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A Study of Intermediate Predicate Logics
By N
Hiroakira ONO

As stated in the.sufvey [3] by Hosoi and the author, many
works have been done during the last decade on the propositional
logics between the classical and the intuitionistic ( the
intermediate propesitional logics ). On the other hand; only
a little ©pregress has been made in the study of intermedlate
predicate logics except Umezawa's pioneering work[12] . In the
present paper, we will develop a study of intermediatelpredicate
logies.

We want to study intermediate logics in a genersl frame-
work, intending to derive some prope;ties commoy, to many
intermediate logics, as we mentioneﬁ already in [8]) . Semantical
methods have played an important role in doing so. But, for
the intermediate predicate logics they are found to be inconplete.
Indeéd, wve have shown in (9] and [10] that we can use neither

Kriﬁke's semantics nor the algebraic one as a uniform way of
gtudying intermediate predicate logics. These incompleteness
results present a limitation of semantical methods; but
nevertheless there are many problems we can solve now. In this
paper we will prove some besic results on the intermediate
predicate logics and their models. ﬁe emphasize here that some
of them can be easlly extended tc modal predicate logies.
| We define intermediate predicate logics in $ 1, In § 2

and § 3, two kinds of semantics Zor them are introduced and
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some basic properties of them are proved. In é h, we study
the cardinality of models and show analogues of Lowenhelm tneorenm.

We prove some syntactical results in # 5. In § 6, we show a
certain relationship between predicate logics and propositional
logics, We believe that this is a typi;al example of a general
study of logics,

Finally, we would like to stress that without Umezawa's

work we could not have any clear insight.

41, Intermediave Predicate Logics

First of ail, we fix a language J{ in order to define
intermediate predicate logics., £ consists of a list of
countably infinite individval variables x, y, z etc, and a list
of countably infinite n-ary predicate variables p™?, o(m), p(n)
etec. for each non-negative integer n. O-ary predicate varigbles
are identified waith propositional variables. Occasionally,
we omit the superscript letter on a predicate variable. £
contalns ho constants and ne function symbols, The logical
symbols of { are A, V, =¥, -1, ¥ and 3. Formulas ( of
first order )} are aefined in the usual way. The letters A, B,
C ete. will denote them, A formula containing neither guantiriers
nor predicate variables except propositional variabies is ecalled
a propositional formula. As we mention below, we laentify a
logic with the set of formulas provable in it, Thus, by LK
( or LJ ), we mean the set of formulas provable in the pure

classical ( or intuitionistic ) predicaie caleulus. { See

Church [17. )



Definition 1.1 A set of formulas L 1s called an
intermediate predicate logic if it satisfies the following
four conditions:

1) LJ<CLC LK,

2) L 1s closed under modus ponens.

3) L is closed under the generaiization, That is, il
a formula A is in L then for any individual variable x (V¥ x)a
1s also in L.

k) L is closed under the substituiion, That is, ir a

formula 4 is in L and xy,.. , X, are distinct individual

AYS p{x1 ,Ioo,x‘n)
variables then any formla of the form 5 B A ’

is glsoc in L. ( As ror the definition of g, see [1]. )

We notice that if L is an intermediate predicate logie
then it 1s closed under the alpnabeti¢ change of beound or free
variables, since it contains LJ,

For each intermediate predicaﬁe logiec L, the set of
propositional formilas in L is an intermediate propositional
logic in the sense of Hosci [2]. We ¢all it the propositicnal
fragment of L and write it as M(L) Let

IKq = T(IK} and Ldyp = T(LI).
Then LKy ( or LIy ) is the classical { or the intuitionistic )
preposivional logic.

Throughout this paper we sometimes call an intermediate
predicate ( or propesitional ) Logiec only as a predicate ( or
a propositional ) logiec. S Cor _Bﬁ ) is the set of all the

predicate ( or the propositional ) logics. Hosci {2] antroduced



the lattice operations /M and U on hym in the_same way,

ve can extend them on gﬂ + Then the following theorem holds.

Theorenm .2 59 is a complete pseudo-Boolean lattice with
H

respect to M and UV .

By Jankov's result [b ]}, we have immed:ately that \9 contains
2 ¥ logics,

Iet H be any set of formulas and L be any predicate logic.
Then we write L + H for the smallest set of formulas which
contains any formula either Iin L or in H and is closed under modus
penens, the generalization and the substitution., Therefore, 1if
H C IK then L + H is a predicate logic, Similarly, if H is
a set of propesitional formulas and K ils a propositional leogic,
K + H denotes the smallest set of propositional formulas which
contalns any formula either in K or in H and 1is closed under modus
ponens and the substitution ( of propositional formulas ). Sometimes,
we write L + A4 + ... + Ay for L + { Ajye oy Ap } + A predicate
logic L is called to be finitely axiomatizeble if there is
a finite subset H of LK such that L = LJ + H.

