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Preface

A variety of queueing models have been proposed and analyzed to evaluate the performance of
systems such as computer, communication and manufacturing systems. Among them, queueing
systems with vacations have been extensively studied in the last two decades since those have a
lot of applications in those real systems.

For example, in most computer systems, a processor is shared among various types of jobs
and hence is not available all the time to each type of jobs. From the view point of a specific job
type, it alternately handles jobs of the type or jobs of the other types. To reflect the occasional
inavailability of the processor in queueing systems, the server is regarded to take vacations.

Although a large number of works for the queueing systems with vacations have been carried
out, there are still unsolved problems expressed by service disciplines, buffer control policies and
the non-Poissonian arrival process. In this dissertation, we study such queueing models with
vacations. We focus our attention to a finite parameter which characterizes the way of service
and effects the system performance.

First of all, we consider queueing systems with vacations and a finite buffer under three
service disciplines and study the difference among those waiting time distributions in detail.
Three disciplines considered here are (1) first-come first-served (FCFS), (2) random scheduling
and (3) last-come first-served (LCFS).

Secondly, we analyze the M/G/1/K system with vacations under the buffer control policy
called push-out scheme and investigate how the buffer policy effects the waiting time distribution.
‘We consider following two buffering policies: Non-Preemptive-Buffering (NPB) and Preemptive-
Buffering (PB), and investigate the mean waiting time and the coefficient variation of the waiting
time for each policy.

Finally, we focus the queueing models with vacations in which the arrival process is not
Poissonian. Most of the previous works on vacation models have assumed that customers arrive
to the system according to a stationary Poisson process. The assumption of Poisson arrivals is
fit to model the arrival process of data messages, and performance measures, such as the mean
waiting time, are given by simple formulas.

According to the evolution of the communication technology, however, such diverse traffic
as packetized voice and video can be integrated into data networks. Poisson process may not
be suitable to describe bursty traffic such as veice and video, where there exits a fair amount
of correlation and variation. Thus, queueing models with non-Poissonian arrivals are of much
current interest in these days.

Concerning the non-Poissonian arrival process, we study the following queueing models:
SPP/G /1 with vacations and E-limited service discipline, and MAP/G/1 queues under N-policy
with and without vacations. A Switched Poisson Process (SPP) is a two-state Markov Modulated
Poisson Process (MMPP) and some performance measures can be derived explicitly. On the
other hand, Markovian Arrival Process (MAP) is a fairly general process and has a capability
of representing a wide class of arrival processes. In both models, we investigate the effects of
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the arrival process for the waiting time.

The results of this dissertation are fairly fundamental for the queueing theory. The author
expects that those results will be widely useful to resolve the problems which arise in modeling
computer, communication and manufacturing systems. He also hopes that this work is helpful
for the further research in the performance evaluation field.

December 1995

Shoji Kasahara
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Chapter 1

Introduction

A variety of queueing models have been proposed and analyzed to evaluate the performance
of systems such as computer, communication and manufacturing systems. In most of these
systems, the server is busy when there are at least one customer in the system and the server
becomes idle when there are no customers in the system. The server may start its service just
after the customer arriving at the system.

In the case of a computer system, the processor has to do a lot of works such as a job
scheduling, a process management, maintenance works for troubles, etc. From the specific job’s
point of view, the service to other processes can be considered as a vacation. According to
the service or priority types, we can classify customers into two types, primary and secondary
customers. Queueing systems in which the server works on primary and secondary customers
arise naturally as models of computer, communication and production systems. As far as the
primary customers are concerned, the server working on the secondary customers is equivalent
to the server taking a vacation and not being available to the primary customers during this
period. Thus, there is a natural interest in the study of queueing systems with server vacations.

Queueing models with vacations are also useful for analyzing the system with priorities.
There are a number of works for queueing systems with priority rules. A priority rule determines
the allocation of resources to customers. This rule may take into account other factors such
as differences in delay costs or service times among customers classes. These factors may be
explicitly modeled, or may be implicit in the assignment of customers to priority classes, where
some classes receive better service than others. Main results for those priority models are devoted
to first moment of performance measures such as queue length and waiting time. Unfortunately,
distributions and higher moments of such performance measures are often given by complex
expressions. In many cases, the vacation formulation for models with a priority are very useful
for finding these other measures.

This dissertation studies single server queueing systems with vacations mainly focusing on
the following subjects: finite buffer, buffer control policies and non-Poissonian arrival process.

Most of previous works have assumed that the system has an infinite buffer since this as-
sumption enables us to derive simple and elegant formulas for performance measures such as
the queue length distribution and the waiting time distribution. However, practical systems
only have a finite buffer and if we need to investigate the behavior of these systems in detail,
the assumption of a infinite buffer is not suitable. The analysis of systems with finite buffer is
necessary for this situation. In this dissertation, we consider queucing systems with vacations
and finite buffer under several service disciplines.

Secondly, we consider queueing systems with vacations under several buffer control policies.
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In general, the buffer control scheme is an important factor for processing messages as well as
service disciplines. Buffering policies specify those messages that are admitted to enter and
those to be removed from the buffer instead when the buffer is full. It is important to study the
buffer behavior under several control policies.

Finally, we study queueing systems with vacations and a non-Poissonian arrival process.
From a number of works for the Broadband ISDN (B-ISDN) and its related technology, Asyn-
chronous Transfer Mode (ATM), it has been pointed out that the Poisson arrival assumption is
not suitable for modeling the traffic composed of different kinds of data packets called cells due
to its burstiness property.

In addition to the ATM, we can find several applications in the manufacturing and inventory
systems, where there exists the correlation in arrivals and hence the arrival stream cannot be
modeled by a Poisson process. Thus, it is greatly significant to investigate how arrival processes
effect performance measures such as mean waiting time.

Throughout the dissertation, service requests such as customers and jobs are called as mes-
sages if there are no specifications for the service requests.

The remainder of this chapter is organized as follows. In section 1.1, we show typical vacation
disciplines considered in this dissertation. In section 1.2, we present some important practical
examples and show how to express those applications by queueing models with vacations. In
section 1.3, we summarize the non-Poissonian arrival processes dealt in the dissertation. In
section 1.4, we show the previous works of queueing systems with vacations. Finally, we present
the overview of this dissertation in section 1.5.

1.1 Principal Vacation Disciplines

There are a number of combinations of service and vacation disciplines. In this section, we show
some principal vacation disciplines and service policies. Considering the state at the end of a
busy period, we can classify vacation disciplines into two categories, ezhaustive service and non-
ezhaustive service [Taka91). Exhaustive service implies that a vacation begins only when there
are no messages in the system. On the other hand, under non-exhaustive service, a vacation
begins although there are messages in the system. First, we show some vacation disciplines
under exhaustive service.

o Multiple Vacations
We assume that the server begins a vacation each time the system becomes empty. If the
server returns from a vacation and find the system not empty, it starts to work immediately
and continues until the system becomes empty again. If the server returns from a vacation
to find no messages waiting, it begins another vacation immediately, and continues in this
manner until he finds at least one message waiting upon returning from a vacation.

e Single Vacation
The server takes exactly one vacation immediately after the end of each busy period. If
he finds no message in the system upon returning from the vacation, it becomes idle until
a message arrives. When a message arrives at the system, the server immediately starts
to serve it.

® N-policy without Vacations
At the end of a busy period, the server is turned off and inspects the queue length every
time a message arrives. When the queue length reaches a pre-specified value N, the server
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turns on and serves messages continuously until the system becomes empty. (In [Taka91],
this is referred to as N-policy.) '

e N -policy with Vacations
At the end of a busy period, the server takes a sequence of vacations. At the end of each
vacation, the server inspects the queue length. If the queue length is greater than or equal
to a pre-specified value NV at this time, the server begins to serve messages continuously
until the system becomes empty. (In [Taka91], this discipline is referred to as wacetions
with a threshold.)

Next, we show non-exhaustive service cases as following.

e Gated Service

When the server returns from a vacation, it accepts and serves continuously only those
messages that are waiting at that time, deferring the service of all messages that arrive
during the service period until after the next vacation. There are some variations of
gated service systems. For example, in the multiple vacation model, if the server returns
from a vacation to find no messages waiting, it begins another vacation immediately, and
continues in this manner until it finds at least one message waiting upon returning from a
vacation. In the single vacation model, the server takes exactly one vacation after the end
of each busy period.

o Limited Service
In the limited service, the number of messages that are served continuously during a service
period is limited. Similar to the gated service, there are variations of the limited service.

— Pure Limited Service
The server takes a vacation each time it completes service to a message.

— G-limited Service
Let M be a positive integer and L} denote the number of messages found in the
system when the server returns from the nth vacation. Then, the server continues to
serve min[M, L] messages during a service period, and then takes the next vacation.
Note that the case M = 1 corresponds to the pure limited service and that the case
M = oo corresponds to the gated service.

— E-limited Service
The server continues to serve until (1) M messages (including new arrivals) are served,
or (2) the system empties, whichever occurs first. Note that the case M =1 reduces
to the pure limited service and that the case M = oo corresponds to the exhaustive
service.

— B-limited Service
Messages are served in batches of a fixed size M. The server takes a vacation following
the completion of a service period for each batch. If the server finds fewer than M
messages queued upon returning from a vacation, he takes another vacation, and
continues to operate in this manner until he finds at least M messages queued upon
returning from a vacation.

— T-limited Service
The length of each busy period is limited by a given time.

In this dissertation, multiple vacations and exhaustive service are considered in Chapters 3
and 4, multiple vacations and E-limited service discipline in Chapter 5, and N-policy with and
without vacations in Chapter 6.
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1.2 Examples

In this section, we show some vacation models presented in [Dosh86].

There are a variety of problems and questions which can be addressed by using appropriate
vacation type models. These problems are from a diverse mix of application areas. Some of
these examnples illustrate end applications, while others show how vacation models arise in other
well-known queueing models from a broad range of applications.

1.2.1 Machine Breakdowns

A machine producing a variety of items (primary jobs) can be modeled as a single-server queue.
Machine breakdown may occur randomly, independent of the status of the queue, and may be
regarded as secondary jobs which preempt the primary jobs. Alternatively, breakdowns may be
regarded as server vacations. The natural question here is how breakdowns affect the capacity
of the machine, the queue length and the sojourn time of primary jobs (items being produced).
The system is also equivalent to a two-priority single-server queue with breakdowns having a
preemptive priority over the primary jobs. The vacation models are closely related to the priority
models.

1.2.2 Maintenance in Production Systems

When a machine becomes idle, preventive maintenance starts. While it is in process, any items
arriving at the machine will have to wait. A period for maintenance can be considered as a
vacation. However, the start of vacation depends on the state of the queue. It happens only
when the queue becomes idle after a busy period. Moreover, there is exactly one vacation after
the end of each busy period. This is a typical example of the single vacation model.

In this situation, our main interests are how preventive maintenance affects the waiting time
of the primary jobs, and how long each duration for preventive maintenance should be scheduled
after the end of each busy period.

1.2.3 Maintenance in Computer and Communication Systems

Processors in computer and communication systems do considerable testing and maintenance
besides their primary functions (processing telephone calls, processing interactive and batch jobs,
receiving and transmitting data, etc.). The testing and maintenance are mainly to preserve the
normality of the system and to provide high reliability. The way these functions are scheduled
relative to the primary jobs depends on the system requirements on the delays for the primary
and maintenance functions. A few illustrative situations are the following:

1. Frequently, the maintenance work required is divided into short segments. Whenever the
primary jobs are absent, the processor does a segment of the maintenance work. If, on
completion of this segment, some primary jobs are present, then the processor will serve
the primary jobs until it is idle again. On the other hand, if no primary job is present
on completion of a maintenance segment, then a second maintenance segment is done and
so on. Here, maintenance is the lowest priority work done in short segments. Primary
Jjobs have non-preemptive priorities over the maintenance segments. Also, various types of
maintenance segients are arranged in a cyclic sequence and when the entire sequence is
completed once, the cycle repeats. Thus, while primary jobs are being served, the system
behaves like a usual queueing system. When the system is idle, the server takes a vacation
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(works on a maintenance segient) and keeps on taking vacations until, on return from a
vacation, the server finds at least one primary job waiting. This can be considered as the
multiple vacation model.

Since, in this system, an unusually heavy load of primary jobs may shut-off maintenance for
a prolonged period, some measures are frequently taken to guarantee that a certain mini-
mum amount of maintenance work will be done in a given interval. One such measure is
to monitor the amount of time available to the maintenance work and limit the acceptance
of primary jobs so that the required amount of time is available for maintenance.

2. A limit M is placed on the number of primary jobs done before at least one segment of
maintenance work is done. The resulting queueing model is a limited service vacation
model in which the server takes vacation on becoming idle or after serving M consecutive
primary jobs.

3. This is similar to 2 but the limit is placed on the time T spent on primary jobs rather
than the number of primary jobs served.

4. Maintenance jobs are scheduled periodically and, when scheduled, they get preemptive or
non-preemptive priority over the primary jobs. The vacations are secondary jobs which
arrive independently of the state of the system and have priority over primary jobs. The
resulting queueing model is similar to that in 1.2.1.

Typical questions here are the effects of maintenance jobs on the delay of primary jobs, the
appropriate length of a maintenance segment, and the appropriate values of the limits M and
T in the limited service case.

1.2.4 Cyclic Server Queues

Cyclic server queues arise naturally as models with scheduling task processing in a variety of
computer systems, and those under disciplines by which various contending ports or virtual cir-
cuits are served in communication systems. There are a number of works on cyclic server queues,
dealing with both the fundamental analysis and applications to computer and communication
systems. Here, we only briefly describe the basic models and discuss their relationships to the
vacation models.

The basic model has m classes of messages, each with its own queue. These m queues are
served by a single server. The single server serves these queues in a cyclic way according to a
specified order. At time 0, the server visits the first queue on the template. After completing
specified work there, it moves to the second queue in the template and so on until it completes
work in the last queue in the template. At this point it goes back to the first queue and next
cycle starts again. Various models of this type are distinguished by when the server decides to
move from one queue in the template to the next. In an ezhaustive service case, the server leaves
a queue when it is empty. In the gated service case, the server, on arrival to a queue, closes
a gate behind the waiting messages in that queue and leaves that queue when the messages
present inside the gate are served. Finally, in the limited service case there is a limit M; placed
on the number of messages served on each visit to queue i. The server leaves queue 1 either
when that queue is empty or when M; messages have been served during the current visit.

Two different types of vacation models are related to the cyclic server quenes. Cousidering
a specific queue we note that, as far as the messages in that queue are concerned, the time
the server spends serving other queues as well as moving from/to queues is like a vacation. In
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exhaustive service, this vacation begins when the queue in question is idle and the vacation
model is of a multiple vacations type. In the gated or limited service case, vacation may start
even when messages are present in the queue, but only on completion of a service. However,
unlike the models discussed earlier, the length of each vacation here depends on the number
of arrivals in other queues since the last visit of the server to each of those queues. This, in
particular, implies that vacation time is strongly dependent on the length of busy periods. The
distribution of vacation time is not known a priori. Consequently, all the results cannot be
necessarily obtained from the known results for vacation models. However, vacation models can
be and have been used successfully to obtain either iterative procedures or approximations for
the cyclic server queues. In some cases, the results from vacation models are also used to obtain
exact expressions for various performance measures.

When the underlying system is completely symmetric, that is all the interarrival, service
time and the walk time distributions are independent of the index of the queue, then the average
waiting time can be obtained directly from the total number of messages in the system. Here,
a different type of vacation model would be appropriate. Suppose we consider a single queue
consisting of all the waiting messages. Vacations are then the time intervals corresponding to
the movements of the server from one queue to another. Vacation starts even when there are
messages in the queue (even in the exhaustive service case). However, the vacation distributions
are explicitly known and their durations are independent of the arrival processes. This makes
the application of the results from vacation models relatively easier.

1.2.5 Clock Driven Schedules

These types of schedules are frequently used in computer systems for call processing applications
to schedule primary and maintenance work. We present two variants depending on how the clock
is used. In both cases there is a clock which ticks every T seconds. Primary jobs arrive to join an
external queue and the clock ticks are used to decide when these jobs are moved to an internal
queue from which they get served. Moreover, there is an unending supply of maintenance work
divided into segments as discussed earlier.

1. At each clock tick, all the primary jobs waiting in the external queue are moved to the
internal queue where they have a non-preemptive priority over the maintenance work.
Arrivals between the clock ticks wait in the external queue until the clock ticks. If we
concentrate on the internal queue of primary jobs, then interarrival times are constant
(equal to the interval between clock ticks) and when this queue becomes empty, the server
takes a vacation to do a maintenance segment and keeps on doing these segments until
the clock ticks. If new primary work arrives at the internal queue at this point, after
the current maintenance segment, the primary busy period starts again. We thus have a
D/G/1 queue with multiple vacations.

2. The clock is asynchronous to the basic arrival and service processes. After completing each
primary job, the server checks the external queue and brings any waiting primary jobs for
service. Thus, as long as the primary job queue is non-empty, this behaves like a usual
queuing system. When the primary queue is empty, a maintenance segment is started
and continued until the asynchronous clock ticks again. At this point the primary queue is
checked again. If a primary job is present, it gets preemptive priority over the maintenance
work in progress, but otherwise the maintenance work is continued until the next clock
tick and so on. Thus, after the end of each busy period the server takes a vacation until
the next clock tick (the length of this vacation is random with support on [0, T} and
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keeps on taking vacations (subsequent vacations are of constant length T') until, on return
from a vacation, it finds at least one message present. Then a busy period starts again.
This model differs from the previous models in that the first vacation after the end of each
busy period has a different distribution than the subsequent ones. In general, we may have
a sequence of (not necessarily identical) distributions which govern the vacations after the
end of each busy period. We will call this a queue with variable vacations.

1.2.6 Priority Queue

Consider a queueing system with multiple vacations as described in 1.2.3 above. Now consider
a queueing system with two priority classes, the high priority messages and low priority ones.
In this pricrity queueing model, if the total load approaches 1, the low priority queue is always
full and, if the priority is non-preemptive, the high priority queue behaves just like the queueing
system with vacations.

For simplicity, suppose that we have a priority queueing system with three priority classes
and we are interested in the messages with intermediate priority. The high priority messages
play the role of interruptions or breakdowns in service. These may occur during an ongoing
service of class 2 messages or at the end of such a service, depending on whether the service to
higher priority messages is preemptive or non-preemptive. In the case of non-preemptive service,
when the lowest priority messages go into service, those play the role of vacations which start
only when the class 2 {(and class 1) queue is empty.

1.2.7 Related Models

Various other situations where the server is not always available to serve its primary jobs may
look different but are closely related to the vacation models. In many of these cases the results
from the vacation models can be successfully applied with a little more effort. In others, essen-
tially the same techniques can be used to analyze from scratch. Now, we discuss queues with
set-up time.

These arise in many production systems where each run involves set-up during which the
machine is not available for productive work. If the type of set-up required is not known before
the first arrival, the set-up for the service starts when this arrival cccurs and the service starts
after the set-up ends. This can be formulated as a vacation model in which vacation begins
when an idle period ends. Here vacation starting epochs are dependent on the arrival process.

On the other hand, the vacation models discussed earlier can be formulated as set-up models
* where the set-up time is the remaining length of the vacation in progress when an arrival finds
the system empty. In any case, vacation and set-up time models are closely related, and in turn,
both are related to the priority queueing models.

A related situation is one in which the first job to start a busy period has a service time
distribution different from the others. The set-up time model is, in a sense a special case of
this situation where the first service is the sum of set-up time and regular service time. The
difference is that here the waiting time of the first job is zero, while in the set-up model it is
not.

1.3 Non-Poissonian Arrival Process

In this section, we present the non-Poissonian arrival processes dealt in the dissertation.
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Non-Poissonian arrival processes have been studied in the context of the performance evalu-
ation of B-ISDN, especially ATM. ATM is based on packet oriented information transfer using
small, fixed size blocks called cell and statistical multiplexing [Turn86, Armb87, Part94]. It
makes possible efficient transmission of bursty traffic, such as packetized voice, image and video
generated from various terminals,

Since the traffic stream in ATM network has the property of burstiness, it is hardly enough
to model such correlated traffic using a Poisson process. Thus, non-Poissonian arrival processes
become more important to model the system with bursty traffic. In the following, we present
some non-Poissonian arrival processes in detail.

1.3.1 Markovian Arrival Process

Markovian Arrival Process (MAP) is one of the most useful stochastic process among non-
Poissonian arrival processes. In the following, we summarize the MAP represented by (C, D)
[Lucad0].

We consider a Markov process on the state space {1,2,---,m + 1}, where {1,2,.-- ,m} are
transient states and {m + 1} is absorbing. Assume the Markov process is in a transient state
i, 1 £4 < m. The sojourn time in this state is exponentially distributed with parameter );.
When the sojourn time has elapsed, there are two possibilities. With probability pij, 1 £j<m,
the Markov process enters the absorbing state and is instantaneously restarted in the transient
state j. With probability ¢i;, 1 < j < m, j # 4, the process immediately enters the transient
state 7. We define C;; and D;; as

Cij = Aigij, 1 <4, 5 <m, i # 7, Cii = —A;, Dij = Mipij, 1 <4, 5 <m.

Let C' (D) denote the matrix with elements Cy; (D;;). We note that the assumption that
absorption is certain, starting from any transient state, is equivalent to the non-singuwlarity of
matrix C. The MAP with (C, D) is a semi-Markovian arrival process and the probability density
function (pdf) for the lengths of interarrival times is given in a matrix form:

f(z) = e“*D. (1.1)

The irreducible matrix C'+ D is the infinitesimal generator of the Markov process restricted
to the states {1,---,m}. Let 7 denote the stationary vector of C + D, i.e.

m{C+ D) =0, e =1, (1.2)

where e denotes the column vector of ones.
Let N(t) be the number of arrivals in (0, t]) and J(2) the state of the Markov process at time
t. Define the following conditional probabilities:

Pij(n, t) = Prob{N(t) = n, J(t) =j|N(0) =0, J(0) =i}, 1<4,7 <m.

