dynamical fluctuation of the boundary fields∫
[dγ]e−SEH[G;γ]−SHG[γ] =

∫
[dγ]e+Sct[γ]−W (fin)

CFT[γ] (4.132)
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The gravitational equation of motion is obtained as

δSct[γ]

δγab
− δW

(fin)
CFT[γ]

δγab
= 0. (4.133)

The concrete form of the counter term is

Sct = − 1

κ2

∫
Σr

d2x
√
γ

(
−1− 1

8
R[γ] log e−2r

)
=

1

κ2

∫
d2x

√
γ +

πχ

2κ2
log e−2r

(4.134)

,where χ is the Euler number of the surface Σr. Thus, the equation of motion can

be rewritten as 〈
T ab
〉(fin)
ren

+
1

κ2
γab = 0. (4.135)

To compare to the convention of the paper [4], we use the relation

τab := K[γ]ab −K[γ]γab + γab

1
√
γ
Πab = − 1

2κ2
(
K[γ]ab −K[γ]γab

)
= −1

2

〈
T ab
〉(fin)
ren〈

T ab
〉(fin)
ren

=
1

κ2
(
τab − γab

)
.

(4.136)

Then the (4.135) is equivalent to

τab = 0 (4.137)

,which is by definition, equivalent to the junction condition.
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Part II

Eigenstate Thermalization

Hypothesis and Gravity
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5 Thermalization and Equilibration in closed quan-

tum many body systems

We study quantum many-body systems defined either on spatial lattices or as quan-

tum field theories on R× Sd−1, and we assume that the energy spectrum is discrete

within the energy window of interest. This discreteness is expected since the spatial

manifold has finite volume. We write the Hamiltonian in its spectral decomposition

as H =
∑

nEn |En⟩ ⟨En|. The theory is defined on a Hilbert space H associated

with Cauchy slices, and we denote by B(H) the algebra of all bounded operators

acting on H. As a preliminary step, we introduce an energy shell inside the full

Hilbert space H,

HE,∆E =
⊕

E<En<E+∆E

C |En⟩ ⊂ H, (5.1)

whose dimension is denoted byDE,∆E = dimHE,∆E. The corresponding microcanon-

ical entropy is defined as Smc(E) := logDE,∆E. The energy width ∆E is chosen to

be much smaller than the central energy E, while still being sufficiently large so

that the shell contains a large number of energy eigenstates. The microcanonical

ensemble associated with this energy shell is defined by

ρ(E,∆E)
mc =

1

DE,∆E

PHE,∆E
, (5.2)

where PHE,∆E
denotes the projection operator onto HE,∆E. For an operator O ∈

B(H), we denote its expectation value in the microcanonical ensemble by ⟨O⟩E,∆Emc =

Tr
[
Oρ(E,∆E)

mc

]
.

In practice, especially in the thermodynamic limit, one does not consider the full

operator algebra B(H), but rather focuses on a distinguished subset of physically

relevant operators that remain meaningful in that limit. We denote such a set by

A ⊂ B(H). Depending on the choice of thermodynamic limit and of A, several

notions of thermal equilibrium can be formulated. Typical examples include

• the large volume limit, with A chosen as a set of macroscopic operator den-

sities, such as the density of total magnetization [30, 120–123]. This choice

leads to the concept of macroscopic thermal equilibrium (MATE). A notable

feature is that this notion applies equally well to classical systems, in contrast

to microscopic notions of equilibrium;

• the large volume limit with A taken to consist of local or few-body oper-

ators [124–127]. This setting gives rise to microscopic thermal equilibrium

(MITE). This notion is closely tied to canonical typicality, namely the state-

ment that typical pure states in an energy shell are locally indistinguishable
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from the microcanonical ensemble. It is inherently quantum mechanical and

has no direct classical analogue. Related ideas, often referred to as subsystem

ETH, have been discussed for conformal field theories in [128]. For a detailed

comparison between MITE and MATE, see [129];

• the large N limit, where A consists of light single-trace operators or a small

number of multi-trace operators. This limit corresponds to the semiclassical

regime of the gravitational dual in the AdS/CFT correspondence and plays a

central role in black hole thermodynamics.8

Precise formulations of these notions of thermal equilibrium are given in Section 5.5.

In introductory courses on statistical physics, equilibrium states are typically

described by mixed states such as the microcanonical or canonical ensembles. For

isolated quantum systems, however, it is necessary to formulate what it means for a

pure state to represent thermal equilibrium. For a given thermodynamic limit and

a chosen set of observables A, we adopt the following definition.

Definition

Definition 1. We say that a pure state |ψ⟩ ∈ HE,∆E represents equilibrium

with respect to a fixed thermodynamic limit and the operator set A if, for every

O ∈ A, the inequality∣∣∣⟨ψ| O |ψ⟩ − ⟨O⟩E,∆Emc

∣∣∣ ≤ e−O(Smc(E)) (5.3)

holds in the regime of large but finite Smc(E).

A comment is in order regarding the exponentially small bound appearing in

this definition. In realistic quantum many-body systems, the deviation from the

microcanonical expectation value can depend sensitively on the choice of the energy

width ∆E. The width is assumed to be chosen such that the energy shell contains

many quantum states, but its precise scaling can influence quantitative estimates.

Nevertheless, equilibrium pure states form an overwhelming majority within the

energy shell: they are typical states in the Hilbert space. Indeed, a typicality the-

orem guarantees that almost all pure states drawn from the energy shell represent

thermal equilibrium in the sense defined above.

5.1 Typicality Theorems

Surprisingly, mathematically we can show that most of the quantum states in the

energy shell represents the equilibrium defined in the Definition 5. This is basi-

8In some situations, a large volume limit is also considered simultaneously with the large N
limit in AdS/CFT settings.
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cally follows from the mathematical phenomena called measure concentration in

probability theory. Typically people call this phenomena as typicality of thermal

equilibrium. Following we see some concrete realization of typicality theorems.

5.1.1 Lloyd’s Discussion

Here we review the Lloyd’s typicality discussions and raise its problem in our pur-

pose. We consider the random state |ψ⟩ =
∑

n cn |En⟩ ∈ HE,∆E,
∑

n |cn|
2 = 1.

The nice measure on HE,∆E is uniform measure. This is unique basis independent

measure. We define the average over HE,∆E as

E[F [|ψ⟩]] :=
∫
(
∏

n dcn)δ
(∑

n |cn|
2 − 1

)
F ({cn})∫

(
∏

n dcn)δ
(∑

n |cn|
2 − 1

) (5.4)

The formula on this measure is following

E[c∗ncm] =
1

DE,∆E

δnm (5.5)

E[c∗ncmc∗kcl] =
1

DE,∆E(DE,∆E + 1)
(δnmδlk + δnlδmk). (5.6)

From these formulas we can derive for any O ∈ B(H),

E[⟨ψ| O |ψ⟩] =
∑
n,m

E[c∗ncm] ⟨En| O |Em⟩ (5.7)

=
1

DE,∆E

∑
n

⟨En| O |En⟩ = ⟨O⟩E,∆Emc . (5.8)

Also the square is

E
[
⟨ψ| O |ψ⟩2

]
=
∑
n,m,k,l

E[c∗ncmc∗kcl] ⟨En| O |Em⟩ ⟨Ek| O |El⟩

=
1

DE,∆E(DE,∆E + 1)

(∑
n

⟨En| O |En⟩

)2

+
∑
n,m

⟨En| O |Em⟩ ⟨Em| O |En⟩


=

DE,∆E

DE,∆E + 1

(
⟨O⟩E,∆Emc

)2
+

1

DE,∆E + 1
Tr
[(
ρ(E,∆E)
mc

) 1
2O
(
ρ(E,∆E)
mc

) 1
2O
]
.

(5.9)
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Then the variance is evaluate as

V[⟨ψ| O |ψ⟩]
= E

[
⟨ψ| O |ψ⟩2

]
− E[⟨ψ| O |ψ⟩]2

= − 1

DE,∆E + 1

(
⟨O⟩E,∆Emc

)2
+

1

DE,∆E + 1
Tr
[(
ρ(E,∆E)
mc

) 1
2O
(
ρ(E,∆E)
mc

) 1
2O
]

=
1

DE,∆E + 1
Tr
[(
ρ(E,∆E)
mc

) 1
2 Ômc

(
ρ(E,∆E)
mc

) 1
2 Ômc

]
=

1

DE,∆E + 1
⟨mcTFD| ÔL

mc ⊗ ÔR
mc |mcTFD⟩

(5.10)

where we define the one-point function subtracted operator Ômc = O − ⟨O⟩E,∆Emc

and |mcTFD⟩ = 1√
DE,∆E

∑
n |En⟩L |En⟩R. We have another expression by using the

projection on the energy shell,

V[⟨ψ| O |ψ⟩] = 1

DE,∆E + 1

(
⟨OPE,∆EO⟩E,∆Emc −

(
⟨O⟩E,∆Emc

)2)
. (5.11)

If PE,∆EO = O, so the operator O is high energy operator, then

V[⟨ψ| O |ψ⟩] = 1

DE,∆E + 1

(〈
O2
〉E,∆E
mc

−
(
⟨O⟩E,∆Emc

)2)
. (5.12)

By using the Chebishev’s inequality, we have bound for the probability,

Prob
[∣∣∣⟨ψ| O |ψ⟩ − ⟨O⟩E,∆Emc

∣∣∣ > ϵ
]
<

V[⟨ψ| O |ψ⟩]
ϵ2

. (5.13)

If the right hand side is very small, we can say that for almost all state |ψ⟩, we
cannot distinguish the pure state and microcanonical ensemble with probe O. From

now we see one specific example, when O is local operator.

5.1.2 Other Typicality theorem

The canonical typicality ensures that for any local operator such that O = OX⊗1Xc ,

⟨ψ| O |ψ⟩ = TrX
[
ρXψOX

]
≈ TrX

[(
ρ(E,∆E)
mc

)XOX

]
= Tr

[
ρ(E,∆E)
mc O

]
(5.14)

where
(
ρ
(E,∆E)
mc

)X
:= TrXc

[
ρ
(E,∆E)
mc

]
. This ensure us that most of the single pure

state reproduce the same expectation value as that of microcanonical one. Surpris-

ingly, similar statement holds for bounded operator [130–132],

Prob
[∣∣∣⟨ψ| O |ψ⟩ − ⟨O⟩E,∆Emc

∣∣∣ > ϵ
]
<

∥O∥2∞
ϵ2DE,∆E

(5.15)
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where ∥O∥∞ := sup|ψ⟩̸=0

√
⟨ψ|O†O|ψ⟩

⟨ψ|ψ⟩ denotes the operator norm. This theorem says

that the locality of an operator is not important at the level of expectation value,

when we take the total system sufficiently large or whose Hilbert space is large.

We have more tight bounds which may be useful in QFTs:

Theorem

Theorem 1. For any bounded operators O ∈ B(H) and for any ϵ > 0, it holds

that

Prob
[∣∣∣⟨ψ| O |ψ⟩ − ⟨O⟩E,∆Emc

∣∣∣ > ϵ
]
<

1

ϵ2(DE,∆E + 1)
⟨mcTFD| ÔL

mc⊗ÔR
mc |mcTFD⟩ .

(5.16)

Also this right hand side is bounded by the following quantities

•

⟨mcTFD| ÔL
mc ⊗ ÔR

mc |mcTFD⟩

<
Z(β)eβ(E+∆E)

DE,∆E

⟨TFD(β)| ÔL
can ⊗ ÔR

can |TFD(β)⟩
(5.17)

where we denote

⟨O⟩βcan = Tr
[
Oρ(β)can

]
, Ôcan = O − ⟨O⟩βcan . (5.18)

The optimal choice of β is chosen such that

∂S(E)

∂E
= β, S(E) = logDE,∆E (5.19)

and
Z(β)eβ(E+∆E)

DE,∆E

= O(log (DE,∆E)). (5.20)

The canonical correlation functions are

⟨TFD(β)| ÔL
can ⊗ ÔR

can |TFD(β)⟩ = Tr
[
Ôcan

(
ρ(β)can

) 1
2 Ôcan

(
ρ(β)can

) 1
2

]
= Tr

[
ρ(β)canÔcan

(
β

2

)
Ôcan(0)

]
.

(5.21)

•
(RHS) <

4∥O∥2∞
ϵ2(DE,∆E + 1)

. (5.22)

This is similar to (5.15)
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•
⟨mcTFD| ÔL

mc ⊗ ÔR
mc |mcTFD⟩ ≤ ∥O∥2∞

√
2I(L : R) (5.23)

where I(L : R) is a mutual information between the left and right subsys-

tems of the (micro) canonical TFD state

In these bounds the first one is most tight and UV finite.

Proof. From the Chebyshev’s inequality we have

Prob
[∣∣∣⟨ψ| O |ψ⟩ − ⟨O⟩E,∆Emc

∣∣∣ > ϵ
]
<

V[⟨ψ| O |ψ⟩]
ϵ2

. (5.24)

From (5.10), we have (5.16).

Then, we try to prove the bound with canonical ensemble (5.17). Firstly, we

consider the following inequality,

⟨mcTFD| ÔL
mc ⊗ ÔR

mc |mcTFD⟩
≤ ⟨mcTFD| (ÔL

mc + a1L)⊗ (ÔL
mc + a1R) |mcTFD⟩

(5.25)

for any a ∈ R. The proof is very simple,

⟨mcTFD| (ÔL
mc + a1L)⊗ (ÔL

mc + a1R) |mcTFD⟩
= ⟨mcTFD| ÔL

mc ⊗ ÔL
mc |mcTFD⟩+ a ⟨mcTFD| ÔL

mc ⊗ 1R |mcTFD⟩
+ a ⟨mcTFD| 1L ⊗ ÔR

mc |mcTFD⟩+ a2 ⟨mcTFD| 1L ⊗ 1R |mcTFD⟩
= ⟨mcTFD| ÔL

mc ⊗ ÔL
mc |mcTFD⟩+ a2 ≥ ⟨mcTFD| ÔL

mc ⊗ ÔL
mc |mcTFD⟩

(5.26)

where we use

⟨O⟩E,∆Emc = ⟨mcTFD| OL ⊗ 1R |mcTFD⟩ = ⟨mcTFD| 1R ⊗OR |mcTFD⟩ (5.27)

and
〈
Ômc

〉E,∆E
mc

= 0 by definition. Then, we set a = ⟨O⟩E,∆Emc − ⟨O⟩βcan with some
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β > 0. Then, by denoting Ôcan = O − ⟨O⟩βcan,

⟨mcTFD| ÔL
can ⊗ ÔL

can |mcTFD⟩

=
1

DE,∆E

∑
|En⟩,|Em⟩∈HE,∆E

∣∣∣⟨En| Ôcan |Em⟩
∣∣∣2

=
1

DE,∆E

∑
|En⟩,|Em⟩∈HE,∆E

e
βEn
2 e−

βEn
2 e

βEm
2 e−

βEm
2

∣∣∣⟨En| Ôcan |Em⟩
∣∣∣2

≤ eβ(E+∆E)

DE,∆E

∑
|En⟩,|Em⟩∈HE,∆E

e−
βEn
2 e−

βEm
2

∣∣∣⟨En| Ôcan |Em⟩
∣∣∣2

=
eβ(E+∆E)

DE,∆E

∑
|En⟩,|Em⟩∈HE,∆E

⟨En| e−
βH
2 Ôcane

−βH
2 |Em⟩ ⟨Em| Ôcan |En⟩

≤ eβ(E+∆E)

DE,∆E

∑
|En⟩,|Em⟩∈H

⟨En| e−
βH
2 Ôcane

−βH
2 |Em⟩ ⟨Em| Ôcan |En⟩

=
Z(β)eβ(E+∆E)

DE,∆E

Tr
[(
ρ(β)can

) 1
2 Ôcan

(
ρ(β)can

) 1
2 Ôcan

]
=
Z(β)eβ(E+∆E)

DE,∆E

⟨TFD(β)| ÔL
can ⊗ ÔR

can |TFD(β)⟩ .

(5.28)

Notice that so far β is introduced just a positive parameter. With some technical

assumption, we can show that [133] with setting

∂S(E)

∂E
= β(E) = β (5.29)

we have
Z(β)eβ(E+∆E)

DE,∆E

= O(logDE,∆E). (5.30)

Intuitively, since Z(β) ≈ e−βF (β),

Z(β)eβ(E+∆E)

DE,∆E

≈ exp{−β(F (β)− E − TS(E))} (5.31)

and the right hand side is not huge in the thermodynamic limit with thermodynamic

relation.

Next we try to show (5.22). This is easy if O is hermitian 9. The derivation is

9The hermitian condition will be just for simplification
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follows,

⟨mcTFD| ÔL
mc ⊗ ÔR

mc |mcTFD⟩

= Tr
[
Ômc

(
ρ(E,∆E)
mc

) 1
2 Ômc

(
ρ(E,∆E)
mc

) 1
2

]
≤

√√√√Tr

[
Ômc

(
ρ
(E,∆E)
mc

) 1
2

(
Ômc

(
ρ
(E,∆E)
mc

) 1
2

)†
]
Tr

[
Ômc

(
ρ
(E,∆E)
mc

) 1
2

(
Ômc

(
ρ
(E,∆E)
mc

) 1
2

)†
]

= Tr
[
ρ(E,∆E)
mc Ô2

mc

]
=

1

DE,∆E

∑
|En⟩∈HE,∆E

⟨En| Ô2
mc |En⟩ ≤ ∥Ô∥2∞ = 4∥O∥2∞.

(5.32)

Next we consider (5.23). Define CρAB
[OA,OB] as

CρAB
[OA,OB] := Tr{ρABOA ⊗OB} − Tr{ρAOA}Tr{ρBOB}. (5.33)

There is a useful formula

Lemma 1. For any bounded operators OA,OB and quantum state ρAB

1

2

(
CρAB

[OA,OB]

∥OA∥∞∥OB∥∞

)2

≤ IρAB
(A : B) (5.34)

,where A = suppOA, B = suppOB and I(A : B) is the quantum mutual information,

IρAB
(A : B) = S(A) + S(B)− S(AB) (5.35)

If we set A = HL = H, B = HR = H, ρAB = ρ
(E,∆E)
mc , we see (5.23).

5.2 Equilibration and Thermalization

5.2.1 Typicality is kinematical

In the previous subsection, we argue that the most of the quantum states in the shell

represent thermal equilibrium. From this fact, we may consider following paradigm

for non-equilibrium dynamics: as an initial state, we have a non-equilibrium and

atypical state. It is natural to consider, the unitary time evolution then move this

non-equilibrium atypical state to typical equilibrium state. See Figure 14.

However, we need to notice that the typicality theorems does not say about the

time evolutions. They are just a mathematical theorem which do not depends on

the detail of Hamiltonian and thus kinematical. We know that the actual dynamics

highly depends on the structure of Hamiltonian like energy eigenstates and spectrum.
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Atypical state = non-equilibrium

Typical state = equilibrium

e−iHt
HE,∆E

Figure 14: Illustration of non-equilibrium dynamics which we ”naively” expect from
typicality theorem.The red points express the initial state |ψ(0)⟩.

This is non-trivial and we need to go beyond the typicality theorem. Thus, to discuss

the thermalization behavior from non equilibrium to equilibrium in closed systems

we need to more about the information of Hamiltonian and initial states. From now

we discuss this part.

5.2.2 Equilibration and Thermalization

Now we would like to ask a question, for example, for states |ψ(0)⟩ and time evolution

|ψ(t)⟩ = e−iHt |ψ(0)⟩, there exists a ”equilibration time teq” such that for any time

t ≥ teq, we see ∣∣∣⟨ψ(t)| O |ψ(t)⟩ − ⟨O⟩E,∆Emc

∣∣∣ = e−O(Smc(E)). (5.36)

Empirically this will be true. However, this never happens. There is a theorem

called Poincare recurrence which states that for closed systems with finite dimen-

sional energy shell some time evolved states are very close to the initial states.

In practical, the recurrence time is very long compared to the equilibration time.

With this observation, we ask another question: for states |ψ(0)⟩ and time evolution

|ψ(t)⟩ = e−iHt |ψ(0)⟩, can we confirm that for almost all time t the equation (5.2.2)

holds?.

To formulate this question in more practical manner, we consider an uniform

distribution of time µtime. Then the above question is evaluation of the probability

Probµtime

[∣∣∣⟨ψ(t)| O |ψ(t)⟩ − ⟨O⟩E,∆Emc

∣∣∣ > ϵ
]

(5.37)
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is small or not for ϵ = e−O(Smc(E)). This probability is bounded by above

Probµtime

[∣∣∣⟨ψ(t)| O |ψ(t)⟩ − ⟨O⟩E,∆Emc

∣∣∣ > ϵ
]

= Probµtime

[∣∣∣⟨ψ(t)| O |ψ(t)⟩ − ⟨O⟩E,∆Emc

∣∣∣2 > ϵ2
]

≤ 1

ϵ2
Eµtime

[∣∣∣⟨ψ(t)| O |ψ(t)⟩ − ⟨O⟩E,∆Emc

∣∣∣2]
=

1

ϵ2

∣∣∣⟨ψ(t)| O |ψ(t)⟩ − ⟨O⟩E,∆Emc

∣∣∣2T
(5.38)

where we denote the long-time average as

A(t)
T
= lim

T→∞

1

T

∫ T

0

dtA(t). (5.39)

by using the triangle inequality we can decompose the time average by two parts

∣∣∣⟨ψ(t)| O |ψ(t)⟩ − ⟨O⟩E,∆Emc

∣∣∣2T ≤
∣∣∣⟨ψ(t)| O |ψ(t)⟩ − ⟨ψ(t)| O |ψ(t)⟩

T
∣∣∣2T

+
∣∣∣⟨ψ(t)| O |ψ(t)⟩

T
− ⟨O⟩E,∆Emc

∣∣∣2T
=
∣∣∣⟨ψ(t)| O |ψ(t)⟩ − ⟨ψ(t)| O |ψ(t)⟩

T
∣∣∣2T

+
∣∣∣⟨ψ(t)| O |ψ(t)⟩

T
− ⟨O⟩E,∆Emc

∣∣∣2.
(5.40)

The first term represents the fluctuation of ⟨ψ(t)| O |ψ(t)⟩ from the steady long-time

average value ⟨ψ(t)| O |ψ(t)⟩
T
is thermodynamically small. If this part is small, then

we call the initial state |ψ(0)⟩ shows equilibration.

Definition

Definition 2. For a given initial state |ψ0⟩, we say the time evolution |ψ(t)⟩ =
e−iHt |ψ0⟩ undergoes equilibration if it holds that for any O ∈ A

(
⟨ψ(t)| O |ψ(t)⟩ − (⟨ψ(t)| O |ψ(t)⟩)

T
)2T

≤ e−O(Smc(E)) (5.41)

As an important remark, in the definition of the equilibration, we just have some

steady state. In concrete, the relevant quantum state is given by

ρD := |ψ(t)⟩ ⟨ψ(t)|
T
=
∑
n

|cn|2 |En⟩ ⟨En| (5.42)
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in the last equality we assume that there is no energy eigenstates degeneracy. Indeed,

we have

⟨ψ(t)| O |ψ(t)⟩
T
= Tr[ρDO]. (5.43)

ρD is called diagonal ensemble and initial state dependent state. Thus to discuss, the

state reaches to thermal equilibrium state, we need to discuss that the steady state

in equilibration is close t microcanonical ensemble. This is called thermalization

and related to the second term of (5.40).

Definition

Definition 3. For a given initial state |ψ0⟩, we say the time evolution |ψ(t)⟩ =
e−iHt |ψ0⟩ undergoes thermalization if it holds that for any O ∈ A,∣∣∣⟨ψ(t)| O |ψ(t)⟩

T
− ⟨O⟩E,∆Emc

∣∣∣ = ∣∣∣Tr[ρDO]− ⟨O⟩E,∆Emc

∣∣∣ ≤ e−O(Smc(E)) (5.44)

If a given initial state |ψ0⟩ and theory undergoes equilibration and thermaliza-

tion, we see that the time-evolved state |ψ(t)⟩ represents equilibrium for most of the

time t larger than some relaxation time like a Figure 15.

Now We consider the sufficient conditions for equilibration and thermalization.

We can discuss the upper bound for the left-hand side of (5.41) and (5.44) indepen-

dently. These discussion involves dependence of 1) initial states and 2) theory or

Hamiltonian.

Time t

⟨ψ(t)| O |ψ(t)⟩

Figure 15: Typical behavior of the one point function ⟨ψ(t)| O |ψ(t)⟩.

5.3 Initial State Independent Upper Bound: Strong ETH

We begin by examining an upper bound that does not depend on the choice of initial

states. This situation arises in sufficiently chaotic systems. For simplicity, let us

impose the following two assumptions on the energy spectrum within the chosen

energy shell:
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1. Non-degeneracy:

En = Em ⇒ n = m (5.45)

2. Non-resonance:

En − Em = El − Ek ⇒ n = l, m = k (5.46)

These assumptions may be relaxed to some degree. Under them, the left-hand side

of (5.41) can be rewritten as

(
⟨ψ(t)| O |ψ(t)⟩ − (⟨ψ(t)| O |ψ(t)⟩)

T
)2T

=
∑
n̸=m

|cn|2|cm|2 | ⟨En| O |Em⟩ |2

<
(
max
n̸=m

| ⟨En| O |Em⟩ |
)2 ∑

n̸=m

|cn|2|cm|2

<
(
max
n̸=m

| ⟨En| O |Em⟩ |
)2
.

(5.47)

Thus, if the following condition known as the off-diagonal ETH is satisfied, every

initial state in the shell equilibrates:

Off-diagonal ETH: ∀O ∈ A, ∀ |En⟩ , |Em⟩ ∈ HE,∆E, n ̸= m,

| ⟨En| O |Em⟩ | ≤ e−O(Smc(E)).
(5.48)

Next, consider the upper bound that appears on the left-hand side of (5.44).

Suppose that the system additionally satisfies the (diagonal) ETH:

Diagonal ETH: ∀O ∈ A, ∀ |En⟩ ∈ HE,∆E,

| ⟨En| O |En⟩ − ⟨O⟩E,∆Emc | ≤ e−O(Smc(E)).
(5.49)

Under this assumption, the left-hand side of (5.44) becomes small for arbitrary

initial states, leading to thermalization throughout the energy shell.

We refer to the combination of the off-diagonal and diagonal ETH conditions

(5.48), (5.49) as the strong ETH [31,32]:

Definition

Definition 4. A system is said to satisfy the strong eigenstate thermalization

hypothesis (ETH) on an energy shell HE,∆E with respect to a chosen thermody-

namic limit and a class of observables A, if both the diagonal and off-diagonal

ETH conditions hold. When this is the case, the system exhibits equilibration
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and thermalization for any initial state belonging to the shell.

There exist numerical studies supporting the validity of strong ETH [39, 134].

Nevertheless, establishing strong ETH analytically for specific chaotic Hamiltonians

remains notoriously challenging, as one typically lacks explicit expressions for energy

eigenstates and cannot directly compute matrix elements such as ⟨En| O |Em⟩.

5.4 Initial State Dependent Upper Bound

As an alternative upper bound for the left-hand sides of (5.41) and (5.44), we may

consider bounds that explicitly depend on the choice of initial state. These bounds

will later play an important role in our analysis. To proceed, let us introduce the set

of energy eigenstates within the shell, denoted by EE,∆E, equipped with the uniform

probability measure. Using this, we define the following probability:

∆ϵ
diag,ETH[O] := ProbEE,∆E

[∣∣∣⟨En| O |En⟩ − ⟨O⟩E,∆Emc

∣∣∣ > ϵ
]
, (5.50)

where ϵ = e−O(Smc(E)) is taken to be a small positive parameter10. This quantity

measures the fraction of energy eigenstates in the shell for which the diagonal ETH

is violated by more than ϵ.

A similar quantity can be introduced for matrix elements between different eigen-

states. Define a set E ′
E,∆E of ordered pairs of distinct energy eigenstates:

E ′
E,∆E :=

{
(|En⟩ , |Em⟩) ∈ HE,∆E ×HE,∆E

∣∣ |En⟩ ̸= |Em⟩ up to an unphysical phase
}
.

(5.51)

Equipping this set with the uniform probability measure, we define

∆ϵ
off,ETH[O] := ProbE ′

E,∆E
[|⟨En| O |Em⟩| > ϵ]. (5.52)

Our goal is to derive state-dependent upper bounds involving these probabilities.

Throughout this discussion, we assume the non-degeneracy condition (5.45) and the

non-resonance condition (5.46).

Let us begin with thermalization. A useful inequality established in [123] is the

following:

10To obtain a meaningful upper bound, one needs to be careful in choosing ϵ. We will clarify
this point in a later section.
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Theorem

Theorem 2. For any ϵ > 0, any initial state |ψ0⟩ =
∑

|En⟩∈HE,∆E
cn |En⟩, and

any bounded operator O ∈ B(H), the following bound holds:

∣∣∣⟨ψ(t)| O |ψ(t)⟩
T
− ⟨O⟩E,∆Emc

∣∣∣ < ∥O∥∞

(
ϵ+

√
2DE,∆E

Deff

∆ϵ
diag,ETH[O]

)
, (5.53)

where the effective dimension is given by [123,135]

Deff :=

(∑
n

|cn|4
)−1

=
(
Tr
[
ρ2D
])−1

. (5.54)

The quantity Deff characterizes how many eigenstates meaningfully contribute

to the initial state. For instance, a single energy eigenstate yields Deff = 1, whereas

a maximally coherent superposition, |ψ⟩ =
∑

|En⟩∈HE,∆E

1√
DE,∆E

|En⟩ , gives Deff =

DE,∆E. It is well known that typical states in high-dimensional Hilbert spaces satisfy

Deff = O(DE,∆E) [136]. We put this discussion in up-coming subsection Section

5.4.2.

Since local operators often suffer from UV divergences in their operator norms

due to short-distance singularities, one typically smears them using a test function f ,

O[f ](t) :=
∫
dx f(x)O(x, t),

∫
dx f(x) = 1, or alternatively performs Euclidean

time evolution, O(t + ib) := ebHO e−bH . For brevity, such smearing will be left

implicit in what follows.

An important feature of (5.53) is that the dependence on the initial state and

the dependence on the Hamiltonian factorize: the former appears solely via Deff ,

while the latter enters only through ∆ϵ
diag,ETH[O].

From the inequality, we conclude that for a given initial state, if for sufficiently

small ϵ,
DE,∆E

Deff

sup
O∈A

∆ϵ
diag,ETH[O] ≤ e−O(Smc(E)), (5.55)

then thermalization is guaranteed. Furthermore, since 1 ≤ Deff ≤ DE,∆E, the most

conservative requirement ensuring thermalization for all initial states is

DE,∆E sup
O∈A

∆ϵ
diag,ETH[O] ≤ e−O(Smc(E)). (5.56)

The scaling behavior of ∆ϵ
diag,ETH[O] in the thermodynamic limit is therefore crucial.

For instance, applying large deviation estimates in translation-invariant quantum
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spin systems on a d-dimensional lattice, one obtains [137]

∆ϵ
diag,ETH[O] ≤ e−γ(ϵ)Ndof , (5.57)

for some positive coefficient γ(ϵ). Other upper bounds for operators with large

support are discussed in [138,139]. These inequalities apply to both integrable and

non-integrable models and therefore do not by themselves imply thermalization.

However, if we assume the scaling

DE,∆E = es(E)Vol(Sd−1), Deff = eηVol(S
d−1), (5.58)

with sufficiently large volume, then the condition s(E) < η + γ(ϵ) ensures thermal-

ization of states with effective dimension satisfying (5.58).

As discussed in [140], the actual scaling of ∆ϵ
diag,ETH[O] may differ drastically

between integrable and chaotic systems. For integrable models, it is conjectured

that

∆ϵ
diag,ETH[O] ≈ e−O(Smc(E)), (5.59)

whereas for genuinely non-integrable systems the conjectured scaling is doubly ex-

ponential:

∆ϵ
diag,ETH[O] ≈ e−# eO(Smc(E))

, # > 0. (5.60)

These behaviors have been numerically observed in spin-chain models: the XX

model (integrable) and the XXX model with perturbations (non-integrable). If

the doubly exponential suppression indeed holds, condition (5.56) is automatically

satisfied, implying thermalization from any initial state—equivalent to the diagonal

strong ETH. In contrast, if there exist ETH-violating eigenstates such as quantum

many-body scars [141,142], the doubly exponential suppression cannot occur, since

DE,∆E∆
ϵ
diag,ETH[O] would then fail to be doubly exponentially small.

A similar analysis applies to the off-diagonal sector. For any quantum many-

body Hamiltonian satisfying non-resonance, one has:

Theorem

Theorem 3. Let ϵ > 0, |ψ0⟩ any initial state, and O ∈ B(H) a bounded opera-

tor. Under the assumptions of non-degeneracy and the non-resonance condition

(5.46), the following inequality holds:

∣∣∣⟨ψ(t)| O |ψ(t)⟩ − ⟨ψ(t)| O |ψ(t)⟩
T
∣∣∣2T ≤ ∥O∥2∞

(
ϵ2 +

(DE,∆E)
3/2

Deff

√
∆ϵ

off,ETH[O]

)
.

(5.61)
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Here ∆ϵ
off,ETH[O] is the probability defined in (5.52).

The proof of this result is presented in Section 5.4.1. As before, equilibration

follows for a given initial state if

(DE,∆E)
3/2

Deff

√
∆ϵ

off,ETH[O] = e−O(Smc). (5.62)

Moreover, if the Hamiltonian satisfies a doubly exponential suppression analogous

to (5.60),

∆ϵ
off,ETH[O] ≈ e−#′eO(Smc)

, #′ > 0, (5.63)

then equilibration holds for every initial state.

5.4.1 Proof of theorems 2

In this section, we present a mathematical derivation of the theorems introduced

above.

■ Proof of Theorem 2

We begin by establishing the inequality (5.53). Define the subset of energy eigen-

states satisfying
∣∣∣⟨En| O |En⟩ − ⟨O⟩E,∆Emc

∣∣∣ < ϵ ∥O∥∞ as E (ϵ)
E,∆E. With this notation, a

straightforward manipulation yields∣∣∣⟨ψ(t)| O |ψ(t)⟩
T
− ⟨O⟩E,∆Emc

∣∣∣
=

∣∣∣∣∣∣
∑

|En⟩∈EE,∆E

|cn|2
(
⟨En| O |En⟩ − ⟨O⟩E,∆Emc

)∣∣∣∣∣∣
≤

∑
|En⟩∈EE,∆E

|cn|2
∣∣∣⟨En| O |En⟩ − ⟨O⟩E,∆Emc

∣∣∣
≤

∑
|En⟩∈EE,∆E−E(ϵ)

E,∆E

|cn|2
∣∣∣⟨En| O |En⟩ − ⟨O⟩E,∆Emc

∣∣∣
+

∑
|En⟩∈E(ϵ)

E,∆E

|cn|2
∣∣∣⟨En| O |En⟩ − ⟨O⟩E,∆Emc

∣∣∣
≤
√√√√ ∑

|En⟩∈EE,∆E−E(ϵ)
E,∆E

|cn|4
∑

|En⟩∈EE,∆E−E(ϵ)
E,∆E

∣∣∣⟨En| O |En⟩ − ⟨O⟩E,∆Emc

∣∣∣2 + ϵ ∥O∥∞

≤
√√√√ ∑

|En⟩∈EE,∆E

|cn|4
∑

|En⟩∈EE,∆E−E(ϵ)
E,∆E

∣∣∣⟨En| O |En⟩ − ⟨O⟩E,∆Emc

∣∣∣2 + ϵ ∥O∥∞.

(5.64)
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Noting that
∑

|En⟩∈EE,∆E
|cn|4 = (Deff)

−1,
∣∣∣⟨En| O |En⟩ − ⟨O⟩E,∆Emc

∣∣∣ ≤ 2∥O∥∞,
and using

∑
|En⟩∈EE,∆E−E(ϵ)

E,∆E
1 = DE,∆E ∆ϵ

diag,ETH[O], we arrive at the asserted in-

equality.

■ Proof of Theorem 2

We now turn to Theorem 2, which concerns the contribution from the off-diagonal

matrix elements.

Proof. Assuming the non-degeneracy of the spectrum, we can write

∣∣∣⟨ψ(t)| O |ψ(t)⟩ − ⟨ψ(t)| O |ψ(t)⟩
T
∣∣∣2T =

∑
(|En⟩,|Em⟩)∈E ′

E,∆E

|cn|2|cm|2|⟨En| O |Em⟩|2.

(5.65)

Introduce the subset

E ′
E,∆E

(ϵ)
= {(|En⟩ , |Em⟩) ∈ E ′

E,∆E; |⟨En| O |Em⟩|2 ≤ ϵ2∥O∥2∞}. (5.66)

Splitting the sum into contributions from E ′
E,∆E

(ϵ) and its complement, we obtain∑
(|En⟩,|Em⟩)∈E ′

E,∆E

|cn|2|cm|2|⟨En| O |Em⟩|2

=
∑

(|En⟩,|Em⟩)∈E ′
E,∆E

(ϵ)

|cn|2|cm|2|⟨En| O |Em⟩|2

+
∑

(|En⟩,|Em⟩)∈E ′
E,∆E−E ′

E,∆E
(ϵ)

|cn|2|cm|2|⟨En| O |Em⟩|2

≤ ϵ2∥O∥2∞ +

√√√√√√
 ∑

(|En⟩,|Em⟩)∈E ′
E,∆E−E ′

E,∆E
(ϵ)

|cn|4|cm|4


 ∑

(|En⟩,|Em⟩)∈E ′
E,∆E−E ′

E,∆E
(ϵ)

|⟨En| O |Em⟩|4

.
(5.67)

The first factor is bounded above by (Deff)
−2. To bound the second, observe that

|⟨En| O |Em⟩| =
∣∣TrHE,∆E

[(|Em⟩ ⟨En|)O]
∣∣

≤
√
TrHE,∆E

[(|Em⟩ ⟨En|)(|En⟩ ⟨Em|)] TrHE,∆E
[O†O]

=
√

TrHE,∆E
[O†O] =

√
DE,∆E ∥O∥∞.

(5.68)
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Thus, ∑
(|En⟩,|Em⟩)∈E ′

E,∆E−E ′
E,∆E

(ϵ)

|⟨En| O |Em⟩|4 ≤ (DE,∆E)
3∥O∥4∞∆ϵ

off,ETH[O]. (5.69)

Combining the above bounds yields the desired inequality.

5.4.2 Typicality for the large effective dimension

We can show that the pure states whose effective dimension is large is typical in the

energy shell in the thermodynamic limit.

Theorem

Theorem 4. For any positive number δ and for the Haar measure on the energy

shell following inequality holds.

Prob|ψ0⟩∼Haar

[∑
n

|cn|4 ≥ δ

]
≤ 1

δ

2

DE,∆E + 1

Especially by putting δ = e−ηNdof , DE,∆E = esNdof ,

Prob|ψ0⟩∼Haar

[
Deff(|ψ0⟩) ≤ eηNdof

]
≤ 2eηNdof

esNdof + 1
∼ e−Ndof(s−η) → 0as Ndof → ∞

Proof. By using the Markov’s inequality, we have

Prob|ψ0⟩∼Haar

[∑
n

|cn|4 ≥ δ

]
≤ E[

∑
n |c4n|]
δ

=
1

δ

∑
n,m,k,l

E[c∗ncmc∗kcl]

=
2

δ(DE,∆E + 1)
.

(5.70)

The last equations follow from (5.5) Thus, we find that the typical initial states

get thermalized. However, for a given theory, we should concretely examine which

states have the large effective states. For example, it is quite non-trivial whether non-

equilibrium states prepared from quantum quench have the large effective dimension.
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5.5 MATE and MITE

5.5.1 MATE

First, in a macroscopic system, we consider a set of mutually commuting macroscopic

physical quantities {Mi}i=1,··· ,k. These are extensive quantities for some degree of

freedom of the system, we denote Ndof . Example of Ndof is system volume, lattice

number, central charge ad so on. For an integer tuple ν = (m1,m2, · · · ,mk), we

define the Hilbert space Hν by

Hν := Span{|En⟩ | |En⟩ ∈ HE,∆E, Mi |En⟩ = mi∆Mi}. (5.71)

These subspaces provide a direct-sum decomposition of the energy shell:

HE,∆E =
⊕
ν

Hν . (5.72)

A representative vector in each Hν corresponds to a macroscopic state. For a physi-

cally reasonable statistical–mechanical system, there exists a particular macroscopic

Hilbert space Heq := Hνeq describing thermal equilibrium. Let Deq = dimHeq.

Then, in the thermodynamic limit, one expects that for sufficiently small ϵ,

1− Deq

DE,∆E

= ϵ. (5.73)

This condition is called thermodynamic typicality [30, 121, 129]. For example, in a

translation-invariant quantum spin system in (1 + 1) dimensions with short-range

interactions, thermodynamic typicality has been proven for a single extensive oper-

ator [143]. Let Peq denote the projection operator onto Heq. We now define what it

means for a pure state to represent thermal equilibrium in the sense of MATE.

Definition

Definition 5. A pure state |ψ⟩ within the energy shellHE,∆E is said to represent

a macroscopic thermal equilibrium (MAcroscopic Thermal Equilibrium, MATE)

if, in the thermodynamic limit, for a sufficiently small positive quantity δ,

1− ⟨ψ|Peq |ψ⟩ < δ (5.74)

is satisfied [121].

If thermodynamic typicality (5.73) holds, then pure states that represent thermal
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equilibrium in the sense of MATE are typical in the energy shell. Indeed,

⟨ψ|Peq |ψ⟩ = Tr ρmcPeq =
Deq

Du,Ndof

= 1− ϵ. (5.75)

Define the nonequilibrium projection operator by Pneq := 1 − Peq. For a MATE

state,

⟨ψ|Pneq |ψ⟩ = δ ≪ 1. (5.76)

■ When the set of macroscopic operators does not commute

Given a set of noncommuting macroscopic operators {Mi}, one introduces a set

of approximately commuting operators {M̃i} that satisfy

[M̃i, M̃j] = 0, lim
Ndof→∞

1

Ndof

∥Mi − M̃i∥∞ = 0. (5.77)

For translation-invariant lattice quantum spin systems where Mi =
∑

a∈latticem
(i)
a ,

the existence of such operators is known [144].

5.5.2 TMATE

A different definition of macroscopic equilibrium associated with macroscopic oper-

ators was proposed in [123]. This definition does not assume a macroscopic Hilbert

subspace nor approximate commutativity.

■ Single macroscopic observable

Consider a single macroscopic observable M . Define

m(E) := lim
Ndof→∞

1

Ndof

⟨M⟩E,∆Emc . (5.78)

Fix δ > 0 independent of Ndof , and define

Pneq := P

[∣∣∣∣ MNdof

−m(E)

∣∣∣∣ ≥ δ

]
. (5.79)

For a Hermitian operator A diagonalized by |a⟩, define

P [A ≥ a0] :=
∑
a≥a0

|a⟩ ⟨a| . (5.80)

Definition

Definition 6. A pure state |ψ⟩ ∈ HNdof ,E satisfies TMATE (Tasaki’s Macro-
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scopic Thermal Equilibrium) if

⟨ψ|Pneq |ψ⟩ ≤ e−αNdof (5.81)

for some model-dependent constant α > 0.

