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Chapter 1

Introduction to the
Boltzmann equation

Kinetic theory of gases is an important branch of physics. It is a study of
behaviour of dilute gases, described as a set of a large number of particles (atoms
or molecules for example). When a system is “dilute”, molecules in the system
are so sparsely distributed that it cannot be modelled as a continuum. It is
well-known that usual fluids like flows of a river, the ocean, and the atmosphere
are treated as continua and modelled by the famous Navier-Stokes equations (or
its variants). However, these equations are not suitable to describe the dilute
gas, because its statistic mechanical effects are not negligible. A typical region
analysed via the kinetic theory is outer space, more than 100 km away from a
surface of the earth. Therefore, the study is not a purely theoretical subject
to mathematicians and physicists, but also important for astronautic engineers
who construct, such as, a space shuttle and a space station.

In 1872, an Austrian physicist Ludwig Boltzmann founded one of the most
fundamental equation in the kinetic theory named after him, taking into ac-
count of collisions of particles in a dilute gas. Although there are some forms of
the equation corresponding to certain physical models, we will focus on the
most commonly investigated model. The Boltzmann equation describing a
monatomic gas interacting via an inverse-power force, under a contemporary
notation, reads:

O f(t,x,v) +v-Vuf(t,z,v) = Q(f, f)(t,x,v), t >0, (x,v) € R® x R3,
f(O,l‘,’U) :fO(xav)a
(1.1)



where the quadratic operator @ is defined as

Qt)0) = [ | [ Blv= vl )Fwaw) = Fleghdode., (12

v,:U—;U*+|U—2U*|0, v;:U—;v*—‘U—QU*‘U, oeS? (1.3)
B(|lv —vi|,0) = |v — vi|"b(cos ), cosf = |v—v*| ‘0. (1.4)
v — v,

Here, t > 0 is time, x and v are position and velocity of a particle respectively,
and f = f(t,z,v) is a distribution function of particles whose position and
velocity are (x,v) at time ¢. J; stands for the differential operator 9/9¢, and
Oy + v - V is called the transport operator, expressing a macroscopic flow of
the system. @ is called the collision operator. Roughly speaking, () “counts”
a number of particles with velocity v, when a distribution of two particles is
governed by the tensor product f ® g. The nonnegative function B in (1.4) is
called the Boltzmann collision kernel. As its definition indicates, B depends on
the relative velocity |v — v,| and the deviation angle 6 via . B defines what
kinds of collision are likely (or unlikely) to happen. If it holds

/ b(cosf)do < oo,
S2

which is known as Grad’s angular cut-off assumption, the right hand side of
(1.2) can be naturally divided, and the former term corresponds to increase of
particles with velocity of v, whereas the latter term corresponds to decrease.
But this is rather naive decomposition. We will see the reason later.

Equations (1.3) are equivalent to conservation laws of momentum and energy,
that is,

v+v, =0 +v, and |v]2 +|v.)? = ]2 + |V

In other words, the collision is elastic. Although there are many results and their
applications when the collision is inelastic (energy dissipates after the collision),
we will focus on the elastic collision case.

v > —3, and b(cos-) is assumed to be a smooth function on (0, 7] satisfying

b(cosf)sinf ~ CH I+ as 9 L0, C>0, 0<v<2

A typical case satisfying this assumption is that interaction of particles obey the
inverse-power law potential ¢(r) = 1/r° (s > 2 and r > 0 is a distance between
two particles), and it is known that v = (s —5)/(s—1) and v = 2/(s— 1) in this
case. We can see that there are two singularities; kinetic singularity of |v — v,|
when 7 is negative, and angular singularity of b(cos 6) in the sense that it is not
integrable on S?. Thus, in general, @ is not able to be decomposed into the
aforementioned two terms. Due to this observation, according to value of v, the
equation is customarily classified into three cases:



1. the hard potential case when 0 < v,
2. the Maxwellian molecules case when v = 0, and
3. the soft potential case when —3 < v < 0.

It can be easily imagined that behaviour of solutions to the Boltzmann equation
significantly varies as « takes different values. For example, when we consider
the Cauchy problem, the most difficult domain to handle is where |v — v, is
large in the hard potential case, while it is {|v — v«| < 1} in the soft potential
case.

There are several topics investigated which is concerned with the Boltzmann
equation: existence and uniqueness of a solution, asymptotic behaviour, regu-
larizing effect and smoothness of a solution, H-theorem, hydrodynamic limits,
and so on. For definitions of these problems, we refer to [19].

In this thesis, we are particularly interested in global existence of a solution
under certain (suitable and conventional) assumptions. To this aim, let us see
some known results, corresponding to each chapter. We again refer to [19] for
more detailed description and history of each case.

In the second chapter, the spatially homogeneous Boltzmann equation in the
Maxwellian molecules case will be considered. It reads:

8tf(t’ U) = Q(f’ f)(t,’l}), B(|U - U*|’ 0) = b(COS 0) (15)

In short, this is the case where the distribution function f is independent of z,
and v = 0. This setting may seem too simplified, but it is useful to mainly con-
sider action of the collision kernel, since it only acts on the velocity dependence.

We focus on infinite energy measure solutions. All of the following setting
can be generalized to any dimensional case, but we restrict ourselves to the three-
dimensional case. To formulate a problem, we first define a measure solution to
(1.5). Under the current setting, the celebrated Bobylev formula (see [4], or the
review in [5]) gives the Fourier transform of @ as follows:

Qf.9) = FIQU.aN) = [ (FEIale") = FOMENH( - o)dor € <,

€l

where f stands for the Fourier transform of f and £ = (€ +(¢)/2, respectively.
Due to this formula, if f; € P(R?) (a set of all probability measures on R?)
solves (1.5) for initial datum fo € P(R?) in some sense, then it is necessary that
the characteristic function ¢(t, ) = fR3 —wEdqf,(x) solves

{8t¢(t,£)—Q(¢,¢)(t,£), t>0, £€R, 16)

$(0,8) = ¢o(&)-

Denoting a set of probability measures on R?® with finite a-th moment (and the
same mean when o > 1) by P,(R3), we define an infinite energy solution to
(1.5) as f; € P(R3)\P,(R?) for each t which ¢(t,¢) solves (1.6). We remark



that probabilistic approach to (1.5) via the quadratic Wasserstein distance was
originally done by Tanaka [15], proving that the distance between two solutions
f(t) and g¢(t) to (1.5) is equal to or smaller than that of their corresponding
initial data fp and go. Equality holds only when both fy and g¢ are the global
Maxwellian with the same mean. The zero-mean global Maxwellian (1.7) is
defined later. This probabilistic approach is later followed by Toscani-Villani
[16], who invented a Fourier-transform-based distance. This is called the Toscani
distance, which reads

TO%W==&m|ﬂ@)_ﬁ@H
¢ER? €]

for p, v € P2(R3), and [, ¥ are their characteristic functions. It was proved
that convergence on P2(R?) defined by the Toscani distance is the same as one
defined by the quadratic Wasserstein distance. It should be noted that these
results have important influence on invention of the following functional spaces.

Bobylev and Cercignani [6] found that infiniteness of energy yielded a self-
similar solution to (1.6), which can be defined for —oo < t < co. This was the
first paper to deduce such a solution. Following [6], Cannone and Karch [8, 9]
showed that the self-similar solution did exist in a mathematically rigorous way.
They employed the space K% (0 < « < 2) of characteristic functions, defined by

K2 = {6 € K6~ 10 = sup 12121
cers  [€]

< oo},

where K = K is a set of characteristic functions. When initial datum is in K¢,
they constructed a solution which takes value in K¢ for 0 < v < 1. This result
was later improved by Morimoto [12] for 0 < v < 2. One of the most important
properties of K¢ is that F(P,(R3)) € K. Thus, as long as we consider the
problem on K%, we cannot ensure that the Fourier inverse of a solution is always
in P, (R?), even though initial datum is taken in it. To overcome this difficulty,
Morimoto, Wang, and Yang [13, 14] introduced the new spaces

-1
M= (o Ko U = [ G

M = {¢ € K[|[Re¢ — 1| o + ||¢ — 1|0 < o0}

d¢ < oo},

for 0 < a < 2. They first showed F (P, (R?)) = M for o # 1 in [13], and then
proved F(Pq(R3)) = M for any o € (0,2) in [14]. They constructed solutions
to (1.6) taking value in these spaces, so now we can see that if we take initial
datum in P, (R3), the solutions should also belong to this space.

Motivated by invention of these spaces of characteristic functions, Cho [7]
considered the following problem:

%(tv ’U) + 5(7Av)p/2f(tv ’U) = Q(fv f)(tv ’U),
f(O,v) = fo('l))



for 0 < p < 2, or its equivalent Fourier-transformed version

99(1,€) + 8lEP (¢, €) = Q(o, §) (L, €),
#(0,€) = ¢o(v).

He proved unique existence of a solution taking value in £ for 0 < a < p.
It should be noted that it is the fractional Laplacian term, which in general
assures better regularity for solutions to other partial differential equations,
that prevents existence of a solution for better initial data. The main result
of the second chapter is an improvement of this result, constructing a solution
taking value in M for 0 < o < p.

The third chapter is dedicated to the perturbation theory of the Boltzmann
equation without angular cut-off in a Chemin-Lerner space. The perturbation
theory of the equation is formulated as follows: since the zero-mean global
Maxwellian distribution

1 —v)?

p(v) = We (L.7)

is a stationary solution (indeed, it is easy to check Q(u, ) = 0 by (1.3)), insert-
ing f = pu+ /pg yields the equation for g, that is,

dg+v-Veg+Lg=T(g,9), (1.8)

where

T(g,h) = p=2Q(u" g, u*?h), Lg=-T(u'? g) — (g, u’?).

For this equation, the pioneering works were made by Ukai [17, 18] in the seven-
ties, followed by many papers, some of which are referred in the third chapter.

Among these results, the main result in the chapter is mainly based on a
series of works by Alexandre, Morimoto, Ukai, Yang, and Xu (usually abbrevi-
ated to AMUXY) [1, 2, 3] and a work by Duan, Liu, and Xu [11]. One of the
most notable results by AMUXY is that they showed existence and uniquness
of a solution to (1.8) without angular cut-off in a weighted Sobolev space, pre-
sumably minimal-regularity one under the perturbation setting. On the other
hand, [11] was the first paper to consider the Cauchy problem of (1.8) in the
Chemin-Lerner space, originally used by [10]. It is a variant of a Besov space by
involving integration with respect to variables irrelevant to the Littlewood-Paley
decomposition. In our case, we will employ the decomposition with respect to
z-variable, and integrate cut-off functions on [0, 7] x R2 x R3 for a given time
T > 0. [11] proved unique existence of a solution in a certain Chemin-Lerner
space (better than those employed by AMUXY) and its positivity, but under
strong assumptions of angular cut-off (strictly speaking, |b(cos )| is bounded
above) and 0 < v < 1 (the hard potential case). In order to remove these re-
strictions as possible, we will employ many strategies and techniques established
by AMUXY. The second main result is that we have achieved integrating the
two results, showing unique existence of a solution in the same Chemin-Lerner
space employed by [11] under the non cut-off assumption. Positivity of the
solution is also shown.
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Chapter 2

Some remarks on the
homogeneous Boltzmann
equation with the fractional
Laplacian term

Abstract

We study the homogeneous Boltzmann equation with the fractional Laplacian
term. Working on the Fourier side we solve the resulting integral equation, and
improve a previous result by Y.-K. Cho. We replace the initial data space with
a certain space M® introduced by Morimoto, Wang, and Yang. This space
precisely captures the Fourier image of probability measures with bounded frac-
tional moments, providing a more natural initial condition. We show existence
of a unique global solution, in addition to the expected maximal growth esti-
mates and stability estimates. As a consequence we obtain a continuous density
solution of the original equation.

2.1 Introduction

We consider the spatially homogeneous Boltzmann equation with a diffusion
term, that is,

(2.1.1)

Ouf (0, 1) + 6 (=A)P2 f(v0,8) = Q(f, [)(v,1), (v,1) € R® x (0,00),
f(”U,O) = fO(U)a

13



where 0 < p < 2 and 6, > 0 are constants. This equation is a variant of the
homogeneous Boltzmann equation

{th(v,t) = Q(f, f)(’U,t), ('U,t) € R?) X (0’ OO)’ (212)

f(0,0) = fo(v).

Equation (2.1.1) was recently studied by Cho [4]. He discussed the Fourier
transform of (2.1.1) and showed that if we take an initial datum from a certain
space (which we shall define later), then there exists a unique global solution
on the Fourier side and this solution satisfies a maximal stability estimate. The
estimate is a consequence of the diffusion term, so such an estimate is likely not
valid for solutions of the Fourier transform of (2.1.2). It should be noted that
the initial data space used by Cho [4] may contain “undesirable” data for this
problem, that is, data which prevents us from inverting the Fourier transformed
problem back into the original one (see, for example, Remark 1(ii) of [4]). In
order to avoid this obstruction, in this paper we instead use a more suitable
space introduced by Morimoto-Wang-Yang [7], as an initial data space. Using
that space, we obtain the existence of a time-continuous unique global solution
of (2.1.1). Readers may refer to [4, 2, 3, 6, 7] and the references therein for
historical progress and recent research on these spaces.

We now discuss (2.1.1) in greater detail. f(v,t) is the density distribution
of particles in rarefied gas with velocity v € R? and time ¢ > 0. The right-hand
side of (2.1.1) is defined by the Boltzmann collision operator corresponding to
the the Maxwellian molecule type cross section,

Qo)) = [ | [ bk-0)(g - oo (213
where f>nl< = f(/vfk)7 gl = g(vl)v fe= f(v*),g = g(”)a k= (U—U*)/(|’U —U*|), and
P e O L U SO (o

) 2 T 22

The Maxwellian molecule type cross section b(k - o) in (2.1.3) is a non-negative
function depending only on the deviation angle §# = cos™!(k - 0). As in Vil-
lani [10], € is customarily restricted to the range [0, 7/2] by replacing b(k - o) =
b(cos 8) with its “symmetrized version”

(b(cos ) + b(cos(m — 9))) lio<g<n/2}-

Since the physical model b(cosf) coming from the inverse power laws has a
singularity near § = 0, that is,

b(cosh) ~ K022 (0<s<1, K >0), (2.1.4)

we shall throughout this note assume the following weak integrability condition

/2
Jay € (0,2] such that / b(cos 0) sin 0 sin™° (Z) df < oo. (2.1.5)
0

14



We note that (2.1.5) is satisfied for any cross section b with property (2.1.4)
as long as ap > 2s, although b(cos#)sin 6 is not integrable on [0,7/2]. These
constraints coming from the physical model will be used throughout the paper.

Next, we reformulate equation (2.1.1). By taking into account the Bobylev
formula, we apply the Fourier transform to (2.1.1) and obtain

(at + 6p|§|p)¢(£vt) = B(¢)(€at)7 (E’t) € R? x (0700)7 (2 1 6)
?(£,0) = ¢o(§), o
where ¢(&,t) = F[f(-,1)](S),
_ i o
B(9)(€) = FIQ(f, NH](E) = /s? b <€| 'U> [0(€T)(€7) — ¢(0)8(&)]do, (2.1.7)

and ¢ = (€ +1¢]0)/2. (Thus, in (2.1.6) we have B(¢)(¢,t) = B(¢(+,1))(€) and
we will use similar abuse of notation in the sequel without further comment.)
The corresponding integral equation is

P&, 1) = e %I o (€) + / e O B(4) (€, T)dE. (2.1.8)

0

We assume that f(-,t) is a probability measure on R? for every t > 0 at least,
thus ¢(&, 1) is equal to [o, e 4df (v,t) and ¢(0,¢) = 1.

Before we discuss known results concerning (2.1.6), consider first the Fourier
transform of (2.1.2), namely,

(2.1.9)

rp(&,t) = B()(&,1), (&,1) € R® x (0,00),
¢(£,0) = do(§)-

We first introduce some functional spaces. Although only the three-dimensional
case is introduced, we remark that the following spaces can be defined for any
dimensional case. Define P, (R?) (o > 0) as the set of all probability measures
on R3 with finite moment of order . In other words, if u € P,(R3) then pu
satisfies

[ty =1, [ ol due) < .
R3 R3
When a > 1, we add on the condition
[ widnto) =0 (G=1,2.3)
]RS

to the definition of P, (R3). Since we expect a solution of (2.1.2) to conserve its
mass, momentum, and energy, we thus normalize so that solutions are probabil-
ity measures with zero mean and finite moment of order 2 (or, finite variance).

15



In order to establish a solution with infinite energy, Cannone and Karch [2]
invented spaces of characteristic functions, namely

k-{o:oc \ 00 = [ e, e mE) ).

16 = 1]l = sup 12— 1 <oo},
S

cers €|

Ka:{cz)elc

and analysed the homogeneous Boltzmann equation with the Maxwellian colli-
sion kernel. K% is a complete metric space endowed with the norm

[6(€) = $(©)]

).

I = lla = sup
£eR3

Since
{I}cK*’cKk™cK2cK'=K (0<ay<a; <2), (2.1.10)

the K%-valued solutions they established have infinite energy. This result was
modified by Morimoto [6] by using finer calculations, and by Morimoto-Wang-
Yang [7] by introducing the space

Maz{qse/c ‘|¢—1||MQZ/RSV’5|§;;%§<OO}.

When 0 < 8 < a < 2, this is a complete metric space endowed with
disa,5(¢,¥) = |6 — Yllme + | — Plls,
o= bl = [ P92 (0. v e ne,

For any a € (0,2), M® C F(P,(R*)(S K%). Moreover, if a # 1, then
M = F(P,(R3)). This is the reason why M® is preferable to K* for our
problem, because this space has a simple interpretation: when we consider the
original Boltzmann equation we can take initial data from P,(R?) and analyse
the equation on the Fourier side. The result is Theorem 1.4 in [7]. This theo-
rem gives the existence of a unique global measure valued solution of (2.1.2) in
C([0,00); Po(R3)) with a P, (R3)-valued initial datum.

Now let us recall some known results concerning (2.1.6). Using techniques
from [2] and [6] (in which (2.1.9) is studied) Cho [4] proved that (2.1.6) has
a solution in S*(R3 x [0,00)). A stability estimate and a maximum growth
estimate were also shown. Here, for all 7" > 0,

SYUR* x [0,T)) = {¢ € C([0, T K*) | 6(¢,-) € C([0,T]) ,
Q& -) € C((0,T)) for VE e R*},

S*(R? x [0,00)) = | J S*(R® x [0, 7).
T>0

16



We shall consider (2.1.8) with initial data ¢o in M* (a € (0,2)). We apply
the technique developed in [7] to discuss (2.1.8). Our main theorems are the
following.

