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Closed-Form Solution to the Mori Formula and its Application
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The derivation of the closed-form solution to the generalized Langevin equation (Mori formula)
is reviewed. We derive rigorous constraints for transport coefficients in the limit of low frequency
and those obtained in the memory functional approach to the closed-form solution. We calculate
the closed-form solution for the relaxation functions of the fluctuating force in a free two-band

model to find a long-time tail of t~! and the strongly colored quantum noise at T = 0.
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§1. Introduction

The Mori formulal) is itself a formalism where we can derive the generalized Langevin equation
(GLE) from the Heisenberg equation of motion by introducing the projection operator, however, we
refer to the GLE as the Mori formula for convenience. Since the GLE was deduced and the linear
response theory (Kubo formula)? was then reformulated,?) the GLE has been of great interest
in statistical physics and solid state physics. The continued fraction solution® to the GLE has
been mainly used in the memory functional approaches (MFA)'"1?) for application to relaxation
and transport phenomena. The GLE was also deduced by the equation of motion for retarded
two-time Green’s functions? and by the recurrence relations for orthogonal operators with the
continued fraction solution.’®) Some years later than the derivation of the GLE, a long-time tail
for velocity autocorrelation functions was reported by the computer simulations”) and the existence
of a long-time tail has been studied so far.8-10

In §2, we review the derivation of the closed-form solution to the GLE by Okada et al.1® with
the proof of the identity between the GLE and the Kubo formula.?®) In §3, we apply the identity
to transport phenomené, in the limit of low frequency within the linear response theory and deduce
rigorous constraints for transport coefficients and those obtained in the MFA to the closed-form
solution. In §4, we take the closed-form solution to investigate relaxation phenomena and quantum

noise. We show that the relaxation functions of the fluctuating force in a free two-band model
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have a long-time tail of t~! at T = 0 irrespective of its parameters and dimensionality and that
the fluctuating force in the model is the strongly colored quantum noise at T = 0. We also present
a model where the MFA to the closed-form solution are practically valid. Concluding remarks are

given in §5.

§2. The Mori Formula with the Closed-Form Solution

We revisit the GLE (Mori formula)!) and review the derivation of the closed-form solution to the
GLE by Okada et al.'®) with the proof of the identity between the GLE and the Kubo formula.??)

2.1 The GLE and the Kubo formula

We introduce an operator P projecting any operator O on a current operator J in the system

described by the Hamiltonian H as
(0,J%)
(J,J7)

where the inner product is defined by the canonical correlation function

PO =

J, | (2.1)

(A(t),B) = % /O * I [pA(t — ih\)B] ), 2.2)

with the density operator p = e ##/Tr[e~#H] and the inverse temperature 8 = T-!. Using

the formalism in terms of the projection operatbr P, the GLE for a current operator J(t) =

elfit/h jo—iHt/h i oiven byl for t > 0

%J(t)EiLJ(t):[ei“j— 1+ f@), (2.3)
- /Otgo(t—s) J(s)ds + f(2), (2.4)
fys -ty f=1J, (2.5)
t
ol(t) = ——(’Efi)}{) ) (2.6)

We have introduced the quantum Liouville operator iLJ = (i/h)[H,J]- = J. The expectation
value of f(t) in eq. (2.5) vanishes, i.e., (f(t)) = O resulting from (iLO) = 0 with (O) = Tr[pO].
Equation (2.6) is nothing but the fluctuation-dissipation theorem. Therefore f(t) is in general
identified with the fluctuating force.

Since the projection operator P is defined by the canonical correlation function, the linear re-
sponse theory (Kubo formula)z) is then reformulated as follows:3) Operating P on the left of both
sides of eq. (2.4) and noting Pf(t) = 0, we obtain

G20 == [=20-9 e as )
NN CIORL)
=0 =0 .



Taking the Laplace transform of eq. (2.7) yields

— oo 1
=(2) = / dt e=* Z(t) =
0

m, Re z > 0. (29)

On the other hand, the optical conductivity o(w) of the system under the external field « e—iwtt

with wt = lim._,¢ [w + i€] is written in the linear response theory as

o(w) = % / dt é*t g (J(2), I (2.10)
0
with the system volume V. By using eq. (2.9), eq. (2.10) is rewritten') as
_ W]
P(—iwt) = / dt &*t (1), (2.12)
0

with the conductivity weight tensor [W] = B(J,J1)/V.