■ Multiple macroscopic observables

Let M (i), i = 1, · · · , n, be n extensive observables with n = o(Ndof). Define

m(i) := lim
Ndof→∞

1

Ndof

〈
M (i)

〉E,∆E
mc

. (5.82)

Choose positive constants δ(i) independent of Ndof .

Definition

Definition 7. A pure state |ψ⟩ ∈ HNdof ,E satisfies TMATE if

⟨ψ|P
[∣∣∣∣M (i)

Ndof

−m(i)(E)

∣∣∣∣ ≥ δ(i)
]
|ψ⟩ ≤ e−αNdof (5.83)

for all i = 1, · · · , n.

One may also define

Pneq :=
n∑
i=1

P

[∣∣∣∣M (i)

Ndof

−m(i)(E)

∣∣∣∣ ≥ δ(i)
]
, (5.84)

which is no longer a projection. The condition ⟨ψ|Pneq |ψ⟩ ≤ e−αNdof follows from

(5.83) if n = o(eNdof ).

■ Thermodynamic bound

A key tool to show that TMATE is typical is the thermodynamic bound.

Definition

Definition 8. A quantum system satisfies the thermodynamic bound (at energy

density E) if there exist constants γ > 0 and (Ndof)0 such that

⟨Pneq⟩E,∆Emc ≤ e−γNdof (5.85)

for all Ndof ≥ (Ndof)0.

■ Typicality of TMATE

Once the thermodynamic bound holds, TMATE becomes typical.
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Theorem

Theorem 5. Assume the thermodynamic bound (5.85) and γ > α. For suffi-

ciently large Ndof ≥ (Ndof)0,

Prob
[
⟨ψ|Pneq |ψ⟩ > e−αNdof

]
≤ e−(γ−α)Ndof . (5.86)

Proof. By using the Markov’s inequlity,

Prob
[
⟨ψ|Pneq |ψ⟩ > e−αNdof

]
≤ eαNdof E[⟨ψ|Pneq |ψ⟩]
= eαNdof ⟨Pneq⟩E,∆Emc

≤ e−(γ−α)Ndof .

■ MATE and Thermodynamics

Define the Boltzmann entropy of a macroscopic state ν by Sν = log dimHν .

Then,

Seq = log dimHeq = logDE,∆E = Smc(E,Ndof) (5.87)

in the thermodynamic limit, reproducing the thermodynamic entropy.

5.5.3 Thermalization for MATE

We discuss thermalization in terms of (T)MATE [121, 123]. First, we consider the

following lemma.

Theorem

Theorem 6. Assume that there exist a sufficiently large T and a constant ν > 0

such that
1

T

∫ T

0

⟨ψ(t)|Pneq |ψ(t)⟩ dt ≤ e−(α+ν)Ndof . (5.88)

This assumption will later be shown to hold under certain conditions. Then, for

most times t ∈ [0, T ], the state |ψ(t)⟩ satisfies (T)MATE:

⟨ψ(t)|Pneq |ψ(t)⟩ ≤ e−αNdof . (5.89)
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Proof. Let B ⊂ [0, T ] be the set of times t for which

⟨ψ(t)|Pneq |ψ(t)⟩ ≥ e−αNdof . (5.90)

Then

|B|
T

=
1

T

∫
t∈B

dt (5.91)

≤ eαNdof
1

T

∫ T

0

⟨ψ(t)|Pneq |ψ(t)⟩ dt (5.92)

≤ e−νNdof . (5.93)

Thus, in the thermodynamic limit, the set of times violating (T)MATE has negligible

measure.

Next, we analyze conditions under which (5.88) holds.

■ Specific initial state

Theorem

Theorem 7. Assume the following:

• The thermodynamic bound (5.85) holds.

• The energy eigenvalues are nondegenerate.

• There exists η > 0 such that Deff ≥ e−ηNdofDE,∆E.

• γ − η > 2(α+ ν).

Then (5.88) holds for the initial state.

Proof. Using nondegeneracy,

1

T

∫ T

0

⟨ψ(t)|Pneq |ψ(t)⟩ dt ≤ ⟨ψ(t)|Pneq |ψ(t)⟩
T

(5.94)

=
∑
n

|cn|2 ⟨En|Pneq |En⟩ . (5.95)
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Applying Cauchy–Schwarz,

∑
n

|cn|2 ⟨En|Pneq |En⟩ ≤

√√√√(∑
n

|cn|4
)(∑

n

⟨En|Pneq |En⟩2
)

(5.96)

≤
√

1

Deff

∑
n

⟨En|Pneq |En⟩ (5.97)

=

√
DE,∆E

Deff

⟨Pneq⟩E,∆Emc ≤ e−
γ−η
2
Ndof . (5.98)

This implies (5.88) under γ − η > 2(α + ν).

■ Arbitrary initial state

Definition

Definition 9. A system satisfies MATE-ETH if every eigenstate |En⟩ ∈ HE,∆E

satisfies (T)MATE; i.e., there exists κ > 0 such that

⟨En|Pneq |En⟩ ≤ e−κNdof ≤ e−(α+ν)Ndof . (5.99)

Theorem

Theorem 8. Assume MATE-ETH, nondegeneracy of |En⟩, and κ > α + ν.

Then any initial state satisfies (5.88).

Proof.

1

T

∫ T

0

⟨ψ(t)|Pneq |ψ(t)⟩ dt ≤ ⟨ψ(t)|Pneq |ψ(t)⟩
T

(5.100)

≤ e−κNdof , (5.101)

which implies (5.88) because κ > α+ ν.

5.5.4 MITE

In this section, we discuss a notion of thermal equilibrium that is different from

MATE and TMATE and is intrinsic to quantum systems, namely Microscopic Ther-

mal Equilibrium (MITE). Roughly speaking, MITE means that a pure state is lo-

cally indistinguishable from the microcanonical ensemble. For arbitrary quantum

systems, MITE is known to be a typical property of pure states in an energy shell.

This fact is referred to as Canonical Typicality [124].
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Definition

Definition 10. A pure state |ψ⟩ ∈ HE,∆E is said to represent microscopic

thermal equilibrium of length l (MIcroscopic Thermal Equilibrium, MITEl) if,

for every subsystem X
(l)
i of size l, i = 1, 2, · · · , V ,

ρ
X

(l)
i

ψ ∼ ρmc
X

(l)
i for all i = 1, 2, · · · , V.

This definition is equivalent to requiring that, for any local operator O ∈ S(l)
loc

supported on a region of size l,

⟨ψ| O |ψ⟩ ∼ ⟨O⟩E,∆Emc .

The condition MITEl can be naturally extended to few-body operators. There-

fore, one expects that strict geometric locality does not play a crucial role in the

notion of microscopic thermal equilibrium.

Canonical typicality states that, for almost all pure states in a given energy shell,

the reduced state on a sufficiently small subsystem X is locally equivalent to the

microcanonical (or canonical) ensemble:

ρXψ ∼ ρmc
X , for most |ψ⟩ ∈ HE,∆E. (5.102)

More precisely, the following theorem holds [145,146].

Theorem

Theorem 9. Let |ψ⟩ ∈ HE,∆E be sampled at random from the energy shell

HE,∆E according to the uniform (Haar) measure. For a proposition C about

|ψ⟩, let Prob[C] denote the probability that C holds. Then, for any ϵ > 0 and

any subsystem X, one has

Prob
[
∥ρXψ − ρmc

X∥1 > η
]
< η′, (5.103)
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where

η = ϵ+

√
DX

2

DE,∆E

, (5.104)

η′ = 4 exp

(
− ϵ2

18π2
DE,∆E

)
, (5.105)

DE,∆E := dimHE,∆E, DX := dimHX . (5.106)

The proof is in Appendix B. The physical interpretation of this theorem is as

follows. If the subsystemX is chosen so that η is sufficiently small, then for almost all

pure states |ψ⟩ in the energy shell, the reduced density matrix ρXψ is indistinguishable

from ρmc
X . In particular, in typical many-body systems one has

DE,∆E = eO(V ), DX = eO(|X|), (5.107)

and hence
DX

2

DE,∆E

∼ e2|X|−V . (5.108)

Therefore, as long as the subsystem size |X| is much smaller than half of the total

system size V , almost all pure states |ψ⟩ are locally indistinguishable from the

microcanonical ensemble.

Moreover, in systems characterized by a parameter such as the central charge c

in two-dimensional conformal field theory, one often has

DE,∆E = ecsO(V ), DX = ecsX O(|X|) (5.109)

where we consider entropy density for each central charge by s = 1
c
limV→∞

1
V
Smc

and sX = 1
c

1
|X|SX . SX is thermodynamic entropy for subsystems. In this case, in

the large-c limit, as long as the size of the subsystem X is at most half of the total

system, one finds DX
2

DE,∆E
≪ 1.

■ MITE and thermodynamics

When the interaction between a subsystem X and its complement Xc is suffi-

ciently weak, one may write the Hamiltonian as

H = HX +HXc +Hint, (5.110)

with |Hint| ≪ |HX |, |HXc |. In this situation, the reduced microcanonical state on X
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is approximately canonical:

ρXmc ∼ ρcan. (5.111)

The temperature is determined by the thermodynamic relation

β =
∂Smc(V )

∂E
. (5.112)

For a state |ψ⟩ that satisfies MITE, the entanglement entropy of the subsystem X

then satisfies

SX [|ψ⟩] ∼ SX [ρmc] = Sv.N.[ρcan], (5.113)

which reproduces the thermodynamic entropy of the subsystem X.

5.5.5 Application of typicality theorem: Page curve

One possible application of typicality theorem is page curve which is related to

information loss paradox.

Let us divide the total Hilbert space into that of Hawking radiation HR and

that of the black hole HB. Following a unitary time evolution, we consider the

entanglement between Hawking radiation and the black hole [147]. The key concept

is canonical typicality. Although the definition of energy in gravitational theories

generally contains ambiguities, here we assume that the energy is conserved in an

appropriate sense so that an energy shell can be defined. If energy conservation is

not assumed, one may simply take the entire Hilbert space as the “energy shell.” In

this case the microcanonical ensemble is replaced by I
dimHtot

and we consider this

case for simplicity.

Before black hole formation there is no Hawking radiation, so SR = 0. Shortly

after formation, when Hawking radiation begins to be emitted, we have dimHR ≪
dimHB. By canonical typicality, the reduced density matrix for typical states sat-

isfies

ρRψ(t) = ρRmc + δρR, (5.114)

with

δρR = O

(√
(dimHR)2

DE,∆E

)
(5.115)

which follows from the canonical typicality theorem. The entanglement entropy of

the Hawking radiation is then

SR[|ψ(t)⟩] = Sv.N.[ρ
R
mc]− Tr

[
δρR log ρRmc

]
+O

(
δρ2R
)
. (5.116)

The first term, Sv.N.[ρ
R
mc], is the thermodynamic entropy of the Hawking radiation,
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and it dominates when (dimHR)
2 ≪ DE,∆E. Next, let us consider the final stage of

evaporation. At this time dimHB ≪ dimHR. Again, by canonical typicality, the

reduced density matrix of the black hole satisfies

ρBψ(t) = ρBmc + δρB, (5.117)

where

δρB = O

(√
dimH2

B

DE,∆E

)
. (5.118)

Since the total system is in a pure state,

SR[|ψ(t)⟩] = SB[|ψ(t)⟩] ≈ Sv.N.[ρ
B
mc]− Tr

[
δρB log ρBmc

]
+O

(
δρ2B

)
. (5.119)

Here Sv.N.[ρ
B
mc] represents the thermodynamic entropy of the black hole. From the

above considerations, during the unitary process of black hole formation and evap-

oration, the time evolution of the entanglement entropy of Hawking radiation is

expected to follow the curve known as the Page curve as in Figure 16. Deriving

the Page curve correctly is an important step toward resolving the information loss

problem. We will go back to this problem later.

t

SR
[
ρRmc

]
SB
[
ρBmc

]

SR[ψ(t)]

Figure 16: (Green) Page curve: the time evolution of the entanglement entropy of
Hawking radiation. (Red) Thermodynamic entropy of Hawking radiation. (Yellow)
Thermodynamic entropy of the black hole.
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5.5.6 MATE vs. MITE

We have so far introduced two notions of thermal equilibrium: (T)MATE and MITE.

A natural question is how these two concepts are related. In general, (T)MATE and

MITE are independent notions, although in certain situations one can establish a

relation between them [148,149].

• If a system satisfies MATE, then a single measurement of a macroscopic ob-

servable already yields the corresponding equilibrium value. Thus, MATE is

meaningful only for macroscopic systems in which quantum fluctuations are

sufficiently suppressed. In contrast, for MITE, it is not required that the out-

come of a single measurement be close to the microcanonical prediction. In

this sense, MITE is a weaker notion than MATE.

• On the other hand, MITE is a condition of state equivalence: the quantum

state locally resembles the equilibrium ensemble. By contrast, MATE only

requires that the expectation values of a set of macroscopic observables match

their equilibrium values, which is a strictly weaker requirement.

• Suppose a state |ψ⟩ represents MITE of length l. In a translationally invariant

system, assume that the operator defining MATE is of the form M =
∑

i hi,

where each hi has support of size at most l. Then |ψ⟩ automatically satisfies

MATE. Thus, in such situations, MITE implies MATE.

• However, there also exist states that satisfy MATE but do not satisfy MITE.

As a concrete example, consider a system of N ≫ 1 spins with Hilbert space

H = (C2)⊗N , and take the Hamiltonian to be H = 0. Then the energy shell

is the full Hilbert space HE,∆E = H, and the microcanonical ensemble is

ρmc = 2−N IH.

Let X1, X2, . . . , XN ∈ {−1, 1} and consider the product state

|ψ⟩ = |σz = X1⟩ |σz = X2⟩ · · · |σz = XN⟩ . (5.120)

If the variables {Xk} are chosen randomly, then for example the magnetization

M =
∑N

i=1 σ
(i)
z of |ψ⟩ satisfies MATE with high probability. Nevertheless, the

reduced density matrix of any small subsystem S is

ρψS = |σz⟩S ⟨σz|S ̸= ρmc
S = IS/2|S| (5.121)

so |ψ⟩ is clearly not MITE. Such behavior can occur in many-body localized

phases. More generally, any state with low entanglement in small subsystems
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will fail to satisfy MITE. This example highlights that MITE is sensitive to

the entanglement structure and is thus a genuinely quantum notion, whereas

MATE has a classical analogue.

5.5.7 Local ETH and Sub-system ETH

In this subsection, we consider a d-dimensional conformal field theory (CFT). In a

conformal field theory, all the dynamical information of the theory is encoded in the

spectrum of primary operators and their OPE coefficients. Therefore, whether ETH

holds or not must also be determined solely by this data [150]. Motivated by this,

we first introduce the following ETH ansatz formulated only in terms of primary

operators and primary states.

Definition

Definition 11. For all energy eigenstates |En⟩ , |Em⟩ within an energy shell and

for any primary operator Op, we assume

⟨En| Op |Em⟩ = Op(E) δnm +Op
nm, (5.122)

where Op(E) is a smooth function of

E =
En + Em

2
,

and the off-diagonal term Op
nm behaves as

Op
nm ∼ e−O(Smc(E))

in the thermodynamic limit.

We call this condition local ETH. For simplicity, in the following we assume

that the energy eigenstates |En⟩ are translationally invariant and that the primary

operators have vanishing spin. As will be discussed later, the local ETH condition

(5.122) for primary states determines the behavior for descendant states as well. If a

given conformal field theory satisfies this local ETH, then the following sub-system

ETH can be derived.

Definition

Definition 12. For any subsystem X ⊂ Sd, the following conditions hold:

1. There exists a density matrix ρX(E) on X, which depends only on the

energy E of the energy shell and on the choice of X, such that for any
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energy eigenstate |En⟩ in the energy shell one has

∥ρXn − ρX(E)∥1 ∼ e−O(Smc(E)), (5.123)

where we have abbreviated

ρXn = ρXEn
:= TrXc [|En⟩ ⟨En|].

2. Defining

τnm := TrXc [|En⟩ ⟨Em|],

one has, for any α ∈ R,

∥eiατnm + e−iατmn∥1 ∼ e−O(Smc(E)). (5.124)

In the second condition we introduced an extra phase α because under unphys-

ical basis changes of the form |En⟩ → eiϕ |En⟩, the phase of τnm can be changed

arbitrarily. Therefore, a condition such as |Re τnm| ∼ exp{−O(Smc(E))} would not

be meaningful.

In a conformal field theory, sub-system ETH is equivalent to local ETH, as we

now explain.

■ Sub-system ETH ⇒ Local ETH

For any operator ∆ and any O ∈ B(X), the Cauchy–Schwarz inequality implies

Tr[∆O] ≤
√

Tr[∆†∆]Tr[O†O] = ∥∆∥2 ∥O∥2 ≤ ∥∆∥1 ∥O∥2. (5.125)

Taking ∆ = ρXn − ρX(E) and O = Op, and defining

Op(E) := Tr
[
ρX(E)Op

]
,

the first condition of sub-system ETH (5.123) implies the diagonal part of the local

ETH (5.122). Here we assume that the smearing is such that ∥Op∥2 grows at most

as O(Lx) for some finite exponent x.

Similarly, taking ∆ = eiατnm + e−iατmn and using the second condition (5.124),

we obtain the off-diagonal part of the local ETH.

■ Local ETH ⇒ Sub-system ETH

We now assume local ETH (5.122). Since we are not interested in real-time

dynamics here, we carry out the analysis in Euclidean signature.
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We first perform the conformal mapping from the cylinder to the plane,

ds2cylinder = dt2c + L2 dΩ2
d−1 = Λ2

(
dr2 + r2dΩ2

d−1

)
, (5.126)

Λ =
L

r
, tc = L log r, (5.127)

which maps the cylinder to the radially quantized plane. Under this map, the

left-hand side of the local ETH (5.122) can be expressed, in terms of the primary

operators Ψn and Ψ†
m associated to the primary states |En⟩ and ⟨Em| and a primary

operator Op, as

⟨Em| Op |En⟩ = L−hp
〈
Ψ†
m(∞)Op(1)Ψn(0)

〉
= Cp

nm L
−hp , (5.128)

where Cp
nm are the corresponding OPE coefficients and hp is the conformal dimension

of Op. The energy is related to the conformal dimension via hn = EnL.

Next we discuss the scaling of the conformal dimension hn in the thermodynamic

limit. The energy density of the state |En⟩ is

ϵn ∼ En
Ld−1

=
hn
Ld
.

In a CFT at temperature T , the energy density at high temperature is determined

solely by the temperature (since there is no other intrinsic length scale), and scales

as ϵn ∼ c T d, where c is a parameter such as the central charge in two-dimensional

CFT. Assuming that an energy eigenstate |En⟩ can be characterized by an effective

temperature-like scale, we can write

hn ∼ c (LT )d. (5.129)

On the other hand, the conformal dimension hp of the primary operator Op is of

order O(L0).

Using the local ETH (5.122), we can rewrite the OPE coefficient as

Cp
nm = Lhp

(
Op(E) δnm +Op

nm

)
= h

hp
d
n δnm fp(E) +Rp

nm, (5.130)

where

fp(E) = T hp
(
cVol(Sd)

)−hp
d Op(E), (5.131)

Rp
nm = LhpOp

nm ∼ exp

[
hp
d

log hn −O
(
h

d−1
d

n

)]
, (5.132)

Smc ∼ Ld. (5.133)
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We now proceed to discuss the reduced density matrix of a subsystem that has

finite size even in the thermodynamic limit. On the cylinder, consider a ball-shaped

region B on a constant-tc slice Sd−1 that contains the north pole. The size of the

ball is specified by the angular coordinate θ0 on Sd−1 via

θ0 = tan−1

(
R

2L

)
.

We take the thermodynamic limit L → ∞ while keeping R fixed. In this limit, the

ball B becomes a ball of radius R in Rd−1.

Figure 17: Choice of the ball region B. The left panel shows B on the cylinder, and
the right panel shows the corresponding region and operator insertions in Rindler
coordinates.

The trace norm is invariant under unitary transformations and, in particular,

under conformal mappings. We therefore perform a conformal transformation to a

more convenient Rindler frame. First, we map the cylinder to the radially quantized

plane via (5.126). We then perform the following transformation from the coordi-

nates (r, θ1, θ2, . . . , θd−1) on the plane to Rindler coordinates (X0, X1, . . . , Xd−1):

l(r2 − 1)

1 + r2 + 2r cos θ1
=

X0

1− 2X1 +X ·X
, (5.134)

2l sin θ1 cos θ2
1 + r2 + 2r cos θ1

=
1−X ·X

2(1− 2X1 +X ·X)
, (5.135)

2l sin θ1 sin θ2 · · · sin θi
1 + r2 + 2r cos θ1

=
X i

2(1− 2X1 +X ·X)
, i = 2, . . . , d− 1, (5.136)

l =
1

2
cot θ0. (5.137)

Under this map, the metric becomes

ds2plane = dr2 + r2dΩ2
d−1 = Λ(X) dX idX i, (5.138)

Λ(X) =

(
X0 − lV−

2
− V+

8l

)−1

, (5.139)

V± = 1± 2X1 +X ·X. (5.140)
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The original ball region B on the cylinder is mapped by (5.126) to the region

r = 1, 0 ≤ θ1 ≤ θ0 on the plane, and then by (5.138) to the half-space X1 ≤ 0 in

Rindler coordinates. The origin r = ϵ→ 0 is mapped to

X− = (− sin θ0, cos θ0, 0),

whereas r = 1/ϵ→ ∞ is mapped to

X+ = (sin θ0,− cos θ0, 0),

and in the thermodynamic limit these two points approach

X∗ = (0, 1, 0).

We can thus apply an OPE expansion around this point.

Let ρBn be the reduced density matrix of the region B for the energy eigenstate

|En⟩. Denote by ρ̃Bn its image under the conformal map to the Rindler frame. Then

TrB
[
ρ̃Bn · · ·

]
=

〈
Ψ†
n(X+)Ψn(X−) · · ·

〉〈
Ψ†
n(X+)Ψn(X−)

〉 (5.141)

=
∑
p

(2 sin θ0)
hpCp

nn ⟨Op(X∗) · · ·⟩ (5.142)

=
∑
p

(
R

L

)hp
Cp
nn ⟨Op(X∗) · · ·⟩ . (5.143)

Using the expression (5.130) for the OPE coefficients, we can write ρ̃Bn as the sum

of two pieces:

ρ̃Bn = ρ̃B(E) +Rn
B, (5.144)

ρ̃B(E) =
∑
p

Op(E)R
hpOp(X∗) + (descendants), (5.145)

Rn
B =

∑
p

Op
nnR

hpOp(X∗) + (descendants), (5.146)

where “descendants” denotes contributions from descendant operators.

We now verify the first condition of the sub-system ETH (5.123). In continuum

field theory, the trace norm is often difficult to compute explicitly. We instead
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consider the relative entropy, which is more tractable:

Srel

[
ρ̃Bn ∥ρ̃B(E)

]
=

∫ ∞

0

ds

2
Tr
[(
ρ̃B(E) + s

)−1
Rn
B

(
ρ̃B(E) + s

)−1
Rn
B

]
+O
(
(Rn

B)
3
)
= e−O(Smc(E)).

(5.147)

From this we obtain

∥ρBn − ρB(E)∥1 = ∥ρ̃Bn − ρ̃B(E)∥1 ≤ Srel

[
ρ̃Bn ∥ρ̃B(E)

]
∼ e−O(Smc(E)). (5.148)

For a more general subsystem X, we choose a ball B such that X ⊂ B. Using the

fact that the trace distance is monotonically non-increasing under CPTP maps, we

obtain

∥ρXn − ρX(E)∥1 ≤ ∥ρBn − ρB(E)∥1. (5.149)

This proves the first condition of sub-system ETH. A similar argument applied to

τnm = TrXc [|En⟩ ⟨Em|]

establishes the second condition.

■ Descendant states

From the local ETH (5.122) for primary states, we have already determined the

thermodynamic behavior of the OPE coefficients. The local ETH for descendant

states is similarly determined by these OPE coefficients and the conformal dimen-

sions. Thus, once local ETH holds for primary states in a given conformal family,

it also holds for their descendants.

For simplicity, we focus on spinless descendants of the form (PiP
i)rΨn. Consider

two descendant states |En,r⟩ and |Em,s⟩ and a primary operator Op:

⟨Em,s| Op |En,r⟩ = L−hp

〈
Ψm(∞) (KaK

a)sOp(1) (PbP
b)rΨn(0)

〉√
An,rAm,s

, (5.150)

where we must use the fact that in radial quantization one has (Pi)
† = Ka. Here

An,r =
〈
Ψn(∞) (KaK

a)r (PbP
b)rΨn(0)

〉
. (5.151)

Since we are working within a fixed energy shell, the descendant levels are much

smaller than the conformal dimensions, i.e. r, s≪ hn, hm. Without loss of generality

we may assume r ≥ s.

Recalling the conformal algebra, we first evaluate the denominator An,r. Using

the fact that Ka annihilates a primary state, we have

(KaK
a)r(PbP

b)rΨn(0) =
[
(KaK

a)r, (PbP
b)r
]
Ψn(0). (5.152)
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From the commutator [Ka, Pb] = 2(δijD −Mij), terms with the dilatation operator

D appear, and when D acts on the primary, it produces factors of hn. The Lorentz

generators Mij contribute only terms of order O(L0), while hn scales as hn ∼ Ld in

the thermodynamic limit. Hence, terms in which D acts as many times as possible

on the primary dominate, and we obtain

An,r = dr(2hn)
2r
(
1 +O

(
h−1
n

))
. (5.153)

Next, consider the numerator. It can be decomposed into two contributions:〈
Ψm(∞)(KaK

a)sOp(1)(PbP
b)rΨn(0)

〉
(5.154)

=
〈
Ψm(∞)Op(1) (KaK

a)s(PbP
b)rΨn(0)

〉
(5.155)

+
〈
Ψm(∞) [(KaK

a)s,Op(1)](PbP
b)rΨn(0)

〉
. (5.156)

For the first term, by the same reasoning as for the denominator, the dominant

contribution comes from those terms in which the commutators [Ka, Pb] produce

the maximum number of D operators, and hence the maximum power of hn:〈
Ψm(∞)Op(1) (KaK

a)s(PbP
b)rΨn(0)

〉
(5.157)

∼ ds(2hn)
2s
〈
Ψm(∞)Op(1)(PiP

i)r−sΨn(0)
〉

(5.158)

= ds(2hn)
2s lim
x→0

(∂i∂
i)r−sx ⟨Ψm(∞)Op(1)Ψn(x)⟩ (5.159)

= ds(2hn)
2sCp

nm fr−s(hp), (5.160)

where fr−s(hp) is a polynomial of degree 2(r − s) in hp.

In the second term, at least one of the (KaK
a) must act on Op. The action of

Ka on Op generates a special conformal transformation and thus produces at most

derivatives of Op. The remaining (KaK
a)u that do not act on Op with u < s con-

tribute terms of order hun. Therefore, the first term dominates in the thermodynamic

limit. Putting this together, we obtain

⟨Em,s| Op |En,r⟩ = L−hpCp
nm d

s−r(2hn)
s−rfr−s(hp)

(
1 +O

(
h−1
p

))
. (5.161)

The behavior of Cp
nm is already determined by (5.130). A similar computation shows

that sub-system ETH also holds for the descendant states |En,r⟩. Thus, once local

ETH (5.122) holds for primary states, it naturally extends to their descendants.

■ Sub-system ETH vs. MITE-ETH

Sub-system ETH is essentially equivalent to MITE-ETH and to the MITE-ETH

ansatz (5.182). The only difference is that, in the first condition, we use a general

density matrix ρX(E) rather than the microcanonical reduced density matrix.
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It is known that the entanglement entropy of ρB(E) coincides with that of the

reduced canonical ensemble

ρB(T ) := TrBc

[
e−βH

Z(β)

]
(5.162)

for a suitably chosen temperature T [151]. Using the relative entropy formula,

one can show that, by choosing β so that the expectation value of the modular

Hamiltonian with respect to ρB(T ) matches that of ρB(E), the two states actually

coincide. Therefore, sub-system ETH is, in essence, equivalent to MITE-ETH.

5.6 ETH from Random Hamiltonian

We consider a highly complex, nonintegrable system. Suppose that the unitary

transformation connecting the energy eigenbasis and the eigenbasis of an operator

O that does not commute with the Hamiltonian can be modeled by a random unitary

ensemble [152,153]:

O =
∑
α

Oα |α⟩ ⟨α| , (5.163)

Unα = ⟨En| |α⟩ , (5.164)

Onm =
∑
α

Oα UnαU
∗
mα. (5.165)

Here the unitary matrix U is Haar-random. This ensemble can be regarded as an

ensemble of Hamiltonians H =
∑

nEn |En⟩ ⟨En| with the energy spectrum {En}
held fixed. The basic Haar averages over the random unitary ensemble are:∫

dµ[U ] = 1, (5.166)∫
dµ[U ] UnαU

∗
mβ =

1

DE,∆E

δnm δαβ, (5.167)∫
dµ[U ] UnαUmβU

∗
pγU

∗
qδ =

1

D2
E,∆E − 1

(δnpδmqδαγδβδ + δnqδmpδαδδβγ)

− 1

DE,∆E(D2
E,∆E − 1)

(δnpδγβδmqδδα + δnqδδβδmpδγα).

(5.168)

Using these identities, we study the behavior of the matrix elements of O in the

125



energy eigenbasis. The average is∫
dµ[U ] Onm =

∑
α

Oα

∫
dµ[U ] UmαU

∗
nα =

1

DE,∆E

∑
α

Oα δmn = ⟨O⟩E,∆Emc δmn.

(5.169)

Moreover,∫
dµ[U ] |Omn|2 =

1

D2
E,∆E − 1

∑
α,β

OαO∗
β (δαβ + δmn)−

1

DE,∆E(D2
E,∆E − 1)

∑
α,β

(1 + δαβδmn).

(5.170)

Hence the variance of the diagonal elements is

∫
dµ[U ] |Onn|2 −

(∫
dµ[U ] Onn

)2

=
1

DE,∆E + 1

 1

DE,∆E

∑
α

O2
α −

(
1

DE,∆E

∑
α

Oα

)2
,

(5.171)

while the variance of the off-diagonal elements is

∫
dµ[U ] |Onm|2−

∣∣∣∣∫ dµ[U ] Onm

∣∣∣∣2 = DE,∆E

D2
E,∆E − 1

 1

DE,∆E

∑
α

O2
α −

(
1

DE,∆E

∑
α

Oα

)2
.

(5.172)

Therefore, for sufficiently large DE,∆E, one expects

Onm =
1

DE,∆E

(∑
α

Oα

)
δnm+

√
1

DE,∆E

√√√√ 1

DE,∆E

∑
α

O2
α −

(
1

DE,∆E

∑
α

Oα

)2

Rnm,

(5.173)

where Rnm is a random variable with
∫
dµ[U ] Rnm = 0 and

∫
dµ[U ] |Rnm|2 = 1.

If O is Hermitian, one can choose Rmn = R∗
nm. Then it follows that a typical

non-integrable system satisfies the ETH ansatz. However, there is no guarantee

that a “typical” Hamiltonian drawn from Haar-random unitaries corresponds to a

physically reasonable local Hamiltonian; moreover, whether the Hamiltonian of a

given theory satisfies ETH is a question that must be investigated on its own terms.

Recently, it is discussed that by considering the ensemble of local Hamiltonians, we

can construct local RMT. In the papers, it is numerically discussed that almost all

local Hamiltonians satisfying the ETH [154,155].

Also we can deduce this kind of relations from our definition of ETH (5.49) and

(5.48). Essential point is that ETH states that each energy eigenstate is “close”

to the microcanonical distribution. Here we examine how close they actually are
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[149, 156]. Consequently, the eigenstates within the shell are also equivalent to one

another with probes O ∈ A, meaning that

Onn ≈ Omm, for |En⟩ , |Em⟩ ∈ HE,∆E. (5.174)

Extending this idea to the off-diagonal components as well, we write

|Onm| ≈ OĒ,ω. (5.175)

Here,

Ē = (En + Em)/2, ω = Em − En. (5.176)

From this we expect ∑
m(̸=n):Em−En∼ω

|Onm|2 ≈ (OĒ,ω)
2eSmc(Ē+ω/2). (5.177)

The quantity OĒ,ω can be bounded using the operator norm. For any energy

eigenstate, the definition of the operator norm gives

⟨En| OO† |En⟩ ≤ ∥O∥2∞. (5.178)

Thus, ∑
m(̸=n)

|Onm|2 ≤
∑
m

|Onm|2 ≤ ∥O∥2∞. (5.179)

From this inequality, there exists a function FO(Ē, ω) satisfying 0 ≤ FO(Ē, ω) ≤
1 and

∫
dω FO(Ē, ω)

2 = 1, such that∑
m(̸=n):Em−En∼ω

|Onm|2 ≤ FO(Ē, ω)
2∥O∥2∞. (5.180)

Combining this bound with (5.177), we obtain

OĒ,ω ≤ ∥O∥∞ FO(Ē, ω) e
−Smc(Ē+ω/2)/2. (5.181)

This suggests that the matrix elements of energy eigenstates take the form

Onm = O(Ē)δnm + e−
1
2
Smc(Ē)FO(Ē, ω)Rnm, (5.182)

as proposed in [156]. Here, O(Ē) = ⟨O⟩E,∆Emc + O
(
e−

1
2
Smc(E)

)
and FO(Ē, ω) are

smooth functions of their arguments. The matrix Rnm has properties similar to

those of Onm; for example, if O is Hermitian, then Rnm = R∗
mn. By comparing
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to the results from random Hamiltonian, we assume that Rnm is pseudo random

variables. Equation (5.182) is referred to as the ETH ansatz, and it simultaneously

expresses both the diagonal ETH and the off-diagonal ETH.

5.7 Free probability theory and higher order generalization

of ETH

In this section, I will review some aspects of ETH with free probability and matrix

models, which give one formulation of a higher order generalization of the ETH

ansatz. The original reference is [157]. The notion of generalized ETH is also

discussed in [158,159]. As useful references for an introduction to this topic, see the

conference “Free probability, between maths and physics” [160], and [161]. We also

discuss asymptotic freeness [162].

5.7.1 Free Probability

■ Introduction to free probability

Here we introduce the notion of free probability. Roughly speaking, free prob-

ability is a probability theory on a non-commutative space. Applications include

operator algebras, probability theory, combinatorics, random matrix theory, ma-

chine learning, ETH, and so on. See also [163–165] for pedagogical introductions.

The important key ingredients of free probability theory are non-commutative prob-

ability spaces and free independence. We introduce these two notions quickly.

■ Non-commutative probability space

Let us start from a classical probability space. A classical probability space is

specified by three ingredients (Ω,F ,P). Here Ω denotes the sample space, F denotes

the σ-algebra, and P denotes the probability measure. These are very important, but

in typical situations we regard the following two as the essence of probability theory:

random variables X and the expectation value E. Typically random variables live

in some nice topological or normed space, especially L∞. So, roughly speaking, the

probability space is characterized by the pair (L∞,E). The essence is that L∞ is

some nice normed space and E is a unital linear map on L∞. We may generalize

these to more general nice spaces and linear maps, and one example is the non-

commutative probability space.

Before this, we introduce the notion of a ∗-algebra.

Definition

Definition 13. We say that A is a unital associative algebra if

• A includes the identity for the operator product.
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• A is a vector space over C.

• For λ ∈ C and O,O′ ∈ A, it holds that

λ(OO′) = (λO)O′ = O(λO′). (5.183)

We also introduce a unital linear functional (or state) on a ∗-algebra.

Definition

Definition 14. Let A be a ∗-algebra. We say that φ : A → C is a unital linear

functional or state if

• φ is a linear functional.

• φ(1) = 1 for 1 ∈ A.

Then we consider the following non-commutative probability space.

Definition

Definition 15. (A, φ) is a non-commutative probability space if

• A is a unital associative algebra over C.

• φ : A → C is a unital linear functional.

We also call elements of A non-commutative random variables.

■ Free Independence

Another important notion in free probability is free independence. To this end,

let us recall the notion of independence in classical probability theory.

Definition

Definition 16. The (classical) random variables X,Y are independent if

E[f(X)g(Y )] = E[f(X)]E[g(Y )] (5.184)

for any bounded continuous functions f, g. In some nice cases, for example when

we have an absolutely convergent moment generating function, we can rephrase

this as

E[XmY n] = E[Xm]E[Y n], m, n ∈ Z. (5.185)
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We would like to do something similar for the non-commutative space. There

are two problems for a straightforward generalization.

• For O ∈ A, typically we do not have a well-defined f(O) for a generic contin-

uous function f . For example, we do not have sin(O) for a general O.

• We need to take care of the ordering in products. For example, φ(O1O2O1O2) ̸=
φ(O2

1O2
2) in general.

For these reasons, we introduce the following definition:

Definition

Definition 17. Let (A, φ) be a non-commutative probability space. We say

sub-unital associative algebras (Ai)i∈I are freely independent if the following

condition holds. For any (Oj)j such that

• ∀Oj ∈ Ai(j), i(1) ̸= i(2) ̸= · · · ̸= i(k).

• ∀j ∈ {1, 2, · · · , k}, φ(Oj) = 0,

it holds that

φ(O1O2 · · · Ok) = 0. (5.186)

We also say that non-commutative random variables (Oi)i∈I are freely inde-

pendent if (Span{1,Oi})i∈I are freely independent. Here Span{1,O1,O2, · · · }
denotes the algebra generated by 1,O1,O2, · · · .

The first condition ensures that the vanishing condition holds for products of

operators belonging to different subalgebras. If we encounter a product of operators

which all belong to the same subalgebra, we regard them as a single “big” operator.

By using free independence we can simplify operator products. Suppose A1 and

A2 are freely independent. Then, we have

φ(O1O2) = φ(O1)φ(O2),
∀O1 ∈ A1,

∀O2 ∈ A2. (5.187)

The proof is very simple. We consider the operators Ôi = Oi − φ(Oi)1. Then,

trivially φ(Ôi) = 0. From the definition of free independence, we see

0 = φ(Õ1Õ2) = φ(O1O2)− φ(O1)φ(O2), (5.188)

where we use the linearity of φ.
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The 4th order case is more non-trivial. We consider O1,O2 ∈ A1 and O3,O4 ∈
A2. Then

φ(O1O3O2O4) = φ(O1O2)φ(O3)φ(O4)+φ(O1)φ(O2)φ(O3O4)−φ(O1)φ(O2)φ(O3)φ(O4).

(5.189)

On the other hand,

φ(O1O2O3O4) = φ(O1O2)φ(O3O4). (5.190)

The proof is the same as the second-order case.

■ Distribution

In classical probability, one natural object is the distribution which characterizes

random variables. In general, the distribution of a random variable X is character-

ized by the set {E[f(X)] : f is a bounded continuous function} ⇔ f ∈ Cb. We say

two random variables X, Y have the same distribution if

∀f ∈ Cb, E[f(X)] = E[f(Y )]. (5.191)

For good random variables, for example when the series of moments is absolutely

convergent, we can characterize the distribution by the series of moments {E[Xn]}n∈N.
Following this notion we define the distribution of a non-commutative random vari-

able as follows:

Definition

Definition 18. We define the distribution of a non-commutative random vari-

able O ∈ A as the series of its moments {φ(On)}n∈N.

■ Non-crossing partition and freeness

The above definition of freeness is a little bit abstract and we would like to

understand it more conceptually. Actually, freeness is almost parallel to classical

probability theory if we consider moments and cumulants. Indeed, freeness is equiv-

alent to the vanishing of mixed cumulants. Also, moments and cumulants are given

by sums over non-crossing (planar) partitions.

Definition

Definition 19.
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• A partition of {1, 2, · · · , n} is a decomposition π = {V1, · · · , Vr} such that

Vi ̸= ∅, Vi ∩ Vj = ∅,
r⋃
i=1

Vi = {1, 2, · · · , n}. (5.192)

• Each Vi is a block of π ∈ P(n), where P(n) denotes the set of all partitions

of {1, . . . , n}.

• We say π ∈ P(n) is crossing if there exist elements p1, p2, q1, q2 such that

p1 < q1 < p2 < q2 and p1, p2 belong to the same block Vi while q1, q2 belong

to the same block Vj, with Vi ̸= Vj.

• We say π ∈ P(n) is non-crossing if it is not crossing. We denote the set of

non-crossing partitions as NC(n).

The set NC(n) is actually a lattice with the refinement order.

• Example n = 2: We have only the trivial element π = {(1, 2)} which is non-

crossing. Pictorially,

π = {(1, 2)} = 1 2
(5.193)

• Example n = 3: We have five elements in P(3)

π = {(1, 2, 3)} = 1 2 3

, {(1, 2), (3)},= 1 2 3 , {(1), (2, 3)} = 1 2 3 , {(1, 3), (2)} = 1 2 3

, {(1), (2), (3)} = 1 2 3

(5.194)

From the line pictures, we see that every element is non-crossing.
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• Example n = 4: all elements of NC(4) are given by

π = {(1, 2, 3, 4)} = 1 2 3 4 ,

{(1, 2, 3), (4)} = 1 2 3 4 , {(1, 2, 4), (3)} = 1 2 3 4 ,

{(1, 3, 4), (2)} = 1 2 3 4 , {(1), (2, 3, 4)} = 1 2 3 4 ,

{(1, 2), (3, 4)} = 1 2 3 4 , {(1, 4), (2, 3)} = 1 2 3 4 ,

{(1, 2), (3), (4)} = 1 2 3 4 , {(1, 3), (2), (4)} = 1 2 3 4

,{(1, 4), (2), (3)} = 1 2 3 4 , {(1), (2, 3), (4)} = 1 2 3 4 ,

{(1), (2, 4), (3)} = 1 2 3 4 , {(1), (2), (3, 4)} = 1 2 3 4 ,

{(1), (2), (3), (4)} = 1 2 3 4 ,

(5.195)

On the other hand, there is one crossing element,

π = {(1, 3), (2, 4)} = 1 2 3 4 , (5.196)

Then we define the free cumulants as follows:

Definition

Definition 20. For a unital linear functional φ : A → C, we define cumulant

functionals κn : An → C as multilinear functionals by the family of expansions

φ(O1O2 · · · On) =
∑

π∈NC(n)

κπ[O1,O2, · · · ,On]. (5.197)

Here κπ is related to the κn’s through

κπ[O1, · · · ,On] =
∏
V ∈π

κ#V [{Oq}q∈V ]. (5.198)

This is the analogue of the classical cumulant expansion where we have the
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expansion with P(n),

E[X1X2 · · ·Xn] =
∑

π∈P(n)

κclπ [X1, X2, · · · , Xn]. (5.199)

The higher order cumulants are defined recursively through the lower ones.