Theorem 2.1.1. Let ap < a < p. Then for any ¢pg € M, (2.1.8) has a
classical solution ¢ in

T*(R? x [0,00)) = {¢ € C([0,00); M) (¢, -) € C([0,0)),
ho(&,-) € C((0,00)) for V€ € Rs} )

This solution ¢ satisfies the a priori estimate

sup & (e, 1) <1 for each t > 0. (2.1.11)
£eR

Since ¢ in Theorem 2.1.1 satisfies 9;¢(&, ) € C((0,00)), ¢ is also a solution
of (2.1.6). (2.1.11) is a consequence of adding the diffusion term &,(—A)P/2.
When 6, = 0, (2.1.11) just gives the obvious statement |¢(¢,t)| < 1 for any ¢
and ¢. This makes difference between (2.1.1) and (2.1.2).

In order to state our stability result, we introduce the notation 7,*(R? x
[0,0)) for all elements of 7 (R3 x [0, 00)) which satisfy (2.1.11). The following
constants will also be needed in the sequel. For 25 < ag < a < p < 2, we define

w/2 0 0
Yo = 277/ b(cos #) sin 6§ [coso‘ () + sin® ()} de,
o 2 2
/2 0 0
Ao = 277/ b(cos ) sin 6 |:COSQ (2> + sin® (2> - 1] do,
0

w/2 0
U = 271-/ b(cos 6) sin O sin® <2) de,
0

1— e le” 47 «
Coa= | fdsz( —),
P rs [§3H a P

where I is the gamma function. 7, is used to discuss (2.1.8) under the cutoff
assumption, that is, when b € L!(S?). Easily we see that 5 < 74 < 272. When
we discuss the equation under the non-cutoff assumtion, we use A\, and pq. In
this case, 0 < Ay < o0 (see [2]) and 0 < pq < 0o (due to (2.1.5)). The second
identity for Cj, o, which was mentioned to us by Cho, shows that C}, , is finite if
and only if 0 < a < p. The identity is easy to prove using a change of variables
followed by integration by parts.

Theorem 2.1.2. Under the assumptions of Theorem 2.1.1, let ¢, € 7;“(R3 X
[0,00)) be solutions of (2.1.8) with initial data ¢g, 19 € M respectively. Then
the following stability estimate holds:

et @) = w1

< elat — a.
e € 100 = ol

In particular, (2.1.8) has at most one solution in T,*(R* x [0, 00)).
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Interpreting Theorem 2.1.2 in terms of the original equation yields the fol-
lowing result.

Theorem 2.1.3. Let ap < a < p, a # 1, and fo € Po(R3). Let ¢ be the
unique global solution of (2.1.6) with initial datum ¢o = F[fo] € M* given
by Theorems 2.1.1 and 2.1.2. Then f(v,t) = F1¢(-,t)](v) is a unique global
solution of (2.1.1) with initial datum fo. This inverse Fourier transform is well-
defined. f(v,t) is a smooth probability density of v and tends to 0 as |v] — oo
for each t > 0. Moreover, f € C(]0,00); Po(R?)), where time continuity of f
is interpreted in the following sense: for any to > 0 and ¢ € C(R3) satisfying
[v(v)] < C(1 4+ |v]?)*/? for some positive C,

lim Y () f(v,t)dv = Y(v) f(v,to)dv. (2.1.12)
t—=to JR3 R3

Note that a slightly stronger assumption is needed to establish a solution
with the same properties when o = 1 (see [7, Remark 1.5]).

The outline of this paper is as follows. We cite some lemmas in Section
2. We modify some of them so that they are applicable to our problem. In
Section 3 we prove that under the cutoff assumption we have a global unique
solution of (2.1.8), and deduce an a priori estimate and a stability estimate.
These results are used to discuss (2.1.8) under the non-cutoff assumption in
Section 4. The proof of main theorems are shown in this section. In Section 5
we discuss non-existence of solutions in the case p < a0 < 2.

2.2 Preliminaries

Under the cutoff assumption, @ is split into a gain term QT and a loss term @~
in a self-evident way. We denote the Fourier transform of the gain term QT by

G(o)(§) = /S b (él ~0) (M) p(¢7)do.

First, we cite two lemmas from Morimoto-Wang-Yang [7].

Lemma 2.2.1 (Morimoto-Wang-Yang). Assume b € L}(S?) (& 72 < o). For
all ¢ and Y € M=,

1G(0) = G(¥)|me < Yalld = Plme

Lemma 2.2.2 (Morimoto-Wang-Yang). There exists a constant Cy > 0 inde-
pendent of ¢ € M, such that

1B(¢)(€)]
/RS Wdf < Coptalld = 1| pe-

Then, we show a lemma concerning e~ €I which is a classical result in
probability theory.
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Lemma 2.2.3. ¢ €It (¢ € R3, ¢ > 0) is a positive definite function of € if and
only if 0 <p < 2. For every t >0, fy(v,t), which is defined as

1 e . i
Folv,t) = / ety il
0

272 r|v|

is a probability density on R3, and F[f,(-,1)](€) = e~ 1€I"t. Furthermore,
/ [v|* fp(v,t)dv < 00 (0 < o < p) and / [v|P fp(v, t)dv = oo.
R3 R3

Proof. Positive definiteness is proved in Schoenberg [8]. For each ¢t > 0, e~1¢/"? is
a rapidly decreasing radial function defined on R3. Its inverse Fourier transform
is

1
(2m)?

where J,(z) (v € C, Re(v) > —1/2) is the Bessel function

- (oo )] G Lo

(see Taylor [9] for instance). A straightforward calculation of Ji (r|v[) together
with (2.2.13) gives

F e M) (w) = (2m)2 || "2 / Jy(rlo))e™""tradr, (2.2.13)
0

T 1 [ _,» osinrly|
F el t](v):ﬁ/o e " typ? o] dr = fp(v,t). (2.2.14)

Hence, F[f, (-, 1)](€) = e~ 11",

We now turn to the moment estimates. A simple calculation shows that
fo(v,t) = t=3/Pf,(t71/Py, 1), so it suffices to consider the case t = 1. From [I,
Theorem 2.1] we have

or—1 3
tim [0/ fy(0,1) = = sin (2 0 (52 ) T (B),
|v]|—o0 T2 2 2 2

and this leads to the desired estimates. O

Cho [4, Section 3] discusses conditions for which G(¢) and B(¢) make sense.
Since M* C K* C K (0 < a < 2), it follows that Lemma 3.1 and Lemma 3.3

in [4] are still valid when we take ¢ from M®*. We state these facts as Lemmas
2.2.4 and 2.2.5.

Lemma 2.2.4. Assume b € L'(S?) and T > 0. Then G(¢)(€) is a continuous
positive definite function of £ for each ¢ € M*®.

Moreover, if ¢(-,t) € M* for each t € [0,T] and ¢(&,-) € C([0,T]) for each
£ € R3, then G(¢)(&,t) € C(R3 x [0,T)).

Lemma 2.2.5. Assume o, < 00 and T > 0. If ¢ € C([0,T]; M%) and
#(&,) € C([0,T)) for each & € R3, then B(¢)(€,-) € C([0,T]) for each & € R3.
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2.3 Existence and behaviour of a solution under
the cutoff assumption

In order to consider the non-cutoff case in Section 2.4, we first prove that under
the cutoff assumption (72 < o), (2.1.8) has a unique solution in 7%(R?x [0, 00)).
We also provide a stability estimate and an a priori estimate for this solution.

2.3.1 Existence

Assume b € L'(S?). Under the cutoff assumption, (2.1.8) is written as

t
B(E, 1) = e FolEMt gy (g) + / e ARG (g) (¢, 7)dr. (2.3.15)

0

In this subsection we will prove the following theorem.

Theorem 2.3.1. Let ap < o < p, b € L*(S?) and ¢o € M. Then (2.3.15)
has a solution ¢ € T(R® x [0,00)), which satisfies

sup 218" p(€, 1) < 1 for each t > 0.
£ER3

For a fixed T > 0, define
Qr = {¢ € C([0,T]; M*)| ¢(¢,) € C([0,T]) for each & € R*}.

Since M® is a complete metric space endowed with dis, (4, ¥) = ||¢ — ¥||pme +
|l — ¥lla (see [7]), Qr is also a complete metric space endowed with

Dr(¢,¢) = max disa(6(t), ¥ (t)).

t€[0,T]

Let us think of the right-hand side of (2.3.15) as the image ®(¢)(t) of an operator
®. By Lemma 2.2.4, ® is well-defined on Q7. We will prove that ® is a
contraction on Q7 provided that T is sufficiently small. Since M¢ is endowed
with dis, and the contraction estimate for || - ||, was obtained in [4], it is enough
to consider the contraction estimate for || - || pqo.

Lemma 2.3.2. Ifag < a<p, T >0, and ¢ € Qr, then
I9(6)(E) = e < Cpal5pt)*/7 +2 max [6(7) = 1l aae
12(¢)(t) = D(8) ()| ma < Cl&, Tt — 5|7,
where s,t € [0,T] and

(& T) = 205,082+ 72T) + 877" /7 maxc [[6(t) = Lo
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Proof. When ¢ > 0, we have G(¢)(0,t) = 2, so
D(P)(t) — 1= L(t) + LIx(t) + I3(t),

where

L(t) = et [e*%'ﬁ"”quo(g) _ 1} ,
b(t) = / eI =) () (€, 7) — G(6) (0, 7)) dr

0
t
I3(t) = ’Yz/ e~72(t=7) {e‘ép‘f‘p(t_ﬂ - 1} dr.
0

Note that for any a > 0,

1— e—alél”
———d¢ = C, na®/.
Jo s de = Cona

Since

e (€)1 = e o(€) 1) = (1 — ),

this gives

[11(2)] ot o/
/R3 |€|3+ad§ <e™” {”‘ZSO = me + Cpaldpt)™/*| .

Next, by Lemma 2.2.1,

[L(1)] /t (-
dé <o | e 2D |p(7) = 1| padT
Jo T S [ e

1—e 2t
e () s [[9(r) — 1ase

Y2 TG[O,T

Finally, I3 is estimated in a similar way as I, yielding

I t
/ e < / e 2070, o6t = 7)]*7dr
g [§[3T 0
<Cp.a(0,1)2/P(1 — 2.

Combining these estimates we obtain the first inequality of the lemma.
To obtain the second inequality of the lemma, we estimate

with 0 < s <t <T for simplicity. Since
L(t) — Iy (s) = —e 72* [ef&nlﬁlpsg — el =)y (€)

(1= ) I gy (6) - 1))
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we have

() = Li(s)] _yele
[, Pt <Gyt = )

+ 72 (t — 5) [||¢0 — 1| ma + Cp,a((spt)a/p}
Scp7a5g/p(t _ S)a/p

F ot — 5)° [Tl—“/pllaéo — 1| g + Cm(sg/pT} .

Next,

Ly(t) — In(s) = / O BIENE=D G () (€, ) - G(8)(0, Pldr

S

(1) [ (0) 6 7) - Glo) 0.7

= (1= e oletm)) / eI B =D(g () €, 7) — G(6)(0, Tldr

0

Since b € L'(S?), we have |G(¢)(£,7) — G(¢)(0,7)| < 279, which together with
Lemma 2.2.1 gives

[12(t) — I2(s)]

dg
R [E[3Fe
t S
< Yo max |[¢(7) — 1| pe [/ e 2T g oy (t — s)/ 6—72(S—T)d7']
T€[0,T s 0
+ Cp,aldp(t — 3)]a/p272 / e~ 1t=T)qr
0
< (t—s)*" [ZWQT“”“/’” max [16(7) = 1lme + 2Cp,a5;;/1’} .
T7€|0,
Finally,

t
Ly(t) — T(s) = — 72/ e=2(=7) (1 =8Il =7y g
(1 — Ol (s / =2 (=) =8, €17 (=) g
0

rpa(1 — e—2(t=9)) / =12 (=) (1 ¢=0sl€IP =)y g
0

22



so we have

I(t) - I ¢
/. ST 3(|Z~3+§’ e <y [ em0C, ol - 1

S
1736y ( — )77 / =27 g7
0

+2(t — ) / 6_72(5_7)0p7Q[§p(s —)*/Pdr
0
<Cpa82/P(t — 8)*/P(1+ 72T).
Together, these estimates yield the second inequality of the lemma. O

Proof of Theorem 2.3.1. To see that ® is a contraction, note that ® is a mapping
from Q7 to Qr for each T > 0 and

s [9(6)(1) — B()(D) aer <2(1 = e7=) max 6(2) ~ (Ol ee- (2316

This follows in the same way as in Cho [4] (replace K* with M* and || - ||, with
Il - llame, then this is obvious). Taking 0 < Ty < 1%2 and combining (2.3.16)
with the || - ||,-estimates in [4], we obtain

D1, (2(9), 2(¢)) < D1, (¢, 9).-

Therefore ® is a contraction on {17,. By using the Banach fixed point theorem,
we obtain a solution of (2.3.15). O

2.3.2 An a priori estimate and a stability estimate

We observe that since C([0,00); M*) C C([0,00); KL%), the a priori estimate
deduced in [4] also holds for a solution of (2.3.15):

Lemma 2.3.3. Let ap < a < p, b € L*(S?), and ¢9 € M®. If (2.3.15) has a
solution ¢ which satisfies ¢ € C([0,00); M) and ¢(&,-) € C([0,00)) for every
£ € R3, then the following estimate holds for every t > 0

sup %1€ g€ 1) < 1. (2.3.17)
£ER?

Coupled with the existence of a local solution, estimate (2.3.17) gives the
existence of a global solution of (2.3.15). We will now show a stability estimate
for the uniqueness result.

Theorem 2.3.4. Let v2 < oo and ¢,9p € T(R3 x [0,00)) be solutions of
(2.3.15), corresponding to initial data ¢g,19 € M* respectively. Then for all
t>0,

e o) = w00

e < et gg — Yo me-
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Proof. Define
1 ) = st (AED) V(G

|€|3+a

for £ # 0 and U(0,t) = 0. We have
UE,t) = U(E,0) + /t€(72+6p§p)7' (g(@(&ﬂ - g(lﬂ)(fﬂ')) ir. (23.18)
0

|§|3+a

Since [£]P < |EF|P 4 |€7|P for 0 < p < 2, (2.3.17) gives

516 19(0)(E,7) = G)ET)]
/ e %

% 5p(‘f+|p+|£_\p)7‘
/]RS /Sz |§‘3+0¢ (|¢+H¢7 _¢7|+|7//7Hw+—w+|) dodg

'fl Mfﬂpf + ot 4 el TP T g
4 — + e’r — dod
/RS /82 |§|3+a o7 — | o™ — I) 3
=J1+ Jo.

Here we used the simplified notation ¢(é1,7) = ¢, with ¢~ and ¢* similarly
defined. By using the change of variables used in the proof of [5, Lemma 8.1]
(see also [7, Lemma 2.1]), J; and Jo are calculated as

edplélPT /0
//s (|s| ) T 196 ) — (6 7)) cos (2) dods,
ednlélPT Nz o
e Lo ) v (o

from which we conclude that
|17 (6(0)(7) - G (7))

For simplicity we denote ’|65P"|pt(¢(~,t) 71/)(~,t))||Ma by V(t). Integrating
(2.3.18) with respect to &, we obtain

<y [ (6(r) — (7)) |

Mo Mo

¢
eV (t) < V(0) —|—’ya/ eV (r)dr
0

The Gronwall inequality yields the result. O

2.4 Global existence of a solution under the non-
cutoff condition
In this section, we will construct a solution of (2.1.8) without the cutoff assump-

tion by using the results of the last section. For this purpose, first we prove two
lemmas.
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Lemma 2.4.1. Let ag < a < p <2, py < 00, and ¢pg € M*. If (2.1.8) has a
solution ¢ € T*(R? x [0,00)) then ¢ satisfies

16(8) = Ulaee < e [l = 1o + Cpa(8t)°77]
where Cy is the same constant as in Lemma 2.2.2.

Proof. Tt is easy to see that

BED) 1 _ el igo€) 1 / e BOET)
0

|§|3+a - |£|3+o¢ |£|3+o¢

By Lemma 2.2.2 we obtain

t
() = Ll aee < llgo = Ll se + Cpa(8,6)*7 + Coua/ [6(7) = 1 pmedr.
0

The estimate now follows by applying the Gronwall inequality. O
For brevity, we will denote Copuae® =T [|¢g — 1| sme + Cpa(5,T7)%/?] by

Co.

Lemma 2.4.2. Fiz T > 0. Under the assumptions of Lemma 2.4.1 we have for

all s,t € 10,7

16(£) = &(5) [l me < C' (0, Tt — 5|7,

where

C' (¢, T) = cp,aéf + (1 + ) CoT /7.

1
1—a/p
Proof. Set 0 < s <t < T and define K;, K5, K3 by

t
B(E1) = B(g.s) = (70" —e=Ie) g €) + / e rEMTIB() (6, 7)dr

S

4 / (cmler =) — =ls=0) B(g) (¢, 7)dr
0
= K, + Ky + K.