We define P(n, t) as the m X m matrix with elements Fij(n, 1). P(n, t) satisfies the following
forward Chapman-Kolmogorov equations:

!
éP(n, t) = P(n,t)C+Pn-1,1)D, n>1,1t>0,

P(0,0) = I,



1.3. NON-POISSONIAN ARRIVAL PROCESS 9

where I represents the unit matrix. We define the matrix generating function P*(z, t) as

P (z,t) = i P(n, t)z".

n=0
Then, P*(z, t) is given by
P(z, t) = elC+=DIt, lz| €1,t>0. (1.3)

The fundamental arrival rate of this process is given by A = wDe.

1.3.2 Markov Modulated Poisson Process

Markov Modulated Poisson Process (MMPP) is a doubly stochastic Poisson process and can be
constructed by varying the arrival rate of a Poisson process according to an m-state irreducible
continuous time Markov chain which is independent of the arrival process [Fisc92]. When the
Markov chain is in state ¢, arrivals occur according to a Poisson process of rate A;. The MMPP
is parameterized by the m-state continuous-time Markov chain with infinitesimal generator @
and m Poisson arrival rates Ay, -+, Am. Let A = diag()1, - -+, Am). Using the MAP notations,
we have
C=@Q-—-A, D =A.

1.3.3 Switched Poisson Process

A Switched Poisson Process (SPP) is a two-state MMPP and hence performance measures like
the queue length distribution and the mean waiting time can be derived explicitly [Taki93a,
Kasa93b).

Now we consider the SPP which is modulated by a continuous time Markov chain with two
states, 1 and 2. We assume that the time spent in state 1 (2) is exponentially distributed with
rate @ (). When the state of the underlying Markov process is 7, messages arrive to the system
according to a Poison process with parameter A;.

Using the MAP representation, the SPP is expressed as follows.

-a « (M 0
(7 5). o 2)

The mean arrival rate A is given by

ﬁ)\1+a,\2
A= — =
a+f

1.3.4 Other Special Cases

In this subsection, we show some different expressions for other arrival processes using the MAP
representation [Luca90].

e Poisson process

Poisson process is a special case where m = 1 and hence the corresponding expression is:

C==A, D=
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e PH-renewal process
The phase-type (PH) renewal process contains many familiar arrival processes including
Erlang and hyperexpontial arrival processes. A PH renewal process with the representation
{c, T') is expressed with MAP notations as

C=T, D =-Teco.

e Superposition of MAPs

The superposition of two independent MAPs with representations (Cy, D1) and (Cs, D»),
respectively, is also an MAP with '

C=01@CQ, D:D19D21

where & denotes the matrix Kronecker sum. This same construction may be extended to
the superposition of n(> 2) MAPs. The class of MAPs is closed under superposition.

1.4 Previous Works

In this section, we present previous works related to the dissertation. Since there are a number
of researches on queueing systems with vacations and its associated models, we classify those
into three parts: queueing system with vacations, buffer control policies and non-Poissonian
arrival process.

1.4.1 Queueing Systems with Vacations

Since queueing systems with vacations have been the classical subject in the queueing theory,
there are a number of books treating those in detail [Coop81, Taka91, Taka93, Wolf89]. In par-
ticular, [Taka91] focuses on queueing systems with vacations and infinite buffer, while [Taka93]
focuses on those with finite buffer. Excellent survey papers of queueing systems with vacations,
including some applications, are written by Doshi [Dosh86, Dosh90].

As for the queueing systems with vacations and finite buffer, Lee [Lee84] analyzed the waiting
time of an M/G/1/K system with server vacations under the exhaustive service discipline. He
studied the queue length process considering the embedded Markov chain. Using a combination
of the supplementary variable and sample biasing techniques, he derived the general queue
length distribution of the time continuous process, the blocking probability, and the waiting
time distribution. Lee [Lee89a] also studied an M/G/1/K with vacations and limited service
discipline in the similar manner to [Lee84].

1.4.2 Buffer Control Policies

Buffer control policies specify those messages that are admitted to enter and those to be removed
from the buffer instead when the buffer is full.

A communication system under a preemptive buffering has been investigated by Rubin and

Ouaily in the context of an M/G/1/K with push-out scheme [Rubi88]. They have classified
buffer control policies into the following types.

¢ Non-Preemptive-Buffering (NPB)
An arriving message that finds the system full is blocked.
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¢ Preemptive-Buffering (PB)
If an arriving message finds the system full, the message which has waited the longest is
pushed out from the buffer and the arriving message is allocated a buffer space.

They considered the models of FCFS/NPB, FCFS/PB and LCFS/PB, respectively. In all cases,
they derived the queue length and the waiting time distributions.

Sumita and Ozawa has studied a push-out scheme in [Sumi88] and analyzed loss probabilities
and the waiting time considering the M/D/1 queue with finite buffer.

Takagi [Taka85] analyzed an M/G/1/K where the arrival process is switched off when the
buffer limit is reached, and switched on again when the buffer occupation falls below a given
reswne level. He derived the queue length distribution and shows numerical results of loss
probability and response time.

Kroner [Krén90] has proposed a partial buffer sharing scheme which is a modified PB scheme
for systems with two priorities. Class-1 messages are supposed to have the higher priority than
class-2 messages. Let K; (¢ = 1, 2) denote the pre-specified maximum number of priority 2
messages in the system, and K = Kj. If an arriving class-2 message finds K messages or Ko
class-2 messages in the system, this class-2 message cannot enter the system. When a class-1
message arrives at the system, the following situations are considered:

o If the system is full with class-1 messages, the arriving class-1 message cannot enter the
system.

o If the system is full and there are &k (£ K3) class-2 messages, then the class-2 message
which has waited the longest is pushed out from the buffer and the arriving class-1 message
is allocated a buffer space.

He mainly analyzed loss probabilities and compares the numerical results with a push-out
scheme. :

1.4.3 Non-Poissonian Arrival Process

In this subsection, we briefly surmmarize the previous works for the queueing models with vaca-
tions and non-Poissonian arrival process.

In early studies of queues with non-Poissonian arrival processes, a PH renewal process has
been mainly analyzed by Neuts [Neut79). A PH renewal process is a renewal process in which
inter-renewal times have a PH distribution. Although the notation used in [Neut79] is fairly
complex, the matrix formation shows that the process is indeed a natural generalization of the
ordinary Poisson process.

Ramaswami [Rama80] has introduced a N-process, which is formed from a PH renewal
process, and analyzed the N/G/1 queue in detail for the first time. In [Rama80], the stationary
probability distributions such as the queue length and the virtual waiting time are derived
‘and the algorithms for calculating moments are shown in the context of the matrix analytic
methodology. Neuts also developed this matrix analytic methodology in [Neut81, Neut89]. He
has distinguished the matrix analytic methodology between two different paradigms: GI/M/1-
type [Neut81] and M/G/1-type [Neut89], respectively.

MAP has been introduced by Lucantoni et al.[Luca90] as a generalization of PH renewal
processes and the MMPP's. In [Luca90], the representation (C, D) is introduced for the first
time and a MAP/G/1 queue with multiple vacations are analyzed in the context of M/G/1
paradigm.
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Blondia [Blon91] has considered a single server queue with finite buffer where the server
takes vacations and analyzed the model for both the cases under the exhaustive and the limited
service disciplines.

Recently, Lucantoni extended the MAP to a batch Markovian arrival process (BMAP)
[Luca9l, Luca93) and compared the derived formulas with Poisson cases.

In the matrix analytic approach, there are some difficulties in implementing algorithms for
calculating the moments of performance measures. Takine et al.[Taki93a] considered a 2-state
MMPP called SPP, and analyzed a batch SPP/G/1 queue with multiple vacations and exhaustive
service discipline using the supplementary variable technique.

1.5 Overview of the Dissertation

Although there have been a large number of works for the queueing systems with vacations,
there are still many unsolved problems in this field. We study queueing systems with vacations
mainly concerning the following points: service disciplines, buffer control policies and the non-
Poissonian arrival process. These elements characterize the way of service and hence plays an
important role in the system performance.

First, we consider a queueing system with finite buffer. In this model, our main interest is
the difference of waiting times under three service disciplines: FCFS, random scheduling and
LCFS.

In Chapter 2, we consider an M/G/1/K system without vacations under random scheduling
and LCFS. We apply the results of this chapter to an M/G/1/K with multiple vacations in
chapter 3. We analyze the waiting time distribution under random scheduling and LCFS and
compare the numerical results of the mean and the coefficient of variation of the waiting time
under FCFS, random scheduling and LCFS.

In Chapter 3, we consider an M/G/1/K system with vacations under random scheduling
and LCFS. Applying the results obtained in Chapter 2, we analyze the waiting time distribution
under random scheduling and LCFS. In numerical examples, we show the mean and the coef-
ficient of variation of the waiting time under three service disciplines. Those numerical results
are also compared with those obtained in Chapter 2.

Secondly, we consider the buffer control policies which specify the message behavior in finite
buffer. In Chapter 4, we apply the results of Chapter 3 to the system with buffer control policies.
We consider an M/G/1/K system with push-out scheme and multiple vacations, and analyze
the waiting time distribution for the message which is eventually served. Some numerical results
including the comparisons between the push-out and the ordinary blocking models are presented.

Chapters 5 and 6 deal with the queueing systems with vacations under a non-Poissonian
arrival process. In Chapter 5, we consider an SPP/G/1 queue with multiple vacations and E-
limited discipline. We consider the joint probability density functions of the queue length and
the elapsed service time or the elapsed vacation time. Then, we derive the equations for these
probability distribution functions (PDFs) which include a finite number of unknown values.
Using Rouché's theorem, we determine the values from boundary conditions and derive the
transform of the stationary queue length distribution explicitly.

In Chapter 6, we consider MAP/G/1 queucs under N-policy with and without vacations. A
pre-specified value NV is a finite parameter at which the server starts service after an idle period
or vacations. We analyze the stationary queue length and the actual waiting time distributions
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in both systems with and without vacations, and derive the recursive formulas to comipute the
moments of these distributions. Furthermore, we provide a numerical algorithm to obtain the
mass function of the stationary queue length.

Finally, concluding remarks are provided in Chapter 7.

Chapter 2 is mainly drawn from {Kasa89], Chapter 3 from [Kasa95a}, Chapter 4 from
[Kasa93a], Chapter 5 from [Kasa33b] and Chapter 6 from [Kasa95b).
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Chapter 2

M/G/1/K under Random
Scheduling and LCFS

2.1 Introduction

This chapter considers an M/G/1 queue with a finite buffer. M/G/1 queueing systems are
classical subjects and many variants of those have been studied to evaluate the performance
of the computer and communication systems. In particular, Takdcs [Takd63] analyzed the
waiting time of an M/G/1/c0 system under three service disciplines: first-come first-served
(FCFS), random scheduling and last-come first-served (LCFS). These three service disciplines
are explained in more detail as

1. FCFS
Messages are served in their arriving order.

2. Random scheduling
Messages are independently selected for service regardless of their arriving order and
elapsed time in the system. Messages have the uniform probability of being chosen for
next service.

3. LCFS
The message which has the least elapsed time is chosen for next service.

In this chapter, we analyze the waiting time of an M/G/1/K system under random schedul-
ing and LCFS. The subject in this chapter is to compare the performance measures under above
three service disciplines.

We explain the model of an M/G/1/K system in section 2.2. In section 2.3, we show the
Lee’s results [Lee84] of the queue length, and the joint distribution of the number of messages
and of the remaining service time at an arbitrary instant. In section 2.4, we consider the
length of a busy period and in section 2.5, we derive the Laplace-Stieltjes transforms (LST's) of
distribution functions of the message waiting time under the two service disciplines. We show
some numerical results in section 2.6.

2.2 Model

We consider an M/G/1 system with a finite buffer. Messages arrive at the system according
to a Poisson process with a parameter A. The PDF and the mean of the service time for a

15
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message are denoted by S(z) and b, respectively. The maximum number of messages that can
be present in the system is K < co. When K messages are in the system, new arriving messages
cannot enter the system. Let Py denote the loss probability. Then, arriving messages can be
accommodated in the system with probability 1 — Pg. Throughout the chapter, we assume that
the system is in the equilibrium.

2.3 Queue Length Distribution

In this section, we consider the number of messages in the system by the method of imbedded

Markov chains [Coop81, Klei75, Taka89].

We choose a set of imbedded Markov points at those points in time when a service is com-
pleted. Let L, be the number of messages in the system immediately after the nth Markov
point. We define the limiting probability distribution and the state transition probabilities as

T = nhIBo Prob[L, = k], k=0,1,2,.--, K—-1,
ProblLps1 =klLn =7, 0<jk<K—1.

I

Dk
Note that L, cannot be K because when a message leaves the system, it cannot leave behind
a completely full system. At least one waiting position must be empty.
Let ai denote the probability that there are k arriving messages in a service time. Then, we
have

o0 (Ap)F
ar =f0 (—:,)_e-“dsm), k>0,
We obtain state transition probabilities as
Ak, 0 S k S K — 2:
Pok = K2 2.1
1- > am, k=K-1, @1
m=0
and for 1<j< K -1,
Qk—j+1, J-1<k<K -2,
ik = K—j—1 2.2
’ Z Gm, k=K —-1. (22)

The steady-state equations for state transitions are given by

k1 :
Tk = WPk 0<kE<K-1, (2.3)
K-1 '
z e = 1. (2.4)
k=0
Substituting (2.1) and (2.2) into (2.3), we obtain
k-1
T = Moar 4 Y MiGk—j+1, 0<k<K-2, (2.5)
j—l -

m=0

) -1 Woj—1
TR-1 = T (1 - Z am) + Z j (1—- E am) . (26)
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Since {2.4) and (2.5) provide K independent equations for {m; ;0 < & < K —1}, we can calculate
7i.'s by solving these equations.

Let II; (k = 0,1, ---, K) be the probability that an arriving message finds k messages
in the system. If we only consider the situation where the system is not fully occupied, the
probability distribution {II;} for the number of messages in the system immediately before
arrivals is identical to the probability distribution {7} of the number of messages in the system
immediately after departures because the system state changes by unit steps only. Therefore,
both {IIx ;0 <k £ K -1} and {7 ;0 < k < K — 1} satisfy the same set of equations (2.5) and
(2.6), and Il are proportional to m;. Thus, we have

Il = cmg, 0<EL K -1, (2.7

where ¢ is a proportional constant. We also have the normalization condition:

K
S o =1 (2.8)
k=0

In order to determine ¢, note that the probability distribution {II;} of the number of messages in
the system at arrival instants is identical to the probability distribution {FP} of that at arbitrary
instant. This property comes from the assumption of a Poisson arrival process, for which we
have a theorem PASTA [Wolf82].

Let 4 denote the throughput of the system, p the offered load and p’ the carried load
respectively. Then, we have

v = X1 - Pg), (2.9)
p = Ab, (2.10)
¢ = p(l-Pp). (2.11)

Note that Pp = IIx. From PASTA, the probability that there is no message in the system at
an arriving epoch becomes
HO = Pg =1 p’. (2.12)

From (2.11) and (2.12), we obtain
1 -1l
P

M =1- (2.13)

Substituting (2.7) and (2.13) into {2.8) yields

1
= ) 2.14
P (2.14)
Using (2.7), (2.9), (2.11) and (2.14), we obtain following expressions:
T )

. = P.= , 0<k< K-—1, 2.15
e e= < (2.15)

1
-o= =1~ ) 2.16
g Py 1 To+p ( )
J— 2.17
P Tt (2.17)
v o= A (2.18)

T+ p
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Next, we consider the joint distribution of the number of messages in the system, L, and the
remaining service time S [Lee84, Taka89]). We define

5 (s) s/ e~ProfL=kc<8<z+dz, 1<k<K.
0

Note that
P, = II; = II;(0), 1<k<K. (2.19)

Let a(S) denote the number of messages that arrive at the system during the attained service
time S. Given that the server is busy, there are k messages in the system and S remaining
service time (1) if there are no messages at the last service completion epoch and there are k— 1
arrivals during the elapsed service time S of a message that arrives during the idle period, or (2)
if there are j(< 1) messages at the last service completion epoch and there are k — j messages
during the elapsed service time S of the next messages. Thus, we obtain

Mi(s) = pmEle)a(S) =k~ 1] Probla(8) = k — 1]

k -
+0 Z m; Ele™*5|a(S) = k ~ 5] - Probla(5) = k — j], (2.20)
1<k<K-1,
Di(s) = pmo Y Ele*Sle() = m]- Probla(8) = m)
m=K-1
K— o) - N N
i Y. Ele™*|a(S) = m] - Probla(5) = m). (2.21)
j:l m=l{ -7

We define o, (s) as
—3§ . (’\g)ﬂ e—Ag

an(s) = Ele n! ).
Then, we have
Probja(8) =n] = an(0),  E[e~*S|a(§) = n] = 22L&
@, (0)
Thus, (2.20) and (2.21) become
[ k
Ii(s) = p' mootk—1(8) + Z Trjak_j(s)} , 1<kE<K-1 (2.22)
| j=1
[ 00 K-1 oo
Ox(s) = plm 3 am(d+ > m Y. am(s)l ) (2.23)
I m=~k-1 j=l. m=K—j

an(s) is given by [Taka89] (see Appendix B in detail)’

ctn(s) = -:; ls*(s) (Ais)nﬂ =3 (/\ A S)n_m“] L on=0,1,2,---.  (2.24)

m=0
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Substituting (2.24) into (2.22) and (2.23), we obtain

Oi(s) = ng-pi:s-(s){m(/\i

Mils) = ———

2.4 Busy Period

In this section, we consider the busy period {Coop81, Taka89]. Let Ay be the mean length of a
busy period for the M/G/1/K system. The state of the system regenerates with the alternating
cycle of a busy period of mean length #x and an idle period of mean length 1/A. Therefore, the
fraction of the time that the server is busy is given by

O
= 2.
P = T+ X (2:27)
Thus, the probability that an arriving message is lost is given by
7 Bk
Pp=1-—=1— —————. 2.28
PR (PESVEY (228)

Suppose that k messages arrive during the service of the first message in a busy period
of the M/G/1/K system . Since the duration of a busy period is independent of the service
discipline, let us assume LCFS. If k < K — 2, there are K — k empty waiting positions at the
service completion epoch of the first message. Therefore, it takes §x k41 in average to clear the
position of the last arriving message. Similarly, it takes 6 K—k+2 in average to clear the position
of the second to the last message, and so on. Finally, it takes B in average to clear the head
of the queue. Similar arguments apply for the case of £ > K — 1, when the system has just
one empty position at the start of the next service. So it takes the sum of 62, 83, - -- and fj in
average to clear all messages. Thus, we obtain the following recursive equations:

gy = b, (2.29)

) K-2 K o0 K

b = b+ > e 3. G+ D, a2 0], K>2  (2.30)
k=1 j=K—k+1 k=R -1 j=2

From the above equations, we have
~ b
g = —, (2.31)
ao

K—j

1Y
T b+ 0; (1 -3 ak) , K >3. (2.32)
ji=2 k=0

il
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Following the same consideration, we find a recursive equation for 87.(s) , the LST of the
PDF for the length of a busy peried in the M/G/1/K system:

n-2 K-1 oo R-1 -1
5 (s) = Sg(s) [1— SSusy II 650 - ( > S;(s)) (H 0;(5))] . (2.33)
k=1 j=R-k+1 k=R -1 j=2
where - .
Spls) = / %m—l)ﬁe—““)ws@), kE=0,1,2,-. (2.34)
0 v

2.5 Analysis of Message Waiting Time

In this section, we analyze the LST W~(s) of the waiting time under (1) random scheduling
and (2) LCFS. We also present the previous analysis of the mean waiting time under FCFS in
Appendix C.1 [Taka89).

2.5.1 Random Scheduling

The message waiting time consists of the remaining time to the next imbedded point after arrival
and the duration from the imbedded point to the start of its service. To find the LST W*(s), we
define W;(z) as the probability that the service of an arbitrary message among the j messages
in the system starts within time z from an imbedded point.

Each message is chosen for service without delay among waiting messages (say 7) with equal
probability 1/7. With probability 1 —1/7 the message is delayed for service at least one message
service period. If k more messages arrive during this period, the waiting time of the message is
the sum of the service period and the time whose distribution is given by W;1x_;(z). Therefore,
we obtain Wj(z) and its LST W} (s) as

K-j-1

z k
we = 3+ (-9 2 { [ O] oo

J J k=0 _
{ / : e"*“(i_“—)de(u)} * W;\-_l(m)} , (2.35)
0 k!

Wi(z) = }5+(1——};) S(a) * Wi_i(2), (2.36)

+ 2.
=K-

k

7

Il

J k=K —j
1<j<K-1,
1 1

Wi(s) = % (l - E) S7(8) - Wr_y(s), (2.38)

. 1 1 I\’—]‘—l 00
Wi = <+(1-3) 0 Y 80 W)+ S;(s)-Wa—_l(s)}, (2.37)
k=0

where * in (2.35) and (2.36) denotes the convolution.
If a message finds j messages in the system upon arrival and if k messages newly arrive during
the remaining service time, then the waiting time of the message is the sum of the remaining
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service time and the time whose distribution is given by W;4i(z). For simplicity, let A be the
number of the messages that arrive during the remaining service time, and we define

o0 —~
054 (s) = fo e ProblL = j,A=k,z < S <z +dz].

Then II3,,.(s) becomes

= * (A k —(s T
(o) = [ Cherternamy (o),

where II;(z) is the inverse transform of II3(s). Note that

Z I} (s) = IO (s).

Therefore, we obtain the LST of the message waiting time for random service as

R=1[K-j—2
We(s) = Py + Z{ > () Witr(s)
§=1 k=0
K—j-2
( Z I3 k(S) ’WK—I(S)}] . (2.39)
2.5.2 LCFS

The waiting time of the tagged message is the remaining service time plus the length of a
delayed busy period which starts with those messages that arrive during the remaining service
time. Suppose that the arriving message finds j messages in the system and that there are & new
arrivals during the remaining service time. The number of messages left behind in the system
at the next imbedded point is 5 + k. The mean length of the busy period initiated by the last
arriving message which starts with its service and ends at the beginning of the service of the
last but one is 4 K—j—k+1. Similarly, the mean length of the busy period of the last but two is
0K —j—k+2, and so on. After these periods, the service of the tagged message starts.

When the tagged message arrives at the system while the server is busy, one of the foliowing
cases arises.

1. The tagged message finds j(< K — 2) messages, and during the remaining service time
(a) k(0 < k < K — j — 1) new messages arrive.

{b) More than K — j — 1 new messages arTive.
(c) No message arrives.