• The starting point is n = 1:

κ1(O1) = φ(O1). (5.200)

• n = 2:

φ(O1O2) = φ(O1O2) + φ(O1O2) = κ2(O1,O2) + κ1(O1)κ1(O2). (5.201)

Then, we see

κ2(O1,O2) = φ(O1O2)− φ(O1)φ(O2). (5.202)

• n = 3:

φ(O1O2O3) = φ(O1O2O3)

+ φ(O1O2O3) + φ(O1O2O3) + φ(O1O2O3)

+ φ(O1O2O3)

= κ3(O1,O2,O3)

+ κ1(O1)κ2(O2,O3) + κ1(O2)κ2(O1,O3) + κ1(O3)κ2(O1,O2)

+ κ1(O1)κ1(O2)κ1(O3).

(5.203)

This determines κ3(O1,O2,O3) in terms of moments:

κ3(O1,O2,O3) = φ(O1O2O3)− φ(O1)φ(O2O3)− φ(O2)φ(O1O3)

− φ(O3)φ(O1O2) + 2φ(O1)φ(O2)φ(O3).
(5.204)
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• n = 4:

φ(O1O2O3O4) = φ(O1O2O3O4)

+ φ(O1O2O3O4) + φ(O1O2O3O4)

+ φ(O1O2O3O4) + φ(O1O2O3O4)

+ φ(O1O2O3O4) + φ(O1O2O3O4)

+ φ(O1O2O3O4) + φ(O1O2O3O4) + φ(O1O2O3O4)

+ φ(O1O2O3O4) + φ(O1O2O3O4) + φ(O1O2O3O4)

+ φ(O1O2O3O4)

= κ4(O1,O2,O3,O4)

+ κ1(O1)κ3(O2,O3,O4) + κ1(O2)κ3(O1,O3,O4)

+ κ1(O3)κ3(O1,O2,O4) + κ1(O4)κ3(O1,O2,O3)

+ κ2(O1,O2)κ2(O3,O4) + κ2(O1,O3)κ2(O2,O4)

+ κ1(O1)κ1(O2)κ2(O3,O4) + κ1(O1)κ2(O2,O3)κ1(O4)

+ κ2(O1,O2)κ1(O3)κ1(O4)

+ κ1(O1)κ2(O2,O4)κ1(O3) + κ2(O1,O4)κ1(O2)κ1(O3)

+ κ2(O1,O3)κ1(O2)κ1(O4)

+ κ1(O1)κ1(O2)κ1(O3)κ1(O4).

(5.205)

We can invert this relation and define κ4 in terms of moments. Here we write

the expression in the simple case φ(Oj) = 0:

κ4[O1,O2,O3,O4] = φ(O1O2O3O4)− κ2[O1,O2]κ2[O3,O4]− κ2[O1,O4]κ2[O2,O3]

= φ(O1O2O3O4)− φ(O1O2)φ(O3O4)− φ(O1O4)φ(O2O3).

(5.206)

With these definitions, we can see that freeness is expressed as the vanishing of

mixed cumulants.
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Theorem

Theorem 10. The fact that O1, · · · ,Om are free is equivalent to the fact that

κn
[
Oi(1),Oi(2), · · · ,Oi(n)

]
= 0 (5.207)

for any map i : {1, 2, · · · , n} → {1, 2, · · · ,m} whenever

• 1 ≤ i(1), · · · , i(n) ≤ m.

• there exist p, q such that i(p) ̸= i(q) for n ≥ 2.

As an equivalent and important lemma, we have the following.

Theorem

Theorem 11. Let {Ai}ni=1 be freely independent unital subalgebras. We take

free variables O1,O2, · · · ,Ok such that Oj ∈ Ai(j) where i : {1, 2, · · · , k} →
{1, 2, · · · , n}. Then, we define the decomposition ker (i) ∈ P(k) such that when

i(p) = i(q) then p, q belong to the same block. If ker (i) ∈ NC(k),

φ(O1 · · · Ok) =
∏

V ∈ker (i)

φ

(
→∏
j∈V

Oj

)
. (5.208)

Here
∏→

j∈V Oj means that we take the product in the order such that j increases.

This theorem means that if the decomposition ker (i) is non-crossing then we can

factor the moment into a product of blocks. For example:

• Suppose n = 4, k = 7 and O1,O5,O7 ∈ A1, O2,O4 ∈ A2, O3 ∈ A3, O6 ∈ A4.

Then, ker (i) ∈ NC(7) and

φ(O1 · · · O7) = φ(O1O2O3O4O5O6O7)

= φ(O1O5O7)φ(O2O4)φ(O3)φ(O6).

(5.209)

We can easily check from the definition of freeness that

κ1[Oj] = φ(Oj) = 0, κ2[O1,O2] = φ(O1O2) = 0,

κ3[O1,O2,O3] = φ(O1O2O3) = 0,

κ4[O1,O2,O3,O4] = φ(O1O2O3O4)− φ(O1O2)φ(O3O4)− φ(O1O4)φ(O2O3) = 0.

(5.210)
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We can check that all other mixed free cumulants also vanish.

A simple application is the computation of mixed moments of two operators O,O′ ∈
A. When O and O′ are free, their mixed moments can be computed from their

individual moments only:

Theorem

Theorem 12. Suppose we have free unital subalgebras A1,A2. Then, the mixed

moments of O ∈ A1 and O′ ∈ A2 have a simple expression written only in terms

of the single-operator moments:

φ((OO′)n) =
∑

π∈NC(n)

κπ[O,O, · · · ,O] φπ∗((O′)n). (5.211)

Here φπ∗((O′)n) is the product of moments, one for each block of the partition

π∗, known as the Kreweras complement of the partition π.

■ Free probability and ETH

In the papers, a generalization of ETH is discussed; we consider the matrix

elements of operators ωnm = En − Em and Onm := ⟨En| O |Em⟩. Suppose these

matrix elements follow the ETH ansatz (5.182). Then, for distinct indices n1 ̸=
n2 ̸= · · · ̸= np, we obtain following scaling

ER
[
On1n2On2n3 · · · Onp−1np

]
= (DE,∆E)

1−pF (p)(ω⃗) (5.212)

where ER[· · · ] represents average over pseudo random variables Rnm. For repeated

indices we have the factorization,

ER
[
On1n2On2n3 · · · Onq−1n1On1nq+1 · · · Onp−1np

]
= ER

[
On1n2On2n3 · · · Onq−1n1

]
ER
[
On1nq+1 · · · Onp−1np

]
+O

(
1

DE,∆E

)
.

(5.213)

Then, we take A = B(H) and φ : B(H) → C by

φ(O) := ⟨O⟩E,∆Emc =
1

DE,∆E

Tr
[
ρ(E,∆E)
mc O

]
. (5.214)

We can write the correlation functions in terms of the energy eigenbasis,

⟨O(t1)O(t2) · · · O(tq)⟩E,∆Emc =
1

DE,∆E

∑
n1,n2,··· ,nq

eiω⃗·⃗tOn1n2On2n3 · · · Onp−1nq ,

with ω⃗ = (ωn1n2 , · · · , ωnp−1np), t⃗ = (t1, · · · , tp).
(5.215)
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Then, we consider decomposing the sum in the correlation function: this can be

split into a sum with all different indices (
∑

n1 ̸=n2 ̸=···̸=np
), plus sums in which only

one index is repeated (
∑

n1=n2 ̸=···̸=np
), plus sums with two repeated indices, and so

on. We have a nice pictorial expression for these sums. The algorithm is as follows:

1. For each sum, we draw one circle and place p dots on it clockwise in the order

of the matrix elements.

2. If there are repeated indices, then we draw lines connecting the corresponding

dots.

3. We then have three fundamental objects:

(a) Simple loops: no lines.

(b) Non-crossing loops: there are lines, but they do not cross.

(c) Crossing loops: there are lines crossing.

4. The sum corresponding to a simple loop is given by

Kq (⃗t) =
1

DE,∆E

∑
n1 ̸=n2 ̸=···̸=nq

eiω⃗·⃗tOn1n2On2n3 · · · Onqn1 . (5.216)

By using the ETH ansatz (5.212), we see

Kq (⃗t) =

∫
dω⃗ eiω⃗·⃗t F (q)(ω⃗). (5.217)

5. For the sums with repeated indices, by using the ETH ansatz (5.213), we find

that the sums decompose into products of simple loops.

6. The crossing loops are suppressed compared to the other terms.

We show some concrete examples.
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• Example p = 2:

⟨O(t1)O(t2)⟩E,∆Emc =
1

DE,∆E

∑
n1,n2

eiωn1n2 tOn1n2On2n1

=
1

DE,∆E

∑
n1 ̸=n2

eiωn1n2 tOn1n2On2n1 +
1

DE,∆E

∑
n1=n2

eiωn1n2 tOn1n2On2n1

= Σ
n1

n2

+ Σ
n1

n2

.

(5.218)

By using the ETH ansatz, we see

ER
[
⟨O(t1)O(t2)⟩E,∆Emc

]
= K2(t1, t2) +K1(t1)K1(t2). (5.219)

• Example p = 3:

⟨O(t1)O(t2)O(t3)⟩E,∆Emc =
1

DE,∆E

∑
n1,n2,n3

eiω⃗·⃗tOn1n2On2n3On3n1 (5.220)

=
1

DE,∆E

∑
n1 ̸=n2 ̸=n3

eiω⃗·⃗tOn1n2On2n3On3n1

+
1

DE,∆E

( ∑
n1=n2 ̸=n3

+
∑

n1=n3 ̸=n2

+
∑

n2=n3 ̸=n1

)
eiω⃗·⃗tOn1n2On2n3On3n1

+
1

DE,∆E

∑
n1=n2=n3

eiω⃗·⃗tOn1n2On2n3On3n1

= Σ
n1

n2n3

+ Σ
n1

n2n3

+ Σ
n1

n2n3

+ Σ
n1

n2n3

+ Σ
n1

n2n3
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By using the ETH ansatz, we find

ER
[
⟨O(t1)O(t2)O(t3)⟩E,∆Emc

]
= K3(t1, t2, t3) (5.221)

+K2(t1, t2)K1(t3) +K2(t1, t3)K1(t2) +K2(t2, t3)K1(t1)

+K1(t1)K1(t2)K1(t3)

• Example p = 4: We find that

⟨O(t1)O(t2)O(t3)O(t4)⟩E,∆Emc (5.222)

= Σ
n1

n2

n3

n4 + Σ
n1

n2

n3

n4 + Σ
n1

n2

n3

n4 (5.223)

+ Σ
n1

n2

n3

n4 + Σ
n1

n2

n3

n4 + Σ
n1

n2

n3

n4 + Σ
n1

n2

n3

n4

+ Σ
n1

n2

n3

n4 + Σ
n1

n2

n3

n4 + Σ
n1

n2

n3

n4 + Σ
n1

n2

n3

n4

+ Σ
n1

n2

n3

n4 + Σ
n1

n2

n3

n4 + Σ
n1

n2

n3

n4 + Σ
n1

n2

n3

n4

(5.224)

+ Σ
n1

n2

n3

n4

The crossing terms are suppressed:

1

DE,∆E

∑
n,m

eiω⃗·⃗tER[OnmOmnOnmOmn] = O

(
1

DE,∆E

)
. (5.225)
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Then, we see

ER⟨O(t1)O(t2)O(t3)O(t4)⟩E,∆Emc

= K4(t1, t2, t3, t4)

+K1(t1)K3(t2, t3, t4) +K1(t2)K3(t1, t3, t4) +K1(t3)K3(t1, t2, t4) +K1(t4)K3(t1, t2, t3)

+K2(t2 − t3, t4 − t1)K1(t1 − t2)K1(t3 − t4) +K2(t1 − t2, t3 − t4)K1(t2 − t3)K1(t4 − t1)

+ · · ·
(5.226)

We see that the expression of the correlation functions with full ETH is the same as

the free cumulant expression of the moments in Definition (5.7.1). Thus we see:

Theorem

Theorem 13. When we apply the full ETH ansatz (5.212), (5.213), the corre-

lation functions have expressions in terms of the ETH simple loops Kq. These

expressions are the same as the expressions of the free moments in terms of free

cumulants (5.7.1). Thus, we see

κn[O(t1), · · · ,O(tn)] = Kn(⃗t) +O

(
1

DE,∆E

)
. (5.227)

■ Asymptotic freeness

Here we discuss the physical consequence of the results above. To this end, we

define the notion of asymptotic freeness [166] :

Definition

Definition 21. Suppose we have two D ×D matrices A,B. Then we say A,B

are asymptotically free if their mixed cumulants vanish for all n ∈ N,

lim
D→∞

κ2n[A,B, · · · , A,B] = 0. (5.228)

We say A,B are asymptotically p-free if their mixed cumulants vanish for all

1 ≤ n ≤ p,

lim
D→∞

κ2n[A,B, · · · , A,B] = 0. (5.229)

Examples are given by random matrix theory. Suppose we take two operators

A,B and define AU := U †AU with U ∼ Haar; then AU , B are asymptotically free. If
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we replace the Haar measure by a unitary p-design, then we obtain asymptotically

p-free behavior.

The essence of chaotic dynamics is asymptotic freeness at long times. We can

see that for observables O1,O2 which satisfy ETH, the infinite-time average of their

mixed free cumulants vanishes:

lim
DE,∆E→∞

lim
T→∞

1

T

∫ T

0

dt κ2n[O1(t),O2, · · · ,O1(t),O2] = 0. (5.230)

In actual systems, asymptotic freeness holds already at finite times, so we expect

κ2n[O1(t),O2, · · · ,O1(t),O2] ≈ O

(
1

DE,∆E

)
, t≫ t∗n (5.231)

for some characteristic time scale t∗n.

Long-time freeness means that mixed moments at late times can be computed

using factorization. For example, out-of-time-order correlators (OTOCs) are

⟨O(t)O′O(t)O′⟩E,∆Emc = κ2[O(t),O(t)]κ1[O′]2 + κ1[O(t)]2κ2[O′,O′] +O

(
1

DE,∆E

)
.

(5.232)

■ Relation to our clustering property

In [1], as a sufficient condition for strong ETH, the following condition is dis-

cussed:

2p∏
i=1

lim
Ti→∞

∫ Ti

0

dti
Ti

G(2p)(t1, t2, · · · , t2q) = O

(
1

(DE,∆E)
q

)
(5.233)

where

G(k)(t1, t2, · · · , tk) = Tr
[(
ρ(E,∆E)
mc

) 1
k Ômc(t1)

(
ρ(E,∆E)
mc

) 1
k Ômc(t2) · · ·

(
ρ(E,∆E)
mc

) 1
k Ômc(tk)

]
(5.234)

with Ômc := O − ⟨O⟩E,∆Emc . This correlation function is given by

φ(O) =
1

DE,∆E

Tr[O], O ∈ B(HE,∆E). (5.235)

We take O ∈ B(H) and project it onto the energy shell by ΠE,∆EOΠE,∆E. The

condition (5.233) expresses asymptotic freeness at long times. However, it seems

that the finite-size scaling behavior is different. We will see this clustering condition

later.
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5.8 Late time behavior of the spectral form factor and cor-

relation functions

5.8.1 Random matrix theory and Spectral Form Factor

The random Hamiltonian gives toy model of quantum chaos [167]. the Hamiltonians

follow the random matrix theory (RMT). The typical examples we use are the

gaussian type RMT like GUE, GOE and the circular type RMT like the CUE.

Here we focus on the Gassian type. For the Gaussian type RMT which classified

by the Dyson index b = 1(GUE), 2(GOE), 4(GSE) has the following probability

distribution for the Hamiltonian with D ×D matrix, where D is the dimension of

Hilbert space,

dHP (H) =
1

Z0

exp
{
−Tr

[
H2
]}

=
1

Z
dEn

∏
n<m

|En − Em|b
∏
n

e−E
2
n

=
dEn
Z

exp

{
−
∑
n

(En)
2 + b

∑
n<m

log |En − Em|

}
=: dEnP (E1, E2, · · · , ED) = DE

(5.236)

The fundamental quantities are the density of states

ρ(E) :=
∑
n

δ(E − En). (5.237)

Also we have the n-points correlation functions

ρ(n)(E1, E2, · · · , En) :=
∫

dEn+1 · · · dEDP (E1, E2, · · · , ED). (5.238)

One important RMT results in large D is the following formulas: the n-points

correlation functions are determined by the Kernel K as

ρ(n)(E1, E2, · · · , En) =
(D − n)!

D!
det{K(En, Em)}ni,j=1 (5.239)

where the kernel K in the large D limit behaves as

K(En, Em) =


D

π

sin(D(En − Em))

D(En − Em)
if n ̸= m,

D

2π

√
4− E2

n if n = m.

(5.240)
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The diagonal part is called the Wigner semi-circle law and the off-diagonal part is

called the sine kernel formula.

The spectral form factor is given by the Fourie transformation of the correlation

functions

SFF(k)(T ) :=
∑
n,m

∫
DE ei(En1+···Enk

−Em1−···−Emk
)T , k ∈ N

=
〈∣∣Tr[e−iHT

]∣∣2k〉
H

(5.241)

where ⟨f(H)⟩H :=
∫
dHP (H)f(H) is an average over the Hamiltonians. The sim-

plest example is the two point function (k = 1). This is determined by the two point

correlation function as follows

SFF(T ) =
∑
n,m

∫
DEei(En−Em)T

= D +D(D − 1)

∫
dE1dE2ρ

(2)(E1, E2)e
i(E1−E2)T .

(5.242)

By directly computing the determinant, we obtain the famous universal sine kernel

formula,

ρ(2)(E1, E2) =
D2

D(D − 1)
ρ(E1)ρ(E2)−

D2

D(D − 1)

sin2 (D(E1 − E2))

(Dπ(E1 − E2))
2 (5.243)

where

ρ(E) = ρ(1)(E) =
1

2π

√
4− E2 (5.244)

is a Wigner semi-circle. This formula allows us the following of the SFF [168] ,

SFF(T ) = SFFdis(T ) + SFFcon(T )

SFFdis(T ) := D2

∫
dE1dE2ρ(ρ1)ρ(ρ2)e

i(E1−E2)T

=
∣∣〈Tr[e−iHT

]〉
H

∣∣2
= D2r21(T ),

r1(T ) :=
J1(2T )

T
.

(5.245)

That is the disconnected piece is determined by the product of the Wigner semi-
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circle. The connected part is defined by the complement

SFFcon(T ) := SFF(T )− SFFdis(T )

= D −D2

∫
dE1dE2

sin2 (D(E1 − E2))

(Dπ(E1 − E2))
2 ei(E1−E2)T .

(5.246)

After doing the integral with some moderate regularization, we see

SFFcon(T ) = D(1− r2(T ))

r2(T ) =

1− T
2D
, for T < 2D

0 for T > 2D.

(5.247)

Then the total spectral form factor is plotted in the Figure 18. Now see the following
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Figure 18: Behavior of spectral form factor: We plot with D = 5.

three parts of spectral form factor

1. Slope region: in early time, we see the spectral form factor shows decaying.

To understand this, we see the another expression of SFF,

SFF(T ) =

〈∣∣∣⟨I| e− iHT
2

(HL+HR)T |I⟩
∣∣∣2〉

H

, |I⟩ =
∑
n

|En⟩ |En⟩ . (5.248)

Thus, the spectral form factor is a return amplitude from maximal entangle-

ment state. For enough complicated Hamiltonian, we expect that the state

non-trivially evolves and the amplitudes decreases. In this time scale the dis-

connected part SFFdis =
(〈

⟨I| e− iHT
2

(HL+HR)T |I⟩
〉
H

)2
is essential contribute.

2. Ramp region: But around some time scale called dip time, the correlation

between two amplitudes getting important. This is qualitatively regarded as
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the connected part of ρ(2)(E1, E2) and thus correlation between two energy

levels. For chaotic theories, because of the level repulsion, we see that the

spectral form factor shows linear growth called ramp.

3. Plateau part: After ramp region, we see the spectral form factor reaches to

stationary part called plateau.

5.8.2 Spectral form factor in large q-SYK models

We can also discuss the spectral form factor in large q SYK models [169]. For SYK

models, spectral form factor can be expressed as a following path integral,

SFF(T, β) =
〈∣∣∣Tr[e−iHT

]2∣∣∣〉
J

=

∫
P.B.C

Dψ± exp
{
i(S

(+)
SYK[ψ

(+)]− S
(−)
SYK[ψ

(−)])
}

S
(±)
SYK[ψ

(±)] =

∫
C
dt

 i

2

N∑
j=1

ψj(±)∂tψ
j
(±) −

(±i)
q
2

q!

∑
j1,j2,··· ,jq

Jj1···jqψ
j1
(±) · · ·ψ

jq
(±)

.
(5.249)

The different sign (±i)
q
2 is coming from the convention related to the Hermite con-

jugation [36]. The periodic boundary condition (P.B.C) represents,

ψj(±)(T ) = −ψj(±)(0). (5.250)

We also obtain the bi-local fields representation,

SFF(T, β) =

∫
P.B.C

DGabDΣab e
−NIeff [G,Σ]

Ieff [G,Σ] = −1

2
log det [∂tδ(t− t′)δab − Σab(t, t

′)]

+
1

2

∫
C
dtdt′

[
Σab(t, t

′)Gab(t, t
′)− J2

q
sab(Gab(t, t

′))
q

]
s++ = s−− = −1, s+− = s−+ = (−1)

q
2 = iq

(5.251)

The saddle point equation is given by

Σab(t, t
′) = J2sab(Gab(t, t

′))
q−1

+ Γab(t, t
′)

−iG−1
0 ∗G− Σ ∗G = I

−iG ∗G−1
0 −G ∗ Σ = I

(5.252)

where

(−iG−1
0 )ab(t, t

′) = ∂tδ(t− t′)δab (5.253)
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. As an ansatz for the saddle point equations, we suppose the bi-local fields take a

form of

Gab(t, t
′) = Gab(t− t′). (5.254)

Because of the anti periodic boundary conditions, we have a Fourier transformation

with Matsubara frequency ωn = 2π
T

(
n+ 1

2

)
, n ∈ Z,

Gab(ωn) =

∫ T

0

dt eiωntGab(t),

Gab(t) =
1

T

∑
n∈Z

e−iωntGab(ωn).
(5.255)

Then, the second equation of the saddle point equations are in the form of

G−1
ab (ωn) = −(iωnδab + Σab(ωn)). (5.256)

Also we clarify the index symmetry of the bi-local fields. The bi-local field satisfies

the anti-symmetry constraint

Gab(t1, t2) = −Gba(t2, t1) (5.257)

which implies

Gab(t) = −Gba(−t), Gab(ωn) = −Gba(−ωn). (5.258)

Also from the anti-periodicity

Gab(t) = −Gab(T + t) = Gba(−T − t) = Gba(T − t). (5.259)

In the last line, we use the anti-periodicity twice. To get some analytic result

we consider large q limit of our SYK model. The recipe for large q limit is as

follows [169]:

1. We take following scaling in large q limit: Fix J which is defined through

J2 = 2q−1

q
J 2.
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2. Expand the bi-local fields Gab, Σab in 1/q,

Gab(t1, t2) = G
(0)
ab (t1, t2) exp

{
1

q
gab(t1, t2)

}
= G

(0)
ab (t1, t2) +

1

q
G

(1)
ab (t1, t2) +O

(
1

q2

)
,

G
(1)
ab (t1, t2) = G

(0)
ab (t1, t2)gab(t1, t2)

Σab(t1, t2) = Σ
(0)
ab (t1, t2) +

1

q
Σ

(1)
ab (t1, t2) +O

(
1

q2

)
.

(5.260)

The self energy is determined by the Kadanoff-Baym equation (5.252).

Σab(t1, t2) =
J 2

q
sab(2G

(0)
ab )

q−1egab(t1,t2) +O

(
1

q2

)
. (5.261)

This tells us that

Σ
(0)
ab (t1, t2) = 0,

Σ
(1)
ab (t1, t2) = J 2sab(2G

(0)
ab (t1, t2))

q−1egab(t1,t2).
(5.262)

3. Expand the Kadanoff-Baym equation (5.252) in 1/q. The boundary conditions

is moderately chosen in the situations.

4. Evaluate the on-shell action. We will derive the on-shell action later in detail.

The action is now

Ieff = −1

2
Tr[log (∂tδ(t− t′)δab − Σab(t, t

′))]

+
1

2

∫ T

0

dtdt′
[
Σab(t, t

′)Gab(t, t
′)− J 2

2q2
sab(2Gab(t, t

′))
q

]
.

(5.263)

We do have different evaluation for this effective action depending on the order

of time T .

■ Short Time Solution T = O(1)

Then, we start from expand the Kadanoff-Baym equation (5.252) in 1/q.

Order O(q0)

−iG−1
0 ∗G(0) − Σ(0) ∗G(0) = I

−iG(0) ∗G−1
0 −G(0) ∗ Σ(0) = I.

(5.264)
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Since Σ
(0)
ab = 0 we conclude

−iG−1
0 ∗G(0) = I

−iG(0) ∗G−1
0 = I.

(5.265)

This is equivalent to the Kadanoff-Baym equation for the free fermion J → 0. By

recalling the formula

(−iG−1
0 ∗ A)ab(t, t′) = ∂tAab(t, t

′), (5.266)

we obtain

Diagonal ∂t1G
(0)
aa (t1, t2) =

1

2
δ(t1 − t2)

Off-diagonal ∂t1G
(0)
ab (t1, t2) = 0, a ̸= b.

(5.267)

The generic solution is given by

Diagonal Gaa(t1, t2) =
1

2
sgn(t1 − t2) + Aaa

Off-diagonal G
(0)
ab (t1, t2) = Bab, a ̸= b.

(5.268)

Here Aab, Bab is some constants. From the Majorana fermion algebra {ψia, ψ
j
b} =

δijδab we see

Aab = 0. (5.269)

The off-diagonal components are determined by the boundary conditions of the

path-integral we consider. If we focus on the replica symmetric saddle point we

require

B++ = B−−, B+− = −B−+. (5.270)

So the zero-th order solution has one unfixed constant parameter BLR. For latre use

we set

Bab =
i

2
b ϵab, ϵ+− = −ϵ−+ = 1. (5.271)

Order O(q1)

−iG−1
0 ∗G(1) − Σ(1) ∗G(0) = 0. (5.272)

By acting the −iG−1
0 from right, we see

(−iG−1
0 ) ∗G(1) ∗ (−iG−1

0 ) = Σ(1) ∗G(0) ∗ (−iG−1
0 ). (5.273)
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By using the formula(
(−iG−1

0 ) ∗G(1) ∗ (−iG−1
0 )
)
ab
(t, t′) = −∂t∂t′Aab(t, t′) (5.274)

and the order zero equation (5.265), the expression of Σ(1) (5.262) , we obtain

∂t1∂t2G
(1)
ab (t1, t2) = −J 2sab

(
2G

(0)
ab (t1, t2)

)q−1

exp{gab(t1, t2)}. (5.275)

Diagonal

The diagonal components are given by

∂t∂t′(sgn(t− t′)gaa(t, t
′)) = (2J 2) sgn(t− t′)egaa(t,t

′). (5.276)

From the ansatz (5.254), we have

∂2t (sgn(t)gaa(t)) = −(2J 2)sgn(t)egaa(t). (5.277)

The general solution is given by

egaa(t) =
c2a

J 2 cosh2 (ca|t|+ da)
(5.278)

where ca, da are integration constants. These two are fixed by the boundary con-

ditions. For simplicity, we focus on β = 0. In this case, the boundary conditions

(5.259), we assign the boundary conditions,

gaa(0) = 0, g′aa

(
T

2

)
= 0. (5.279)

Then,, we find the solution

egaa(t) =

(
cosh

(
c̃a
2

)
cosh

(
c̃a
(
1
2
− t

T

)))2

c̃a = (J T ) cosh c̃a
2
, c̃a > 0.

(5.280)

Notice that the second equation has two solutions. If c̃+ = c̃−, we have replica

symmetric solution and otherwise it is replica symmetry is broken. If J T ≥ J T∗ =
1.3254 · · · , there is no real solution and we have complex solutions [169]. See Figure

19.

Off-Diagonal
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Figure 19: Plot of y = x

cosh(x
2 )
.

When b ̸= 0, the off-diagonal component reduces to

∂t∂t′gab(t, t
′) = 2J 2bq−2egab(t,t

′). (5.281)

The boundary conditions we assign are as follows: from the anti-periodicity (5.259),

the off-diagonal components must satisfies

gab

(
T

2

)
= 0, gab

(
−T
2

)
= 0. (5.282)

Then we have the following solution

g+−(t) = −gRL(t) = c

(
t− T

2

)
. (5.283)

Evaluation of on-shell Action

Let’s evaluate the on-shell action,

Ieff [G,Σ] = −1

2
Tr
[
log
[
G−1

0 − Σ
]]

+
1

2

∫ T

0

dtdt′
[
Σab(t, t

′)Gab(t, t
′)− J 2

2q2
sab(2Gab(t, t

′))
q

]
.

(5.284)

We are considering the 1/q expansion of this on-shell action. Firstly, let us consider

the determinant term. Notice that Σ = O(1/q), we expand them up to O(Σ2) =
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O(1/q2).

−1

2
Tr
[
log
[
G−1

0 − Σ
]]

= −1

2
Tr
[
logG−1

0

]
− 1

2
Tr[log [I−G0 ∗ Σ]]

= −1

2
Tr
[
logG−1

0

]
+

1

2
Tr[G0 ∗ Σ] +

1

4
Tr[G0 ∗ Σ ∗G0 ∗ Σ] +O

(
1

q3

)
.

(5.285)

We replace 1
2
Tr
[
logG−1

0

]
= log 2 so that SFF(0) = 2

N
2 . Next we are evaluating the

first term in the second line.

+
1

2

∫ T

0

dtdt′Σab(t, t
′)Gab(t, t

′) = −1

2
Tr[Σ ∗G]

= −1

2
Tr
[
Σ ∗G(0)

]
− 1

2q
Tr
[
Σ ∗G(1)

]
+O

(
1

q3

)
.

(5.286)

So the term involving Σ is

(Terms with Σ) =
1

2
Tr[G0 ∗ Σ]−

1

2q
Tr
[
Σ ∗G(1) ∗ Σ ∗G(1)

]
+O

(
1

q3

)
. (5.287)

Then, we complete the integration over the Σ,∫
DΣe

N
2q

Tr[G(1)∗Σ]−N
4
Tr[Σ∗G0∗Σ∗0] ∝ e

+ N
4q2

Tr[G(1)∗G−1
0 ∗G(1)∗G−1

0 ]+O
(

1
q3

)
(5.288)

In terms of gab(t), this is rewritten as

− 1

4q2
Tr
[
G(1) ∗G−1

0 ∗G(1) ∗G−1
0

]
= − 1

4q2

∫ T

0

dtdt′∂tG
(1)
ab (t, t

′)∂t′G
(1)
ba (t

′, t)

=
1

4q2

∫ T

0

dtdt′∂tG
(1)
ab (t, t

′)∂t′G
(1)
ab (t, t

′)

=
1

16q2

∫ T

0

dtdt′
∑
a=+,−

[∂t(sgn(t− t′)gaa(t, t
′))∂t′(sgn(t− t′)gaa(t, t

′))]

− b2

16q2

∫ T

0

dtdt′[∂tg+−(t, t
′)∂t′g+−(t, t

′) + ∂tg−+(t, t
′)∂t′g−+(t, t

′)]

= − T

16q2

∫ T

−T
dt′

∑
a=+,−

(∂t(sgn(t)gaa(t)))
2

(5.289)
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On the other hand, the second term in the second line is evaluated as

−J 2

4q2

∫ T

0

dtdt′sab(2Gab(t, t
′))q =

TJ 2

4q2

∫ T

−T
dt

[ ∑
a=+,−

egaa(t)

]
. (5.290)

In total, we have the action,

Ieff = − log 2

+
T

16q2

∫ T

−T
dt
∑
a=+,−

[
−(∂t(sgn(t)gaa(t)))

2 + 4J 2egaa(t)
]

− T

16q2

∫ T

−T
dt
[
−b2(∂tg+−(t))

2 − b2(∂tg−+(t))
2 + 4J 2bq

(
eg+−(t) + eg−+(t)

)]
.

(5.291)

Then, we substitute the solutions we found above. Firstly, let us consider the diago-

nal term. By using the saddle point equations and the periodic boundary conditions,

we find that

T

16q2

∫ T

−T
dt
∑
a=+,−

[
−(∂t(sgn(t)gaa(t)))

2 + 4J 2egaa(t)
]
=
T

q2

∫ T
2

0

dt
∑
a

egaa(t)
(
1− 1

2
gaa(t)

)
.

(5.292)

Then, we substitute the solutions (5.280) and find

T

q2

∫ T
2

0

dt
∑
a

egaa(t)
(
1− 1

2
gaa(t)

)
=

1

q2

∑
a

[
2c̃a tanh

c̃a
2
− 1

2
(c̃a)

2

]
. (5.293)

Actually, by computing the one-loop correction, we find that the spectral form factor

shows the decays.

■ Large Time solution T = O(q) or O(q log q)

For large time period of O(q), the 1/q expansion fail as discussed in [90]. So we

need to use the other approximation. The idea is that we can approximate the Σab

to the delta function because they vary very quickly compared to Gab. This is indeed

true from the Kadanoff-Baym equation (5.252). Since the diagonal component of

Σab are odd-function, they are proportional to the derivative of the delta function

Σaa ∝ δ′(t). On the other hand, the off-diagonal component is related to the delta

function itself. Thus, we put the ansatz,

Σ+−(t) = −Σ−+(t) = −iνδ(t). (5.294)

Even in the very large period T ∼ O(q) or T ∼ O(q log q), we think that for shot

time t ∼ O(1) the 1/q expansion works well and we consider the solutions for even
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that time scales. But here we do not assign the periodic boundary conditions for

these early time solutions. So we have the solution for the early time from the

Liouville equation,

egaa(t) =
c2aa

J 2 cosh2 (caa|t|+ daa)
(5.295)

for diagonal solutions and

eg
>
ab(t) =

(c>ab)
2

J 2bq−2 cosh2 (c>abt+ d>ab)
, t > 0 (5.296)

for off-diagonal components. and obtain the solution of the off-diagonal component

for early time.

egab(t) =
(cab)

2

J 2bq−2 cosh2 (cab|t|+ dab)
(5.297)

With this solution, we can determine the exponent ν in (5.294). Here we consider

the first possibility through while. Later we are coming back the other possibilities.

The exponent is related by the early time ansatz via Kadanoff-Baym equation

ν = i

∫ ∞

−∞
dt Σ+−(t)

= i

∫ ∞

−∞
dt
J 2

q
s+−(2G

(0)
+−)

q−1eg+−(t)

=
2b

q
cab. for Reb > 0.

(5.298)

Here we use the Kadanoff-Baym equation (5.252) and early time solution (5.297)

and suppose q ≡ 0 mod 2.

Now we consider to solve the Kadanoff-Baym equation in the time scale of

t = O(q), O(q log q). In this case, we use the ansatz (5.294). The diagonal com-

ponents Σaa ∝ δ′(t) just change the normalization of ∂tGab in 1/q and we ignore this

contribution. Then, the Kadnoff-Baym equation (5.252) give four equations,

∂tG++(t) + iν G−+(t) = 0,

∂tG+−(t) + iν G−−(t) = 0,

∂tG−+(t)− iν G++(t) = 0,

∂tG−−(t)− iν G+−(t) = 0.

(5.299)

These are easily solved and using the boundary conditions such that the Gaa are
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symmetric around t = T
2
, we see

G++(t) = A cosh

(
ν

(
T

2
− t

))
,

G−+(t) = −iA sinh

(
ν

(
T

2
− t

))
,

G−−(t) = B cosh

(
ν

(
T

2
− t

))
,

G+−(t) = iA sinh

(
ν

(
T

2
− t

))
.

(5.300)

where A,B are integration constants. From the boundary conditions (5.259), we

can derive

G−+

(
T

2
− t

)
= −G−+

(
t− T

2

)
= G+−

(
y +

T

2

)
. (5.301)

This means A = B. In summary, we have

G++(t) = G−−(t) = A cosh

(
ν

(
T

2
− t

))
,

G+−(t) = −G−+(t) = iA sinh

(
ν

(
T

2
− t

))
.

(5.302)

Next we are try to glue the two solutions, early time and late time solutions. This

task is done by comparing the t→ ∞ of early time solutions (5.295) and (5.297),

Gaa(t) =
1

2

(
1 +

1

q
gaa(t) +O

(
1

q2

))
≈ 1

2
+

1

q
log

2caa
J

− daa
q

− caa
q
t,

Gab(t) =
ib

2
ϵab

(
1 +

1

q
gab(t) +O

(
1

q2

))
=

ib

2
ϵab +

ib

q
ϵab log

2cab

J b q−2
2

− ib

q
ϵabdab −

ib

q
ϵabcabt.

(5.303)

On the other hand, we consider the t→ 0+ of the late time solution (5.302),

Gaa(t) ≈ A cosh

(
νT

2

)
− Aνt sinh

(
νT

2

)
,

G+−(t) = −G−+(t) ≈ iA sinh

(
νT

2

)
− iAνt cosh

(
νT

2

)
.

(5.304)

For large T we have consistent solutions. From the leading part of constant term in

(5.303) and (5.304), we observe

A ≈ e−
νT
2 (5.305)

155



and from the linear t term,

c++

q
=
c−−

q
=
c+−

q
=
c−+

q
=
ν

2
. (5.306)

This is consistent with (5.298) when b = 1. From the 1/q order terms of the constant

part, we see

1

2
+

1

q
log

2c++

J
− d++

q
= A cosh

(
νT

2

)
,

1

2
+

1

q
log

2c+−

J
− d+−

q
= A sinh

(
νT

2

)
.

(5.307)

This means

d+− = d++ + σ, σ := qe−νT . (5.308)

This shows that d+− = d−+ are not in pure imaginary.

Next we evaluate the on-shell action. The action (5.263) has two parts. In this

large time solution, we approximate the effective action such that we consider only

contribution from late-time solutions (5.302). Firstly we evaluate the determinant

term as follows.

−1

2
Tr
[
log
(
G−1

0 − Σ
)]

= −1

2
Tr
[
logG−1

0

]
− 1

2
Tr[log (1−G0 ∗ Σ)]

= −1

2
Tr
[
logG−1

0

]
+

1

2

∞∑
k=1

1

k
Tr
[
(G0 ∗ Σ)k

]
.

(5.309)

Here every multiplication in (G0 ∗Σ)k is taken for the ∗ product and matrix product

on +/− space. This trace is easy to work in the Fourier space. We can easily find

that

(
G−1

0

)
ab
(ωn) =

∫ T

0

dt eiωnt∂tδ(t)δab = −iωnδab,⇒ (G0)ab(ωn) =
1

−iωn
δab. (5.310)

Also in the approximation (5.294)

Σab(ωn) = −iνϵab. (5.311)

In the case that the time translation is kept, the Fourier transformation of ∗ product

is just the product and thus

(G0 ∗ Σ)ab(ωn) =
ν

ωn
ϵab. (5.312)

So for odd k the diagonal components are just zero and the traces are also zero. For
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even k = 2l,

Tr
[
(G0 ∗ Σ)2l

]
= 2

∑
n∈Z

(
− ν2

ω2
n

)l
= 2(−1)l

(
νT

2π

)2l∑
n∈Z

1(
n+ 1

2

)2l . (5.313)

So in total

1

2

∞∑
k=1

1

k
Tr
[
(G0 ∗ Σ)k

]
=

1

2

∞∑
l=1

1

2l
Tr
[
(G0 ∗ Σ)2l

]
=

1

2

∞∑
l=1

1

l
(−1)l

(
νT

2π

)2l∑
n∈Z

1

(n+ 1
2
)2l

= −1

2

∑
n∈Z

log

(
1 +

(
νT

2π

1

n+ 1
2

)2
)

= − log cosh

(
νT

2

)
.

(5.314)

Here we use the relation
∑∞

l=1
(−1)l

l
z2l = − log (1 + z2) and

∑
n∈Z log

(
1 + x2

(n+ 1
2
)2

)
=

2 log coshπx 11 Also, we renormalize the free term

1

2
Tr
[
logG−1

0

]
→ log 2 (5.316)

so that SFF(0) = 2
N
2 . So in total,

−1

2
Tr
[
logG−1

0 − Σ
]
= − log 2− log cosh

νT

2
= −νT

2
+O

(
e−νT

)
. (5.317)

Next we evaluate the polynomial term,

(Polynomial term) =
1

2

∫ T

0

dtdt′
[
ΣabGab −

J 2

2q2
sab(2Gab)

q

]
. (5.318)

From the Kadanoff-Baym equation, Σab =
J 2

q
sab(2Gab)

q−1, we see

(Polynomial term) =
T

2

(
1− 1

q

)∫ T

−T
dt(Σab(t))Gab(t). (5.319)

11This is derived as follows: Let us define f(x) :=
∑

n∈Z log
(
1 + x2

(n+ 1
2 )

2

)
. It is easy to see

f(0) = 0. Then,

f ′(x) =
∑
n∈Z

2x

x2 +
(
n+ 1

2

)2 = 2π tanhπx. (5.315)

We then integrate this relation and find equality.
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By using the ansatz (5.294) and solutions (5.302) we see∫ T

−T
dtΣab(t)Gab(t) = 2νA

∫ T

−T
δ(t) sinh

(
ν

(
T

2
− t

))
≈ νT (1−O

(
e−νT

)
), (5.320)

In total we see

Ieff = O
(
νTe−νT

)
. (5.321)

Thus the effective action is almost zero in large T . We should notice that for given

physical quantities q, T , we do not fix all of the parameters. Indeed, d++ is not

fixed. Then, we need to integrate over d++. Since the on-shell action is almost zero

which is independent of choice of d++. Also d++ corresponds to the time shift of the

solution, we have 0 < d++ < T ,∫ T

0

d(d++) e
−Ieff ∝ T. (5.322)

This shows that the spectral form factor have ramp.

■ Generic chaotic Hamiltonian

The above SYK discussion will be general in chaotic systems. Firstly, notice that

the spectral form factor is given by the following Schwinger-Keldysh path integral,

SFF(T ) = |Tr[e−iHT ]|2 = (5.323)

Here we express the each unitary by the black line and the red points mean the

identification. For the chaotic systems, we may think that the time evolution forget

about the initial conditions which means that the Schwinger-Keldysh path integral

is approximated by the connected path integral

SFF(T ) =

≈

= Tr
[
e−βHe−iHT e−βauxHeiHT

]
.

(5.324)

This connecting closed time contour breaks the doubled time translation symmetry

and gives the NG boson which is corresponding to the relative time shift [36, 170].

Since Tr
[
e−βHe−iHT e−βauxHeiHT

]
= Tr

[
e−2βauxH

]
with some parameter βaux. Then

We have the zero Lorentizian action this NG mode gives the zero mode integral.

The range of the integral will be the original periodicity T and this gives the ramp.

However, we do not have nice explanation for plateau from this picture and this is

interesting future problems.
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5.8.3 Two point function

By using the ETH ansatz and RMT, we can find that the thermal two point function

obeys similar behavior to the spectral form factors [171,172]. Here we describe naive

discussion. Suppose we have the operator O following to the ETH ansatz (5.182).