§ 2. The Algebraic Semantics
In this and the next %% , we will define two kinds of
semantics and study their basic properties. As we deal only
with logics and not with theories, we would say structures
( or frames ) as models, opposing the usuzl usage of the

word model. For instance, as a model of the classical logic,
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we would taxe a 2-valued Boolean algebra with a countable domain,
not considering a fixea interpretation of each predicate
variable, So, as forlalgebrale semautics, we get the following
the
definiticn.
A pseudo-Boolean algebra P 1is safd to be A -complete for
some cardinal A , if both Y a ana /) a exist in P for

atS — aes
any subset 8 of P such that S=<A.

berinition 2.1 ( P, V) is called a pseudo-Boolean
model { a p.B. model )} if V is a nonempty set { a universe )}
and P is a A -compiete { non-degenerate ) pseudo-Boolean algebrs,

where A is the cardinality of V.

Let { P, V ) be 3 p.B, model, Au assignment £ of ( P, V }
is a funetion such that

1) I(p) € P for each propositional variable p,

2) f(p(n)) 1s a function from V2 to P for each n-ary
predicate variable p'M) ( n>o0 ).
Now, we add a constant ?fg gach element v in V 1o the original
language d_ . J (V] is the extended tanguage thus obtained.
For each assignment f, define a function f! rrom the set of
closed formulas in J [V] to P by the following rules

f'(p) = £(p),

£r(p (T T = f(p{n))(v, ens gVl

£1( AAB ) = £1(A) N £'(s),

f'OAVB ) = £'(A) U rt(y),

f'{ A=-B ) = £'(A)D> £'(B),

5



fri=a) = orya),

FrOVxAlx)) = () £rad),
vEY _

£ dxAx)) = () £AT)),
veV

where f} , U, > and -~ denote the corresponding lattice
operations of P, Hereafter, we 1deﬂt1£y this £ with f, We
write IP { or Op ) for the greatestv ( or the least ) eiement
of P.

A formuia A of { is said to be valid in a p.B, model { P, V)
if  f(A") = 1p for each assignment £ of ( P, v ), wnere A'
is a closure of A. L4{ P, V )} denotes the set of formulas valid
in (P, V). It 1s easy to see that the set Lt P, V ) contains
LJ end 15 ciosed under each of three operations mentioned in
Definition 1.1. The tollowing theorem shows that there is a predi-

cate logic which cannot be characterized by a singie p.B. model,

Theorem 2.2 ( [10]) There exists a predicaie logie L
sueh that i) L = L7 Py ?1 )N LT Fo, ?2 ) for scme
poB. models (Pyy V, ) (i=1,2) but 2) L#1Y(P, V

for any p.B. model (P, V ).
This fact suggests the foliowing definicion.

Definition 2.3 ({10]) A set of p.B. models
{( Py Vi ) 3 i€l } is said to be characterastie ror

a predicate logic L, if L = A ¥ Pi, ¥V ). In this case,
iel 1

ve say that L has a characteristic set of p.B. models

{(Pi, v, )5 i€1 .



Theoren 2.4 {[10)) There exist 2&‘0 predicate logics

having no characteristic sets of p.B, models.

Now, we will give a condition for a set A s V. )
’ : i€l it

io be en intermediate predicate logic. Formulas Fy, F; and

Min are defined as follows:

(2.5) Fy Vx r{x,x} A ¥Vx b’y( r{x,y)v ri{y,x) )
AVxVyYa r{x,y)Ar(y,z) = r{x,z) },
Fy = -1Vx3y-i riy,x),

Fin = F1_'}F2.

The intuitive meaning of Fin will be obvious. We can expect
that a model which validates Fin has a finite universe., Of

¢course, Fin 9§ LK.

Theorem 2.0 (Y 1¥¢ P., V., ) is an intermediate
i€ 1 i '

pred:?cate logic if and onily if there is j €1 such that Vj is
infinite.
Proof. First, suppose that Vj is infinite. To show that

iOI L™ P,y V; ) 1s an intermediaie predicate logie, it

suffices to show that m LY p y v
31 it

My cp,, v. o1t (P, v
ieT 12 Yy ) L.1":1

The medel ( Pyy V4 ) contains the submodel ( 5, v; ),

) C LK. Clearly,

)e

vhere 5; uenotes the 2-valued Beolean algebra., Thus,



L¥( Py ¥,)C L™ 5., V, ) = LK.

