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Abstract

The approximate polynomial decomposition problem is that given a polynomial and a norm,
compute the nearest decomposable polynomial with respect to the norm. In this paper, we propose
an algorithm for computing an approximate decomposition of a multivariate polynomial in the 2-norm
based on the SLRA problem.

1 [ECHIC

Z I D decomposition 1%, 52 5N7ZHXEZHEADOGROBICRE T 2METH 5. —EHZ
HARWH T 205213 U e LT, AHBERSCZERZHAR EAMENRE L T o .

decomposition DIRED—D & LT, I decomposition £ W5 b DHBHI SN TWAS. ZIHNE /L LD
HzohizE, 20/ VAL TRDIEW decomposable 7w ZHNXZ KD 2METH 5.

il 1

f=17.9162* + 26.351923 + 35.273422 4 18.8152zx + 12.0927 ¥ 3. f I decomposable T\ A, FR7E
HEIETDY, f=uoh+70, |02 =0.00936216 &EMANCIZARDIETHRES. 72721, u,h,d 13
TOEHYTH 3.

u = 1.0003z% + 4.0345x + 7.0231, h = 4.23212% + 3.11242 + 1.0045,
6 = 0.00422% 4 0.0035z + 0.0076.

T/ NEREB O ZHAR, RIS OB TIREDN A 2722 IHA D decomposition 3K 2 B, HH
RARBINEIRIGREDHETEZ L DHEEHKET 5. 2D &5 BIRMTIX, #£8 decomposition D5 %%
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ZBRBERD B, Fiz, il decomposition 121X ZIHA DM B 1T 2 HE B DO HIIRSPZ THA TR X
Nie T = 2N 2DRGHIE [4], FEMNCET2EY 27— 7 4 VRXDRGT 3] 8 Y, HhARIEHDH%.

—ZERZIHA DLl decomposition DWFFLIEWN K DOMEET 228 [1, 5, 8], ZERDLGE I RADID D
2V, KX T, U 2 2V 2 2BF 2 22 A DIEE decomposition IZDWTE X 5.

=8 1
2R D f e Rlwy, - ,24) (d>2) MU r,seN(n=rsr>2)»BE52oNkR XOKMEiizs
uw€eR[y], h€Rzy,- -, zq] ZRD X.

e f=uoh+4d, XL, degu=r,degh=s5,0 € Rlzy, -, x4
o 6] BAEL

Z Ol % Structured Low-Rank Approximation (SLRA) & W5 MEICIfE X ¥ 2 Z T, fERKIcE
DTN TY XLBRET 5.

2  ZIAT D decomposability £1TFIDZ > 71D T

%3, ZIHAD decomposability &, H 217507 > 7 DREFRIZOWTHNS, FrEDITHNILL T D
HORRT 5.
& 1 (cf. [2,7])
frg€Rzy, -, zg\(R[z1]U - UR[zg)) XL, UTREFETS 3.

o f=uoh, g=voh7’%% u,veR[y,h Rz, - ,zq] PFET .

e Di(g) =0, 7271, Dy RUFDLSREETHS.
Df:]R[.CCl,'-- ,md] — R[m1,~-- ,.Td]d71
w W
Oy, fOu, ' — Dy, fOu, F
Doy fOrs F — Oy fOu, F
F — .
O, 00, F — 8y, f0u, F

SERA |2, Proposition 4] & Fl#kIC, [7, Lemma 1] 22545, &3B, [7, Lemma 1] I8 W THREIAITREL
FIRE WORED A2 TWBH, fH R _ET decomposable TH 5 Z ¥ ¥ C LT decomposable TH 2 Z &
FIRMETH 2 Z e icEEE &. I

n=rs&l, fiheR[z, 24 \(Rlz1]U-- - UR[zy4)) I deg f < n,degh < s Zii/lcd T 5. Fi,
R(0,---,0) =0 232 (FFIIXOTEESELE L), LURTEDBITHNDY A4 XEEET 572512, b L
h 3 sparse 7213 i ZRHEZHKN (i <d) THo7/22 LTDH, dense 2 d EBZHA L AT, HlZIX, 2K
B1DZHR h =21 + 29 € R, 00,73,,04] IOWT, h=21+22+0-23+0-24 &EARRT.

Dy(h) =006, UTFHEHNI3.