For simplicity we assume that O(E) = 0. Then from the property of pseudo random

matrix Rnm we see

ER[Onm] = 0,

ER[|Onm|2] = e−Smc(E)
∣∣FO(E,ω)

∣∣2. (5.325)

Then, the variance of the operator O in microcanonical ensemble is given by

ER
[
(∆O)2

]
=

1

DE,∆E

∑
|En⟩,|Em⟩∈HE,∆E

ER
[
|⟨En| O |Em⟩|2

]
=

1

DE,∆E

∑
|En⟩,|Em⟩∈HE,∆E

e−Smc(E)
∣∣FO(E,ω)

∣∣
≈ e−Smc(E)|FO(E, 0)|2

(5.326)

where we approximate E ≈ E and ω ≈ ∆E ≪ E and we assume the support of

FO(E,ω) lies around ω ≈ 0 12 Then the microcanonical two point function is given

by

ER
[
Tr
[(
ρ(E,∆E)
mc

) 1
2O(t)

(
ρ(E,∆E)
mc

) 1
2O
]]

=
1

DE,∆E

∑
|En⟩,|Em⟩∈HE,∆E

ei(En−Em)te−Smc(E)
∣∣FO(E,ω)

∣∣
≈ (∆O)2SFF(t)

(5.327)

where SFF(t) is defined on the microcanonical window. We thus see that the two

point functions are also have structure of slope, ramp, plateau like structure for

chaotic Hamiltonian.

6 A Sufficient Condition for the Double Exponen-

tial Scaling

In this section, we present one possible strategy to derive the double exponential

behavior (5.60), (5.63) from a set of assumptions that are expected to hold in highly

chaotic systems, as discussed in [1]. Our main tools will be concentration inequalities

[173,174] together with a notion of quantum mixing, which we will introduce later.

12Typically, FO(E,ω) exponentially decays in ω [149].
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6.1 Concentration Inequality and Sub-Gaussian Properties

Concentration inequalities are probabilistic bounds of the form

Prob[|Z − E[Z]| > ϵ] < f(ϵ), (6.1)

where f(ϵ) is some small function of ϵ. Here X denotes a random variable and E[Z]
its expectation value. Classical examples of such inequalities include Chebyshev’s

inequality and Markov’s inequality

Prob[|Z − E[Z]| > ϵ] <
E[Z − E[Z]]

ϵ
,

Prob[|Z − E[Z]| > ϵ] <
V[Z]
ϵ2

(6.2)

6.1.1 Sub-Gaussian Random Variables: A Brief Review

We begin by recalling a commonly used class of probability distributions known as

sub-Gaussian distributions. These distributions are characterized by concentration

bounds exhibiting Gaussian-type decay in the tails. More precisely, we adopt the

following definition.

Definition

Definition 22. A random variable Z is called σ-sub-Gaussian if it satisfies

Prob[|Z − E[Z]| > ϵ] < 2e−
ϵ2

σ2 . (6.3)

A wide variety of familiar random variables, including Gaussian, Bernoulli, and

uniformly bounded variables, fall into the class of sub-Gaussian random variables

with a finite and typically moderate value of σ. There exist several equivalent

ways to characterize the condition (6.3). For simplicity of presentation, we assume

throughout that E[Z] = 0. This assumption is made solely for convenience and can

be removed without affecting the generality of the discussion. One useful collection

of equivalent formulations is summarized below.

Theorem

Theorem 14. Let Z be a centered σ-sub-Gaussian random variable. Then the

condition (6.3) is equivalent to each of the following statements:
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1. The tail probabilities of Z obey

Prob[|Z| > ϵ] ≤ 2e
− ϵ2

C2
1 for all ϵ > 0. (6.4)

2. The moments of Z satisfy the bound

∥Z∥Lq := (E[|Zq|])
1
q ≤ C2

√
q for any q ≥ 1. (6.5)

3. The exponential moment of Z2 is controlled as

E
[
exp
{
η2Z2

}]
≤ exp

{
C2

3η
2
}

for all η with |η| < 1

C3

. (6.6)

4. The exponential moment of Z2 is finite at a specific point, namely

E
[
exp

{
Z2

C2
4

}]
≤ 2. (6.7)

5. For every η ∈ R, the moment generating function of Z satisfies

E
[
eηZ
]
≤ exp

{
η2σ2

2

}
. (6.8)

Here the constants C1, C2, C3, and C4 depend on σ2 only up to universal numer-

ical factors.

The equivalence of these conditions can be established through the following

sequence of implications: (6.8) ⇒ (6.4) ⇒ (6.5) ⇒ (6.6) ⇒ (6.7) ⇒ (6.8). We

briefly outline the main steps.

• (6.8)⇒ (6.4): this follows from a standard Chernoff-type bound. In particular,

one may choose C1 =
√
2σ.

• (6.4) ⇒ (6.5): a direct calculation yields

E[|Z|q] =
∫ ∞

0

dϵProb[|Z|q > ϵ]

=

∫ ∞

0

dx qxq−1Prob[|Z| > x]

≤ 2q

∫ ∞

0

dx xq−1 exp

{
− x2

2σ2

}
∵ (6.4)

= 2
q
2 qσqΓ

(q
2

)
.

(6.9)
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Consequently,

∥Z∥Lq ≤
(
qΓ
(q
2

)) 1
q
√
2σ ≤ 3σ

√
q . (6.10)

Hence, taking C2 = 3σ establishes (6.5).

• (6.5) ⇒ (6.6): we expand the exponential as

E
[
exp
{
η2Z2

}]
= E

[
1 +

∞∑
q=1

(η2Z2)q

q!

]
= 1 +

∞∑
q=1

η2qE[Z2q]

q!
. (6.11)

Applying (6.5), we find

E
[
exp
{
η2Z2

}]
≤ 1 +

∞∑
q=1

η2q2q+1σ2q =
1 + 2η2σ2

1− 2η2σ2
, for |η| < 1√

2σ
. (6.12)

For any a > 2, there exists a positive number x∗(a) such that for 0 < x < x∗(a),

1 + x

1− x
< eax, aeax∗(a) =

1

(1− x∗(a))2
. (6.13)

It then follows that

E
[
exp
{
η2Z2

}]
≤ exp

{
2aη2σ2

}
, for |η| < x∗(a)

2σ
, (6.14)

so we may choose C3 =
√
2a σ.

• (6.6) ⇒ (6.7): by setting η = 1
C4

with C4 =
C3

log 2
, the bound (6.7) immediately

follows.

• (6.7) ⇒ (6.4):

Prob[|Z| > ϵ] = Prob

[
e

Z2

C2
4 > e

ϵ2

C2
4

]
≤ e

− ϵ2

C2
4 E
[
e

Z2

C2
4

]
≤ 2e

− ϵ2

C2
4 , (6.15)

which allows us to take C1 = C4.

• (6.6) ⇒ (6.8): using the elementary inequality ex ≤ x + ex for all x ∈ R, we
obtain

E
[
eηZ
]
≤ E

[
ηZ + eη

2Z2
]
< eC

2
3η

2

, for |η| < 1

C3

. (6.16)

Furthermore, since 2ηx ≤ η2 + x2 for any η, x, it follows that

E
[
eηZ
]
≤ e

η2

2 E
[
e

Z2

2

]
< e

η2

2 e
1

C2
3 < eC

2
3η

2

. (6.17)
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6.1.2 Generalization of Sub-Gaussian Variables

Later we will want to allow mild departures from the strictly sub-Gaussian large-

deviation profile. A convenient toy model is a bound of the schematic form “Gaus-

sian + quartic,” namely

E
[
eηZ
]
≤ exp

{
η2σ2

2
−
∑
k=2

t′k
4k
η2k

}
(6.18)

for η in a certain range, or alternatively an explicit upper bound directly on the tail

probability:

Prob[|Z| > ϵ] ≤ 2 exp

{
− ϵ2

2σ2
−

M∑
k=1

g2k
2k
ϵ2k

}
. (6.19)

When the coupling g2k > 0, this quadratic (quartic in ϵ) correction remains below

the purely Gaussian estimate. In particular, Z is still sub-Gaussian in the sense that

Prob[|Z| > ϵ] ≤ 2 exp

{
− ϵ2

2σ2

}
. (6.20)

Moreover, to ensure that the relevant probability integrals are well-defined, we in-

deed require g2M > 0, and in what follows we restrict attention to this case. We

consider following theorems which we do not have complete proof:

Conjecture 1: Let Z be a random variable with zero mean E[Z] = 0. Assume that

its moments satisfy the following upper bound for any 1 ≤ q ≤ L < +∞,

E
[
Z2q
]
≤ 2q+1σ2qq!

∑
{mk}:m≤mmax

Γ(q +m)

Γ(q)

M∏
k=2

(−g2kσ2k)mk

mk!
(6.21)

for some finite (sufficiently small) mmax and g > 0. Here we denote m =
∑M

k=2 kmk.

For any q ≥ L+ 1 we only assume the weaker bound

E
[
Z2q
]
≤ (σ′)2q. (6.22)

In addition, suppose that L satisfies L+1 > (σ′)2

8σ2 . Then we can deduce the following

bounds for the generating function and the tail probabilities:

1. For some |η| < 1
2σ
, we have

E
[
eη

2Z2
]
≤ 2e4η

2σ2−
∑M

k=2 2
ktkg2kη

2kσ4k

+ F u(η) ,

F u(η) = exp

(
−(L+ 1) log

(
L+ 1

η2σ′2e

))
.

(6.23)
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2. For any η > 1
2σ
, it holds that

E
[
eηZ
]
≤ 2e2η

2σ2

(
2 exp

{
−

M∑
k=2

tk
4k
g2kσ

2k

}
+ F u

(√
1

8σ2

))
. (6.24)

3. For ϵ > 2σ, we obtain

Prob[|Z| > ϵ] ≤ 2 exp

{
− ϵ2

8σ2

}(
4 exp

{
−

M∑
k=2

tk
4k
g2kσ

2k

}
+ F u

(√
1

8σ2

))
.

(6.25)

■ On the Form of the bound on moment (6.21)

Let us briefly explain how the moment inequality (6.21) naturally arises. Assume

we are given the tail estimate (6.19). Then the q-th moment can be controlled as

E[Zq] =

∫ ∞

0

dϵProb[|Z|q > ϵ]

= q

∫ ∞

0

dx xq−1Prob[|Z| > x]

= 2q

∫ ∞

0

dx xq−1Prob[|Z| > x]

≤ 2q

∫ ∞

0

dx xq−1 exp

(
− x2

2σ2
−

M∑
k=2

g2k
2k
x2k

)
.

(6.26)

We now view the integral perturbatively in g. Since the resulting series is asymptotic

and has vanishing radius of convergence, we truncate the expansion at a finite order

m = mmax. From this perturbative perspective, the upper bound is approximated

by

E
[
Z2q
]
≤ 2

∫ ∞

0

dx x2q−1e−
x2

2σ2

∑
{mk}:m≤mmax

x2m
M∏
k=2

(
1

mk!

(
−g2k

2k

)mk

)

= 2q+1q! σ2q
∑

m≤mmax

Γ(m+ q)

Γ(q)

M∏
k=2

(
(−g2kσ2k)mk

mk!

)
.

(6.27)

Strictly speaking, one should not interchange the order of integration and summa-

tion, because the corresponding series is merely asymptotic. Nonetheless, once we

truncate at a finite mmax, this procedure provides a natural rationale for adopting

a moment bound with finite mmax.

In principle, one can bypass the perturbative expansion by evaluating the integral
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exactly and then comparing the resulting asymptotic series with the exact expression

via Borel resummation. We defer such a more refined treatment to future work.

Note also that the bounds on the generating function and on tail probabilities can

always be relaxed to those of a purely sub-Gaussian variable; however, keeping

track of the quartic correction yields sharper estimates. A further remark concerns

the modification of the bound for q < L: in later applications we will encounter

situations where the moment estimate deteriorates for large q when σ is small. Past

a critical value q = L, our control becomes weaker and we retain only a rough

estimate with a larger parameter σ′. Even in such circumstances, provided that L is

sufficiently large, we still expect the tail behavior to remain essentially sub-Gaussian.

This motivates a careful treatment of finite-q corrections.

We now proceed to the proof of the theorem. Some intermediate steps are not

completely rigorous mathematically; however, we support those steps with numerical

checks.

■ Upper bound fro E
[
eη

2Z2
]

We first establish an upper bound for E
[
eη

2Z2
]
from the assumed moment con-

dition, again adopting a perturbative viewpoint:

E
[
eη

2Z2
]
= 1 +

∞∑
q=1

η2q

q!
E
[
Z2q
]

≤ 1 +
L∑
q=1

η2q2q+1σ2qaq +
∞∑

q=L+1

(η2(σ′)2)q

q!
,

(6.28)

where

aq =
∑

m≤mmax

Γ(m+ q)

Γ(q)

M∏
k=2

(
(−g2kσ2k)mk

mk!

)
. (6.29)

The first two contributions can be bounded by an infinite series:

1 +
∞∑
q=1

η2q2q+1σ2qaq ≤ 2
∞∑
q=0

η2q2q+1σ2qaq := F1(η) . (6.30)

Evaluation of F1(η)

We can rewrite F1(η) as

F1(η) = 2
∞∑
q=0

sqaq, s = 2η2 σ2

= 2
∑

{mk}:m≤mmax

Γ(1 +m) s

(1− s)m+1

M∏
k=2

(
(−g2kσ2k)mk

mk!

)
.

(6.31)
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If we keep only finitely many terms, then it is legitimate to exchange the order of

summation.

Suppose we can show that, for sufficiently small mmax, for s in a small interval

0 < s < s∗ ∼ 1
2
, and for small ak > 0 and some positive constants tk

∑
{mk}:m≤mmax

Γ(1 +m) s

(1− s)m+1

M∏
k=2

(
(−ak)mk

mk!

)
≤ exp

{
2s−

M∑
k=2

tkaks
k

}
(6.32)

where ak = g2k σ
2k. Then for |η| < 1

2σ
, with sufficiently small mmax and ak, we

obtain

E
[
eη

2Z2
]
≤ 2 exp

{
4η2σ2 −

M∑
k=2

2ktkg2kη
2kσ4k

}
. (6.33)

At present we do not have a fully rigorous derivation of (6.32), but we do have

numerical evidence supporting it. Details are deferred to Appendix D. We choose

tk = 6/2k. We see that we have M ≤ mmax ≤ 1/ak as usual perturbation theories.

Even though the numerical test is difficult for very large M but we expect the

inequality is valid for M = eO(Smc). This point is highly non-trivial and still open

questions.

Evaluation of the Third Term

Let us denote the third term in (6.28) by F2(η):

F2(η) =
∞∑

q=L+1

1

q!

(
η2(σ′)2

)q
= eη

2(σ′)2 γ(L+ 1, η2(σ′)2)

Γ(L+ 1)
,

(6.34)

where γ(a, x) is the lower incomplete gamma function,

γ(a, x) =

∫ x

0

dϵ ϵa−1e−ϵ. (6.35)

To obtain a simpler bound, we use the following identity [175],

ex
γ(a, x)

Γ(a)
=

xa

Γ(a)

∞∑
m=0

xm

(a)m+1

(6.36)

for a > x. Together with the estimates

1

Γ(a)
≤
(a
e

)−(a−1)

(6.37)
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and

(a)m+1 = a(a+ 1) · · · (a+m) ≥ am+1, (6.38)

we arrive at the simpler bound

ex
γ(a, x)

Γ(a)
=

xa

Γ(a)

∞∑
m=0

xm

(a)m+1

≤ 1

a− x
ea log x−(a−1) log a

e < e−a log
a
xe (6.39)

for x < a. Consequently, we obtain the bound

F2(η) ≤ e
−(L+1) log

(
L+1

η2σ′2e

)
=: F u(η) (6.40)

valid whenever η2σ′2 < L+ 1.

■ Inequality for the Generating Function

Next we consider the generating function E
[
eηZ
]
. Assume |η| > 1

2σ
. Using the

inequality

ηz ≤ 1

2

(
1

4σ2
z2 + 4σ2η2

)
, (6.41)

valid for all η, z ∈ R, we obtain

E
[
eηZ
]
≤ e2σ

2η2E
[
e

1
8σ2Z

2
]

≤ e2σ
2η2

(
2 exp

{
1

2
−

M∑
k=2

tk
4k
g2kσ

2k

}
+ F u

(√
1

8σ2

))
≤ L1(η) + L2(η) ,

(6.42)

where we defined

L1(η) = 4 exp

{
(2σ2η2 +

M∑
k=2

tk
4k
g2kσ

2k)

}
,

L2(η) = exp
{
(2σ2η2)

}
F u

(√
1

8σ2
)

)
.

(6.43)

In the second line we used (6.33) together with η2 ≥ 1
4σ4 . The first term can also be

written as

e2σ
2η22 exp

{
1

2
−

M∑
k=2

tk
4k
g2kσ

2k

}
≤ 2 exp

{
(4σ2η2 −

M∑
k=2

tk
4k
g2kσ

2k)

}
. (6.44)
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On the other hand, the second term becomes

e2η
2σ2

F u

(√
1

8σ2

)
= exp

(
2η2σ2

)
exp

[
−(L+ 1) log

8(L+ 1)σ2

eσ′2

]
. (6.45)

■ Inequality for the Probability

Finally, we derive a tail estimate. By Markov’s inequality, for any η > 0 we have

Prob[|Z| > ϵ] = 2Prob[Z > ϵ] = 2Prob
[
eηZ > eηϵ

]
≤ 2e−ηϵE

[
eηZ
]
.

(6.46)

Using (6.42) for η > 1
2σ
, we obtain

Prob[|Z| > ϵ] = 2 inf
η> 1

2σ

e−ϵηE
[
eηZ
]

= 2 inf
η> 1

2σ

e−ϵη(L1(η) + L2(η))

≤ 2 inf
η> 1

2σ

e−ϵηL1(η) + 2 inf
η> 1

2σ

e−ϵηL2(η)

≤ 8 exp

(
− sup

η> 1
2σ

(
ϵη − 2η2σ2

)
−

M∑
k=2

tk
4k
g2kσ

2k

)

+ 2 exp

(
− sup

η> 1
2σ

(
ϵη − 2η2σ2

))
F u

(√
1

8σ2

)
.

(6.47)

For ϵ > 2σ, the supremum is achieved at η = ϵ
4σ2 >

1
2σ
, and therefore

Prob[|Z| > ϵ] ≤ 2 exp

(
− ϵ2

8σ2

)(
4 exp

(
−

M∑
k=2

tk
4k
g2kσ

2k

)
+ F u

(√
1

8σ2

))
(6.48)

In later applications, the second term F u
(√

1
8σ2

)
will be doubly exponentially sup-

pressed in the microcanonical entropy. Hence, for practical purposes, the tail behaves

as an almost sub-Gaussian one.

6.2 Almost Sub-Gaussianity of ∆ϵ
diag,ETH[O] and ∆ϵ

off,ETH[O]

One natural way to establish the double exponential behavior (5.60), (5.63) is to

show that the random variables ∆ϵ
diag,ETH[O] and ∆ϵ

off,ETH[O] are (almost) sub-

Gaussian. In this subsection we discuss some analytic arguments in that direction.

A numerical investigation for specific models was performed in [140].

To proceed, we rewrite the p-th moments in terms of thermal Wightman cor-

relation functions. We regard the matrix elements ⟨En| O |En⟩ and ⟨En| O |Em⟩
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as random variables with respect to the uniform measure over EE,∆E and E ′
E,∆E,

respectively.13

We begin with the diagonal part ∆ϵ
diag,ETH[O]. For the diagonal elements, the

expectation value of a single matrix element with respect to the uniform measure, de-

noted EEE,∆E
[⟨En| O |En⟩], simply reproduces the microcanonical expectation value,

EEE,∆E
[⟨En| O |En⟩] =

1

DE,∆E

∑
|En⟩∈HE,∆E

⟨En| O |En⟩ = ⟨O⟩E,∆Emc . (6.49)

To consider a centered random variable, we thus introduce the operator with its

one-point function subtracted,

Ômc := O − ⟨O⟩E,∆Emc , (6.50)

and define the microcanonical Wightman function

G
(q)
mc,E(t1, t2, · · · , tq) = Tr

[
(ρ(E,∆E)

mc )
1
q Ômc(t1)(ρ

(E,∆E)
mc )

1
q Ômc(t2) · · · (ρ(E,∆E)

mc )
1
q Ômc(tq)

]
.

(6.51)

Then, similarly to the expectation value, the q-th moment can be expressed as

EEE,∆E

[(
⟨En| Ômc |En⟩

)q]
=

1

DE,∆E

∑
|En⟩∈HE,∆E

⟨En| Ômc |En⟩q

=
1

DE,∆E

∑
|En1 ⟩,···|Enq ⟩∈HE,∆E

⟨En1| Ômc |En2⟩ ⟨En2| Ômc |En3⟩ · · · ⟨Enq | Ômc |En1⟩

× δn1n2 · · · δnqn1 .

(6.52)

Assuming a non-degenerate spectrum, we can use the identity

δnm = lim
T→∞

1

T

∫ T

0

dt ei(En−Em)t. (6.53)

Applying this relation and rewriting the phase i(En−Em)t as a real-time evolution

13We emphasize that we do not introduce any physical randomness. We consider a single Hamil-
tonian with a fixed spectrum and fixed operators. The “random variable” terminology is purely
an artificial construction associated with the uniform measure that we impose.
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of operators, we arrive at

EEE,∆E

[(
⟨En| Ômc |En⟩

)q]
=

1

DE,∆E

∑
|En1 ⟩,···|Enq ⟩∈HE,∆E

q∏
i=1

(
lim
Ti→∞

1

Ti

∫ Ti

0

dti

)
× ⟨En1| Ômc(t1) |En2⟩ ⟨En2| Ômc(t2) |En3⟩ · · · ⟨Enq | Ômc(tq) |En1⟩

=

q∏
i=1

(
lim
Ti→∞

1

Ti

∫ Ti

0

dti

)
Tr
[(
ρ(E,∆E)
mc

) 1
q Ômc(t1) · · ·

(
ρ(E,∆E)
mc

) 1
q Ômc(tq)

]
=: G

(q)
mc(t1, t2, · · · , tq)

T

,

(6.54)

where the long-time average is taken with respect to all time variables. Thus, the q-th

moment is given by the long-time average of the q-point microcanonical Wightman

function G
(q)
mc(t1, t2, · · · , tq). For every q, the quantity EEE,∆E

[(
⟨En| Ômc |En⟩

)2q]
is

manifestly positive, and therefore G
(2q)
mc (t1, . . . , t2q)

T

is also positive 14.

In a chaotic system, it is natural to expect a clustering behavior of the 2p-th

moments of the form

G
(2q)
mc (t1, t2, · · · , tq)

T

≤ C · q!
(
a ·G(2)

mc(t1, t2)
T
)q(

1 +O

((
G

(2)
mc,E

T
)n))

, n > 0

(6.55)

for q up to some q ≤ L, where C and a are numerical constants independent of

Smc(E). The parameter L is expected to grow exponentially with the entropy,

and the finite-L correction produces only negligible deviations from an ideal sub-

Gaussian behavior. This clustering property is a key assumption in our analysis

and is expected to hold in simple holographic theories, as we will see in the next

section. Note that this assumption is not exclusive to chaotic systems: for example,

free theories also satisfy it. The distinction between chaotic and integrable systems

will appear in additional conditions discussed in the next subsection. Under this

clustering assumption, we obtain an almost sub-Gaussian property for ∆ϵ
diag,ETH[O]

with variance parameter σ2 = G
(2)
mc,E

T

.

In many situations, due to ensemble equivalence (to be discussed in the next

subsection), it is technically easier to work with canonical rather than microcanonical

correlators. In particular, the microcanonical condition (6.57) can often be replaced

by an analogous condition in the canonical ensemble. In the canonical case, we

14Notice that the original Wightman functions G
(2q)
mc,E(t1, · · · , t2q) without long time averages

are complex valued. The OTOCs G
(2q)
mc,E(t, 0, · · · , t, 0) are real valued.
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consider the canonical Wightman functions

G
(2q)
can,β(t1, t2, · · · , t2q) = Tr

[(
ρ(β)can

) 1
2q Ôcan(t1)

(
ρ(β)can

) 1
2q Ôcan(t2) · · ·

(
ρ(β)can

) 1
2q Ôcan(t2q)

]
,

(6.56)

where Ôcan is the operator with its canonical one-point function subtracted, Ôcan =

O − ⟨O⟩βcan. We then expect the following clustering property for the long-time

average of the canonical Wightman functions:

Condition 1 (Clustering property for the Wightman functions). For a chaotic

system at sufficiently high energy, we expect the microcanonical Wightman func-

tions to satisfy

G
(2q)
mc (t1, t2, · · · , tq)

T

≤ C·q!
(
a ·G(2)

mc(t1, t2)
T
)q(

1 +O

((
G

(2)
mc,E

T
)n))

, n > 0.

(6.57)

Moreover, when ensemble equivalence holds, we also expect the canonical Wight-

man functions to satisfy

G
(2q)
can,β

T

≤ C ′ · q!
(
a′ ·G(2)

can,β

T
)q(

1 +O

((
G

(2)
can,β

T
)n))

(6.58)

for q up to some q < L, where C ′, a′ and n > 0 are numerical constants and L

is again expected to be exponentially large in the entropy.

Another property we expect for chaotic systems is a quantum mixing behavior

of the thermal correlators. We say that the connected canonical Wightman function

exhibits quantum mixing if

G
(2)
can,β(t1, t2) → 0 as |t1 − t2| → ∞ (6.59)

in the thermodynamic limit. For example, this is expected for light operators beyond

the Hawking–Page transition [176–178]. We will later illustrate this point using a

holographic example. For large but finite time difference t1 − t2, we anticipate that

after some decay time tdec,

G
(2)
can,β(t1, t2) →

1

(DE,∆E)
γ g(t1, t2) as |t1 − t2| ≫ tdec, (6.60)

with a function g(t1, t2) = O(1) and some positive constant γ. Summarizing:
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Condition 2. (Quantum Mixing Condition)

For large but finite microcanonical entropy Smc(E), we assume that the canonical

Wightman function satisfies

G
(2)
can,β(t1, t2)

T

= O(1) ∥O∥2∞ e−γSmc(E) = e−O(Smc(E)). (6.61)

This behavior is in fact expected in holographic theories with black hole duals.

Combining the assumptions (6.58), (6.61) with Conjecture or Theorem 14 when we

can neglect subleading term , we obtain a double exponential scaling for the diagonal

matrix elements:

Theorem

Theorem 15. By assuming (6.58) and (6.61) for the operator O and setting ϵ =

e−ηγSmc(E) with η < 1
2
, we find that ∆ϵ

diag,ETH[O] exhibits the double-exponential

behavior (5.60), namely

∆ϵ
diag,ETH[O] ≤ 4e

−# ϵ2

G
(2)
can,β

T +O

((
G

(2)
can,β

T
)n)

= 4e−#eO(Smc(E))

, # > 0. (6.62)

The proof follows by substituting σ2 = G
(2)
can,β

T

into Conjecture 1 or Theorem 14

when we dismiss the subleasing part and choosing an appropriate value of g. The

correction term

(
G

(2)
can,β

T
)n

will be analyzed in explicit examples in Section 8.2.2.

6.2.1 Ensemble Equivalence

We now discuss the ensemble equivalence used above. In many situations, micro-

canonical correlators are technically harder to analyze directly, so one often works in-

stead with the canonical ensemble. In particular, the canonical real-time Wightman

functions can be obtained from Euclidean time-ordered correlators. In holographic

theories, the canonical ensemble is naturally associated with an AdS black hole ge-

ometry with imaginary time periodicity, and Euclidean time-ordered correlators can

be computed straightforwardly via the standard AdS/CFT dictionary.

In the large-DE,∆E limit, we generally expect ensemble equivalence between mi-

crocanonical and canonical ensembles for suitable observables [63, 179–182]. More

precisely, we expect to be able to bound the microcanonical moments EEE,∆E

[
⟨En| Ômc |En⟩2q

]
(equivalently, the long-time averages of microcanonical Wightman functions) in
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terms of canonical ones under suitable assumptions. Concretely, we assume

EEE,∆E

[
⟨En| Ômc |En⟩2q

]
= G

(2q)
mc,E

T

≤ eβ(E+∆E)Z(β)

DE,∆E

G
(2q)
can,β

T

(6.63)

for some inverse temperature β. Furthermore, we expect that there exists a positive

numerical constant and some temperature β(E) such that

eβ(E)(E+∆E)Z(β(E))

DE,∆E

≤ O(Smc(E)). (6.64)

Here β(E) is determined by the standard thermodynamic relation ∂Smc(E)
∂E

= β(E).

This inequality can be understood heuristically from the thermodynamic limit:

Z(β) ∼ e−βF (β) ∼ e−β(E−Sth(E)) ∼ e−βEDE,∆E, (6.65)

where ∼ indicates equality up to multiplicative factors of order eO(Smc(E)). Com-

bining the clustering property (6.58) with the quantum mixing condition (6.61), we

infer that the long-time averages of the canonical Wightman functions satisfy

G
(2q)
can,β

T

< e−O(Smc(E)) (6.66)

for the corresponding inverse temperature. Then, using (6.63) and (6.64), we can

bound the microcanonical correlators with the same scaling behavior.

Finally, we comment on when we can justify (6.63). For the variance (p = 1), one

can show that (6.63) is always satisfied. In particular, if the canonical correlation

function obeys the quantum mixing property, then the microcanonical variance also

decays:

G
(2)
mc,E

T

< O(Smc(E)) G
(2)
can,β

T

= e−O(Smc(E)). (6.67)

For higher moments p > 1, the situation is more subtle. We do not provide a general

proof here, but instead highlight a couple of relevant examples for later models. One

example is when the uniform distribution on Eeq is symmetric about the average

E[⟨En| O |En⟩] = ⟨O⟩E,∆Emc ; then all odd moments vanish and (6.63) follows. Another

case is when the long-time averages of the microcanonical Wightman correlators are

themselves exponentially suppressed. Further details of these inequalities (6.63) and

(6.64) are given in [1].
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6.2.2 Off-Diagonal Elements

We now turn to the off-diagonal matrix elements. The expectation value of |⟨En| O |Em⟩|2

with respect to the uniform measure on E ′
E,∆E is

EE ′
E,∆E

[
|⟨En| O |Em⟩|2

]
=

1

DE,∆E(DE,∆E − 1)

∑
(|En⟩,|Em⟩)∈E ′

E,∆E

|⟨En| O |Em⟩|2 (6.68)

=
1

DE,∆E(DE,∆E − 1)

∑
(|En⟩,|Em⟩)∈E ′

E,∆E

∣∣∣⟨En| Ômc |Em⟩
∣∣∣2
(6.69)

=
1

DE,∆E(DE,∆E − 1)

∑
(|En⟩,|Em⟩)

∈EE,∆E×EE,∆E

∣∣∣⟨En| Ômc |Em⟩
∣∣∣2 (6.70)

− 1

DE,∆E(DE,∆E − 1)

∑
|En⟩∈EE,∆E

∣∣∣⟨En| Ômc |En⟩
∣∣∣2 (6.71)

=
1

DE,∆E − 1

(
Tr
[(
ρ(E,∆E)
mc

) 1
2 Ômc

(
ρ(E,∆E)
mc

) 1
2 Ômc

]
−G

(2)
mc

T
)
.

(6.72)

Using the quantum mixing property, the right-hand side can be bounded as

1

DE,∆E − 1

(
Tr
[(
ρ(E,∆E)
mc

) 1
2 Ômc

(
ρ(E,∆E)
mc

) 1
2 Ômc

]
−G

(2)
mc

T
)

≤ 1

DE,∆E

(
∥Ômc∥TFD

∞

)2
,

(6.73)

where we have introduced an operator norm on the thermofield-double Hilbert space,

∥O∥TFD
∞ := sup

|Ψ⟩∈H⊗H

√
LR ⟨Ψ| OL ⊗OR |Ψ⟩LR

LR ⟨Ψ|Ψ⟩LR
. (6.74)

This norm is UV-finite even if O is a genuinely local operator at a single point.

For light operators we expect this norm to be independent of the Hilbert space

dimension, leading to

EE ′
E,∆E

[
|⟨En| O |Em⟩|2

]
= O(1)e−Smc(E). (6.75)

For higher moments, we again rewrite them in terms of thermal Wightman cor-
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relators:

EE ′
E,∆E

[
|⟨En| O |Em⟩|2q

]
=

1

DE,∆E(DE,∆E − 1)

∑
(|En⟩,|Em⟩)∈E ′

E,∆E

|⟨En| O |Em⟩|2q

=
1

DE,∆E(DE,∆E − 1)

∑
(|En⟩,|Em⟩)∈E ′

E,∆E

∣∣∣⟨En| Ômc |Em⟩
∣∣∣2q

=
1

DE,∆E(DE,∆E − 1)

∑
(|En⟩,|Em⟩)

∈EE,∆E×EE,∆E

∣∣∣⟨En| Ômc |Em⟩
∣∣∣2q

= A1 − A2,

(6.76)

where we define

A1 =
1

DE,∆E(DE,∆E − 1)

∑
(|En⟩,|Em⟩)

∈EE,∆E×EE,∆E

∣∣∣⟨En| Ômc |Em⟩
∣∣∣2q,

A2 =
1

DE,∆E(DE,∆E − 1)

∑
|En⟩∈EE,∆E

∣∣∣⟨En| Ômc |En⟩
∣∣∣2q. (6.77)

Since both A1 and A2 are non-negative, we have

EE ′
E,∆E

[
|⟨En| O |Em⟩|2q

]
< A1 + A2. (6.78)

The second term A2 is equal to the long-time average of the 2q-point microcanon-

ical Wightman function and can be bounded from above by inverse powers of the

energy shell dimension using the quantum mixing property (6.61) and the clustering

property (6.58):

A2 ≤
1

DE,∆E − 1
G

(2q)
(mc)

T

≤ q! ·O(1) e−(qγ+1)Smc(E). (6.79)

What is new for the off-diagonal elements is the contribution A1. By applying
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the same manipulations as in the diagonal case, we can rewrite A1 as

A1 =
1

DE,∆E(DE,∆E − 1)

q∏
i=1

lim
Ti→∞
Si→∞

1

Ti

1

Si

∫ Ti

0

dti

∫ Si

0

dsi

×
∑

(|Eni ⟩,|Emi ⟩)
∈(EE,∆E×EE,∆E)q

⟨Eni
| Ômc |Emi

⟩ ⟨Emi
| Ômc |Eni

⟩ ei(Eni−Eni+1 )tiei(Emi−Emi+1 )si

=
1

DE,∆E(DE,∆E − 1)

q∏
i=1

lim
Ti→∞
Si→∞
T2q→∞

1

Ti

1

Si

1

T2q

2q∏
k=1

∫ Tk

0

dtk G
(2q)
mc (t1, t2, · · · , t2q)

=
1

DE,∆E(DE,∆E − 1)
G

(2q)
mc

T

,

(6.80)

where the times tk are determined by the recursion relations

− t2k−1 + t2k = sk−1 − sk,

− t2k + t2k+1 = −tk + tk+1,
(6.81)

and the intervals Tk are defined analogously. Using the clustering property (6.58)

together with the quantum mixing property (6.61), we obtain

A1 <
C

DE,∆E(DE,∆E − 1)
q! ·
(
G

(2)
can,β

T
)q

= O(1) q!e−(γq+2)Smc(E). (6.82)

This shows that the off-diagonal elements also exhibit a double exponential suppres-

sion consistent with (5.63).

Theorem

Theorem 16. By assuming (6.58) and (6.61) for the operator O and setting ϵ =

e−ηγSmc(E) with η < 1
2
, we find that ∆ϵ

off,ETH[O] also displays double-exponential

behavior (5.63), namely

∆ϵ
off,ETH[O] ≤ 4e

−#′ ϵ2

G
(2)
can,β

T +O

((
G

(2)
can,β

T
)n)

= 4e−#′eO(Smc(E))

, #′ > 0. (6.83)

In explicit models, one can incorporate the deviations from exact sub-Gaussianity

into the above argument without difficulty.
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7 Non-equilibrium evolution and information prob-

lems in AdS/CFT correspondence

7.1 Thermal correlators and information problems in AdS/CFT

7.1.1 Decay of two point functions

Here we discuss the real time evolution of thermal correlator in AdS/CFTs. Firstly

we notice that two copies of the holographic CFT in the thermofield double state is

approximately described by gravity on the extended AdS Schwartzschild spacetime

if the temperature is enough high [24]. Some comments are in order.

• The boost symmetry in AdS Schwartzshild spacetime is corresponding to the

symmetry generated by HTFD = HL−HR. Indeed, the TFD state is invariant

under this time translation.

• In the semiclassical approximation, besides giving a geometry, we need to

specify the state of the all other fields on this spacetime. From the discussion

in Section 2.3, we know that the QFT on blackhole is also in thermal bulk

QFTs. Thus we can think that the bulk QFTs also in TFD states which lies

in matter Hilbert space. Since the TFD states are vacuum state for TFD

Hamiltonian HTFD, we consider the excitation from this vacuum states. This

structure of the excitation is same as one of zero temperature vacuum. Thus

we consider weak coupling QFT on AdS blacholes.

Below we see the ways of computing the thermal correlator in different manner and

learn how they looks universal.

■ Via conformal transformation [176]

Let us consider Schwartzshild BH in AdS3 space.

ds2 =
−4dU+dU−

(1 + U+U−)2
+

(1− U+U−)
2

(1 + U+U−)2
dϕ2 (7.1)

In this coordinate, the horizons are at U+ = 0 and U− = 0. The singularity is

at U+U− = 1. There are two conformal boundaries at U+U− = −1. There are a

boost-isometry U+ → eλU+, U− → e−λU− and reflection symmetry U+ ⇔ U−.

We can glue the Euclidean BH at t = 0, which type of geometries are called the

Hartle Hawking state. The boundary manifold of the Euclidean BH is S1
β × S1.For

gluing it we cut the Eulcidean BH at τ = 0 and the boundary manifold is Iβ/2 ×
S1. For AdS3 case, we can obtain the blackhole by coordinate transformation and

compactification. Recall the transformation map from the Poincare to the BTZ (see
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Appendix A.1),

w± =

√
r2 − r2+
r2 − r2−

e2πT±u± , (7.2)

z =

√
r2 − r2+
r2 − r2−

eπT+u++πT−u− (7.3)

,where

T± =
r+ ∓ r−
2πLAdS

(7.4)

u± = ϕ± t

LAdS

(7.5)

If we are interested only in the boundary correlation functions it is enough to

consider the region r ≫ r± and the expression became simple

w± = e2πT±u± (7.6)

z =

√
r2 − r2+

r2
eπT+u++πT−u− (7.7)

The source field transform as the primary field with conformal dimension (h, h̄) =

(h−, h−) and thus

Φ → r−2h−Φ0(u+, u−) (7.8)

From the expression of the bulk to boundary propagator in the Poincare coordinate

and the map above we obtain naive bulk to boundary propagator in the BTZ

KBTZ(r.u+, u−;u
′
+, u

′
−) = c′

(
r2+−r2−

r2

)h+
e−2πh+[T+∆u++T−∆u−](

r2+−r2−
r2

+ (1− e−2πT+∆u+)(1− e−2πT−∆u−)
)2h+ (7.9)

,where ∆u± = u± − u′±. Since we obtained the BTZ blackhole as the identification

of the boundary coordinates, we consider the mirror images for the 2π shift of the

angle ϕ. Then the true bulk to boundary propagator in the BTZ is

KBTZ(r.u+, u−;u
′
+, u

′
−) = c′

∑
n∈Z

(
r2+−r2−

r2

)h+
e−2πh+[T+∆u++T−∆u−+(T++T−)2πn](

r2+−r2−
r2

+ (1− e−2πT+(∆u++2πn))(1− e−2πT−(∆u−+2πn))
)2h+

(7.10)
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And in r → ∞ limit

Φ(r, u+, u−) ∝ r−2h+

∫
du′+du

′
−

∑
n∈Z

e−2πh+[T+∆u++T−∆u−+(T++T−)2πn]

((1− e−2πT+(∆u++2πn))(1− e−2πT−(∆u−+2πn))
2h+

Φ0(u
′
+, u

′
−)

(7.11)

Computing the on-shell action and finally

〈
O(u+, u−)O(u′+, u

′
−)
〉β
can

∝
∑
n∈Z

e−2πh+[T+∆u++T−∆u−+(T++T−)2πn]

((1− e−2πT+(∆u++2πn))(1− e−2πT−(∆u−+2πn))
2h+

∝
∑
n∈Z

e−2πh+[T+∆u++T−∆u−+(T++T−)2πn]

((1− e−2πT+(∆u++2πn))(1− e−2πT−(∆u−+2πn))
2h+

(7.12)

This result matches with the conformal transformation from the Poincare vacuum

two point function. From QFT point of view this is just the Bogoliubov transfor-

mation from the Poincare(Minkowski) modes to the BTZ modes (Rindler). Indeed

the BTZ two point function satisfies the KMS condition

(∆t,∆ϕ) → (∆t+ iβH ,∆ϕ+ iΩHβH) (7.13)

,where

TH =
r2+ − r2−
2πL2

AdS

, ΩH =
r−

LAdSr+
(7.14)

They are the hawking temperature and the angular momentum of the outer horizon

of the BTZ BH. To see the real time evolution in simple manner, let us consider the

case T+ = T− = TH which is the case r− =0. In this case

⟨O(t, ϕ)O(t′, ϕ′)⟩βcan ∝
∑
n∈Z

1(
cosh

(
2π∆t
βH

)
− cosh

(
2π(∆ϕ+2πn)

βH

))2∆ . (7.15)

Thus the thermal two point function shows exponential decays ⟨O(t, ϕ)O(t′, ϕ′)⟩βcan ≈
e
− 2π∆

βH
∆t
. Also, by using the KMS relation,

G
(2)
can,β(t1, t2) ∝

∑
n∈Z

1(
cosh

(
2π∆t
βH

)
+ cosh

(
2π(∆ϕ+2πn)

βH

))2∆ (7.16)

and again see the exponential decays.

■ Via solving the wave equations: quasi normal modes [183–185]

Of corse, we can obtain the thermal correlator with the GKPW dictionary (3.15).

The decaying behavior is related to complex poles of the retarded Green function

G(ω) in frequency space. The complex poles are called quasi normal modes (QNM).
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Indeed, by using the residue theorems

G(t) =

∫ ∞

−∞

dω

2π
e−iωtG(ω) =

∑
ωQNM

e−iRe[ωQNM]t−Im[ωQNM]tResω=ωQNM
[G(ω)]. (7.17)

In AdS/CFT correspondence, quasi normal mode is a mode with in-going boundary

condition on the horizon and normalizable condition on the asymptotic boundary.

To see this, let us consider the scalar quasi normal mode in the BTZ blackhole.