J 3

8o, (N 1%(r, v )1k
el

Next, we will show that the formula Fin is valid in a p.B.
model ( P, v ) if V is finite. Suppose ctherwise. Then there
is an assignment f of ( v, V } such that f£( Fin ) # 1p.
Let f(Fy;) =a and f(F,) = b. Since a # b, there 1s a filter
F of P such that acF, bjéF and || b]l is the greatest element
of P/F - {1P/F} , where P/F denotes the quotient algebra of
P with respect to F and || } denotes the natural mapping from
P to P/F, Define an assignment g of the p.B, model ( F/F, V )
by

gl (v, ¥,) ) = Hf( r(v,,v,) )l for any Vi, Vo€V,
Since V is finite, we can prove that g(Fy} = jfa] = 1pyp and
g(Fy) =||vJl « Define a relation = on V by

v=v' if and only if g{( r{¥,¥') } = 1p,p.
Then, we can prove that the relation = 1is a quasi-~order on
V and that elther v =<v! or v'= v holds for any v, v'€ V,
as for any e, lidjeP/F if J|ejj vidl = 1psFp then either
el = 1pyp or lall = ipyps As V is finite, there is vy in V
such that v = v, holds for any veV. That is,

gl r(¥,%,) ) = lpyp for any vev.
Hence, g(F,) = g(- Vxdy-rly,x) ) = 5 # fip]l. This is
a contradiction., Thus, if V is finite then FinelL'( P, V )
Now, suppose that V is finite for each i€ I, Then

+
FinEQLL(Pi, v, ).
Hence [ *¢ Py Vy )#_' LK.
i€l
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When we study propositional logics, the decomposition
theorem plays an important rele ( see [ 3] ). We have used its
analogue for p.B, models with a finite universe in the above
proof. Consider the following Propcsit}on (2.7), which means

the decomposition theorem for p.B. models.

(2.7) For any p.B. model ( P, V ), there is a set of

p.B. models {(Pgy Vi) 5 1€} such that
1) L(P,v)= )L P, V) and
i€l

2) each P; is irreducible, i.e., P, - [11,1} has

the greatest element.

Theorem 2,8 (2.7} does not hold.

Proof Let

P = {(x,y) ; O=x<w, y =0, 1}U{(w,li}
and V=§{nj;n<wl.
P is ordered by a relation =* such that

(xl,yil =* (X, ¥% ) if X, =%, and y, = y,.
Then P forms a coxplete pseudo-Boolean algebra with respect
to =*, Thus ( P, V) is a p.B. model. This model is nothing
but Medel ¢ in Umezawa [12]. We can show that the formula
(p->glv{g-p) is valid in ( P, V ), It is shown in [12)
that the following formula Dis { which means a distributive
law )

(2.9) Dis ;3 Vxpva —» ( Vxplx)v )
is not valid in ( P, V ), Now suppose that (2.7) holds. Then

!
wr
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there exist p.B., models ( Py, V,

1
A P, V) = M e V; ) and each P; 1s irreducible,
el

) ( ieX ) such that

i’

Bince
(p>q)lviqop)el™( P, V) foricl,

Pi mist be s linear pseudo-Boolean algebra for i€ l. But then

Dis is valid in L¥( P, V, )} for each i€ 1, This is a

contradietion,

On the other hand, we show later that the decomposition
theorem fer Kripke models holds,

§ 3. Kripke's Semantics
We will discuss Kripke'!s semantics in the present &. Many
of basic properties of Kripke models for propositional logiles

can be naturally extended.

Definition 3.1 (M, U ) is called a Kripke model if
¥ is & nonempty partially ordered set ( with the order =y )
and U is a function from M to the power set P(8) of a set §
such that 1) if a=y b then U{a) U(b) and 2) U(a)
is nonempty for any ac M.

