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THE <ANDCM E2GCDIC THHECREM AND TEMPORAIIY WEAKELY

CUAST-HOMOGENECUS PRCCESSES

By Takeshi Yoshimoto

The random ergodic theorem concerning measure »reserving transfor-
mations has heen extenéively studied. Were we consider the correspon-
ding random average behaviour» of non-singular transformations and
derive some analogue results. Moreover, representation of temporally
weakly gquasi-homogeneous processes by means of non-singular semifiows

will be discussed.

1., Discrete random ergodic theorems. let (X,Ua, m)ibe a O -finite
measure space, gi the set of bimeasﬁrable positively non-singular trans-
formations ¢ of X onto itself and lethe 0" ~algebra of subsets of 2.
Given a seqguence {Mn} of probability measures defined’on gfg, we consi-

der the one-sided product space (§é, by ME) =§1 (Ep,ﬂn, }&n)

(( §£"En) = (3,£) n=1,2,... ) on which the one-sided shift trans-
formation 6 is defined in the usual way. From now on we assume that

{(x, g*): ¢ ...¥ x €E} is measurable in X ® $* for any E € &3,
nk nl . d

where ?k denotes the k-th coordinate of ®* and (n,,...,n ) is an

)
K
‘arbitrary sequence of positive integers with n1<‘...< nk;

It follows then by the assumption that f(?k"’§3x> is measurable in

X®§é whenever f(x) is measurable in X. Since for any @*¢ §§ and
k=1,2,..., the successive transformations ?k..ﬂfi are positively non-

singular, there exists a family { *)(x) } of measuradle non-neg-

e

ative functions such that

n( @ e $yB) = SE By ?,,,)(x) am

for any E € 3 and k=1,2,.4.. There is no loss of generality in

supposing that every B )(x) is positive evervwhere on X.

(k, 9*
By considering approximating sums to the integrals in question, one

can easily check that

Sy £ am = S, £0g, 900, ()60 an



for all integrable functions f(x) on X and k=1,2,... . It follows
easily that

rsuﬂ., <y,)(x) = B¢y, Gj?*)( 5’3'“‘5’1X)3(j, <y,,)(x) |
almost éverywhere on X, for i,j =1,2,..+, and it can be assumed with
no loss of generality that the above equality holds everywhere on X.
We know that there exists a sequence {‘Bi(x, ?*)} ofzﬁ@d@a—measurable

v

versions of B 9*)(x), k=1,2,..., such that except for a set of uji-

(k,

measure zero, Bi(x, Q*) = B )(x) almost everywhere on X, for

(k, 9*
k=l,25c000 Let us consider the skew product transformation S on
X ® &} given by 5(x, ¢*) = (F,x,09*). Note here that S is a bi-

measurable positively non-singular transformation.

THEOREM 1. Let h(x) be any non-negative measurable function

defined on X satisfying that after dropping a set of pté—measure zero,
OO‘ !
h * o0 X)B ' ‘) = o0

almost everywhere on X. Then for all f(x) € Ll(X)’ there exists a
jla-null set D* such that for any &* e.§3 - D*, the limit

n

kzl f( 9k-oo?1x)8(k’ ?*)(X)
nnm’-"" > h( P, ...P,x)B (x)

k=1 k 1 (k, 5)*)

exists and is finite almost everywhere on X.

THEOREM 2, Let the measure m be finite and suppose there exists a
positive constant K such that,m(?{l..} ?;1E) < K-m(E) (k=1,2,...) for
all g*€ £} and every E € 3 . Then for every f(x) & I_.l(X), there
exist a p%-null set D* and a function G?*(x) € Ll(X) such that for

any *ei* _D*,
1 a . 22-
lim  —— (P 0P x) = G_,(x)
n—3-00 n k=1 k 1 bj

almost everywhere on X and Gy*(x) is also the limit in the mean of
order 1.

REMARK, If we take ?k = ?1 for k=2,3,..., Theorems 1 and 2 are

reduced to Dowker's theorem and Dunford-Miller's theorem respectively.
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Tt is worth while to notice that if for any L e*e §<§’ we write

W(k %) $yreeFys then {>W(k, %) k=1,2,... } turns out to be a

quasi semigroup associated with ¢ , i,e. Y(i+i; ?*)z ?(j’ci?*)Y(i,?*).

In fact, this property plays an essential role in discrete random
ergodic theorems but can not be expected in a continuous parameter case,
unless ¢* = ( ?t: t 2 0) satisfies the semigroup property (i.e. semi-
flow). So the method used above is of no service to the continuous

parameter one.