The term iwoJ(t) which we should include in the r.h.s of eq. (2.4) or —iwp in the dominator
in the r.h.s of egs. (2.9) and (2.11) vanishes. This is because iwo = (J.J1)/(J,J) = 0, i,
PJ = 0 for the self-adjoint operator J! = J, which is derived from the identity [J,e~PH]_ =
—ihe=PH [F j(—ihX)dA.

Hereafter we use the notation for a complex function G(w) = G'(w) 4+ iG" (w) where G'(w) and

G"(w) are real. The Fourier transform of G(w) is written from the analyticity as

G(t) = 2_17r. /_ ~ dweT M G(w)

_ 1o / 1 [ =2 [® coszt [> G (y)
_71’./0 dwcosth(w)+27r/oodw(7r) /_oodz / dy

T—w J oo Y—w

2 [ ,
= ‘—/ dw coswt G (w). (2.13)
T Jo

The integrand of the last term in eq. (2.13) can be replaced by sin wt G”(w) for the easy performance

of integration.

2.2 The closed-form solution
Since the time evolution of the fluctuating force f(t) in eq. (2.5) is governed by the complex

projected Liouville operator, i.e.,

SH0 = (- PRLI), (2.14)

eq. (2.12) was then formulated in terms of continued fraction representation.®) The continued
fraction solution is originated in the same procedure where we deduce the generalized fluctuating
force fi(t) from the equation of motion for f(t), which is governed by the generalized Liouville
operator iL; = (1 — P)iL, as we have done f(t) from the Heisenberg equation of motion for J(t),
eq. (2.3).
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First, from the analogy of Feynman’s perturbation expansion for the density matrix, we set the

projected Liouville operator in eq. (2.5), as follows:8)
e(1=P) ilt = (ilt B(y), (2.15)
Since both P and L are time-independent, the time derivative of Eq. (2.15) yields
%B(t) = —F(t)B(t), F(t)=el* PiL &t (2.16)

Eq. (2.16) can be formally integrated and then solved iteratively to yield for ¢t > 0

Bt) = 1 + i(_)n /0 “dry e /OT"" drn F(11) -+ F(12). (2.17)
n=1

Here we must recall how the definition of P in eq. (2.1) is and note that F(t) in eq. (2.16) includes
the term PiL lined in this order. Since J generates f(t) = el*B(t)J, f(t) rotates in the space
spanned by J, J, and J. Substituting these results into eq. (2.5), eq. (2.12) is expanded in terms

of time convolutions as

+ oilt It
B(—iw™) / dt e ( (B(?;I) A 25(”)(—-140 (2.18)
where
t
@(0)(_1‘0 / dt e iwte (J'(]t)JTJ) )’ ' (2.19)
T1)s t — T t
M (—iwt) = / dt et (— / dr (J((J JT‘; )(J(t( 7 JT))J ), (2.20)
7t (—iwt) = ety Ty " Tn
(i) = [Ta et [an [T
(J(72), ) (J(Tnr = 1), 1) (I (11 = 2), TN (J(t = 1), JT)
S 7 ¥ ) R O 0 1) B
Next, by introducing the Laplace transforms as
i (J(), T o J(t),Jt
$(z) = / dt e ~7)J—T)—) - / dt e=t(— )((S)JT)) (2.22)
—a (J(), D) ENCIONL)
By(2) = / e T = / dt e (=) T (2.23)
Egs. (2.19), (2.20) and (2.21) are simplified respectively as
PO (—iwt) = — Bj(-iw), (2:24)
P (—iw) = = Bj(—iwt) Py(—iw?), (2.25)
P (—iwt) = () By(—iwt) (= By(=iwh)" T Fu(-iw). (2:26)
Then eq. (2.18) is rewritten in the closed-form as
_ et _ n — U i(=iwT
At = ~ P Y (o) = _'%(J(_iwl). (2.27)



As is well-known, % j(—iw') is written in terms of the retarded J-J response function x j j(w™)

Fy(ciwty = = [ ar i) = ~pw)t X ) — X4 @), (2.28)
.
Alt) = %—) (2.29)

Similarly, ¥ ;(—iw*) is written in terms of the retarded J-J response function yjs(w¥) as

Py(—iwt) = - /Ooo dt e I(t) = —[W]™ xus(w™), (2.30)
(1), Jt
() = %@TJ)) (2.31)

The retarded A-A response function y44(w™) is given by the analytic continuation of the temper-

ature Green’s function,

B .
xanliwn) = % /0 dr én7()(T,41() AO)), (2.32)

where w, = 2n7T is the Matsubara frequency with an integer n.