2. The tagged message finds K —1 messages and new messages arriving during the remaining
service time are lost.

Thus, we obtain the LST of the message waiting time as

K-1 [HK-j-2
Py + Z{ Z II%(s) - th—; 1(5)

KN—j
+(H;(s) Z I} ) 1o s)}] (2.40)

W (s) = T
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2.6 Numerical Results

In this section, We show some numerical examples.
Let u denote the service rate of the server. Note that b = 1/u. In our numerical examples,
the LST of the service time S™(s) is chosen as follows.

1. k phase Erlangian distribution:

w0= ()

where 4 = 1.0, and & = 1(exponential distribution) and 3.

2. Hyper exponential distribution:

T kg
55 = 30 Lt
=1 ST M

where m = 2, ) = 0.5, u2 = 3, k) = 0.4 and kz = 0.6. In this case, the mean service time
is equal to 1.0.

Let the first and second moments of the waiting time be W and W2, respectively. We have
calculated the following values; :

1. W : Mean waiting time.
2. Cw : Coefficient of variation (c.v.) of the waiting time,

JW = ()2

Cw = 7

3. Cr : c.v. of the sojourn time in the system.

The LST of the sojourn time in the system are expressed as
T*(s) = W*(5)S™(s).

Let b denote the second moment of the service time. Then, Cy becomes

WO — (W)2 4 5@) — p2
W+b '

Cr =
We have illustrated the numerical results in Figs.2.1 to 2.12.

2.6.1 Mean Waiting Time

Figs.2.1 to 2.3 show the variation of the mean waiting time for different system sizes. We can
observe that the mean waiting time increases suddenly around A = 1 and that it approaches a
constant value.

The mean waiting time is independent of service disciplines, so we consider the case of
FCFS. The number of messages in the system increases according to A. However, the system
size is of a finite value X, and the message that can enter the system sees at most K — 1 other
messages. Thus, using the mean service time & (= 1/p), the waiting time of a message is at
most (K — 1)b. In this example, b =1.0, then each value for K =5, 10, and 20 approaches 4, 9,
and 19, respectively.
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2.6.2 C.V. of Waiting Time

From Figs.2.4 to 2.6, we compare c.v.’s of the waiting time under three service disciplines
changing the service time distribution. In each service time distribution, the c.v. of FCFS takes
the smallest value and that of LCFS takes the largest one. Under FCFS, if the tagged message
arrives at the system and finds & messages ahead, its service starts certainly after the service
completion of & messages. Under random scheduling, it is not sure when the service of the
tagged message begin and hence the value of the c.v. is larger than that under FCFS. In the
LCFS case, it is observed that the value of the c.v. diverges to infinity when the arrival rate
becomes large. At the large value of the arrival rate, the waiting time of the tagged message
becomes larger than that of the message which arrives after the tagged one. That is, the tagged
message has few chances to be served since there are a lot of arriving messages after the tagged
one. Hence, the variation of the waiting time becomes very large.

From Figs.2.7 to 2.9, we compare c.v.’s of the waiting time changing the system size K.
From Figs.2.7 and 2.8, c.v.’s become small as K increases under FCFS and random scheduling.
We can observe that the c.v. of K = 20 i3 the largest and that of K = 5 is the smallest among
three cases for A < 1, while the c.v. of K = 20 is the smallest and that of K = 5 is the largest
for A > 1. Fig. 2.9 shows that the c.v. becomes large as K increases under LCFS. It is because
the small size system has less possibility to find the message with long waiting time than the
large size one.

2.6.3 C.V. of Sojourn Time in the System

Figs. 2.10 to 2.12 show c.v.’s of the sojourn time in the system under three service disciplines.
In these figures, we can observe that three curves of c.v.’s start from the same value and that
the c.v. of FCFS takes the smallest value and that of LCFS takes the largest one among three
disciplines. When the arrival rate is small, the sojourn time is almost equal to the service time.
When the arrival rate becomes large, the sojourn time is affected by the waiting time.

Let us consider the limiting behavior of the scjourn time in the system when A tends to
infinity, Since the value of the c.v. under LCFS diverges to infinity, we consider FCFS and
random scheduling disciplines.

In FCFS, the sojourn time of the tagged message is almost equal to the sum of service time
of K — 1 other messages and that of the tagged one. Hence, we obtain

Teors(s) = {S™()}F.
We obtain the first and second moments of the sojourn time as follows.
eo(1
TFC('F)S = Kb,
T = K{(K - 10 + 5}

- e )
Clrces = K _1)2_—1 : (2.41)

Under random scheduling, the sojourn time is the sum of the remaining service time {almost
equal to §*(s)) and the service time of 1 messages with probability

1 (K—zY*
K-1\K-1 :

Thus, the c¢.v. becomes
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Thus, the LST of the sojourn time becomes

> 1 (K-2_ \"!
TEanpom(s) = ;{S'(s)}z' K-—1 (K_—ls (3))

{57(s)}?
K—1—(K—-2)5(s)

First and second moments of T8 v poas are expressed as

(1) -
T};{NDOM = Kb,

Tasvoon = K¥® +2{(K - b}

Hence, we obtain the c.v. of the sojourn time as

KD (K2 — 4K +2)b?

C%;ANDOM - Kb (2.42)

Using above results, we calculate limit values of the two cases (Table 2.1). We can observe that

[ | Exponential | Erlangian | Hyper-exp. |
C¥__. | 031623 | 018257 | 0.48304
CE . unome | 0-90554 | 0.86795 | 0.97639

Table 2.1: Limit Values of C.V.
c.v.’s under FCFS and LCFS tend to values in Table 2.1.

2.7 Conclusion

This chapter considers the waiting time of the M/G/1/K system under random scheduling and
LCFS. Using the analytical results, we derived the LSTs of the waiting time distribution under
two service disciplines. We calculated the mean and the coefficient of variation of the waiting
time and the sojourn time in the system. Comparing those values under three service disciplines,
we showed the influence of the service discipline on the waiting time. We also considered the
limiting behavior of the sojourn time under FCFS and random scheduling.
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Chapter 3

M/G/1/K with Vacations under
Random Scheduling and LCFS

3.1 Introduction

In this chapter, we analyze the waiting time of an M/G/1/K system with server vacation
under random scheduling and LCFS. The subject in this chapter is to compare the performance
measures under above three service disciplines and to inspect the influence of the vacation. We
derive the L5T's of the waiting time distribution under these disciplines in the similar manner to
that in Chapter 2. For the calculation of the performance measures, we present the numerical
procedures in detail. Then, we show some numerical results under several conditions. We also
analyze the limiting behavior of the system considering the c.v. of the waiting time.

We explain the model of an M/G/1/K system with multiple vacations in section 3.2. In
section 3.3, we show the Lee’s results of the queue length, and the joint distribution of the
number of messages and of the remaining service or vacation time at an arbitrary instant. In
section 3.4, we derive the distribution functions of the message waiting time under the two service
disciplines. We explain the calculation method and show some numerical results in section 3.5.

3.2 Model

We consider an M/G/1 system with finite capacity. Messages arrive at the system according
to a Poisson process with a parameter A. The PDF and the mean of the service time for a
message are denoted by S(z) and b, respectively. The vacation policy of our model is multiple
vacations, i.e. the server takes vacations repeatedly until he finds at least one waiting message
accommodated in upon returning from a vacation. Let V(z) be the PDF for the length of a
vacation. The maximum number of messages that can be present in the system is K < oo.
When K messages are in the system, new arriving messages cannot enter the system.

3.3 Queue Length Distribution

In this section, we consider the number of messages in the system by the method of imbedded
Markov chains [Coop81, Klei75, Taka89].

We choose a set of imbedded Markov points at those points in time when a service is com-
pleted or when a vacation ends. Let L, be the number of messages in the system immediately

37
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after the nth Markov point, and let

_} 0 if a vacation ends, (3.1)
=91 if a service is completed, '
at the nth Markov point. We consider the limiting probability distributions:
wip = lin;oProb[nn =0,L, = k]|, 0<k<K,
71—
T = lim Probln, =1,L, = k], 0<k<K-1,
which satisfy the following equations:
we = (wo+mo)fr, 0<k<K-1,
' oo
wg = (wo+m) Y, fm,
m=K
k+1 (3.2)
Mg = Z(wj +1rj)ak_j+1, 0<k<K-2, )
—
’ K-1 oo
k-1 = wi+ Y (witm) Y. am,
i=1 m=K-—j
and
K K-1
Yowt > me=1, (3.3)
k=0 k=0
where -
oQ
ag = / (—;)—e')"'dS(z), k=0,1,2,---, (3.4)
0 v
and )
oo .
fk E/ (—:,—)—-e‘)"'dV(x), k=0,1,2,---. (3.5)
0 4 ,

From (3.2) and (3.3), we can obtain wi(k=0,---,K) and m(k =0, - - - K —-1).
Next, we will find the loss probability Pg and the throughput ~ of the system. Let us first
note from (3.2) that

K
wo + Mg = Y why | | (3.6)
k=0

i3 the probability that an arbitrary Markov point is a vacation termination point. Therefore,
I~wg~mg is the probability that an arbitrary Markov point is a service completion point. Let p be
the ratio of the mean service time to the mean interarrival time, and p’ the server utilization. Let
us denote by the reciprocal of ¢ the mean length of the interval between consecutive imbedded
points. It is given by

ot = (wo + M) B[V] + (1 — wy — mp)b. (3.7)

From the theorem on the limiting probabilities of semi~Markov process, we obtain

/ (1—wy— 7p)b
= =01 —wp — .
P o BV 4 (1—wp gy ~ (w0 mlb (38)
and , ,
- _

woHmy = b 1 L (3.9)

cEV] = ob
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In terms of p/, ¢ and wy + 7o, the loss probability Pp and the throughput + of the system are
given by

/

Pg=1-2 )
B 5 (3.10)
=AMl —=Pg)=0(1 —wg— mp). (3.11)

Next, we consider the joint distribution of the state ¢ of the server, the number I of messages
in the system, and the remaining vacation time V when the server is on vacation or the remaining

service time S when the server is busy at an arbitrary instant [Lee84, Taka89]. The state £ of
the server is defined as

0 th i 1
¢ = { e server is on vacation, (3.12)

1 the server is busy.
We also define

Q(s) = f eV Problg = 0,1 = k,y < V < y + dy), 0< k<K,
0
o0 —~—

Mi(s) = f e~V Probl¢ = 1,L = k,y < § < y + dy, 1<k<K
0

and {0 (z) and Ifx(z) are the inverse transforms of LST Qj(s) and II;(s), respectively. Let
a(X) be the number of arrivals during the period of length X. Then, we suppose the server
is busy and that k messages are in the system. In this case, some (say 7(> 1)) of them were
already in the e system at the last imbedded point and the rest of them arrived during the elapsed
service time S. Then, we obtain

! k
Ii(s) = —1—_‘;—_mz(w]+w] )Ble™*5|a(8) = k - j
Probla(S)=k—j], 1<k<K-1, (3.13)
/ K-1
= —s§
Mx(s) = m{z(wﬁm)mzhj_]ﬂe *Sle(8) = m]

.Prob[a(§) = m] + wKE[e“sg]} . (3.14)

Noting that if there are & messages in the system at an observation instant during a vacation,
those messages arrived during the elapsed vacation time V. Thus we have

Q) = A-NE Y |a(V) = k)Probja(P) =k, O0<k<K-1, (3.15)

Q3 (s) (1-p) i Ele=¥ |a(P) = m|Probla(V) = m). (3.16)

m=HK

Using o, (s) of (2.24) in Chapter 2, we write (3.13) as

S (52) 7] e
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However, by using (3.2) we have

k k-1

> (wj+ ) gam (,\ i s)k_j_mH = ;Wi (A i S)k—j - (3.18)

j=1
Using (3.9) and (3.18) in (3.17), we obtain
k k—j+1 k-1 k—j
. T | A J A 3
A [S Oxe+n(35) T -5 () } |

i=1 i=
1<k<K-1. (3.19)

From (3.14), we also have

K-1 o
Oy{s) = —%{5'(3)[ (wj-}-ﬂ'j)(ﬁ) .J+wK:!

_iv‘j 7 (A i S) K_j_l}. (3.20)

j=1
j=0

In order to calculate wi(s) in a similar way as above, we define

on(8) = E[e‘sv . %e"“?], n=0,1,2,--. (3.21)

Similarly to (2.24), we obtain

ouls) = 35777 [V*(s) ) -Tm(2 3)”_"””] . (3.22)

Using (3.2),(3.9) and ¢, (s), (3.15) and (3.16) become

. . A\ Rt k A k—j+1

U6 = 5|+ (735) - L (52) }
0<k<K-1, (3.23)

) . 3y VKX N\ A-i

W) = -2 V(s)(wo+w0)(A_S) —jg}wj(A_s) J (3.24)

3.4 Analysis of Message Waiting Time

We analyze the LST W=(s) of the waiting time under (1) random scheduling and (2) LCFS.
We also present the previous analysis of the mean waiting time under FCFS in Appendix C.2
[Lee84, LeeB9a, Tak463]. .

3.4.1 Random Scheduling

The message waiting time consists of the remaining time to the next imbedded point after arrival
and the duration from the imbedded point to the start of its service. To find the LST W*(s)
we use W;(z) and W (s) defined in (2.35) to (2.38). '

The message waiting time for random scheduling is considered as follows.

1
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1. The server is on vacation.

If 2 message finds j messages in the system upon arrival and if k more messages arrive
during the remaining vacation time, then the waiting time of the message is the sum of
the remaining vacation time and the time whose distribution is given by W, k41(z)

2. The server is busy.

If a message finds j messages in the system upon arrival and if k more messages arrive
during the remaining service time, then the waiting time of the message is the sum of the
remaining service time and the time whose distribution is given by Wiir(z).

For simplicity, let A be the number of the messages that arrive during the remaining vacation
or service time, and we define

als) = fo e ProblL = j, A = k,z < V < 5+ da),
() = / e ProblL = j,A=k,z < § < 7+ da].
0

Then €7 (s) and II},(s) become

Qls) = fﬂ i (—Ak'f’,lke‘(”"”dﬂj(m), (3.25)
00 k
(s) = fo %e"““)xdnj(z), (3.26)

where ;(z) and II;(z) are the inverse transforms of LST Q(s) and II;(s), respectively. We
note that

> Qals) = 95(s), (3.27)
k=0
iﬂ;:k(s) = II5(s). (3.28)
k=0

Therefore, we obtain the message waiting time for random service as

' 1 K-2 (K-j-2
W‘(S) = 1- Pg lz { Z Q;:k(s)'wjr+k+l(3)

i=0 k=0

K-j-2
+(9§<s>— 2. %-(s)) -W;:-<s>}+n7(_1(s)-w;-<s)
k=0

K-2 [ W—j-2
+ Z Z H;:k(s) : W;—{-k(s)
J k=0

= |
RN—j-2
+ (H;(s) - 2 H;=k(3)) 'WI-\'—l(S)} + 1 (8) - Wﬁ'-](s)} . (3.29)
k=0

3.4.2 LCFS

In either of the cases that the server is on vacation and that the server is busy, the waiting time
of the tagged message is the remaining time plus the length of a delayed busy period which starts



42 M/G/1/K with Vacations under Random Scheduling and LCFS

with those messages that arrive during the remaining time. Now, we consider a busy period in
the case that the server is busy upon arrival of the tagged message. Suppose that the arriving
message finds j messages in the system and that there are k new arrivals during the remaining
service time. The number of messages left behind in the system at the next imbedded point is
j + k. The mean length of the busy period initiated by the last arriving message which starts
with its service and ends at the beginning of the service of the last but one is 1 —j-k41 where
f1 is defined in (2.29) to (2.32). Similarly, the mean length of the busy period of the last but
two is 91(_]-_“2, and so on. After these periods, the service of the tagged message starts.
When the tagged message arrives at the system while the server is busy, one of the following

cases arises.
1. The tagged message finds j(< K — 2) messages, and during the remaining service time
(a) k(0 < k < K — j — 1) new messages arrive.

(b) More than K — j — 1 new messages arrive.

(c) No message arrives.

2. The tagged message finds K — 1 messages and new messages arriving during the remaining
service time are lost.

The case of vacation is considered similarly. Using 87 (s) of {2.33), we obtain the LST of the
message waiting time as

-3 K—j-2
W'(S) = z Z Q L(S) Hoh—J — 1 + ZQ O(S
j=0

K-2 K—j-2 K—j-1

+2 (B - 2 Q;f:k(s)) [T 6(s)+ Qs (s)
7=0 k=0 =1
K-3K-j=-2 k-1 K-2

+3 2 Tl [[8hjls) + DT
=1 k=1 1=0 =1
K—2 K-j-2 K—j

+ 21 (H Z 1j L(S) 1 67(s) + Ty (5) | - (3.30)
J= (=2

3.5 Numerical Results

We have calculated the mean and the c.v. of the waiting time using the results presented in
section 3.4. Before showing numerical examples, we explain the procedure of calculations.

3.5.1 Procedure of Calculations

First of all, we calculate the limiting probability distributions {m;;0 <k < K — 1} and {wi;0 <
k < K} [Taka89]). We define 7y, as

- T + W
g = , 0<k< K-1 .
¢ o + wp - - (3.31)
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From (3.2}, {@x : 0 < k < K — 1} can be recursively calculated by

7 = 1, (3.32)
! k

eyt = " Te = Y Tilk—ji1 — fk | » 0<k<K-2 (3.33)
i=l

From (3.2) and (3.3), we obtain

K-1 -1 K-1 -1
Mo + wo = (Z 7T,L+ka) {1+ Z(ﬁk—fk)} . (3.34)
k=0

Now, {wr : 0 < k < K} are obtained from (3.2} and then {7 : 0 < k < K — 1} are calculated
from (3.31).

For both random scheduling and LCFS cases, we need to calculate Q7,,(0), 1}, (0) and the

first and second derivatives of Q7 (s) and IT} . (s). Now we show the method of the calculation
of II7..(0). Setting s =0 in (3.26), we obtain

00 k k
O (jk I3(s )) R (3.35

We need to derive the k-th derivative of II3(s). Multiplying by (A — 5)7 in (3.19) and differenti-
ating k + j times, we obtain

kg .
> ( e ) I (O I =

n=0
i [E(m+w YA Z ( k+J )%{(A—s)f'l}S'(k“*j_")(s)] . (3.36)

=1

where U=(®)(s) denotes the k-th derivative of U™(s). Setting s = A, (3.36) becomes

..(L) (SAY T cakrinit)
U Z( 4 wi) L—%—j—i-{—l)!s (A). (3.37)
Using (3.35) and (3.37), we obtain
o J (_A)k+j—:'+l (b i41)
: = — ; i " ! A). .
I5.4(0) = § 0+ i) 5 35—y () (3.38)
Using (3.38), the first and the second derivatives of II7;, +(0) are expressed as
d_. k+ 1
(£M6) =~ Tan), (3.39)
dz _, k+2)(k+1) .
(&"_Q“Hj:k(s)) = (-"’—)\3—" j:k+2(0)- (3.40)
=0

L(O) and its first and second derivatives can be calculated in a similar way.

Under the random scheduling, we need to calculate the derivatives of W7 (s} defined in (2.37)
and (2.38). When we differentiate (2.37) and (2.38) with respect to s and set s = 0, we obtain
K linear equations. Thus, derivatives can be calculated by solving those equations.

In LCFS case, derivatives of 87 (s) can be recursively calculated from (2.33).

After above calculations, the mean and the c.v. of the waiting time under the two cases can
be calculated from (3.29) and (3.30).
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3.5.2 Numerical Examples

In our numerical examples, the LST of the service time, S™(s), and that of the vacation time,
V*(s) are chosen as follows.

1. LST of the service time S™(s) --- & phase Erlangian distribution:

. Y
§'(s) = (H‘jm) ,

where p = 1.0, and k = 1(exponential distribution), 2, 5, and 10.

2. LST of the vacation time V*(s) --- exponential distribution:

v
s+’

V*(s)
and v takes v =1.0, 2.0, 4.0 and 8.0.

Let the first and second moments of the waiting time be W and W2, respectively. We have
calculated the following values ;

1. W : Mean waiting time

2. Cw : Coeflicient of variation of the waiting time

W@ — ()2
Cw = = .

W

We have illustrated the numerical results in Figs.3.1 to 3.12.

Mean Waiting Time

Fig.3.1 illustrates the variation of the mean waiting time for different system sizes. We can
observe that the mean waiting time increases suddenly around A = 1 and that it approaches a
constant value.

The mean waiting time is independent of service disciplines, so we consider the case of FCFS.
The number of messages in the system increases according to A\. However, the system size is of
a finite value K, and the message that can enter the system sees at most X — 1 other messages.
Thus, using the mean service time b (= 1/}, the waiting time of a message is at most (K —1)b.
In this example, b =1.0, then each value for K =5, 10, 20 and 40 approaches 4, 9, 19 and 39.

Fig.3.2 illustrates the variation of the mean waiting time for different S*(s)’s. When the
number of phases increases, the mean waiting time approaches the value for the case of constant
service time. -

We note that in each graph the mean waiting time never tends to zero even when the arrival
rate is quite small. This is because each arriving message is delayed for the remaining vacation
time. Since the vacation time is exponentially distributed, the mean remaining vacation time is
1/v. For v = 1.0, the mean waiting time approaches 1 when ) is small.
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Coeflicient of Variation of Waiting Time

Fig.3.3 illustrates the c.v. under three service disciplines. We can observe that the mean waiting
times of FCFS and random scheduling approach finite values, and that of LCFS tends to infinity.
When arrival rate A is small, the waiting time is affected by the remaining vacation time. Let first
and second moments of the remaining vacation time ¥V be V1) and V@, respectively. Noting
that vacation time is exponentially distributed, we obtain the c.v. of the remaining vacation
time V as follows:

V@) — (V2
Cy = = =1,
} V)
Thus the value for each discipline starts from 1.