811f612h - aLQfaLlh = 0,
811f613h - 8x3f611h = 0,

O, fOp b — O, fOz, h = 0.
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(1) OWEDFRIEINC & > T, h DFREEZERE 3 2 FXEMIE I EADG 5N 5. 2 DREITIIZ My,
h DFREARZ L2 h 5L, UTO@EDTH 5.

Msh =0. 2)

f % decomposable 3% &, Proposition 1 &0, (2) 3IEHRARMEERFD, Thbb M35V 7%bBT
5. —Ji, f 7 indecomposable & § % ¥, Proposition 1 & D (2) IZEHALRME L 2Fiz 72w, Tibb My
BNy relsd. UEDOZ s, fO decomposability & My D7 ¥ 7 03D 2 M &0 2RI
HETES.
AR
D, v 0%b32LZ 3B x5 1 720%B28IRETS. I FT I 2 L% v D
20, brIL 1 ELAGEICAGCIRBTES Z L 2 ROMITBNS.

f=uoh+déHEHIFI2LE, f=ulx+h(0,---,0)0(h—nh0,---,0)+6 &b, h DEHBIHIO L
Tk, WRIZ, h ORFOFREE (7)) —1HTH 2056, My e RP¥ p>g= (1) —1v7k5. ko
T, 7YIHBTBRHEDT Y 2E (1Y) -2 TH 5.

3 SLRA problem
73, AEITRELERITOVWTIERTEL.
& 2
RP*¢ % DURD Frobenius NEEZIHA 7z p x ¢ 1TAI 2D TZ2EME T 5.
(M, My) = Tr(MT M,).
%7z, TOWE S Frobenius / V4 |M|p =/ (M, M) #HSN 3.

HiEiD decomposability ¥ 175D > 7 DRRE W2 Z £ T, Problem 1 Zfi# < 729G LU R D@D
fRINE LN DD 5.

e 2

feERzy, -, zg WKL, ||f—flla DVNEL, D M35 YIEBLTWA LR feRzy, - 2 &
Kb k.

ZoMEE, MURD SLRA problem 125 X825 Z e W TE 3.

S8 3

E % RP* @ affine {77280, D, 5 70 r D p x ¢ (FHRAKDEGEL TS, M e E, re NH5Z25
Nl &, M~ M*||p /N2 K57 M € END, 2R k.

AR 2

Problem 2 Tlx 2 / VA %E/MET 2 DI L, Problem 3 Tl Frobenius / VA% E/MELTWA., Zh

B DIRHEALIIENE — B L TORWA, W DD T ¥ X LA U 7z dHEHIT X 2 nnw i st
nTWn3,

Problem 2 7% Problem 3 IZW@& 3 3 2 & &R,
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& 3
Rlzy, -+, 2dlon = {f € Rlz1, -+ ,24] | deg f <m, f(0,---,0) =0}, BE={My|fe€Rx, - ,2don}t &
EDB. FTz, iRz, zdon 2> E%Z o(f) =Mp EEDS. ZDEE, LURHBEDILD.

(i) Ry, - zdon ¥ EIXE bICKIVZERT, » 3B,
(i) {Mye /| Maes || Yo o <n V& E DIEFEAILE,
(ifi) ¢ ZAME, THDE Rz, zdo, & E EEIHBIRM,

FERA (i) My OEDITOEBEHITRE S.

(i) 2% £ 2°,0 < |a|,|8| < n 2T 3. M; DEDTDS, Fillil, My, My O i fTEHIEIEBR T
DEA —DDITRNT PILT, & HIWIEBRITD D 25ETENVCERLMNEBEICHL e RESL. £oT
(Myo, Mys) =0 2725, F72, (Mye,Myo) = |Myo||lp THEWS, {Mye/|| My ||Ftociaj<n FIERHIER
RERZT. (1) &V, BV {Mpo/||Myo||rlocia)<n THRENSB. KoT, (ii) DD,

(iil) EFE» S o E2HTHSB. My =M, LIREL, (i) DEREREEOSITCEONEEIR, f=4
DRED. DRI o FHEHTH D, DLEXD, (i) 298D iIo. 1

DEC, s = {f € Rlz1, -+ ,zdlon | Ju € Rly],3h € Rlz1, -+ ,z4los, f =uoh} EiEDS. Proposition 1
&1, decomposable 2 ZIEHUIIIE T 2179037 > 2B T 2D THo7=. %72, Proposition 32L& D
Rlz1, -+, zdlon & EZF—MTE2. UEEXD, ZOF—HO T, DEC,, =F OD(S:EJ%2 rRED.
¥ 212 Problem 2 & Problem 3 IZJ@##& 3 5.