Scalar perturbations are described by the wave equation,

(□G −m2)Φ = 0. (7.18)

We use the one useful coordinate for BTZ blackhole

ds2 =
(1− z)2

4z2
dz2 − z

1− z

(
dx+

)2
+

1

(1− z)2
(dx−)2. (7.19)

Note that this z is different from Poincare coordinate. We use the ansatz

Φ = e−i(k+x++k−x−)fk(z). (7.20)

With these ansatz, we end up with hypergeometric equation

z(1− z)
d2R

dz2
+ (1− z)

dR

dz
+

[
k2+
4z

−
k2−
4

− m2

4(1− z)

]
R = 0. (7.21)

The solution with in-going boundary condition at the horizon is given by

fk(z) = zα(1− z)β 2F1(a, b, c; z), (7.22)

where

α = −ik+
2
, β =

1−
√
1 +m2

2
(7.23)

a =
k+ − k−

2i
+ β, b =

k+ + k−
2i

+ β, c = 1 + 2α. (7.24)

Indeed we can see the asymptotic behavior around the near-horizon is in-going: The

expansion around the horizon z = 0 is

e−ik+x+−ik−x−fk(z) ∼ e−ik+x+−ik−x−zα (7.25)

= e−ik+x+−ik−x−
ik+
2

log z (7.26)

= e−ik+(x+− 1
2
log z)−ik−x− . (7.27)
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For out-out going wave we should take α = − ik+
2
. To discuss the behavior around

the conformal boundary, we use the identity

fk(z) = zα(1− z)β 2F1 (a, b, c; z)

= zα(1− z)β(1− z)c−a−b
Γ(c)Γ(a+ b− c)

Γ(a)Γ(b)
2F1 (c− a, c− b, c− a− b; 1− z)

+ zα(1− z)β
Γ(c)Γ(c− a− b)

Γ(c− a)Γ(c− b)
2F1 (c− a, c− b, a+ b− c+ 1; 1− z) .

(7.28)

Since β + c − a − b = 1
2

(
1 +

√
1 +m2

)
and β = 1

2

(
1−

√
1 +m2

)
, the first term

corresponds to the normalizable mode and the second term corresponds to the non-

normalizable mode. If we demand the vanishing field value at z = 1, we obtain the

discrete quasi-normal mode from the pole of Γ(c− a)Γ(c− b). That is

c− a = −n or, c− b = −n, n = 0, 1, 2, . . .

i

2
(k+ ± k−) = n+

1

2

(
1 +

√
1 +m2

)
.

(7.29)

We can read off the quasi-normal mode by using the identities

(k+ + k−)(r+ − r−) = ω − k,

(k+ − k−)(r+ + r−) = ω + k,
(7.30)

then we have

ωL = l − 2πiTL(2n+∆),

ωR = −l − 2πiTR(2n+∆),
(7.31)

with l ∈ Z and n = 0, 1, 2, · · · .
At first, let us assume that we can use the same procedure as the Euclidean AdS/CFT.

The on-shell action can be evaluated by the boundary intgeral,

I[ϕ0] =

[∫
ddk

(2π)d
ϕ0(−k)F(k, z)ϕ0(k)

]z=zH
z=ϵ

(7.32)

,where

F(k, z) = K
√
−GGzzf−k(z)∂zfk(z). (7.33)

By taking the second derivative of the on-shell action, we see

G(k) = −[F(k, z) + F(−k, z)]z=zHz=ϵ (7.34)
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One can see that this quantity is real and hence cannot be a candidate to the retarted

Green function which is generally real. By noticing fk(z)
∗ = f−k(z), we can read off

Im{F(k, z)} =
K

2i

√
−GGzz

[
f ∗
−k(z)∂zfk(z)− fk(z)∂zf

∗
k (z)

]
(7.35)

The correct prescription is conjectured as

GR/A(k) = −2 lim
z→ϵ

F(k, z). (7.36)

The prescription for computing the retarted/advanced Green function is formulated

as follows:

1. Find a solution to the wave equation with following propeties:

• The solution equals to 1 at the boundary z = ϵ;

• For timelike momenta, the solution has an asymptotic expression corre-

sponding to the in-going/ out-going wave at the horizon. For space like

momenta, the solution is regular at the horizon.

2. The retarted Green function is then given by G = −2F∂M . Only contribution

from the boundary has ti be taken. Here we only consider the contribution

just from the asymptotic boundary.

Let us discuss why this works. To get an intuition we consider the expansion around

the asymptotic boundary z = ϵ. Unnormalized solution has an expansion

fk(z) ∼ A(k)(1− z)β−(1 + · · · ) +B(k)(1− z)β+(1 + · · · ) (7.37)

,where

β+ =
1 +

√
1 +m2

2
=

∆

2
, β− =

1−
√
1 +m2

2
=
d−∆

2
. (7.38)

Thus A(k) corresponds to the non-nomalizable mode and B(k) corresponds to nor-

malizable mode. Similar to the usual AdS/CFT dictionary, B(k) corresponds to the

sourced one-point function and A(k) is source. If we consider the normalized fk, we

see

fk(z) ∼ (1− z)
d−∆
2 (1 + · · · ) + B(k)

A(k)
(1− z)

∆
2 (1 + · · · ) (7.39)

From this we can finally calculate the flux factor

F(k, ϵ) = d
B(k)

A(k)
. (7.40)

Similar to the usual AdS/CFT dictionary, the two point function is given by the
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derivative of the sourced one-point function

G ∼ B(k)

A(k)
∼ dF(k, ϵ). (7.41)

When d = 2 case, the normalized wave is

fk(z) =
zα(1− z)β 2F1(a, b, c; z)

ϵα(1− ϵ)β 2F1(a, b, c; ϵ)
. (7.42)

By evaluating F we see the retarted/ and obtain the same behavior as (7.15).

■ Geodesics approximation

There is another way of obtaining correlation functions. We can compute the

boundary correlation function from bulk Green function called bulk-to-bulk corela-

tion function GBB(x1, x2)

⟨O(x1)O(x2)⟩ = lim
r→∞

e2∆rGBB(r, x1; r, x2) (7.43)

where the bulk-to-bulk corelation function GBB(x1, x2) satisfying [26,186]

(□G −m2)GBB(x
A
1 ; x

A
2 ) =

1√
G
δd+1(xA1 − xA2 ),

m2 = ∆(∆− d).

(7.44)

This is based on the one another dictionary of AdS/CFT correspondence called

HKLL dictionary

O(x) = lim
r→∞

e∆rΦ(xA) (7.45)

where Φ(xA) is bulk fields. It is known that HKLL dictionary is equivalent to GKPW

dictionary [65,187]. For vacuum AdSd+1, it is known that [26,188]

GBB(x1, x2) = GBB(ξ) ∝ ξ∆ · 2F1

(
∆

2
,
∆+ 1

2
,∆− d

2
+ 1; ξ2

)
(7.46)

where ξ is defined through the geodesic distance between two points xA1 and xA2

ξ =
1

cosh (Dist(x1; x2))
. (7.47)

Note that when the distance of two points are infinite ξ → 0. From this expression

we can get simple formula for correlation function with light but large conformal

dimension 15 The key things is the integration expression of the hypergeometric

function

15This mean that we take ∆ → ∞ after large N limit.
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2F1

(
a, b, c; ξ2

)
=

Γ(c)

Γ(b)Γ(c− b)

∫ 1

0

ds sb−1(1− s)b−c−1(1− ξ2s)−a (7.48)

for Re(c) > Re(b) > 0, |arg(1− ξ2)| < π. In our set up, we have

GBB(ξ) ∝ ξ∆
∫ 1

0

ds s
∆−1
2 (1− s)

∆−d−1
2 (1− ξ2s)−

∆
2 (7.49)

We consider the saddle point approximation in ∆ → ∞. Let’s focus on the integral

in the form,

I(ξ) =

∫ 1

0

ds s−
1
2 (1− s)−

d+1
2 e

∆
2
v(s)

v(s) = log s + log (1− s)− log
(
1− ξ2s

) (7.50)

We have two points such that v′(s∗) = 0 as

s(1)∗ =
1−

√
1− ξ2

ξ2
, s(2)∗ =

1 +
√

1− ξ2

ξ2
. (7.51)

Note that 0 < s
(1)
∗ < 1, s

(2)
∗ > 1. Thus, we consider the saddle-point approximation

for the first point. Since v′′(s
(1)
∗ ) < 0, we do not deform the integral contour from

s : 0 → 1, we obtain

I(ξ) ≈ ξ−∆

√
2π

∆

(
1 +

√
1− ξ2√

1− ξ2

) d
2

e−∆Dist(x1,x2). (7.52)

By combining these approximations, we obtain

GBB(x
A
1 , x

A
2 ) ∝ e−∆(Dist(x1,x2))

(
∆

2π

1 +
√

1− ξ2√
1− ξ2

) d
2

. (7.53)

From this we can compute the boundary correlator. Since the distance of two points

set in conformal boundary are infinite and we need to renomalize. Actually the factor

e2r∆ play a role of renormalziation and we find

⟨O(x1)O(x2)⟩ ∝ e−∆Distren(xA1 ,x
A
2 ) (7.54)

where we denote Distren(x1, x2) is renormalized geodesic length. For simple illustra-
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tion, for Poincare coordinate we have

⟨O(x1)O(x2)⟩ ∝
1

(ηab(xa1 − xa2)(x
b
1 − xb2))

2∆
. (7.55)

Here we use the formula in Appendix A.1. Also as we compute in the next section

7.2, we can compute the geodesic length in AdS3 blackholes and we can compute

the geodesics length between two points in the maximal extended geometry in same

time slice is linear in t. See Figure 20. And we find

G
(2)
can,β ∝ e−

2π∆
β
t. (7.56)

Now several comments are in order:

• The geodesic approximation method here is actually considered to be appli-

cable for more general geometry and higher dimension. In [189, 190]. In their

papers they consider worldline formalism for bulk QFTs and find that for large

mass we have the saddle point approximation

⟨O(P )O(Q)⟩ ≈
∑

geodesics connecting P and Q

e−mDistren(P :Q). (7.57)

The worldline formalism is very general formulation fo QFTs and works for

any spacetime dimension.

• Then we can give approximate formulas for thermal correlator from higher di-

mension AdS blackholes [191]. We can find that the geodesic function increase

up some time where the effect of singularity is important.

• The decay of correlation functions are related to the increasing the length of

the ER bridge. See 20.

• The discussion can be more accurately in JT gravity including the quantum

effects [192].

• One may think the geodesic approximation is very similar to the holographic

entanglement entropy formulas in three dimensional bulk since in this case RT

surface is given by geodesics length. Especially, we know that the entanglement

entropy is computed from the twist operator with conformal dimension ∆n =
c
12

(
n− 1

n

)
with n → 1. Even though the ∆n is proportional to c but n → 1

limit makes the dimension is small and looks like light operator. However there

is distinction. For correlation function possibly there is no need for homologous

conditions. And this distinction will be important for late time behavior. The
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entanglement entropy saturate the time scale of O(Ndof) (we will see this fact

in next subsection 7.2) but the correlation functions can continue to decay up

to eO(Smc(E)) [193].

Time

O O(geodesics length)

Figure 20: The thermal correlation functions are computed in geodesic length be-
tween two side. The length is proportional to the length of ER bridge and increase.

7.1.2 Information problems in AdS/CFT

The information problems are more accurately formulated in AdS/CFT correspon-

dence [24]. The key point is the behavior of the thermal two point function in late

time (See Figure 21).

Above we saw that the holographic thermal two point function decays from

semi-classical computations when the bulk back ground is given by the blackhole.

If we naively believe the semi-classical computation and decay behavior for any

time, we see the correlation function finally reach to arbitrarily small value and

small for any late time. However when we consider boundary CFTs live on spatially

compact manifold like cylinder and large but finite N , this behavior never happens.

In this setting we expect that the theory has discrete energy spectrum even though

they are almost continuous. In any discrete systems there are (quantum) Poincare

recurrence theorem: Consider a quantum system that is unitary and has a discrete

energy spectrum. For any initial state and any ϵ > 0, there exists a trec > 0 such

that the following holds:

|| |ψ(trec > 0)⟩ − |ψ(0)⟩ || > 1− ϵ. (7.58)

The essence of the theorem is the spectrum expansion

|ψ(t)⟩ =
∑
n

cne
−iEnt |En⟩ . (7.59)
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Then each e−iEnt is a kind of clock with period 1/En. The recurrence time is esti-

mated when all of the hands on the clock go around and align align. For example

some harmonic oscillators like system where En − Em = ω(n −m), the recurrence

time is short T = ω. However, the non-intangible system they are very long eDeff

but still finite. Also the two point function can be have spectrum decomposition

G(2)
can(t) =

∑
n

e−βEnei(En−Em)t|⟨En| O |Em⟩|2 (7.60)

and should shows recurrence. So at least we need not to believe the semi-classical

picture for any late time. Maldacena discussed that actually the semi-classical pic-

ture fail down in more early time. Simple estimation is following: The correlation

function decays in early time but for the time scale when the correlation functions

from other sadlle points can compatible to semi-classical correlation function i.e.,

G
(2)
BH = e−O(1/GN ) =

1

Poly(DE,∆E)
. (7.61)

16 However the large N limit discussed so far only pick up one saddle and we expect

Time t

⟨Ô(t)Ô(0)⟩

Wormhole contribution
=

Prediction from ETH

Semi-classical computation

Figure 21: Time dependence of the two-point function ⟨Ô(t)Ô(0)⟩. The blue curve
represents the contribution predicted by ETH and the associated wormhole saddle,
while the red dotted curve shows the semi-classical computation. These two lines
do not agree in time t = O(DE,∆E). This is information problems.

16Actually because of the blackhole singularity we have another time scale we loose some control
of semi-classical picture. Also the late time the corelation becomes polynomial decay in time.
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the true correlation function will be

G(2)
can(t) =

∑
G∗∈saddle GG∗(t)e

−Igrav[G∗] + (off-shell contribution)∑
G∗∈saddle e

−Igrav[G∗] + (off-shell contribution)
(7.62)

where GG∗(t) is correlation functions obtained by the bulk-to-bulk correlators on

saddle point G∗. Then we may seek other saddles or off-shell contributions. One

possibilities for the non-decaying behavior of the late time two point function is com-

ing from the gravitational path integral with wormholes for gravitational Schwinger-

Keldysh [38]. To see this see the Figure 22. The role of wormholes is reducing the

length of ER bridge.

Time

O O

Figure 22: Baby universe emission reduces the length of ER bridge

For two dimensional JT gravity case, the order of the late time behavior is ex-

pected O
(
e−S0

)
where S0 is ground state microcanonical entropy. Even though we

do not have concrete discussion for the higher dimensional for the actual gravita-

tional late time behavior of the correlation function, we expect the similar story. In

there dimensional case, there are non-wormhole gravitational saddle points which

are given by SL(2,Z) of the non-rotating blackhole and orbifolds. Let us consider

BTZ black hole, which has the modular parameter τ = iτ2 = iβ
2π
. Then, the other

saddle points are given by the SL(2,Z) transformation, τ ′ = aτ+b
cτ+d

. The late-time

behavior of two-point functions and the regularized action with modular parameter

τ ′ are given by [194],

(G
(2)
can,β)τ ′ ∼ exp

{
−2∆

|a|τ2
|aτ + b|2

t

}
(7.63)

The contribution from a = 0 corresponds to thermal AdS3, where the two-point

function shows periodic function in time. Except for the thermal AdS contribu-

tion, we find decaying behavior. If we can exchange the long-time average and the
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geometry sum, we find that

G
(2)
can,β

T

= e−IBH+IThermalAdS G
(2)
ThermalAdS

T

= O(1)∥O∥2∞ e
− 1

2

(
1−(Smc(E)

2πE )
2)
Smc(E)

.

(7.64)

However, there is two unsatisfactory points

1. If we consider microcanonical correlation functions, the thermal AdS geometry

is not included among the saddle points, since it is obtained from the vacuum

AdS geometry and has energy below the black-hole threshold.

2. The coefficient 1
2

(
1−

(
Smc(E)
2πE

)2)
is not equal to 1/2, contrary to the expec-

tation from ETH [195].

Thus, it seems that the wormhole is the best candidate for explaining late-time

correlation functions. A concrete discussion in higher dimensions, however, has not

yet been fully established.17

Moreover, in Section 5.8, we saw that the two-point function is related to the

spectral form factor, as shown in (5.327). As discussed in [36], the connected part

of the spectral form factor is obtained from the so-called double-cone wormhole.

The idea is as follows. In the ramp phase, the Schwinger–Keldysh contour for

the spectral form factor can be approximated by a closed time contour, which is

nothing but a path integral over the thermofield double (TFD) state. In the context

of the AdS/CFT correspondence, this corresponds to a black hole geometry. By

respecting the periodicity in real time, one wraps the black hole along the real-

time direction, leading to the double-cone geometry. After performing a suitable

complex deformation to avoid singular behavior near the cone, one finally obtains

the wormhole geometry shown in Fig. 23.

The remind task for solving the information problems is discussing the correct

gravitational non-perturbative objects and boundary behavior which will be related

to the ETH. Importantly, ETH is a concept free from dimension and specific struc-

ture of systems like supersymmetry. In up-coming section, we see the direct rela-

tionship between the gravitational path integral and ETH.

7.1.3 Aside: Entanglement pattern in double cone wormholes

Before going to the non-equilibrium phenomena in AdS/CFT, we give a short com-

ments on double cone wormholes. As a spirit of ER=EPR states that the wormhole

17Recently, as an analogue of SYK models, random averages of two-dimensional CFTs have
been considered. In these models, it has been confirmed that the averaged spectral form factor
reproduces the known wormhole contribution, similar to the double-cone geometry [196]. See also
recent developments [197,198].
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identification

Figure 23: The picture of double cone wormholes. We do the compactification of
the blackhole in real time.

are related to entanglement, we try to consider an entanglement pattern created by

double cone wormholes.

Actually this problems is same as the problem of UV regularization in QFTs.

We saw in Section 2, we see that the brickwall on stretched horizon play a role

of UV regularization. Actually, the double cone also [6]. This is because complex

deformation smooths out the conical singularity and yields the double cone geom-

etry. Now with this regularization let us compute Rényi entropies of free scalar on

double cone wormhole. We employ the orbifold method, in which the trace Tr[ρnA] is

obtained from partition functions on C/Zn×Rd−2. Here we take subsystem A to be

one time slice of right Rindler wedge. For free theories, these partition functions can

be evaluated exactly by the heat kernel technique. The relevant heat kernel obeys

a diffusion-type equation and, for flat space, takes a Gaussian form.

logZ[M ] =

∫ ∞

0

dt

2t

∫
M

ddx
√
GK(t, x, x) (7.65)

KRd(x, x′; t) =
1

(4πt)
d
2

e−
r2

4t
−tm2

, r = |x− x′|, (7.66)

KC/Zn×R8(t; x; r′, θ′, x′i) =
1

n

n−1∑
k=0

KC×Rd−2

(
t; x; r′, θ′ − 2πk

n
, x′i

)
. (7.67)

On the orbifold, the kernel can be written as an image sum over angular shifts

by 2π/N . The Rényi entropy then reduces to an integral over the heat kernel along

a contour in the complex t–plane

(1− n)S
(n)
A =

2πVd−2

n

n−1∑
k=1

∫
Γ

dt

2t

1

(4πt)
d
2

∫
γ

dr
√
r2e−tm

2− r2

t
sin2 πk

n

=
πVd−2

(4π)
d
2n

n−1∑
k=1

1

sin2
(
kπ
n

) ∫
Γ

dt · t−
d
2 e−tm

2+ ϵ2

t
sin2 ( kπ

n )

(7.68)

The usual real contour leads to divergences, and the correct contour must be chosen
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tΓ

Figure 24: Deformed contour for double cone regulariation

so that the heat kernel integral reproduces the known Green function. This selects a

contour that winds around the origin in the lower half-plane, producing the desired

regularized expression.

The resulting Rényi entropies can be written in closed form in terms of modified

Bessel functions. For even spacetime dimension, one finds the expected divergent

area-law contributions together with universal logarithmic terms proportional to

log(mϵ), which agree with known results and are independent of the regularization

scheme

S
(n)
A = ad−2

Vd−2

ϵd−2
+ · · ·

+
n+ 1

3n

2π

(4π)
d
2

(−1)
d
2(

d
2
− 1
)
!
· Vd−2m

d−2 log

(
1

mϵ

)
+ a0

(
ψ

(
d

2
− 1

)
− γ +

iπ

2

)
· Vd−2m

d−2 + · · · .

(7.69)

Interestingly, the final Rényi entropies acquire complex values. This originates from

the fact that the double cone deformation renders the modular Hamiltonian non-

Hermitian: the generator of Rindler time translations is modified by an imaginary

contribution proportional to the Hamiltonian [36,199]. Solving the field equation on

the complex double cone shows that this modification leads to quasi-normal modes

with complex frequencies. As a consequence, the formal expression Tr e−βKmodified

becomes complex, which in turn produces complex Rényi entropies. This non-

hermicity is related to quasi normal mode of double cone wormholes. Interestingly

this complex entanglement spectrum is new class of von Neumann algebras.

So far we do not have any gravitational contributions. Now we take into account.

Similar to the brick wall case, however, we may think that the some series of UV

divergence will be renormalized to the Newton constant GN . And this procedure

should be independent of UV reguralizations. Thus when we have gravity, the

generalized entropies computed by two regularization should match. In this sense,

we cannot distinguish two spacetime is connected (in complex manner) or not. These

discussion is highly naive and we need to do more serious computations.
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7.2 Quantum quench in CFTs and its holographic duals

One method for preparing a non equilibrium initial state is a quantum quench [78,

200]. Let us consider the following quench protocol. We prepare a Hamiltonian

Hdefoemed = HCFT +

∫
ddx g(t)O(x), (7.70)

where the time-dependent coupling g(t) is the step function

g(t) =

g if t ≥ 0,

0 if t < 0.
(7.71)

As the initial condition, we take an energy eigenstate |ψ0⟩ of HCFT. For t < 0,

the dynamics are governed solely by H0, and the initial state remains unchanged.

At t = 0, the perturbation is turned on; since the energy eigenstates of HCFT are no

longer eigenstates of Hdefoemed, the system undergoes nontrivial time evolution.

We assume that the post-quench Hamiltonian HCFT possesses conformal symme-

try and that the perturbation is introduced by an operatorO of conformal dimension

∆ in the conformal field theory. This quench protocol is characterized by a single

length scale

β ∝ g1/(d−∆). (7.72)

Suppose that our deformation is a relevant deformation. Then the path integral in

t < 0 prepares the ground states of the gapped systems [201]. Calabrese and Cardy

assumed that, as long as we focus on distances larger than β, the initial gapped state

can be approximated by a boundary state of undeformed conformal Hamiltonian:

|ψ0⟩ = N e−
β
4
H |B⟩ , (7.73)

where N is a normalization constant. And we can determine which boundary states

prepared by the optimization [202]. In precisely, we consider a variational states

|{Na}, {βa}⟩ :=
∑
a

Nae
−βa

4
HCFT |Ba⟩ (7.74)

where a is the index of the physical boundary states,

|Ba⟩ =
∑
h

Sha√
Sh0

||h⟩⟩ , (7.75)

with Ishibashi states ||h⟩⟩ and modular S matrix. The variational parameters are
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Figure 25: Path-integral representation of the quantum quench.

chosen by minimizing

lim
Ndof→∞

1

Ndof

⟨{Na}, {βa}|Hdeformed |{Na}, {βa}⟩
⟨{Na}, {βa}|{Na}, {βa}⟩

. (7.76)

The degree of freedom depends on the thermodynamic limit we consider. It is

discussed that this optimization procedure works well in unitary minimal models.

Thus, for t > 0, the quantum state is given by

|ψ(t)⟩ = N e−itHCFT−β
4
HCFT |B⟩ . (7.77)

We now discuss the time evolution of the entanglement entropy in this quantum

quench protocol [201]. We focus on a two-dimensional conformal field theory defined

on the real line. We take subsystem A to be the interval [− l
2
, l
2
].

The quantity TrA[ρ
n
A] is obtained from n replicas of this path integral. Using

twist operators, we can evaluate this quantity:

TrA[ρ
n
A] = ⟨B| e−

β
4
HCFT σ̄(t,− l

2
) σ(t, l

2
) e−

β
4
HCFT |B⟩ . (7.78)

where σ(t, x) are twist fields with conformal dimension ∆n = c
12

(
n− 1

n

)
. After Wick

rotation,

TrA[ρ
n
A] = ⟨B| e−

β
4
HCFT σ̄(z1) σ(z2) e

−β
4
HCFT |B⟩ , (7.79)

where the complex coordinate is defined as z = itE + x, and the twist fields are

inserted at z1 = itE − l
2
, z2 = itE + l

2
.
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Figure 26: Conformal mapping from the strip to the upper half-plane.

To evaluate the twist-operator correlator, we map the strip on which z resides

to the upper half-plane via

z =
β

2π
logw. (7.80)

Using the doubling trick, the two-point function on the upper half-plane becomes

a four-point function on the complex plane:

TrA[ρ
n
A] =

(
dw1

dz1

)∆n
(
dw2

dz2

)∆n

⟨σ̄(w1)σ(w2)σ̄(w̄1)σ(w̄2)⟩ . (7.81)

Using the Ward–Takahashi identity, this four-point function can be evaluated

when β ≪ t, l:

⟨σ̄(w1)σ(w2)σ̄(w̄1)σ(w̄2)⟩ ≈ cn

(
|w1 − w̄2| |w2 − w̄1|

|w1 − w̄1| |w2 − w̄2| |w1 − w2| |w̄1 − w̄2|

)2∆n

,

(7.82)

where cn is a constant independent of t and l [77]. Substituting tE = it + β
4
, one

finds

TrA ρ
n
A = c′n

(βπ
4

)2 cosh
(

2πl
β

)
+ 2 cosh

(
2πt
β

)
cosh2

(
πl
β

)
cosh2

(
2πt
β

)
2∆n

. (7.83)

In the limit β ≪ t, l, the entanglement entropy becomes

SA(t) =


c
3
2πt
β
, t <

l

2
,

c
3
πl
β
, t >

l

2
.

(7.84)

■ Gravity Duals

What is the gravitational dual process corresponding to the relaxation of a non-

equilibrium state prepared by a quantum quench? If a holographic conformal field

theory possessing a gravity dual satisfies thermalization conditions such as the ETH,

then the late-time steady state is expected to be close to an equilibrium ensemble

such as the microcanonical or canonical distribution. Recalling that static black hole
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Figure 27: Gravity dual of |TFD(t)⟩ and its Z2 quotient, corresponding to the time
evolution of a pure state.

geometries correspond to such equilibrium distributions, one expects the relaxation

process to correspond, on the gravity side, to the gravitational collapse of an object

with energy that eventually forms a black hole.

With this in mind, in this section we re-derive on the gravity side the discussion

of the quantum quench in previous sections. Although there exist approaches based

on the Vaidya geometry as the gravitational dual of a quantum quench [151, 203],

here we follow the argument given by Hartman and Maldacena [204], which employs

the eternal black hole. To construct the gravity dual of the path-integral state

|ψ(t)⟩ = N e−
β
4
HCFT−itHCFT |B⟩, recall that the gravity dual of the TFD state is the

maximally extended eternal black hole.18 By performing a Z2 identification between

the left and right sides of this eternal black hole, one can construct the gravity dual

of the time evolution of a boundary-state initial condition [24]; see Fig. 27.

This eternal black hole possesses a Killing vector generating opposite time trans-

lations on the left and right boundaries, but it is not invariant under time trans-

lations that shift both sides in the same direction. Thus, such time evolution is

interpreted as a nontrivial spacetime evolution. This corresponds to using the Hamil-

tonian H = HL+HR instead of H = HL−HR to generate nontrivial time evolution

of the TFD state. Indeed,

|TFD(t)⟩ := e−i(HL+HR)t |TFD⟩ =
∑
n

e−2itEn+
En
2
β |En⟩L |En⟩R (7.85)

is different from the original |TFD⟩ which is consistent with non-trivial time evolu-

tion of |ψ(t)⟩.
18In this section, the same symbol κ is used both for the regularization parameter of the boundary

state and for a time-like coordinate inside the black hole. The former is set to κ = π/2.
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Motivated by this, let us consider a more general spacetime of the form

ds2 = −g(ρ)2dt2 + h(ρ)2(dx21 + · · ·+ dx2d−1) + dρ2 . (7.86)

For simplicity, we set the black hole temperature to β = 1
2π
. We assume that g and

h behave near the horizon (ρ ∼ 0) as

g(ρ) = ρ+ o(ρ3), h(ρ) = C + o(ρ2), (7.87)

and asymptotically grow exponentially toward the boundary ρ→ ∞. In the case of

the TFD state, the relevant metric is that of an AdSd+1 black hole:

h(ρ) =
2

d

(
coth

dρ

2

) 2
d

, g(ρ) = h(ρ) tanh
dρ

2
. (7.88)

Because the geometry is not static in the time coordinate of interest, the HRT

prescription must be used to compute the entanglement entropy. In this situation,

HRT surfaces may pass inside the black hole. To go path through the blackhole

interior by the Rindler type coordinate (7.86), we need to use the complex ρ ∈ C.
In the original reference [204], they consider this method. Here we discuss another

way computations. By using the global coordinates, we can escape the complex co-

ordinate. To demonstrate this we consider a concrete examples, we consider Kruskal

coordinates in AdS3. First of all, let us write the standard Rindler coordinate

ds2 = −r2H sinh2 ρdt2 + dρ2 + r2H cosh2 ρ dθ2. (7.89)

This coordinate and the Janus coordinates are related by the transformations

sinh y = sinh ρ cosh rHt,

cosh y sin τ = sinh ρ sinh rHt,

cosh y cos τ = cosh ρ.

(7.90)

and obtain the metric

ds2 = dy2 + cosh2 y
(
−dτ 2 + r2H cos2 τdθ2

)
(7.91)

See the Penrose diagram 28. Then we consider the geodesics connecting two point

P1 = (τ∞, y∞) and P2 = (τ∞,−y∞). See Fig.35 for intuition. The asymptotic values
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τ∞ and y∞ are related to the boundary values eρ∞

2
≈ 2

ϵ
, τ∞ ≈ tb by

f(y∞) ≈ 1

4
e2ρ∞ cosh2 rHtb

tan τ∞ ≈ sinh rHtb

(7.92)

where tb is the time at which the subsystem is defined. Then, we consider the

geodesics which connects two asymptotic boundaries. The geodesics is along θ =

const.. Thus, we consider the curve τ = τ(y). As discuused in Appendix A.1, since

the BTZ balckhole is locally equivalent to the vacuum AdS spacetime we can easily

compute the geodesic length. In this case,

Dist(P1 : P2) = 2LAdSy∞ = 2LAdS log

(
1

ϵ
cosh

(
2πt

β

))
(7.93)

which means the linear growth of entagelment

SA =
c

3
log

(
1

ϵ
cosh

(
2πt

β

))
=
t≫β

c

3

2πt

β
+ · · · . (7.94)

and we see the linear growth of entanglement entropy.

τ

y

t

ρ

P1 P2

Figure 28: Picture of setting in quantum quench.

8 ETH in Holographic Theories

In this section, we try to present concrete examples that satisfy the conditions (6.58)

and (6.61), which, together with some other natural assumptions, lead to the dou-

ble exponential scaling (5.60). We find if we assume some mathematical inequalities
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which we do not have complete proof, we have double exponential scalings for holo-

graphic theories in 1/N . We focus on simple toy models of holographic theories that

are dual to QFTs on AdS black holes and to setups with wormholes. Throughout,

we regard the thermodynamic limit as the large N limit and take A to be the set of

light primary operators. Rather than working with specific top-down constructions

that originate from superstring theory, we consider bottom-up holographic models.

The structure of the discussion is as follows:

1. We first analyze a bulk free theory on AdS black holes and on a certain class

of wormhole geometries that control the late-time behavior of two-point func-

tions.

2. Next, we incorporate 1/N corrections.

3. Finally, we briefly comment on the role of backreaction and on possible worm-

hole contributions. This part is heuristic, and we will not present a fully

controlled computation.

These considerations together suggest that

If there exits wormholes which contributes to two point functions with order

O(1/Poly(DE,∆E)) and any other larger contribution to higher order correlation

functions, the boundary theories show strong ETH.

Notice that our derivation does not depends on

• theory randomness. we can use for single specific Hamiltonians

• spacetime dimension

8.1 Bulk free theories

8.1.1 Clustering Property

A very simple realization of the clustering property for long-time-averaged thermal

Wightman correlators (6.58) arises in generalized free field theories exhibiting exact

large N factorization. Prior to invoking large N factorization itself, it is convenient

to rewrite G
(2q)
can,β in the conventional language of thermal correlators:

G
(2q)
can,β(t1, t2, · · · , t2q) = Tr

[
ρ(β)canÔcan(τ1)Ôcan(τ2) · · · Ôcan(τ2q)

]
, (8.1)

with

τk = tk − iakβ, ak =
2q − k

2q
, k = 1, · · · , 2q. (8.2)

198



Following the standard discussion of Wick rotation [205], such real-time Wightman

correlators are obtained by analytic continuation from Euclidean time-ordered cor-

relators,

G
(2q)
E,β (tE1, tE2, · · · , tE2q) = Tr

[
ρ(β)canTE

(
Ôcan(tE1)Ôcan(tE2) · · · Ôcan(tE2q)

)]
, (8.3)

via the continuation tEk =
2q−k
2q
β + itk.

Let us now assume that Wick contraction is valid:

G
(2q)
can,β(t1, t2, · · · , t2q) = Tr

[
ρ(β)canÔcan(τ1)Ôcan(τ2) · · · Ôcan(τ2q)

]
=
∑
Pairs

∏
(i,j)∈Pairs

Tr
[
ρ(β)canÔcan(τi)Ôcan(τj)

]
,

(8.4)

where Pairs denotes the collection of all possible pairings appearing in Wick con-

tractions, and the sum runs over every such pairing. We take N to be large but

finite, so that exact factorization is not guaranteed in a strict sense, in contrast to

the idealized N → ∞ limit. Nevertheless, as a toy model, we temporarily assume

that exact large N factorization holds even at large but finite N . Corrections of

order 1/N will be incorporated later.

Under this idealized exact factorization, the clustering of long-time-averaged

thermal correlators follows immediately:

G
(2q)
can,β(t1, t2, · · · , t2q)

T

=
∑
Pairs

∏
(i,j)∈Pairs

Tr
[
ρ
(β)
canÔcan(τi)Ôcan(τj)

]T
= (2q − 1)!!×

(
G

(2)
can,β(τi, τj)

T
)q

≤ q!

(
2G

(2)
can,β

T
)q
.

(8.5)

This expression has precisely the form of (6.58), and hence implies sub-Gaussian

behavior with variance parameter σ2 = G
(2)
can,β

T

.

8.1.2 Quantum Mixing

As explained in section 7.1, thermal two-point functions decay with time, and at

sufficiently late times their magnitude becomes non-perturbatively small due to

wormhole contributions. This behavior is exactly what is encoded in the quantum

mixing condition (6.61).

A subtle issue, however, arises from conformal symmetry. Owing to conformal

symmetry and its representation theory, the non-degeneracy and non-resonance con-
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ditions (5.46) are strictly violated. For example, there exist many pairs of energy

eigenstates whose energy difference is exactly one. There are three natural strategies

to deal with this complication.

The first possibility is to relax the assumptions entering Theorem 5.4 and Theo-

rem 5.4. A modified set of inequalities appropriate to this situation is presented in

Appendix C. A second approach is to weakly deform the conformal field theory by

adding irrelevant operators that slightly break conformal symmetry. Such irrelevant

deformations are not expected to significantly modify the bulk interior geometry,

in particular the black hole background, and therefore the qualitative structure of

quantum mixing (as well as the clustering property) should persist. A third and

conceptually clean option is to restrict attention to conformal primary operators

and primary states. In conformal field theories, ETH can be formulated entirely in

terms of primaries [128]19. To implement this idea, we introduce the set of primary

energy eigenstates with energies (equivalently, conformal dimensions) concentrated

around a given value Ep, namely those satisfying E ≤ Ep ≤ E + ∆E. We denote

this set by EpE,∆E and define a microcanonical ensemble restricted to primary states.

Expectation values in this primary microcanonical ensemble are given by

⟨O⟩E,∆EP,mc =
1

DP
E,∆E

∑
|Ep

m⟩∈Ep
E,∆E

⟨Ep
m| O |Ep

m⟩ . (8.6)

We then adopt an ETH ansatz tailored to primary operators:

Diagonal
∣∣∣⟨Ep

m| Op |Ep
m⟩ − ⟨O⟩E,∆Emc

∣∣∣ = e−O(Smc(E)),

Off-diagonal |⟨Ep
m| Op |Ep

l ⟩| = e−O(Smc(E)).
(8.7)

for any primary states |Ep
m⟩ , |E

p
l ⟩ ∈ EPE,∆E and any light primary operators Op. In

complete analogy with the standard ETH, this ansatz implies∣∣∣⟨Ep
m| O |Ep

m⟩ − ⟨O⟩E,∆EP,mc

∣∣∣ < ∥O∥∞
(
ϵ+

√
DP
E,∆E∆

ϵ
P,diag,ETH[O]

)
, (8.8)

where DP
E,∆E =

∣∣EpE,∆E∣∣ and ∆ϵ
P,diag,ETH[O] is defined as

∆ϵ
P,diag,ETH[O] := ProbEp

E,∆E

[∣∣∣⟨Ep
m| O |Ep

m⟩ − ⟨O⟩E,∆EP,mc

∣∣∣ > ϵ
]
. (8.9)

An analogous inequality holds for off-diagonal matrix elements. One can further

show that the second moment of the one-point function with respect to the uniform

distribution over primary energy eigenstates is bounded from above by the corre-

19In that work, the thermodynamic limit is taken as the large volume limit.

200



sponding second moment taken over the full set of energy eigenstates. As a result,

we obtain quantum mixing for primary microcanonical correlators:

1

DP
E,∆E

∑
|Ep

m⟩∈EP
E,∆E

(
⟨Ep

m|
(
Op − ⟨Op⟩E,∆EP,mc

)
|Ep

m⟩
)2

≤ EEE,∆E

[
⟨Em| Ômc |Em⟩2

]
= G

(2)
mc,E

T

= e−O(Smc(E)).

(8.10)

For higher moments, if one could establish that microcanonical averages of one-

point functions in the two ensembles are exponentially close, then the corresponding

results for the full energy-eigenstate microcanonical ensemble would follow directly.

At present, however, a fully satisfactory justification of this step is lacking, and we

therefore refrain from pursuing this issue further here.

8.2 Adding 1/N Corrections

In the previous subsection, we restricted our attention to the generalized free part

arising from large N factorization. As emphasized there, this description is exact

only in the strict large N limit. In realistic holographic theories with large but finite

N , one must include subleading contributions arising in the 1/N expansion. Since

our goal is to understand how various quantities scale for large yet finite N , we now

carefully incorporate these 1/N corrections. Physically, these corrections originate

from weak interactions among the fields, which generate non-trivial connected cor-

relation functions beyond pure products of two-point functions. In what follows, we

analyze whether such interactions modify the assumption (6.58).

8.2.1 Corrections to the Two-Point Function

We begin by examining the 1/N corrections to the two-point function. Let us assume

that the bulk effective field theory contains a Φ4 interaction:

SEFT =

∫
dd+1x

√
−G
[
∇MΦ∇MΦ +m2Φ2 +

g4
4!
Φ4
]

(8.11)

where g4 = 1/Poly(N). One could equally well include higher polynomial interac-

tions Φn with n = O(N0). Moreover, we will ignore gravitational corrections here

and focus solely on the Φ4 theory in a fixed thermal background for illustration.

Using standard QFT techniques, the two-point function can be expressed in terms

of the unperturbed propagator and a series of 1PI diagrams. Even in three bulk

dimensions, computing the exact quantum corrections on a black hole background

is challenging. Nevertheless, we can estimate the late-time behavior of the full two-
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point function perturbatively. The relevant corrections include:

• From diagrams of the sunset type, one finds at each order in perturbation

theory [178]:

G
(2)
can,β(t) =

mmax∑
n=0

G
(2,n)
can,β(t)

G
(2,n)
can,β(t) =

n∑
k=0

cn,kt
kG

(2,0)
can,β(t)

(8.12)

where G
(2,0)
can,β(t) denotes the two-point function in the unperturbed theory.

Thus, the full two-point function still exhibits the quantum mixing behavior.

• Loop diagrams generate UV divergences, as usual in quantum field theory. Af-

ter renormalization, the conformal dimension of the operator receives anoma-

lous contributions [206], which in turn induce corrections to the quasi-normal

mode spectrum.

8.2.2 Perturbative Computation and Almost Sub-Gaussianity

We now turn to the Wick diagram expansion of the long-time-averaged thermal

correlators in perturbation theory, focusing on the 1/N corrections.

Let us first consider p = 2, i.e. the four-point function. Suppose that the con-

nected Euclidean thermal correlator can be written in terms of Witten diagrams

as

G
(4)
E,β(tE1, tE2, tE3, tE4) =

4∏
k=1

∫
dd+1XEkKBb(xE1, XE1)KBb(xE2, XE2)

×KBb(xE3, XE3)KBb(xE4, XE4)U(XE1, XE2, XE3, XE4).

(8.13)

Here, KBb(xE, XE) denotes the bulk-to-boundary propagator, and U stands for the

sum of all amputated Witten diagrams with four external legs. At large N , we have
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a perturbative expansion of the form

G
(4)
E,β(tE1, tE2, tE3, tE4) = G

(2)
can,β(tE1, tE2)G

(2)
can,β(tE3, tE4) + (permutation)

+ G
(4)
β,conn(tE1, tE2, tE3, tE4)

G
(4)
β,conn(tE1, tE2, tE3, tE4) :=

4∏
k=1

∫
dd+1XEkKBb(xE1, XE1)KBb(xE2, XE2)

×KBb(xE3, XE3)KBb(xE4, XE4)

× Γ4(XE1, XE2, XE3, XE4).

(8.14)

Here, Γ4 is the 1PI four-point vertex. See Figure 29 and Figure 30 for an illustration.

In the semi-classical limit, the bulk-to-boundary propagator has a structure anal-

ogous to that of the boundary two-point function:

KBb(x,X) = KBH
Bb (x,X)e−IBH + e−γSmc(E)KÔ(XE). (8.15)

After Wick rotation, the boundary points always lie outside the black hole horizon,

so the first term exhibits the same type of decay as the boundary correlators:

KBH
Bb (x,XE)

T
= 0. (8.16)

Consequently, in analogy with the boundary correlators, we assume

KBb(x,XE)
T
= e−γSmc(E)KÔ(XE), (8.17)

for some O(1) function KÔ(X). Substituting these expressions into the four-point

Witten diagram, we find

G
(4)
β,conn

T

=

(
4∏

k=1

∫
dd+1XEkKBb(xk, Xk)

T

)
Γ4(X1, X2, X3, X4)

= e−4γSmc(E)

(
4∏

k=1

∫
dd+1xkKÔ(Xk)

)
Γ4(X1, X2, X3, X4).