Let us consider the limiting behavior of the waiting time when A is infinity. Although the
c.v. of LCFS becomes infinity, those of FCFS and random order remain finite. In the case, the
waiting time of FCFS is alinost equal to the sum of service time of K — 1 other messages. Thus,
the LST of the waiting time is

Wigrs(s) = {87 ()}~

Denoting the second moment of $*(s) by 3, we obtain the first and second moments of the
waiting time as follows:

I

Wrers (K —1)b, (3.41)
WA = (K - 1){(K - 2)t* + @), (3.42)

Thus the coefficient of variation is

- 1 (4@ .
CWrers A E—T\ 32 1) (3.43)

Under random scheduling and heavy traffic condition, the message waiting time is the sum
of the remaining service time(equal to S™(s)) and the service time of ¢ messages with probability

1 (K—z)"-1
K-1\K-1 '

Thus, we have the LST of the waiting time as follows:

: — 1 (K-2_, .\
Wigvoon(®) = 3,50 5 (7—35"0))
=1

57(s)

= Ko1-(K=250) (3.44)
First and second moments are expressed as
W}C;.DSJDOM = (K -1), (3.45)
Wikhpon = (K- D{® +2(K - 2)"). (3.46)
So the coefficient of variation is
VUK = 1){b® + (K - 3)b?)
C¥pawon = K- Db : (3.47)
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Using above results, we can calculate the limit values of the two cases as

o0
CWFCFS

oo J—
Cl‘r’nANDonf -

[l Y S

We can observe that two curves in Fig.3.3 approach these values.

Figs.3.4 to 3.6 illustrate the numerical results under three service disciplines while the mean
vacation time changes. When the vacation rate is large, the c.v. is large. This is because the
mean remaining vacation time decreases as the mean vacation time 1/v does. To be more
concrete, we set u = 1.0 and compare the two cases of v = 1.0 and 8.0. If the tagged message

finds the system empty, the mean waiting time W is

. 1.0 ifv=10
W[L‘O]‘{g if v =8.0.

If the message finds one message in the system, then the mean waiting time is

. 20 fv=1.0
W[L—”—{g if v =8.0.

In light traffic, the probability of multiple messages in the system is small. Thus the variation
of the waiting time under v = 8.0 is larger than that under v = 1.0. So the c.v. becomes large
when the value of v is large.

Figs.3.7 to 3.9 illustrate the numerical results of the c.v. in the case that the phase of
Erlangian distribution is changed. As the number of the phases increases, the values under
FCFS and random scheduling become small and that under LCFS becomes large.

In FCFS, the mean waiting time varies only slightly when the number of the phases is large.
This is simply because the service time tends to constant. On the other hand, under random
scheduling c.v. remains stable, because random selection for service still fluctuates the waiting
time,

Figs.3.10 to 3.12 illustrate the behavior of the c¢.v. in the case that the system size K is
changed. We can observe that under FCFS and random order, the curves greatly vary around
A =1, and that the value of the c.v. under LCFS is large when K is large. Under FCFS, the
variation of the waiting time becomes large in proportion to K. On the other hand, in random
scheduling, increasing K affects the probability of selection for service. In LCFS, the messages
in the system become hard to be served when K becomes large.

3.6 Conclusion

In this chapter, we analyzed the waiting time of the M/G/1/K system with server vacations
under random scheduling and LCFS. Using the analytical results, we derived the LSTs of the
waiting time. We also computed the mean and the coefficient of variation of the waiting time
and compared those values under three service disciplines. From the numerical results, we found
that the waiting time is influenced by the remaining vacation time and the selection of service
disciplines.
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Chapter 4

M/G/1/K with Push-out Scheme
under Vacation Policy

4.1 Introduction

This chapter considers a queueing system with a finite buffer and server vacation. Messages are
admitted into the system in accordance with an appropriate buffering policy. That is, a finite
number of messages can be held in the system at any time since the system has a buffer of
a finite capacity. There are two control policies for processing messages. One is the buffering
policy by which messages are selected for admission into the system. The other is the service
policy by which messages are selected for admission into the service facility.

Buffering policies specify those messages that are admitted to enter and those to be removed
from the buffer instead when the buffer is full. Rubin and Ouaily [Rubi88] classified the buffering
policies into the following types(Fig.4.1).

o Non-Preemptive-Buffering (NPB)
An arriving message that finds the system full is blocked.

e Preemptive-Buffering (PB)
If an arriving message finds the system full, the message which has waited the longest is
pushed out from the buffer and the arriving message is allocated a buffer space.

The service policy determines the selection of messages waiting for service when the service
facility becomes available. This policy includes, for example, FCFS, LCFS and random order of
service.

Queueing systems with a finite buffer and server vacation have been extensively studied
to model and analyze a number of computer communication systems. In particular, queueing
systems with buffering policy have many applications like time-critical message transmission,
sensor telemetry, radar communication and processing systems. In those applications, the in-
formation content of a message is associated with a timeliness index, so that the most recent
message to arrive contains the most valuable information, and thus needs to be given preference
for selection for service. On the other hand, the data transmission is the primary job for those
systems and when there are no messages in the buffer, they start secondary jobs like testing
and maintenance work. From a queueing theoretical point of view, those periods spent for the
service of secondary jobs are counsidered as vacations.

Recently, with the increase of demands for multi-media communication, many protocols
and architectures to accommodate traffics of different characteristics from multiple sources in

59
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a common channel have been proposed and implemented so far {Arinb87, Turn86, Part94]. In
this communication environment, messages are classified from two orthogonal points of view,
delay and loss probability [Sumi88]. Delay (Loss probability) sensitive messages are insensitive
to loss probability (delay) in general. These two factors can be expressed by assigning timeliness
index to each message, which means after some critical value for its delay, each message becomes
useless. For effective transmission of two types of messages, switching systems require the use
of finite preemptive buffering service system since it is essential to provide short waiting time
to those messages which are delay sensitive. If we focus our attention on the behavior of delay
sensitive messages, the transmission of loss sensitive messages are considered as a secondary job
for those switching systems. Thus, we can apply our model to evaluate the behavior of delay
sensitive messages.

There are several literatures concerning buffering policies. A communication system under
a preemptive buffering was investigated by Rubin and Ouaily in the context of an M/G/1/K
with push-out scheme [Rubi88]. Kroner analyzed loss probabilities for a partial buffer sharing
scheme under FCFS [Krén90]. Sumita and Ozawa analyzed loss probabilities and the waiting
time of systems with a push-out scheme [Sumi88].

Concerning queueing systems with server vacation, there are a number of previous works. An
excellent survey of queueing systems with vacations, including some applications, was written
by Doshi {Dosh86, Dosh90]. An M/G/1/K with multiple vacation has also been analyzed by
Lee [Lee84], but no analytical results are available for the model with push-out scheme.

This chapter is organized as follows: In section 4.2, we describe our mathematical model in
detail. In section 4.3, we derive the relation of the mean waiting times for NPB, PB-served and
PB-pushed-out messages. We also summarize Lee’s resuits [Lee84) to obtain the joint probability
distributions for the number of messages in the system and the remaining service or vacation
time. In section 4.4, the LST of the waiting time distribution for an eventually served message
is derived. In section 4.5, we show the numerical results.

4.2 Model

We consider an M/G/1/K push-out model with multiple vacations (Fig.4.2). Messages arrive
at the system according to a Poisson process with rate A. The service time distribution function
and its LST are denoted by S(z) and S~(s), respectively. The mean service time is 1/p.

When the system becomes idle, the server takes a vacation. The vacation policy of our
model is multiple vacations. The server takes vacations repeatedly until he finds at least one
waiting message accommodated upon returning from a vacation. The vacation time distribution
function and its LST are denoted by V'(z) and V*(s), respectively. The mean vacation time is
1/u.

The maximum number of messages that can be present in the system is X < co. When a
message s in service, the maximum number of messages in the buffer is K — 1. The buffering
policy determines which to discard out of K —1 messages (K messages) to accormmodate a newly
arriving message when the server is busy (taking a vacation) and the system is full.

The buffering policy considered here is that when a new message finds the system full, a
message with the longest sojourn time in the buffer is pushed out and lost.

We deal with two service disciplines, FCFS and LCFS.
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4.3 Mean Waiting Time

Following the approach of [Rubi88], we consider the relation between the mean waiting time of

NPB model and that of PB model. Let Wp denote the waiting time during which a message
stays in the buffer in PB model. We then have

E{Wp] = E{Wp|served] Problserved] + E[Wp|pushed-out] Prob[pushed-out]. (4.1)

Let -y denote the system throughput. In both NPB and PB models, the event that a message
is lost occurs when the system is full. Note that the stochastic behavior of the number of messages
in the system does not depend on our buffering policy. Hence, L, v and p' are invariant in the
NPB and PB models with multiple vacations. Let Wp be the waiting time of a message accepted
in the NPB model. Applying Little’s theorem to those messages present in the queue, we have

YE[W5) = E[L] - §{ = A\E[Wp]. (4.2)

Since ¥ £ A, it follows that
E[Wp] < E[Wg]. (43)

Considering the throughput +, we have

v = A1~ Pg} = A(1 — Prob[pushed-out]). (4.4)
Hence, we obtain
Prob[pushed-out] = Pp, (4.5)
and
Prob[served] = 1 — Prob[pushed-out] = 1 — Pp. (4.6)

Substituting (4.5) and (4.6) into (4.1), we have
AE[Wp] = A(1 — Pp)E[Wp|served] + AP E[Wp|pushed-out]. (4.7)
From (4.2) and (4.4), we obtain
AE[Wp] = A(1 —~ Pp)E[Wp]. (4.8)
From (4.7) and (4.8), E[Wp|pushed-out] is given by

1- Pg

E[Wp|pushed-out] = P

(E[Wpg] — E[Wp|served]). (4.9)

Thus, we can calculate the mean sojourn time of a pushed out message from (4.9) if we obtain
E[Wp|served).

4.4 Waiting Time Distribution for Served Messages
4.4.1 FCFS

We first consider the push-out system under FCFS service discipline. Each arriving message
joins the queue at the tail and if the system is full upon arrival, the message at the head of the
queue is pushed out.
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Let Wi, denote the waiting time of a tagged message that has & other messages ahead and
n others behind it at the end of a service or a vacation. We also define the following LST:

Wi, (s) = Ele™*Wen |served] Prob[served], (4.10)

where 0 < k< K—-land0<n< K—-k—1at the end of a vacation, and 0 < k < K — 2 and
0 <n<K-k-2at the end of a service. Note that the LST W (s) is the same in the both

cases of a vacation and a service.
The set {W},(s);0 <k< K -1, 0 <n< K~k - 1} satisfies the following equations:

WO-:n(S) = 1 0 S n S K- 23 : (411)
K—k-n-1 K-n-2
Wk:l:ﬂ(s) = Z ST(S) ) Wl:—l:n_+j(s) + Z SJ.(S) - W;(—n—j—Q:n+j(3)1
Jj= j=K-=k=n
1<k<K-1,0<n<K—Fk-1, (4.12)

where 5; (s) is defined in (2.34). Using these L3Ts, the LST W=(s) of the distribution function
for the waiting time of a served message in the FCFS system is given by

1 K-1 { K—j-2
W) = 15 [Z{ Y. Duls)  Win(s)

=0 k=0
K-1 K-1
+ Z QJ-':k(S) ) W;(—-k—l:k(s)} + Z Q;&':k(s) : W]:’—k—l:k(s)
h=K-—j-1 k=0
K-1 [ K-j-1 K-2
* { 2. Wulo) Wigals)+ 30 Tix(s)- WI:’—k—:z:k(S)}
=1 | k=0 k=K—j
K-2
+ Z e (s) - WR’-k—zzk(S)} ) (4.13)
k=0

where Q7,,.(s) and II},, (s) are defined in (3.19), (3.20), (3.23) and (3.23) of chapter 3.
- In {Rubi88], there is a technical error. The waiting time distribution of a served message

W {(t) is given by

K

W(t) =mo+ Y ma[R() » B"V(2)],

n=1
where m,’s are the steady state probabilities that an arriving message finds n messages in the
system, B(t) is the service time distribution, R(t) is the remaining service time distribution, *
denotes the convolution and B(*~1)(t) is the n— 1st convolution. In that equation, the number of
messages at an arriving epoch and the remaining service time are treated as being independent,
but that is wrong. The number of messages at an arriving epoch is not independent of the
remaining service time. Thus, we have to use the joint distribution of the number of messages
and the remaining service time. (We show the corrected LST of the waiting time distribution
in Appendix D.)

4.4.2 LCFS

We next consider the LCFS system. Each arriving message joins the queue at the head and if
the system is full, the message at the tail is pushed out.
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As in the case of FCFS, let W, denote the waiting time of a tagged message that has k other
messages ahead at the end of a service or a vacation. We define the following LST:
Wi (s) = E[e~*We|served) Probfserved), (4.14)

where 0 < k& < K —1 at the end of a vacation, and 0 < k < K — 2 at the end of a service. Note
that W (s) is the same in the cases of both a vacation and a service.

The set {W; (8); 0 <k < K — 1} satisfies the following equations:

Wi(s) = 1, (4.15)

—_ K—k-1 —

Wis) = D Si(s)-Wip;_1(s), 1<k<K-1. (4.16)
j=0

For simplicity, we define the following LSTs:

§(s) = jom(iﬁﬁe-““)%(m), (4.17)
ACIE A ) (4.18)

where 5(z) = Prob[S < z] and V(z) = Prob[V < z]. If k messages arrive at the system during

the remaining vacation or service time, the tagged message has k messages ahead at the end of
this vacation or service. Thus, we have the LST of the distribution function for the waiting time
of a served message in the LCFS, W™(s) by

K-1 . K=2 _ »
W) = s |- 20 X V() Wi+ 4 Y S Wi (). (49)
1-Pp k=0 k=0

4.5 Numerical Results

In this section, we show the numerical results for the mean and the c.v. of the waiting time
using the analysis presented in section 4.4.

In our numerical examples, we choose the system size K equal to 5, that is, the buffer size
equals 4. As for vacation times, we assume an exponential distribution with mean 1.0. The
mean service time is fixed at 1.0, and the performance values are calculated by changing the
arrival rate.

First, we compare the mean waiting time under various situations. Using (4.9), (4.13) and
(4.19), we calculate the mean waiting times for served and pushed-out messages. From [Lee84],
the mean waiting time for NPB model can be also calculated.

Figs.4.3. to 4.4. illustrate the mean waiting time for three types of messages: NPB, PB-
served and PB-pushed-out. Furthermore, mean waiting times under the exponential service
distribution are compared with those under deterministic one.

In both figures, the mean waiting times of NPB and PB-served messages tend to the value of
1 as the offered load gets small. This is because each arriving message most likely waits for the
remaining vacation time. On the other hand, the mean sojourn time of a pushed-out message
is larger than those of others. This phenomenon can be explained as follows. When the arrival
rate is very small, there are few messages in the system. Thus, most of arriving messages are
eventually served. However, if an arriving message is eventually pushed out, its sojourn time
becomes large due to light traffic.
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Next, when the offered load gets large, the mean waiting times for all types of messages
converge under exponential and constant service times, in particular, PB-served and PB-pushed-
out messages converge to the same value. In both NPB and PB cases, a new arriving message
which can be accommodated in the system finds four other messages (including the message in
service) ahead when the arrival rate is very large. Hence, the mean waiting time of NPB messages
converges to the value 4. In PB case, a new arriving message can enter the system. But there
are many other new arriving messages behind that and the probability that the tagged message
is eventually served gets small. Thus, the mean waiting times in the buffer of both messages
become small.

In FCFS(Fig.4.3), the mean waiting time of a PB-pushed-out message is bounded by 5,
because each arriving message finds at most five messages ahead. On the other hand, in
LCFS(Fig.4.4), it may exceed 5. This is because there is no bound on the number of the
messages which are served before the service of the tagged one.

In Fig.4.4, the mean waiting time of a PB-pushed-out message under the deterministic service
time distribution fluctuates remarkably when the arrival rate is small. It can be considered that
under deterministic service distribution, the mean waiting time of a PB-pushed-out message is
influenced by the loss probability and the waiting time of a PB-served one.

One more interesting observation is the relation of the mean waiting time between PB-served
and PB-pushed-out messages under two service time distributions. Let W4.5{C] denote the mean
waiting time of a 'C” type message under ’A4’ service discipline and *B’ service distribution.

In Fig.4.3, it is observed that WrcFs.Exp[Served] < WrcFs.ExpPushed-out], i.e., the mean
waiting time of a served message is always smaller than that of a pushed-out one. On the other
hand, under the deterministic service time distribution, we see that

WFCFS:Det[SerVed] < WrcFs.Det[Pushed-out], 0<p<1, (4.20)
WFCFS:Det[SeWed] > WFCFS:Det[PUShed'OUtL p>1. (4.21)

In the LCFS case, we can observe the following relations:

WLCFS:Exp[SeT"’ed] < WLCFS:Exp[PUShed'OUt]v 0<p, (4.22)
Wicrs:Det[Served] < Wi crs.pet/Pushed-out), 0<p (4.23)

Equations (4.22) and (4.23) show that the mean waiting time of the served message is always
smaller than that of the pushed-out one under both service distributions. Thus, in FCFS, the
mean waiting times of the served and pushed-out messages are more influenced by the type of
service distribution. ‘

In Fig.4.5 and Fig.4.6, the mean waiting times are compared for two push-out models; the
system with vacation and that without vacation. We can calculate the mean waiting time of
the system without vacation by [Rubi88](see Appendix D). In both figures, we assume S(z} to
be exponential (mean service time = 1.0). From both figures, we can observe the influence of
vacations when the offered load is small. Furthermore, when the offered load becomes large,
each mean waiting time converges to the same value. This is because taking vacations hardly
affects the performance measures when the offered load is large.

Fig.4.7 illustrates the c.v. of the waiting time of the PB-served message under two service
time disciplines and two service distributions. In both FCFS and LCFS cases, the values start
from 1 because the vacation distribution is exponential and its mean equals 1.0. We also observe
that both curves converge rapidly. This means that the fluctuation of the waiting time is small
when the offered load becomes large. We note that the variation under LCFS is larger than that
under FCFS.
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Fig.4.8 illustrates the c.v. of the waiting time for NPB and PB-served messages with and
without vacations. When the offered load is small, the influence of vacations is recognized. In
FCFS cases, all values converge to the same value when the offered load is large. On the other
hand, in LCFS cases, the values of the PB-served message with and without vacations converge
to the same value but that of NPB model diverges to infinity. We observe that the waiting time
of the PB-served message with vacations varies least in both FCFS and LCFS cases.

4.6 Conclusion

In this chapter, we have considered a buffer controlling policy, called push-out scheme. We
investigated the behaviors of the two types of messages, one is eventually served and the other
is pushed out from the system.

From the numerical results, the following has been found. First, the mean waiting times of
NPB and PB-served messages significantly depends on the remaining vacation time. In such
a situation, the waiting time of the PB-pushed-out message is larger than others. The mean
waiting times of PB-served and PB-pushed out messages converge as the arrival rate gets large,
and those limiting values are smaller than that under NPB case. This is due to the push-out
scheme. We found that the mean waiting times under PB case are influenced by the service
time distribution. Furthermore, the variation of the waiting time of the PB-served message is
small and stable in comparison with that of the NPB one.
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Chapter 5

SPP/G/1 with Multiple Vacations
and E-limited Service Discipline

5.1 Introduction

Most of studies of vacation models have been related with M/G/1 systems. That is, messages
arrive to the system in accordance with a Poisson process, service times are independent and
identically distributed (i.i.d.) according to a general probability distribution function. Those
studies have explicitly analyzed some of the performance measures, such as queue length, waiting
time, and so on.

As Asynchronous Transfer Mode (ATM) becomes important as one of the key technologies
for broadband ISDN, many papers related to the performance analysis of ATM switching fabrics
have appeared [Blon91, Sumi88]. Since the traffic stream has the property of burstiness, the
arrival process cannot be modeled as a Poisson process.

Recently, queueing systems with vacations and non-Poissonian arrivals have been studied.
Lucantoni et al. [Luca90] have analyzed a single-server queue with multiple vacations, where
the input process is the MAP. The MAP is a particularly tractable point process and includes
the MMPP and the phase-type renewal process. Neuts [Neut81, Neut89] developed the matrix
analytical approach for the MAP. Blondia [Blon91) has considered a single server queue with a
finite waiting room where the server takes vacations and analyzed the model for both the cases
under the exhaustive and the limited service disciplines. Concerning the model, no explicit
formulas and numerical results for the performance measures like the mean waiting time have
been presented.

In this chapter, we consider a queueing system with multiple vacations and E-limited service
discipline where the message arrival process is an SPP. The SPP is a two-state MMPP and
hence performance measures like the queue length and the mean waiting time can be derived
explicitly.

The arrival process of messages is an SPP which is modulated by a continuous-time Markov
chain with two states 1 and 2. Time spent in state 1 (2) is exponentially distributed with rate «
(B). Let { denote the state in the underlying Markov process. When ¢ = ¢ (i = 1,2), messages
arrive to the system according to a Poisson process with parameter A;. Thus the mean arrival
rate A is given by

BA1 + aks
A=
a+f

Message service times are i.i.d. according to a general probability distribution S(z) whose LST
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is denoted by S~(s).
The server serves messages under the E-limited service discipline. Before taking a vacation,

the server continues to serve until at most M messages are served or the system becomes empty,
whichever occurs first. On return from a vacation, if the server finds the system empty, he takes
another vacation. If the server finds at least one message in the system, he begins serving the
waiting messages. The system is called a multiple vacation model. Vacation times are i.i.d.
according to a general probability distribution. Let V(z) and V~(s) be the PDF and its LST of
a vacation time V', respectively.

Let S denote a random variable for a message service time. All messages arriving to the
system are eventually served. That is, the system has a buffer of an infinite capacity and the

following inequality is satisfied (see Appendix E.2):
p+AE[V]/M < 1,

where p = AE[S]. Service is nonpreemptive: once selected for service, a message is served to
completion continucusly. Further, the service order of messages is independent of their service

times.
Throughout the chapter, we assume that the system is in equilibrium. For simplicity, we

assume that S(0) = 0 and V(0) = 0, and that the PDF’s S(z) and V (z) are absolutely continuous
with the pdf’s h{z) and v(z), respectively.

The remainder of this chapter is organized as follows. In section 5.2, we obtain the joint
distribution of queue length and either of the elapsed service or vacation time. In section 5.3,
we derive the mean queue length and the mean waiting time.

5.2 Queue Length Distribution

In this section, we consider the joint distribution of the queue length, the state of the server and
of the arrival process, and the elapsed service time for a message if the server is busy, or the
elapsed vacation time if the server is on vacation.

First, we define the following notations:

0 if the server is on vacation.

£ = if the server is busy and serving the m-th message after taking
the last vacation, (1 < m < M).