We note that the Kubo formula for o(w) given in eq. (2.10) is rewritten as

xJs(wt) — XJJ(0+).

ok(w) = T (2.33)
Equation (2.10) is also rewritten as
1 1 [ ;
S (FE+0)+ f(t-0) = 5 / dw e %t g(w) ~ (2.34)

with f(t) = 6(¢t) 8 (J(t),J1)/V. Using eq. (2.34) with ¢ = 0, we obtain

W = [ dw o) = —x(0*). (239)

Thus, substituting eq. (2.27) into eq. (2.11), a rigorous expression for eq. (2.6) or (2.11) in terms
of the retarded response functions is obtained.

A clue to the GLE lies in the derivation of f(t) = e(!=P)iltJ from the general solution to the
Heisenberg equation of motion as in eq. (2.3). Here we note that the inner product of g(t) =
eiL(1=P) j instead of f(t) coincides with the closed-form solution, i.e., (g(t),g")/(J,J!) = B(—iw™)
with gt = f1. This is because J[ iL,1-P ]_J = 0 resulting from PJ = 0, however, the substitution
of g(t) for f(t) does not deduce the GLE in vain.

2.8 Proof of the identity between the GLE and the Kubo formula
First, using eq. (2.35), eq. (2.11) with eq. (2.27) is rewritten as
~ xu2(0%)
xj5w?) — x;4(07) 1
—iw* xsi(wt) — xy3(0%)

om(w) = (2.36)
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The retarded response function x;j(w?) is defined as
i) =g [ @ (7 0 (10,501 ) (37
=3 [T @t (0 (1550, 500 ). (238)

Noting that there exists no correlation between t = 0 and ¢ = oo, eq. (2.38) can be integrated by

parts to yield
X5 @) = o3 (WO,JOL ) - i 5 [T are™ (r (U0, IO ). (239)

Using the relations, (—i/k){ [A(0), BY(0)]- ) = B(B(0), A'(0)) with A = J! and Bt = J, and
(@), J(0)]- ) = =( [(d/dt)Jt(2), J(0)]- ), eq. (2.39) is rewritten as

B, iy i T B L i .d
w3 = -EUE o) + wt L [T Ok (Ereon) e
Vv V Jo. hdt
Using the sum rule as in eq. (2.35) and integrating the second term in the r.h.s. of eq. (2.40) by
20)

parts once again, we obtain an identity

ij(“’+)=ij(.0+) - (w*xisw?) | (2.41)

between eq. (2.37) and the retarded response function
+\ — 1 bl jwtt i 1/, »
xasehy= o [ dt et (21 o) (1), ) ). (2.42)
- Vil h .
Finally, inserting eq. (2.41) into eq. (2.36), eq. (2.11) with eq. (2.27) is proved to be identical
to eq. (2.33), i.e., om(w) = ok (w).
§3. Transport Phenomena.

Here we present rigorous constraints in the limit of low frequency derived from eq. (2.41) on
the transport coefficients within the linear response theory (Kubo formula)? and the memory

functional approaches (MFA)11:12:14-1%) to the closed-form solution.2%)

3.1 Drude weight and dc-resistivity
The conductivity weight tensor [W] is obtained by evaluating the second derivative at w = 0 of

X5

Xjwt) = x;0%) + wixysw*)

8, . . p /
~ (—)—V(J(O),JT(O)) + ajw?, aj=-[W]<0. (3.1)
If there exists finite dc-resistivity in the system, i.e.,
Xaaw*) R )
o(W)= — “ov PE il_%a' (W)= & >0, (3.2)



mrr s

then xf}j(w"') behaves around w = 0 as
xf}j(w*’) ~ay®, a4 <0, (3.3)

Successive application of eq. (2.41) leads to

" -1
. XJan(w+) _
3}1_% [W =P (3.4)
where xjnjn(wt) is the retarded J"-J" response function with J* = (iL)*J.

To clarify the properties of o(w) with the frequency-dependent optical mass mep¢(w) and the
frequency-dependent optical scattering rate 75,(w)™", the following phenomenology known as the

12,14,15,22)

generalized Drude analysis is often used as

my 1

Mopt(w) T:pt(w)—l —iw

UgDA(w) = [W] ; (3.5)

where my, is the band mass. Using eq. (2.33) or eq. (2.36), the optical mass in the limit of low

frequency is written as
!