We sometimes omit the subseript M of =y, A function W
is sald to be a valuation of a Kripke model ( M, U ) if it

satisfies the following conditions,



Let a and b be arbitrary elements in M, Then

1) for any propositional variable p, W( v, a ) € {t, £}
and if a=<band W( p, a }) =t then Wi p, b} = t,

2) for any n-ary (n>0 ) predicate variable p{n),

w(p(®, a )y ua)®  and

if a=<b then W(p™, a )W ™, b)),

Now, corresponding to each valuation W, we define a function
W' which takes a value t or f for each pair ( &4, a )} of a closed

formula A in the language ,,(_,[ L_}J‘I U(b)} and an element a of M
be

by the following rules. ( [ [ W, U(b):[ denotes the language
beM
which is obtained from J by adding a constant T for any element

belM
W{p,a)=1t iff W(p,a) =t,
W'(p(n)(ﬁ.l,...,ﬁn), g )=t iff
(Uy5.00 ) € W p(n), a ),
W(AAB, a ) =t iff W( A, a) =tand W{ B, a)ct,
W'(AVB, a )=t iff W (A, a)=torW(B, a)=t,
Wi(A->B,a )=t iff W{ A b)=FforW (B, b)=t

for any b such that a < b,

W4, a)=1t 1iff W'( Ay b ) = £ for any b such that
a=<bh,

W VxAx), a) =t 4ff W' AGD, b ) = t for any b

such that a < b and tor any u<U(b),

Wil dxalx), 2 ) =t 4ff W'( A([@, a ) =t for some

|

uwella).



Hereafter, we identify W' with W. 4 formula A of [ is
said to be valid in ( M, U ) if for any valuation W of ( M, U )
and for any a€M, W({ &, a ) = t, where A' is a closure of A
We write L( M, U ) tor the set of formulas vslié in = Kripke
model { M, U ). If L = L{ M, U )} for some Kripke model ( M, U )
we say that L has a characteristic Kripke model ( M, U ). the
toliowing three theorems can be proved guite similarly as
Corollary 2.8, Theorem 2.10 and Theorem 2,11 of [ 7]. They are

fundamental in the succeeding dilscussions,

Theorem 3,2 For any set of Kripke models
{( Mj, Uy ) 3 i€1}, there is a Kripke model ( M, U ) such

that  L(my, U = ) O, U, ).
i€l

Compare the above theorem with Theorsm 2.2, Now, suppose
that ( M, U ) is a Kripke model. For each ag M, let
M,={bjasyb} and U  be the restriction of U o M,
Then ( M_, U, )} is a Kripke model. It is easy to see that

L(K, U)={) L(M e
acM

Thus we have the following decomposition theorem for Kripke

a? Ua
models ( ¢f. Theorem 2.8 ).

Theorem 3.3 For any Kripke model ( M, U )} there exists
a set of Kripke models {( Myy U3 ) 3 iEZI} such that
1) M0 =0 L0y, v, ),
jeT
2) eacn Mi has the least element.



Suppose that ( M, U ) and { N, U' ) are arbitrary Kripxe
models and that there are functions f and g such that
1} f is an embedding of M into ¥ ( see L77 ),

2) g 18 a function from LH) Ula) to L,J Tt{b} such
acM pEN

that g(Ua)) = U'(f{a)) for each aeM.
Then we say that ( M, U ) is embeddable into ( N, u' ),

Theorem 3.4 If (M, U ) is embeddable into { N, U' },
then L{ My, VICL( N, U ).

Corollary 3.5 Suppose that ( M, U ) and { N, U' ) are
Kripke models satisfying the following conditions;

1) there is an embedding of M into N,

2) there is a set S such that TU'(k) = 8 for any be N
and ﬁ) =8 for any a€ M,
nen LOM, UYCL(NWN, U ).

In the following, we will give a condition for a set
L{ ¥, U ) to be an intermediate predicate logic ( cf. Theorem

2.6},

Theorem 3.6 L( M, U ) is an intermediate predicate logic
if and only if there is an element a<M such that U(a) is
infinite.

Proof. At first, we remark that for any Kripke model
( My U ), L( M, U ) contains LJ and is closed under each of

three operations in Definitieni1.1. Thus it suffices to show



that L{ K, UV ) C 1K, in order to prove that L( M, U ) is an
intermediate vredicate logie. Suppose first that U(a) is finite
for any a¢ M, We show that the formula Fin is valid in L( M, U ).
Suppose not. Then there exists a valuation W such that