(8.18)

Thus, the connected contribution is of order O

((
G

(2)
can,β

T
)4
)

and is exponentially
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suppressed relative to the generalized free part. Altogether, we obtain

G
(4)
can,β

T

= 3

(
G

(2)
can,β

T
)2

+ Γ4

(
G

(2)
can,β

T
)4

,

Γ4 =
1

(GÔ)
4

(
4∏

k=1

∫
dd+1xkKÔ(Xk)

)
Γ4(X1, X2, X3, X4)).

(8.19)

General 2q point function

We now extend this discussion to the general 2q-point function G
(2q)
can,β

T

and its

decomposition into exact two-point functions and connected four-point contributions

(or four-point vertices). From the Wick contraction analysis, we obtain the following

decomposition:

G
(2q)
can,β

T

=
∑

{nk}:
∑q

k=1 knk=q

(
G

(2)
can,β

T
)n1 (2q)!∏q

k=1(nk)!((2k)!)
nk

q∏
k=2

(
Γ2k

(
G

(2)
can,β

T
)2k
)nk

.

(8.20)

where the formula is derived by the combinations. Γ2k are the 2k-order 1PI diagrams

obtained by similar manner to Γ4. For example, Γ6 involves loop diagram with three

Γ4(X1, · · · , X4). We assume Γ2k are small in large N and Γ2k are monotonically

decrease in k. The power of G
(2)
can,β

T

is determined as follows: First we have n1 pairs

of external lines which are not connected in each other. Next we consider connect

parts of left (2q − 2n1) lines in n2 number of 4 vertex diagrams. We continue this

procedure up to 2q vertex diagrams. Next, we compare the bound (6.21) with the

Figure 29: Schematic Witten diagram for the four-point function. Here K denotes
the bulk-to-boundary propagator, G stands for the boundary correlators, and Γ4

represents the sum of 1PI diagrams for the four-point vertex.

expansion (8.20). In doing so, it is natural to identify

σ2 = G
(2)
can,β

T

, Γ2k = −ϵkg2k, ϵk = ±1. (8.21)

With this identification, we are led to the following mathematical conjecture :
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Figure 30: Illustration of the 1PI diagram Γ4 appearing in the perturbative expan-
sion in powers of g4.

Conjecture 2: Consider the two positive functions for vectors x =

(x1, x2, x3, · · · , xL) ,

G(2q)(x) :=
∑

{nk}:
∑q

k=1 knk=q

(2q)!∏q
k=1((2k)!)

nk(nk)!
xn1−q
1

q∏
k=2

(xk)
nk

E(2q)(x) := 2q+1q!
∑

{mk}:m≤mmax

Γ(m+ q)

Γ(q)

M∏
k=2

1

mk!
(ϵkxk)

mk .

(8.22)

We put x1 = G
(2)
can,β

T

and xk = Γ2k

(
G

(2)
can,β

T
)2k

. For sufficiently small x and for

some positive integer mmax, we have

G(2q)(x) ≤ E(2q)(x). (8.23)

In Appendix E, we provide numerical evidence supporting this proposition for

the case ϵk = −1. In our application, we have , which is extremely small and we take

xk = yk, k ≥ 2 with y =
G

(2)
can,β

T

S
. The numerics suggest that the inequality holds for

M = mmax =
⌊
q
2

⌋
, and up to y ∼ 1/qc with c ∼ 1. Since y = 1

Poly(Smc)
e−O(Smc), we

may thus use the inequality for q up to q = O
(
(Smc(E))

1
c

)
e

2
c
γSmc(E). Notice that

we do not prove the inequality for really large q,M and mmax and thus still open

questions. Possibly we may wonder the correlation functions become large because

of many diagram but we expect we can bounded them by taking large enough mmax
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20. For arbitrarily large q, we can still employ a simple, albeit loose, bound:

EEE,∆E

[
⟨En| Ô |En⟩2q

]
=

1

DE,∆E

∑
|En⟩∈HE,∆E

⟨En| Ô |En⟩2q

≤ (∥Ô∥∞)2q

≤ (2∥O∥∞)2q.

(8.24)

We now invoke Conjecture (D). Setting σ2 = G
(2)
can,β

T

, g2k = Γ2k, M = mmax =⌊
q
2

⌋
, σ′ = 2∥O∥∞ and L = O

(
(Smc(E))

1
c

)
e

2
c
γSmc(E), we obtain the scaling

σ′2

(L+ 1)σ2
∼ 1

Smc(E)
1
c

e−(
2
c
−1)Smc(E) = e−O(Smc(E)), (8.25)

and by choosing ϵ = σλ, λ < 1 we find

∆ϵ
diag,ETH[O] ≤ e−#eO(Smc(E))

(
e−#′e−O(Smc(E))

+ e−#′′eO(Smc(E))
)
, #,#′,#′′ > 0.

(8.26)

Note that M is originally independent from q and possibly relate to L. However,

for computational reason we set M depends on q. Therefore, even after includ-

ing perturbative 1/N corrections, we still recover the double exponential scaling of

∆ϵ
diag,ETH[O] if the inequality (8.23) is correct. An entirely analogous analysis ap-

plies to the off-diagonal quantity ∆ϵ
off,ETH[O]. In conclusion, under the assumptions

of non-degeneracy and non-resonance (which might be further relaxed) and with

assumptions that the conjectured inequalities are valid, this simple holographic toy

model, dual to a weakly interacting scalar theory in AdS, continues to exhibit strong

ETH.

8.2.3 Discussion: Including Back Reaction and wormhole

In the preceding analysis, we largely ignored gravitational back reaction. In real-

istic AdS/CFT setups at large but finite N , however, such back reaction effects

must eventually be accounted for. In particular, when we consider very large

q = O(Smc(E)), products of many light operators should be treated as effectively

heavy operators. In this regime, it becomes extremely difficult to analyze correlation

functions, since we no longer have a simple effective field theory description on a

fixed black hole background at temperature β. Nevertheless, it may be possible to

gain some control over these very high-point correlators by changing the “vacuum”

with respect to which we define the generalized free fields. Let us explain this idea

20We cannot have Gaussian upper bound for G(2q).
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more concretely. Suppose we have a weakly coupled QFT on an AdS black hole

with temperature β. From the AdS/CFT perspective, this corresponds to a Fock

space obtained via the GNS construction from the canonical ensemble with inverse

temperature β [207]. Thus, the effective weakly coupled field theory description is

intrinsically state-dependent. On the other hand, one can alternatively view the

black hole as a highly excited state of the AdS vacuum. In that picture, we have

another Fock space built on the AdS vacuum, and black holes arise from inserting

a large number of operators on this vacuum.

We can adopt a conceptually similar viewpoint for the higher-point thermal

correlators G
(2q)
can,β(t1, t2, t3, · · · , t2q) at finite temperature. Let us consider the regime

t1, t2 ≫ t3, · · · , t2q and split the operators into the pair at (t1, t2) and the remaining

(2q − 2) operators. As in the previous discussion, we treat these (2q − 2) operators

as creating a large excitation of the black hole, while the first two operators are

interpreted as probes propagating on this excited geometry. Concretely, we assume

that the following clustering behavior emerges:

G
(2q)
can,β(t1, t2, t3, · · · , t2q) ≈ G

(2)
Excited(t1, t2)G

(2q−2)
can,β (t3, · · · , t2q−2), (8.27)

where G
(2)
Excited(t1, t2) is the two-point function evaluated in the excited black hole

background. We now outline a concrete implementation of this picture. To model

the large excitation, we consider the AdS Vaidya metric sourced by a fluid whose

stress tensor scales as O
(

1
GN

)
. The AdS Vaidya metric takes the form

ds2 = −
(

r2

L2
AdS

−M(v)

)
dv2 + 2dvdr + r2dϕ2. (8.28)

The specific profile M(v) is determined once the bulk fluid stress tensor is specified,

but the detailed form will not be important here. We assume that by the time

we insert the probe operators at late times, the geometry has relaxed to a new

equilibrium black hole, so that G
(2)
Excited(t1, t2) can be approximated by the two-point

function in the new equilibrium state. Consequently, G
(2)
Excited(t1, t2) again decays

exponentially. Hence,

lim
T2→∞

lim
T1→∞

1

T1T2

∫ T1

0

∫ T2

0

dt1dt2G
(2q)
can,β(t1, t2, · · · , t2q)

= G
(2)
can,β′

T

G
(2q−2)
can,β (t3, · · · , t2q−2)

(8.29)

where β′ denotes the temperature of the final equilibrium black hole. Repeating the

same reasoning for G
(2q−2)
can,β (t3, · · · , t2q−2), we obtain the clustering property (6.58).

We stress that this argument, which relies on heuristic features of AdS/CFT, is not
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rigorous and remains to be established in a more systematic manner. We leave a

detailed treatment of this mechanism to future work.

Figure 31: Schematic picture of an energy injection that distorts the black hole

horizon. The yellow region represents a shock-wave-like fluid created by the large

number of operator insertions. We evaluate the two-point function of probe opera-

tors inserted well above this region.

One might also hope to derive similar recursion relations for thermal correlators

purely from symmetry considerations. Suppose, again, that we are interested in the

long-time behavior in the regime where t1, t2 ≫ t3, . . . , t2q. In frequency space, after

Fourier transformation, the late-time regime is controlled primarily by the analytic

structure near zero frequency, ω ∼ 0. The factorization pattern suggested by (8.29)

then resembles soft theorems in quantum field theory, typically associated with

massless gauge symmetries. In our context, one might expect recursion relations for

thermal correlators to follow from a soft theorem associated with an emergent sym-

metry in the effective long-time theory. Possible candidates include the symmetries

that arise in hydrodynamics and the asymptotic symmetries of black hole horizons,

which have recently been discussed in [208]. Developing this perspective is a natural

direction for future research.

Finally, we comment on wormhole contributions, which we have mostly neglected

so far. If such wormholes are taken into account, then at sufficiently late times the

correlation functions are dominated by wormhole-induced contributions, and the

long-time average of the correlators may not simply follow the form (8.20). As

emphasized in [38], however, the non-decaying part of the correlation function arises

from worldlines that wind around the wormhole cycles, and these contributions scale

as O
(
e−3Smc(E)

)
, which is still compatible with (6.57). At even later times, a larger

family of wormhole saddles contributes, and the correlator develops a plateau of

order O
(
e−2Smc(E)

)
. These qualitative expectations are rather naive, and a concrete

analysis, especially in higher dimensions, is still lacking. Clarifying this behavior is

an important open problem.
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Part III

Open quantum systems and

Gravity
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9 Open Quantum Systems and Their Importance

in Holography

9.1 Double Holography and Dissipation

So far, we have considered black holes in AdS spacetime and the information paradox

related to these black holes. We saw that they are closely connected to the statistical

mechanics of closed systems.

However, in Section 16, we discussed that the original information problem in-

volves evaporating black holes which are asymptotically flat. There are some sim-

ilarity and big differences between (large) AdS black holes and evaporating black

holes:

1. They both have black hole horizons. Correspondingly, we have black hole

thermodynamics21 and quasinormal modes. After some time scale, we lose

information if we are stuck in the single black hole saddle.

2. Large AdS black holes have positive heat capacity, whereas evaporating black

holes do not. The thermodynamic instability induces evaporation.

3. The main reason for these differences is the existence of the conformal bound-

ary in asymptotic AdS. Hawking radiation basically occurs because of the

existence of two distinct time coordinates arising from the Rindler structure

of black holes. The Rindler structure is highly universal for any black hole.

However, if we have a boundary, the Hawking radiation can be reflected and re-

turn to the horizon in finite time. Then, naively, there is local detailed balance

around the horizon and the total configuration is stabilized. In asymptotically

flat spacetime, there is no solid boundary and the radiation escapes to infinity,

making the black hole unstable.

Suppose now we try to discuss the holography of evaporating black holes to

tackle the original Hawking information problem. There are several possibilities:

1. There are small AdS black hole saddles in AdS spacetime. These black holes

are small enough to completely evaporate before the Hawking radiation re-

turns. In principle, we can discuss them within the usual AdS/CFT corre-

spondence; however, they always appear as subdominant saddles compared to

the large AdS black hole and thermal AdS. In this sense, they are difficult to

treat.

21Possibly assuming that the evaporation process is very slow. In that case, we may treat the
evaporating black hole at each moment as some Schwarzschild black hole with asymptotically flat
structure.
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2. We can consider holography for flat spacetimes directly. Recently there are

many works under the names of celestial holography and Carrollian holography

(See [209] and [210] for lecture). One difficulty in this direction is that they

describe a 4d/2d duality and we need to consider four-dimensional black holes,

which are very difficult to analyze by hand. The difficulty is mostly related to

the non-trivial Weyl tensor, and the solutions to the perturbation wave equa-

tions are given by Heun functions, which are significantly more complicated

than hypergeometric functions.

3. There are ways to obtain evaporating black holes by deforming AdS/CFT. We

consider adding a flat spacetime bath to the AdS spacetime and gluing them.

From the CFT perspective, this gluing procedure corresponds to introducing

dissipation.

In this section, we focus on the third option. Over the last decade, there has been

extensive discussion of how gluing AdS to a bath provides a possible solution to the

information paradox. In [41, 211], a holography of gluing geometries is considered.

They propose a duality between three theories:

1. d-dimensional AdS gravity coupled to a flat, non-gravitating bath

2. (d+1)-dimensional AdS gravity with an EOW brane and parts of the conformal

boundary,

3. d-dimensional holographic boundary CFTs.

This triality is called double holography. See the Figure 32. Using double holography,

one can derive the Page curve.

To see this, consider the third picture: an AdS black hole glued to a flat bath.

Initially we have distinct spacetimes; after some time t = 0, we perform a joint

quench. We take a subsystem in the flat bath. To compute the entropy of this

subsystem, we use the first and third pictures and apply holographic entanglement

entropy for AdS/BCFT. After the Page time, we must consider the channel in

which the RT surface ends on the EOW brane. In this configuration there is a

large entanglement wedge which non-trivially includes some region of the EOW

brane. This means, in the second picture, that operators in this region can be

reconstructed. This region is called an island, and we must incorporate the island

contribution to the entanglement entropy. This leads to the island formula

SA = min
I

Ext
∂I

[
Area[∂I]

4GN

+ Smat[A ∪ I]
]
. (9.1)
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1 2

3

Figure 32: Sketch of the double holography. We have three pictures. 1)d dim.
BCFT 2)(d + 1) dim. AdS gravity with EOW brane 3) d dim. AdS brane gravity
couples to flat bath.

Later, the island formula was derived purely within gravity, without double

holography. In that derivation, one considers a wormhole connecting gravitational

replica manifolds [211,212], similar to double-cone wormholes.

Island I

t = 0, A

A

Figure 33: Set up pf AdS couples to bath. The Hawking radiation pass trough the
AdS boundary (red). The orange line express the hard wall which separate two
region in t ≤ 0.

It seems that the island mechanism works well. However, there are the following

subtleties:

1. When we couple an AdS system to a bath, the graviton becomes massive. This

is essentially the same as the discussion in Section 4. However, in this case,

we turn off dynamical gravity on one side, so there is no massless graviton.

Thus, the island discussion above resolves the information paradox only for a
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AP

Γdis
A

AP

I
Γdis
A

Figure 34: Holographic entanglement entropy in AdS/BCFT with gluing two space-
times. the orange lines express the brane duals to the orange hard wall in Figure
33. The left figure shows the timeslice in t = 0. The right is one of after the page
time.

massive graviton [213]. We may think that we can avoid the massive graviton

by taking the flat limit, which corresponds to pushing the EOW brane to the

conformal boundary. However, in this limit, from the AdS/BCFT perspec-

tive, the holographic entanglement entropy of the disconnected channel has a

doubled UV divergence compared to the connected contribution, and is never

favored. We need to understand whether the effect of mass is truly impor-

tant in the gravitational path integral around the Page time. This is a highly

dynamical problem that must be taken seriously.

2. Possibly we consider the entire flat space gravitational systems. However,

because of the gauge constraint of the gravity, the definition of sub region is

ambiguous.

3. Most computations of replica wormholes are based on Euclidean methods, with

the number of Hawking quanta interpreted as time. To be precise, one should

consider gravitational Schwinger–Keldysh computations. In that case, there is

a new contribution called the bra-ket wormhole, which connects the bra and

ket states in the gravitational path integral.

4. The detailed mechanism of double holography is not fully understood. In

particular, we do not know what happens to the (d − 1)-dimensional holo-

graphic CFT that is dual to the d-dimensional AdS region in the second pic-

ture. Naively, we deform the CFT with some dissipation. The holography of

open systems is itself an interesting subject, since we may obtain theoretical

predictions for strongly coupled open systems.

5. Islands in dS: Actually, its is known that the island formula (9.1) does not

work in some set up involving de Sitter gravity. In [9], we consider spacetime

dS2 couple to flat bath similar to Figure 33 instead of AdS blackhole. By

naively applying (9.1), we found there is no nice solution of optimization. In
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concrete, we consider double holography with AdS3 bulk with dS EOW brane

and find that HRT surface for interval intersects and its non-extremal points.

By considering the original treatment of one point function in AdS/BCFT we

can obtain the correct non-extrema l island.

In this thesis, we discuss parts of these questions based on our papers [2–5].

9.2 Open Quantum Systems

Before moving to the holographic discussion, we give a short review of open quantum

systems [42]. Quantum open systems are systems in which we divide the degrees of

freedom into a main system and a bath:

Htot = HS +HB +Hint,

Htot = HS ⊗HB.
(9.2)

We consider a total system evolving unitarily with e−iHt22.

The main focus in the literature is the time evolution of the reduced density

matrix of the system, ρS(t). In general, the time evolution is very complicated,

but under some assumptions we can approximate it by a simple equation called the

Lindblad equation or the GKSL equation:

∂

∂t
ρS(t) = −i[HS, ρS(t)]−

∑
k

(
LkρSL

†
k −

1

2
{LkL†

k, ρS(t)}
)
. (9.3)

This Lindblad equation also arises in quantum dynamics with continuous mea-

surement. For example, as an effective description of continuous measurement, we

can consider a stochastic Schrödinger equation

d(|ψ(t)⟩) = −iH |ψ(t)⟩ dt− 1

2

∑
k

(LkL
†
k −

〈
LkL

†
k

〉
ψ(t)

) |ψ(t)⟩ dt

+
∑
k

 Lk |ψ(t)⟩〈
L†
kLk

〉
ψ(t)

− |ψ(t)⟩

 · dNk,

(9.4)

where dNk is a Poisson increment and thus is a classical random variable following

E[dNk] =
〈
L†
kLk

〉
ψ(t)

dt, dNkdNl = δkldNk. (9.5)

Each realization {dNk} is called a trajectory and describes a specific set of measure-

22Even if the systems we are interested in are not unitary and are given by some generic CPTP
map, by adding auxiliary systems to the bath we always obtain unitary time evolution.
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ment outcomes. We then consider the averaged density matrix

ρ(t) = E[|ψ(t)⟩ ⟨ψ(t)|] . (9.6)

One can easily confirm that the averaged density matrix follows the Lindblad equa-

tion. In this sense, the stochastic equation contains much more information than

the Lindblad equation, particularly the correlations between trajectories, which are

important in measurement-induced phase transitions.

Now consider another expression of the Lindblad equation or stochastic Schrödinger

equation. We can write

∂

∂t
ρ(t) = −i[Heff , ρ(t)] +

∑
k

γkLkρL
†
k, (9.7)

where Heff = H − i
2

∑
k LkL

†
k. Then we can divide the dynamics into two parts:

1. Non-Hermitian dynamics: evolution under the non-Hermitian Hamiltonian

Heff .

2. Jump term: the last term is called the jump term. For example, if Lk is a

projection onto some classical state k, then LkρL
†
k gives a jump to that specific

state. This is indeed what happens in the measurement case.

For the Lindblad equation, it is also useful to consider the doubled picture. We

can always map the mixed state ρ ∈ S(H) to a pure state |ρ) ∈ S(H⊗H):

∂

∂t
|ρ(t)) =

(
−i(Heff)+ ⊗ I + iI+ ⊗ (Heff)− +

∑
k

(Lk)+ ⊗ (Lk)−

)
|ρ(t)) . (9.8)

Similar to the in–out formalism, we can represent the amplitude by path intgeral as

Tr[ρ(t)] = (I|ρ(t)) =
∫

DX± exp(iSLindblad[X+, X−]) ,

SLindblad[X+, X−] = S
(+)
0 [X+]− S

(−)
0 [X−]

+

∫
C
dt
∑
k

[
Lk[X+]L

†
k[X+] + Lk[X−]L

†
k[X−] + Lk[X+]L

†
k[X−]

]
.

(9.9)

Here S
(±)
0 correspond to the actions of H. We see that the jump term is given by

the interaction between the forward and backward paths. When we take Lk to be

some single-trace operator O(x), the Lindblad equation is essentially a double-trace

deformation [214].
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To understand Lindblad dynamics, we consider non-Hermitian dynamics and

jump (or measurement) dynamics individually. In the upcoming sections, we discuss

their holography.

10 Non-hermitian holography and wormholes

As one of realizations of a traversable wormhole in AdS, we consider a Janus solution

with the Janus deformation parameter taken to be imaginary valued (i.e. model A).

This model has an advantage that we can clearly understand its CFT dual in terms

of the transition matrix of two different thermofield double states.

10.1 Traversable wormholes from Janus solutions

Now we consider the Janus solution with AdS2 black hole [115,116,215–217]

ds2 = dy2 + f(y)ds2AdS2
,

f(y) =
1

2
(1 +

√
1− 2γ2 cosh 2y),

ds2AdS2
= −dτ 2 + r2H cos2 τdθ2, (−π

2
≤ τ ≤ π

2
).

(10.1)

In previous section, in order to keep the metric and scalar real valued, we need

to require 0 ≤ γ2 ≤ 1
2
. In this case, we have µ0 >

π
2
and the left and right boundary

are not causally connected, as depicted in the upper right picture in Fig.35.

Now we allow the scalar field to take imaginary values, though we require the

metric remains to be real valued. This condition is satisfied when γ is imaginary

i.e. γ2 < 0. In this extended case, we can easily show µ0 ≤ π
2
. Thus the left and

right boundary is now causally connected and it becomes a traversable wormhole

as depicted in the lower right panel of Fig.35. In this case the scalar field takes

imaginary values. This leads to the negative energy background which allows the

traversable wormhole.23 Notice that our metric is real. This is highly non-trivial.

To see this for example let us consider the TT deformation with complex coupling

µ ∈ C. Naively we will have complex finite cut-off rc ∈ C and we have complex

geometry.

10.2 Computing geodesic length

To explicitly confirm that the solution describes a traversable wormhole when γ

takes imaginary value, let us compute the geodesic length between two points, each

at one of the two different boundaries.

23In [217], the Janus black hole solution for a real value of γ can be made traversable if we
further deform it by a double trace deformation. In this paper we do not consider any double trace
deformation when we talk about Janus solutions.
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γ = 0 (χ = 1)

τ

µ, y

µ0−µ0

t

ρ

γ2 > 0 (χ < 1)

τ

µ, y

µ0−µ0

γ2 < 0 (χ > 1)

τ

µ, y

µ0−µ0

τ
(2)
b

τ
(1)
b

Figure 35: The Penrose diagram of the BTZ black hole (above,left, γ2 = 0), time
dependent Janus (above right γ2 > 0) and the traversable wormhole (below γ2 < 0).
The orange line denote the null geodesics. For γ2 < 0 case, the null geodesics from
left reaches to the right boundary. The blue line denotes the geodesics connecting
between two points locates in left and right boundaries.

We consider the geodesics connecting two point (τ
(2)
b , y∞) and (τ

(1)
b ,−y∞). See

Fig.35 for intuition. The asymptotic values τ∞ and y∞ are related to the boundary

values eρ∞

2
≈ 2

ϵ
, τ∞ ≈ tb by

f(y∞) ≈ 1

4
e2ρ∞ cosh2 rHtb

tan τ∞ ≈ sinh rHtb

(10.2)

where tb is the time at which the subsystem is defined. Then, we consider the

geodesics which connects two asymptotic boundaries. The geodesics is along θ =

const.. Thus, we consider the curve τ = τ(y). The geodesics is determined by
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Figure 36: Plots of the geodesics length with χ = 1.5 (black), χ = 1 (red), χ = 0.5
(blue). We set ϵ = 0.01. For χ = 1.5 > 1, we observed that the geodesic length
getting zero when rHt

crit
b ≈ 2.16.

varying the functional

Sgeodesics[y] =

∫ y∞

−y∞
dy

√
1− f(y)

(
dτ

dy

)2

. (10.3)

The equation of motion is simply obtained by δSgeodesics[y] = 0 and

d

dy

(
f(y)τ ′(y)√

1− f(y)(τ ′(y))2

)
= 0,⇔ f(y)τ ′√

1− f(y)τ ′2
=

√
C (10.4)

where C is a positive integration constant. By solving the equation, we obtain,

τ(y) = B + A(y;C),

A(y;C) =

∫ y

dy

√
C

f(y)(f(y) + C)

=
2
√
C√

(1 + χ)(1 + χ+ 2C)

∫ tanh y

0

ds√(
1− 1−χ

1+χ
s2
)(

1− 1−χ+2C
1+χ+2C

s2
) .

(10.5)

Importantly, A(−y, C) = −A(y, C) and we find that

τ(y → ∞) = B + A(∞;C) = τ
(2)
b

τ(y → −∞) = B − A(∞;C) = τ
(1)
b

⇔ B =
τ
(2)
b + τ

(1)
b

2
, A(∞;C) =

τ
(2)
b − τ

(1)
b

2
.

(10.6)

The conditions with function A(∞;C) determines the value of C in terms of the
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boundary time. The simple case will be τ
(1)
b = τ

(2)
b = τb and in this case B = τb, C =

0 and thus τ(y) = τ0 even for non zero γ.

Next we discuss the on-shell action. It is analytically obtained as

Sgeodesics =

∫ y
(2)
∞

−y(2)∞

dy

√
f(y)

f(y) + C

= 2S(y(2)∞ ;C)

(10.7)

where we introduce

S(y;C) =

∫ y

dy

√
f(y)

f(y) + C

=

√
1 + χ

1 + χ+ 2C

∫ tanh y∞

0

ds

1− s2

√√√√ 1− 1−χ
1+χ

s2

1− 1−χ+2C
1+χ+2C

s2
.

(10.8)

One simple case is t
(1)
b = t

(2)
b = tb and we have C = 0 and τ(y) = tan−1 sinh rHtb. In

this case,

Sgeodesics = 2y(2)∞ = 2 log

(
1

χ

2

ϵ
cosh rHtb

)
. (10.9)

This results is similar to the linear growth in [204]. The interesting case is when we

set t
(1)
b = −t(2)b = tb. In this case, we find that at some critical time the geodesics

length approaching to zero (See Fig. 36) for χ > 1. This is because that we have a

traversable wormhole in the bulk and we can connect the two points causally. When

χ = 1, S(y∞;C) = ρ∞ = const. because of the isometry of the BTZ blackhole or

thermofield double state is invariant under the time translation with opposite sign.

On the other hand χ < 1 case (e.g. real valued Janus deformation), we find the

geodesic length monotonically increasing because the ER bridge getting long.

For χ > 1, the critical time can be analytically derived as follows. Since the

critical time is the time that the geodesics getting null, we demand f(y)
f(y)+C

= 0 for

any y ∈ [−y(2)∞ , y
(2)
∞ ]. Since f(y) > 0 for χ > 0, this is a case when C = +∞. In this

case, the expression of τb = A(∞, C) simplifies to

τ critb = A(∞;C → ∞) =

√
2

1 + χ
K

(
1− χ

1 + χ

)
= µ0. (10.10)

Thus the critical time is given by

rHt
crit.
b = arcsinh (tanµ0) . (10.11)

We see that tcrit.b is positive finite only when χ > 1.
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10.3 Thermodynamic entropy and pseudo entropy

We previously pointed out that a black hole possesses entropy, which corresponds

to the thermodynamic entropy of the boundary theory when it is in thermal equilib-

rium. Moreover, this entropy can alternatively be interpreted as the entanglement

entropy between two replicated systems in the thermofield double state |TFD(β)⟩.
From this viewpoint, the entropy is given by the minimal cross section of the Ein-

stein–Rosen bridge.

As ER=EPR, it has been widely conjectured that wormholes are closely tied to

certain patterns of quantum entanglement. A natural question then arises: what

sort of entanglement structure underlies a traversable wormhole? To explore this, we

investigate a deformation of the thermofield double state induced by an imaginary

Janus deformation.

Analogous to the standard Janus configuration, this deformation introduces a

conformal interface into the thermofield double state. However, a crucial difference

is that the interface Lagrangian γLinterface is now non-Hermitian. Furthermore, the

deformation causes the two CFTs to acquire non-Hermitian Hamiltonians,

HCFT(1/2)
= Hundeformed CFT(1/2)

± γV (10.12)

for a certain Hermitian operator V . Defining H = HCFT(1)
, we then have H† =

HCFT(2)
. The Euclidean boundary path integral dual to the traversable wormhole

described in the previous section is expressed as

Tr
[
e−

β
2
He−

β
2
H†
]
. (10.13)

See Figure 37.

These features substantially modify the structure of the thermofield double

states, leading to

⟨TFD(β)|TFD(β)⟩ → ⟨TFD(β; γ)|TFD(β; γ)⟩ . (10.14)

Here |TFD(β, γ)⟩ and |TFD(β, γ)⟩ are defined as purifications of

ρ(2) ∝ e−
β
4
H†
e−

β
2
He−

β
4
H†

(10.15)

and

ρ(1) ∝ e−
β
4
He−

β
2
H†
e−

β
4
H , (10.16)

220



Figure 37: Schematic representation of the Euclidean path integral for

Tr
[
e−

βH
2 e−

βH†
2

]
. The red dots indicate the defects connecting the two distinct Hamil-

tonians H and H†. The red line prepares the state |TFD⟩ and its conjugate ⟨TFD|.

respectively [218]. More explicitly,

|TFD(β, γ)⟩ = e−
βH
4 ⊗ e−

βH†
4

∑
n

|E(r)
n ⟩1 |E

(r)
n ⟩2 ,

⟨TFD(β, λ)| =
∑
n

⟨E(l)
n |1 ⟨E

(l)
n |2 e

−βH
4 ⊗ e−

βH†
4 ,

(10.17)

where |E(r)
n ⟩ and ⟨E(l)

n | denote the right and left eigenvectors of the non-Hermitian

Hamiltonian H.

A crucial observation is that

(|TFD(β, γ)⟩)† ̸= ⟨TFD(β, γ)| , (10.18)

so the total density matrix ρ12 = |TFD(β, γ)⟩ ⟨TFD(β, γ)| is non-Hermitian. In

general, the entanglement entropy defined for such non-Hermitian density matrices

or transition matrices is known as the pseudo entropy. A more formal definition and

interpretation will be presented in Section 12.

The pseudo entropy between the two CFTs can be computed via the minimal

surface dividing the time slice t = τ = 0, leading to

S[ρ(1)] = S[ρ(2)] =
πcrH
6

√
1 +

√
1− γ2. (10.19)

Even though the reduced density matrices (10.15) and (10.16) are non-Hermitian,

the resulting entropy is nevertheless real, since Tr
[
(ρ(1/2))

n
]
is real. This follows
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from the replica method,

Tr[ρn1 ] = Tr[ρn2 ] = Tr

[
e−

βH
2 e−

βH†
2 · · · e−

βH
2 e−

βH†
2

]
(10.20)

which, owing to the cyclicity of the trace, yields a real quantity. The von Neumann

pseudo entropy is also real because

Sv.N.[ρ1] = Sv.N.[ρ2] = lim
n→1

1

1− n
log

Tr[ρn1 ]

Tr[ρ1]
n . (10.21)

Nevertheless, the pseudo entropy exhibits a qualitatively different behavior from

conventional entanglement entropy. The expression (10.19) is a monotonically in-

creasing function for γ2 < 0 and can become arbitrarily large. In contrast, ordinary

entanglement entropy is always bounded above by log dimH1.

11 Gluing two AdS

In this section we study a geometric construction in which two AdS spacetimes are

glued along a codimension-one hypersurface [4]. The resulting configuration induces

a dynamical theory on the gluing surface, providing a possible realization of “open

holography” without assuming an asymptotic boundary.

The motivations for considering such a construction are the following:

1. By taking a flat limit LAdS → 0 on one side, one recovers the AdS–bath systems

widely used in studies of black-hole evaporation and information dynamics.

2. Real cosmological spacetimes such as de Sitter do not possess timelike bound-

aries. Holography for half of dS has been recently proposed; by gluing two

halves, one may aim to construct holography for full dS.

GLUE

Figure 38: Gluing two AdS geometries along a hypersurface.
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11.1 Gluing AdS Spacetimes

We begin with some geometric preliminaries. Consider a codimension-one hypersur-

face Σ with outward normal nA, tangent vectors eAa , and induced metric hab. The

extrinsic curvature is defined by

Kab = eAa e
B
b ∇AnB, K = habKab. (11.1)

As an example, consider vacuum AdSd+1 in Poincaré coordinates with a constant–

η surface. The metric is

ds2 =
dη2 + habdx

adxb

η2
. (11.2)

A direct computation gives

Kab = −1

2

∂

∂ ln η
hab(η)

∣∣∣
η0

=
1

η20
ηab,

K = d,

Kab −Khab + (d− 1)hab = 0.

(11.3)

Figure 39: Constant-η slice in Poincaré AdS.

We now consider two AdSd+1 spaces (denoted AdS
(1)
d+1 and AdS

(2)
d+1), each cut

by hypersurfaces Σ1 and Σ2. Gluing them requires satisfying the Israel junction

conditions:

h
(1)
ab = h

(2)
ab ,

K
(1)
ab −K(1)hab +K

(2)
ab −K(2)hab + 2T hab = 0.

(11.4)
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The action consists of two bulk contributions and two boundary terms,

Ibulk =
∑
a=1,2

1

16πGN

∫
dd+1y

√
−G

(
R[G] +

d(d− 1)

L2
AdSa

)
,

Ibdry =
∑
a=1,2

1

8πGN

∫
Σa

ddx
√

−h(a) (K(a) − T ).

(11.5)

When both bulks are AdS vacua, the metrics are

ds2(1) =
dη2 + dx2i

η2
, ds2(2) =

dη̃2 + dx̃2i
η̃2

. (11.6)

The Hamiltonian constraint on each side takes the form

R = K2 −KabKab −
d(d− 1)

L2
AdS

. (11.7)

Using the junction conditions yields constant mean curvature:

K(1) =
dT

d− 1
+
d(d− 1)

4T

(
1

L2
AdS1

− 1

L2
AdS2

)
,

K(2) =
dT

d− 1
+
d(d− 1)

4T

(
1

L2
AdS2

− 1

L2
AdS1

)
.

(11.8)

11.2 Stress Tensor and TT Structure

In AdS3 , the Brown-York tensor on each side is

τ
(a)
ab = K

(a)
ab −K(a)hab + T hab, a = 1, 2. (11.9)

The Israel condition requires the total stress tensor to vanish:

τ
(1)
ab + τ

(2)
ab = 0. (11.10)

If we think this is kind of Virasoro constraint in two dimensional gravity, we can think

the holographic theory on junction surface is two coupled CFTs with dynamical two

dimensional gravity24. Since the Brown York tensor can measure the energy of the

bulk like blackhole mass, the constraint is actually also the constraint of the three

dimensional bulk gravity. Possibly this is related we have closed universe and no

local gauge invariant expectations which carry mass. From the definitions,

τ (a) := habτ
(a)
ab = 0, Daτ

(a)
ab = 0. (11.11)

24Here we mean dynamical gravity that we need to do path integral over the metric.
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The Hamiltonian constraint becomes

R[h] + µ(a) + τ
(a)
ab τ

ab
(a) − (τ (a))2 = 0,

µ(a) =
d(d− 1)

L2
AdSa

− d

d− 1
(T (a))2.

(11.12)

which reproduces the flow equation of a TT deformation 4.52. The constant part

µ(a) arises because of our stress tensor here is Brown York tensor.

A trivial Z2-symmetric solution obeys

K
(a)
ab = T hab, (11.13)

whose general form is

A(x2 + η2 − t2) +Bη + Cx+Dt+ E = 0. (11.14)

Depending on T , these are completely classified into three types:

1. AdS-type (T LAdS < 1),

2. flat (T LAdS = 1),

3. dS-type (T LAdS > 1).

11.3 Chiral Gluing Solutions

To study nontrivial solutions, introduce light-cone coordinates:

G
(1)
ABdx

AdxB =
dη2 − dU dV

η2
, G

(2)
ABdx

AdxB =
dη̃2 − dŨ dṼ

η̃2
. (11.15)

Consider the surfaces

η = e−ϕ(U), η̃ = e−ϕ̃(Ũ). (11.16)

The induced metrics become

ds2|Σ(1) = (ϕ′)2dU2 − e2ϕdUdV ,

ds2|Σ(2) = (ϕ̃′)2dŨ2 − e2ϕ̃dŨdṼ ,
(11.17)

and the stress tensors are

τ
(1)
UU = −ϕ′′ + ϕ′2, τ

(2)

ŨŨ
= −ϕ̃′′ + ϕ̃′2. (11.18)

The brane curvature satisfies R[h] = 0.
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The two coordinate systems may be related by

Ũ = P (U), Ṽ = V +Q(U). (11.19)

Matching the induced metrics gives

e2ϕ(U) = e2ϕ̃(P (U)) P ′(U), (11.20)

and determines Q(U):

Q′(U) = e−2ϕ

(
−P

′′

P ′ ϕ
′ +

1

4

P ′′2

P ′2

)
. (11.21)

The Israel condition becomes

−ϕ′′ + ϕ′2 =
1

2
T+(U) = −1

4
Sch
(
Ũ , U

)
, (11.22)

where

T+(U) = −1

2
Sch(P,U) =

3

4

(
P ′′

P ′

)2

− 1

2

P ′′′

P ′ . (11.23)

Special examples of these equations include:

• T+(U) = 0: P (U) ∈ SL(2,R).

• constant τ
(1)
UU = α2: P (U) = e2

√
2αU .

• small deformation: P (U) = U + a
1+U4 .

These are non-trivial solution does not posses Z2 symmetry.

11.4 Non-Chiral Solutions (Perturbative)

A general surface can be written as

η = e−ϕ(U,V ), η̃ = e−ϕ̃(Ũ ,Ṽ ), Ũ = A(U, V ), Ṽ = B(U, V ). (11.24)

Expand ϕ as

ϕ = ϵf + ϵ2g + ϵ3h+O(ϵ4). (11.25)

The curvature and extrinsic curvature expand as

R(1) = 8(∂U∂V f) ϵ− 8
[
2f(∂U∂V f)− (∂U∂V f)

2 − ∂U∂V g + (∂2Uf)(∂
2
V f)
]
ϵ2 + · · · ,

(11.26)

K(1) = 2 + 4(∂U∂V f)ϵ+ (−8f ∂U∂V f + 4∂U∂V g) ϵ
2 + · · · . (11.27)
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Requiring K = 2 yields

f(U, V ) = P (U) +Q(V ), g(U, V ) = α(U) + β(V ). (11.28)

The Brown–York tensor becomes

τ
(1)
UU = −P ′′ ϵ+

[
(P ′)2 − α′′]ϵ2 + [2P ′α′ − 2P ′Q′P ′′ − ∂2Uh

]
ϵ3 +O(ϵ4),

τ
(1)
V V = −Q′′ ϵ+

[
(Q′)2 − β′′]ϵ2 + [2Q′β′ − 2Q′P ′Q′′ − ∂2V h

]
ϵ3 +O(ϵ4).

(11.29)

To leading orders, the Israel conditions imply

τ
(1)
UU +

(
dŨ

dU

)2

τ
(2)

ŨŨ
= 0, τ

(1)
V V +

(
dṼ

dv

)2

τ
(2)

Ṽ Ṽ
= 0. (11.30)

This is equivalent to the Virasoro constraint again.

11.5 Application: Half-dS Holography

This gluing construction motivates a possible framework for holography in de Sitter

space. A key component is the recently proposed holography for half of dS [8]:

(brane theory at θ = θ0) ⇐⇒ (cut dS spacetime). (11.31)

The holographic entanglement entropy on generic time slices exhibits super-

volume-law behavior,

SA ∝ |A|p, p > 1, (11.32)

violating strong subadditivity. This sharply contrasts with ordinary QFT in dS.

One explanation is that the brane theory is highly nonlocal. For instance, a

nonlocal model of the form

I =

∫
ddxϕ e(−∂

2)qϕ (11.33)

predicts

SA ∝ |A|d−2+2q. (11.34)

As an interesting future problems, we can consider gluing two half dS spacetime

and contain full dS holography.
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Figure 40: Super-volume-law entanglement in half-dS holography. The ffigures are
cite from [8]

12 Measurement and holographic BCFT and ICFT

12.1 Final state projection and its relation to Page curve

Here we introduce another way of solving the information loss problems with black-

hole final state projections based on [5]. In this chapter, we discuss one proposed

resolution due to Horowitz and Maldacena and analyze the Page curve in that model.

The central question in the information loss problem is whether semiclassical

gravity can exhibit unitarity. A key issue in the semiclassical picture is that physics

at the black hole singularity is beyond the regime of validity of general relativity.

Horowitz and Maldacena showed that by introducing the following modification to

otherwise standard semiclassical gravity, the theory can be made unitary [219,220]:

At the black hole singularity, impose a fixed final state via post-selection. To see

how unitarity is preserved under this modification, consider quantum teleportation

in quantum mechanics with a fixed final state (post-selection) [221,222].

12.1.1 Post-selection and quantum teleportation

Quantum mechanics is a framework for the time evolution of a given initial state

|Ψi⟩ and for measurements performed on that evolving state. What we can access

are the outcomes of a sequence of measurements {Pαk
(tk)}k at times t1, t2, . . . , tn and

the probabilities for those outcomes. Define the composite measurement operator

Π(α) = Pαn(tn) · · ·Pα1(t1). The decoherence functional D(α, α′) for two outcome
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histories α = (αk) and α
′ = (α′

k) is

D(α, α′) := Tr[Π(α) |Ψi⟩ ⟨Ψi|Π(α′)] . (12.1)

The probability that the outcome is α is then

p(α) = D(α, α). (12.2)

By the definition of measurements,
∑

α p(α) = 1.