I Mopt(w) _ [Wla;

im = 55,

w—0 My aj

(3.6)

where a is the second derivative at w = 0 of x;;(w¥). From the requirement of the positive optical
mass, we obtain

X1s@h) = (2)W] + aj?,  aj>0, 3.7

which leads to ¢ (w) ~ ajw. These relations mean that there exists constraint between the retarded

J-regarding response functions and the transport coefficients within the linear response theory.

3.2 Fized points of the MFA

Next, we present the fixed points in the limit of low frequency of the MFA where eq. (2.27) is
replaced by B(—iwt) ~ —3 ;(—iw™). In this approximation, using eq. (2.41), p(w) = B (—iw™*)/[W]
is approximated as '

"

a
pMFA(w) ~ [W]JQ w2 —0 as w—0. (38)

Using eq. (3.1), the optical mass mepy(w)/mp = 1 — @ (—iwt)/w is also approximated as

[me)) @y

) R 1 -2 as w—0. (3.9)

These relations in the limit of low frequency are in general independent of the model at all. However,
we note that the coefficient of w? in eq. (3.8) is described by the dc-resistivity in the system, i.e.,
eq. (3.2).

—66f
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§4. Relaxation Phenomena and Quantum Noise

To investigate the long-time tail problem and the fluctuating force f(t) in eq. (2.5), we must
consider the system where a dynamical variable such as a current operator J is an unconserved
quantity to yield the non-trivial closed-form solution.!®2!) We present a model where the memory

functional approaches (MFA)!1"17) to the closed-form solution are practically valid.

4.1 A free two-band model

We study, as an example, the free d-p model simulating the electronic system in the CuQ; plane

of the high-T. superconducting materials,'®2!) which is given in the hole-picture by

=6 e, te Zdwdm + N2 Z( ek Rty el diy + hec. ), (4.1)
ko iko

where cLa_ and d:fa are the creation operators for the O-2p, hole of the bonding orbitals and the

Cu 3d,2_,» Wannier orbitals, respectively. The total number of the unit cells is Ni,. The atomic
energies of the p- and d- holes, ¢, and ¢4, are measured relative to the chemical potential. The
charge transfer gap, A = ¢, — €4, is found to be the band gap. The transfer energy, tx = VW (k),
is given (explicitly shown later) by the transfer integral between the adjacent Cu and O sites, t,4,
and the lattice constant a. Since the current operator J with q = 0 is given as

J = %NL_% S (e ®Rvytel, di, + hec. ), (4.2)

iko
the unconserved part is then given by

Ae

J= 52N }:( i e * RVt di, +hec. ). (4.3)

ko
Equation (4.1) is easily diagonalized yielding

H=YY" Ew(k)a{makm, (4.4)

ko 7=
where E, (k) = (1/2)[ep+€4+7v/A? + 4W (k)] and aLm = [(Ev(k)—ed)/A,,(k)]cLa+[tk/A,,(k)]dLa
with d{w = N[y, ek Rigt and A,(k) = [ (E,(K) — e4)* + W(k) /2. The current operator

J = Jintra + Jinter 1S Tewritten as

Jintra = Z z VkE’Y(k)akaqakaw (4'5)
ko y=%
mt.er = h kZ Z F(k)akg 'yaka'y’ (4‘6)
o vY=%

with F(k) = (1/2) 3 -4 [Ay(k)/A—(k)] Vi E,(k). Since [H, Jintra]- = 0, Jintra = 0 and thus eq.
(4.3) includes only the interband component, i.e.,

J = Jinter = {7 Y (E+(k) - E_(k)] F(k)( i af,, a,_ +hec.). @
ko



The temperature Green’s functions for eq. (4.2) and (4.3) are then written as

XJJ(lwn) Z( thk)2 Z TZ Rmt.er(k) G’Y(k le‘n)G—‘Y(kviwﬂ'*'ien)v (48)

ien |

xJJ(iwn) = — N Z( Vitk)? ZTZ

ien

X [ nter(k) G‘Y(k len)G—’Y(k lwﬂ+l€‘n) + Rmtra(k) G’Y(k’ ieﬂ)GW(kviwn+i€n) ]’(4-9)

with R‘]

inter(K) = (A/R)?, Rlo(K) = A%/[A® + 4W(K)], Biyo(k) = 4W(k)/[A% + 4W(K)], and
G, (k,i€;) = [iex — E4(k)]™!. The intraband component of xsj(w?) obtained from the analytic

continuation of eq. (4.9) vanishes as shown in appendix. We rewrite the k-summation as
d(2tpa)? 1
e Z E(W(k)) = / dwE(w)R(w), R(w)= N Z&(w — W(k)). (4.10)
L
k