¢ = state of the arrival process.

L = number of messages present in the system.

S elapsed service time for a message in service.

Vv = elapsed vacation time for the server on vacation.

The joint pdf’s P{) (z) and QY (z) are defined as

P (x)dz = Prob{L=kf=m(=Ls<8<z+dz}, >0, k>1,1=12), (5.1)
Dayds = Prob{L=rke=0,(=lz<V<z+dz}), (>0, k>0,1=12). (52)

These pdf’s satisfy the following equations:

4oy _ Mz) (1) (1) @
I Pem(@) = -+ 1-3@) + )Py () + M P (3) + BB (), (5.3)
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o Pin(e) = —(A2+T%+ﬁ P (2) + PP, (@) + P (@), (5.4)
{20 k21,1<m< M),
P (o) = ] P (@) (5852 dz,  (k>1,2<m< M), (5.5)
Opy - v(x) .
PO0) = [ @) s, k> 1), (5.6)
d
—Qi.”(:c) = O+ o+ 0@ + 10 ) + 60 ), (5.7
HO0@ = ot 224 100 + 202, ) + 0@ (e), 6:2)
(z2>0,k20),
(1 — (z) M e 0 h(z)
Qo (0) f Q5 V( )d$+mz_1[0 Py, (z)- l_S(m)dI, (5.9)
QYO = ]0 PLE?-I,M(m) l—f(.%m)dz’ (k2 1), (5.10)
and
Z Z Z] P;.m dm+EZ/ Q¥ (2)dr = 1, (5.11)
=1m=1 =1 =0i=1
where we assume P (:1:) =0 and Q(ll(:c) =0forl=1,2.
For derivation of Qk (z), we define GU)(:L’)
0
Q) (z) = lQ_ é()), (k20,2z20,1=1,2). (5.12)
Then, from (5.7) and (5.8), we obtain
d 0 = ~(m+a@ (e )+ QL () + AR (2), (5.13)
—@E)(m) = e +AT (@) + 2T (2) + 0@ (), (5.14)
{k>0,z>0).

Multiplying both sides in (5.13) and (5.14) by z* (|z] € 1) and summing over all k > 0 yields

i -Q(])(Z, $) _ —AI(Z) — ﬁ ) ( @(l)(zal‘) ) (5 15)
02\ Q90 ) @ k@)= )\ Q%) )] '

where, for [ =1, 2,
(z,7) = Z (5.16)

and
A(z) =M — Az, (5.17)

The general solution of the partial differential equations (5.15) is found to be

—={1) 1 _ —pz)= “(z)e—q(:)x K (Z)
( —g—(?)zi z; ) = ( ﬁ(z)e—p(:),; 7 e_q(z)z ) ( K;(z) ); (5.18)
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where K(z) and K»(z) are functions of z and

p(2),q(z) = M)+ do(z)+a+8F \/()\zl(z) +a— Aa(z) - §)° + 4C¥ﬁ, (5.19)
and
play = M) +§ ~plz), (5.20)
o = MA0a) 652
Now, we define the probability generating function of Qg) (z)'s as
QW (z,2) = i QP (z) - 2. (5.22)
k=0
Note that
V(2,00 =Q"(z,0). (5.23)
Substituting £ = 0 in (5.18), we obtain
—(1) .
Q (20 ) _[ 1 ) Ki(z)
(@Wam)“(ﬁ@ . )(Kﬂﬂ)' 24
Thus K{z) and K2(z) can be expressed in terms of Q¥)(z,0} and Q¥(z,0) as
(Kun)z L ( 1 ~i(a) ) [ @Y(z,0) (5.25)
Kao(2) | T1<p@ile) \ —plz) 1 Q®(z,0) ) '

Then, (5.18) becomes

( _Q(})(z,.‘l?) ) = ;( e—p(z)z q‘(z)e—q(z)z
7%z 2) 13230 \ plr)end=  gmalae

L @) [ @V
(—ﬂﬂ 1 )(@Wa@)' (5:28)

For derivation of Pfsn (z) (k20,1 <m <M, 1=1,2), we define the following generating
functions:

o0
POz,) = PO ()25 (1<m< M), (5.27)
k=1

Pz, 7)

TSt (1<m< M), (5.28)

”}3(,:3(;:, ) =

We note that ) ' .
P00 = PU(z,0), (1=1,2), {5.29)
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.. i {1 2
Similarly to Qi)(z), an)(z,m) and Pn: (z,z) are found in terms of P,(n)(z 0) and m(z,O) as

(—(1)(3 I)) 3 1 e G(y)emaledn
P2 ) 1@ \ pla)e M emalam

A - 0 (z,0)
(_ﬁ(z) A )(P,S,?’(z,o) , (1 <m<M). (5.30)

Now we yield @)(z,0) (I = 1,2) and Pm)(z 0) 1<m < M, =1,2) explicitly. First, we
consider the boundary conditions (5.5), (5.6), (5.9) and (5.10). Multiplying both sides of these
equations by z* (Jz] < 1) and summing over all k, we obtain

POG0) = /Oma(”(z £)dV (z) - / "0, 5)dv (), (5.31)
Q) = =0l h{z)
PO = 5 [T wise / PO, D) 5ayie 2 m < M), (532)
Q0 = [T00vE +3 [T e nise
0
M-1
¥ Z [ f(gzm)dz. (5.33)
For the calculation of the above functions, we introduce the following matrices and vectors:
_ 1 S5 (p(z))  §(2)5™(q(2)) 1 —§(2)
46 = e a0ty “Fus ) (o 7 S
_ 1 Ve(p(z))  §(z)V"(g(=)) 1 —g(2)
56 = g Lo e ) (o ) ) e
_{ P _ (@‘"(z, z) )
Pm(zam) - ( F(i)(z,x) ) ) Q(Z,SC) _ @(2)(2',&',‘) 9 (536)
() (1)
Qo ' (z) v(z)
o ()~ ()
o (P (z) \ _hiz)
b = ( 53))=f0 ( (2)())1_5( )d l<m<M—1). (538)
Using the above notations, (5.31), (5.32) and (5.33) are rewritten as
PI(Z,O) = B(Z)Q(Z,O) H-ltlb[]ﬁ (539)
Pm(za 0) = A(Z)Pmd.l(Z,O) - ¢m—13 (2 S m S M), (540)
M-1
Q(z,0) = ARPu(z0)+ D $m (5.41)
m=0

Also we define the following equations:

Q(z,0) = B(2)Q(z,0), (5.42)
Po(2,0) = A(2)Pm(z,0). (5.43)
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Note that R
Q(0,0) = vy. (5.44)
Therefore, from (5.39), (5.40) and (5.41), we obtain
Pi(z,0) = Q(2,0) -1y, (5.45)
Pn(2,0) = Pno1(2,0) = Y-, 2 <m< M), (5.46)
M-1
Q(Z,O) = .’P‘M(Z,O)'i' Z djm' (547)
m=0

For simplicity, we define A = I where I is the identity matrix. It then follows from (5.45),
(5.46) and (5.47) that

Pos0) = A™I1()0(50) -3 A @y Q<M< M),  (5.49)
=1
M '
Q(z0) = AM@QE0)+ Y [1-A™@)] drom. (5.49)
m=1

Multiplying both sides in (5.49) by B(z) yields

B(0) = BEAM(QE0+ 3 BG) - Am(z)] Vit (5.50)

m=1

The above equation becomes
[1 - Bx)4(2)] - Q(z,0) = Z B()- [I - A™(2)] $rom: O (5.51)

We define A(z) and B(z) as

A@@) = 2(1-5(2)(2)AR), (5.52)
B(z) = (1-5()i()B(2). (5.53)

Then, (5.51) can be rewritten as
(241~ 5(2)(2) "I - B)A" (2)] @(z,0) =

M
S B(2) [2M(1 - 5@)a(2)M{T - A™2)}] $arome (5:54)
m=1

For abbreviation, p(z), ¢(z), p{z) and ¢(z) are described as p, ¢, p and §, respectively. After
some algebraic manipulations (see Appendix E.1 for details), we have

M-t -Ba @) =
1
(1 = pOMA2(2M — for (PN (M = far(q))

_(z“(l — 50) = fas(a) + Pafw (D) A (@) = fu (o)) (5.55)
B(fu () — f1aa)) M1~ 54) — Fur () + Pifata) )
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where fm(2) = V"(2){S"(2)}™. Then, Q(z,0) is given by
M
~ — -~ g P
Q0 = Y [M1-5"1-B()A" ()] Bl)
m=]

M- )M (T~ A7 ()] Brym
_ oy 2 4@ =) dap(e) - ag(2)
(1- pg’l)QaP(z)aq(z) f"(aq(z) - ap(z)) ap(z) - f)@ﬂ.q(Z)
. ( V)BE™M(2) - 9V (@™ (z) GV (@bE™ (2) — V()™ (2))
BV 0™ (2) — V= (@b§™(2)  V*(@b5™ (2) — pav (o)™ (2)
P g (5.56)

where

ap(2) = 2" — fu(p), agz) = 2M ~ far(a),

B = 2 = (5@, ) =2~ (ST () (550
Thus, Q(z,0) is expressed in terms of ¢, (0 <m < M —1) as
Q(z,0) = B7l(z )Q(z 0)
— M—-m
(1- pq)ap(z)aq z) & Z
_ ( ag(2)68™ (2) —pqap(z)b;")(z) (ap(zﬂ»"" (2) = ag(2)5™ (2)) )
Hag(D™ (2) - ap(2)0§™(2))  ap(2)B™ (2) — g (2)B5™ (2)
Wpf - (5.58)
Now, we consider the condition (5.11). Using (5.58), we have
2 e <]
2. fo 5 -VE)de = EVIQW(,0)+ QP (1,0)
i=1
M-1
= BVl Y [V N@)] @ +e),  (5.59)
k=0
where - J p
d;m)(z) = Ebg"‘) (z)/aap(z), {(5.60)
and (1-p)
m —_— m —
(7@, = e o =BT (5.61)
Similarly, from (5.47),(5.48) and (5.56), we have
M 2
Z Z[ _U (1,z)(1 — S(z))dz
= E[S] Z(P“ (1,0) + PP(1,0))
m=1
M-=1
= BIS] Y (M [dM @] _ - (M -0 +ud). (5.62)

k=0
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Using (5.59) and (5.62), (5.11) is expressed in terms of ¢’ (0< k<M —1,1=1,2)as

oo M 2
S [ @ d:.:+§j§_j/ QP (z)dz
k=1m=1(=1"0 =01=1
= EVIQW(1,0)+Q®(1,0)) + E[S) Z(P,&‘)(l,O) +PD(1,0)
m=1
E[V] p ) 4 4
WA= p) = my] & M R0
= 1 | (5.63)

Again, we consider (5.58). We can easily show that ap(z) = 0 and ag4(z) = 0 have M roots
in a unit circle |2| < 1 (see Appendix E.2). Let w; and #; (0 <1 < M — 1) denote the roots of
ap(2) = 0 and e4(z) = 0, respectively. We note that one real root, wp, of ap(z) = 0is 1. Both
elements of (5.58), i.e. Q(’ (z,0)’s {{ = 1,2 ), are analytical functions for |z[ < 1. Thus, the
numerator of {5.58) should be zero foreach z =w; (1 <i<M-1)andz=6; (0<: < M -1).
Therefore, substituting z = w; into (5.58), we obtain

E WM™ (1) ( p(i}) _pzi(;ﬂ()w!) )¢M_m = ( 8 ) , (5.64)

The above equation becomes

AM-—1
> e Pl - dw)e?) =0, 1<i<M-). (5.69)

Also we substitute z = #; into (5.58) and obtain

M-1
E BELM B (0:) (—p6)w + ) =0,  (0<i<M-1). (5.66)

(5.63), (5.65) and (5.66) are 2M independent and linear equations for 1,{),(;) 0<k<M-11=
1,2) (see Appendix E.3), so we can determine the value of "/’S) from these equations.

5.3 Mean Queue Length and Waiting Time

In this section, we consider the mean queue length and the mean waiting time. We define the
joint transforms Pa(z,s) (1< m < M, 1 =1,2) and Q" (z,s) (I = 1,2) by

Pi(z,5) = Elete*S|t =m,¢ = |Prob{f =m,( =1}, 1<m < M= 1,2), (5.67)

Q" (z,5) = Elzle™V|¢=0,( =lProb{e =0,( =1}, (I=1,2). (5.68)
Also we define the following vectors: |
~(1)
- P,
P (55) = ( o )Ez 3; ) , (5.69)

Q-
Q‘(Z, S) = ( Q.(g_)g: i‘; ) . (570)
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From (5.26), (5.30) and (5.36), the above equations become

Q9 = [ eTQEafl-Vie)ds
1
1= 3(2)3(2)

([ ulers) — p@iwiz s i{w(zs) - ulz, )}
( 3(2){ulz, ) — w(z s)} w(ms)—ﬁ(z)q‘(z)u(as))’Q(""”’ (5.11)

P (z,8) = /;Do e Pnlz,x){1 - S(z)}dz
1
— 1-p(2)i(z)

| r(z,8) —B(2)d(2)t(z,8)  q{t(z,s) —r(z,s)} .
( p){r(z,5) - 1(z,5)} t(z,s)~ﬁ(z)@(z)r(z,s)) Pm(2,0), (5.72)

(L<m< M),
e 1 - 5"{s+p(2) 1 - 5"(s +q(2))
_ §+plz _ i = s+ gz
(2, 8) = S+ 702) . t(z,8)= T
(z,8) = 1= V(s +p(z) (z,5) = L=V (s +a(2) (5.78)
ulz, 8= S+p(Z) ;, W=Z,8) = 3+q(z) .

Next, we define the joint transforms Py, (z,5) (1 < m £ M) for the queue length and the
elapsed service time, and @"(z, s) for the queue length and the elapsed vacation time by

Pi(z,5) = Elte~sSle=m)Prob{¢ =m},  (1<m< M), (5.74)
Q*(z,5) = E[z%e™V |6 = 0]Prob{¢ = 0}. (5.75)

Then, we have

A M
3 Phlzs) = E{P;“>(z,s)+P;f‘-’-)(z,s>}
m=1 =]

M-1
= l—p(z Z “
M k)
_ . (2) V7(p(z)) - (D) _ e 492
{(1+p( Dr(zs) - bg,l = ) L @l - d(2u®)
i b z) v{g(2) -1 o,
+(1+ §(2))t(2,5) - qbgn(z) S | - (=p(2)Y}, } (5.76)
Q*(z5) = QU S)+Q“ 2>(z 5)
1 b5 M) () (1) 2
= T - Zz {(1 +HEu(z ) F = W - )

b(m L)( )
1+ §(D))w(z, ) - “T (—p(=)el) + ‘2’)}. (5.77)
q
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Let L(z) denote the generating function for the queue length at a random point in time. Using
(5.76) and (5.77), we obtain L(z) as

M
L(z) = h_l,% P;(z,s)+gin(1)Q'(z,s)
:ill Mzl
- 1—ﬁ(z)é(z)k§z
o 1=V ST e) YY) 0y L
'{(1+ ())' p(z) : bé])(z) ) pap(z) '("ﬁ}.— _Q(z)wk )
- = (M-Fk)
+(1+ () - L/(if = Sbggf((:)) = aq(z)(Z) (=Blayb + ¢£-2))} - (578)

Differentiating (5.78) and substituting z = 1, the mean queue length L is found to be

T - l-0, 2Mp— (M — 1)AE[V] M1 -p) AE[VY
2 M1 —p)=AE[V] = M(l-p)—XE[V] 2E[V]
Mp AE[SY] | ME[S]+E[V]  of (,\1 - A2)2
YA —p) —2B[V] 2ES] T M1 —p)—2E[V] a+B\ atp
M-1
(M-KE[V] @ _a \ A=l
+(§—=:0 M1 - p) - AE[V] Vi a+ﬁ) a+ 0
l—p EV] = D) L (@)
+— M=) = 3EV] g?‘)(M k(g + 9. (5.79)
From Little’s formula, we obtain the mean waiting time W as
W =1L/ (5.80)

5.4 Numerical Results

In this section, we show some numerical examples of the results obtained in Section 5.3. The
service time and the vacation time distributions are chosen as follows.

» Service time S is exponentially distributed and its mean is 1.0.
e Vacation time V is constant (= 1.0).

Fig.5.1 illustrates the mean waiting time for various values of the limit number M as a
function of the overall arrival rate A. Weset Ay : A2 =2:1 and o = f# = 0.2. We observe that
the mean waiting time tends to infinity as the increase of A in each case. Also we observe that
when A approaches the values M/(M E(S} + E[V]), the mean waiting time increases suddenly.

Fig.5.2 illustrates the mean waiting time for various values of the parameter » as a function
of A, where A\; : dgisequaltou : 1. Weset M =5 and o = # = 0.2. Note that the arrival
process is a Poisson process when © = 1. The mean waiting time becomes large when the value
of u increases. This shows that the mean waiting time is affected by the ratio of two arrival
rates even when the overall arrival rate ) is fixed.
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Fig.5.3 shows the effect of the mean sojourn time in each state on the mean waiting time
for various values of u. Weset M =5, o = f# and A = 0.8. Note that in the case of u = 1, the
mean waiting time is constant regardless of the mean sojourn time. We observe that the mean
waiting time becomes large when the value of u increases. From this observation, it turns out
that the mean waiting time is affected strongly by the arrival rate and the mean sojourn time
in each state of the arrival process.

5.5 Conclusion

In this chapter, we consider an SPP/G/1 system with multiple vacations and E-limited service
discipline. Using the supplementary variable technique, we derive the transform of the stationary
queue length distribution explicitly. Numerical results show that the mean waiting time is
affected by the limit size M, the arrival rate and the sojourn time in each state of the arrival
process.
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Chapter 6

MAP/G/1 Queues under N-policy
with and without Vacations

6.1 Introduction

In Chapter 5, we analyzed the SPP/G/1 system where the arrival process SPP is the special
case of the MMPP. In this chapter, we consider the queueing systems with MAP!, the fairly
extended arrival process. The MAP includes as special cases the MMPP and the superposition
of phase-type renewal processes. Asmussen and Koole [Asmu93)] have also shown that MAP is
weakly dense in the class of stationary simple point processes. Therefore MAP is a fairly general
process and has a capability of representing a wide class of arrival processes.

In this chapter, we consider MAP/G/1 vacation models with the following characteristics.
Messages arrive to the system according to a MAP with representation (C, D), where C and D
are m x m matrices. Note that m denotes the number of phases in the underlying Markov chain
which governs the arrival process. Service times are i.i.d. according to a general PDF S(z) with
finite mean E(S], whose LST is denoted by 5*(s). As for the vacation policy, we consider the
following two situations:

1. N-policy without vacations
At the end of a busy period, the server is turned off and inspects the queue length every
time a message arrives. When the queue length reaches a pre-specified value N, the server
turns on and serves messages continuously until the system becomes empty.

2. N-policy with vacations
At the end of a busy period, the server takes a sequence of vacations, where vacation times
are i.i.d. according to a general PDF V(z) with finite mean E{V]. At the end of each
vacation, the server inspects the queue length. If the queue length is greater than or equal
to a pre-specified value N at this time, the server begins to serve messages continuously
until the system becomes empty.

In both cases, there is a possibility that the server remains being idle even when some
messages are waiting for their services. Thus, both queues with the above features fall into
a category of queues with generalized vacations [Fuhr85]. Note that when N = 1 without
vacations, our queueing model is reduced to the ordinary MAP/G/1 queue. Also when N =1
with vacations, our queueing model is reduced to the MAP/G/1 with multiple vacations and

'We summarized some properties of the AfAP in section 1.3 of Chapter 1.

89
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the exhaustive service. Thus, the queueing wodels considered in this chapter are regarded as
generalizations of those which have been analyzed.

The queueing system under N-policy without vacations has been one of the classical subjects
on control of queues (see [Heym82] and references therein). As for the N-policy with vacations,
there also have been a number of works. Among them, Hofri [Hofi86] and Kella [Kell89] studied
the same control policy for the M/G/1 system. Lee and Srinivasan [Lee89b)] studied the MX /G/1
system under the N-policy with vacations.

A typical application for N-policy is the quality control problem [Kell89]. A manufacturing
plant produces certain items that occasionally are defective. The good items are marketed while
the defective ones are kept in storage until they can be reworked to meet specifications. Assume
that one of the machines in the plant may be converted as needed from production mode to a
repair mode in order to perform this rework. The question is what would be an appropriate
cutoff number N such that if the number of defective items is at least NV, then the special machine
will be cenverted from the production mode to the repair mode at the next opportunity. After
conversion to repair mode, this machine will rework all of the defective items (including new
arrivals) exhaustively, and then switch back to the production mode when there are no defective
items left.

We can interpret the defective items as the served customer and the special machine as
the server, where this server is available for serving these customers only when the machine is
in the repair mode. The service time is the time required fo rework a defective item to meet
specifications.

If we count the number of defectives at each time when the defective is produced, we then
have a queueing system under N-policy without vacations. On the other hand, if we inspect
the number of defectives after a certain period, we have a queueing system under N-policy with
vacations.

In [Kell89], authors assumed that defective items occur according to a Bernoulli trial for
each machine, and hence, the superposition of the output processes of defective items from
the various machines could be regarded as a Poisson process. However, if we consider a few
production machines, the MAP is suitable for modeling the arrival process.

The queueing models considered in this chapter are formulated as Markov chains of M/G/1
type [Neut89]. However, the boundary behavior in our queueing models is complicated, espe-
cially in the N-policy with vacations. Thus, the usual approach given in [Neut89] does not seems
to be efficient. We provide an alternative approach to compute an essential quantity related to
the boundary behavior. Thus, combined with the established methods in [Luca90], {Neut89] and
[Taki93b], this approach gives a simple and efficient algorithm to compute various quantities of
interest,

The remainder of this chapter is organized as follows. In section 6.2, we study the queue
length and waiting time distributions for N-policy without vacations. We derive the recursive
formulas to compute the queue length distribution, the factorial moments of the queue length
distribution and the moments of the actual waiting time distribution. In section 6.3, we study
the queue length and actual waiting time distributions for N-policy with vacations. We derive
the recursive formulas to compute the queue length distribution, its factorial moments and the
moments of the waiting time distribution. In section 6.4, we show some numerical examples
using the moment formulas of the waiting time for N -policy with and without vacations. In
particular, we show that in light traffic, the correlation in arrivals leads to a smaller mean waiting
time. Throughout the chapter, we assume that the system is in equilibrium.
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6.2 N-policy without Vacations

In this section, we consider a MAP/G/1 queue under N-policy without vacations in equilibrium.
First, we consider the stationary queue length at departures. Then, we consider the stationary
queue length distribution at an arbitrary time. We also derive the LST of the actual waiting
time distribution for an arriving message.