2. Continuous random ergodic theorems (1). ILet f?%:—w(i;(&o}be

a measurable positively non-singular flow on X and {Y?t x): % € X,
%

-0 < t<aa} a quasi semigroup of bimeasurable positively non-singular
transformations of another measure space (Y,Z , M) associated with
{?t} . Define a transformation group {Zt: -00<t<¢0} on X@ Y by
20 y) = CFexa Yy yy).

PROPOSITION 1. {Zt: ~&<t<00} is the measurable positively non-
singular skew product flow of {? 3} with {QQt x)} .

£ $X)
Let ﬁz(x,y) be the Radon-Nikodym's derivative associated with {Zt}

and B*(t,x,y) denote the (t,x,y)-measurable version of B;(x,y).

THEOREM 3., let m be finite. For every f(y) € Ll(Y) and an arbi-

trary positive measurable function h(y) with
20 ¢
*® —
fo nC Yoy 9B (Ex,y) dt = w

m@/t -almost everywhere on X@ Y, there exists an m-null set N such that

for any x € X - N,

f”‘ £ ¥ VIB*(t,x,y) dt
o (t,x)

lim
o(.__)ga of .
400 Y (g 00 () a

exists and is finite almost everywhere on Y.

THEOREM 4. Let 9 _ and ‘I’(t x) Pe one-to-one and m@ M finite.
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’ -1
Suppose there is a positive constant K such that /'L(‘I/(t ‘f.lx\ 3) <
~ ? t s
K-M(B) for all B € 2 and (t,x) € (-% , 0 )®X. Then for every fly)
c Ll(Y), there exists a function Fx(y)e I:l(Y) such that except for

an m-null set,

R 1 ol
1im == £y y) dt = F_{(y)
of =300 X ‘Yo (t,%) X

almost everywhere on Y and

. 1, : .
o ii;bolex(Y) il S: ¥ 07 o [lLl(Y) I

3, Continuous random ergodic theorems (2). Now consider the

product space (EZ,JF;, /4.;) = t% (.Et,a o4ta /it), (it’ dqt)=(§.aﬂ),

t 2 0, and suppose that ,
{(t, §*, x): 9tx€E}6 q[+®cﬂ';®03
for any E € 3, where g, denotes the t-th coordinate of ?*GES_

-and o denotes the Lebesgue class of [0, ). TLet 8 y (x) be

(t, g*

the Radon-Nikodym's derivative associated with ¢

PROPOSITION 2. 1°.  If £(x) is x-measurable, then f( 9 .x) is

(t, ¢*, x)-measurable.
20

B(t 9*)()() such that except for a set of points (t, @*) of product
, ,

There exists an a&_@ﬂ;@{% -measurable version B(t,p*, x) of

measure zero, B(t, ¢*, x) = B(t
- ]

39 1f |£(x)|P (p 2 1) is integrable in X, then lf(?tx)[pfs(t,cy‘,x)
is integrable in I®J{; ® X, where I is an arbitrary finite interval in

[O’ M)o

9*Y<X) almost everywhere on X,

We shall restrict ourselves to real valued functions. In what
follows p will denote an arbitrary positive integer and Ek (k=1,245%44)
will denote a one-dimensional Borel set. We consider the product set
-@: @ R(t), R(%¥) = (- &0, 60), whose elements are denoted by & =

tso
(§t(e): t Z 0) and let {Zt: t 2 0} be the semigroup of shift

transformations on @ . Put £(t,¢*)(x) = £(§xIB(t, ¢ ,x) for f(x) &
Lp(x) and define
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i

Ff(uj ,..,up} {(?*,x): f(x.‘.l,?"“)<}f)633 ,...,f(‘ué,gy*)(x)é }‘.p} s

r(?*;fﬁiuj""’un) = [ r;(ujg...,up\] ( g*) ( g@*-section),

i

{6: 5, conen, ., 3 (o) er

A Cusyeym )
;1’ yp ,

*

Consider a mapping »Tff from E*@ X to @ :

o Mtse 0 =8, B8 = sy, g0,
- : ,
Then Tff”/%(uz,...,un) = r}xul,...,un). Ry of; denote the G -algebra

generated by all finite unions of sete /%(u s+eesu ) and put Af(A )
— -l "T‘ Z . “
—/A;QO mCTTf A forAGocf. Then { . t

H\f—

O} is of.-measurable.
: d

We now set up the following statements: There are two vositive

constants Kl, K2 such that

(1) lim sup —=— (" 27 AY at Sk, A (A (A e L),
& =3 o * o . ‘
(I1) 1im inf = yd Af(,zglz\) at 2 K, - Kf(/\) (Are .;Cf), .
A=> po X ‘o 4 -
(ITD) 1im inf 2 (X XAGZIA) at > 0 it A(A) > o.
. - ;A Al f
A== o X Yo
PHEOREM L, Under the conditions I and TII, there exists a function

ff*(X) € Lp(X) such that except for a u*-null set,

lim -LC‘ £ 0B(t, ¢*, x) dt = £, (x)
A=>s X o 4

almost everywhere'qn X. Furthermore, under the conditions I and TI,

if 1< p< 6o, -then

i

dZ.L_;n;a I f?;(x) - —i—g’: £0 9B, §*, x) at || 0,

and if m is finite, then the limit also exists in the norm of order 1.