Obviously

|K1| 6751)‘5‘1’5 (]_ — e,5p|§|17(t75))
foieprece= [, GRE 45 < Cpaldy(t =)/

By Lemma 2.2.2 and Lemma 2.4.1,

t
/[ ggj'adg < Copta [ 16(7) = Ussndr < Golt = ).
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For a fixed 7 € [0,5), f(r) = e” =" — e=(¢=7" (» > () is a nonnegative
function, satisfying

Furthermore, we have

= _ _\l-a/p
(S T) < (t T) (2.4.19)
t—T1 t—s

because the left-hand side is smaller than 1 and the right-hand side is larger
than 1. Thus

| K| S(t—s>a/P.|B(¢)(£7T)| i
~/]R3 I£3+“d5</Rs/o t—r HED déd

<(t— ). G, [— : _1a ol T)l—a/p]

. tl—a/p Ti-a/p
<(t —s)*/PC < Co(t — 5)¥/P.
SE= o=y = Tl =)

S

7=0

Combining these estimates, the result follows. O

Proof of Theorems 2.1.1-2.1.5. We follow [7]. For each n € N, define b,,(cos ) =
min{b(cosd),n} and ¢,, as a solution of (2.3.15) with b replaced by b,,. Define
Aa,n in the same manner. Then we have

¢n(t) = Ulae < €"[ldo — L pa < Xl — 1|t

In [4], the Ascoli-Arzela theorem was used to extract a subsequence of the series
of functions {¢,}, which converges to a solution ¢ of (2.1.8) in C([0,c0); %).
Since ¢ is a unique solution in SY(R? x [0,00)), we can extract such a subse-
quence. We denote this subsequence also by {¢,}. For all § > 0, we have

/ Mdg — lim Mdé < e*go — 1| pe-
o<lg]<s—t

|€[3+e n=00 Jscle<s—1 [P

The Lebesgue convergence theorem therefore implies that ¢(-,t) € M*. That
¢ € C([0,00); M) follows from Lemma 2.4.2. Finally, by differentiating (2.1.8)
with respect to ¢, we obtain ¢ € T%(R3 x [0, 00)). For the proof of the maximum
growth estimate and the stability estimate of a solution, we take two sequences
{dn}, {ton} C S*(R3x[0,00)) which converge to solutions ¢, 1) € S*(R?x [0, 00))
with initial data ¢g, 1y € M, respectively. Then for any ¢ > 0

sup ¢ 6, (6,0 < 1, [ (G, 8) =l 0| < e ld0 — ol e
£ER3 M
(2.4.20)
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Letting n — oo in these inequalities yields Theorem 2.1.2. Once (2.1.11) is
proved, we immediately conclude that ¢(¢,t) in Theorem 2.1.1 belongs to L*
and to any polynomially weighted L? space with respect to &. The Fourier
inversion formula implies that ¢(£,¢) has a unique probability density f(v,t)
vanishing at infinity, and the Sobolev embedding theorem shows that f(v,t) is
a smooth function of v for every positive t. The proof is completed by repeating
the arguments of [7, Section 3.3], the details of which are omitted. O

2.5 Non-existence of a solution in the case p <
a <2

In [4], a solution of (2.1.8) was found in S for initial data in £ when 0 < o <

p < 2 and non-existence of solutions was proved when p < o < 2. However, in

our case the existence of a solution in 7 for initial data in M® fails also when

a = p. Here we recall Lemma 2.2.3. Since M® = F(P,(R?)) when 0 < o < 2
and a # 1, the following theorem precisely reflects the moment estimates of

fp(v,t).

Theorem 2.5.1. Let p < a < 2. Then for any T > 0 and ¢g € M, there is
no solution of (2.1.8) which belongs to T*(R? x [0,T7]).

Proof. Assume to reach a contradiction that ¢ € T%(R? x [0,7T]) is a solution
of (2.1.8). It is easy to check that

t
1= em0l€t — o=0nlet (g0 () 1) 41— (¢, t) +/ e I B(g) (€, 7)dr
0

Clearly,

1_6_6P|§|pt t
ST T ge<2 £) — 1| pe Colte | pged ,
|, e <2 max 100 = e + | Consllotr) = e < o0

e OplElPt

which contradicts the fact that fRS Wdf diverges. O
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Chapter 3

Global solutions in the
critical Besov space for the
non cutoff Boltzmann
equation

Abstract

The Boltzmann equation is studied without the cutoff assumption. Under a
perturbation setting, a unique global solution of the Cauchy problem of the
equation is established in a critical Chemin-Lerner space. In order to analyse
the collisional term of the equation, a Chemin-Lerner norm is combined with a
non-isotropic norm with respect to a velocity variable, which yields an a priori
estimate for an energy estimate. Together with local existence following from
commutator estimates and the Hahn-Banach extension theorem, the desired
solution is obtained. Also, the non-negativity of the solution is rigorously shown.
This work is based on a joint work with Yoshinori Morimoto (Kyoto University,
Professor Emeritus).

3.1 Introduction

We consider the Boltzmann equation in R3,

Ocf(zyv,t) +v -V f(z,v,t) =Q(f, f)lz,v,t),
{f(l”ﬂh()) = fo(z,v), (3.1.1)

where f = f(x,v,t) is a density distribution of particles in a rarefied gas with
position z € R3 and velocity v € R? at time ¢t > 0, and fj is an initial datum.
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The aim of this paper is to show the global existence and uniqueness of solu-
tion to (3.1.1) in an appropriate Besov space under a perturbative framework.
There are many references concerning well-posedness of solutions to the Boltz-
mann equation around the global Maxwellian equilibrium in different spaces.
Recently, Duan, Liu, and Xu [13] proved that the Boltzmann equation has
a unique global strong solution near Maxwellian in the Chemin-Lerner space
[N/E}OZNLE(Bg/f) (defined later: this space is a space-velocity-time Besov space)
under the Grad’s angular cutoff assumption. This was the first result which
applied Besov spaces to the Cauchy problem of the Boltzmann equation around
the equilibrium. In this paper, we consider (3.1.1) without angular cutoff by
using the triple norm, introduced by Alexandre, Morimoto, Ukai, Xu, and Yang
(AMUXY in what follows) [4, 7]. The triple norm was originally adopted to
discuss the equation in L£°(0, 00; HF (RS ,)) for suitable I,k € N. We combine
both ideas [13] and [7](see also [5, 6, 8]) to discuss the Cauchy problem without
angular cutoff. For this purpose, we later introduce a Chemin-Lerner type triple
norm, which enables us to take full advantage of the two ideas.

We discuss (3.1.1) in greater detail. The bilinear operator Q(f,g) is called
the Boltzmann collision operator and is defined by

Qf.9)(v) = /R [ B v0)0ld - fg)ioan.

where fI = f(v)), ¢' = g(v"), f« = f(vs), g = g(v), and

o UJ;U* n |v—2v*|a’ o = v;v* B \U;U*|G (0 € S?).
The operator @ acts only on v and Q(f,g)(z,v,t) :== Q(f(x,-,t),9(z, -, 1)) (v).
A collision kernel B is correspondingly defined to reflect various physical phe-
nomena. The first assumption is

U — Vs

B(v—v,ha):b( -o—) O, (Jv — v,]) > 0,

o= u.]
where ®.,(Jv—v«|) = |[v—wv.|" for v > —3. This model is physically derived when
the particle interaction obeys the inverse power law ¢(r) = r (=) (2 <p<o0),
where r is a distance between two interacting particles. Before mentioning to
the second assumption, we should recall that b is a function of the deviation

angle ¢ € [0,7], defined by cos 6 = =0, so we write b ( Vs o) = b(cos0).

To—v.|

As an usual convention, b(cos€) (6 € [0, ]) is replaced by
[b(cos 0) 4 b(cos(m — 0))] Lio<o<r/2}

so that a domain of b is [0,7/2]. The second one is called the non-cutoff as-
sumption: for some v € (0,2) and K > 0,

b ( i -0> = b(cos0) ~ KO3 (0 10),

v — v
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which implies that b is not integrable near # = 0. In the physical model of
the inverse power law potential, relations among -y, v, and p are given by v =
(p—5)/(p—1) and v = 2/(p — 1). In this paper, we particularly consider the
case when

v > max{—3,-3/2 — v}.

The latter component of this below estimate is due to a technical reason which
will appear when we derive various estimates for the collision operator and a non-
linear term derived from Q. However, it is easily verified that —1 < v+v < 1 as
long as vy = (p—>5)/(p—1) and v = 2/(p— 1), that is, all the physically possible
combinations of v and v are contained in our restriction.

We consider the Boltzmann equation around the normalized Maxwellian

n= /J/(U) = (277)_3/26_“)‘2/27

thus we set f = p + u'/?g, so that (3.1.1) is equivalent to the equation
Og+v-Vag+Lg=T(g,9), (3.1.2)

with initial datum go defined from fy = p + pu'/%go, where

D(g,h) = ' ?Q(u?g,u'/?h), Lg=Lig+ Lag:=-T(u'"? g) —T(g,pu"?).

These are the non-linear and the linear term of the Boltzmann equation, respec-
tively. It is known that £ is nonnegative-definite on L2(R?) and

ker £ = span{p'/?, '/?v; (i =1,2,3), p*/?|v]}.
The projection operator on ker £ is denoted by P, therefore for each g,
Py(x,v,t) = [a(z, 6) + v - b(,1) + [v]e(z, )] 1'/2(v).

The decomposition g = Pg+ (I—P)g is called the macro-micro decomposition,
where I is the identity map.
The energy term and the dissipation term are respectively defined by

Er(g) ~ ||9||i%oig(32/2)
and
Dr(g) = IVala:b,e)llzy g2y + 10X = P)gllrare -

Here and hereafter, Bj := B3 ;(R3). We have just showed hidden indices, and
the above norms will be rigorously defined in Section 2.
The main theorem of this paper is the following.

Theorem 3.1.1. Let 0 < v < 2 and v > max{—3,—v — 3/2}. There are
constants €9 > 0 and C' > 0 such that if

||go||i3(Bg/2) < €o,
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then there exists a unique global solution g(x,v,t) of (3.1.2) with initial datum
go(z,v). This solution satisfies

&r(9) +Dr(9) < Cllgollzz 22 (3.1.3)

for any T > 0. Moreover if fo(x,v) = p+ \/lgo(x,v) > 0 then f(x,v,t) =
pA+/pg(x,v,t) > 0.

Let us make some comments on the theorem. We note that Besov embedding
BS’f(R?’) — L>°(R?) ensures that B:237/12(R3) is a Banach algebra, that is, if f

and g are elements of B:23’/12 (R?), then so is the product fg (see Corollary 2.86 of
[11] for instance). This is the reason why we employed this space with respect
to x, combined with L L2. In this sense, we used the word critical in the title;
compare with the well-known fact that we need s > 3/2 for H*(R3) < L°°(RR3).
We also remark that the Chemin-Lerner space f)??i%(B;’/f) defines stronger

topology than L%"Lg(B%z). Thus we shall adopt the Chemin-Lerner norm to

the problem.

We review some known results, confining ourselves to research on the Cauchy
problem around the global Maxwellian. The first fruitful work was done by
Ukai [22], [23], based on spectral analysis of the collision operator and the
bootstrap argument. This is the first result obtaining a global mild solution
to the equation. Notable works following this perspective are, for example,
Nishida and Imai [19], and Ukai and Asano [24]. Most of these results were
secured in the 70’s and the 80’s. They adopted L*°-norm to estimate a solution
with respect to v. Recent study based on L2-framework has started from similar
but independent results by both Guo[15] and Liu and Yu[18], Liu, Yang, and
Yu[17]. They applied the macro-micro decomposition, which clarifies dissipative
and equilibrating effects of the equation. This allowed us to utilize the energy
method. They succeeded in constructing a classical solution in a z- and v-
Sobolev space.

There are two independent results concerning global existence around the
equilibrium for the non-cutoff Boltzmann equation. To establish a global solu-
tion to the non cut-off Boltzmann equation in the whole space, AMUXY [4, 5, 7]
followed Guo’s framework with intensive pseudo-differential calculus on the col-
lisional term, in both general hard potential case v + v > 0 and general soft
potential case v + v < 0. More precisely, when v + v > 0, [5] constructed
global solutions in L§®(0,00; Hf (RS ,)) with k& > 6 and [ > 3/2+~ 4 v. Here,
HFRS ) = {f € SRS ,); (v)'f € H*(RS ,)}. For the general soft potential
case under an additional condition vy > max{—3, —v — 3/2}, AMUXY [7] found
a solution in L£°(0, 00; L2(R3; HY (R?))) with N 3 N > 4 and another solution
in L3°(0, 00; HE (RS ) with 4 < k € N, £ > k, where

HERS ) ={f € s’mgv);l sup 1wy TP 9208 #1125 26y < 00}
a+pB|<

AMUXY [6] also studied for qualitative properties including smoothing effect,
uniqueness, non-negativity, and convergence rate towards the equlibrium. When
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the space variable moves in a torus, the global existence was shown by Gressman
and Strain [14] with convergence rates. They employed an anisotropic metric
on the “lifted” paraboloid d(v,v’) = /[v —v'|2 + ([v]2 — [v/|?)2/4 to capture
changes in the power of the weight. For the general hard potential case, their
result is sharper than [5] and covers the global well-posedness in non-weighted
and non-velocity derivative energy functional spaces L{°(0, oo; LY (R?; H2(T3)))
with V > 2. It should be mentioned that the soft potential case was also studied
by [14] in the space L;®(0,00; HE(T? x R3)) with 4 < k € N,/ > 0, without
additional condition v > max{—3, —v —3/2}. The main theorem of the present
paper improves the results in non-weighted and non-velocity derivative energy
functional spaces, given in [7] for the general soft potential case and in [14] for
the general hard potential case, respectively.

Our work is motivated by Duan, Liu, and Xu [13]. Under the cut-off as-
sumption, they studied the hard potential case v > 0 by using the Chemin-

Lerner space f/%oi:/% (Bg’/ 2), which was originally invented in [12] to investigate
the existence of the flow for solutions of the Navier-Stokes equations. One ad-
vantage of this time-velocity-space Besov space over a usual space L%L%Bg/ 2
can be explained as follows: in general, it is easier to bound dyadic blocks of the
Littlewood-Paley decomposition in L L2L2 rather than to estimate directly

the solution for the equation in L%OL%Bg/ ®. Since the global well-posed the-

ory in E%Of/% (Bg'/ 2) was established by [13] for the cutoff case, we extend their
methods to the non cut-off case by using upper bound estimates of the non-
linear term and calculation of commutators which were devised in a series of
AMUXY’s works.

There are some other papers applying the Besov space to analysis of the
Boltzmann equation. We will simply introduce some of them concerning the
Cauchy problem. Recently, Tang and Liu [21] followed [13] under the cut-off
assumption and improved the result by replacing Bg’f with narrower spaces
Bs . ((s,7) € (3/2,00) x [1,2] or = (3/2,1)). For other research, see Alexandre
[1], Arsénio and Masmoudi [10], Sohinger and Strain [20].

This paper is organized as follows. In Section 2, we review definitions of
the Littlewood-Paley decomposition, Besov spaces, and Chemin-Lerner spaces.
Taking into account the triple norm defined in [4, 7], we also define a Chemin-
Lerner type triple norm. In Section 3, we deduce Besov-type tri-linear estimates.
We have to derive three different estimates of Besov-type for the non-linear
term I', which lead us to the global and local existence of solutions. Since
o-integration on the unit sphere is significant in the non cutoff case, the non-
linear term can not be estimated by separating the so-called gain and loss terms,
different from the cut-off case in [13]. To get estimates analogous to those in
Lemma 3.1 of [13], the o-integration should be dealt with by the triple norm,
involving two velocity variables v,v’. Section 4 is devoted to deduce an a priori
estimate for the global existence. The microscopic part (I — P)g is handled
by the estimates established in Section 3, however, we cannot adopt them for
the macroscopic part Pg. To overcome this difficulty, we will bring in a fluid-
type system of (a,b,c¢). Applying the energy method to it, we will acquire an
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estimate of the macroscopic dissipation term. Local existence of a solution will
be shown in Section 5. We want to establish a solution by the duality argument
and the Hahn-Banach extension theorem, but a problem arises since, as far
as we know, the dual space of E%"ﬂ%(Bg/ 2) is unknown. Therefore, we first
find a solution to a linearized equation in a wider space L>(0,T; L*(RS ,)) and
construct a approximate sequence. Then we show that a limit of the sequence
is a solution to the equation, and it belongs to a suitable solution space indeed.
This is our strategy, however, we have to employ very delicate commutator
estimates involving the non-linear term I and cut-off functions with respect to
both x and v. Proofs of these estimates are fairly technical, so in this section
we postpone proving them and focus on solving the equation assuming that
the necessary lemmas are evidenced. Such lemmas are collected in Appendix
with proofs. Non-negativity of the solution obtained will be given in Section 6.
Known inequalities of Besov spaces and the triple norm used in this paper are
also collected in Appendix.

3.2 Preliminaries

In this section, we define some function spaces for later use. Readers may consult
[11] for this topic. First, we introduce a dyadic partition of unity, also known as
the Littlewood-Paley decomposition. Let C be the annulus {£ € R3 | 3/4 < |¢] <
8/3} and B be the ball B(0,4/3). Then there exist radial functions x € C5°(B)
and ¢ € C§°(C) satisfying the following conditions:

0<x(§),6(¢) <1 forany £ € R?,
X(E)+ > 6(27%) =1 forany & € R?,

q>0

D ¢(279¢) =1 for any { € R*\ {0},

qEZ
g = d'| = 2= supp ¢(27%) Nsupp $(277) =0,
q > 1= supp x Nsupp ¢(27%) =0,
lg—¢'| >5=29Cn2C =0,
where C := B(0,2/3) + C. We fix these functions and write h := F~'¢ and

h := F~'x. For each f € §'(R2), the non-homogeneous dyadic blocks A, are
defined by

Aaf = x(D)f = [ )= )y,

A,f = $(271D)f = 2% / h27y) f(@ —y)dy (g € NU{0})

R3
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and A,f := 0 if ¢ < —2. The non-homogeneous low-frequency cutoff operator
S, is defined by

Saf = D Agf.
q'<q—1

We denote the set of all polynomials on R3 by P. Regarding any polynomial
P as a distribution, we notice that AyP = 0. Therefore, the homogeneous
dyadic blocks A, are defined by

Bof =07 D) =21 [ b fa = )iy

for any f € S'(R2)/P and q € Z.
We now give the definition of non-homogeneous Besov spaces as follows.

Definition 3.2.1. Let 1 < p,r < oo and s € R. The non-homogeneous Besov
space B;, is defined by

By, = {f € S'RY) | I1fls;, = 2= Aqf£2)g>-1

L,r<oo}.

When r = oo, we set || fllps_ = sup 2%°[[Agf| Lz
qg>—1

Here LP := LP(R3) and this kind of abuse of notation will be used throughout
the paper.
The definition of homogeneous Besov spaces is as follows:

Definition 3.2.2. Let 1 < p,r < oo and s € R. The homogeneous Besov space
By, is defined by
By, = {f € S@®/P | Iflls;, = | 2180 fllg)aez|,, < oo}

When r = oo, we set ”f”B;T = suIZ) 2q5||Aqf||Lg.
qe

For simplicity of notations, we will write B3 ; =: B; and B§1 =: B;, as
stated in the introduction.
Next, we define Chemin-Lerner spaces, which is a generalization of the Besov

space.

Definition 3.2.3. Let 1 < p,r,a, < 00 and s € R. For T € [0,00), the
Chemin-Lerner space L%LE(B;T) is defined by

L3 LE(By) = {(0.0) €8 | Ifl 5285, < )
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where

. pp— qs
1Alzg 20 = |18 g e rda-1]),.

T B/p o/8
8uflgizee = | [ (/ ([ 1austev.pas) dv) i
0 R3 R3

with the usual convention when at least one of p,r, , B is equal to oo. We also
define L LS (Bs,) similarly.

1/«

We denote L§LJ(Bs,) by L$LY(Bs), and LELE(Bs,) by L$LE(BS). Fi-
nally, we give the definition of the non-isotropic norm || - || and the space 77,
and Tq‘fpw which are endowed with the “Chemin-Lerner type triple norm”.