W{ Fin, a ) = £ for some ae I,
Thus, there is b such that

1) a=<p, 2) WH( F1,bi=tand W( F2, b)) =1¢,

By 2}, there is ¢ such that b=c¢ and

w( ngyﬁr(y,xi, c} = t.
Thus, for each ne U{c) there is u'€ U(c) such that

W r(U*,@), ¢ ) =1,
Define a binary relation <* on U(e) oy

U «<* u' if and only if (u,u') e W( r, ¢ }.
By 2), =* 1is & quasi-order on U(e) and either u <* u' or
u' =*u holds for each u, u'¢Ule). Since U(e) is finite,
there is u*e€T(c) such that u =* u* holds for any né&U(e).
By the definition, this implies that W{( r(W,u%), ¢ ) = t holds
for any u €U{c}. This is a contradiction, Tnus we have that
Fin € LC M, U ), Next suppose that U{a) is infinite 1or some a
in M. ihen L( M, U )C Ll M, U ), vhere the model ( Mo, Wy )
1s defined in the same way as 1@?he paragraph just above Theorem
3.3, Suprose that N is 2 singleton set {b} and U' is 2 function
such that U'b) = {nj; n<wl. Let £ be a { constant )
function from M, to N. Then by Ceroliary 3.5,

L(¥,U, )CL(N, U') = 1K,

Tius L( M, U} 1s an intermediate predicate logic,

Y



Remark. Let Fin' be the formula }-'1 - Eth yriy,x},
where Fy Is the formuia introduced in (2.5). Then, we can show
similarly as Theorem 2.6 that Fin'€ L'( P, V) if and
only if Vv is finite, On the other hand, it does not hold
always that Fin' € L{ M, U} if and oniy if Ufa) is
finite for any a€ M, This follows from the fact that the predicate
logic ( but not intermediate ) LJ + Fin has no characteristic
sets of p.B. models. In other words, Fﬁﬁ'¢'LJ + Fin, put
there are no p.B. models ( P, v ) such that

Fin € L'( P, v) and Fin'¢ L'( P, V).
It foliows from this, for instance, that any predicate toglc
of the form LJ + f A; VFin 5 1€ 1 }, where each 4, is a
propositional formula not in LJ,- , has no characteristic seis

of p.B. models,

Theorem 3.7 ([9]) There exist 2‘“@ predicate logics

heving no characteristic Kripke models,

We have remarked in [10] that there is a predicate logic
having a characteristic set of p.B. medels but net having a
characteristic Kripke model and that there is a predicate logic
heving a characteristic Krirke model but not having a

characteristic set of p.B., models,



Now, we show how the formila Dis plays an important role in
the proof of Theorem 1 in [10]. whe foliowing theorem can be

proved similarly as Corollary 1.3 1) of [7].

Theorem 3.8 If Dis is in a predicate logic L which
has a characteristic Kripke model, then L has a characteristic

set of p.B. models.

$ L, Cardinality of Models
We will discuss about the cardinality of models in this §.
In the definition of Kripke modeis, the range of the function U
is the power set of some set S, Is it necessary to consider the
case where & is a very large set? A well-known result related
to this problem is Lowenheim thesorem for the classical predicate
Jogic [63. We will prove a kind of Liwenheim thecrem for

predicate logics characterized by either type of models.

Theorem 4.1 For any Kripke model ( M, U } such that
——

M< U U{a), there is a Kripke model { M, U' ) such that
aeM

1) L(M, U' ) =L(M U),

2 ) ) =max { ¥, &},
acl

Proof. We assume that [u) U(a) is well-ordered. For
acM

each a ¢M, we write mu, for the first element of U(s) with

respect to the well~ordering above mentioned. We take an
enumergtion {An.i n < a;} of all the closed formulas not

valid in {(-M, U }.



For each Ap, we take a valuation Wy of ( M, U } such that
Wn( 4p, a } = £ for some a¢ M, Now, for each k<« we define
a set H:r(1k) { n <w ) of closed formulas in the language
d L E_{[ Ula)]} and a subset v of U Ua) by induction
a

acM
on k.,
¥ =0 H(O) = |
-0 = An]’ for each R< w .
(O fu, 5 aeM T,

k=m+ 1 : Assume that we have defined Hr(lm) and V(m). For
each B'E-ngm}, we define first a subset S(B ny ©f M by
3

fe€l; Wy(Bye) =t }
if B is of the rorm _:ixC(x},
S(B,n) = {c&M 3 Wp( C(ﬁ}, ¢ ) = £ for some u € Ulc) }
if B is of the form V:{C(x},

enpty otherwise,

For each céS(B,nJ'«‘ define an element wu{B,n,¢) of Ulc) by
the first element of {u 3 ueU{c) and
W €Dy ¢ ) =t } with respect to the
well-ordering if B is of the form _:Ixc(:x),
u{B,n,c) =
the first element of {u ; v €eU(e) ang
Wy( Cuyy ¢ ) = £ | with respect to the
well-ordering if B is of the form ch(x}.
Now, define yim+1) by
y(m+1) v {

u(B : (m) -



Next, we define a set of formulas ngmﬂj by the smallest set H

satisfying the following conditions.