Here we control the band filling concentration such as n = Ny 7! Ty, (= E-(k)) = 2 — 6%/2d
with dimensionality, d, and a parameter 0 < § < 2v/d that the chemical potential at T = 0 lies
in the band E_(k) and W(kr) = €,64 = (2tpq6)?/4. Since the interband particle-hole transition
with @ = 0 is vertical in the k-space, the characteristic enérgy are between w_ = Ey(kp) =
€ + €4 = /A2 + (2t,46)% and wy = EYP — EPot = \/AZ + 4d(2t,4)?. The band width is written
as Wp = (wy — A)/2. The band scheme at T = 0 is shown in fig. 1. Hereafter we employ units so

that 2¢,y = h = € = a = 1, which are explicitly shown if necessary.

2-band system

~

EL(k) _—7

\

/
—

=

€ ]
" E_(k) T~

Fig. 1. The band scheme of a free two-band model at T = 0 with its characteristic parameters and energies
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4.2 2D model atT =0

In the 2D model, eq. (4.1) must include the non-bonding term €,y ), c}&c"k »» however, which
specifies only the chemical potential at finite temperatures. We consider the isotropic model with
tx = 2tyaa((kz? + ky2)/27]Y/? instead of ¢y = 2t,q[1 ~ (coskza + cos kya)/2]*/2. This corresponds
to taking R(w) = 1/d with d = 2 instead of R(w) in eq. (4.10) with van Hove singularity around
w = 1. The functioin x;j(w*) obtained from the analytic continuation of eq. (4.8) is evaluated at
T = 0 to yield'? '

o) = -] 2E)

where A = A?/8, F(w) = log[(wy — w)(w- +w)/(w+ + w)(w- —w)] and O(|wl|) = O(jw| —w-)0(ws —
|w]). Equations (2.11), (2.28) and (2.30) are also calculated to yield

+ (w.,. —w ) +iwl(ll) |, (4.11)

o(w) = [ Wpmé(w) + (%G(lwl)]-}i [Wé - ;Ep(w)] (4.12)
~ Bty = 2 oG -1 T, (413)
By(—iwt) = ;, %+li—®(lw|)],' ‘ (4.14)

with W = Wp + Winter written as Wp = €p€q/mw_ and Wipger = (2A/7r)(w:1 - w;l). The Drude
term x 6(w) is evaluated from eq. (2.11) noting an infinitesimal number, ¢, in the dominator of
the r.h.s on setting w = 0, however, the Drude weight Wp is evaluated from eq. (2.33) as shown
in the appendix. The terms in each of the r.h.s. of egs. ,(4.11)_(4.14) are related with each other
through the Kramers-Kronig relations and hold the parity. Equation (2.41) holds in the model as
it should for egs. (4.11) and (4.14). The canonical correlations, egs. (2.8), (2.29) and (2.31), are
then calculated from egs. (4.12)-(4.14) to yield?!)

=(t)=1+ f{f}, el LSOt D [Silw-t) — Si(wad)] ], (4.15)
AQt) = ' 2;‘1/ smw+t:smw t, (4.16)
() = - 24 8i(wt) - Siw-0)]. (417)

Since the sine integral is asymptotically expanded as

Si(z) = /z duSizu =%—.a(x)cosz — B(z)sin z,
2! ! 1 3 5
a@=(1-S+5-), @S+, (4.18)

gs. (4.15)-(4.17) are shown to have a long-time tail of ¢! for t >> wj! and E(t) - 1 « —t2,
A(t) — A(0) ox —% and TI(t) o —t for t S wy! irrespective of the model parameters, § and A. Using
egs. (2.13) and (2.27), eq. (2.6) is written as
w.

e(t) = -?r- * dw coswt 7 (—iwt), (4.19)

wo
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We show the numerical calculation of eq. (4.19) with -eq. (4.20) for the half-filled band case with