Definition 3.2.4. Let 1 <p,r < oo, T >0 and s € R. ||f]| is defined by

1 = [[[ B —vesopn (s = 1 dviv.do
+ ///B(v — v, 0) f2(V W — /) dvdv.do

>, >,
=J, " (9)+Jy7(9),

and the space 7, is defined by

Tpr

Tipe = {F 1 1flz,, = || @12 Meg2p)az1 ), <o}

T S . .
Tpr 18 defined in the same manner.

I-1I is called the triple norm, and it is known that this norm is estimated from
both above and below by weighted Sobolev norms (see [7, Proposition 2.2]):

9 2 < 2 < 2 . 3.2.1
||f||H:;3 +Alze S IFF S ”fHHFﬁWz (3.2.1)

)
If p or r is an explicit number, 77, is denoted by 77, .. to avoid ambiguity.
In order to deduce Chemin-Lerner estimates in the following sections, we
will use some properties of the above spaces. See Appendix for these properties.
It must be emphasized again that || -[|;. 74 p. | is usually easier to handle than
v pr

” : HL%L?(B;;T)'

3.3 Chemin-Lerner type tri-linear estimates

We will show an important estimate of the non-linear term I' in the suitable
Chemin-Lerner space. This estimate will be used many times throughout the

paper. We denote the usual L?(R2 x R3) and L?(R3) inner product by (-, )z
and (-, +),, respectively.

36



Lemma 3.3.1. Let 0 < s < % and 0 < T < 0o. Define

1/2

AT(f,ga h) = Z 2% (A |(Aqr(f7 g)quh)z,v|dt>

g>—1

Then the following tri-linear estimates hold:

1/2 1/2 1/2
Ar(£,9.0) SUFIES 2o porm 91150 IR, (3:3.1)
1/2 1/2 1/2 1/2 1/2
Ar(f.9,h) S (||f||L; e [ e sy gt ) [E
(3.3.2)
Moreover, if v+ v <0, we have
1/2 1/2
A0 S (12 o IR
1/10 g1/2 1/2 1/2
OS2 9 YU,
1/2 1/2
(02 ol
1/2 1/2 1/2
IR W s J I, (333)

Proof. Before starting the proof of this lemma, we recall the Bony decompo-
sition. Since Z A, = Id, we have, at least formally, fg = Z A fAg.
Dividing this summatlon according to the frequencies, we obtain the followmg
Bony decomposition:

f9=Trg+Tof +R(f.9),
where

Trg =Y Si—1fAjg, Tof = A;fS;i 1y,
J J

R(L9) =Y D> Apfig

J l7—4"1<1
Using this decomposition, we divide the inner product into three parts:
(AL(f,9), Agh) = (Ag(T'(f,9) + T%(f,9) + T°(f,9)), Agh),
where I''(f,g) == 3, T(Sj-1f,A;9) = 32, T}(f,9), and T*(f, g) and I'*(f,g)

are similarly defined.
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First, we treat I'}(f, g). From shapes of supports of y and ¢(277-), we notice

AV Z(Sj_1fA]g Z Si—1fA;9),
J

|J q|<4

that is, when A, is applied to, the above summation with respect to j becomes
finite. Hence we have

A THL9 AR = > (AT}(f,9), Agh)ao
J e 19mdIS4
= > (THf9):A2h)n
l7—ql<4
SN N DRT NI
\J ql<4
S D0 Iz 1A gl e AR 22,
l7—ql<4

where we used Corollary 3.7.2 and Lemma 3.7.5. We also used the inequality
AR Lz < T1AGRM L2,

which is verified by direct calculation. Hence, we have so far

T 1/2
LN TR

g>—1
1/2
DI / S Ilzes ol 1AM 2at) . (334
g>-1 l7—a|<4

1/2
Starting from (3.3.4), we shall estimates > 29° (fOT (AL, 9), Aqh)m7v|dt)

in two different ways. Since appearing terms will be lengthy, we set

. 1/2 T
Xj—</0 ||||Ajg||||%gdt> , Yq—</0 |||||Athllilizdt>

Using the Cauchy-Schwarz inequality, embedding Bg/ 2oy LY and Lemma

1/2
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3.7.8, we have

T 1/2
> (/ (AT (f, g),Aqh)x,vldt>
g>-1 0
1/4
s 1/2
S 2 e | DL (X)P ] (Y2
q=-1 l[i—al<4
1/2\ 1/2 1/2

1/2 s S

S ey | 222 2 X > 2"y,
g>-1 li—ql<4 q2-1
1/2

1/2 1/2 s _is 1/2

< ||f\|L/mL2 2o Y Y 2 Yo (3.3.5)
q>—1 li—ql<4

Here, we defined a ¢'-sequence {c;} by ¢; := 27°X,/||g| Tia, We will use
abuse of notation c; in the sequel to express similar sequences, defined by other
appropriate 77,,-norms in each inequality. Note that all of them are in o,
Now, the double summation is finite because by Fubini’s theorem and Young’s
inequality, we have

D2 Y 2= Y [(L<a?) * ¢5)(a)

q>—1 lj—q|<4 q>—1
< Zl|]|<42 ZCJ < 00.

Therefore, we have

1/2
Z 94s (/ qu(f,g),Aqh)z,vdt> S Hf”i/j[;(g

q>—1

1/2 1/2
o [

The I'' part of the second estimate (3.3.2) is as follows. In this case, we
apply embedding Bg/2 — L to (3.3.4).

1/2
> 2" ( / AT, 9),Aqh)1,v|dt>

q>—1
1/2 <
SIS ey 20 2 | 20 A gllos e (/ |||||Aqh|||||2L§dt>
TR >0 lj—al<4 0
1/2
1/2 1/2 1/2 —j
<AL g 01 IR, D0 2% 30 277
' g=>—1 l[i—q|<4
1/2 1/2 1/2
ST o vy Mol NI,
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1/2
t . Since I'! and I'2

Next, we estimate ) 2%° (fOT (AT2(f,9), Agh)z,

have symmetry, we can similarly calculate it and obtain

1/2
> 2" ( / (AT, gmqh)x,vut)

q>—1
1/2
<N e M / S5 —1gllllzee 1A, £l AR 2 dt
qg=>—1 l[j—ql<4
1/2
< ST [ ST A fllzgre IS0z o I AGRN I 22 2
q>—1 [7—ql<4
1/2
1/2
S 20X 1Az lglae | AR,
q>—1 li—ql<4 w
1/2 1/2
1/2
<llglsa | D02 >0 1A fllegrz, S 22 AghN 2 2
i \ ST g>—1
1/2 1/2 1/2
S MUZE 23 91552 IR,

where we used Lemma 3.7.9. Since ||g||,r;,/222 < ”9”77%,/22,2 and Byl < B2 when

s9 < 81, we can deduce that

- 1/2

s 1/2 1/2 1/2
S ( / (Aqr%f,g),Aqh)x,m) SV A 1y [
q

Therefore the estimates of the second part I'? for (3.3.2) and (3.3.1) are com-
pleted.
Finally, we calculate the third part I'>. Recalling the size of supports of

F[A, f] and F[A,g], first we have

ST it A | =4 > > (Ajf.Ajg)

Joli—s'1<1 max{j,j’}>q—2j—j'|<1

We notice that the summation concerning j is not finite at this time. How-
ever, double summation appearing later can be shown finite. Similar to I'!, an
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estimate of I'® with respect to « and v is

1/2
22" ( / [(AL(S, 9)7Aqh)w,v|dt>

q>—1
1/2

DIE DY / Iz e M1 As9 M 2 [ Aghll 2 dt | (3.3.6)

qg>—1 j>q—3

Using the Cauchy-Schwarz inequality with respect to t-integration, we have

1/2
> 2" < / Aqrg(f,g)7ﬁqh)m,v|dt>

q>—1

1/2
g5 1/2 1/2
S 2 2 ey | 2o Mgz | (WA, )
q>-1 i>q—3 '
1/2 1/2
1/2 s s
<A fa gy (22 20 27 MAglIs, ) (D0 2 1AMz, )
q>—1j>q—3 q>—1

1/2

1/2 1/2 1/2 g
SN 1o g 91, IBIZE, | D0 2% 30 27%%;

g=>—1 jzq—3

The last factor of the previous line is finite because

Z 243 Z 2_jsc] Z c;j Z =95 < o,

g=>—1 Jj=>q—3 jz—4 j—q=-3

Here we applied Fubini’s theorem and Young’s inequality again. This is an
estimate corresponding to (3.3.1). Moreover, we calculate that

1/2
> 2" ( / (AT, 9),Aqh)m,v|dt>

q>—1
1/2
1/2 1/2
SO 2P e | D WAz | IAGRNI
g=>—1 j=>q—3
1/2
1/2 5 1/2
S e | 22 20 22 MAgllezsz | I,
q>—1j>q—3
1/2 1/2 1/2
U v S

Combining the above estimates properly, we obtain the second estimate (3.3.2).
For the third estimate (3.3.3), we apply Corollary 3.7.3 instead of Corollary
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3.7.2. Then the completely same argument of (3.3.2) yields (3.3.3). Notice that
all we have to do is to replace f with x*/19f in the first term on the right hand

side of (3.3.3), and to replace 77 , and 7’;’/222 with L® L2(B2) and L%L%(Bi’m)

)
respectively in the second term. O

3.4 Estimate on nonlinear term and a priori es-
timate

Inserting certain functions into the inequalities of Lemma 3.3.1, we first estimate
some non-linear terms by the energy and the dissipation term. After that, we
will derive an a priori estimate. In this section, we decompose f into pu+ u'/?g,
and all Lemmas are statements on this g.

Lemma 3.4.1. Assume 0 < s < % Then we have

. 1/2
S o ( / |<Aqr<g,g>,Aq<I—P>g>|dt> < Ver(9)Pr(g).

g>—1

Proof. We divide I'(g,g) into I'(g,Pg) and I'(g, (I — P)g), and estimate the
respective terms. Using (3.3.1) of Lemma 3.3.1, we obtain

T 1/2
q>-1 0
S92 o v | =Pl S VER(9)Dr(9):

When v+ v > 0, (3.3.2) of Lemma 3.3.1 yields

T 1/2
> 2 < /0 (AT (g9,Pg), Ag(I— P)g)|dt>

qg=>—1

1/2
Pl )
T,2,2

1/2 1/2 1/2 1/2
SI@-Pygl7? | (ngnLéT Ly PO 0l o
S Ver(9)Drl(g),

where we used the following inequalities:

912 3 22y S gl g2, S IPgllzas + IT=Pgll o2~ Dr(g)
[Py

T o2 S ||9||L;°£5(B;)'

The first inequality is deduced by Lemmas 3.7.7-3.7.8, and the fact that ||-[[zz <
-l 2 S - I when v+ v > 0. We recall [P f]| < || f|lz2 and Lemma 3.7.8

v, (v+v)/2
for the second one.
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When v+ v <0, (3.3.3) of Lemma 3.3.1 similarly yields

1/2

T
> 2 (/O (AT (9, Pg), Ag(T— P)g)|dt>

q=-1
S 091 ey PO = Pgl?
10 £ gy [P 1T =PI,
I e HPglliCip(B,s) (T-P)gl7y,,
v, (v+y)/ v
s (AP | ] oy [ B TP

S VEr(9)Dr(g)

Owing to the fact [Pgll < llgllz2, IPgllzecz2(5:)
estimated. So are ||Pg||7_7§/22:2 and ”PQHLZTL,%(BS/Z)'

, are similarly

O

Lemma 3.4.2. Let ¢ € S(R3) and 0 < s < 3. Then we have

. 1/2
3 o (/0 ||Aq(F(979)a¢)|2Lgdt> < Er(9)Pr(9)-

g>—1

Proof. First, we consider the case v+ v > 0. Together with the decomposition
I'(g9,9) = I'Y(g,9) + T%(g,9) + I3(g,9), the generalized Minkowski inequality
gives

3

T 1/2 1/2
(/ ||Aq<r<g,g>,¢>%gdt> Z(/ 1A, )a¢)||%§dt>

1/2
< X (/ 18,0 (S;-19. 4, >,<z>>||%gdt>

l7—ql<4

1/2
+ D (/0 [1Aq( (JgaSj—19)7¢)|%gdt>

[i—ql<4

1/2
> ) (/ 18q( (ggyﬁjg),szﬁ)lligdt>

max{j,j’'}>q—2 |j—j'|<1
_.7l 2 3
=1, +1;+ 1.

By using Corollary 3.7.2 and Lemma 3.7.5, each term is calculated as follows:
We use the macro-micro decomposition g = Pg + (I — P)g to estimate the first
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and third term properly. Then we have

T 1/2
S EDIEDS ( / / ||Sjlgnignmjpgn?dwdt)

g>—1 q>—1 li—ql<4
T 1/2
Y e 3 ( I/ ||sj_1g||%g||AJ<I—P>g||2dxdt>
g>—1  |j—q<a \"0
T 1/2
< Z 29 Z (/ |g|%%Lg°dt> “Ang||L%°L%L§
-1 |j—ql<4 \"0

T 1/2
+ > 27 > gllozrare (/O IIIAj(I—P)QIIII%gdt>

g>—1 [7—ql<4
S 19013 12 gsers) 1Pl 2 222y + 191 1o 22y | T = Pl
< Er(9)Dr(9),

T 1/2
do2err< > 2% 3 [ Asgllreere, (/0 |||||Sj_1g||||%;odt>
q=>—

q=—1 1 li—ql<4

Slollzgza sy l9llzsz, S Er(9)Prlg),

T 1/2
o2 < > > 2% Ajgllpeere (/O |||||Pg|||||%;odt>

g>—1 qg>—1j>q-3

. 1/2
+ ) > 2|gllizerare (/O |||Aj’(IP)9||”2Lidt>

q=2—1j'>2q-3

Pg||¢7§(2§2 19l e 12 p2r2) [T = P)gll7z ,

< HQHE%OEE(B;)
S Er(9)Dr(9)-

When v+ v < 0, apply Corollary 3.7.3 instead of Corollary 3.7.2 for the
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estimate of I;. Then we have

T 1/2

q>-1 >-1  |j—q|<4
T 1/2
DD ( |/ ||Sjlgn%gnmja—P>g||2dwdt>
a2-1  |j—ql<4 \"°

“+v)/2
SU@ T2l s 1o 52 IPGl 1 13 )

+ ||9||i%oig(Bg/2)H(I —P)gll7z,,
< Er(9)Dr(9)-
Other parts follow in the same manner. O
As for the upper bound of the linear term £ we have

Lemma 3.4.3. Let ¢ € S(R3) and s > 0. Then we have

. 1/2
S o ( / ||Aq<c<xp>g,¢>||i;dt> < IT- Pyl

g=>—1
Proof. Since it follows from Corollaries 3.7.2 and 3.7.3 that
[Aq(LA—P)g,¢)r2
< ‘(F(u1/27 AgI=P)g),¢)rz| + ‘(F(Aq(l —P)g,u'?), )12

SUAT=Plgl+ 8,0 -Phglliz o).

we obtain the desired estimate. O

We next estimate derivative of the macroscopic part.

Lemma 3.4.4. It holds that
||Vl(aab7 C)”E%(Bim)
S ||90H5%(Bg/2) +&r(g) + (X — P)9||Tq§/22_2 + &r(9)Dr(9). (3.4.1)

Proof. We start from (3.1.1). Multiplying the equation by 1, v, and |v|? and
taking v-integration, we have the following local macroscopic balance laws:

at/ fdv+V, - vfdv =0,

R3 R3

at/ vfdv+Vm~/ vRufdv =0,
RS R3

6t/ |v|2fdv—|—Vx~/ |v[?v fdv = 0.
R R
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We decompose f into f = p+ p'/%g and further decompose g into g = Pg +
(I-P)g = g1+ g2. In order to express the above balance laws with the macro-
scopic functions (a, b, ¢), we need to calculate some moments of Maxwellian

L.
(17/1') =1, (|Ui|27/1') =1, (|U|27:u) =3,
(lvil o5 1%, 1) = 1 (i # 4), (vil *, 1) = 3,
(loPlvil?, 1) = 5, (lo[*, 1) = 15, (Jo|*[vi[* 1) = 35.

Keeping these values in mind, we compute that

/ fdv =1+ (a+ 3c¢),
R}

/ vfdv =b,
RY

/ [v|? fdv = 3+ 3(a + 5¢),
R}

/]RB vvjfdv = 0;; + (a+ 5¢)d;; + (vivjul/Q,gg),

v

/RS [o]*vfdv = 5b + ([v]*vp'/?, g).

v

Here, 6;; is Kronecker’s delta. Inserting these identities into the balance laws,
we have

O(a+3¢)+V,-b=0,
0ib+ Vy(a+5¢) + Vi - (0@ vpt/?, go) = 0,
30u(a+5¢) + 5V - b+ Vo - ([v|*vp'/?gs) = 0.

This is equivalent to the system

D~ 5V (o, 2) = 0,
Oib+ Vai(a+5c)+ V- (v® vul/Q,gg) =0,
Orc + %Vm b+ %Vm (JvPopt’?, g2) = 0.
Next, we rewrite (3.1.2) as
Org1 +v-Vgeg1 = —0g2 + R1 + Ro,

where Ry = —v-V,g2 and Re = —Lg2 +I'(g,9). We rewrite this equation once
again so that we express the equation in terms of (a, b, ¢).

Drap? + (Db + Voa) - op'? Y " (Brc + Obi)|vil /2

+ Z(ajbl + aibj)vivjulﬂ + V.c- ‘UlQU/,cl/z = —0igo + R1 + Rs. (342)

i<j
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Here, 0; = 0,,. We define the high-order moment functions A(g) = (A;;(9))sx3
and B(g) = (Bi(g))1x3 by

1
Aij(9) = ((viv; = 85", 9), Bi(g) = 15 (0] = B)vips' 2, g).
Notice that these functions operate only on v and

[4i5(9)l, IBi(9)] < Cllgllz2

v (v /2
since we take inner products of g and rapidly decreasing functions. Applying
A;; and B; to both sides of (3.4.2), we have

[“)t(Aij (gg) + 20(5@') + (%bl + &bj = Aij(Rl + Rz),

0:B;(g2) + 0;c = Bi(Ry + Ry).

Thus, we obtained the following system:

dra — 3V, - (|v[Popl/?, g2) = 0,

b+ Va(a+5¢) + V- (v@opt/? go) =0,

e+ 5V b+ Vo - ([0]Pop'/?,g2) = 0, (3.4.3)
at(Aij(gg) + 265”') + 8Jbl + aibj = Aij(Rl + Rs),

0:Bi(g2) + 0ic = Bi(R1 + Ra).