We may also consider quantum mechanics in which a fixed final state is imposed

at time t = T . Such a setup applies, for example, when among all processes starting

at t = 0 we are only interested in those that yield a specified measurement outcome

for some observable at t = T . Imposing a fixed final state |Ψf⟩ is referred to as

post-selection on |Ψf⟩. In a theory with both a fixed initial state |Ψi⟩ and a fixed

final state ⟨Ψf |, the state at times 0 < t < T is characterized by two vectors

|Ψ1(t)⟩ := e−i
∫ t
0dtH |Ψi⟩ , ⟨Ψ2(t)| := ⟨Ψf | ei

∫ t
T dtH , (12.3)

see [223, 224]. One can formulate measurements on states specified by the pair

|Ψ1⟩ , |Ψ2⟩. A natural generalization of the decoherence functional is

D(α, α′) =
Tr[Π(α) ρ2Π(α

′) ρ1]

Tr[ρ2ρ1]
, (12.4)

ρ2 := |Ψ2⟩ ⟨Ψ2| , ρ1 := |Ψ1⟩ ⟨Ψ1| . (12.5)

The probability for outcome α is then

p(α) = D(α, α). (12.6)

Another definition is the Aharonov–Bergmann–Lebowitz (ABL) rule,

p(α) =
Tr[Π(α)ρ2Π(α)ρ1]∑
α′ Tr[Π(α′)ρ2Π(α′)ρ1]

. (12.7)

These two agree, e.g., when ρ2 commutes with all Π(α′).

Furthermore, defining the transition matrix from |Ψ1⟩ to |Ψ2⟩ by

τ 1|2 :=
|Ψ1⟩ ⟨Ψ2|
⟨Ψ2|Ψ1⟩

, (12.8)
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one may generalize the probability as

p(α) =
Tr
[
Π(α) τ 1|2

]
Tr[τ 1|2]

.

In general, p(α) defined this way is complex.

Now consider quantum teleportation with a fixed final state. Suppose Alice

post-selects onto the Bell state |Bell⟩. This corresponds to the Bell measurement

outcome (0, 0) being predetermined in standard teleportation. In this case, Bob’s

final quantum state equals the state |ψ⟩ that we wished to transmit. Unlike standard

teleportation, no classical communication from Alice to Bob is needed.

Measurement

Figure 41: Standard quantum teleportation (left) vs. post-selected teleportation
(right).

12.1.2 Pseudo-entropy

In quantum theories with post-selection on a specific state, the measure of entangle-

ment for pure states is given by the pseudo-entropy [225, 226]. Consider two states

|Ψ1⟩ , |Ψ2⟩ in a Hilbert space H = HA ⊗HB and the transition matrix

τ 1|2 =
|Ψ1⟩ ⟨Ψ2|
⟨Ψ2|Ψ1⟩

. (12.9)
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The reduced transition matrix on subsystem A and the pseudo-entropy are defined

by

τ
1|2
A := TrB

[
τ 1|2
]
, (12.10)

S
1|2
A := −TrA

[
τ
1|2
A log τ

1|2
A

]
. (12.11)

Only when |Ψ1⟩ = |Ψ2⟩ do these reduce to the usual reduced density matrix and the

entanglement entropy. In general, τ
1|2
A is not Hermitian and S

1|2
A is complex. Next,

we show that the real part Re
[
S
1|2
A

]
quantifies entanglement in quantum mechanics

with post-selection on |Ψ2⟩. For simplicity, consider a qubit system

|Ψ1⟩ = c1 |00⟩AB + s1 |11⟩AB , (12.12)

|Ψ2⟩ = c2 |00⟩AB + s2 |11⟩AB , (12.13)

and we try to distill Bell pairs. The average number of distillable Bell pairs is

n =
∑
kℓ

Dk,ℓ
log nCk + log nCℓ

2
. (12.14)

Define the “pseudo-probabilities” Πk by

Πk =
⟨Ψf |Πk |Ψi⟩
⟨Ψf |Ψi⟩

, (12.15)

so that Dk,ℓ = Πkp
∗
ℓ . Then

lim
n→∞

n

m
= Re

[
−
∑
k

Πk log Πk

]
= Re

[
S
1|2
A

]
. (12.16)

Pseudo-entropy can also serve as an order parameter distinguishing whether two

states belong to different phases.

12.1.3 The Horowitz–Maldacena proposal

Set up. Consider matter fields Φ, a classical gravitational solution that undergoes

collapse to form a black hole, small quantum fluctuations of the gravitational field

around that solution, and quantum field theory of the matter on that classical

background. Decompose the total Hilbert space as H = HM ⊗Hin ⊗Hout, where:

• HM : the Hilbert space obtained by embedding the classical configuration of

the infalling matter that forms the BH into a quantum Hilbert space;

• Hin: the Hilbert space of quantum fluctuations around the classical solution
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on the portion of a Cauchy slice inside the horizon (obtained by splitting a

Cauchy surface of the classical solution into interior and exterior parts);

• Hout: the Hilbert space of quantum fluctuations on the exterior portion of that

slice.

Take the initial state

|Ψ⟩tot = |ψ⟩M ⊗ |U⟩in,out , |U⟩ =
N∑
i=1

1√
N

|i⟩in |i⟩out , N = eSBH . (12.17)

That is, we consider a situation in which, after the BH forms and enough time

passes for Hawking radiation to occur, the interior and exterior modes, Hin and

Hout, are highly entangled. In what follows, “interior degrees of freedom” will refer

to HM ⊗ Hin. If the information prior to BH formation is to be recoverable after

evaporation, the S-matrix S : HM → Hout must be unitary. We further assume that

this S-matrix can be treated as a highly chaotic, complicated random unitary.

Next, at the singularity we post-select onto a state called the black hole state

|BH⟩, defined on the interior Hilbert space by

⟨BH| := 1

N

∑
m,i

Smi ⟨Em|M ⟨i|in . (12.18)

■ Restoration of unitarity and relation to Hawking’s calculation.

After performing the measurement (post-selection), the state becomes

|Ψ̃⟩out = N3/2
M,in⟨BH| |ψ⟩M |U⟩in,out =

∑
m,i

Smi (⟨Em|M |ψ⟩M) |i⟩out . (12.19)

Since S : HM → Hin is unitary, |Ψ̃⟩out represents a unitary evolution from |Ψ⟩. We

may also include an interaction U between HM and Hin. In that case, unitarity

is recovered only if ⟨BH|U is a maximally entangled state [220], precisely as in

post-selected teleportation, which works only when the post-selected final state is

maximally entangled.

Moreover, recalling the assumption that the S-matrix can be approximated by

a random unitary, we find for the coarse-grained post-measurement state

⟨i| ρ̃ |j⟩ := ⟨i|Ψ̃⟩ ⟨Ψ̃|j⟩ ∼
∑
m,n

SmiS∗
nj (⟨m|M |ψ⟩M) (⟨n|M |ψ⟩M)∗ (12.20)

=
1

N
δij. (12.21)

Thus the coarse-grained state is microcanonical, reproducing the result of Hawking’s
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calculation.

Figure 42: Setup of the Horowitz–Maldacena proposal.

12.1.4 A CFT toy model of the Horowitz–Maldacena proposal

As a toy model of the proposal, consider the time evolution of pseudo-entropy in a

two-dimensional CFT with post-selection. We study three models. The first applies

Figure 43: Post-selected 2d CFT and its relation to the Horowitz–Maldacena pro-
posal.

post-selection uniformly over the whole system; the second applies post-selection

nonuniformly in a manner closer to the final-state proposal setup.

■ Uniform post-selection model.

At time t = T , post-select onto a fixed conformal boundary state e−δH |B⟩. For
simplicity, take the same state as the initial condition. The transition matrix at
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time t is

τ 1|2 =
|Ψ1⟩ ⟨Ψ2|
⟨Ψ2|Ψ1⟩

, (12.22)

|Ψ1⟩ = e−iHt e−δH |B⟩ , (12.23)

|Ψ2⟩ = eiH(T−t) e−δH |B⟩ . (12.24)

The inner product ⟨Ψ2|Ψ1⟩ is given by a path integral on a strip of width L = 2δ+iT .

Introduce lightcone coordinates on the strip w− = x − t, w+ = x + t. After Wick

rotation and defining complex coordinates w = x + iτ , w̄ = x − iτ , the strip is

mapped to the upper half-plane by the conformal transformation z = e
πw
L . The

reduced transition matrix corresponds to a path integral with a cut along A, and

the pseudo-entropy is obtained, as in the usual entanglement entropy, by inserting

twist operators at the endpoints of A and computing their correlators. To evaluate

the two-point function of twist operators, assume the CFT is holographic. Recalling

the gravity dual of a strip, the dual geometry is

ds2 = −T
2

π2
cosh2 ρ dt2 + dρ2 +

T 2

π2
sinh2 ρ dx2, (12.25)

with an EOW brane

cosh ρ sin

(
πt

T

)
= cosh η0. (12.26)

The EOW brane tension is T = − coth η0 < −1, and the induced metric is

ds2
∣∣
Q
= sinh2 η0

(
−dτ 2 +

π2

T 2
cosh2 τ dx2

)
, (12.27)

which is that of dS2. The pseudo-entropy is computed from geodesics in this ge-

ometry. There are two candidate geodesics: one connecting the endpoints of the

subsystem (connected) and one that attaches to the EOW brane (disconnected).

Since the HRT formula arises from a saddle-point evaluation in gravity, we choose

the saddle with the smaller real part. Hence,

Re
[
S
1|2
A

]
= min

{
Re
[
S
1|2
A,con

]
, Re

[
S
1|2
A,dis

]}
, (12.28)

In the present model, the time dependence is

S1|2
con =

c

3
log

[
2T

πϵ
sin

(
π(x2 − x1)

2T

)]
, (12.29)

S
1|2
dis =

c

3
log

[
2T

πϵ
sin

(
πt

T

)]
+ i

πc

6
+ 2Sbdry. (12.30)

234



The boundary entropy, determined by the EOW brane tension, is

Sbdry =
c

6
log

|T | − 1

|T |+ 1
− i

πc

12
, (12.31)

so S
1|2
dis becomes real:

S
1|2
dis =

c

3
log

[
2T

πϵ
sin

(
πt

T

)]
+
c

6
log

|T | − 1

|T |+ 1
. (12.32)

The connected branch S
1|2
con coincides with the vacuum pseudo-entropy and is con-

stant; depending on the boundary entropy and the subsystem size, it is selected

between times t∗ and T − t∗ as the physical pseudo-entropy.

Figure 44: Behavior of pseudo-entropy in the uniform post-selection model.

■ Nonuniform post-selection model.

Consider a nonuniform final state |Ψf⟩ = e−δH |B⟩x<0 ⊗ |0⟩x>0. The time evolu-

tion is represented by the path integral in Fig. 45. This path integral again maps

Figure 45: Path integral for the nonuniform post-selection model.
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to the upper half-plane via the conformal transformation

w =
√
z − L

2
log

{
1 +

√
z
L√

z
L

− 1

}
− L

2
πi, (12.33)

w̄ =
√
z̄ − L

2
log

{
1 +

√
z
L√

z
L

− 1

}
+
L

2
πi, (12.34)

with L = 2
π
(2δ + iT ). Using this map, one can compute the pseudo-entropy.

Although the functional form is not simple, it can be plotted numerically; see

Fig. 12.1.4. For a subsystem A = [0, xA > 0], the real part of the pseudo-entropy

follows a Page-curve behavior. When xA = ∞, the disconnected geodesic is selected

at all times. For finite xA, both connected and disconnected geodesics are finite;

which one is selected depends on parameters and time, but both exhibit qualitatively

similar behavior.

For t ∼ 0, pseudo-entropy grows due to entanglement production from the

boundary state, with a logarithmic growth log(2t/ϵ). Near t ∼ T , entanglement

decreases; this can be understood as the effect of knowing the final state, which

increases the information about the reduced transition matrix. For xA < ∞, the

pseudo-entropy remains finite at t = T because the entanglement between A and

B = [xA,∞] does not vanish.
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Figure 46: Time evolution of pseudo-
entropy for A = [0,∞]. Parameters:
T = 6, ϵ = δ = 0.01, Sbdry = 0.
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Figure 47: Time evolution of pseudo-
entropy for A = [0, 6]. Parameters:
T = 6, ϵ = δ = 0.01, Sbdry = 0.

■ Partial post-selection model.

In the two models above, post-selection at t = T was imposed over the entire

space. In contrast, the Horowitz–Maldacena proposal considers post-selection only

at the black hole singularity. As a toy model closer to their setup, take the initial
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and final states to be

|Ψi⟩ = Ni e
−δH |B⟩ , |Ψf⟩ = Nf

(
|B⟩ ⟨B|x<0 ⊗ Ix>0

)
e−δH |B⟩ . (12.35)

This corresponds to the path integral shown in Fig. 48. The manifold for this path

Figure 48: Path integral for the partial post-selection model.

integral can again be mapped to the upper half-plane via

w(z) = L log(1− z) + LM log

(
z +M

M

)
, (12.36)

where L = δ+iT
π

and LM = δ−iT
π

. In this case, as in the nonuniform post-selection

model, the pseudo-entropy follows a Page-curve behavior.

12.2 Conformal Defect and measurement like behavior

12.2.1 Possible relation between indirect measurement and spacelike

branes

One characteristic feature of quantum measurements is that they can reduce en-

tanglement entropy in Lorentzian path integrals. In the previous section, we saw

that the final-state projection reduces entropy. In actual quantum measurement

protocols, however, we often need to discuss the time evolution that follows the

measurement process. This naturally happens, for example, in the case of indirect

measurements.

■ Indirect measurement

In general, it is often difficult to access the system of interest directly. In such

situations, it is useful to introduce an auxiliary bath system and correlate it with

the system in order to extract information. This indirect measurement can be

implemented using the following procedure:

1. Prepare an initial quantum state that is a direct product of the system and

bath Hilbert spaces:

ρtot = ρS ⊗ ρB . (12.37)
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Figure 49: Pseudo-entropy in the partial post-selection model (T = 6, ϵ = δ = 0.01).

2. Apply a unitary operator U to generate correlations between the system and

the bath:

ρtot → UρS ⊗ ρB U
† . (12.38)

3. Perform a projective measurement {Πk}k on the bath. The probability of

obtaining outcome k is

Πk = TrSB
[
Πk UρS ⊗ ρB U

†Πk

]
. (12.39)

The post-measurement state of the total system conditioned on outcome k is

then

ρ
(k)
tot =

1

Πk

ΠkUρS ⊗ ρB U
†Πk . (12.40)

4. Introduce an orthonormal basis {|Ψm⟩} for the bath, and write the spectral

decomposition of the initial bath state as ρB = ql |Φl⟩ ⟨Φl|. Then the Kraus

operators and POVM elements are defined as

Mki =
√
ql ⟨Ψm|ΠkU |Φl⟩ , i = (l,m),

Ek =
∑
i

M †
kiMki.

(12.41)
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The resulting system state after obtaining outcome k becomes

ρ
(k)
S =

1

Πk

∑
i

MkiρSM
†
ki,

Πk = Tr[EkρS]

(12.42)

5. If the measurement outcome is not recorded, the resulting system state is

ρ′S =
∑
k

Πkρ
(k)
S =

∑
k,i

MkiρSM
†
ki. (12.43)

■ Spacelike branes from tracing out the bath

From the viewpoint of the total system, the dynamics can be described using the

Schwinger–Keldysh path integral. Suppose we are only interested in the system S

and trace out the bath. If the total unitary U acts instantaneously, we expect that

the effective action of the system acquires a spacelike brane contribution:

LS,eff = LS + δ(t0) γ Lsp.brane. (12.44)

This follows in the same spirit as the Caldeira–Leggett model or, more generally,

the Feynman–Vernon influence functional formulation [227,228].

Here, γ can be interpreted as the strength of the measurement. This interpreta-

tion arises because the spacelike brane term emerges upon tracing out the bath: if

the unitary U factorizes into a tensor product, then γ = 0. In measurement terms,

if the unitary is decoupled, the bath carries no information about the system, and

effectively no measurement has been performed.

Here we introduce an instantaneous spacelike brane, i.e. a thin brane localized

at t = 0 in the Lorentzian path integral. One may also consider a thick brane.

It is known that certain soliton configurations in quantum field theory and string

theory correspond to thick spacelike branes [229]. In such cases, the system fields

exhibit dissipative radiation associated with tachyon condensation. It is plausible

to interpret this radiation as representing the energy flow between the system and

the bath in the indirect measurement process.

Of course, not all spacelike branes provide an effective description of indirect

measurement. For example, in the models discussed in Sec. 12.1, the pseudo entropy

satisfies SA = SAc , which holds because the geodesic is determined solely by the

entanglement surface. This implies that no decoherence occurs, and the path integral

should instead be interpreted as producing a two-state amplitude.
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Figure 50: A schematic illustration of the indirect measurement process. After trac-
ing out the bath system, the system dynamics is modified by an effective spacelike
brane term.

12.2.2 Janus solution for spacelike branes: Analytic continuation from

Euclidean path integrals

We now discuss the entanglement evolution in the presence of spacelike branes.

To this end, we consider another variant of the Janus solution. As we have seen in

previous sections, the gravity dual of Janus solutions is given by soft–wall geometries

[7]. In this sense, the present setup is a generalization of that in Section 12.1. We

have two strategies for obtain the spaceline branes in Lorentzian path integrals and

their gravity duals

1. We firstly consider branes in Euclidean path integrals. This is usual ICFT and

the gravity dual is usual Janus solution. We compute some physical quantities

like pseudo entropy with Euclidean time. Then, we do the Wick rotation.

2. From the first sight we consider a Lorentizan path integral directly. Formally,

we can construct the time-like Janus solution via double Wick rotation.

■ Euclidean path integrals

First, we consider the Euclidean solution to gain some intuition. We place the

brane at τ = 0; see figure 51 for the boundary path integrals dual to the present

bulk–field–based model. Because the Euclidean path integrals extend over an infinite

range, the path integral prepares a transition matrix between two vacuum states of

CFTs that differ by a marginal deformation. More concretely, we consider two CFTs
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with Hamiltonians

H± = H0 ± ϕ±

∫
dxO(x), (12.45)

and denote their vacua by |0±⟩. Here ϕ± are the boundary values of the dilaton

field, which are holographically dual to the deformations on the brane. We then

consider a constant Euclidean time slice τ = τ0, on which the transition matrix is

defined. In this setup, the transition matrix T for τ0 > 0 can be written as

T (τ0 > 0) = N · lim
T→∞

e−τ0H+e−TH− |0−⟩ ⟨0+| e−H+(T−τ0)

= N · e−τ0H+ |0−⟩ ⟨0+| ,
(12.46)

where N is a normalization constant. Similarly, for τ0 < 0, we obtain

T (τ0 < 0) = N · |0−⟩ ⟨0+| eτ0H− . (12.47)

Compared with more standard holographic constructions of interface CFTs, our

setup is slightly different in that the defect is placed on a time slice, and we consider

the pseudo entropy of a subregion that is parallel to this defect.

τ

defect

τ0
A

τ = 0

CFTφ2

CFTφ1

Figure 51: The model with bulk fields. The bulk dilaton interpolates between two
CFTs, CFTφ1 and CFTφ2 . On the CFT side, this corresponds to a defect along
τ = 0.

We now discuss the gravity dual in more detail. Explicitly, the Euclidean Janus
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solution with the defect on the time slice τ = 0 can be written as

ds2 = dy2 + f(y)
dx2 + dξ2

ξ2
, f(y) =

1

2

(
1 +

√
1− 2γ2 cosh 2y

)
,

φ(y) =
1√
2
log

(
1 +

√
1− 2γ2 +

√
2γ tanh y

1 +
√

1− 2γ2 −
√
2γ tanh y

)
,

(12.48)

where we have adopted the hyperbolic slice coordinates (y, ξ, x). The parameter

γ controls the strength of the deformation by the spacelike defect, as in standard

defect setups. In particular, for γ = 0 the defect is absent on the CFT side, and the

dual geometry reduces to vacuum AdS3. We restrict to the range |γ| < γc =
1√
2
.

The asymptotic values of the dilaton field are related to γ as

φ(y → ±∞) =
1√
2
log

(
1 +

√
1− 2γ2 ±

√
2γ

1 +
√

1− 2γ2 ∓
√
2γ

)
. (12.49)

τ

z

y

Figure 52: Janus solution (12.48). The dashed lines denote constant-y surfaces,
y = const..

■ Pseudo entropy from the Euclidean Janus solution

We now move on to the computation of the pseudo entropy in this setup. As

illustrated in figure 51, we choose the subsystem A to be an interval parallel to the

defect. This differs from earlier studies such as [230,231], where the interval is taken

perpendicular to the defect. We compute both the Euclidean and Lorentzian time

evolution of the pseudo entropy by essentially the same strategy as in the previous
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sections: we take A to be the interval [−l, l] on a constant Euclidean time slice

τ = const., perform the computation, and then analytically continue to Lorentzian

time via Wick rotation. Thus, our pseudo entropy is simply the entropy of the

transition matrix constructed from two distinct vacuum states, together with its

Lorentzian time evolution.

A subtlety here is that the bulk geometry is no longer pure AdS, so the natural

time coordinate in the bulk is different from the standard one. We relate the bulk

time coordinate and the boundary time coordinate by using an analogue of the

coordinate transformation used for vacuum AdS3. We will explain this in more

detail below.

Finally, we turn to the holographic computation of the pseudo entropy. Our task

is to evaluate the geodesic length connecting the endpoints of the entangling surface

∂A in the Janus geometry (12.48).

The geodesic equation

To find the geodesic x = x(y), ξ = ξ(y) and its length, we consider the Lagrangian

L =

√
1 + f(y)

ẋ2 + ξ̇2

ξ2
, (12.50)

where the dot denotes a derivative with respect to y. Because of the nice AdS2

isometry, we can solve the geodesic equation of motion for any f(y). Concretely, the

Lagrangian (12.50) has the following two symmetries:

1. AdS2 isometry

x→ x+ λx, ξ → ξ + λξ. (12.51)

The associated Noether charge is

QAdS2 =
f(y)

L
ξξ̇ + xẋ

ξ2
. (12.52)

2. x-translation

x→ x+ c. (12.53)

The corresponding Noether charge is

QT =
f(y)

L
ẋ

ξ2
. (12.54)
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By dividing (12.52) by (12.54), we obtain

QAdS2

QT

=
1

2

d

dx

(
ξ2(x) + x2

)
,

ξ2(x) + x2 = 2
QAdS2

QT

x+ C,

(12.55)

where C is an integration constant. Thanks to the Z2 symmetry x → −x, we have

QAdS2 = 0. Thus, we obtain

ξ2 + x2 = C, (12.56)

with some constant C > 0. Notice that this relation does not rely on the explicit

form of f(y); it only uses the AdS2 structure.

Combining (12.50), (12.56) and (12.54), we obtain the geodesic equations( √
Cẋ

C − x2

)2

=
α

f(y)
(
f(y)− α

) ,
L2 =

f(y)

f(y)− α
, α = CQ2

T .

(12.57)

From the first equation in (12.57), we obtain the solution

x(y)√
C

= tanh

(
−

√
−k
χ
F (W (y)| k) +B

)
,

W (y) := Arcsin

1

2

√
(2α− χ− 1) (χ cosh 2y + 1) csch2y

αχ

,
k = − 4αχ

(1− χ)(2α− χ− 1)
,

(12.58)

where χ =
√
1− 2γ2, B is an integration constant and −π

2
< Arcsin(·) < π

2
. Here

F (z|m) denotes the incomplete elliptic integral of the first kind.

Cutoff surface

Now we take some UV cut-off surface. We have some remark. In the case of

the Janus geometry dual to interface CFTs, it is known that a single FG coordinate

chart cannot cover the entire spacetime [232]. Practically, this means that there

can be several inequivalent choices for the coordinate transformation from the H2

slice coordinates (y, ξ, x) to a Poincaré–like coordinate system (z, t, x). Various

prescriptions for choosing the cutoff surface in such geometries have been discussed

in [233].
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In our analysis, we define the regularized AdS boundary by

ξ = ϵ
√
f(y). (12.59)

This definition is motivated by two considerations. First, in the pure AdS limit with

γ = 0 and χ = 1, this surface exactly coincides with z = ϵ in Poincaré coordinates.

Second, with an appropriate definition of the boundary time τ , the induced metric

on this cutoff surface (which is identified with the CFT metric) becomes flat.

Indeed, from (12.59), the induced metric takes the form

ds2
∣∣
ind

=
dx2

ϵ2
+

1

ϵ2

(
1 +

4f

f ′2

)
dξ2. (12.60)

We now introduce the boundary time τ via

dτ 2 =

(
1 +

ϵ2

ξ′2

)
dξ2 =

1 +

(
ξ
ϵ

)2
−χ2 +

(
2
(
ξ
ϵ

)2 − 1
)2
dξ2, (12.61)

so that the boundary metric becomes

ds2 =
dx2 + dτ 2

ϵ2
. (12.62)

We can in principle obtain τ = τ(ξ) by solving (12.61). For τ ≫ O(ϵ), one finds

τ ∼ ξ, whereas for τ ∼ O(ϵ) there is a small deviation from ξ.

Determination of the constants C,B, α

We first determine C. As mentioned above, the relation (12.56) follows only

from the AdS2 structure and does not depend on the explicit form of f(y). It is

therefore natural to assume that the constant C is universal and coincides with the

one in the vacuum AdS case, namely

C = l2 + τ 20 . (12.63)

This should be reliable at least when τ0 ≫ ϵ. Next, we determine B using the

boundary condition at the turning point x = 0, y = yt. At the turning point, ẋ(y)

diverges. From the first equation in (12.57), we find that f(yt) = α, i.e.

1 + χ cosh 2yt = 2α. (12.64)
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Using this, we also obtain

W (yt) =
π

2
. (12.65)

Substituting y = yt, x = 0 into (12.58) gives

B =

√
−k
χ
K(k), (12.66)

where K (k) = F
(
π
2

∣∣ k) is the complete elliptic integral of the first kind.

To fix α, we introduce y∞ as the value of y where the geodesic intersects the

cutoff surface (12.59). We thus have

ξ(y∞)√
f(y∞)

= ϵ. (12.67)

Using (12.58) at the cutoff surface y → y∞ with x→ l, we determine α from

l√
C

= − tanh

(√
−k
χ

(F (W (∞)| k)−K (k))

)
. (12.68)

The geodesic length

Next, we evaluate the length of the geodesic.

Since the geodesic equation can be solved in terms of elliptic integrals, the

geodesic length can also be written explicitly. The length of the HRT surface ΓA is

given by

Area[ΓA] = 2

∫ y∞

yt

dy

√
f(y)

f(y)− α

=

[√
m

αχ
((χ+ 1)F (H(y)|m) + (2α− χ− 1)Π (n;H(y)|m))

]y∞
yt

,

(12.69)

where Π (n; z|m) is the incomplete elliptic integral of the third kind and

H(y) := Arcsin

1

2

√
(χ+ 1)(−2α + χ cosh(2y) + 1)csch2(y)

αχ

,
m :=

4αχ

(χ+ 1)(2α + χ− 1)
, n :=

2α

χ+ 1
.

(12.70)
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At the turning point (12.64), we have H(yt) = 0 and hence

F (H(yt)|m) = 0, Π(n;H(yt)|m) = 0. (12.71)

We now simplify the contribution at y = y∞ in (12.69). For this purpose, we use

the following identity:

Π (n; z|m) = F (z|m)− Π
(m
n
; z
∣∣∣m)

+
1

2
√

(n−m)(n−1)
n

log


√

(n−m)(n−1)
n

tan z +
√
1−m sin2 z

−
√

(n−m)(n−1)
n

tan z +
√

1−m sin2 z

 .

(12.72)

Using this, we obtain the final expression for the geodesic length:

Area[ΓA] =

√
m

αχ

(
2αF (H(y∞)|m)− (2α− χ− 1)Π

(m
n
;H(y∞)

∣∣∣m))

+ log


√

(n−m)(n−1)
n

tanH(y∞) +
√
1−m sin2H(y∞)

−
√

(n−m)(n−1)
n

tanH(y∞) +
√
1−m sin2H(y∞)

 .

(12.73)

The pseudo entropy SA is then determined by the standard HRT formula (3.91). As

in the previous subsection, we also perform an analytic continuation at τ0 = 0 to

obtain the Lorentzian time evolution, formally by replacing τ0 = it0 + ϵ′.

We show the Euclidean and Lorentzian time evolution of the pseudo entropy SA

in figure 53 and figure 54, respectively.25 In Euclidean time, the pseudo entropy

grows mildly as SA ∼ log τ0
l
, and in Lorentzian time it shows similar behavior up

to times of order t0 ∼ l/2. At late times, SA approaches the vacuum entanglement

entropy

S0 =
c

3
log

2l

ϵ
. (12.74)

For Euclidean evolution, this is natural: the long Euclidean evolution projects the

state onto the vacuum of the Hamiltonian. For Lorentzian evolution, we can inter-

pret this as follows: the reduced transition matrix on A loses information about the

presence of one of the defects, even though the full transition matrix still retains

this information. The pseudo entropy becomes small near the defect, reflecting the

fact that for γ ̸= 0, the two vacuum states are distinct.

In Lorentzian time, the pseudo entropy exhibits oscillatory behavior around t0 ∼
l. This feature should be cross–checked from the boundary CFT side, and we leave

25One must keep track of the branch of
√

(n−m)(n−1)
n .
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this point as an interesting open problem.

To analyse the dependence on the cutoff and time more systematically, we in-

troduce the parameter

δ =
2(2α− χ− 1)

χ
e−2y∞ = 2(2α− χ− 1)

(
ϵ

2τ0

)2

. (12.75)

This definition is motivated by the expression for y∞. For time scales satisfying

ϵ≪ |τ0|, we can safely assume that δ is small. Since H(y∞) ≈ Arcsin
√

1−δ
n

for small

δ, we find

Π (n;H(y∞)|m) = F (H∞|m)− Π
(m
n
;H∞

∣∣∣m)+ log
(

4
δ

(
n
n−1

+ m
n−m

)−1
)

2
√

(n−1)(n−m)
n

+O(δ),

(12.76)

where we have introducedH∞ = Arcsin
√

1
n
. Note that F (H∞|m) and Π

(
m
n
;H∞

∣∣m)
are of order O(δ0).

Plugging this into (12.73), we finally obtain

Area[ΓA] =

√
m

αχ

(
2αF (H∞|m)− (2α− χ− 1)Π

(m
n
;H∞

∣∣∣m))
+ log

(
4

δ

(
n

n− 1
+

m

n−m

)−1
)

+O(δ).

(12.77)

We see that the pseudo entropy exhibits a logarithmic dependence on the cutoff,

just like the vacuum entanglement entropy in CFT2. The formula is valid in the

regime |τ0| ≫ ϵ, i.e. δ ≪ 1.

■ Late time behavior of the pseudo entropy

Late Euclidean time τ0 ≫ l

In the limit τ0 → ∞, the entangling region is located far away from the defect,

and we naturally expect the situation to approach that of the vacuum. In the

vacuum case γ = 0 (so that χ = 1), we have α = 1 +
τ20
l2

and thus α → ∞ as

τ0 → ∞. For general γ, we can confirm similar behavior by analyzing the large τ0

and large α limits of (12.68). A short calculation yields

(l.h.s) =
l

τ0
+O

((
l

τ0

)3
)
,

(r.h.s) =

√
1

α
+O

(
1

α3/2

)
.

(12.78)
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Figure 53: Pseudo entropy SA(τ0) under Euclidean time evolution. We set γ =
0.35, ϵ = 0.01, l = 1. The black line represents the entanglement entropy in the
undeformed CFT, S0 =

c
3
log 2l

ϵ
.

Figure 54: Pseudo entropy under Lorentzian time evolution obtained by Wick rota-
tion. We plot SA(t0) with γ = 0.4, ϵ = ϵ′ = 0.01, l = 1 for t0 ∈ [0, 5]. The left panel
shows the real part, and the right panel the imaginary part of SA(t0).
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Thus, we again obtain α =
(
τ0
l

)2
+ · · · for general γ. Evaluating the geodesic length

(12.77) in the regime τ0 ≫ l ≫ ϵ, we find

SA =
c

3
log

(
2l

ϵ

)
+O

((
l

τ0

)2
)
, (12.79)

i.e. the pseudo entropy relaxes to the vacuum entanglement entropy at late Eu-

clidean times, as expected.

Late Lorentzian time t0 ≫ l

We now consider real–time dynamics obtained by the Wick rotation τ0 = it0 +

ϵ′, t0 > 0. The late–time behavior can be analyzed in a similar spirit, although

one must be more careful with branch choices. As in the Euclidean case, we expect

α ∼ τ20
l2

∼ − t20
l2

(
1− 2iϵ′

t0

)
. Introducing yα = 1+χ

2α
, we find

− tanh

(√
−k
χ

(
F
(
Arcsin

√
1− yα

∣∣∣ k)−K (k)
))

= −
√

2yα
1 + χ

+O
(
y5/2α

)
,

1√
1 +

τ20
l2

=
1√
− t20
l2

+O

(
l3

t30

)
,

(12.80)

in the limit α→ −∞, t0 → ∞. We thus confirm α = − t20
l2
+ · · · .

Next we examine the late–time limit of the pseudo entropy. We first evaluate

the expression inside the square root in (12.70) at y = y∞:

q :=
(χ+ 1)(−2α + χ cosh (y∞) + 1)csch2(y∞)

2αχ
= −1 + χ

2t20
(l2−ϵ2)

(
1 + i

4l2

l2 − ϵ2
ϵ′

t0

)
+· · · .

(12.81)

Since q is complex, we must choose the branch of the square root carefully.26 We

choose the positive branch; the other choice would simply give the pseudo entropy

26We use
√
q = exp

(
1
2 log |q|+

i
2Argq + inπ

)
= ±

√
|q| exp

(
i
2Argq

)
, where Arg· ∈ (−π, π].
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with the opposite sign. Using Argq = −π + 2ϵ′

t0
for t0 > 0, we find

√
|q| = l

t0

√
1 + χ

2

√√√√(1− ϵ2

l2

)(
1 +

(
4

1− ϵ2

l2

))2(
ϵ′

t0

)2

+ · · · ,

√
q = −i

l

t0

√
1 + χ

2

√√√√(1− ϵ2

l2

)(
1 +

(
4

1− ϵ2

l2

))2(
ϵ′

t0

)2

exp

(
i
2ϵ′

t0

)
+ · · · ,

H(y∞) = Arcsin
√
q = −i

√
l2 − ϵ2√
2t0

√
1 + χ

√
1 +

(
4l2

l2 − ϵ2

)2(
ϵ′

t0

)2

exp

(
i
2ϵ′

t0

)
+ · · · .

(12.82)

We similarly take the same branch for
√
α:

√
α =

√
|α| exp

(
i

2
Argα

)
= i

t0
l

√
1 +

4ϵ′2

t20
exp

(
−i

2ϵ′

t0

)
. (12.83)

For small z, one has

2αF (z|m)− (2α− χ− 1)Π
(m
n
; z
∣∣∣m) = (1 + 2α + 2αχ)z +O

(
z3
)
. (12.84)

Using this expansion, the first term of (12.73) behaves as√
m

αχ

(
2αF (H(y∞)|m)− (2α− χ− 1)Π

(m
n
;H(y∞)

∣∣∣m)) = 2(1 + χ) + · · · .

(12.85)

Similarly, we find

log


√

(n−m)(n−1)
n

tanH(y∞) +
√

1−m sin2H(y∞)

−
√

(n−m)(n−1)
n

tanH(y∞) +
√

1−m sin2H(y∞)

 = log

(
4l2

ϵ2

)
+O

(
l2

t20
,
ϵ2

t20

)
.

(12.86)

Combining these results, we confirm that in the Lorentzian late–time limit, the

pseudo entropy again approaches the vacuum entanglement entropy.

Early time behavior We now consider the regime ϵ ≪ |τ0| ≪ l, i.e. early times

compared with the subsystem size. We still take the subsystem A to be the interval

[−l, l] at Euclidean time τ0 ≃ ξ(∞). The relation between the turning point yt and
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the ratio l/ξ(∞) is given by

l

ξ(∞)
= sinh

∫ ∞

yt

dy√
f(y)

(
f(y)
f(yt)

− 1
)
 . (12.87)

Let us take the limit yt → 0, or equivalently l
ξ(∞)

≫ 1. Since the dominant con-

tribution to the integral comes from the region around y ∼ yt, we can approximate

f(y) by f(yt) in a rough estimate. For small yt, we have f(yt) = α = 1+χ
2
. Then∫ ∞

yt

dy√
f(y)

(
f(y)
f(yt)

− 1
) ≃ − 1

χ
log

[√
1− χ

1 + χ

yt
4

]
+O

(
y2t
)
. (12.88)

Using τ0 ≃ ξ(∞), this gives

l

τ0
≃ 1

2

(√
1− χ

1 + χ

yt
4

)− 1√
χ

. (12.89)

The UV cutoff can be estimated for τ0 ≫ ϵ from ϵ ≃ τ0√
f(y∞)

, which implies

y∞ = log

(
2
√
χ

τ0
ϵ

)
. (12.90)

We can now estimate the area of ΓA in the early–time limit yt → 0:

Area[ΓA] = 2

∫ y∞

yt

dy

√
f(y)

f(y)− α

≃ 2y∞ −
√

2(1 + χ)

χ
log

(√
1− χ

1 + χ

yt
4

)
+O(1)

≃ −2 log ϵ+

(
2−

√
2(1 + χ)

χ

)
log τ0 +

√
2(1 + χ)

χ
log l.

(12.91)

The first term originates from the integral near y∞, where f(y∞) is large. This

shows that, in the early–time regime ϵ ≪ |τ0| ≪ l, the pseudo entropy grows

logarithmically with time for both Euclidean and Lorentzian evolutions.

Entanglement entropy on the defect; at τ0 = t0 = 0 At τ0 = t0 = 0,

time–reversal symmetry simplifies the computation. In particular, the geodesic cor-

responding to the subsystem on the defect lies entirely on the y = 0 slice. On this
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slice, the metric takes the same form as the constant–time slice of Poincaré AdS3:

ds2
∣∣
y=0

= f(0)
dξ2 + dx2

ξ2
. (12.92)

The cutoff surface is located at ξ = ϵf(0). Consequently, the entanglement entropy

on the defect is identical in form to the vacuum entanglement entropy, but with an

effective central charge and cutoff,

ceff =
2lAdS

3GN

√
f(0), ϵeff = ϵf(0). (12.93)

Thus we obtain

SA(τ0 = t0 = 0) =
ceff
3

log
2l

ϵeff
=

√
1 + χ

2

c

3
log

(
2

1 + χ

2l

ϵ

)
. (12.94)

Note that the effective central charge ceff is independent of the choice of the cutoff

and decreases monotonically as the deformation strength γ is increased. This sup-

ports the interpretation that the defect plays a role similar to that of a measurement,

effectively reducing entanglement.

12.2.3 Lorentzian path integrals: time like Janus

■ The setup

In this subsection, instead of obtaining the Lorentzian dynamics by analytic con-

tinuation from the Euclidean setup, we directly consider a Lorentzian path integral

in the holographic CFT with a spacelike brane at t = 0. The path integral again

produces a transition matrix between two distinct vacuum states of the two CFTs.

More explicitly, on a constant time slice t = t0, we define the transition matrix

T (t0) = lim
T→∞

e−i(T−|t0|)H− |0−⟩ ⟨0+| e+iTH+ei|t0|H−

= |0−⟩ ⟨0+| e+i|t0|H− .
(12.95)

The second line is identical to the analytic continuation of the Euclidean model

discussed previously. We will confirm later that this indeed leads to the same pseudo

entropy profiles. Note that if the initial and final states are not vacuum eigenstates

of the Hamiltonians, the resulting transition matrix would no longer coincide with

the one obtained by analytic continuation; see figure 56 for a schematic comparison.

As we now explain, this Lorentzian path integral is holographically dual to the

time–like Janus solution, which describes a thick spacelike brane in the bulk gravity

theory.
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t

t = 0 spacelike defect

t = t0

A

Lorentzian time

Figure 55: Schematic Lorentzian path integral for the spacelike brane model. We ex-
pect that the spacelike defect reduces entanglement in a measurement–like way. The
left panel would correspond to a vacuum process, while additional quenches/defects
could lead to competing entanglement creation and suppression, suggesting possible
entanglement transitions.

t0

|0−⟩

⟨0+|

T − |t0||t0| T

|0−⟩

⟨0+|

Figure 56: Contours of the path integrals in the complex time plane. Vertical seg-
ments correspond to Lorentzian evolution and horizontal ones to Euclidean evolu-
tion. Left: analytic continuation of the Euclidean model. Right: Lorentzian model.
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To construct the gravity dual of this Lorentzian time evolution in a CFT with

a spacelike interface, we begin with a convenient coordinate description of vacuum

AdS3. In Poincaré coordinates, the metric is

ds2 =
−dt2 + dz2 + dx2

z2
. (12.96)

We now introduce new coordinates (y, ξ, x) via

z =
ξ

cos y
, t = ξ tan y,

sin y =
t

z
, z2 − t2 = ξ2.

(12.97)

In these coordinates, the metric becomes

ds2 = −dy2 + cos2 y
dξ2 + dx2

ξ2
. (12.98)

If we restrict (y, ξ) to

−π
2
≤ y ≤ π

2
, ξ ≥ 0, (12.99)

this covers the region

−z ≤ t ≤ z (12.100)

in the Poincaré patch. We will refer to this as region II.

The other regions of AdS3 can be covered by analytically continuing (y, ξ) to

complex values. For the region t ≥ z (called region I), we define

y = −iρ+
π

2
, ρ ≥ 0, ξ = iη, η ≥ 0,

z =
η

sinh ρ
, t = η coth ρ.

(12.101)

Similarly, the region t ≤ −z (called region III) is described by

y = iρ− π

2
, ρ ≥ 0, ξ = iη, η ≥ 0,

z =
η

sinh ρ
, t = −η coth ρ.

(12.102)

The gravity dual of the Lorentzian time evolution (12.95) is obtained by solving

the Einstein equations with a dilaton field. This solution can be constructed by a
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t

Region I

Region II

Region III

Figure 57: Three regions in vacuum AdS3 with dS2/H2 slice coordinates. The blue
region is II, the yellow is I, and the red is III.

0
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Figure 58: Contour plots of constant ξ2 surfaces (left) and constant y surfaces (right).
The figure is cited from [7]
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double Wick rotation of the original Janus solution [115]. The final form is

Region II :

ds2 = −dy2 + f(y)
dξ2 + dx2

ξ2
,

f(y) =
1

2

(
1 +

√
1− 2γ2 cos 2y

)
,

φ(y) =
1√
2
log

(
1 +

√
1− 2γ2 + i

√
2γ tan y

1 +
√

1− 2γ2 − i
√
2γ tan y

)
.

(12.103)

If we focus on region II where y is real, and take γ real with |γ| < 1√
2
, the dilaton is

purely imaginary:

φ(y) = i
2γ tan y

1 +
√

1− 2γ2
. (12.104)

This solution coincides with the Wick–rotated Euclidean Janus geometry (12.48)

under the particular continuation y → iy. By analytically continuing further, we

obtain the solution in the other two regions:

Region I :

ds2 = dρ2 − f(ρ)
−dη2 + dx2

η2
,

f(ρ) =
1

2

(
1−

√
1− 2γ2 cosh 2ρ

)
,

φ(ρ) =
1√
2
log

(
1 +

√
1− 2γ2 +

√
2γ coth ρ

1 +
√
1− 2γ2 −

√
2γ coth ρ

)
,

(12.105)

Region III :

ds2 = dρ2 − f(ρ)
−dη2 + dx2

η2
,

f(ρ) =
1

2

(
1−

√
1− 2γ2 cosh 2ρ

)
,

Φ(ρ) =
1√
2
log

(
1 +

√
1− 2γ2 −

√
2γ coth ρ

1 +
√

1− 2γ2 +
√
2γ coth ρ

)
.