AE 3

DEC,, s DEDTTH & EHBIED 0 DZIHRIHT 2381 decomposition 2% 2 5 Z 21272508, THIEH 0T
BWGELBRGITHATE S, FE f=uoh+s &HFEITBLE, f—f(0,--,0) = (u—f(0,---,0))oh+4
L2305, f— (0, ,0)xtF B8l decomposition (u, h) ZRKD7=%, v =u+ f(0,---,0) &FTH
X (v, h) D3 f DI decomposition ¥ 72 5.

4 SLRA problem ([CED <Al decomposition 7L X Ly

Problem 3 #f#< 7 A3 X4 ¥ LT, NewtonSLRA [9] ¥ W5 KIFZEIHI SN TWS., AFHIiTIEZDE
FiT® % relaxed NewtonSLRA [6] Z WV 2. ZAULEM GCD OFEHICTY A Y ENHDTH M,
HfBl decomposition Dtz b REk {fEHTE 3.

BUR23 relaxed NewtonSLRA O—H3OKETH 5. FEHDOIEEFEDOFHMITOWTIIILIH X [6] 2B
¥ AN

Algorithm 1 One iteration of relaxed NewtonSLRA
Require: M € E C RP*9 r € N such that p > ¢q,7r =¢q — 1 and {By,---, B} is an orthonormal basis of

EO
Ensure: Hpn7, .p, (M), where M = TIIp (M)
1: USVT « the singular value decomposition of M and let U = (iy, - ,i,) and V = (&1, -+ , 7,)
2 M « U2, VT, where U, = (@1, , @), V, = (#h, -+ ,¥) and , is the top-left r x r submatrix of
by

3 A« (al,l)“t,au = <ﬁr+1lg,Bl>
4: b4 (by) € RY, by = (10T, M — M)
5: return M + Y°1_, (ATb), B,
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AR 4

EH D NewtonSLRA % W% & RFTBGERICICE T % Z L % Wi, RFTEGEENDOIHZ B < TR
A o7z relaxed NewtonSLRA Z W T W3, 723, R (6] DFHICBEE L7H2H, NewtonSLRA
WD/ NTRIRDE . (Algorithm 1 TU& Step 5 D Alb DFFFICHY) 1I2BWT, tolerance % FEi§HUZ
[FRRIC R ROREANDOR S 2 Z e i 2 e 3T E 3.

Algorithm 1 Z T, T8 decomposition 7TV XL ZHEKT 2. 7T Y XLDASTE LTLLRD
WETH o 7=,

o BT M
o WHITHIDS Y 7 ¢
o BB 5 720 B0 OFMEZIE (B, , B}

[ E & Proposition 3 & D, M = My,r = (*}%) —2,{B1, - , B} = {Myo /|| Myo||F }o<|aj<n & T
B IV (B3P EmBDOTE = E° THh5). ZHT Algorithm 1 23R TE 3.

T, I decomposition DFIFHIEICDOWTIARS. FF, Algorithm 1 2 T2 REHET 222 T
My 255 ¥ 7S LIEH#ITH M; 25tHT 5. $26L, Mih =0 QAR $2DD ker M; O
HIRERDZ I ThHFETES. KIS, fLh»5 ||f —uohl, ZERMET 2 u2RDB. f=uohD
5, u DR EER Y T2 BB AER Au=b28 5605, ZOHENAERORN_FEuw = ATb %
KDIUZ, ||f —uohl, ZERMET 2 udSEHEHTE 3.

UEEFeH2r, URDOUE decomposition 743V X LABKEETE 5.

Algorithm 2 AppDecomp

Require: (f,n,s) as in Problem 1
Ensure: (u,h) as in Problem 1
1: Construct My from (f,n,s)
2: Compute a rank deficient matrix M i from My by Algorithm 1
3: Compute h from a linear system M;h =0
4: Compute u by solving the least-squares problem

5: return (u, h)

AR5
Proposition 1 &F—ZHZHEAUIHN LTI D L0k, 20713 ) XL TE—ERZEHA DR
decomposition ZalH T 2 Z X TERW. —ZEBDYER [1, 5] 0713 Y X azHniud .