We derive the desired estimate from this system. For later use, we define the
energy functional

E, (9)
E,(9)

E,(9) + 02E5(9) + 03 E; (9),

Z(Bi(Aq92)7 aich)v

E2(9) = Y (Aij(Agga) + 284¢8ij, 0;A0b; + 0iAgh)),
,J

E3(9) = (AghV.Aga).

02 and d3 are two small positive numbers, which will be chosen later. First, we
apply A, with ¢ > —1 to (3.4.3). We have

dAqa — %v$ ) (|U|2UILL1/27 Agg2) =0,
OAD+ Vi Ay(a+5c)+ V- (v® opl/?, Ayg2) =0,
OhAyc+ %Vm “Agb+ éVI . (|v|2vu1/2, Ngg2) =0,
0(Aij(Agga) + 2A84¢i5) + 0;Agb; + 0; Agbj = Aij(AgR1 + AyR»),
0 Bi(Agg2) + 0;Aqc = Bi(AgR1 + Ay Ry).
(3.4.4)
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In what follows, by (3.4.4),, we denote the n-th equation of (3.4.4). Multiplying
(3.4.4)5 by 0;Aq4c, we have
d
%(Bi(Aq@%aiAqC) — (Bi(Aq92), 0:A¢0rc) + HaiAqC”%g
= (Bl(Aqu + AqR2)7 @ch).

By Young’s inequality it is obvious that
C
(Bi(AgR1), 0;Aqc) < 5||8ich||2Lg + ;vaAq%HQij N 7

for small positive e. We note that if ||g]|; .7, < 00, the Cauchy-Schwarz
T ~v

(B2'%)
inequality gives (g(z,-,t),¢) € igs(Bi/z) for any ¢ € S(R?). Also, that
1/2
lgll 2. < oo implies 32,292 () [ 1(Agg(w, 1), 0)Pdz) " < oo for any
T,2,2
¢ € S(R?). In order to estimate (B;(Agg2),0;A,0:c), we use (3.4.4), and
partial integral. As long as f, g € Bg,/f, (i, Ngg) = —(Agf,0:0,9). In-

deed, if f € B%Q, A, f is also in B;/f C H'. Moreover, that f € L* implies
Ayf € Cg°. So both (0;A,f, Ayg) and — (A, f, 0;A4lg) exist and the same.

1 1
(5:(8052),0:8,00)] = | (B5:(Bug). 3V 8,0+ {V. - (o, D) )|

C
< el VaAgblls + ;IIVqugzlliz

2.
v (vivy2le

Here we set ||VoAqd| L2, = ||V ® Agd| L2, for brevity. From this inequality,
we have for small A’ > 0 and &1 > 0,

d
T B ()TN [Valgel7z < erl[Valgbl7
Cro A o2 C A B
+ a”vx 6192||[‘3(_H_V)/2L3c + g zl: ||B,L( ng)HLg. (345)

Next, we multiply (3.4.4), by 0;A;b; + 0;A4b; and take summation with 7 and
j. We remark that
10;Agbi + 0iAgbjl|72 = 058¢bil172 + [10:8qb; (172 + 2(8; Agbi, DiAgby)
= 0;8qbill 72 + 10:86b; (172 + 2(0:8gbi, 9 Agb;).-
Thus,
Z Haqubi + 81'AquH2L§ = ZHVqubH%E +2[Va - AquQLga
,J
and this implies
d o
s (9) = D (Aij(Agg2) + 204¢dij,0;8404b; + 0;A,0,b))
,J

+2[Valgblliz + 2 Ve - Aghll7s = (Aij(AgR1 + AgR2), 0;Agb; + 0;Agb;)).
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Substituting (3.4.4), to eliminate 9;A4b, we have
[(Aij(Aqg2) + 284¢0;5,0;840,b;)|

<ainj( qg2) +20;A4¢0;5, 0;A (a +5¢) + 0; - ZU Uik v Aq92)> ’
l

C
< el ValgallZs + ;IIVmAqCIIQLg HV Aqg2 |

(+)/2$

and other terms on the left hand side are similarly estimated. Hence, for small
g9 > 0 we have

dtZE2 (9)+N IV 2gbl|72 < ea]|VaAgall72 +— ||v Agel7a

2}

||V Dogolle o +Z||Aw (AgR)|IZ2. (3.4.6)

irj
Lastly, from (3.4.4), we have

d
)~ 2 Bebi 0 210) + Vol = =5 (0 die)

%

—Z (%, Dggs), 0iAga).
Eliminating 0;A4a by (3.4.4),, we have

d
71 Ea(9) + N Vahgaliz < ClIVLAG b, e)llZe + ClIValgallze

(347)

For sufficiently small d and d3 with 0 < d3 < 02 < 1, taking summation
(3.4.5) + 92(3.4.6) 4 03(3.4.7) and then choosing small € and €2, we obtain for
small A > 0,

d
S E(0) + NIVadg(ab O3z S IVaBggalds
+ LRl + 3 B ol (48)
,J

Integrating (3.4.8) on [0,7] and taking the square root of the resultant in-
equality, we have

IVag(a.b, Ol z22 < /I Ea(a(0))] + /1 Eolg
+[|Va AQQQHL 2

2+ Z |4 (AqR2) L322

4,J

+ Z [ Bi(AqR2)l L2 12 (3.4.9)

ENCTYPY S
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Multiplying this inequality by 2¢/2 and taking summation over ¢ > —1 yield

IV (a,b,)ll 5 prrzy) S D 292\ 1Ea(gOD]+ Y 292 /[Eq(9(T))|

g>—1 g>—1
/201 4. .
tloellzgze sy 20 D0 2 (A R) 15 1
4,j q>—1
+30 3 272 By(AGR) |13 12 (3.4.10)
i g>—1

Here we used Lemma 3.7.7 to estimate the sum corresponding to the third term
of the right hand side of (3.4.9) by | g2/ ;2 ;- pa/2y- This term is governed
T "o (’Y+V)/2( 27

by [|g2|l 32 since || - || L2 <10 The other four terms on the right hand
T,2,2 v, (v+v)/2

side are estimated as follows. The Cauchy-Schwarz inequality yields

D2 IE () S D 272 [IValg(abye) (@)llez + [Aq(b, ) (1)]] 22

g=>—1 g=>—1
+||Vﬂchg2(t)”L3L§] .

Using Lemma 3.7.7 once again, we have

> 292 [1Eq(9(0))] £ 1901172 (272 > 272 /IE(9(D)] S Erlg).

q>—1 q>-1

Applying Lemmas 3.4.2 and 3.4.3 with ¢(v) = (vv; — 8;;)u'/?(v) and ¢(v) =
16 ([v]* = 5)vip!/?(v) implies

2 2 PG (AR gy +3 ) 3 2B AR llngz

iJ g1 T g>1
S llgzll o2+ Er(9)Dr(9)-

Therefore, substituting the above four inequalities into (3.4.10), we finally ob-
tained the desired estimate. O

At the end of this section, we derive an a priori estimate of the energy and
the dissipation terms.

Lemma 3.4.5. It holds that
Er(9) + Dr(9) S lgoll 12 g2z, + (E7(9) + VEr(9)) Pr(9).

Proof. Applying A, to (3.1.2) and taking the inner product with A,g over
R3 x R3, we have

(0:Aq9,8q9) + (V- AgVag, Agg) + (L£(Ag9), Agg) = (Ag1(g,9), Agg)-
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Since AyVag = V,A,g, we have (v- A;Veg,Agg)r2 = 0. Moreover,
(Aqr(gvg)v Ang)L%
- / Buiﬂ(Aq(g;g') — Ay(9+9))APgdvdv.do
R3 xR3 xS?2

1

T2 / BA(9:9)Ay(Pg) 1l + (Pg)Lpu//?
2 RS xRS xS?

- Pg,ui/2 — (Pg).p'?)dvdv,do
=0.
Therefore, we have

1d

5 7 18a0l7z 2 + 22012, X =P)g)lllI72 <[(AgT(g,9), Ag(T—P)g))l;

where \g is taken in Lemma 3.7.4.
Integrate this inequality over [0,¢] with 0 < ¢ < T, take the square root of
the resultant inequality and multiply it by 23¢/2. Then we have

t 1/2
23972 Agg(t)l L2z + /A02%/ </0 - P)Aqg(T)lﬂing)

, 1/2
<228l + 2 [ 100,80 - Plar)
0

We take supremum over 0 < ¢ < T on the left hand side and take the summation
over ¢ > —1. Together with Lemma 3.4.1, we have

||g||f,9rof,%(52/2) + VoI = P)QHT;’/;Q < Hgolljg(ggﬂ) +v&r(9)Dr(g)-
(3.4.11)

We now use Lemma 3.4.4. Taking summation 6(3.4.1) + (3.4.11) with small
positive §, we have

(1 — 5)5t(g) + (\/ Ao — 5)”(1 — P)QHT;,/;Z + (SHV:D(CL b, C)Hi%(Bim)
S ||90||i3(33/2) + (VEér(g) +Er(9))Dr(g).

The proof is complete by choosing sufficiently small 4. O

Since (3.1.3) follows from Lemma 3.4.5, the existence of a unique global
solution in Theorem 3.1.1 is a direct consequence of Theorem 3.5.2 in the next
section, concerning the existence of a local solution. The non-negativity of
solutions to the Cauchy problem (3.1.1) is sent to Section 3.6.

ol



3.5 Local existence

3.5.1 Local existence of linear and non-linear equations

Lemma 3.5.1 (Local existence for a linear equation). There exist some Cy > 1,
€0 >0, Ty > 0 such that for all 0 < T < Ty, go € L2(BY?), f € L2 L2(BY?)
satisfying

Hf||13;oig(3§/2) < €o,

the Cauchy problem

g‘t:O = 9o,

admits a weak solution g € L>([0,T]; L*(RS ,)) satisfying

HQHE%OE5(33/2) + ||9||Tj'§/222 < Co(||90||i3(33/2) + \/T||f||i%oig(33/2)) (3.5.2)

Proof. Consider
Q=-0+ (v -Vat Ly =T(f,")),

where the adjoint operator (-)* is taken with respect to the scalar product in
L*(RS ). Then, for all h € C*°([0,T],S(RS ,)), with h(T) =0 and 0 < ¢ < T,

1d

Re(h(t), Qh(t))w = —ia(HthLgm)
+Re(v - Vil h)ey + Re(Lih, h)aw = Re(D(f,h), By
1d 1
> — 223 ,) + SR - ClA@)3,

- C||f||L°°([0,T]xRﬁ;L?(Rg))|||Hh(t)|||H%g ,

because L is a selfadjoint operator and Re(v -V h,h)r2 = 0.
Since L L2(BY?) ¢ L*°([0, T] x R3; L2(R3)), we have

d 1
1 Gl IO P =l [ IGT[I7
< 2e*h()llz , QR ALz ,

if ¢ is sufficiently small. Since h(T) = 0, for all t € [0,T] we have

1
IRz, + SN e, 71 xr2)

T
. 2/ T (7 |2 [1QA(T) |2 , dr
t

< 2T bl L o miz2me )1 QAIl L (0,71, 223 ) S0 that

92



1l oe o172 RS, )) < QeQCT”QhHLl([O,T],L%Rg,U)y (3.5.3)

T,V

Consider the vector subspace
W= {w=Qh:heC=(0,T],S(RE,)), h(T) =0}
C LY([0, 7], L*(RS ,))-

This inclusion holds because it follows from Proposition 3.7.10 that for g € L,

(T ) gz | =10 T(f,9) ez | S ez llgliez NRl2ar, )
and hence, for all ¢t € [0, 7],
ITCf ) hllez , S g2y bl Lz (o

Since go € L*(RS ) we define the linear functional

+V)'

g : W —C
w=Qh + (g0, 7(0)) 2, — (Lof s h)r2(o,1522 ) »

where h € C>([0,T],S(RS ,)), with h(T) = 0. According to (3.5.3), the oper-
ator @Q is injective. The linear functional G is therefore well-defined. It follows
from (3.5.3) that G is a continuous linear form on (W, || - |1 (0, 1y;22(=s ,)))s

G < ligollzz, NAO) 12z, + Crlfllzorzz Ikl orizaes )
< C’T(HQOHL%,U + ”f”LOQ([O,T];Li,U)) 1QRI L1 0,77 L2 Rz )
= 1 (llgollzz, + 1oz ) lwll 2 qoryraes ) -

By using the Hahn-Banach theorem, G may be extended as a continuous linear
form on
L'([0,T]; L*(Rg ),

with a norm smaller than C/. (||90HL2 1 Nl oo jo,m522 )) It follows that there

x,v

exists g € L°°([0,T]; L*(RS ,)) satisfying

gl o.mnoe ) < Cr(llgollzz, + If e omiez ) )

such that
T
vw e L0, T I3(RS,)),  G(w) = / (9(8),w(t)) 12 _d.

This implies that for all h € C§°((—o0,T),S(RS ,)),
T
g(0n) = [ (a(t). Qh(t))13,
0

T
= (go7 h(O))Li’v - /0 (£2f<t) ) h(t))Liyvdt :

93



This shows that g € L>([0,T]; L*(RS ,)) is a weak solution of the Cauchy
problem

(3.5.4)

atg+v ' vzg+ﬁlg = F(f7g) 7£2f7
glt=0 = go-

It remains to prove that g satisfies (3.5. 2) Here we only give a formal proof,

temporarily assuming g € L¥L2(B%?) N 'TT 5.2, because too many ingredients
are required for its rigorous proof which will be given at the end of this section.
Formal proof of (3.5.2): Applying Ay(q > —1) to (3.5.4) and taking the inner
product 239A qg over RS . we obtain

T,V

d 3q 3q 2
22 1A < MAqgllz:

<A () Agd)yy + 2SI, + O Agg2,,.

Integrate this with respect to the time variable over [0,¢] with 0 < ¢ < T, take
the square root of both sides of the resulting inequality and sum up over ¢ > —1.
Then it follows from (3.3.1) of Lemma 3.3.1 that
9l 7oz +i|| | <CIfIEE; gl
g L?L%(Bii/?) \/5 g 7"1:;3,/22’2 =~ L°°L2 (B3/2) g 7'3/2
+ 2(”90”i%(33/2) + \/T”fHE%OEE(BSM) + v CT”Q”E%OE%(33/2)> . (355)
O

Theorem 3.5.2 (Local Existence). There exist €1, T > 0 such that if go €
L2(B3?) and
”gOHif’,(Bg/z) S €1,

then the Cauchy problem (3.5.4) admits a unique solution
glz,v,t) € LPLA(BY?) N Tl -

Proof. Consider the sequence of approximate solutions defined by

a n+1 v n+1 E n+1:F n n+1 *,C n
{tg +v-Vag" ™+ Lag (9", 9""") — Lag™, (3.5.6)

gn+1|t:0:90, (n:0;1a27"'7 gO:O)

Use Lemma 3.5.1 with g = ¢"*!, f = ¢" and T = min{Ty, 1/(4C3)}. Then we
have

9" 252 £2(or2y + 119" ll 7372, < €0, (3.5.7)

inductively, if €7 is taken such that 2Chye; < g¢. It remains to prove the conver-
gence of the sequence

{g", neN} C LFLA(BY?) N oL, .
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Setting w™ = g"*! — g, from (3.5.6) we have
w4 v - Vyow™ + L1w™ =T (g™, w™) + D(w" 1, ¢g") — Low™ !,

with w™|;—o = 0. Similar to the computation for (3.5.5), we obtain

1 1/2
W™ | fos z2 32y + 7\@\\w"||77'5{232 < C(HQ”HE/OTCEZ(BS/Q)||w"||T;/;2
_ 1/2 1/2 1/2
+ww1m;93mngugu|wén
_ 1/2 1/2
VT 2 oy 0 1 o) -

If £g and T are sufficiently small then we have

1 _
HwnHE%OE%(Bs/z) + ﬁ”u)nHTq\?/;2 < A ||wn 1||E%0E3(BS/2)

<At ||w1HL;9Lg(Bs/2)
for some 0 < A < 1, which concludes that
{g"} is a Cauchy sequence in L¥L2(B%?)N T7§/222,

and the limit function g is a desired solution to the Cauchy problem

Og+v-Veg+Lg=T(g, 9), gli=0o=9o-

3.5.2 Rigorous proof of (3.5.2)

The preceding proof of (3.5.2) is formal since we a priori assumed the left hand
side of (3.5.5) is finite. The rigorous proof requires more involved procedure.
We start by the following lemma.

Lemma 3.5.3. Let 0 < s < % and 0 <T < oo. For M € N put foy =Sy f =
M—1

Z Agf. If g satisfies

g=>—1

T
2
Moz = | [ NolPdaat < oo, (359

then there exists a C > 0 independent of M such that for any k > 0

905 T
qzz_lm (/o [(AgL'(fa1,9)s qg)zv|dt>

1/2
< O o ey 9z,

1/2
+ Onl a2 o vy WM 22 (3.5.9)

1/2
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where Cpy > 0 is a constant depending only on M and

oo 2q5
H9H7;g3:: j{: 1i;7;;5g|HL5q9mHL§L§~
qg>—1

Proof. We notice that ||g||7s» < oo for each £ > 0 follows from (3.5.8). The

proof of the lemma is the almost same procedure as the one for (3.3.1) of Lemma
3.3.1. Indeed, recalling the Bony decomposition, for T''(fs, g) we obtain

24s T 1/2
> 15 e (/O |(Aqu(fM»9)aAqg)x,v|dt>

q>—1

1/2
<X s AN S L PRIV TP
li—ql<4
12\ /2
< 17112 2% A d
I s | 2 g | 5[ sl
q>—1 li—aql<4
12\ /2
2" ! A 2, dt
X Z 11 ro2as ; I q9||H|L3,
qg>—1
1/2
SN o gy 9725,
similar as (3.3.5). As for I'?(fys, g), we have
- /T 1/2
EEpTyrT [(AT2(far,9), Dgg)a,oldt
qzz—1 L+ w2200\ Jo !
1/2

> | T / 108100 185 Far 2, 1A gl 2

|J q\<4
M+4 9as 1o 1/2
S T (nfMHLMLZ(Bg/Q)H||SM+4g||||L2TLg|||||Aqg|||Lm>

q>—1
1/2
L°°L2

< Cullfullzc o oy Mlollloz ez

Since

SN (ApfuAjg) | =4, > > (A Ajg)

Joli—3'1<1 max{j,j’'}>q—2 [j—j'|<1
—0ifqg>M+3,
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the term corresponding to I'® is estimated as follows:

M—+2 94s T 1/2
o (AL (fars 9)s Dgg)aoldt
w2 g, 1/2
< Z [Een > / Iz e A9l 22 1 Aggllll L2 dt
F<M+1
1/2
< cMHfMHL{,OLg(Bg/Q gl 2z -
Thus the proof is completed. O

For each fu; (M € N) we consider a weak solution gy, € L>([0,T}; L*(RS )
to the Cauchy problem (3.5.1) with f replaced by far. If gas satisfies (3.5.8),
then by the same procedure as in the formal proof of (3.5.2) we obtain

23q/2

A .
X T g, o)l + ol

1/2
< c’nfni;p(m/z lgnt sz

23
+2( Y 18gg0lle + VIl g5 2 o2y + VOT

1+ 939
o 11—1— K234
93q/2 1/2
< 3 T 208, Ve O Ol e M-

Choose a small T' > 0 independent of M and . Then letting kK — 0, we get
HgM”i%Oi%(Bs/z) + ‘|9M||TT§{2%2 < 00,

which permits the preceding formal proof and we obtain the energy estimate
(3.5.5) for each gar. Set war v = gm — gars M, M’ € N. Then it follows from
(3.5.1) that

Ovwnr, v + v - Vownr mr + Lawar, v
=T(fum — furs gn) + D(farr, war i) — Lo(far — forr) -

3/2 ), it is easy to see that {gas} is a

Since { fas} is a Cauchy sequence in L L2(B;

Cauchy sequence in L"OL2 (B3/ Hn T3/222, by the similar manipulation as in the

proof of Theorem 3.5.2. Since g = N}lm gar belongs to L L2(B3/?) N 7’;’/222,
—0o0

the preceding formal proof is justified.