O(|wl). (4.20)

t

¢ (t) J & (s)ds
. 0
\ 2d haltfilled
0.1 1 E_(k) band 0.04
0- ~ ol
‘ long-time tail
—0.1 1 of t™' at T=0 -0.04 1
ll 1 1 i i .
0 10 t 20 30 0 10 t 20 30

Fig. 2. (a) A long-time tail of ™! for the envelope of p(t) with wave packets in the 2D model at T = 0. The
parameters are n = 1 and Wp/A = 2 with A = 0.577 and thus the characteristic time is wil = 0.346. (b) The
integrated intensity of ¢(s) up to ¢ with the envelope of 1!

§ =2 ie,n =1and Wa/A = 2 in fig. 2(a).?!) The characteristic time is w}' = 0.346 from
A = 0.577. For t S wit, go(‘t)}— 0(0) o« —t2. A long-time tail of t~! for t >> w]' is clearly seen for
the envelope of the wave packets. Equation (4.15) with ¢t = 00 is Z(t = 00) = 1 — Winter/W = 0.978
with W = 0.156. This means that the fluctuating force f(t) for the current operator in the model
is the ‘strongly colored quantum noise at T' = 0. The ternﬁnoiogy of noise is specified only under
the condition thét =(t) i1s O(1) and ¢(t)/(0) vanishes as t — oo with ¢(0) < 1. The integrated
intensity of ¢(s) up to t does not show the logarithmic divergence but the envelope of t~! as shown in
fig. 2(b), which converges to % (—iwt)|,=o = 0 as it should from egs. (2.12) and (4.20). Rewriting
eq. (2.11) as o(w) = p(w)~! with the frequency-dependent resistivity p(w), the integrated intensity
to t = oo corresponds to the dc-resistivity p(0) = 0 in the model.

When the band gap is much smaller than the band width, A << Wg, noting that A = A?%/8, we
 can approximate eq. (4.20) as @ (—iwt) ~ (A/W)O(|w|) with W ~ w_/4x and w_ = VAT + 62
This means that the MFA where eq. (2.27) is replaced by B(—iwt) ~ —Ej(-idﬁ), ie., f(t) in eq.
(2.5) is replaced by J(t), are practically valid to investigate the system with A << Wg. Therefore
eq. (4.19) is given by eq. (4.16) as o

1 sinwait — sinw_t
(1)) p(0) = ———— T2
L«J+ -

4.21
— " ; (4.21)
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with ¢(0) = A%(wy —w.)/w_ < 1 and w; = 2v/2. Equation (4.15) with t = oo is written as

AZ
W_Wy )

62'
Et=o0)= o + (4.22)
We note that 6 is the band filling parameter. In the limit of n — 0 with A << & < 2v/2 and
thus w_ < 2v/2, eq. (4.21) oscillates with almost no damping because of the vanishing dominator
in the r.h.s. and eq. (4.22) behaves as S(t = ) ~ 1 — O(Ai). For the intermediate case with
A<<8§s O(l), eq. (4.21) has a tail of t~1 with wave packets as shown in fig. 2(a) with n =1
and eq. (4.22) still behaves as Z(t = 00) ~ 1 — O(A?). For the case with § 2 0 and thus w_ ~ A,
eq. (4.21) has a tail of ¢~ with weak oscillations, however, eq. (4.22) crossovers O(1) for 6 ~ A
to (§/A)? + A/wy for § << A. Therefore in the limit of n — 0 and n — 2 for the model with

A << W, the fluctuating force f(t)is not identified as noise because the case violates the criterion

of notse respectively.

2d half-filled E_(k) band o (t) - A(t)

10?

atT=0 0024 N\ 2d nhalffilled

T

i

! \
i : \ E_(k) band
‘ _

- \\A(O):(j(O),j+)/(J.J+)

10°F S

j/\ )

F . . /,’envelope

[ ¢ (0)=(f(0). ") /(s | VS of t-% at T=0

. ’ /

10_2 ‘1 1 1 " ¢

0 1 2 - 0 10 t 20 30

Wg A - ‘

Fig. 3. (a) ¢(0) and A(0) as functions of Wg/A for the case with n =1 at T' = 0. When A >> Wg, the Born

approximation comipletely break down. (b) Deviation of A(t) from (t) for finite time.