{(m)

For each B € H ™,

1) BEH,

2) if B is{any one of the forms, CAD, CVD, C—>D then
both C and D are in H,

3) if B is of the form = C then C is in H,

L) 4if B is of the form YxC(x) then

bh.1) if W (B, ¢ ) =t then C(¥) is in H for any
u € Ule)n v,

4,2) if c€Scp ) then c(u(B,n,e)) is in H,

5) if B is of the form JxC(x) then

5.1) if céS(B,n) then C(u(B,n,c)} is in H,

%.2) otherwise C(U) d4s in H for any u € U(c)r\v(m*”,

et v= v ang Hy = Uﬂék).

k<w k<w
It is easy to see that each formuls in H, is in the language

JI U wanv]

acll

Lenma 4.2 ?=max{ﬁ, I'Y‘u}a

Now, we define & Kripke model ( M, U' } by
U'(a) = Ua)NV for any a €M,

Since V 1s a subset of L.J Ula), () U'(a) = V. Thus
aehM aeh

l_é U'{a) = max -{ﬁ, ft'o}‘ by the above lemma.
as

Lemma 4.3 LOM, U} LM, U,



Proof. From the proof gf Theorem 3.3, it follows that
LOM, U) = ) L( My, Uy ).

geM
Let Ué be the restriction of U' to Ma' Then we have also that
LOM, U ) = () L( My, Ul )
aEM

Thus, it suffices to prove that

L( My, U, ) LC My, Ul ) for each a €M,
Define a function g from LJ U, (b)) to U Ul(b} by
beM beM
a a
u if  ueV,
g(u) =
u, otherwise,

Then g(Uy(b)) = Ui(b) for any b€ M . Hy Thecrem 3.%,
L( My, Uy ) LUS, T,

Lemma .4 L{M, U YCCL( M, U),
Proof. Suppose that A ig a c¢losed formula not valid in
( M, U }, We will show that A is mnot valid in ( M, U' ). Since
A ¢ L{ My U ), A=A, for some n<w, We define a valuation
Wi by
1) Wil p, 2) =¥Wy(p, a) for any ae¢M and any propositional
variable p,

2) WA q(m)

), a JﬂU‘(a)m for any ae M

() (m70 }.
Now, we show that if a formla B is In H , then

,a)=Wn(q(m

and any m-ary predicate variable q

(4. 5) Wit Bya)=W/(B a) for any a¢ M,

by iInduction on the mumber of logical symbols appearing in B.

When B is atomic or ol any onc of the forms CAD, CVD, C-> D



and —C, (%.5) can be easily ascertained by using the definition
and the hypothesis of induction,
Suppose that B is JxC(x). Let Wy( B, a ) = t. Then

u(Byn,a) € Ula) and Wy( C(a(B,m,a)), 2 ) = ¢

by the definition, If B is in H;]k) then wu(B,n,a) € V

(k+‘tJ'
Thus  C((B,n,a)) € H¥') | By the nypothesis of induetion,
W ( c(u(Byn,a)), a ) = t. So, W (B, a)=t,
Conversely, let wn( B, a } = f. Then
W(CW, a)=1f for any u < U'(a),
If ueU'(a) then ue v ror some h<w, Put k = ma:xfh - 1, j},

; ' (i)
where j is the smailest integer]such that B€H.,', Then

we v gng BEHI‘;RJ. So, C(M€ H},kHJC Hy. ‘1hus by the
hypothesis,

W{c@iE@, a)=*¢ for any u<&U'(a)-
Hence, WiB, a)=r.
When B is of the form 'F"xc(x), (%.5) can be provea similarly

as the above ecase. Now our theorem follows from lemmata 4,2,

h,3 and b.h.

We can get also Lowenheim theorem for P.B. models by the

sane methed as the above,

Theorem 4,6 Let ( P, V ) be a p.B. model such tha. P < V.
Then there is a p.B. model ( P, V' ) suen that

1 1her, vty =17(r, v,

2) V's< max 17, T’t'o}‘.
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We have deait wilith the cardinality of the universe of a
model in the above. On the other hand, can we contract the
cardinality of a partially ordered set { or a pseudc-Boolean
algebra ) of a Kripke ( or a p.B. ) model without changing the
logic chearacterized by it? In the ca;e of propositional logles,
we can show that for any pseudo-~Boolean algebra P there exists
a pseudo-Boolean algebra Q such that