It remains to show (3.5.8) for a weak solution gy € L>([0,T]; L*(RS ,)),
under the assumption that || faz]| Lo ([0,T]xR3;Ly(R3)) is sufficiently small, inde-
pendent of M, and moreover ||V farl| Lo ([0,7]x®3;L,(r3)) < 00. For the brevity,
we write g and f instead of gp; and fy;, respectively.
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Let us take different 1 > 0,8’ > 0. We use a weight function Wy (v) =

(0'v) N for N > 1 and mollifiers M%(D,,), S5(D,) defined in subsections 3.7.4,
2

3.7.6, respectively. Multiply Wi (v)S(;(Dx)<M5(DU)) S5(Dy)Ws: (v)g by the

equation (3.5.1), and integrate with respect to t € [0, 7] and (z,v) € RS. Notice
that

(r( f.9), W Ss (Mﬁ)gsgwg, g) - (r( £, M®SsWiig), M°Ss Wi, g)

z,v

= (WoT(f.9) ~ DU Wirg). S5 (21°) "55Wirg)

z,v

T,V

+ S(;F f7 W(s/ — F(f, San/g), (M(S)QSgWg/g)

z,v

(ss1(

+ (F £, 8sWsrg) — Q(u'"2 f, Ss Wi g), (M6)255W6’9)
(m°Q
(

T,V

+ (MPQ(uY2f, SsWarg) — Q(u*/?f, M555W5’9)’M655W6'9)

T,v

+ (QU21, M 55 Wirg) = T(f. MO S5Wig), MO S5 Wirg)

T,v

=M+@)+B)+ @) +(5).
It follows from Proposition 3.7.19 and Lemma 3.7.23 that

T
/ (D)t S 6" fll = o.r1xmz.23) 1) * Wargll 2o ryxre )
0

< |[1M2° SsWor gl 2 (fo, 71 <2 (3.5.10)
By means of (3.7.29), we have

T
/ (2)dt < 51_V/2||Vf||L;<jz(L3)||<U>|7|/2+VW&9||L2 ([0,T] xRS )
0

T,v

4
x || M S5W5'g||L2([O,T]><R3 H;//Z(R%)) (3.5.11)

because .
o
(1+46(5))™

It follows from (3.7.11) and Lemma 3.7.23 that

< o)),

T
/ (3)+(5)dt 5 Hf||Loo([o,T]ng;Lg)H<U>(7+V)/2W5'g||L2 ([0,T] xRS )
0

x,v

< |1 A2° SsWer gl L2 (o, xme2) (3.5.12)
Thanks to Proposition 3.7.21 and Proposition 3.7.22, for a 0 < v/ < v we have

T
4)dt S ||f ) oo 2y (I1M° 85 W
/o (4)dt S | £l (o, r)xr3;L2) ( [|1M° S5 59||L2 (OTIxRYH 12 | (@)

+ [ ()T W&QH%%[O,T]XRE,U)) :
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Note that for any €, k,¢ > 0 there exist Cy . ¢ > 0 and Ny > 0 such that

Allgvra-e < &llRll v + Creellblis,

(see for example Lemma 2.4 of [16]). Therefore we obtain

T
[ @0 £ 0o oyt (RIS Wars a1y e
+CK||<U> W‘S/QHQLQ([O,T]XREU)) (3513)

for a sufficiently large N > 0. Summing up (3.5.10)-(3.5.13), for any x > 0 we
obtain

T 2
/ (T(f,9) W S5 (M?) $sWarg) b < (Chllfllege, 22 + )
0 z,v

X IM° SsWsr g1 22 (o, xms) + Cros ll (0 o) Wi gl 220,71 xR )

x,v

(3.5.14)

by means of (3.7.2). Similarly we obtain

/O ! (Elg, W Ss (Mé)zséw(;/ g)wdt

T
> / (£1M5S5W5/9,M555W6’9> dt
0

z,v

)\0 N
- ?HH|M5S(5W5’g|“||2L?(([O,T]><]R§,) + C[{v) Wé’QHQL?([O,T]x]Rgm)'
(3.5.15)

To handle v - V,, term, we use the similar device as in (3.2.4) of [3]. Indeed,

(v V.9, Wy Ss (M5)255W5rg)

z,v

:([M(s,v]~V155W5/g,M655W5/g> < 2| M°SsWyrgll3ams ) (35.16)

s

because |(VeM?(€)) - (nSs 77 )| < NoM?(€)|6n|S(dn) < 2M°(£)Ss(n). 1t follows
from Lemma 3.7.4 and (3.5.14) (3 5.16) that we obtain

N
AL S5 W gl 2 o 1y < O (100 WagliEoo myme,y + lg0llEacag )
if Cl”fHL"TCI(Lg) < Xo/8. For arbitrary but fixed 6’ > 0, we get
W gllIZ2 (o, 7yxrs) < Co

by letting § — 0.
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2
We repeat the same procedure without the factor (M g (DU)) , that is, mul-

2
tiply (Wg/ (v)Ss (Dz)> g by the equation, and integrate with respect to t € [0, 7T
and (z,v) € RS. By the same way as (3.5.10), we get

/ (e, (wesa) )

< 6/V/2

dt

- (F(f’ Wi g), (56)2W5'9)

x,v z,v

11|z o, r1x2:22) NIWor gl T2 0,77 <2 -

By using (3.7.2) for (F(f, Wsg), (55)2W5/g) , we obtain

xT,v
/
0

Since (v - Va9, (W(;/S(;)Qg)r , =0, by letting § — 0 we obtain

L(f,9), (We Ss 29
(rtr0), (Warss) 9)

dt S F oo o.m1xz22) W gl Z 2 (0,71 xr3) -

z,v‘

(Ao = Cull fll o= (o,r1x2;22 ) MWar gl 72 (0,77 xR3)
S 5”/”|||W5’g"|||2L?(([O,T]><R§,) + ||g||%2([O,T]><]RgU) + ||90||2L2(]Rg,v) ;

because of Lemma 3.7.4 and (3.7.18). Finally we obtain (3.5.8) by letting 6’ — 0.

3.6 Non-negativity of solutions

The method of the proof is the almost same as the one of Proposition 5.2 in
[6]. For the self-containedness, we reproduce it. If {g"} is the sequence of
approximate solutions in the proof of Theorem 3.5.2, and if f* = pu + p'/2g",
then {f™} is constructed successively by the following linear Cauchy problem

{ Ottt v Vo "= O, 1),
o= fo=n+p"%9 >0, (n=0,1,2,---, fO = p).

Hence the non-negativity of the solution to the original Cauchy problem (3.1.1)
comes from the following induction argument: Suppose that

fr=p+pu?g" >0, (3.6.2)
for some n € N. Then (3.6.2) is true for n + 1.
If we put f? = p~Y/2f" = u/2 4 g™ then f" satisfies

{ 8tf'n+1 T - Vgcfnﬂ _ F(fn,fnﬂ),
fn+1|t=0 = fO :U1/2+90 >0, (n: 0,1,2,---, fO :U1/2)~

(3.6.1)

(3.6.3)

It follows from (3.5.7) and Lemma 3.7.9 that fOT 77113 < dt < oo, and hence,
if f; = j:max(:l:f”,()) then we have

T T
[ e+ [ e < oo
0 0
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by means of the same argument as in the proof of Theorem 5.2 in [6]. Take the

convex function 8(s) = $(s7)% = 1s(s7) with s~ = min{s,0}. Let ¢(v,z) =

(1+ |v|> + |=|>)*/? with o > 3/2, and notice that

B et o= (4 8) (o)

= " p(v,2) € L=([0,T]; L*(R] ).

Multiply the first equation of (3.6.3) by B, f”“ v,2)72 = ff“ v,2)"2 and
y Y 2 2

integrate over [0,¢] x RS . (¢ € (0,T]). Then, in view of 3(f"*1(0)) = fg,,/z =

0, we have oY
[ B O)plo,) 2o
= [ [ 2@ @) i ), 0) 2 daduds
0 R6
[ [ o Ve G et s
0 R6

v.2)% v -V, ov, )2 fntl v. )" 2drdvudr

+/O/RG(@(’) Vep(v,2)7%) B(f"TH(1)¢(v, 2)~*dadvdr,

where the first term on the right hand side is well defined because

T T
/0 LI oo dt +/0 I oot < o0
Since the second term vanishes and |v - V, (v, z)72?| < Cp(v, z) "2, we obtain
BTN p(v, 2) "2 dady
R6
¢
< [ ([ x@ @ 7w a5 ) etv, ) dodo)dr
0 “JRe
¢
—I—C'/ B THT)) (v, 2) " 2dadvdr .
o Jre
The integrand (-) of the first term on the right hand side is equal to
[ T e e, a) e
R6
+ /Bui/Q(ff)’( ety frtlo(v, o) “2dvdv.dodzs
=A; + Ay.

From the induction hypothesis, the second term A, is non-positive.
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On the other hand, we have
A= /(F(fn’ (v, @) ), (v, @) ) L rgyda + R
== [ Calot, ) FH) 0, 0) ) gy
" /(F(gn’ p(v,2) 1), (v, ) ) 2 gy da + R,

where R is a remainder term. It follows from Corollary 3.7.20 with f = f” that
for any k > 0

t t
—1 fm+1 2
[ mar < [ [ hete P o) P
t ~
0 [ [ B ) p(w.0) Pdedudr.
0 RS

By means of Lemma 3.7.4 and Corollary 3.7.2 with (3.5.7), we obtain
t t
| v <—0 = Clnrea) [ [ elosa) o Pdodr
0 o Jrs

+C, /t BT ) (v, x) " 2dadvdr .
0 R6

Finally we get

BUHE) (v, 2) Pdady S / t BN (r))e(v, ) dzdvdr,
R6 0 R6

which implies that f**1(¢,z,v) > 0 for (¢, z,v) € [0,T] x RS.

3.7 Appendix

3.7.1 Fundamental inequalities and Besov embedding the-
orems

First of all, the following lemma plays the central role in this paper.

Lemma 3.7.1. Letv € (0,2) and v > max{—3,—-3/2 —v}. For any o > 0 and
any B € R there exists a C = Cy g > 0 such that

[(C(f,9),h)ez | < C(Ilu”loflng lgllin

+ £z llgllze 11l 2

(3.7.1)

(v+v)/2+a—8 <v+u>/2+ﬁ)’

This lemma will be proved in the next subsection together with another
upper bound estimate. If we put & = § = 0 then we obtain [8, Theorem 1.2],
namely,
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Corollary 3.7.2. Let v € (0,2) and v > max{—3,—3/2 — v}. Then it holds

[(C(f.9), P)rz| S If ez llgllind- (3.7.2)

In the case v+ v < 0, we employ the following, by setting o = —(y 4+ v/)/2
and 8= (y+wv)/2or 0.

Corollary 3.7.3. When v+ v <0 we have
(T(r.9). 1) | S 16 f s bl Il

+ 11z

(v+v)/2

min {llglzz [Bllze, lgllzalbllz 3. (3.7.3)

(v+v)/2 (v+v)/2

We also need the lower estimate of (L£if, f) and the upper estimate of
(Laf, f), respectively.

Lemma 3.7.4. Let v € (0,2) and v > —3. Then there exists a constant Ao >
such that

(£1f, D)z > 5 (L5 Dz > Mol X P)FI

-3 -3
[(Lofr9)rz| S M Flloz '

The first and second inequalities of the above lemma are from [7, Proposition
2.1] and [7, Lemma 2.15], respectively.
We catalogue a couple of lemmas which are frequently used in this paper.

L2 gHLg-

Lemma 3.7.5. Let 1 <p < oo and f € LY, then there exists a constant C > 0
independent of p,q and f such that

[Aqfllzz < Clifllze, 1Seflle < Cllfllee-
In short, Ay and S, are bounded operators on LP.
Lemma 3.7.6. Let 1 < p,r <oco. Then

1. B;,{ — Bf,%. when so < s1. This inclusion does not hold for the homoge-

neous Besov space.
2. B;/lp — L* and B;’/lp — L when 1 <p < o0.
Lemma 3.7.7. Let 1 < p,q,r < o0 and s > 0. Then we have
192 lza iy ~ - lzgeszry |- Dzsssy S 1 Nzsess,)-
Lemma 3.7.8. Let 1 < p,a,B,r < oo and s > 0. If r < min{a, 8} then
Hf”L%Lf(B;”_) < HfHE%EE(B;,,) and HfHL%LE(B;,,) < ”fHE%Ef(B;,,)'

For the proof of Lemma 3.7.5, Lemma 3.7.6 - Lemma 3.7.7 and Lemma 3.7.8,
readers may refer to [11], [26] and [13], respectively.
We prove a useful lemma to deal with terms consisting of ||| |||/ zee-
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Lemma 3.7.9. For each T > 0, we have

. 1/2
</ ||||f||||%;odt> S Az -
o 2,

Proof. By definition of || f|| and using both generalized Minkowski’s inequality
and Besov embedding B2 L2, we calculate that

T 1/2
( / ||||f||||%godt>

T 1/2
< l / / B {u* sup(f' — £)% + ("2 = 1/"/?) sup ff} dvdv*dadt]
0 T T
T 1/2\ 2
31 A 2
SINE u*(ga ([18u7 - pyeas) )
, 1/2\ 2
(M2 2 (Zﬁl (/Alf*|2dm) > dvdv,dodt
1
T .
3 VO [ B{n2iair - pe
1/2

(U2 — )23 A, f*|2} da;dvdv*dadt] = fll72, -

1/2

3.7.2 Proof of Lemma 3.7.1

In this subsection we also give another upper bound for I', which is a supplemen-
tary variant of [6, Lemma 4.7] concerning the range of the index of the Sobolev
space.

Proposition 3.7.10. Let 0 < v < 2, v > max{—3,—v — 3/2}. For any ¢ € R
and m € [—v/2,v/2] we have

‘ (F(f’ 9) h) L2

hS 2 vizkm || P rrz—m . 3.74
e glgermin e (374
We decompose the kinetic factor of the cross-section into two parts,

O(|2]) = |2]” = [2["po(l2]) + 2" (1 = wo(]2])) = c(l2]) + Po(]2]),

where g € C§°(R), Supp o C [—1,1];¢(t) =1 for |¢t| < 1/2, and put

BC:¢0(|U_U*|)b(”’”* a), Ba:q>é(|v_u*|)b(”’”* .g).

o —v.] v = v.|
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Accordingly, we write

Q(fag) = Qc(fvg) +Q5(fvg)>

and

Proposition 3.7.11. Let 0 < v < 2,7 > max{-3,—v — 3/2}. Ifm €
[—v/2,v/2] then we have

[(Qc(f:9), I S |2 gl e szem ([Pl o s2=om -

Remark 3.7.12. For any ¢ € [1,2), let v > max{—3,—v — 3 4+ 3/q} and
—v/2 <m <min{r/2,3/2 —v/2}. Then we have

[(Qc(f:9), M| S 1l allgll gresaem ([l o r2=mm -

This proposition is an improvement of [6, Proposition 2.1], concerning the
lower bound of m, where it was assumed m > v/2—1. For the self-containedness
and the convenience of readers, we repeat the detail proof, including the general
case pointed out at the above remark.

For the proof of Proposition 3.7.11, we shall follow some of the arguments
from [6]. First of all, by using the formula from the Appendix of [2], and as in
[6], one has

(@.lf9.0) = | b(é )[Rl — €7) = Bel€IF(E)F(E — E)R(E)dedE dor

:/ dfdg*dcﬂ—/ . dedEdo
€= 1<5(€x) €= 1>5(¢x)
:Al(fagvh)+A2(f7gah) )

where f(€) is the Fourier transform of f with respect to v € R? and £~ =

3(&—[€lo).
Then, we write A2(f, g,h) as

Az = / (|§\ )1|5 >3 (e yOe(6e — €7) F(€0)3(E — &)R(€)dedE, do.

2

= Ay (f.g,h) — A2,2(fagvh)'

/<|§| )1\5 21y Pe(€) F(6)9(€ — E)R(€)dEdE do

While for A;, we use the Taylor expansion of <i>c at order 2 to have

Al = Al,l(fag7h) + A1,2(f7ga h)

where

Arq = /b & - (V‘i’c)(g*)l\gf|g%(g*)f(§*)§(§ — &)h(€)ddE, do,
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and Ay 2(f, g,h) is the remaining term corresponding to the second order term
in the Taylor expansion of d.. The A;; with i,j = 1,2 are estimated by the
following lemmas.