6.2.1 Generating Function for Queue Length at Departures

We consider the imbedded Markov chain at departure epochs. Let A, (n > 0) denote an mx m
matrix whose (z, 7)th element represents the conditional probability that n messages arrive to
the system during a service time of a message and the underlying Markov chain is in phase j at
the end of the service given that the underlying Markov chain is in phase ¢ at the beginning of
the service. In the queue under N-policy without vacations, the transition probability matrix
P is given by

—- -

o o0 0O - 0 By_1 By
Ap A1 As -+ An-o An1 An
O Ay Ay - Ano3 Ay-2 Ana
O O Ay -+ ANv—4 An-3 AN
P= : : : . : : : ) (6.1)
o O O --- A Ay As
o o0 O --- O Ap A

where B, (n > N — 1) denotes an m x m matrix which is given by
-1 N
B, = [(_C) D} An—N+1, n>N-1,
Note that the factor (—C)~1D represents the phase transition matrix during an interarrival time

[Luca90]. As for the computation of A,, readers are referred to [Taki93b]. Let A(z) and B(z)
denote matrix generating functions of the A, and the By, respectively:

A(z) =3 Axz",  Blz)= Y Bpz" (6.2)
n=0 n=N-1
We then have [Luca90]
Alz) = / e CH+:D)2 45 z) . (6.3)
0
Furthermore, B{z) is given in terms of A(z):
N A
B(z) = [(—c*)—1 Dz i").

Let ;. (k > 0) denote a 1 x m vector whose ith element represents the stationary joint
probability that the number of messages in the system at departures is k and the phase of the
arrival process is 7. Furthermore, we define the vector generating function X (z) as

o
X(z)= Z z.25.
k=0
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From (6.1), we have the foliowing equation:

(6.4)

X (z) = zoB(2) + [ X (z) — z(] Aiz),

from whicl we obtain
X(2) [2] — A(z)] = zo {{(—C)—lp]”zf" —I}A(z). (6.5)

Thus, once we obtain @, the vector generating function X (z) is completely determined. Before
considering xg, we derive some formulas which will be used later.
Let 7 denote a 1 x m vector whose ith element represents the stationary proba.blhty of the

underlying Markov chain being phase 7. Note that « satisfies
=(C+ D) =0, we =1, (6.6)

where e denotes an m x 1 vector whose all elements are equal to one. Setting z =1 in (6.5) and
adding X (1)ew to both sides yield

X(1) =w+mo{[(—0)-1'D]N—I} Al - A+ em) ), (6.7)

where A = A(1). We define 8 as 8 = A'(1)e. Post-multiplying both sides of (6.7) by 3, we
obtain N
X(1)B = p+ g { [(~op]" - I} A(ex — C — D)1 De, (6.8)

where p denotes the utilization factor which is given by w3. Due to the assumption that the
system is in equilibrium, we have p < 1. In the derivation of (6.8), we use the equality

(I-A+en)'B=(er —C—D)"'De+ (p— wDe)e,

which comes from (6.3) and (6.6).
On the other hand, differentiating (6.5) with respect to z, setting z = 1 and post-multiplying
both sides by e yield

N
1— X(1)8 = Nage + 2 { [(-o)10]" - I} (I A)em —C-D)'De,  (6.9)
where we use the equality
= (I - A)(emr — C — D) 'De + pe,

which again comes from (6.3) and (6.6). From (6.8) and (6.9), we obtain

1-p = Nazge+zg {[(—C)—ID]” - I} (ex—C-D)'De (6.10)
N-1 .
= Nxzoe+azp Y. [( c) 19] (=C)~YC + D)(ewr — C — D) De
k=0

N-1 X
= oo ) [(=C)7'D] (~C) e,
k=0
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where A denotes the mean arrival rate which is given by wDe. Note that p = AE{S], which can
be verified with (6.3).

Remarks. (6.10) can be rewritten to be

— S . xo = C -1 k -1
p—E[S}/{E[ 20— 3 [(-0)7'D] (-¢) }

k=0

where the right hand side is considered as a time fraction of the server being busy between
consecutive imbedded points.

6.2.2 Determination of the Vector z,

In this subsection, we obtain a formula to compute @g. We define the level 7 as the set of states
{(3, 1), -+, (¢, m)}, ¢ > 0. We first consider the state transition of the underlying Markov chain
during the first passage time from level i + 1 to level 1 (¢ > 0). Let G denote an m x m matrix
which represents the state transition matrix of the underlying Markov chain during the first
passage time. Then we have [Neut89]

G=> AG. (6.11)
v=()

Note that G is stochastic when p < 1. Also G satisfies the following equation [Luca90]:
G= / ” lC+0G)g5(7).
0

As for the computation of G, readers are referred to [Luca90] and [Taki93b].

Using G, we consider the state transition of the underlying Markov chain during the recur-
rence time of the level 0. Let K denote an m x m matrix which represents the state transition
matrix of the underlying Markov chain during the recurrence time. Note that K satisfies

K = [(-¢)"'D]" 6" (6.12)

Let x denote the invariant probability vector of K, which satisfies kK = x and ke = 1. Once
we obtain k, we can readily obtain xg. Let K denote the mean recurrence time of level zero.
By definition, xq is given in terms of x and K [Neut89]

K

Ty = ? (613)

Substituting z¢ in (6.13) into (6.10), and solving with respect to K, we have

A

K="
1-—,0"e

N-1 &
> [=o7D] (=)l
k=0

Thus, K is given in terms of x and the vector g is given by (6.13).

Remarks. In the ordinary M/G/1 paradigm, we first compute the invariant probability vector g
of G, and then obtain x and K in terms of g [Neut89]. However, in our formulation, we derive
the quantities of interest only in terms of x and we don’t need to compute g.
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6.2.3 Queue Length Distribution at Departure and its Moments

In this subsection, we provide the computational algorithm for the queue length distribution Tk
(k > 1) at departures and its moments. Note that a stable algorithm for the Markov chain of

M/G/1 type is provided in [Rama88]. Since (6.1) is of M/G/1 type [Neut89)], we follows the
algorithm in [Rama88] and obtain the following recursion for zx (k > 1):

k=1 -
Ty = {mgﬁk +3 $jzk+1-j:l (I - Zl) 1 )

j=1
where
A = Y AGMF, k21, (6.14)
=k
B, = 5 B.G™F, 1<k<N-2 (6.15)
n=N-1
By = > B.G"*,  k>N-1 (6.16)

Next we provide a recursive formula to compute the factorial moments of the queue length
distribution at departures. We define X(™, A and B as

X = fim 4 B(z).

=—1 dz?

d" n
X, A =l A, 5 = im g

We then follow the approach in [Neut89] and obtain the following recursion for the factorial
moments of queue length distribution at departures: '

,

wo(B(1) — A1), n =0,
g~ ) xo(BW+BO Al n=1,
n—2 n ‘
5 ( )x(miA(“*”ﬂ +ap(B® £ nBE-D AW n 3o
\ m=0 m
xe — __UTte L g (n-1) M
e = (n+1)(1-p)+1—p{U —-nX (I - AV}
= A1) + ew]'lA(l)e, n>1,
x)

T+ U - A1) + en]™?, n=0,
XMemw + (UM — nX=1(1 - AONV}T - A(1) + en]™), n>1,

where
X0 = x(1), A = A1), B = B().

Namely, computing U®, X U1 and then U*+D), X®e, X5 in this order, we obtain the
nth factorial moment X (™) of the queue length distribution at departures.
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6.2.4 Queue Length Distribution at an Arbitrary Time and its Moments

In this subsection, we consider the distribution of the number of messages in the system at an
arbitrary time. Let y,, denote a 1 xm vector whose ith element is the stationary joint probability
that the number of messages in the system is n and the phase of the arrival process is i at an
arbitrary time. We define the vector generating function ¥ (z) as

Y(z)= Z Yp,z".

Y (z) consists of the idle term and busy one. Let U denote the idle time of the server. Then, we
obtain the mean idle time as

N-1

E[U] = ;Tl iz [(-C)‘ID]k (—C)le. (6.17)
=0

Using (6.10) and (6.17), we obtain the vector whose ith element represents the conditional
probability that the number of messages in the system is k and the phase of the arrival process
is 7 given that the server is idle:

1 = _ A
E['U]}Eole ()1 ] (—c)~! = 75 [(-o) ID] (-C)~ (6.18)
Using (6.18), we obtain
N-—- .
Y) = (1-p) Z a0 [(—c)'D]" (-c)12t (6.19)

{X(z — 2o+ [(-C)" 1D]NzN}A*(z)

MZ

[( 0)-1p]" (-0)~1

=A:1:

-
i

0
+p {X(z) — g + 2 [(—0)-117] N ZN} A*(2),

where A*(z) is the matrix generating function of the number of arrivals during the forward
recurrence time of a service time and given by [Luca90]

A'(z) = [A(z) — I](C + 2D)~ 1. (6.20)

E[S]
From (6.4) and (6.20), the second term in (6.19) becomes
p{X(z) — w0 [(-0)7'D] zN} A™(2) (6.21)
= Az—1)X(2)(C +2zD)"" = Azg Z [(-c)- ID] ok,
Substituting (6.21) into (6.19), we obtain

Y (2) = Mz — 1) X (2)(C + zD)" L. (6.22)
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(6.22) shows the relationship between the queue length distribution at departures and at an arbi-
trary time. Since this relationship holds for any stationary queue with MAP arrivals {Taki94a],
an independent verification provides a validation for our analysis so far.

Post-multiply both sides of (6.22) by (C + 2D) and comparing the coefficients of z* in both
sides, we obtain the following recursion for v, (k > 0) in terms of the x;:

Yo = Axo(—C)7Y, (6.23)
Y = Y D0+ A — ) (-O)T, k> L (6.24)
Next we consider the factorial moments of the queue length distribution at an arbitrary time.
We define Y™ ag i
() — .
Y .h—r}} dz" Y()

We follow the approach in [Luca90] and obtain the following recursion to compute Y ®) (n > 1);

Y0 =
YMe = XMWe—p (Y("‘IJD/A - X(“"l)) (em—~C—=D)'De, n>1,

Y™ = y®ex4n (Y(”_”D - )\X("'l)) (ex —C-D)"}, n>l1,
where YO = ¥(1).

6.2.5 LST for Actual Waiting Time and its Moments

In this section, we consider the waiting time distribution of an arriving message. To do so, we
first consider the waiting time of a message which arrives when the server is idle. Let yi denote
a 1 x m vector whose ith element represents the joint probability that a message arrives when
the server is idle, finds & waiting messages upon arrival, and the state of the arrival process
immediately after the arrival is 7. Using (6.18), We then have

20 [(-0)7' D] (-0)'D/A = o (-0 1D

+
yi = (1-p) =5

Thus, the LST Wy (s} of the waiting time distribution when the message arrives during an idle
time of the server is given by

N—-1
Wis) = 3 yil(sI-C)7'DIN-*-le[s(s)F
k=0
Nl N—k—]
= @ ) [(=C) D) [(sI - €)1 D] (5™ (s)]Fe.
k=0

Next, we consider the waiting time of a message which arrives when the server is busy. To
do so, we first derive the Jjoint transform for the number of messages and the forward recurrence
time of the current service when the server is busy. Note that the server is busy with probability
p- Given that the server is busy, messages in the system is classified into two types. One includes
messages which are in the system when the current service starts. The other includes messages
which arrive during the backward recurrence time of the current service. Thus we have the joint
transform Y™ (z, s) for the number of messages and the forward recurrence time at an arbitrary
point of the current service:

Y™ (z,8) =p {X(z) — xp + zN:co[(—C)‘lD]N} A(z, s),
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where A(z, s) denotes the joiut transformed matrix for the number of messages which arrive in
the backward recurrence time and the forward recurrence time, and is given by

Alzs) = omIdE‘S['é])f dte(c+*D)‘ ~s(z~1)
Alz) = S57(s)I

= S BI+C+ 2D}

Therefore we obtain the LST W7 (s) for the waiting time distribution of a message which arrives
when the server is busy as follows:

Ws(s) = Y*(S8"(s),s)De/AS"(s)
= 2o {I~[(~-C) ' DIV[$* ()"} [sI + C + 57(s)D] ' De,

where we use the equality
X(S*(s))[S"()] = A(S™(s)) = {@ol(~C) ' DIVIS () — I} A(S™(s)),
which comes from (6.5).

Let W*(s) denote the LST for the actual waiting time distribution. By definition, W*(s) is
given by Wi (s) + Wy (s). Therefore we obtain

W s) = o J\Iijl[(-c)-lp]k+1 [(s1-¢)7'D]" " (s (s)e (6.25)
k=0
+ao{I - [(=C)' DI¥(8"(s))" } [sI + C + §™(s) D] De.
We now consider the moments of the actual waiting time. We first define W) as
win) = hm( 1)”-—-~W(s) n> 1.

To obtain the recursive formula to compute W("), We rewrite (6.25) as

N-1
W (s) =zp Y [(—C) D)*H! Ti(s)e + o T(s) De,

where

Tiis) = [s1-cy'0]" " TS e, 0k N-1,

T(s) = {I — (=) ')V s ()] } [sI+C+ 8" (s)D]™1. (6.26)
We then have
N-1
W =0 S [(=C) DI TMe + 2gTMDe,  n>1,
k=0

where for n > 1,

T( ) = llm( 1)”

0 T =m0
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Thus once we have 7™ and 7", W{n) is readily obtained. In what follows, we provide the
k

~ recursive formula to compute T,g") and T,
First, we consider TL(”) {n > 1). We define H;.(s) and Si.(s) as

k
Hys)=[(sI-C)7'D]",  Suls) =[5"(s))".
Then, Ti(s) = Hy—-1(s)Sk(s). Furthermore, we define H(") and S(")
A L dn
s = lim (1) ES’”'(S)’

B = (-1

and S = S§"). Note that S4) = E[S]. Taking the nth derivative of H;(s), we obtain
Egﬂ) =n! (=C)~(tD D, Since Hi(s) = Hi(s) Hr_1(s), we compute the nth derivative H,E")

using the recursion
n
Hz(cn):Z( ; ) 1)H(n i)

i=0
where H{” = [(~C)~DJ*. Similarly, we compute the nth derivative 5" using the recursion
Ny (i) g(n=i)
S = Z ( ; ) s g,
i=0
where $(® = 1. Thus we obtain the nth derivative T ) by
Tén)=2( i )Hiaf)k 1S(n ).
1=:0
Secondly, we consider the nth derivative T(®) of T(s). Using (6.26), it follows
T(s)[sI+C+S"(s)D] = Ul(s),

where
U(s) = I - [(-C) DIV [S"(s))".

We define U™ (n > 1) as
0 — ") = fim(—1)"-2
U U(0), U 21_1.1%( 1) To U(s), n>1.
Then, we obtain
vO=1-((-C)'D)Y, U™ =—[(-C)" D)V,

According to a similar reasoning in [Luca90], we obtain the following recursion to compute T(™):

n—1
20 = T L T ( ’; )Ttk)s(n-k)D —U™, nx1,
k=0
1
TWe = [ yWe- BS|UD(en - C - D)™1De},
E[S] 1
T"e = Z(")(e:rr C— D) 'De+
T S Pet DA )
{Z ( nz-l )S(n-i-l k) pe — U("+1)e}, n>1
k=0 o

T = TOex _ y(en — ¢ ~ D)~
7 = T(")evr-i-Z(")(evr—C—D)"l, n>1,
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where T(0) = T'(0). We summarize the procedure to compute W,
1. Compute H{™ and S{" recursively.
2. Compute T\ using H{™ and S{*.
3. Compute U9, Te and T in this order.
4. Compute UM, z(m Tln)e and T recursively.

5. Compute W™ using T\") and T

Remarks
1. Setting N =1 in (6.25), we obtain

W=(s) = A\ syg[sI + C + 57(5)D] " De,

which is identical to the result in [Luca90].
2. In the case that messages arrive according to a Poisson process with rate A, C = —X and
D = A. Substituting these into (6.10) yields =g = (1 — p)/N. Furthermore, (6.25) becomes

L—p[M(s+ MY —[S7(s)]" LML=l [S*(s)])™}
N A (s+A)—5*(s) Nis—=A+AS5=(s)] ~’

which is the LST of the waiting time distribution of M/G/1 under N-policy [Takad1].

W (s) =

6.3 N-policy with Vacations

In this section, we consider a MAP/G/1 under N-policy with vacations in equilibrium. First, we
consider the queue length distribution at departures. Then, we derive the formula of the queue
length at an arbitrary time. We also derive the LST of the actual waiting time distribution for
an arriving message.

6.3.1 Generating Function for Queue Length at Departures

We choose the time epochs immediately after the service termination and the vacation termi-
nation as imbedded points. Let =} () denote the joint probability vectors whose ith element
represents the probability that the imbedded point is the service (vacation) termination, the
number of the system is n and the phase of the arrival process is 2. We define the following
generating functions:

oo o0 k
Xo(z) = a%2", X¥(z)=)_ ayz", X¥(z) = Z zyz".
n=0 n=0 =0

Let V, denote an m x m vector whose (4, j)th element represents the conditional probability
that n messages arrive during a vacation and the underlying Markov chain is in state 7 at the
end of the vacation given that the underlying Markov chain being in state ¢ at the beginning of
the vacation. We define the matrix generating function V(z) as

Viz) = i Vez".
=0
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We then have [Luca90]
o]
V(z) =f LCHD)2 gy ().
0

Considering the transition between consecutive imbedded peints, we have the following equa-
tions:
A(z)

A
X)) = (X)) "2 4 X0 - X @ A, e
X¥(2) = zViz) +X}_1(2)V(2), (6.28)
X3+ XY(D]e = 1, (6.29)
where A(z) is defined in (6.2).
Note that @} (0 <k < N — 1) are recursively obtained in terms of «}:

= = aVll-W)7, (6.30)

k=1
T, = [a:ng + Zmka_.} - Vb]_l, 1€<k<N-1L (6.31)

=0

Thus, X "(z) is given in terms of § (see (6.28)) and therefore X*(z) contains only one unknown
vector x3. Note that the queue length at departures is characterized by X*(z). Let = (k > 0)
denote a 1 x m vector whose ith element represents the joint probability of £ messages in the
system and phase ¢ of the underlying Markov chain at departures. Further, we define the vector
generating function X (z) as

X(z)= E zp2",
k=0

By definition, we have

_ X°(z)

T X5(1e’

Thus once we obtain x§, X{z) is completely determined. Before considering x§, we derive
some formulas which will be used later. Using (6.27), (6.28) and (6.29), we have the following
equation:

X(2)

s v _ 1-p
(wp + Xy (D) e = ;== — T 0E] (6.32)
The derivation of (6.32) is given in Appendix F. Using (6.32) and (F.3), we have
s(1ye . AE[V]
X We =155y
and therefore we obtain | AE[V]
_1=-p+ 5
X(z) = E[V] X5(2). | | (6.33)

6.3.2 Computation of the Vector Ty

In this subsection, we derive a formula to compute xj. First, we consider the number of messages
at the end of an idle period when the threshold value is equal ton (1 € n < N). Let Ri(k >n)
denote an m x m matrix whose (4, 7)th element represents the conditional probability that there
are & messages in the system and the underlying Markov chain is in state j at the end of an
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idle period given that the underlying Markov chain being in state ¢ at the beginning of the idle
period. Note that the R} is computed by the following recursion:

Rl = [I-Vy !V, k>, (6.34)
R = Ry\V'+RICI-RL_in 2<n<k. (6.35)

For later use, we define the matrix generating function R"(z) as

R'(z) =Y Rt

k=n

Now we consider the state transition during the recurrence time of the departure instant
being in level zero. Let K denote an m x m matrix which represents the state transition matrix
of the underlying Markov chain in the recurrence time. Furthermore, let x denote the invariant
probability vector of K. Then z§ is given by

5
mo— 3

=

where K denotes the mean recurrence time of the departure instant being in level zero.
Note that, with RY, K is given by

K =5 RJG*
k=N
where G is defined in (6.11). Thus, & is obtained by solving kK = x and xe = 1. We now

propose a simple recursive formula to compute K. Multiplying both sides of (6.30) and (6.31)
by K, we obtain

zy = kW[ - V7!, (6.36)
k—1
2y = ank +3° :c}"‘VL._,-] [I - Vo], 1<k<N-1, (6.37)
i=0
where
z)" = K.

Also, multiplying both sides of (6.32) by K, we obtain

N-1 1—p
V'e=——— T,
1+k§"’*e 1= o+ AE[V]
from which, it follows that
—  1—p+AE[V] R .
K=—"—""2""(1+) =z{e]. (6.38)
t-p k=0

Therefore, K is computed as follows. First we compute a:if' (0< k< N-1) by (6.36) and
(6.37) and then compute K by (6.38).
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6.3.3 Queue Length Distribution at Departures and its Moments

We first consider the queue length distribution at departures. Observing the system immediately
after departures, we have the following transition matrix P:

0O O O 0 By_1 By
Ay Ay A An-s An-y  An
0O Ay A An-3 Any_2 Ana
0O O A Ay_g Ax_3 Ay
P= : : : : : :
o 0O O Ag Ay Ao
o O 0O 0 Ap A
where ol
Bi= Y Rl Artion, k>N-1.
n=N

Since the transition matrix P takes the same form as in (6.1), we have the same recursion for
x} as in section 6.2:
— -1
( - Al) )

where Ay, and B} are given in (6.14), (6.15) and (6.16). Thus, from (6.33), the queue length
distribution . is computed by

xi =

_P'I')‘E[V] s
= ———————= ) ;> 0.
T AE[V] xy, k20

Since the structure of the transition matrix is exactly the same as in section 6.2, we can use
the same recursive formula in subsection 6.2.3 to compute the factorial moments for the queue
length at departures.