5l 2
n=4,s=2%L, fEUTDOED ¥ F5. fi¥decomposable 7%ZIERDHREN T 0, 7780 10-6 DIEMR
DIAPED ) A ZA%MATZDDTH 5.

f =131.2252% — 133.6542° — 14.98022%y + 335.763x22 + 4.9437x2 + 7.62874xy — 170.98922+
14.81322 4 0.427524y> — 19.1649yz + 1.6603y + 214.77822 — 37.21362.

My e RO 2R L, Algorithm 1% KT 2 2 ¥ TF ¥ 2#b LIGEHETH M; 54505, ker M O
HIEZFRT 5,
h = 0.2990792 — 0.58729z° + 0.0335216y — 0.751345z
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PESNE. T2, fLA2ORNFEZE>TuldlFD XS ICHETE 5.
u = 380.462x2 + 49.5293z.

|f —wohla=3.6123 x 1076 &, HNELEZ 2T 4 ROFREARIETH 2 2L h0H 5.

5 SR 2ULEELBZES

SEHATHIND 5 > 23 2 U LETED BE ORI OWTBRS. f=uoh+d,degf =n,degh=5s &%
5. (f.n,s) D26 My 255 ¥, hd decomposable THALI, M2 ULEZ v r7%b55. 208
&, ker Mz i3 h & h @ right component (2 d 2 fRE 2 MLEELT2D, ker M; DELED h DIREL
525 RS R0,

COYiG, s DR 2D, (fn,s) 2O My ZIRLT 5. COBMERZMDIRT L, ker Mp 2 h O
indecomposable 7% right component IZXET 2RER 2 MLDAEEL X 5124 5720, EETHID S >~
IR ESX1%EBLL LD My pMFoh5.

LELOBED T DIZ, EHATIIN ENIZT 7V 7 BB L TV A DO MR T 20 EN D B, 7713 My
DRFMEDIRK gap D HHEE T 5 Z A TE S, Algorithm 1 TEFREMESEE T 2720, BIITS V2
DHEE BITRIT KW

%l 3
n=4,s=2%L, fEUTDED YT %. flZ decomposable 7sZTHRDIREIZFEI 0, 78 107+ DIEMH
DAL HD ) A XEMZ T2 DTH 5.
[ =4.121492* 4 108.5742y + 0.0233258z> + 1072.5922y? + 0.457272%y + 0.00194601x> + 4709.29xy°+
3.01126xy% + 0.0273166zy — 0.00002566332 + 7753.7y* + 6.61033y> + 0.0893366y> — 0.000060814y.

(fin,s) D5 My 2R L, My ORFEEZRD2 L, UTD L5124 5.

SingularValue(M;) = (01,02, 03,04, 05),

where 01 = 69138.7, 09 = 34540.1, 05 = 32288.9, 04 = 0.00147171, 05 = 0.000677187.

FERAED gap IBHER AR OB T2, &K gap 1% 03/04 ~ 2.19397 x 107 TH b, F IR 4
RAMEOHTELTVE. WRICM; D7 Y723 LMETD. My DIV 2 E5THIND, 7V 712
BEHELLWMETES. XoT, (f,n,s) DRODICs D1 2L 5T, (f,n,1) XL Algorithm 2 %5
1732 %, LURD@E DT decomposition 2351 TE 3.

u = 8115.352" + 6.84032> 4 0.09144722 — 0.0000639774x,
h = 0.150119x + 0.988668y, ||f —wo k|2 = 0.000339612.

6 HHDOHICS

SLRA problem 1230 { ZZRZ THR DL decomposition 71TV X A ZEFEK L 72, Algorithm 2 &
MWERBOHELREO T NIV XA RoTWS., LirL, My DA XFEROE LI TH 5
25, ANZHRC X o TEHKBATAOEIEDE W, BURD £ £ Tld X £V ORI o B
BT B (FIZE, 10 286 RDOZIEKX fiaxts 5 My 38 1GB 0178l 12 %), SHOFEL LT,
Algorithm 1 IZHEIEZHIAAA, FKRITHAIOHE Z [nllit5 2 FEICOWTEZ 20 LD H 5.



186

4]

[5]

(9]

H

AWFFEUNIILFIRI « FEFEVFEILR T D 2 FIR PRI ST DX 2 R I d DTH 5.
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