Lemma 3.7.13. For any q € [1,2], let v > max{—3,—v — 3 + 3/q}. Further-
more, assume that m < 3/2 —v/2 if ¢ < 2. Then we have

[Aval =+ [Aval S I FlzallFll e rzem Bl e rz=m -

Proof. Considering firstly A 1, by writing

__ &€ £ £ §
=B (G )) (- ()
2 \\gl /el ¢l 2
we see that the integral corresponding to the first term on the right hand side
vanishes because of the symmetry on S?. Hence, we have

Av = [ K€€FEE - IhEdecs..

where

K(&,&) = /S b(% ~0) (1 = (éj U)) § (V) (€L <y e,y do

Note that |[V®.(&.)] < ﬁ, from the Appendix of [7]. If v2[¢| < (&),

~

then |£7| < (&)/2 and this implies the fact that 0 < § < /2, and we have

w/2

On the other hand, if v/2|¢| > (£,), then

m(&a/@ley 1 ve1
‘K(f’g*m/o ’ d9<§*><‘°‘§+>”“5<§*>3+” (<<££>>> '

Hence we obtain

1
|K(&,6)] S o {@lﬂfﬂf*)

TL51e1> € >1e12 T (é@)) 1<£*><|s|/2} : (3.7.5)

Notice that

<§> S <f*> ~ (€~ §*> Ol Supp 1<g*>2\/§|§\
(€) ~ (£ — &) on supp 1ie.)<je|/2 (3.7.6)
(§) ~ (&) 2 (€ — &) on supp 1\/5\5\2@*)2\5\/2-
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Take an € > 0 such that 3+ + v > 3/q +&. Then we have

_1_©, B ki G W
<€*>3+'y <£*> VEEIS (e ~ <§*>3/2+7+V_€

in view of /2 —m —3/2 —e < 1. Replacing the factor ((£)/(&+))"1(.)<j¢|/2 on
the right hand side of (3.7.5) by

(7P TmMe — gy

(&0 ’
we obtain
2 A (3 A (T M (3 S (St 0 A
|K(§1§*)| S <§*>3/2+'y+u—a + <£*>3+’y+u
+ Le—ns(en) e (O e =) (31

()T e

Putting §(€) = (€)/>"3(€), h(€) = (€)"/* ™h(€), we have

h fE)l -
Anil? < ( L e ( L £*>;;§§3+'V€|g<5—5*>|d5*> d5>

€l FEN 5o
+ /R . >3+y+yl 9(& — &) Pdede, / m >3+,Y+y|h(§)\ déde,

2

F(EDP Lie—ems / 2
ro (6)TTT (g - €4) &
= K*+ AB+ D¢,
by the Cauchy-Schwarz inequality. It follows from Holder inequality that

~ 1/2
|f (&)
K S gl g rzsm 1Rl grosz—m (/ —Hdg*
R3 <§*>3+2(’y+ )

S I Nzallgllereszem | All zrosz=m

where we have used the fact that

FE,
L E e s 1l

if £>-346/q for ge[1,2) and ¢ >0 for ¢ =2 (3.7.8)

by means of || f|| .o < || fllze with 1/¢+1/¢' =1 for g € [1,2] .
Since it follows from 3 + v + v > 3/q that (£,)” %) ¢ L4, the Hélder
inequality again shows

/(&)
AS/R3 7 >3+7+,,d5*||gllm/z+m S zallglpoem s B S llpallbl 2 -
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Note that

1 .
Leenste) 4o o) T I v/24m <3/
€)Y e .

. log (&) if v/2+m>3/2.

Since 3 + 2(y + v) > 0 when ¢ = 2, together with 6 + 2y + v — 2m > 0, we
get D < ||f||2., which concludes the desired bound for A;; when ¢ = 2. In
the case where ¢ € [1,2), it follows from (3.7.8) that D < || f||%, because of
v/24+m < 3/2.

Now we consider A; 2(f,g,h), which comes from the second order term of
the Taylor expansion. Note that

1 ~
M= [b(0) [ dr(THbo (e — e )€ P AE e - €)E dodsis..
Again from the Appendix of [7], we have

1 1
(S M (W LR

(V2@ (€. —7€7)| <
because || < (£,)/2. Similar to A; 1, we can obtain
Aral 5 [ R €€ )il — € )he)ass..

where K (€,£,) has the following upper bound

el—ude <£>2

<§*>3+"/+2

~ min(7/2, (&) /(2|€]))
R(66) < /

0

<1 ©\?
~ et <<€>> Lagi<ien T 1vaig= e 2ie /2

+ (<<§k>>)y 1<5*>§|5|/2} ;o (379)

from which we obtain the same inequality as (3.7.7) for K(&,&,). Hence we
obtain the desired bound for A; . And this completes the proof of the lemma.
O

Lemma 3.7.14. For any q € [1,2], let v > max{—3,—v — 3+ 3/q}. Further-
more, assume that m < 3/2—v/2 if ¢ <2. Then

[ Az 1|+ [Az2 S fllzall £l reszem [Pl grosz—m .

Proof. In view of the definition of As o, the fact that |£|sin(0/2) = |£7] > (&.)/2
and 6 € [0, 7/2] imply v/2|¢| > (£,). We can then directly compute the spherical
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integral appearing inside As 5 together with d. as follows:

L
‘/ e’ Pe(6)be- 23 6 00 5@@ ValE| 2 (6)
P m<§—s*>"/2+m
- (€
Lie— * * v/2—m v m
' <g*>3+v+u53—fn><§<§_2*>v/2+m O e ), (310)

which yields the desired estimate for As .
‘We now turn to

Aur = [ DYy elee — €)F€IE - €)h(E)dodsd.

Firstly, note that we can work on the set |, - £&7| > %|£*|2. In fact, on the
complementary of this set, we have [£, - £7| < 1|¢7|% so that |& — &) 2 |&],
and in this case, we can proceed in the same way as for Aj 9. Therefore, it
suffices to estimate

Ag1p = / b > 1 Lie. o> 1 e 2 Pel&e — §7) F(E)I(E — E)R(E)dod€d. .

By

L= 1¢)ze/2le-cosie.—en) T Lenziezlie-e)> . —¢) T Lie<iel
we decompose
1 2 3
AZJ»P = Ag,%,p + Aé&,p + Ag,i,p .
On the sets for above integrals, we have (£,—£7) < (&), because || < || that
follows from [€7|? < 2|&,-67| < €7 |€«]. Furthermore, on the sets for Agip and
2

Ag,i,p we have () ~ (&), so that sup (b 1|§7‘2%<5*>1<5*>2|€|/2) < l\E‘ISIE\/\@
and (& — &) < (€). Hence we have, in view of v/2 —m > 0,

~

<I> 21
AN P /| = P eersie ) e g

1/ 2m <£ E* > V+2m

. / (€ - 5*>”/ 2HG(e — )PP h(E) P dodede, .

Note that 3 + 2(y + v) > 0 when ¢ = 2, together with 6 + 2y +v — 2m > 0.
Then, with u = &, — &~ we have

Lot o
2,1,p /|f &l {Sgp <u>—(6+2v+u—2m)/Md€+}d€*

M3 /2m

< lglF /2
SUANZ Mgl e PN T 2
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because d€ ~ déT on the support of 1|£*\S\£I/\/5' In the case where ¢ < 2, we

use the condition v/2 +m < 3/2. If ¢ = 1 then v+ v > 0, and by the change
of variables £, — £~ — u we have

R 1
1 —(6+2y+v—2m (w u)
AL 2 <Rl 2o / (= (O 21 v—2m) / S dodu

SIAIE gl sz Ve o 2

If 1 < g <2, then 34+~ +v > 3/q and by the Holder inequality and the change
of variables u = &, — &~ we have

1) o ) ) ) . 2(q—1)/q
ALY P <1912 2 1l e ( 1o >d§*)

1 a/(2—q)
—(6+2y+v—2m (&t —u)<(u
(S (e [ )

SIANZa gl rem

2/q—1

-

As for Ag’p we have by the Cauchy-Schwarz inequality

.i)c *_ * v m a
|A§?%,pl2§/' o ’”f(“‘us €0/ (& — &) Pdodze,

f >
<I> - * v/2=mj,
Since it follows from 3+~ +v < 3 / q and Holder inequality that
B (&, — *
[ e M e 45 < 15,

we have the desired estimates for Ang'
On the set Ag’i’p we have (§) ~ (£ —&,.). Hence

i)c E - f * v m A
|45, 5/“&*\2%@‘ € <§>V)||f(§ )||<§f£*> 2Ema e — )P dode de,

(i)c « =& f * v m

We use the change of variables in &, u = & — . Note that [ > F(u+£7)
implies |£7| > (u)/+/10. If ¢ = 1 then v + v > 0 and we have

D, (& — )| f (&
/bl‘£ ey 2l @J” () e

il [ (f'>) ()~ du < s -
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On the other hand, if ¢ > 1 then this integral is upper bounded by

Be(e — ) (€T 1f )
/b1|£ 23 >V/¢Z< >V/Q’ <€>V/q' dodé,

o ot — e, )
I2hE (e, — gy 7
b G N
x e N T3 od.
()] R
< /blslzw)Wdadu 11l Lo

du
SJ / <u>q(3+v+y) ”fHL‘? )
(3)

where 1/¢ +1/¢' = 1. Hence we also obtain the desired estimates for Ay .
The proof of the lemma is complete. O

Proposition 3.7.11 is then a direct consequence of Lemmas 3.7.13 and 3.7.14.
The following lemma is a variant of [6, Lemma 4.5], where the roles of g and
h are exchanged.

Lemma 3.7.15. Let 0 < v < 2 and v > max{—3, —v — 3/2}. Then for any
a >0 and any 8,5 € R we have

(r(r.90, ) - (@urg)n)
S0 gl (PG 1AL 0 )

+ 1Az gl 1]l 22

- (v+7v)/2+a—p’

(v+~)/2+8'

e el gl el bl e (3.7.11)

= /// B(v — vy, 0) fulg — ¢')dvdv.do.
R3 xRS xS§?2

Remark 3.7.16. If v > —5/2 then the last term of the right hand side of
(3.7.11) disappears.

where

Since it follows from Lemma 2.12 of [6] and its proof that

DM [£1, W) h) S (e Fll @) I S N O bl e

Hiy iy o4p

we have the following;

71



Corollary 3.7.17. Let 0 < v < 2 and v > max{—3,—v — 3/2}. Then for any
a >0 and any 8,5 € R we have

(r(s.9), h)LQ — (QU"21.9).h)

S HMl/lOfHLz”gHL?wu)/z—ﬁHhHH(Vw/iu)/wB

+ 1 fllzz_llgllz2 Pl . (3.7.12)

(v+v)/24a— (vtv)/2+8’

L2

Proof of Lemma 3.7.15. We write
(), = (Quirgnn) = [ B (1 = ) (1) gh dodv.do
— 2/3 ((M;)l/4 - ui/“) (ni/* 1) ghdodv.dv
2
+ /B ((p;)l/4 — u1/4> fegh/dodv.dv

+ 2/3 (% = ) (2 ) g0 = mydodo.dv
=Dy +Dy+Dj.
Note that
((u;)l/4 - ui/4)2 < 2((#2)1/8 - ui/8)2 ((u;)”4 + ui/4)
< min(|jv — v,|0, 1) min(|o’ — 0|8, 1) ()4 + (min(|v' — 0.0, 1))2ui/4 .
By this decomposition we estimate
D] 5 DY + DY

Since |v — v| ~ |v — v}| on supp b, we have

) S (0 —v)+ W) S (v—20) <1+ <v>)

(v —vi)

(v = v} (Vi) S (v = va)(v)) onsupp b,

N

and hence
()ALl S @D ()Y (0a) ™ ful (0 = 0,)* for any o > 0.

Noting (v>ﬂ/ < (v - vi>ﬁ/ (v;>|ﬂ/| on supp b for any ' € R, by the Cauchy-

~
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Schwarz inequality we have

: [xg 2
(Dél))2 < /B|v — 0,** L)y, >1 min(jv — v,]?6%,1) ———— ) dodv.dv
<<v>.<> (v)" )

X /B|v — U*|2ﬁ/1‘v_v*|21 min(|v — v,|?6?, 1)(ui/8h)2dadv*dv
. /B|U — 01y 102 (% fop /1) 2 dodv, dv

2
i

where we used the fact that (vi) ~ (v') ~ (v) ~ (vi) on supp bN 1}, _,, <1, and
2v+4> —3. As for Déz), we have

2
(D) S i 32Nz

SIFI3 lols

2 9
)/2+ (v+y)/2+8’

2
L

2 )
)/2 (v+v)/2+8’

thanks to the factor ui“ instead of ,u;1/4.

By the Cauchy-Schwarz inequality we have for any 8 € R
2 2 1
Dal 5 ([ B = ) 1t L1 (0) ) dordv o)

x (/Bui/ﬂf*\(u)” (h’ - h)Qdadv*dv)m

1/2

/2

= (Do )" (st 1.1)
We have

Dau 4 1,0) < 2(DUn 71 @) + [ BI () = @) Wodudo.do)

<D 1 @) )+ It flle bl

2

because it follows from the same arguments in the proof of Lemma 2.12 in [6]
that

.0 _
@7 = 0°| S sin 2 (@ @ o + 07 o = 011
(3.7.13)
The similar method as for D§2) shows

&< ||,,1/10 2
Dy S e flleallolzz -

To estimate D; we use the Taylor formula
() = = (V) (v) - (WL = v)

+/O (1-7) (V2u1/4)(v* + 7Vl — ) (W, — v, )dr.
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By writing

v;—v*:w{(o-k)k—a}—i—

V — Ux V — Ux

(1-k-0), k=

BCECAk

we see that the integral corresponding the first term on the integral of D,
vanishes because of the symmetry on S2. Therefore, we have

|D;| < /Bmin(|v — 0,162, D) fLghdodv, dv
+ /B min(|v — v, 262, 1)ui/4f*ghdodv*dv

< /Bl|v_v*|21 min(|v — v, 262, 1)u1/4f*ghdadv*dv

1/10 Nl/loh
b [ Bl = o 0 10g) S oo
* [v — v, ]/
< ||,,1/10
IOl lgll el
H 0 f e 1 g 2l O 2
in view of 2y +v +2 > —3. O

Since we may replace B1j,_,, |>1 by Bg in the proof of Lemma 3.7.15, under
the condition v > —3, it follows that for any 5,5’ € R and for any a > 0 we
have

(ve(r.9). 1), = (Qelu*f.9).0)

S e l0) Pallzz @) Rl

(v+7)/2

+ 1 fllz2 Ngllz2 o IRllz : (3.7.14)

(v+v)/2+a (v+vy)/2+8’

By means of Lemma 3.2 of [8], we get, for any a > 0 and any 8’ € R,

S flle2 gl
+ 1 fllz2_ Nlgllz2 IRl L2 : (3.7.15)

(v+v)/2+a—p’ (vt+)/2+8’

‘ (Fé(fa 9), h) 12
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Now we write
(Petri0) b) , = [ B (g ~ fg)hdvdv.do
= /Bc (u’l” - u*l/“)(u”“f)*ghdvdv*da
+/Bc(ui/4 ’1/4) fegh'dvdv,do
+ /Bc (u’i“ - m”“) ("2 f),g(h' = h)dvdv.do

/B e ((u1/4f);9/ — (‘ul/4f)*g) hdvdv.do
=L+L+I:+ 1.

The estimation for I is just the same as in the arguments starting from the
line 14 at the page 1021 of [8], by replacing f by u'/4f. Then we have |I;] <
[ f|| 2 llgll IRl On the other hand, the estimations for Iy, I, I3 are quite
the same as those for Dy, Dy, D3, respectively, in the proof of Lemma 3.7.15.

Therefore, (Fc(f, 9), h) Lo has the same bound as the right hand side of (3.7.15).
Thus the proof of Lemma 3.7.1 is complete.

It remains to prove Proposition 3.7.10. To this end we state a variant of [6,
Proposition 2.5] where the roles of g, h are exchanged.

Proposition 3.7.18. Let 0 < v < 2 and v > max{—3,—v — 3/2}. For any
£,8,6 € R and any small € > 0

() Qel£9) = Qel . )" 9), 1) | S £ 2

20 s sll9lez Bl yoior-

Proof. Tt suffices to write

(<v>ch(f, 9) = Qc(f, (v)"9); /B (v) )f*ghdvdv*da
+ /Bc(<v’>z — (v) )f*g(h’ - h)dvdv*da
—Jit s

The estimation for Jy is quite the same as in the proof of [6, Proposition 2.5]
As for Jq, we use the Taylor expansion, with v, = v + 7(v' — v),

W) = (v)' = V<<v>£) (v =)+ /01(1 —7)V? (<v;>‘) dr(v' —v)%. (3.7.16)

Since we have




and the integral corresponding to the first term vanishes because of the symme-
try on S?, it follows that

7] < ‘/b(cos@)@csin2(ﬂ/2)|v —ul(19(w"))
—|—/01 |V2<<U’T>£>|d7')|f*gh|dvdv*dcr

< / o — 0, [T ()T
lv—v.|<1

4
< |((w)P) — g,

[v — v, |(V—1+o)F
Sz, MalZz IR o
§

which, together with the estimate for Js, gives the desired estimate.
O

Proof of Proposition 3.7.10. Here we only prove the case m € [—v//2, 0] because
the other case was essentially given in [6, Lemma 4.7]. Note

(Qu(f9): 1) = (Qe(f. (0)'9). () ‘1)
+ () Qelf, ()" 9) = Qelf, () 9), () 'h).
It follows from Propositions 3.7.11 and 3.7.18 with 8 = ¢, § = 0 that
(Qe£:9): )| S 11152l 2 Il oo

where we have used m < 0. By means of [3, Theorem 2.1] (see also (2.1) of [6])
we have for any m,/ € R,

(Qe(r.9) 8)| S £l L P

ot 4 (v+)t +v)

Above two estimates and Corollary 3.7.17 concludes (3.7.4) when —v/2 < m <
0.

O

3.7.3 Commutator estimates with moments

Let Ws(v) = (5v) Y for 0 <6 <1 and N > 1.

(111(9), W529> — (El(Wag), ng)

L2 (R3) L2(R3)

- /Bﬂi/“‘u’i/z(wé — W} g Wsgdvdv,do

1
2 / B 'Y (Ws — W§)2g/ gdvdv,do

IN

1
5/BM(Wg — Ws)?g*dvdv.do ,
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where we used the change of variables (v/,v},0) — (v, vs,k) and the Cauchy-
Schwarz inequality. Note that we have

1
[Ws(v') = Ws(v)] S/ [VWs(vp)ldr|v" — o], v =v+7(0" —v)
0

1
< 6/ Wy (L) (00) Hdr|v — v, sing
0
< 620 — v, | 20Ws (v) (0, )N T2/
< 82 0) oW (v) (0,) N 2, (3.7.17)

because (0v2)"" < (6v) ' (v,) and dlv — v.| < (Sv)(v.). Since it follows from
Lemma 2.5 of [7] that

/meWﬂM%mswV”,
we have

’(ﬁl(g%Wﬁg < 87|g]122 . (3.7.18)

(v+v)/2

- <E1(W59)7 W59>L

)LQ(Ri) 2(R3)

Proposition 3.7.19. Let v > max{—3,—v — 3/2}. Then we have

— (T(£, Wsg), 1)

‘(F(f, 9), W5h>

SN f e IWogllze 1l o)

+ 82| 1 I Waglle Dt f, )2,

(v+v)/2

L2(R3) L2(R3)

(Hh”L?VJr’Y)/Z

for any N1 > 0 and any 0 < V' < wv satisfying v+ v > —3/2.
Proof. Note that

(v(f.00.Wish) - —(T(1 Wsg),h)

L2(R3) L2(R3)

_ / Bu'Y* (W} — W;) f.gh'dvdv,do
_ / B2 (W — W) f.ghdvdu,do
11/2 1/2 / /
+ /B(,u = )f*(W(; — Ws)gh'dvdv,do
+ /Bui/zf*(wg — Ws)g(h' — h)dvdv,do

=A; + Ay + As.