(12.106)

We make two remarks about this geometry. First, there exist lines ρ = ρc such that

f(ρc) = 0, (12.107)

where the dS2 slices shrink to a point. On this line, we also have

1 +
√

1− 2γ2 −
√
2γ coth ρc = 0, (12.108)

so the dilaton diverges, and the solution becomes singular at ρ = ρc. Nevertheless,

since we are effectively describing a non-Hermitian evolution, we assume that such
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ρ = 0, y = π
2

ρ = 0, y = −π
2

ρ = ρc

ρ = ρc

ρ, y

f(ρ) > 0 f(ρ) < 0

f(ρ) > 0 f(ρ) < 0

Figure 59: Sketch of the Janus spacetime dual to a CFT with a spacelike interface
and nonzero γ. The red and light red regions represent III, the yellow region is II,
and the blue and light blue regions are I. The green line indicates the schematic
position of the cutoff surface.

exotic behavior in the gravity dual is acceptable and proceed. Moreover, for 0 ≤
ρ < ρc, we have f(ρ) > 0 and Φ(ρ) is complex, reminiscent of our brane–localized

scalar model.

Second, the asymptotic structure is as follows. In region II, the warp factor of

the H2 slices does not diverge as y → ±π
2
due to the Wick rotation. In contrast,

in regions I and III, the factor −f(ρ) in (12.104) and (12.106) grows exponentially

as ρ → ∞, so each of these regions is asymptotically AdS. We therefore place the

holographic CFT on these asymptotic boundaries.

■ Time evolution of pseudo entropy

We now compute the holographic pseudo entropy in this Lorentzian solution. We

take the subsystem A to be the interval x ∈ [−l, l] on the boundary time slice t = t0;

for definiteness, we focus on t0 < 0 (the t0 > 0 case is analogous). In this situation,

the HRT surface starts in region III. We denote this codimension–two surface by

η = η(ρ), x = x(ρ), and write the corresponding Lagrangian as

LIII =

√
1− f(ρ)

−η̇2 + ẋ2

η2
. (12.109)

As before, this Lagrangian has two symmetries:

1. AdS2 scaling:

η → (1 + λ)η, x→ (1 + λ)x. (12.110)
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The associated Noether charge is

QAdS2 = −f(ρ)
LIII

−η̇η + ẋx

η2
. (12.111)

Due to the Z2 symmetry x → −x, there is a turning point at x = 0 where
dη
dx

= 0. Hence QAdS2 = 0, leading to

η2 = x2 − C, (12.112)

with some constant C. As before, the derivation does not rely on the explicit

form of f(ρ), so it is natural to assume that A is independent of γ and agrees

with the vacuum AdS3 result,

C = l2 − t20. (12.113)

Equivalently, we impose the boundary condition η(l) = t0.

2. x-translation:

η → η, x→ x+ c, (12.114)

with Noether charge

QT = −f(ρ)
LIII

ẋ

η2
. (12.115)

Combining (12.109), (12.112) and (12.115), we obtain

√
C

(
ẋ

x2 − C

)2

=
α

f(ρ)
(
f(ρ)− α

) , (12.116)

L2
III =

f(ρ)

f(ρ)− α
, (12.117)

where we introduced α = CQ2
T . The first equation integrates to

x(ρ) =
√
C tanh

(
−

√
−k
χ
F (W (ρ)| k) +B

)
, (12.118)

with

W (ρ) = π − W̃ (ρ),

W̃ (ρ) = Arcsin

√(1− χ)(2α + χ cosh 2ρ− 1)csch2ρ

4αχ

,
k =

4αχ

(1− χ)(−2α + χ+ 1)
.

(12.119)
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The constants α and B are determined from boundary conditions on x(ρ):

• Because of the Z2 symmetry, ρ(x) is an even function of x and has a turning

point at x = 0 where dρ
dx

= 0. From (12.116), this occurs when either f(ρt) = 0

or f(ρt) = α. We assume the correct choice is

2α + χ cosh 2ρt − 1 = 0, (12.120)

in analogy with the vacuum AdS3 case, where f(ρ) = 0 corresponds to x =

±
√
C. There are two possible branches for sin−1(0) in (12.119). Choosing

sin−1(0) = 0 gives B = 0, while choosing sin−1(0) = π leads to

B = 2

√
−k
χ
K(k). (12.121)

In the vacuum AdS3 limit χ→ 1 (so k → +∞), this second branch reproduces

the correct behavior: using the asymptotic expansion of K(k), we obtain

B → 1
√
χ
log (−k) → ±∞. (12.122)

• At the boundary ρ→ ∞, we require x→ l. This fixes α:

W (ρ→ ∞) = π − Arcsin

√
1− χ

2α
,

l =
√
C tanh

(√
−k
χ
F
(
W̃ (ρ∞)

∣∣∣ k)). (12.123)

In figure 60, we show the resulting α(t0) for representative parameters. We

see that α generally becomes complex around t0 ⪆ −l. The small imaginary

part −iϵ′ ensures that the state is prepared as the vacuum and yields smooth

numerical plots.

Thus we obtain the geodesic

x(ρ; t0) =
√
C tanh

(√
−k
χ
F
(
W̃ (ρ)

∣∣∣ k)). (12.124)

A few comments are in order. First, the turning point ρt depends on t0 for generic

γ < γc. For small γ, we expect that ρt(t0) remains real and positive until it ap-

proaches ρc, which happens roughly around t0 ∼ −l. In this regime, ρt and the

entire geodesic lie in the part of region III where f(ρ) > 0; see figure 59. For later
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Figure 60: Dependence of α(t0 − iϵ′) on t0 for l = 1, γ = 0.4, ϵ = ϵ′ = 0.01. The

solid curve 1− t20
l2
shows the corresponding vacuum AdS3 result (γ = 0, χ = 1). The

figure is cited from [7].

times, the turning point enters the region where f(ρ) < 0, and may eventually reach

region II where ρt becomes purely imaginary. This picture is accurate for sufficiently

small γ. However, for larger γ (stronger coupling between system and bath), ρt

can become a generic complex number after some time t0 ∼ O(l), reflecting the fact

that α itself becomes complex. In this case, the geodesic moves into another analytic

continuation of region III, rather than simply transitioning into region II.

Second, for sufficiently early times the geodesic can have time–like segments be-

cause parts of it lie in regions with f(ρ) < 0, leading to complex–valued holographic

pseudo entropy. In figure 62 we plot representative profiles of x(ρ).

The geodesic length is given by

Area[ΓA] = −2

∫
dρ

√
f(ρ)

f(ρ)− f(ρt)

=

[√
−k
αχ

((1− χ)F (W (ρ)| k) + (2α+ χ− 1)Π (j;W (ρ)| k))

]ρt
ρ∞

,

(12.125)

where

j =
2α

1− χ
. (12.126)
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Figure 61: Turning point ρt as a function of t0. Left: γ = 0.1; right: γ = 0.4. We use
l = 1, ϵ = ϵ′ = 0.01. For small γ, we see a transition from real to purely imaginary ρt
around t0 ∼ −l, whereas for larger γ, ρt attains generic complex values. The figure
is cited from [7]

Figure 62: Profiles of x(ρ) for t0 = 5 (left) and t0 = 0.5 (right). Parameters are
γ = 0.4, l = 1, ϵ = ϵ′ = 0.01. In both cases, x(ρ) approaches zero at ρ = ρt.The
figure is cited from [7]
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We introduce a cutoff surface at ρ = ρ∞ via

ϵ

−t0
=

1√
1− f(ρ∞)

. (12.127)

This choice is convenient because the quantity under the square root is always

positive and reduces to the vacuum AdS result when γ = 0. It provides a good

cutoff as long as |t0| ≫ ϵ.

Using W (ρt) = π and the identities

F (π − θ| k) = 2K (k)− F (θ| k) ,
Π(j; π − θ| k) = 2Π (j|k)− Π(j; θ| k) ,

(12.128)

we arrive at

Area[ΓA] = −

√
−k
αχ

(
(1− χ)F

(
W̃ (ρ∞)

∣∣∣ k)+ (2α + χ− 1)Π
(
j; W̃ (ρ∞)

∣∣∣ k)).
(12.129)

As in the Euclidean case, we can use the identity (12.72) to obtain

Area[ΓA] =

√
−k
αχ

(
2αF

(
W̃ (ρ∞)

∣∣∣ k)− (2α + χ− 1)Π

(
k

j
; W̃ (ρ∞)

∣∣∣∣ k))

+ log


√

(j−k)(j−1)
j

tan W̃ (ρ∞) +
√
1− k sin2 W̃ (ρ∞)

−
√

(j−k)(j−1)
j

tan W̃ (ρ∞) +
√

1− k sin2 W̃ (ρ∞)

. (12.130)

Using (12.123), this can also be written as

Area[ΓA] =

√
−k
αχ

(
2α

√
χ

−k
arctanh

(
l√
C

)
− (2α + χ− 1)Π

(
k

j
; W̃ (ρ∞)

∣∣∣∣ k))

+ log


√

(j−k)(j−1)
j

tan W̃ (ρ∞) +
√
1− k sin2 W̃ (ρ∞)

−
√

(j−k)(j−1)
j

tan W̃ (ρ∞) +
√
1− k sin2 W̃ (ρ∞)

.
(12.131)

As illustrated in figure 63, the pseudo entropy obtained in this Lorentzian construc-

tion exhibits the same behavior as that obtained by analytic continuation of the

Euclidean model. This is consistent with the fact that, in our setup, the transition

matrix is the same in both descriptions.
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Figure 63: Time evolution of the pseudo entropy. We set γ = 0.4, ϵ = 0.01, l = 1.
The reference value S0 denotes the vacuum entanglement entropy without defects,
S0 =

c
3
log 2l

ϵ
.The figure is cited from [7]

12.3 Measurement-induced phase transition–like behavior in

holographic BCFT and its distinction from actual mea-

surement

In the above two examples we see that the interface or boundaries spreading in

spatial directions decrease the entanglement entropy, and this behavior is similar

to that of measurements. In condensed matter theories, there are nonequilibrium

phase transitions in chaotic Hamiltonians under continuous measurement, called

measurement-induced phase transitions. The measurement-induced phase transi-

tion is an entanglement phase transition. Suppose we have some many-body Hamil-

tonians and some measurement with a parameter which expresses the “strength” of

measurements. As a concrete example, in the original reference [234], they consider

unitary random circuit models with local Haar-random unitaries and measurements.

The measurement happens with rate p. They found that

1. for small 0 ≤ p < pc, the entanglement entropy for some subsystems grows

linearly SA ∝ t, similar to the quantum quench, and saturates after some time

with volume-law entanglement;

2. for the critical value p = pc, the entanglement entropy grows logarithmically

SA ∝ log t;

3. for large enough measurement rate p > pc, the entanglement growth becomes

constant SA = const.

Similar behavior can be seen in a free fermion chain with stochastic Schrödinger

equations [235].

In these discussions, the essential point is the competition between entanglement

growth by unitary time evolution and entanglement decrease by measurement.

At this moment we may think that a similar entanglement phase transition can

be realized by holographic BCFTs or ICFTs. Since we know that the unitary time
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evolution from a smeared boundary state gives linear growth of entanglement, and

on the other hand we know that the final-state projection, i.e. the bra boundary

states in the Lorentzian time evolution, gives entanglement decrease. In [7], we con-

sidered Lorentzian path integrals with different boundary states |B(ϕ)⟩ and |B(−ϕ)⟩.
The parameter ϕ is an analogue of the measurement strength and is obtained by

inserting a boundary operator on the boundary. We then considered the following

path integrals in Figure 64.

|B(−ϕ)⟩

⟨B(ϕ)|τ

β
2τ = 0

A
τ0

Figure 64: The model with different boundary states discussed in the above sections.

We consider the analytic continuation to the Lorentzian path integral, which

is one kind of generalization of the quench setup in 7.2. The holographic duals

of these path integrals are given by bulk AdS spacetime with an EOW brane and

a brane-localized matter theory. We compute the pseudo entanglement entropy

defined in the Lorentzian path integral and find that the following entanglement

phase transitions occur:

1. for ϕ < ϕcrit, we see linear growth of entanglement SA ∝ t;

2. for ϕ = ϕcrit, we see logarithmic growth SA ∝ log t;

3. for ϕ > ϕcrit, instead of linear growth, we see constant entanglement SA =

const.

This is very similar to measurement-induced phase transitions. However, it is not

the same, because
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• Measurement-induced phase transitions probe quantities that are nonlinear

in the density matrix, which follows a stochastic Schrödinger equation. Con-

cretely, we need to consider E[Sv.N.[ρ]] rather than Sv.N.[E[ρ]] [235]. The latter
appears in the entropy of Lindblad equations. However, in our setup, at first

sight, there is no randomness, so it should be a different type of phase transi-

tion.

• Moreover, our phase transition concerns the pseudo entropy and not the en-

tanglement entropy. To be honest, it is not clear how the pseudo entanglement

discussion is related to that with continuous measurement.

However, at least one may possibly relate this to pseudo-Hermitian or non-

unitary CFTs. In [10, 11], we consider CFTs with non-Hermitian Hamiltonians.

In this case, we need to distinguish the ket and bra boundary states, denoted by

⟨B| and |B⟩. Similar to the TFD states in imaginary Janus deformation, it holds

that (|B⟩)† ̸= ⟨B|. In pseudo-Hermitian systems, interestingly, there exists a linear

operator V such that

V HV −1 = H†, (12.132)

and we can map the right eigenvector to the left eigenvector by

⟨E(l)
n | = (V K |E(r)

n ⟩)†, (12.133)

whereK makes c-numbers complex conjugate. Then, with this operation, (V K |B⟩)† =
⟨B|.

The above discussion of the pseudo-entropy phase transition is for a Hermitian

Hamiltonian. If we consider some operator V that effectively flips ϕ→ −ϕ, we can

say

(|B(ϕ)⟩)† ̸= ⟨B(−ϕ)| , (V |B(ϕ)⟩)† = ⟨B(−ϕ)| , (12.134)

and obtain a similar boundary structure for the pseudo-Hermitian case. A more

concrete discussion will be an interesting future work.

266



Part IV

Summary

13 Future problems and Conclusion

In this thesis, we have explored the deep connection between two seemingly distinct

problems in theoretical physics: the information loss paradox in quantum gravity

and the mechanisms of thermalization in quantum many-body systems. The key

framework that unifies these problems is the AdS/CFT correspondence, which re-

lates gravitational dynamics to non-equlbrium dynamics.

In Part II, we established quantitative relation between the eigenstate thermal-

ization hypothesis (ETH) and non-perturbative gravitational contributions such

as wormholes without randomness. By employing large deviation techniques, we

demonstrated that the long-time behavior of thermal correlation functions is uni-

versally governed by ETH, and that toy models of holographic many-body systems

necessarily satisfy the strong form of ETH in any spacetime dimension. Note that

our results based on the validity of inequalities (6.32) and (8.23) whose complete

proof are still in open questions. However, we are missing is more strong evidence

of existence of wormholes in higher dimensions. And also our treatment of degen-

eracy of spectrum in CFTs are not sophisticated. Especially, in two dimensional

CFTs possess many degeneracies coming from infinite number of conserved charges

called quantum KdV series [236]. To understand, the ETH with these charges and

its implication to bulk spacetime is one of the most important topic for this di-

rections [237]. This provides a resolution of Maldacena’s information loss problem:

the late-time deviation from semiclassical decay is not mysterious but encoded in

the exponentially small off-diagonal ETH matrix elements, which capture the same

non-perturbative gravitational physics responsible for wormhole saddles.

In Part III, we extended holographic duality to open quantum systems, motivated

by Hawking’s original formulation of the information loss problem in asymptotically

flat spacetime. By coupling AdS gravity to a bath and introducing controlled non-

Hermitian deformations such as the imaginary Janus interface, we identified the

building blocks of a holographic correspondence for dissipative and measurement-

induced dynamics. This provides a concrete setting in which the two essential com-

ponents of open quantum systems acquire geometric interpretations in the bulk.

The future problem is constricting the Lindblad holography by combining all of our

results. For light primary case, it is easy but to see interesting evaporation behav-

ior we need to consider back reaction or wait very long time. This is challenging

problems.
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Overall, the results of this thesis demonstrate that information preservation in

quantum gravity is intimately tied to the microscopic structure of quantum chaos

and thermalization. These insights not only contribute to the foundations of quan-

tum gravity but also open new possibilities for studying non-equilibrium dynamics

in strongly coupled quantum matter.
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A AdS spacetime, geodesic and its length

A.1 Geodesic in AdS spacetime via embedding method

■ AdS space

First we explain AdS space and asymptotically AdS space [69,70,238,239]. The

(d+1)-dimensional anti–de Sitter space AdSd+1 is a maximally symmetric spacetime

with negative curvature and has the isometry group O(d, 2). Its Riemann curvature

tensor is

R[G]ABCD =
1

L2
AdS

(GADGBC −GACGBD), (A.1)

and it satisfies the Einstein equation

R[G]AB − 1

2
R[G]GAB + ΛGAB = 0, Λ = −d(d− 1)

L2
AdS

. (A.2)

AdSd+1 can be obtained as a hypersurface embedded in the flat space Rd,2 with

signature (d, 2). The metric of Rd,2 is

ds2d+2 = ηMNdX
MdXN = −dX2

−1 − dX2
0 +

d∑
a=1

dX2
a . (A.3)

AdSd+1 is described by the hypersurface

XMXNηMN = −(X−1)
2 − (X0)

2 +
d∑
a=1

(Xa)
2 = −L2

AdS. (A.4)

■ Global coordinates

The embedding

X−1 = LAdS cosh rg cos τg, (A.5)

X0 = LAdS cosh rg sin τg, (A.6)

Xa = LAdS sinh rg θa,
d−1∑
a=1

θaθa = 1, (A.7)

gives the metric

ds2 = L2
AdS

(
− cosh2 rg dτ

2
g + dr2g + sinh2 rg dΩ

2
d−1

)
. (A.8)

At this point τg ∈ (0, 2π), so the geometry contains closed timelike curves. The

global AdS metric is obtained by taking the universal cover τg ∈ R. The conformal

boundary corresponds to rg → ∞.
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■ Poincaré coordinates

The embedding

X−1 =
1

2z

(
z2 + L2

AdS + xaxbηab
)
, (A.9)

Xa =
LAdS x

a

z
, (a = 0, . . . , d− 1), (A.10)

Xd =
1

2z

(
z2 − L2

AdS + xaxbηab
)
, (A.11)

gives the Poincaré metric

ds2 =
dz2 + ηabdx

adxb

z2
. (A.12)

The conformal boundary is at z = 0. The Poincaré patch covers only part of global

AdS.

■ BTZ black hole

For the AdS3 case, any vacuum solution of the Einstein equation is locally equiv-

alent and obtained by a coordinate transformation and an appropriate compactifi-

cation. Here we consider the black hole case. The BTZ black hole metric is

ds2 = −
(r2 − r2+)(r

2 − r2−)

r2
dt2 +

L2
AdSr

2

(r2 − r2+)(r
2 − r2−)

dr2 + r2
(
dϕ− r+r−

LAdSr2
dt

)2

.

(A.13)

The mass and angular momentum are given by

M =
r2+ + r2−
L2
AdS

, J =
2r+r−
LAdS

. (A.14)

The embedding into R2,2 with coordinates XM satisfies

−(X−1)
2 − (X0)

2 + (X1)
2 + (X2)

2 = −L2
AdS,

ds2 = −(dX−1)
2 − (dX0)

2 + (dX1)
2 + (dX2)

2.

(A.15)

and

X−1 = LAdS

√
A(r) cosh ϕ̂,

X0 = LAdS

√
B(r) sinh t̂,

X1 = LAdS

√
A(r) sinh ϕ̂,

X2 = LAdS

√
B(r) cosh t̂,

(A.16)
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where

A(r) =
r2 − r2−
r2+ − r2−

, B(r) = A(r)− 1 =
r2 − r2+
r2+ − r2−

,

t̂ =
r+
LAdS

t− r−
LAdS

ϕ, ϕ̂ =
r+
LAdS

ϕ− r−
LAdS

t.

(A.17)

For simplicity, set r− = 0. The metric becomes

ds2 = −(r2 − r2H)dt
2 +

L2
AdS

r2 − r2H
dr2 + r2 dϕ2

= L2
AdS dρ

2 + r2H
(
− sinh2 ρ dt2 + cosh2 ρ dϕ2

)
,

(A.18)

where r = rH cosh ρ.

The mass, angular momentum, and Hawking temperature are

M =
r2H
L2
AdS

, J = 0, TH = β−1 =
rH

2πLAdS

. (A.19)

The embedding becomes

X−1 = LAdS
r

rH
cosh

(
rHϕ

LAdS

)
= LAdS cosh ρ cosh

(
rHϕ

LAdS

)
,

X0 = LAdS

√
r2 − r2H
r2H

sinh

(
rHt

LAdS

)
= LAdS sinh ρ sinh

(
rHt

LAdS

)
,

X1 = LAdS
r

rH
sinh

(
rHϕ

LAdS

)
= LAdS cosh ρ sinh

(
rHϕ

LAdS

)
,

X2 = LAdS

√
r2 − r2H
r2H

cosh

(
rHt

LAdS

)
= LAdS sinh ρ cosh

(
rHt

LAdS

)
.

(A.20)

Boundary metric:

For large ρ∞,

ds2ind ≈ r2H
e2ρ∞

4

(
−dt2 + dϕ2

)
. (A.21)

To understand the global structure, introduce coordinates (U, V ):

ds2 =
−4L2

AdS dUdV + r2H(1− UV )2dϕ2

(1 + UV )2

=
L2
AdS

cos2 µ

(
−dτ 2 + dµ2 +

(
rH
LAdS

)2

cos2 τ dθ2

)

= L2
AdS

(
dy2 + cosh2 y

(
−dτ 2 +

(
rH
LAdS

)2

cos2 τ dθ2

))
.

(A.22)
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The transformations are

V = tan

(
τ + µ

2

)
, U = tan

(
τ − µ

2

)
, (A.23)

sinµ = tanh y, cosµ =
1

cosh y
. (A.24)

The embedding coordinates become

X−1 = LAdS
1− UV

1 + UV
cosh

(
rHϕ

LAdS

)
= LAdS

cos τ

cosµ
cosh

(
rHϕ

LAdS

)
= LAdS cosh y cos τ cosh

(
rHϕ

LAdS

)
,

X0 = LAdS
V + U

1 + UV
= LAdS

sin τ

cosµ
= LAdS cosh y sin τ,

X1 = LAdS
1− UV

1 + UV
sinh

(
rHϕ

LAdS

)
= LAdS

cos τ

cosµ
sinh

(
rHϕ

LAdS

)
= LAdS cosh y cos τ sinh

(
rHϕ

LAdS

)
,

X2 = LAdS
V − U

1 + UV
= LAdS tanµ = LAdS sinh y.

(A.25)

A.2 Geodesic length of AdS spacetimes

Recalling that AdS space can be obtained as a hypersurface embedded in a flat

spacetime of one higher dimension, the problem of computing geodesics in AdS is

equivalent to solving the following constrained variational problem:

S =

∫
dsL(XM(s)), L =

1

2
ηMNẊ

MẊN − λ(s)F (XM), (A.26)

F (XM) = ηMNX
MXN + L 2

AdS. (A.27)

Here ẊM = dXM/ds, and the normalization condition

ẊMẊM = δ (A.28)

is imposed. The cases δ = 1, 0,−1 correspond respectively to spacelike, null, and

timelike geodesics. Below we consider the spacelike case.

The equations of motion for XM and λ are

ẌM + 2λXM = 0, (A.29)

XMXM + L 2
AdS = 0. (A.30)
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Differentiating the constraint twice gives

ẌMXM = −ẊMẊM = −1. (A.31)

Using this together with the equation of motion, we obtain

λ(s) = − 1

2L 2
AdS

. (A.32)

Substituting this back into the equation of motion yields

ẌM − 1

L 2
AdS

XM = 0, (A.33)

XM = pM cosh

(
s

LAdS

)
+ qM sinh

(
s

LAdS

)
, (A.34)

where pM and qM are constant vectors in (d+2) dimensions. The constraint implies

that they are not independent:

pMpM = −qMqM = −L 2
AdS, pMqM = 0. (A.35)

We shift the affine parameter s so that it vanishes at one endpoint P :

pM = XM
P . (A.36)

Let the other endpoint be Q, where the affine parameter takes the value sQ.

Taking the inner product of

XM
Q = pM cosh

(
sQ
LAdS

)
+ qM sinh

(
sQ
LAdS

)
(A.37)

with XM
P yields

cosh

(
sQ
LAdS

)
= −

XM
P X

N
Q ηMN

L 2
AdS

. (A.38)

Furthermore, we obtain

qM =
1

sinh
(

sQ
LAdS

)XM
Q − cosh

(
sQ
LAdS

)
XM
P . (A.39)

The geodesic length is simply the on-shell action and is given by

∫ Q

P

√
dX⃗ · dX⃗ = sQ = LAdS cosh

−1

(
−
XM
P X

N
Q ηMN

L 2
AdS

)
. (A.40)

274



For example, for Poincare coordinate the geodesics distance connecting two points

P and Q is given by

Dist(P : Q) = LAdS cosh
−1

(
z2P + z2Q + ηab(x

a
P − xaQ)(x

b
P − xbQ)

2zP zQ

)
. (A.41)

For blackhole coordinate (A.22), the geodesics length between the two points P =

(yP , τP , θP ), Q = (yQ, τQ, θQ) is given by

cosh
Dist(P : Q)

LAdS

= − sinh yP sinh yQ + cosh yP cosh yQ

(
sin τP sin τQ + cos τP cos τQ cosh

(
rH
LAdS

(θP − θQ)

))
.

(A.42)

B Proof of Canonical typicality

1. The key technical tool is the following version of Lévy’s lemma: Let F be a

continuous real-valued function defined on the sphere Sd. Let ξ denote its

Lipschitz constant, i.e., the minimal number C such that, for all ψ, ψ′ ∈ Sd,

|F (ψ)− F (ψ′)| ≤ C|ψ − ψ′|. (B.1)

Let Prob[P ] denote the probability of a condition P with respect to the uniform

measure on Sd. Then for any ϵ > 0,

Prob[|F (ψ)− F (ψ′)| ≥ ϵ] ≤ 2 exp

[
− d+ 1

9π2ξ2
ϵ2
]
. (B.2)

Applying this lemma to

F (ψ) := ∥ρXψ − ρXmc∥1, (B.3)

we see that the Lipschitz constant satisfies ξ ≤ 2. Indeed,

|F (ψ)− F (ψ′)|2 =
∣∣∥ρXψ − ρXmc∥1 − ∥ρXψ′ − ρXmc∥1

∣∣2 (B.4)

≤ ∥ρXψ − ρXψ′∥21 (B.5)

= ∥TrXc(|ψ⟩ ⟨ψ| − |ψ′⟩ ⟨ψ′|)∥21 (B.6)

≤ ∥|ψ⟩ ⟨ψ| − |ψ′⟩ ⟨ψ′|∥21 (B.7)

= 4
(
1− |⟨ψ|ψ′⟩|2

)
= 4|ψ − ψ′|2. (B.8)
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The steps use, respectively, the triangle inequality for the trace norm, mono-

tonicity of the trace norm under CPTP maps (in particular under partial

trace), and the relation between trace distance and fidelity. Hence ξ ≤ 2.

2. We next prove the bound

E[F (ψ)] = E
[
∥ρXψ − ρmc

X∥1
]
≤

√
DX

Deffmc

, (B.9)

where

Deffmc :=
1

TrXc [(ρXc

mc)
2]

= eS
(2)[ρX

c
mc ]. (B.10)

Using the inequality between the trace norm and the Hilbert–Schmidt norm,

E
[
∥ρXψ − ρXmc∥1

]
≤
√
DX E

[
∥ρXψ − ρXmc∥2

]
, (B.11)

and by convexity of the square root,

E
[
∥ρXψ − ρXmc∥2

]
= E

[√
Tr
[
(ρXψ − ρXmc)

2
]]

(B.12)

≤
√

Tr
[
E
[
(ρXψ − ρXmc)

2
]]
. (B.13)

We now compute

E
[
(ρXψ − ρXmc)

2
]
= E

[
(ρXψ )

2
]
− (ρXmc)

2. (B.14)

Introduce a copy T = X ⊗Xc and T ′ = X ′ ⊗X ′c. Then

TrX
[
(ρXψ )

2
]
= TrXX′

[
ρXψ ⊗ ρX

′

ψ SWAPXX′

]
, (B.15)

where SWAPXX′ acts as

SWAPXX′ |ϕ⟩X |χ⟩X′ = |χ⟩X |ϕ⟩X′ . (B.16)

Averaging over the Haar measure and using

E
[
cnc

∗
mcpc

∗
q

]
=

1

DE,∆E(DE,∆E + 1)
(δnmδpq + δnqδmp), (B.17)
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we obtain

E[|ψ⟩ ⟨ψ|T ⊗ |ψ⟩ ⟨ψ|T ′ ] =
1

DE,∆E(DE,∆E + 1)
(ITT ′ + SWAPTT ′). (B.18)

Hence,

E
[
TrX [(ρ

X
ψ )

2]
]
=

1

DE,∆E(DE,∆E + 1)
TrTT ′ [SWAPXX′ + SWAPXcXc′ ] (B.19)

≤ TrX
[
(ρXmc)

2
]
+ TrXc

[
(ρX

c

mc)
2
]
. (B.20)

Substituting this gives the bound (B.9).

3. We now prove the auxiliary bound

Deffmc ≤
DX

DE,∆E

. (B.21)

Indeed,

TrXc

[
(ρX

c

mc)
2
]
≤ ∥ρXc

mc∥∞ Tr
[
ρX

c

mc

]
(B.22)

= ∥ρXc

mc∥∞ (B.23)

= sup
|ϕ⟩∈HXc

⟨ϕ| ρXc

mc |ϕ⟩ (B.24)

=
1

DE,∆E

TrX

[
sup

|ϕ⟩∈HXc

⟨ϕ| IT |ϕ⟩

]
(B.25)

=
DX

DE,∆E

, (B.26)

establishing (B.21).

4. Applying Lévy’s lemma with n = 2DE,∆E−1, F (ψ) = ∥ρXψ −ρXmc∥1, and ξ = 2,

we have

Prob
[∣∣∥ρXψ − ρXmc∥1 − E

[
∥ρXψ − ρXmc∥1

]∣∣ ≥ ϵ
]
≤ 2 exp

[
− 1

18π2
DE,∆E ϵ

2

]
.

(B.27)

Hence,

Prob
[
∥ρXψ − ρXmc∥1 > ϵ+ E

[
∥ρXψ − ρXmc∥1

]]
(B.28)

≤ Prob
[∣∣∥ρXψ − ρXmc∥1 − E

[
∥ρXψ − ρXmc∥1

]∣∣ ≥ ϵ
]
. (B.29)
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Combining this inequality with Lemma (B.9) and Lemma (B.21) yields canon-

ical typicality.

C Case without non-Resonant Condition

Up to this point, our analysis has relied on the non-resonance condition (5.46).

In particular, any conformal field theory inevitably violates this assumption, since

the underlying conformal algebra generates harmonic energy spacing. For instance,

in two-dimensional conformal field theories, each primary state |hp, h̄p⟩ possesses an
associated tower of descendant states with energies hp+h̄p+N+N̄ forN, N̄ ∈ N∪{0}.
Consequently, there are numerous pairs of states with fixed energy differences such

as En − Em = 1.

In fact, we can extend the theorem (5.4) so that it remains valid even without

imposing the non-resonance requirement.

Theorem 17. Let ϵ > 0 be arbitrary, and take any initial state |ψ0⟩ ∈ HE,∆E to-

gether with any bounded operator O ∈ B(H). Assuming nondegeneracy of individual

energy eigenvalues27, the following bound holds:

∣∣∣⟨ψ(t)| O(t) |ψ(t)⟩ − ⟨ψ(t)| O |ψ(t)⟩
T
∣∣∣2T ≤ dG ∥O∥2∞

(
ϵ2 +

(DE,∆E)
3
2

Deff

√
∆ϵ

off,ETH[O]

)
,

(C.1)

where dG denotes the maximal degeneracy of energy gaps:

dG := max
(En,Em)∈E ′

E,∆E

{
(Ek, El) ∈ E ′

E,∆E

∣∣En − Em = Ek − El
}
. (C.2)

A second inequality also follows:

∣∣∣⟨ψ(t)| O(t) |ψ(t)⟩ − ⟨ψ(t)| O |ψ(t)⟩
T
∣∣∣2T ≤ inf

β>0

(
S(β)

)
∥O∥2∞

(
ϵ2+

(DE,∆E)
3
2

Deff

√
∆ϵ

off,ETH[O]

)
,

(C.3)

where

S(β) = e2β(E+∆E)

√(
|Z(β + it)|2

)2T
, (C.4)

and Z(β + it) denotes the analytic continuation of the thermal partition function.

The proof follows essentially the same reasoning as the inequality derived in [240].

A detailed derivation is provided in Appendix C.1. The key outcome is that large

degeneracies of energy gaps obstruct equilibration when probed through this type

of inequality.

27Equivalently, we may regard O as confined to an appropriate super-selection sector if the
Hamiltonian displays degeneracy.
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As an illustration, let us determine dG in conformal field theories. In a generic

CFT without special structure, dG effectively counts the number of eigenstate pairs

with energy difference En − Em = 1. Each primary of conformal dimension ∆p

generates a conformal family, and such a family contains roughly ⌊E +∆E −∆p⌋
degenerate descendant contributions. This yields

dG =
∑

E<∆p<E+∆E

d(∆p) ⌊E +∆E −∆p⌋ , (C.5)

with d(∆p) the multiplicity of primaries of weight ∆p. An upper bound follows:

dG ≤
∑

E<∆p<E+∆E

d(∆p)(E +∆E −∆p) < ∆E
∑

E<∆p<E+∆E

d(∆p). (C.6)

Using the known estimate [241],

dG < ∆E eSmc(E)+O(logSmc(E)), (C.7)

which holds for large E and large central charge.

In holographic settings, one may take ϵ2 = σ2η = O
(
e−ηγSmc(E)

)
with ηγ < 1

2
.

Choosing ∆E < O
(
e−γ

′Smc(E))
)
for any γ′ > 1

2
guarantees equilibration for all initial

states within the shell. Since the width of the energy shell must remain large enough

to contain exponentially many states, we require γ′ < 1, and suitable 1
2
< γ′ < 1

can indeed be arranged.

A parallel reasoning may be applied to the second inequality (C.3). In a general

chaotic theory, |Z(β + it)|2 relaxes to Z(2β), and one estimates S(β) ∼ e2β(E−F ) ∼
e2βSmc(E), where F is the free energy. In this situation, a yet smaller value of ∆E

becomes necessary.

Throughout the above arguments we did not incorporate the influence of degen-

eracies in the energy eigenvalues themselves. When O carries no charge under any

symmetry, including quantum KdV charges, the preceding treatment suffices. Ac-

tual CFTs, however, generally exhibit degeneracy, and thus a more refined analysis

is required when considering operators of broader type.

C.1 Proof of Theorem 17

We now sketch the proof of Theorem 17. The logic closely mirrors that of [240].

Here we refrain from imposing the non-resonance condition, while still assuming

non-degeneracy of the energy eigenvalues. We begin by considering the variance of
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the long-time average:

∣∣∣⟨ψ(t)| O |ψ(t)⟩ − ⟨ψ(t)| O |ψ(t)⟩
T
∣∣∣2T =

∑
(|En⟩,|Em⟩)∈E ′

E,∆E

(|Ek⟩,|El⟩)∈E ′
E,∆E

e−i((En−Em)−(Ek−El))t
T

× cnc
∗
mckc

∗
l ⟨Em| O |En⟩ ⟨Ek| O |El⟩ .

(C.8)

Introduce a composite index α = (n,m) with n ̸= m, together with

Mαβ := e−i((En−Em)−(Ek−El))t
T
,

vα = cnc
∗
m ⟨En| O |Em⟩ .

(C.9)

Then the variance rewrites as∣∣∣⟨ψ(t)| O |ψ(t)⟩ − ⟨ψ(t)| O |ψ(t)⟩
T
∣∣∣2T =

∑
α,β

v∗αMαβvβ ≤ ∥M∥
∑
α

v∗αvα, (C.10)

where ∥M∥ denotes the matrix norm, and from the definition of dG we have the

upper bound

∥M∥ ≤ max
β

∑
α

|Mαβ| ≤ dG. (C.11)

The quantity
∑

α v
∗
αvα can be controlled exactly as in Appendix 5.4.1. Another

estimate is obtained by

∑
α,β

v∗αMαβvβ ≤
√∑

α,β

|Mαβ|2
∑
α

vαv
∗
α. (C.12)
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The squared Frobenius norm of M satisfies

∥M∥2F =
∑
α,β

|Mαβ|2

≤
∑

(|En⟩,|Em⟩,|El⟩,|Ek⟩)∈E4
E,∆E

e−i((En−Em)−(Ek−El))t
T
ei((En−Em)−(Ek−El))t

T

= lim
T,T ′→∞

1

TT ′

∫ T

0

dt

∫ T ′

0

dt′
∑

(|En⟩,|Em⟩,|El⟩,|Ek⟩)∈E4
E,∆E

e−i((En−Em)−(Ek−El))(t−t′)

≤ lim
T→∞

1

T

∫ T

0

dt e4β(E+∆E)
∑

(|En⟩,|Em⟩,|El⟩,|Ek⟩)∈H

e−β(En+Em+Ek+El)e−i((En−Em)−(Ek−El))t

≤ e4β(E+∆E)
(
|Z(β + it)|2

)2T
.

(C.13)

D Numerical evidence for the upper bound (6.32)

We now comment on the bound (6.32)

∑
{mk}:m≤mmax

Γ(1 +m) s

(1− s)m+1

M∏
k=2

(
(−ak)mk

mk!

)
≤ exp

{
2s−

M∑
k=2

tkaks
k

}
(D.1)

Since at s = 0, the left hand side is zero and right hand side is one we obtain the

inequality. The problem is when the inequality break down since the left hand side

is asymptotic series. We can numerically confirm the inequalities for small M with

moderate ak,mmax and tk. For simplification we set ak = g2kσ
2k = yk with y = G

T

S

where S = Poly(Smc). Then the left hand side is simplified

(LHS) =
mmax∑
m=0

Γ(1 +m)s

(1− s)m+1
ym

 ∑
{mk}:

∑M
k=2 kmk=m

M∏
k=2

(
(−1)mk

mk!

). (D.2)

With a choice tk = 6/2k the right hand side is

(RHS) = exp

{
2s− 6

(ys
2

)21− (ys
2

)M−1

1− ys
2

}
. (D.3)

We show some numerical tests in Figure 65, Figure 66 and Figure 67. In the first

plot, we see the RHS exceeds LHS for s < 1/2 with y = 0.1. When we increase

M and mmax, we observe the region where the inequality is valid is geeing narrow

as in Figure 66. Once we make y smaller then the inequality recovered. From

the usual discussion of the asymotic series, we expect the inequality is valid for
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Figure 65: The plots of LHS and RHS with M = 10, y = 0.1,mmax = 10.
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Figure 66: The plots of LHS and RHS with M = 30, y = 0.1,mmax = 30.

M < mmax = O(1/y). In the physics discussion, we set y = e−O(Smc), and we expect

we can set M and mmax to be eO(Smc).

E Numerical evidence of the inequality (8.23)

We now address the conjectured inequality (8.23). The statement is following: con-

sider the two positive functions for vectors x = (x2, x3, · · · , xL)

G(2q)
n (x) :=

1

2q+1q!

∑
{nk}:

∑
k knk=q

(2q)!∏q
k=1((2m)!)nk(nk)!

q∏
k=2

(xk)
nk

E(2q)
n (x) :=

∑
{mk}:m≤mmax

Γ(m+ q)

Γ(q)

M∏
k=2

1

mk!
(−xk)mk

(E.1)

where indices n mean the function is normalized by 1/2q+1q!. For sufficiently small

x and for some positive integer mmax, we have

G(2q)
n (x) ≤ E(2q)

n (x). (E.2)
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Figure 67: The plots of LHS and RHS with M = 30, y = 0.01,mmax = 30.

For numerical calculation it is better to rewrite the summation to resolve the con-

straint. For function G
(2q)
n (x), by using the relation n1 = q −

∑q
k=2 knk and for

specific case Γ2k =
1
Sk , we have

G(2q)
n (y) =

(2q)!

2q+1q!

q∑
n′
1=0

CoeffG(n
′
1)

((2!)q−n
′
1(q − n′

1)!
yn

′
1

CoeffG(n
′
1) =

∑
n2,··· ,nq :

∑q
k=2 knk=n

′
1=q−n1

1∏q
k=2((2nk)!)

nk(nk)!

(E.3)

where y =
G

(2)
can,β

T

S
which is very small. Also for E

(2q)
n , with identification g2k =

−ϵkΓ2k = − ϵk
Sk = 1

Sk and σ2 = G
(2)
can,β

T

, we have

E(2q)
n (y) =

mmax∑
m=0

Γ(q +m)

Γ(q)
CoeffE(m)ym

CoeffE(m) =
∑

m2,··· ,mM :
∑M

k=2 kmk=m

1∏q
k=2(mk)!

.
(E.4)

We see y = 0

G(2q)
n (y = 0) =

(2q − 1)!!

2q+1q!
≤ 1 = E(2q)

n (y = 0). (E.5)

We set plots in Figure 68, 69, 70 and 71. We see the inequality is valid for large

enough mmax, M and small enough y. For fixed q, when we small mmax and M ,

we see the earlier violation of inequalities. By making mmax and M , we recover the

inequalies. We put the plot of crossing points of two function in Figure 73. We

find that the crossing points are given by ysol(q) ∼ 1/q. Note that we do not show

the inequality for large q = eO(Smc) with physical value of Smc and this is important
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open question.
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Figure 68: Plots of G
(2q)
n and E

(2q)
n with M = 100,mmax = 5, q = 10.
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Figure 69: Plots of G
(2q)
n and E

(2q)
n with M = 2,mmax = 2, q = 10.
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Figure 70: Plots of G
(2q)
n and E

(2q)
n with M = 2,mmax = 2, q = 20.
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Figure 71: Plots of G
(2q)
n and E

(2q)
n with M = 5,mmax = 5, q = 20.
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Figure 72: Plots of G
(2q)
n and E

(2q)
n with M = 11,mmax = 11, q = 22.
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Figure 73: Plots of crossing points of G
(2q)
n and E

(2q)
n up to q = 40. We set mmax =

M = ⌊q/2⌋. The red curve denotes ysol(10)
10
q
. In some q we cannot find solutions.

For example there is no solution at q = 22. See Figure 72.
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