L+(Q) = L+(P) and E-{- o o 1)
by taking the Lindenbaum algebra of L¥(P) for Q. At present, we
can only prove a weak result on p.B. models.,

Buppose that ( P, V } is a p.B. mecdel such that

P>VeAxih,
Write A' = 2. Let 5 be any subset of P such that Op€ § and
?:{?\. Corresponding to 5, define a subset Sﬂ of P tor each
erdinal /us}c by

S, = 8,

0
S su{Ua (Va3 TSy ang T < A
# f acT ,aeT ’ 5 }

U{_a:b;a,bESﬁ} if u= f+1,

1

S‘,t = %‘S} if /L is a 1imit ordinal,
Define P{(8) = SA"

Lemma %.7 P(S; is a A -complete subalgebra or P whose

cardinality is not greater than X'.

Theorem 4,8 For any p.B. model ( P, Vv ) such that

——

POV (=X ), there is a p.B. model { P', ¥V ) such that

1) L+(P] dencotes the intermediate proposiiional logic

characterized by P.



1 LR, vy =1tCR, V),

o) Pr= K, vhere K = max{#, min { F, A }}.

Prouf. We first remark that if either ;= P< Al or
P o then we have only to take P for, PY, Now, suppose that
P>A' ana A=W, Let H be the set of closed formulas not
valid in ( P, V ). For each formula A in H, we choose an
assignment fA such that I‘A(A) £ 1P' Define a subset S of P
by

s= fop}vir,6™@ ..., 50) 5 ael, 0™ 1510 L
and Vyseesy v, 6V §e
Let P' = F(8). Then, P' is a A~complete subalgebra of P such
that P' € K by Lemma 4.7 and eech join or meet of at most A
elements of P' coincldes with that of P. Thus, we have

L'Ce, v P, v,

We can shov also that f,(B)¢P' for any formula B in LIV)
and any A in H. In particular, I,(A}€P'. Define an assignment
gy of (P'y V) by

— - (n) _ _
EA(P(n} (Vygeeeyv )) = 5,00 (¥,,0.0,7,))  for any

n-ary ( n = 0 } predicate variable p(n) and any vyse.es Vo Ve
Then we get gA(A) = T,(8) # 1pas
therefore, tepr, v cLTepR, vy,

Next, let A<W,<P. Then we can show that L'( P, V) = L¥( p*, v ),
vhere P* is the Lindenbsum algebra of the propositional legic

L+(P). Of course, T = ™, = K. This gives our theorem.

& 5. Some Syntactical Results

In the present §, we will show two syntactical properties

PR



of predicate logics, applying the axiomatic method. These results
will be used in the next §.
At first, we remark the following tact., If a formula A

is in a predicate logic L + {B; ; i€l } then there is a

i

sequence of formulas Ciyese, Cp (=4 ) (n=1) such that
for each k < n,
either 1) €, = B, for some 1€l, or C el,

or 2) C, is of the form ‘v’xci or of the form
" IJ(X Taan
S g 1 ,xmc for some i < k,

or 3} there are i, J < k such that Cj = ( Cy—>Cy )

Definition 5.1 An instance of a tormula A is defined
recursively as follows;

1} A is an instance of A,

2) if B is an instance of A then any formulz obtained
from B by using the substitution or the generalization or the
alphabetic change of bound or free variables is an instance

of A.

It is obvious that 1f a formula A is in = predicate logic
L then any instance of A is in L. The following lemma can be

easily wverified.

Lemmg 5.2 If a formula B is 1n L + {ﬁi y 1€l } then

there are formulas Cyy.».4 Gy such that
n

1) Gj-—avB)eL and
i=1

Y



2) each Cj is an instance o1 some Ai.

Deiini{ion %.3 An instance B of a formula A is szid to
be elementary, if

elther 1) +thne outermost logical: symbol of B is not a
uhiversal quantifier,

or 2) B is of the form V4«¢ and ¢ is not an instance
Qf Ao

Let B be an instance of A, Yhen there is a formula C such
that B is of the form Vx1 o Y2 C and C is an elementary
instance of A. Clearly, such a formula C is determined unigquely
by B. rach elementary instance of a formula A can be obialned

from A without the generalization.

Lemma 5.4 Suppose that A and B are c¢lesed formulas having
no predicate variadvles in commen and that A1 and B1 are
instances of A and B, respectively. Then there is an instance C
of AV B such that

(C—> A VBy )e LJ + Dis,
if Ay and By have nelther individual nor predicate wvariables
in cormoll.