(s



Note that

o — 0" S ) () or @)W o -] > 1,

(0) ~ (V) ~ (V) ~ () 3 o —wi] <1,

We divide
A, :/ ...dvdv*do'+/ - -dvdvdo = Ay + Ag .
l[v—v.|<1 [v—v,|>1

Using that

/1/4
*

|,u;1/2 — ,u}k/2| < min(Jv — .6, 1),u>1k/4 + min(|v — v,|0,1)p
we estimate as follows: |Aa 1| S [A3 ] + \A§/1| Then for any N; > 0 we have

Wsg W
™ W)™

2
S 61//2 / (/ |U _ ,U*|2"/+2+Vd,u*> Wi\/gl
[o—v.|<1 (v)
/

1/2
X bo?| f..|?
/ £l <v’>N1

S 5u/2||f||L2||W69||L3N1 1z, -

dvdv,do

A5 < 52 / v — 2002 | £,

[lv—v4|<1

1/2

dv

2
dvdv,.do

Similarly we have the same upper bound for A3 ;. As for Az, it follows from
the Cauchy -Schwarz inequality that

A3, < 2/ BfA(Ws — Wi)2g? (1, + u/?)dvdv, do
jo—v.|>1

2
X /Bh2 (u*1/4 fu'i/zl) dvdv,do
<S8 / (v) 60| £ Wisg P dvdv.dol|hl|Z,

S TSR WaglZa I3

/2

where we have used the fact that, if |v — v,| > 1,
v — 0.7 (Ws — W)H)2 < 6% ()T 02W2 min{ (v,) T2V yDIF2N+Hy

because of (3.7.17) and it with v, replaced by v,. By means of the Cauchy-
Schwarz inequality, we have

Al < /Bui”f*(wg — Ws)2g2dvdv,do x D(u?|f], ).
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The first factor on the right hand side is estimated above from C§” times

N2 fl | Wagl2

(v+v)/2

1/2
+/(/ | |v—v*|2(7+l/)dv*> ||M1/4f||L2HW59||iiN1
v—y|<1

because it follows again from (3.7.17) that

v v UV — Uk Tty
o= 108 W £ SO0 o+ T 1}
v

Therefore we also have the desired bound for As.
In order to estimate A;, we use the following Taylor expansion of the second
order; with v/ = v+ 7(v/ — v),

Ws(v') — Ws(v) = VWs(v) - (v —v)
1
+/ (1 —1)V2Ws(vh)dr (v — v)% (3.7.19)
0
Similar as in (3.7.16), we can estimate the factor Wy — Ws by

[VWs(0)|[v = v.]6% + [V2Ws (0])[[o — v.[*6?
< Wi (0)(60) " o — 0|02 + 82 Ws(02) (602) o — v, |62
< YPWs(v) o — v, 02w ) T2 4 8 Wi (v) v — v 702 () VTV (3.7.20)

Consequently, for any 0 < v/ < v satisfying v+ v/ > —3/2, we have

AL < 572 / / ()L oo o1 i £ Wsghldudo,

’ Wég h
v/ / / o o2y dvdv,
‘ ‘ | <1 <’U>Nl ‘1} —1}*‘”//2<’U>N1
v/2),1/4
S &N o Wagloa, el
2
h 1/2
+6”/2(/ f*Q/ _— dv)dv*)
| £l PPN
2
W / 1/2
X (/ i\g / v — v, |27 dv*)dv)
<U> ! [lv—v,|<1
S0 (Wl Wbl + IWslse Wl ).
O

The following corollary is a variant of Lemma 4.9 in [6], which is used to
prove the non-negativity of solutions.
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Corollary 3.7.20. Let v > max{—3,—v — 3/2} and let p(v,z) = (1 + |[v|? +
|2[2)%/2 for o > 3/2. If we put W, = p(v,2)~ 1, then we have

(o), wen) = (TG W) )
S 112 Weslz, (el + 1l g2

+ A2 IWoglzz D f )2,

(v+v)/2

for any Ny > 0 and any 0 < ' < v satisfying v+ v > —3/2.
Proof. Instead of (3.7.17) and (3.7.20), respectively, it suffices to use

W, () |</|VW drv' — o], o = v+ 70 —v)

/ W ( dT\v—v*|smg
S OW, () (v.)** (1\1,_1,421 + [0 = 0Ly <1)
and
W, ()l — 0,162 + [V2Wp (0] |0 — v, 6°
S W )() ™o — 0,162 + Wi (0)(0}) o — 0,262

S 92W¢(U)<1}*>Ot+4(]_|v,m|21 + |’U — U*|1|v7v*\<1>~

3.7.4 Commutator with v derivative mollifier

Since the kinetic factor of the collision cross section is singular, we must confine
ourselves to a special order of the mollifier. Let 1 > Ny > v/2 and let M°(¢) =

for0<d<1.

b
(14 5(5)™

Prop051t10n 3.7.21. Assume that0 < v < 2 and Y > max{—3,—3 —v}. Then
for any v' > 0 satisfyingv — 1 <v' <v and v+ v > —3/2 we hcwe

(M°(D) Qelf.9) = Qulf, M*(D,) 9). 1)
S W22 102 (D)gl g g

Proof. We shall follow similar arguments of Proposition 3.4 from [9]. By using
the formula from the Appendix of [2], we have

@ = [[[ | b(eo)bele —€) —dule)

< f(£)3(& — E)h(€)dedE.do

80



where {~ = (£ — [£|o). Therefore

(M°(D) Qel£.9) - Qul f,M% ) >h)

- [[[v(E (& — )= (e

< (M) - M% £))F(6)3(& = &)h(§)dgds.do

:///KS<£ dfdf*do—k///& et

=Ai(f,g,h) + As(f,9,h) .

Then, we write As(f,g,h) as

AQ:///b é|“’ L1526y Pele — €7) - dédé.do
/// R 1|£ 51 Pe(ée) -+ dédédo

—AZI fug7 ) A22(f7gv )
On the other hand, for A; we use the Taylor expansion of ®. of order 2 to have

Al - Al,l(fag7h) + A1,2(f7g7h)7

where

A“_///bf_ (V) (€ Lie- 1< ey (MO©) = MO(€ &)
x f(£)3(€ — £)h(€)dede . do,

and A; 2(f, g, h) is the remaining term corresponding to the second order term
in the Taylor expansion of ®..
We first consider A; ;. By writing

=5 ((m Ve~ “)*(1‘<|§|"’))§’

we see that the integral corresponding to the first term on the right hand side
vanishes because of the symmetry on S?. Hence, we have

iy = [ K€ (7€) M€ - 60) Fleale - s hie)dees..

where
K(&,€) = /Sb(% ~a> (1 - (% a))
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Note that |[V®.(&,)] < W, from the Appendix of [7]. If v2|¢| < (£,),
then sin(6/2) |€] = |£7| < (€4)/2 because 0 < 0 < 7/2, and we have

/2
Kees [T oma s e ()

On the other hand, if v/2|¢] > (&), then

m(&x)/(21€]) - 1 Vo1
K5 v S (9)

*

Hence we obtain

1
K661 S e | (16)) easvae

v—1
L33 (e2lel/2 T (@) 15/22@} : (3.7.21)

Similarly to A1, we can also write

dia = [ Rie.e) (€)= Mo(e - 60) Fleale - s hie)deds..

where
1
K(§, &) = /82 b(; 'U) /0 (1=7)(V?®) (& —TE7) - € § - <1 e,y dTdo

Again from the Appendix of [7], we have
2% e 1 1
|(VZ@e) (& — €7 S (€, — 7e-)FPIAE S (g yFTTe

because || < (£.)/2, which leads to

. 1 2
|K(£v€*)‘ S <£*>3+7 {(8) 1(5*)2\/§|£|

€\
T e e0>e2 + <<§> Ligj/2>(e.) ¢ - (3.7.22)
We employ (3.4) of Lemma 3.1 in [9] with p = 1 and A = 0, that is,

|MO(&) — M°(§—&)| < OMP(¢-¢&,) {(<<%>>)1<§*>2\/§|§

+ (M) (1+ 806 = €)™ +1) 1menieyspeye + <§>>1|£|/2><5*>} :
(3.7.23)

82



It follows from (3.7.21) and (3.7.22) that we have

ALl S 1AL+ A2 S A+ As + Az,

with
Al://RG <£<(>€3*’2'Y [M°(§ = €3 = €| 1RO e,y varedSed s (3.7:24)
and

— f(f*) O(¢ N 7
a= [ |55 e~ eite— &) hie)
X (MO(E) (14 (8¢ — &)™) +1) L gjel> ey > [¢) 288+ dE ;

_ f(f*) Sie i ~ @ v-l
AS _//RS <§*>3+'y |M (g f*)g(g 5*) |h(§)| <<£*>> 1|£|/2> df*dg

Setting G(€) = (&)"/*M3(€)g(€) and H(€) = (&) /*h(€), we get

[H(¢)] (€) \¥re /(€D |G(E = &)
A =< /RS (€)3/2+ </RS <<§*>> Liey>vael (€,)3/ > e d€. | d§
S Wl o2 Fll 2 [ M2 gl g2

because 3/2+e¢—1v'/2 > 0and 3/2+~v+1" —e > 0 for a sufficiently small € > 0.
Here we have used the fact that (£,) ~ (€ — &,) if (€,) > V/2|¢|. Noticing the
third formula of (3.7.6), we get

|f f* |2d£* <§*>—2N0 1 ) }
: 7| d
| { 6+2V+V /5 £ <(E) <<§ £*>u —2N, + <£_€*>V g
: (//R G- &P |H(§>|2d§dg*> .

FE)P :
</ PR et e o L P I A L o L ey

because 34 2(y+v') > 0. Since v/ > v —1 and 6 + 2(y + ') > 3, we have

a5 ([ 1ieras. [ iiopa)

dé. (£.)\ 2 D) R
% (/R WW/R ( © ) Lig /2 (e |G(E = €0)[PdE

9
S IR g1 2 1PN T 2

The above three estimates yield the desired estimate for A;(f, g, h).
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Next consider As(f,g,h) = A21(f,g,h) — A22(f,g,h). Since § € [0,7/2]
and || = €] sin(0/2) > (£.)/2, we have v/2[¢] > (£,). Write

day = [ K6 (M3 - M€ - €) FEDae — € deds.
Then we have

|K2 f 5* ’/ |£| f*)1|£ >1 )dO’

1
<£*>3+ < > f|£|><§*

/\

1 €\
<£>3+7{ V2lEl> (e > el T <<5>> 15/2><£*>} »

which shows the desired estimate for Ao, by exactly the same way as the
estimation on A, and As.

As for Ay, it suffices to work under the condition |, - 7| > £[¢7|%. In
fact, on the complement of this set, we have £, —&7| > |&,|, and (€, —€7) is
the same as ®.(&,.). Therefore, we consider As 1, which is defined by replacing

Kl(fvg*) by

Kl,p(f,f*)=/ (IE\ )@(5 ~ e 12460 Ve 124161200 -

A

By writing
1= 1> g2 g—c.)<2(e.—¢—) T Liey>jel/2lig—e.)>206.—¢—) T Lien)<el/2s
we decompose respectively
Az1p=DB1+ By + Bs.

On the sets corresponding to the above integrals, we have (£, — £7) < (&),
because 7| < |€,| that follows from |€7]2 < 2], - 7| < |€7]]€4]. Furthermore,
on the sets for By and By we have (§) ~ (&), so that (& — &™) < (£) and

b 1|£7‘2%<5*>1<5*>2|€|/2 is bounded. Putting again é(f) = (&)” /2M5(§)§(§) and
fl(f) = (&) /QiL(g), by means of (3.7.23) we have

E*—
5*_

« {MS(g*)Q <1<§§*>5<§*/§> + 62N01<§f*>,§<g*]\]§>>
(€—&)" (&) 7"

Le-ensie—¢) ( el )
e }dfdf*da] ] 16t - eorime Pasdede. )
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Putting u = & — €7, we have (u) < (&), and M°(&)2 < (14 §{u))=2No,
Therefore,

2< [ 1fe)? —(6+2y+0") N0 (1 + d(u)) 2"
| B N/|f(€*)| {Sgp<u> /<£+u><<u>( (e —ay” 7N +

1
F et e | MDYl B
o 122 (D)2 11
1
S A7 1M (D) gl 3 2Bl 2 sUp (TR

Here we have used the change of variables £ — ¢+ whose Jacobian is

B |1Jr Gl U|  cos?(6/2) o1

B 8 4 T
As for B, we first note that, on the set of the integration, £ = £ — &, +u
implies

T
6e [0,5}.

oo |

<€ — §*>

5 <(E—&) —ul S (€7) < (€ — &)+ ul S(E—&),

so that
(M°(€) ~ ) MO(ET) ~ MO(E &),

and hence we have by the Cauchy-Schwarz inequality

Bof? < / / e |é<5—s*)|2dodsd§*

/ / [2e(6 — &P f*_ (&) Pdodede.
<12 1M° (D >g||2u/2||h||HV .

because 6 + 2(y + ¢') > 3. On the set of the integration for Bs we recall
(€) ~ (¢ — &) and

«)

M) — MO(E — €)] < << e -6,
so that
EXE <///b L o ae ( ) FEPIGE - )P dodede,

2—v _
bl|§ ) [Pe(€ —¢T)P2 5 I§ |H(¢)]2dodede, .

M\»—l
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We use the change of variables &, — u = & — ¢~. Note that [£7| > J(u+&7)
implies [€7| > (u)/v/10, and that

(€) S (6« =€) + [€]sin6)/2,

Then we have

/ b 1> 14 (%)QW Wdadf* N / w;ﬁ;ﬁu) (g;)w
x (/b1l5_‘2<u> (%>2Dda+/b02”15_|Z<u>do)du

du
S/me/)<oov

which yields

because

2—v
/b9 ez <log & ify=1

Thus we have the same bound for Bs. The proof of the proposition is then
completed. O

Let us recall Proposition 2.9 from [3].

Proposition 3.7.22. Let M(€) be a positive symbol in SY o in the form of

M(€) = M(€]?). Assume that there exist constants ¢,C > 0 such that for any
s, 7>0 ~

M
<c implies C7'< = () <,

<
- M(r)

N ®

and M (&) satisfies
[M@(&)] = [9g M (&)] < CaM(€)(€)™,

for any a € N3, Then, if 0 < v < 1, for any N > 0 there exists a Cn > 0 such
that

(M(D)Q:(f, 9) — Qo(f, M(Dy)g), )2
< Ol s, (IM(D0) gllz, + Nl ) ] = (3.7.25)
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Furthermore, if 1 < v < 2, for any N > 0 and any € > 0 , there exists a
Cn,e > 0 such that

(M(D)Qe(f, 9) ~ Qe(f, M(DL)g), Bz
e (Dl gree 4 Nl Al - (37.26)

When v = 1 we have the same estimate as (3.7.26) with (v 4+~ — 1) replaced by
(v + &) for any small k > 0.

3.7.5 Boundedness of M’(D,) on the triple norm

Instead of M°(£), we consider a little more general symbol M (€) € 57, satisfy-
ing conditions in Proposition 3.7.22.

Lemma 3.7.23. Let v > —3 and 0 < v < 2. Then we have

17 (Dy)gll* < lgll*.

Proof. The proof is based on arguments in the subsection 2.3 of [7]. Since
qu)7 (9) ~ llgll? - it suffices to show
(vt)/2

3., o,
T M) ST () + gl + gl (3.7.27)

in view of Proposition 2.2 of [7], that is, there exist two generic constants
C1,Cy > 0 such that

2 2
O {llglz ey + lallZe esy } < Mol® < Callglid, ey -

(v+v)/2

Since J1 "(g) ~ J{bo(<v>7/2g) modulo [|g||3. , and we have
vt /2

TP () Mg) < 2(JP0 (M (@) 2g) + TP (1), Mlg))

S TP (M () 2g) + [[([()""?, Mgl
it suffices to show (3.7.27) with v = 0. We recall (2.21) of [7];

/// b(cos 0) s (g’ —g) dv.dodv

a7 /[ 0( o) (a0Ee g (37.29)
+ 2Re (u(0> ~ BlE))aleN)FE) ) dedor
Since 7i(€) is real-valued, it follows that
Re (7(0) ~ (€ )€ 7O) = ([ (1 costo- € ))uv)de) RegieF(6)
< min{(§)6%, 1H(€")FE)]
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Therefore the second term of the right hand side of (3.7.28) is estimated by
lgl|3;.,> with a constant factor. Similarly we have

Jro(Mg) = /// b(cos O) s ((Mg) — Mg)?*dv.dodv
/ / |§| 0)[M(E)G(E) — M(ED)FE)2dedo + [ gl e
< T / / o) M©) = M) I3 P + gy

S I (9) + gl e
because |M(£) — M(£1)| < M(£)6? ( see (2.3.5) of [3], for example). O

3.7.6 Mollifier with respect to x variable
Lemma 3.7.24. Let S € C§°(R) satisfy 0 < S <1 and

S(r)=1, I7I<1; S(r) =0, 7] =2
Put S5(D;) = S(0D,) for 6 > 0. Then

T
/0 (56(1%) I(f,9) = T(f, S5(Da)g), h)

<U>|7|/2+V

4
L2(RG )

SVl gllz2(o, 11 x®s )

x,v

TIXRE;HY , (R3))- (3.7.29)

Proof. The proof is similar as the one of Lemma 3.4 in [3]. If

Ks(z) = —57f (S)(§>

then we have

dt
L2(RS)

/ " (SHDIL(.9) ~ TS Sx(D.)g), )

[ { [ e

T
8 /0 (F(Vf(t, T+ T(y - :E)), ')7 6g(t,y, ))’ h(t,% )>

dtd:cdy} dr
L*(R3)

T
S5||Vf||L°°<[o,T1xR2;L3>/ / (1s] % lg (e, ) .2
o Jr3

[vl/2+v

) @) Ih(t, )]l dedt

where we have used (3.7.4). We get (3.7.29) since [|Ks||z1 = || K1 L1 O
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