6.3.4 Queue Length Distribution at an Arbitrary Time and its Moments

Let ¥'(z) denote the vector generating function of the number of messages at an arbitrary time.
According to a similar reasoning as in subsection 6.2.4, we obtain

zh+ X_1(2)

Y} = (1-p) (a:g-i-X}(,_l(l))eV*(z) (6.39)
X*(z) — 28+ X¥(2) — XY_1(2) .
T I T s Xy (e A (2),

where A”(2) is given in (6.20) and V*(z) is the matrix generating function of the number of
arrivals during the forward recurrence time of a vacation and given by:

Vi(z) = ~I[C + D]

Substituting V™(z) and A"(2) into (6.39) and noting the following equalities
1(2)] [V (2) -

(=3 + X% I} =af [RN(2) - 1],
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[X°(2) - 2§+ X*(2) - X} (2] [4(2) = 1) = (z = DX*(2) - 2§ [R¥(2) - 1],
we rewrite Y (z) as
_ 1l=p Th N(y -1
Y = Fpmaxsmye @10+ zD) (640

o (2= 1DX*(2) - 2§ [RNz) - 1]

-1
BB - (@t XL m)e € *2D)
= 1—1%;**[-—;@(‘1—1))(5&) [C +zD]™!

= Mz-1)X(2)[C+2D]".

In (6.40), X (z) denotes the vector generating function of the queue length at departures (see
(6.33)). Since this relationship holds for any stationary queue with MAP arrivals [Taki%4a), an
independent verification provides a validation for our analysis so far.

Since the queue length distributions at departures and at an arbitrary time are related by the
common equation, the queue length distribution y, at an arbitrary time is recursively obtained
by (6.23) and (6.24) in terms of the queue length distribution ¢ at departures. Furthermore
using the recursion in section 6.2.4, we obtain the factorial moments of the queue length distri-
bution at an arbitrary time.

6.3.5 Joint PDF of Number of Arrivals and Remaining Vacation Time

Let Q:,5,z) (4,5 = 0,1,...) denote an m x m matrix whose (k,!)th element represents the
probability that, given the phase being in ¢ at the beginning of the vacation and a message
arrival in the vacation, 7+ messages arrive in the elapsed vacation time, j messages arrive in the
remaining vacation time, the remaining vacation time is not greater than z and the phase is 7
at the end of the vacation. We also define the joint transformed matrix of Q(i, 4, 1) as

Q" (21, 22, 5) ZZ/ 2 z5e™ T dQ(, §,T).
i=0j=0

Then, 2*(21, 29, 5) becomes

oo T dt .
Q(21,22,8) = / :ch(:r:)/ elCtnD)t = (ChzaDYz—1) g=s(z=1)
o EV] A
® gV (z)

= dt e~ 0 01 C DY"De~8(==1)
A AE[V]./ Z +C+z1D) e

X ZO (= ;! ki (61 + C + z2D)"e %=1

_ dV (z) i-n (z—0)"
— (s+0)c BY A&/ 5!
/0 YE[V] Jo dt;{)g G=n)l 7l
x(6I +C+ le)'_"D(HI + C+ zD)". (6.41)

In order to expand the matrix factor (81 + C + z; DY D{6I + C + 20D)!, we introduce matrices
Feim,n) (k,1=0,1,2,---, m=0,1,---,k, n=0,1,---,1) which satisfy

e
S ST 212§ Fg(mon) = (01 + C + 2. DY* D(0I + C + 25D,

m=0n=0
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where Fop(0,0) = D. Then, matrices Fy;(m,n) satisfies the following recursion

(81 + C)Fy (0, n), m =0,
Frpiplm,n) = ¢ DF(m—1,n)+ (61 + CYFiy(m,n), 1<m<Ek, (6.42)
| DF(k,m), m=k+1,
and
Fk,l(nl: 0) (91- + C)s n=70,
Fripi(m,n) = Fry(m,n—1)D + Fry(m,n)(0I +C), 1<n <, (6.43)
Fra(m, 1) D, n=1+1.

Thus, we obtain

Lo (p-t)"

(81 +C + DY "D(6I + C + zD)"

i=0 n=0 (-—n)! n!
o i i—n (.'E'—-t)" i—n n )
B ' 45 Fina(lym)
gg:;(z—n)! n! ,Z;mZ_U 14
o0 00 i
PIPIEC SN , = ) Fin(l,m). (6.44)
1=0 m=0 n=m j=|} t
Substituting (6.44) into (6.41) yields
91(21,.2}2,.5‘) = Z Z z{z&n
=0 m=0
- v (z) t(z -
e—(s+8)z tgel Pl eds
[Z;Z;/ SET U Belm)| - (645)
Considering the coefficient matrices of ziz3 on both sides of (6.45), we obtain
dv(z) r= tm (3 — )" N
’_(3"1'8):1‘,‘_ si r . 6‘4
Hhe mzz,,z_;] SEW] o € W Fmn(ind) (6.46)

6.3.6 LST for Actual Waiting Time and its Moments

In this subsection, we consider the actual waiting time distribution for N-policy with vacations.
Let Ri(s) denote an m x m matrix whose (i, j)th element represents the LST for the length of
the idle period when the number of messages is k and the phase is j at the end of the idle period
given that the phase is 7 at the beginning of the idle period and the threshold value is n. From
the similar reason of (6.34) and (6.35), R}(s) satisfies the following equations

Ri(s) = [T —Vo(s)]™! Vils), k> 1, (6.47)
Ri(s) = Ry Ms)+RZ1(s)  Rinn(s),  2<n<k, (6.48)

where oo
Vi(s) = f =P (k, £)dV (1).
0
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We also define R"(s) as
R(s) = RR(s).
k=n

First, we consider the waiting time when the tagged message arrives at the system in a
vacation time. We observe the the following two cases:

1. The queue length becomes greater than or equal to N at the end of the vacation time
during which the tagged message arrives.

2. At the end of the vacation, there are & (< N) messages in the system. Then, the next
service starts after the period according to RN—¥(s).

Thus, the LST W7 (s) of the waiting time of a message when it arrives during a vacation time
is given by

Wr(s) = (0+;( e {(m0+.’c0 ) > Z Q(3, 4, 8)[S™(8))

i=0 j=(N~i-1,0)+

+ka2 Z Q(, 7, 8)[S" ()}

i=0 j=(N—k—i—1,0)+
N-2N—i-2

+Haf+zy) D > Q@4 s) RN () [S ()]

i=0 ;=0

N-2 N—-k-2N-k—i-2 o .
+> = > Y Q(v:,j,s)RN"“-'-J—l(s)[S*(s)]’”"}e, (6.49)
k=1

i=0  j=0

where (z,y)7" indicates the maximum value of z and y.
Next, we consider the waiting time when the server is busy. The joint transform Y*(z, s)
defined in subsection 6.2.5 becomes

X*(2)—xj+ XV(2) - X _1(2)
1—(z§+Xj_1(1)e

Y*(z,8)=p A(z,s).

Then, the LST W5(s) of the waiting time when the server is busy is given by

1
1-(af+ X%.a(1)e
x[zg + X -1 (SN = V(S™(s)[sI+C + S'(S)D]_lDe. (6.50)

Wi(s) =

From (6.32), (6.49) and (6.50), the LST of the actual waiting time distribution is obtained
as

W (s) = Wi(s)+ Wa(s)
L2220 e {(mo DY, 5 G

] A

S i Q0. j,5)[S"(s)]+

k=1 1220 j=(N—-k-i-1,0)*+
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N-2N-i-2

Haj+ad) Y D Q6,5,)RYN TS ()
=0 j=0
N- k=2 N—k—i-2 o '
Z Z Q(z',j,s)R“"‘"'J“(s)[S‘(s)]’*‘*‘}
k=1 i=0 i=0 '

+ (2§ + XN 1 (ST (T = V(S™ ()T +C + S*(s)D) ' D e. (6.51)

For calculating nth moment of the waiting time, we define following notations:

n

L » 1 n . n d
Tije(s) = Q.4,9) [ST Y, T = lm (~1)* = Tu(s),

H

ﬂ.

Uiels) = 006,3,9) B9[S, U5 = lim (<17 U (s),

z(s) = x§ + X% _1(S7(5)), 2" = lim (- 1)n 4" —x(s),
T(s) =U(s)[sl +C + S™(s)D]7}, U(s)=1- V(S‘(s)).

T and U™ are defined in subsection 6.2.5. Then, the nth moment W (™) of the actual waiting
time becomes

1-p+AE[V]

) —
W ME[V]

AE[V]{(&:E-}-_:::B’)Z 3 z;gf;,)
i=0 j=(N—i-1,0)+
N-2N-i-2

[o o] o0
> Y TR+ Y. Y vl

1 i=0j=(N—k—i—1,0)* i=0 j=0

Z ( ):}:(m)T(""")D} e
m=0

From definitions of Ti;(s) and Uiji(s), Jk) and U,-(j';c) becomes

— (m) ﬂm)
,m=0(m)ﬂ (4,7) Spye s

(n) _ - n i m - —k—i—j— - n—-m
U:Jnk - Z (m ) {Z( ! )Q“)(%J)RN kimim (o I)}SI(L--i-i )3

T

I
M a

=0

where d
m(n) _ i1y 9
Q(, j, 5), R lim(-1)"

Q™3 5) = lim(~1)"— —R"(s).

From (6.46), we obtain

‘ oo oo ntk .. !
Vs oy — Fanlt,7) (1) n+k
PrG) = /\E[ }EZZ min) l+m+1( I )

m=in=j {=0

oo
’/(; :E.m+n+k+le—0:dv($)_
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We define R ag

ank (S)

m{n) _
R, hm( )" T

Using Rf("), R™} i5 expressed as

m(n) i RE(H).
k=m

From (6.47) and (6.48), Rm( ™) can be expressed as

1(0) [I V] 1Vk, 1(") [I V]—— lv(n) + Z ( ) Vo(ﬂ—l) R}]é(l)] ,
) 1=0

n
Rp®™ = R 4 3 ( y ) Rp ORI 2<m<k

Hence, we can calculate RL( recursively.
a:(”) can be calculated from the following equations:

mo'i‘XX]_l(l), TL=0,
L) = ) ¥-1

Y @y s, n>0

k=1

Since we can calculate T éccording to the same way of the N-policy without vacations,
we consider the calculating formula of U(™). According to [Taki93b), V(z) can be rewritten as

Vi(z) = Zcm[ne (C+zD)™ i i Fa(k),

where

n= [ v (o)

m!
and Fp, (k) satisfies following equations:

(I+e- ey, k=0,
Funi1(k) = ¢ Fo(k){(I+07'C) + Fulk— 1)(§7'D), 1<k <m,
(6-'D)ym+1, k=m+ 1.

Then, U™ can be calculated from following equations:
I - V n =0,

Ut = Z Con Z Fu(k) S, n>o0.

We summarize the procedure to compute W

1. Compute Rf(") and then RN,



108 MAP/G/1 Queues under N-policy with and without Vacations

2. Compute F (s, 7) and then QU(4, §).
3. Compute il}(,j'}c) and U,-(;’k) using QUM (3, 7), RY=K=1=i=10" anq S
4. Compute U™ and then T in the similar manner of section 6.2.5.

5. Compute z™,

6. Finally, compute W) using T;(;?v U,-(;L), x(™ and T().

6.4 Numerical Examples

In this section, we present some numerical examples of the mean waiting times for N-policy with
and without vacations. In our numerical examples, the service time distribution is chosen as an
unit distribution with mean E[S] = 1.0 and the vacation time distribution as an exponential
distribution with mean E[V] = 1.0. The arrival process is assumed to be a 2-state MMPP with

2 T 2,0 0
C= 11 e D= 1; 2
4 T’ 11°

From this construction, it is easy to see that m = (1/2, 1/2). Note that the correlation in the
arrival process becomes large with the decrease of . We calculate the mean waiting times with
r=10.5 and 1.0.

In computing the matrices G and A under both N-policy with and without vacations, we
truncate the infinite sums according to the criteria proposed in [Taki93b]. We also truncate the
infinite sum for calculating V using the same criterion.

In computing the kth moment Q()(4, j), we need to truncate the infinite sums of (6.46).
The accuracy of Q*)(4, §) depends on how many number of arrays for Fi 1(m,n) we can store.
Let ¢ denote the index of the set {Fy;(m,n) : 0 < m < k,0< n <!}, where c = k +1. From
(6.42) and (6.43), the ¢ + 1st set of Fii(m,n) can be calculated using the cth set of Fy;(m,n)
(see Fig.6.1). Note that we choose a maximum value cmay of ¢ under the constraint of computer
resources such as disk space and memory size. In our implementation, we set cpax t0 be 34.
Since wQ2°(1,1,0)e = 1, we can check the accuracy of Q¥)(4, j) by summing Q©)(i, 7) over all 1
and j we computed.

We first compare the mean waiting times calculated from moment formulas with those cal-
culated from Little’s formula using the mean queue length Y1), Tables 6.1 and 6.2 show the
numerical results of N-policy without and with vacations, respectively, where N = 5 and r = 1.0.
In those tables, Wy s denotes the mean waiting time calculated by the LST and W ;. denotes
that by Little’s formula.

From Table 6.1, we observe that W,gr gives good agreement with Wi .. On the other
hand, Table 6.2 shows that |Wysr — Wyi,| increases as p becomes large. This is because the
accuracy of wQ2"(1,1,0)e becomes worse (recall that we fixed c,ax t0 34). Note, however, that
Wit agrees with Wiy, in the order of 10~ as p = 0.9. Thus it seems that it is sufficient for
graphic representations to set ¢y = 34, except for the region of very high traffic. Therefore we
use the result calculated by the LST in the following figures.

Fig.0.2 shows the mean waiting times in the case of N = 5 and 10 with 7 = 1.0. We observe
that the mean waiting time becomes large as the value of N increases, and that the mean
waiting time under N-policy with vacations is always larger than that without vacations. We
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A

Figure 6.1: cth and ¢ + 1st sets of Fy ;(m,n)

| p | Wisr | Weiwe | Wit — Weae| |
0.1000C | 19.9516 | 19.9516 0.00000
0.20000 | 10.0602 | 10.0602 0.00000
0.30000 | 6.86860 | 6.86860 0.00000
0.40000 { 5.39333 | 5.39333 0.00000
(0.50000 | 4.66432 | 4.66432 0.00000
0.60000 | 4.40793 | 4.40793 0.00000
0.70000 | 4.62049 | 4.62049 0.00000
0.80000 | 5.64797 | 5.64797 0.00000
0.90060 | 9.53749 | 9.53749 0.00000

Table 6.1: Comparison of Mean Waiting Times under N-policy without Vacations.

also observe that mean waiting times in all cases diverge to infinity as p becomes small. This is
because the queue length is hard to reach N when p is small.

To investigate the influence of the correlation in arrivals on the mean waiting time, we plot
Figs.6.3 and 6.4, which show the mean waiting times with » = 0.5, 1.0 and that in Poisson arrivals
with the same arrival rate, where N = 5. We observe that when p is large, the mean waiting
time becomes large with the increase of the correlation in arrivals (recall that the correlation in
arrivals becomes high with the decrease of »). However, when p is small, higher correlation leads
to a smaller value of the mean waiting time. Please also see Table 6.3, which give numerical
data of Figs.6.3 and 6.4, respectively.

From these tables, we observe that when p is small,

Wie=05 < Wi=1.0 < Wpoisson,

and when p is large,
IVT:O.S > I'Vr:l.(] > I’VPOI'SS.:m-

In general, higher correlation in arrival makes the mean waiting time larger. However, our
numerical results show that it is not the case. Note that, in N-policy, the mean waiting time
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[ | Wist | Weine | Wist — Weanel [ ®#27(1,1,0)e |
0.10000 | 20.4579 | 20.4579 0.00000 0.99999
0.20000 | 10.6128 | 10.6128 0.60000 0.99999
0.30000 | 7.47885 | 7.47885 0.00000 0.99999
0.40000 | 6.07984 | 6.07984 0.00000 0.99999
0.50000 | 5.45828 | 5.45828 0.00000 0.99999
0.60000 | 5.36508 | 5.36308 0.00000 0.95998
0.70000 | 5.85289 | 5.85288 0.00001 0.96995
0.80000 | 7.43537 | 7.43533 0.00003 0.99991
0.90000 | 12.9965 | 12.9965 0.00003 0.99983

Table 6.2: Comparison of Mean Waiting Times under N-policy with Vacations

N-policy without vacations N-policy with vacations

p r=0.0 | r=10 I Wpsisson r=10.5 I r=1.0 ] W poisson
0.01000 | 199.74357 | 199.87384 | 200.00505 | 200.34455 | 200.47517 | 200.60585
0.02000 | 99.75333 | 99.88173 | 100.01020 | 100.35618 | 100.48438 | 100.61180
0.03000 | 66.42999 | 66.55646 | 66.68213 | 67.03470 | 67.16042 | 67.28452
0.36000 | 5.85972 5.86487 5.83681 6.79160 6.79476 6.76540
0.37000 | 5.73609 5.73469 5.69906 6.64972 6.64650 6.60968
0.38000 } ©5.62130 5.61307 5.56961 6.51801 6.50818 6.46367

Table 6.3: Numerical Results under N-policy with and without Vacations

E[W] consists of two terms; one is the mean waiting time E[W;] of messages which arrive in the
idle period and the other is the mean waiting time E[W5] of messages which arrive in the busy
period. Namely,

E[W] = (1 — p) EIW1] + pE[W)

Tables 5 and 6 show E[W)] and E[Ws] in the same settings as in Tables 3 and 4. We observe
that E[W1] (resp. E[W5]) is a decreasing (resp. an increasing) function of correlation in arrivals
for a fixed p. We explain this phenomenon. When the correlation in arrivals is high, messages
arrive back to back once a message arrives. Thus after the first message arrives in the idle
period, subsequent messages are likely to arrive in a short interval, so that the mean waiting
time of those messages becomes small according to the increase of the correlation in arrivals.
On the other hand, the mean waiting time of messages which arrive in the busy period becomes
large with the increase of correlation in arrivals, as in a work-conserving queue. In light traffic
(i.e., for a small p), the former is the dominant factor in the mean waiting time E[W]. Thus,
correlation in arrivals leads to a smaller mean waiting time in light traffic.
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W] E{W,]

p r=0.5 | r=1.0 l Wpgisson | 7=0.5 | r=1.0 J W poisson
0.01000 | 201.73042 | 201.86440 | 202.00000 | 3.04533 | 2.80832 | 2.50505
0.02000 | 101.72677 | 101.86267 | 1G2.00000 | 3.05443 | 2.81556 | 2.51020
0.03000 | 68.38977 | 68.52759 | GB.66667 | 3.06376 | 2.82296 | 2.51546
0.36000 | 7.14511 7.35454 7.55506 | 3.57458 | 3.21655 | 2.78125
0.37000 | 6.99066 7.20240 7.40541 3.50992 | 3.23560 | 2.79365
0.38000 | 6.84411 7.05819 7.26316 | 3.62618 | 3.25531 | 2.80645

Table 6.4: Numerical Results under N-policy without Vacations

W] E[Wy)

P r=10.5 [ r=1.0 | Wpo,'s_gon r=0.5 l r=1.0 I WPoisson
0.01000 | 202.34008 | 202.47375 | 202.60681 | 2.78663 | 2.61574 | 2.51106
0.02000 | 102.34701 | 102.48138 | 102.61363 | 2.80528 | 2.63125 | 2.52224
0.03000 | 69.02059 | 69.15569 | 69.28712 | 2.82417 | 2.64696 | 2.53354
0.36000 | 8.12492 8.29845 8.40809 | 3.66128 | 3.32548 | 3.00692
0.37000 | 7.98094 8.15603 8.26516 | 3.69670 | 3.35345 | 3.02585
0.38000 | 7.84483 8.02151 8.13015 | 3.73306 | 3.38209 | 3.04519

Table 6.5: Numerical Results under N-policy with Vacations

6.5 Conclusion

111

In this chapter, we have considered queueing systems under N-policy with and without vacations.
In both models, we have obtained the queue length distribution at departure epochs, that at
an arbitrary time and the LST of the actual waiting time distribution. We also showed the
numerical examples of the mean waiting times of both models. From numerical examples, we
have shown that in light traffic, the correlation in arrivals leads to a smaller mean waiting time.
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Chapter 7

Concluding Remarks

In this dissertation, we have considered the queueing systems with vacations concerning a finite
buffer, buffer control policies and non-Poissonian arrival processes. We summarize the results
of this dissertation in section 7.1 and finally present some topics for future researches in section
7.2.

7.1 Summary of Results

The results obtained in this dissertation are described as below:

In Chapter 2, we considered an M/G/1/K system without vacations under random schedul-
ing and LCFS. The LSTs of the waiting time distributions for both disciplines were derived and
the mean and the coefficient of variation were calculated under several conditions. From the
numerical results, it turned out that mean waiting times under three service disciplines are the
same and approach (K —1)b when the offered load becomes large. In addition, the c.v. of FCFS
is smallest and that of LCFS largest. It means that variations of the waiting time under FCFS,
random scheduling and LCEFS become large in this order.

In Chapter 3, an M/G/1/K system with multiple vacations and the exhaustive service
discipline were studied. Similarly to Chapter 2, the LSTs of waiting time distributions under
random scheduling and LCFS were derived. We also presented the numerical algorithms for the
moments of the waiting time and then discussed the numerical results. In addition to the similar
results of Chapter 2, it turned out that the waiting time is influenced by vacations under light
offered load and that the waiting time approaches the remaining vacation time when the offered
load becomes small. From the numerical examples of the c.v.’s of the waiting time compared
among three service disciplines, we discussed the limiting behavior of the c.v.'s of FCFS and
random scheduling, respectively.

In Chapter 4, we studied an M/G/1/K system with push-out scheme and multiple vacations
under FCFS and LCFS. We derived the LST of the waiting time distribution for messages which
are eventually served, and the mean waiting time for pushed-out messages. Using these results,
we calculated the mean waiting times and c.v.’s under several situations. From the numerical
examples, it turned out that the mean waiting times of PB-served and PB-pushed out messages
converge as the offered load becomes large, and that those limiting values are smaller than that
under NPB case. We also observed that the variation of the waiting time of the PB-served
message is small and stable in comparison with that of the NPB one.
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In Chapter 5, we considered an SPP/(G /1 queue with multiple vacations and E-limited disci-
pline. Using the supplementary variable technique, we obtained the transform of the stationary
queue length distribution explicitly. From the numerical examples, we observed that the mean
waiting time becomes quite large around the upper boundary of the arrival rate, which is deter-
mined by the equilibrium condition. The mean waiting time is also affected by the ratio of two
arrival rates even when the overall arrival rate is fixed. Furthermore, the mean waiting time
is affected strongly by the arrival rate and the mean sojourn time in each state of the arrival

process.