When the band gap is much larger than the band width, A >> Wg, the MFA completely break
down as shown in fig. 3(a) for (0) and A(0) for the case with n = 1. For the case with Wg/A = 2,
the MFA seems to be valid for the time t S w}?, however, we show in fig. 3(b) that A(?) for finite

time deviates with oscillation from ¢(¢) shown in-fig. 2(a).

4.8 1D model at T =0
~ Next we consider the 1D model with t =" 2¢p4[1 - lca/7r]1/_2 instead of ty = 2t,5cos(ka/2).
This corresponds to taking R(w) = 1 /d with d = 1 instead of R(w) in eq. (4.10) with van Hove



singularity around w = 0,1. The function xjj(wt) at T = 0 is written as
Xji(@*) = —AW)| wF (W) - AF(8) +i mwO(lw]) |, (4.23)

with A(w) = A?/[r?(w? — A2)]. Equations (2.11), (2.28) and (2.30) are also calculated to yield

o(w) = A©) ro o)) +i[ 22 Aﬂf‘;’()A;“_’i(;?)wLF () ~ PO}k (4.04)
- (i) = 2 o)) - ifFw) - LFa) ], (4.25)
Bol-ivt) = B FL)_FB)  Toyp), (426)

with W = Wp + Winter written as Wp = 2/7%w_ and Winee = (2/72)[F(A)/24 — wI! + wil].
Equations (4.23)-(4.26) hold the analyticity such as the Kramers-Krénig relations, the parity and
the identity of eq. (2.41). The canonical correlations, egs. (2.8), (2.29) and (2.31), are then
calculated from eqs. (4.24)-(4.26) to yield

=) = 14+ 2| Hwy) - Hwo) - S, (4.27)
A(t) = WZW [ I(wy) - 1(w2) ],  (428)
() = o [ Jn) = o) ], (4:29)
where
A= | ;1_ _ _J"[(a:-A)t]z;k Bl ) ] cos 2t |
+| a[(x'A)t];Aa[(HA)t] — tf(at) | sinzt — %, (4.30)
oy = AN =l AN gy Blle= BBl AN 4 o, e
o= - OO DN 26060) , _ cllet D]+ allo=a)] = talat)
| (4.32)

Using eq. (4.18) into egs. (4.30)-(4.32), eq. (4.27) subtracting E(t = 00) = 1 — Winer/W, eq.
(4.28) and eq. (4.29) also show a long-time tail of t~! for t >> w}' respectively as

=(t) 2 [ A(w+3jlznw+t A(w.‘gjlznw t ] 1 (4.33)
A(t) ~ W[ A(wy)sinwyt — A(w-)sinw_t ] %, (4.34)
() ~ W[ A(w-?;:_osw t. A(w+()dc+osw+t ] %, (4.35)

and E(t) — 1 « —t2, A(t) — A(0) x —t% and II(t) « —t for t S wj! irrespective of the model

parameters, § and A.
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Using eqgs. (4.25) and (4.26), we yield

2
*)= B(w’;fi“’[)mjw) 7 0w, (4.36)
with B(w) = Ww — A(w)[F(w) — wF(A)/A]. We perform the numerical calculation of eq. (4.19)
with eq. (4.36) for the half-filled band case with § = v/2, i.e., n = 1 and Wg/A = 2 to observe
a long-time tail of ¢! for the envelope of wave packets for ¢t >> w}! in fig. 4(a) as well for the
2D model. The characteristic time is w;' = 0.490 from A = 0.408 and =(t = o0) = 0.983. The
integrated intensity of ¢(s) up to t also shows the envelope of t~! as shown in fig. 4(b), which

converges to @ (—iw™)|w=0 = 0 as it should from eqs. (2.12) and (4.36). The fluctuating force f(t)

P (—iw

for the current operator in the model is also the strongly colored quantum noise at T = 0 as well
in the 2D model.

: ot
b (1) ; Io¢(s)ds
1
0044 §\ 1d half-filled
\
Y E.(k) band 0.02
] \\\ WB/A=2 i
04 o H
i // long-time tail '
/ ottt atT=0 ' -0.02 F|| / envelope of t
-0.044} / / .
! ‘l
1 1 1 1 L 1 1 1 1 1 1
0 20 40 60 0 20 40 60
t t

Fig. 4. (a) A long-time tail of t™ for the envelope of p(t) with wave packets in the 1D model at T = 0. The
parameters are n = 1 and Wg/A = 2 with A = 0.408 and thus the characteristic time is w:l = 0.490. (b) The
integrated intensity of ¢(s) up to t with the envelope of t™*.