1. (xX)
P

Detailed information concerning applications of random ergodic theo-

rems may be found in Beck and Schwartz's'paper and Revesz's paper.
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I, Representation of temporally weakly quasi-homogeneous processes
by means of non-singular semiflows. lLet M(R ) be the set of real

and () = @M(P)
. : + n=1

Mn(R+) = M(R+), where R+ =[0, ®), EB+ = Borgl class of R+ .
An element w €] is an equivalence class of measurable functions and

denoted by @ = (w (), « (t),.,.), w(t) €M (R ) (n=1,2,...).

valued Lebesgue measurable functions defined on R

We assume that m{X) = 1 and there is given a sequence TF(t,x) =
{ Fn(t,x): t = O‘} of real valued measurable component processes
, Fl(t,x), Fz(t,x),... on (X, , m). Let us define

1,..,!1 ) »
r P (ul,..,u )={x: F (ul,x)eEl,...,an(up,x)eEp}

El"-O,Ep p nl

.(,)‘ /](nl,..,np)

= 4 4 ) o
Epsee sy (lfll’r'.’up) {w @ (u)) €Epyeney @) (up) er}

1 P
and a mapping [ from X to { by M(x) = w, where &%(u) = Fn(u’X)’
n=l'2'oun . Then . »

-1/\

(n geegll )
X p (ul,..,up) = rﬂ(nl""np)(ul,...,up).

Elgoe.,E_p
We denote by [l the G -algebra generated by all finite unions of sets
= -1 ¢ 2 i
of the form (*) and put w=moT . Let {Z.: t2 0} be a shift

transformation semigroup on ()} given by

W= (B (), @w),...) —> Z,w= (@ (ugt), O (upt),...),

t
which is 03+®ﬂ—measurable. We shall say that F(t,x) is a temporally
weakly quasi-homogeneous process (abbreviated TWOHP) provided that
there exists a positive constant K such that fqr any (nl,...,np) with
n1<'...<,'np and any El""‘E (Borel sets),

(N, yee4n_ )
(**) 1im sup £ m(77 1 Ep (ui+t,...,u +t)) dt
ol ——9 so % o 1""’ P - p

(n ,..41’1 )
K m( ]’ 1

El,'ec,E

Then it follows from (**) that for any A € 6L,

(uls...,up)).

lim sup—-—g /u.(Zl/\) dt = K- /A(/\)
o —> 6o
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Moreover, we see that there exists a probability measure ) on 51 such

that o »
(1) ))(/\)ﬁy_-_,u(/\) (Ne Bl , X constant),

(2) YEIA) = ¥ (A (Al
(3) VY is equivalent to MU,
() M is non-singular with respect to iZt: tfi 0 }.

Let 6€u and ély be the completions of J{ by M and ¥ resvectively.
Then Z%P = ﬁzy which will be denoted by ?f. For an gz—measurable
function f(cw), there are two ] -measurable functions fj(as), fz(&J)
such that v ‘

< < &
£ (@) T (@) T (), Sq{f

-

{¢ - T ;\
(W) - £ (w) }d/{ = 0.

* Then

< ; < , ’
£,(Z,w) = f(Ztco') = £,(z2,0),

e |
Soga{f?_(ztw) - fl(ztw)§ ay dt

Sk Ll (w) -} ap=0 >0,

which implies that Z.: t 207 is ® )l -measurable.
t £

We say that {Zt: t = 07} is the ( ZB@OZ -measurable) non-singular
semiflow on (2, u) determined by the TWCHP F(t,x).

THEQREM 5. Suppose there is given a measurable TWQHP F(t,x) and
consider the non-singular semiflow th: tZ09% on (2, k) determined
by the TWQHP. Then there exists a measurable TWOHP G(t, &) on (.a,,u)
such that ‘

g(t,w) = Gg(o, ztw), (t, w) €R+®Q,

G{t,w) A~/ F(t, x) in probability law.

Finally we note that it has been proved by G. Maruyama that if
>
F t = O‘}

can be chosen as a measurable measure preserving topological semiflow.

F(t,x) is a real measurable stationary process, then {Z
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