In Chapter 6, we studied MAP/G/1 queues under N-policy with and without vacations. For
each case, we analyzed the stationary queue length and the actual waiting time distributions,
and derived the recursive formulas to compute the moments of these distributions. In numerical
examples, we observed that the mean waiting time becomes large as the value of N increases, and
that the mean waiting time under N-policy with vacations is always larger than that without
vacations. We also observed that when the offered load is large, the mean waiting time becomes
large with the increase of the correlation in arrivals. However, when the offered load is small,
higher correlation leads to a smaller value of the mean waiting time. This implies that the mean
waiting time is significantly influenced by N-policy under the light traffic.

7.2 Future Research Topics

Queueing systems with vacations have been studied extensively in last two decade. Recently,
queueing systems with a non-Markovian arrival process and a generalized service time process
like a semi-Markov process become more popular than ever in this field, but there are still open
problems concerning vacations and service disciplines. The author thinks that the following
topics are worth to analyze:

e We can extend the models treated in Chapter 6 to BMAP/G/1 queues. In this model, the
performance measures should be studied considering the influence of BMAP arrivals.

¢ There are few studies in MAP/G/1 queues with a finite buffer under buffer control policies
like PB. It is significant to analyze those models and to investigate the influence of buffer
control policies.

e Concerning the GI/M/1-type, queueing systems whose successive service times form a
semi-Markov (SM) process have been studied. In particular, GI/SM/1, SM/SM/1, and
MAP/SM/1 have been analyzed in [Seng89, Seng90]. In those models, the queue length
and the waiting time have been mainly analyzed but service disciplines have not been
considered in detail. It is worthwhile to study those models with and without vacations
under several service disciplines.

e The queueing system with vacations in which the successive vacation time forms a semi-
Markov process is valuable to analyze. In particular, it is significant to analyze the
MAP/G/1 with semi-Markovian vacation process.

* In general, the matrix analytical approach used in Chapter 6 needs the enormous resources
of the computer systems such as memory and hard disk since there are a number of states to
be considered. Hence, the effective method to reduce the number of states is an important
problem for the implementation of the mumerical algorithms.



Appendix A

Glossary of Principal Symbols

The following is a list of the principal symbols that appear in this dissertation. A brief description
of each symbol is also given. Page numbers indicate where these symbols are defined for the
first time.

Symbol Definition Page

A Number of the arrivals during the remaining service time 21

A Abbreviation of A(1) 92

A, m X m matrix that characterizes the transition probability 14
matrix for MAP/G/1

A(z) Matrix generating function of A, 91

Alz,s) Joint transformed matrix for the number of messages which 97

arrive in the backward recurrence time and the forward re-
currence time

A*(z} Matrix generating function of the number of arrivals during 95
the remaining service time
Al nth factorial moment of A(z) 94
B, m X m matrix that characterizes the transition probability 91
matrix for MAP/G/1
B(z) Matrix generating function of B, 91
B®) nth factorial moment of B(z) 94
o Stable matrix that characterizes the MAP 8
Cr c¢.v. of the sojourn time in the system 22
Cw ¢.v. of the waiting time 22
D Non-negative matrix that characterizes the MAP 8
F[X] Expectation of a random variable 38
G State transition matrix of the underlying Markov chain dur- 93
ing the first passage time
I.I Identity matrix 8, 80
J(t) State of the Markov process at time ¢ 8
K System capacity including the server 16
K State transition matrix of the underlying Markov chain dur- 93
. ing the recurrence time
K Mean recurrence time of level zero 93
L Number of messages in the system at arbitrary instant 18
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Symbol

B
= )

ghl

APPENDIX A. GLOSSARY OF PRINCIPAL SYMBOLS

Definition

Number of messages in the system immediately after the nth

Markov point
Generating function for the queue length at arbitrary instant

Mean queue length

Pre-specified value for E-limited service discipline
Threshold value of messages in the buffer for N-policy
Number of arrivals in (0, t]

Transition probability matrix for MAP/G/1 |
Transition matrix of the number of arrivals and the state of
the Markov process at timet

Matrix generating function of P(n, t)

Probability distribution of the number of messages at arbi-
trary instant

Generating function of P,f?n (z)

Joint transformed function for the number of messages and

the attained service time
Loss probability

Joint PDF of number of messages, server state, phase of the

arrival process and attained service time
Infinitesimal generator of the me-state continuous-time

Markov chain
Joint transformed function for the number of messages and

the attained vacation time
Joint PDF of number of messages, server state, phase of the

arrival process and attained vacation time
Conditional probability matrix for the number of messages

at the beginning of the service period under n-policy with

vacations i .
Matrix generating function of R}

Service time

Service time distribution

Attained service time

Remaining service time

Attained service time distribution

LST for attained service time and the number of arrivals
LST for the service time and the number of arrivals

LST for the sojourn time

Idie time of the server

Vacation time

Vacation time distribution -

mm X m matrix that characterizes the transition probability

matrix for MAP/G/1 with vacations
Matrix generating function of V,,

Remaining vacation time
Attained vacation time distribution
nth moment of the remaining vacation time

Page
16

84
84
76
2
8

78
82

16
76

82
76

100

101
76
16
18
18
63
63
20
22
95
76
37
99

99
39
63
45



win)
w(n)
W= (s)
Wi(s)

W3 (s)

Wg
Wp
Wi(z)

Wi (s)
Wk:n

Win(s)
Xi(z)
X*(z)
XV (z)
X (2)
x(n)
Y(z)
Y7 (z,5)

A
Q, j, )

Q*(21, 22, 8)
Q;:k(s)

()
2k (s)

H;:k(s)
119

IT; ()
ITi(s)

Definition

LST for attained vacation time and the number of arrivals
Matrix generating function of the number of arrivals during

the forward recurrence time of a vacation
LST for the vacation time and the number of MAP arrivals

Mean waiting time
LST for W,
Waiting time of a tagged message that has k other messages

ahead at the end of a service or a vacation
nth moment of the actual waiting time

nth moment of the waiting time
LST for the waiting time
LST for waiting time when the message arrives during an

idle time of the server ) _
LST for the waiting time of a message which arrives when

the server is busy
Waiting time for NPB meodel

Waiting time for PB model

Probability that the service of an arbitrary message among
the 7 messages in the system starts within time z from an
imbedded point

LST of W;(z)

Waiting time of a message that has & other messages ahead

and n others behind it at the end of a service or a vacation
LST for Wi.n

Vector function for «,

Vector generating function of 3

Vector generating function of x}

Vector generating function of

nth factorial moment of X (z)

Vector generating function of y,

Joint transform of the number of messages and the forward

recurrence time at an arbitrary point of the current service
Diagonal matrix whose (z,)th element is A;

Conditional probability matrix for the remaining vacation
time and the number of arrivals in the elapsed, and vacation

times ) o
Transformed matrix of Q(z, 4, 2)

LST for the number of messages, arrivals and remaining

vacation time
Inverse transforms of Q7(s)

LST for the number of messages and the remaining vacation

time
LST for the number of messages, arrivals and remaining

service time o )
Probability that an arriving message finds £ messages in the

system
Inverse transform of H;(s)
LST for number of messages and remaining service time

Page

63
102

105
22
63
63

97
22
20
96

97

61
61
20

20
62

62
99
99
99
91
94
95
96

103

103
41

39
39

21
17

21
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Symbol Definition Page
" Rate of the underlying Markov process for SPP 75
a(t) Number of messages that arrive at the system during ? 18
an(8) LST for attained service time and the number of arrivals 18
B Expectation of A, for n 92
7] Rate of the underlying Markov process for SPP 75
Tin State of the nth Markov point 38
07 Throughput 17
K Invariant probability vector of X | 93
As Arrival rate (& =1,2,¢,m) 15
I Service rate 99
W Probability distribution of the number of messages just after 38
the vacation termination point
m Stationary vector of C + D 8
T Probability distribution of the number of messages just after 16
the Markov point
) Offered load 17
o Carried load 17
o) Reciprocal of the mean length of the interval between con- 38
_ secutive imbedded points
Ox Mean busy period for M/G/1/K 19
6% (s) LST for the busy period of M/G/1/K 20
on(8) LST for attained vacation time and the number of arrivals 40
£ Server state at arbitrary instant 39
¢ State of the underlying Markov process for SPP 75
a Probability that there are k arriving messages in a service 16
time
b Mean service time 16
b(2) Second moment of the service time 22
e Column vector of ones 8
Tr Probability that there are k arriving messages in a vacation 38
g El?griant probability vector of G ' 93
Mz) pdf of the service time 76
Dik Transition probability 16
v Vacation rate 44
v{z) pdf of the vacation time 76
xd Joint probability vector of the number of messages at the 99
service termination point
Ty Joint probability vector of the number of messages at the 99
vacation termination point
Tk Joint probability vector at departure epoch 91
Yi Joint probability vector at arbitrary instant 95
yi Joint probability vector that a message arrives when the 96

server is idle, and finds & waiting messages



Appendix B

M/G/1/K System with and without
Vacations

The Derivation of «,(s)

Let X be the service time observed by an arbitrary message, then the probability density function
of X is given by

Problz < X < z+dz]= mdSb(:c)‘ (B.1)
Let S denote an elapsed sérvice time and S a remaining service time. § and § satisfy
X=5+38. (B.2)
Given that X = z, the distribution of S becomes
~ 1 —e—sT
—s5 — —
Ele™*?|X = 1] o (B.3)
Using (B.1), (B.2), and(B.3), we obtain the generating function of {ay(s)} as
Z a,,(s)z" - E[e—sg. 6)@:6")@]
=0
— /DO E[e‘sg"*““*)glx — :l:]mds(m)
0 b
_ ]°° Ele~t— %)y = m]e_,\(]_:)zzdS(m)
0 b
1 e -A1l-z)z —sT
= —_— e dS
(s—)\+)\z)b_/(; le ¢ dS(=)
ST(A—Az) — S*(s)
(s = A+ Az
1 N (s8] A n n
T D= [S (S’ED(,\_S) i
o2 n A u—m] .
- Z z" lyn ( ) . (B.4)
n=0 m=0 A-s
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Above equation leads to

() = % [S'(s) -(ré—g)nﬂ —.i - (Ié—s)n_mﬂ] =02 (BS)

m=0



Appendix C

Waiting Time Distribution under
FCFS

C.1 M/G/1/K

When & (1 <k < K — 1) messages are in the system, the waiting time of a new message is the
remaining service time S plus k — 1 service times. Therefore, we obtain the W*(s) for FCFS as

K-1

Ws) = 1o | Pot 3 TS @ ()

C.2 M/G/1/K with multiple vacations

Each message arrives either in a vacation period or in a busy period. Thus, we consider each
case separately.

1. The server is on vacation.
When £k (0 <k < K —1) messages are in the system, the waiting time of a new message
is the remaining vacation time V plus k service times.

2. The server is busy.
When k (1 < & < K — 1) messages are in the system, the waiting time of a new message
is the remaining service time S plus k — 1 service times.

Therefore, we obtain the W™ (s) for FCFS as

KN—1 -1
W(s) = —— | 3 QS (@) + 3 M) {S* ()1 (C2)
1-Pp |5 k=1
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Appendix D

Waiting Time Distribution for
Non-Vacation Case

In this appendix, we show the results of LSTs of the waiting time distribution for the M/G/1/K
with push-out scheme under non-vacation [Lee84, Rubi88].

In the non-vacation case, we choose a set of imbedded Markov points at those epochs when
a service is completed. Then, we define the following limiting probability distributions.

wkznli_ggoProb[Ln=k], k=0,1,2,---,K -1, {D.1)

where L, is the number of messages in the system just after the service completion point. The
set {m;0 < k < K — 1} satisfies the following equations

k1
T = 7ok -+ Z TjQkj41s 0<k<K-2 (D.2)
j=1
K-2 k-1 K—j=1
T—1 = 70 (1 - Z ak) =+ Z T (1 - E ak) , (D.3}
i=0 i=1 k=0
K-1
>om = 1 (D.4)
j=0

From above equations, we can determine the values of {m}.

Let Ix{z) denote the joint probability distribution that the queue length is & and the re-
maining service time is less than x at an arbitrary time. Let II5(s) denote the LST of Ilx(z).
Using {7:}(0 £ k < K — 1), we obtain LSTs as

) ) ) 3Nk K y o\ kit
M) = S(S){WO(A_S) +J_§vrj(,\_s) }
k—1 by k—j
“g’”(,\—s) , 1<k<K-1, (D5

My (s) = _fvro_}l-—p)s !S-(s) {'-’fo (/\ i 3)1‘-_1 + lf._ll 7 (A i s)"'—l}
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where p = A/p. Using (4.10), we obtain the LST of the waiting time of a served message under

FCFS as
K-1 [ K=j-1
W*(S) = 7o+ (770 + ﬁ) Z Z H;:k(s) : W;—]:k(s)
j=1 k=0
K-2 K-2 |
+ D T5a(s) Wrog—o0k(8) p + D Tiek(s) - Wi _g_auls) |
k=K—j k=0
where gk ' '
jr(s) = | (—f%e““*”“dﬂj(;c),_  1<j<K.

Using (4.14) and (4.17), we also obtain the LST of the waiting time under LCFS as

K-2 ~
W*(s)=m+p Y, Si(s)- Wi(s).
. =0 o

| ‘(D.>7)
(D.8)

(D.9)



Appendix E

SPP/G/1 System with Multiple
Vacations and E-limited Service
Discipline

E.1 Derivation of Equation (5.55)
First, we calculate aM (2). ;Zl(z) are expressed as

i S0 - 52i2)S () §=)(S () - S(2)
A("‘)‘( (S (0(2) - " (a(2))) S'(q(z))—ﬁ(z)é(z)S“(p(Z)))' (E.1)

This matrix has the following eigenvalues and eigenvectors;

eigenvalue : (1 —p(2)§(2))5"(p(2)) . (1 —p(2)d(2))5 (g(2)),
eigenvector : (1,p(2)) , (¢(z),1).

In the following equations, p(z), ¢(z), $(z) and §(z) are described as p, q, p and §, respectively.
Then A" (z) is expressed as

M, oMot 1 G {S"(p)} 0 1 —g

A (z) - (l_pQ)M l(ﬁ 1)( 0 {S'(Q)}M)(—'ﬁ 1 )
gt [ (SO SRS @I S @P — (5B}
- G (ﬁ({S'(p)}M—{S'(q)}M) (8@ - a5 ()} )'(E'z)

Thus, ﬁ(z);lM (z) is given by

BAAM o 1 aamp [ fa@) —Pif(@) G(fa(Q) = fas(2))
BlEATE) =1 -20) (ﬁ(fn.,(p)—fm(q)) () ~ 52 p) ) B3

where fy,(2) = V*(2){S5*(2)}™. Therefore, we obtain

M- p)MH T - B()AY () =

_ oot [ 2= pg) — far(p) + Pdfar(q) i) — Fu (@)
4= ( pfalq) = far(p)) M (1 — pG) — far(q) + pafa (p) ) - (E4)
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Thus, the inverse of 2z (1 — p§)M+1r — E(z)ﬁ”(z) is given by

0= 0¥ - B)AY )] =

1
(1= pHM+2(2M — far(p)) (2™ — far(q))
M1 - p3) - far(a) + Pifar(p) ¢(far(q} — fr(p)) (E.5)
p(Far(p) — fa(g) M1 —5G) — fu(p) +5dfarle) )V

E.2 Proof of the Existence of the Roots of a,(z) and a,(2)
First, we show that ap(z) =0, i.e.,
M=V (p(){S" ()} =0, (E.6)

has M roots in a unit circle |z| < 1 [Taka91].
We define f(z) and g(z) by

f) = 2™, | (E.7)
9(2) = -~V (@@){S @)} (E.8)
Substituting z = zo + oz into (E.8), where |29] = 1 and |az| < 1, we have
a0+ 22) = geo) + o2 (B2) 4 o(a) (E:9)
and
ote0 + 82)| < laGao)| + a2 () |4 o), (5.10)

After some calculations, we obtain

fg(z0)] < 1, (E.11)
dg(z
}(%) .| < MEVI+MBLS). (E.12)
Thus, (E.10) becomes
lg{z0 + 22)| < 1+ A(E[V] + ME[S]) 22 + o{a2). (E.13)

Therefore, on |z| = 1 + ¢ for a real and small €, we have |

l9(2)] < 1+ A(E[V] + ME[S))e + o(e). ' (E.14)
Similarly, from (E.7), on |z| = 1 + ¢, we have

F(@)) = 0+ M =1+ Me + ofe). (E.15)

Hence, if
p+AE[V]/M <1, (E.16)
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then, |f(z)| > |g(z)} on |z] = 1+ &. By Rouché’s theorem, f(z) and f(z) + g(z) have the same
number of zeros inside |z| = 1+¢. Clearly, f(z) has M zeros inside |z| = 1 +¢. Therefore, (E.6)
has M roots inside |z| = 1 4 €. One of them is

The other M — 1 roots are given from the Lagrange’s theorem by

o0 eZwmm‘ A -1
dzn—1

[V*(p(z)){S'(p(z))}“]%) , 1<m<M-1), (E18)
2=0

where 2 = —1.
Next, we show that a,(2) =0, i.e.

2 =V {(g(2){S (a(z))}" =0 (E.19)
has M roots. For |z| <1,
lg(z)l 2 ¢(1) = a+8>0. (E.20)
Hence, we have
IV (@@HS @] = | [ e vy « 1)

00

< f le= 9 gV (t) « HM) (1)
0
[+9]

< f e~ By () « HM) ()
0

< 1,

where * denotes the convolution operator and H(*)(t) denotes the M-fold convolution of H 3]
with itself. Following the argument given above for ap(2), (E.19) has M roots in a unit circle
|z| < 1. Thus, from Lagrange’s theorem, M roots of (E.19) are given by

00 2xmni n—1 n
b = g — (ddzn—l [V=(al=){S™(a(2))} ] M)mo, @<m<M-1). (E21)

E.3 Calculation of 1\’

In this appendix, we determine the 2M unknown values gbg) (0<k<M-1,1=1,2) [Ozaw90].
First, we calculate the 2M — 1 unknown values w,, (1 <m <M —1)and 6, (0 <m <M —1).
These 2M — 1 distinct roots are calculated by solving the following equations;
2r(M—m)i .
wm i z—e - [V7(p(z))]

Om s z =€ H [V (g(2)))

=]

7 5%(p(z)) = 0, (I<m<M-1), (E.22)
7 8"(q(z)) = 0, O<m<M-=-1). (E.23)

==

For each m, from Rouché’s theorem, both equations have exactly one root in a unit circle |z| < 1.
Hence, we can calculate it using numerical methods ( for example, Newton’s method and the
binary method ).
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Next, from (5.63), (5.65) and (5.66), we have following equations

AM—1
W) RE] & M el e =1,

M-
Z{ Dy +oPwpP} = 0, a<isM-1,
T {oMeud + 0P} = 0. ©=i<m-1),
k=0

where
QS)(Z) = F [ZM——k_{S-(p(Z))}M—k]’
O e CH IO i FTON
e)(z) = 2t [M7F — {57 H] 5(2),
@f)(z) = F [zM—k _ {S*(q(z))}m—k} '

(E.25)

(E.26)

(E.27)
(E.28)
(E.29)
(E.30)

We note that w; and wpr—; or §; and #3;_; are conjugate complex numbers. Thus, we obtain

following equations

fi: {Rel @’ + ReloPwli®} = 0, a<i<|Mp),

et

T—O {mmloP i’ + el @’} = 0, @ <i<l-1y/2),
T~01{Re[9i]’(95)]w£1)+Re[9§-2)(9-)]¢§-2’} =0,  (1<i<|M/2)),
Mz_—:l{fm[e“’e)hb‘”+Im[ef)(e,-)1w£”} =0, (1<i<|(M-1)/2),

(E.31)

(E.32)

(E.33)

(E.34)

where |z] means the maximum integer that does not exceed z. (E.24), (E.31), (E.32), (E.33)
and (E.34) are 2M linearly independent equations in terms of w{.‘). Hence, we can determine

1,&,(:)’3 from those equations.



Appendix F

MAP/G/1 Queues under N-policy

Derivation of Equation (6.32)

In this appendix, we derive (6.32) using (6.27), (6.28) and (6.29). From (6.27), we obtain
X3(2) [o] - A2)] = X¥(2)A(2) ~ [2f + X, (2)] A(2). (F.1)
Using (6.28) and (F.1), we have
X3(2) [2] - Al)) = [2§ + X1 ()] [V(2) — 1] A(a).
Substituting z = 1 and multiplying both sides of (6.28) by e, we obtain
X¥(1)e=(zj+X5_;(1)) e (F.2)
It then follows from (6.29) and (F.2) that

X*(Le=1- (z5+ X%_;(1))e. (F.3)
Next, setting z = 1 and adding X °(1)en to both sides of (F.1), we have
X*(1) = X*(Ner+[zf+ XY 1] [V-IAT - A+enm)! (F.4)

(1 - (af+X¥s () &) =
+ ey + X% W[V -IAT - A+en) !,
Multiplying both sides of (F.4) by A'(1)e, we obtain
XA (De = pli-(af+ X}, (1) €] (F.5)
+ [2f+ X (V] [V - I)(A—em)(er —C - D) 'De
= pll- (=3 + X%, (1) e]
+ [xf+ XN (D] [V - I|A(er — C — D)™ De,
where we use the equality -
A'(N)e = pe+ (I — A)(er — C — D) ' De.
On the other hand, differentiating (F.1) and setting z = 1 yield
XTI -A'D]e = [z§+X¥_(1)] AV'(De (F.6)
= AE[V](z§+ X} _1(1)) e
+[Zg+ X% (D] (I = V)A(em — C — D) ' De,
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where we use the equality
V(l)e=ME[V]e+ (I ~V)er—C - D) 'De.
Thus, it follows from from (F.5) and (F.6) that |
X*(l)e = AB[V] (w+ XG5y (D) e+ p[1 - (5 + X5, (D) e] - ©  (R)

Finally, using (F.3) and (F.7), we obtain | o

(30+X_1(1))e=1__[)1;_.jﬁ’E[_V] ERE g
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