The MFA is again valid for the model with A << Wp and eq. (4.19) with eq. (4.36) is given by
eq. (4.28) with A << Wp as '

w-w cosw-t coswyl
o)/ @(0) = ——— | - = 4t [Si(w-t) - Si(wst)] |, (4.37)
Wi — W W
with ¢(0) = 2A%(wy —w_)/(7*W) < 1 and w; = 2. Equation (4.27) with t = oo is written as
= Wp 1 A A -

We note that Wp = 2/7%w_ with w_ = v/A? + 62 and that & is the band filling parameter. In the
limit of  — 0 with A << § £ 2 and thus w_ < 2, eq. (4.37) oscillates with almost no damping



because of the vanishing dominator in the r.h.s. and eq. (4.38) behaves as Z(t = 00) ~ 1 - O(A?).
For the intermediate case with A << § S O(1), eq. (4.37) has a tail of t~1 with wave packets as
shown in fig. 4(a) with n = 1 and eq. (4.38) still behaves as Z(t = 00) ~ 1 — O(A?). For the case
with § 2 0 and thus w_ ~ A, eq. (4.37) has a tail of ¢~1 with weak oscillations as well eq. (4.15)
does, however, eq. (4.38) crossovers O(1) for é ~ A to 1/log[2A /6] for § << A. Therefore in the
limit of » — 0 and n — 2 for the model with A << Wg, the fluctuating force f(t) is not identified
as noise because the case violates the criterion of noise respectively as well for the 2D model.
The MFA also completely break down for the model with A >> Wpg as well for the 2D model.
The behavior of ¢(0) anid A(0) for the case with n = 1 is much similar to fig. 3(a) and A(t) for the

case deviates with oscillation from ¢(t) as also observed in fig. 3(b).

§5. Concluding Remarks

In summary, we have reviewed the derivation of the closed-form solution to the GLE (Mori
formula) with the proof of the identity between the GLE and the Kubo formula. We have applied
the identity to transport phenomena in the limit of low frequency within the linear response theory
and deduced rigorous constraints for transport coefficients and those obtained in the MFA (memory
functional approach) to the closed-form solution. We have also taken the closed-form solution to
investigate relaxation phenomena and quantum noise to find that the relaxation functions of the
fluctuating force in a free two-band model have a long-time tail of t~! at T = 0 irrespective of its
parameters and dimensionality and that the fluctuating force in the model is the strongly colored
quantum noise at " = 0. We have also presented a model where the MFA to the closed-form

solution are practically valid.
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Appendix: The Drude Weight of The Conductivity
The intraband component of the temperature Green’s functions for eq. (4.9) is written as
. 1 e .
Xintra(lwn) = N Z(_thk)z Ri{nra(k) E Kiz;t.ra(lwn% (A'l)
M ko h =%

K;xyltra(iw") = TZ G’y(kyi@n)Gq(k, iwn-{—ien),

ien

= % /_oo dz fr(z) [G:;(k, )Gy (k, 2 + iwn) + Go(k,  — i“’")G";(k’ $+)]’ (A-2)
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with the Fermi distribution function fr(z) = [ +1 ] ~1, The analytic continuation of eq. (A-1)

vanishes because
K ra(w™) = / dz fr(z) 8(x — Ey(k)) [ Gqy(k,z +wt) + Gy(k,z — wh) ]
=ﬁe3gp%fmm@+g%+m&wﬂ=a, (a9

However, the Drude conductivity ointra(w) = —Xiyera(w!)/w = Wp6(w) is obtained from eq. (2.33)

as

K;Ltra(w ) / dz fF(x) 8(z — 'y(k)) [ §z+w-— E'y(k)) — 6z —w- E‘Y(k)) ]7

= W/—oo dz x) - f‘(z +vw) 6(z — Ey(k)) 6(z + w — E,(k)),

= 7r/°° dz (_) gF_(_x_) 5(_7;_ 7(1()) 6(w), | (A-4)
Wb = - Z( Vii)? Rlura®) 37 [ o () LD 5@ pag). (as)
= 7

Equation (A-5) is also obtamed by calculating the integrated intensity of the conductivy with a
finite half-width artificially attached in the spectra of the Green’s function G(k, wt).22)
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