Proof, OSuppose that

1

4y Vxq.. Vxp 4o (m=0) and

where A, and B, are elementary instance of A and B, respaectively.

Put C= vx*‘ooo V}[mvy'loo& Vyn ( AQVBE ).

i

a
ey
-



Then vwe get (C— A1w*B1 } ¢ 1.7 + Dis,

In additicn, we can show that C is an instance of AV H.
Now we have the following theorem.

Theorem 5.5 Let Dis be in a predicate logic L. Then
if closed formulas A and B have no predicate variables in common,
(L+A)YN(L+B)=1L+ AVB,
Prooi. It is clear that
L+ AVBZC(L+ AL+ B).
Let ¥ be a formula in (L + A )N( L + B ), then by Lemma 5.2,
there are instances C4y ( 1=i=m ) of &4 and Instances

Dj { 1=j=n ) of B such that

n n
( A CgF)EL and ( A Dy F) € L.
i=1 =1
By repiacing scne predicate and individual variables in

n
{ JA Dj »F ) by other variables not appearing in any of Cj,
=1

EE and F, we can get formulas Dj and F' such that
n
FANE LY '
i) (j=1 Dj—}F ) € L,
2) for each i and j, Cy and D} have neither predicate
nor individual varigbles in common,
3) F can be obtained from F' by replacing some

predicate and individual variables.

Then, we have that
m n

¢ A A Cegvoy o (rvE )y ) et
1= §=1

Since each Dj is an instahce of B, applying Lemma 5.% we have



that for each 1 and § there is an instance Ejj of AV E such
that ( Eij——}( C;vDy ) ) €L,

Thus, ({ {\ /\1 Ejj)=>( FVF' ) )€ L.

Therefore, FVF' € L + AVE,

By replacing some predicate and indivi'dual variables in F',
we get FVF &L + AVE,

Hence, FE L+ AVSE

As we show in the following, it does not hold always that
(LI + A ) LJ+B)Y=1LJ+ AVS,
( ¢f. Theorem 2.1 [ 2] ).

Theorem 5.6 ( LJ + K, INV( LT + Dis ) # Ld + REVDis,
where Rp = rvV{(r-> 8V ns.
Proof. Let R§ = ¥x( r(x)v( r@)—= slx) )v-sx) ).
Clearly, E¥vDis € ( TJ + Ry )N ( LJ + Dis ).
But, we can show that
RYVDis § L7 + B,V Dis,
by using the p.B, model introduced in the proof of Theorem 2.8,

In &6, we will study a relation between a predicate logic
and its propositional fragment. We prove a theorem which we
will use often in our development in the next é .

Suppose that a formda A is given. o« is a function from
the set of atomic formilas appearing in A to the set of
propositional varigbles such that

1) A&(p} = p for any propesitional variable p,

A



2) 0((p(x1,...,anJ = o((p(y.l,...,yn)l ior any predicate
variable p and any individual wvariable Xypessy Xy Yyreess Ypo
3} Af o{plxyyeeeyxp)) = Xlglygyees,yy))  (mn =0 )
then p=gq (andm=n).
We extend o by using the following r’ules;
for any formula B, C,
o( BAC ) X(B) A K(C}),
o{{ BvC )} o{{B) v DI{C},
AK( B=C ) = oA(B) = &(C),
ol b ) = 1 o(B),
o YVax8) = o«(B),
of( AxB ) = of(B).
Tt is clear that o(A} is a propositional formuia. o{(A) is

i

1l

called an associated propositional formla { apf ) of A. ( See
Church [1]. The word an associated formulz of propositcional
calculus is used in it. )} Taking an enmumeration of all the
predicate variables, we can assume that the value o(4) is
determined uniquely by A, Thus, we say henceforth that o((A)

is the apf of A. We can show that if a formula is in & predicate

logic L then its apf is also in L and hence in 7t(L),

Theorem 5,7 For each predicate logic L and each set of
formulas {B; j i€ 1 },
WL+ {8 5 1€} ) = W@ + | ol(By) 5 1€13,
Proof. As Bjé L + {bi;iéI} ror j€1,
ABET(L + | By 5 1€1]), Clearly,
ML) WL+ B 5 ie1}),

—



Therefore,
W) + §olBy) 5 1€1) S R(L+ {B;; i€1} )
Suppose that a propositional formuls A is in L + {Bi ; 1e I} .

Then by Lemma 5,2, there are formulas C;,..., Gy such thai

n
« A 3524 ) €L and each Cj is an dnstance of sone an.
J=1
S0, we have that

n

n
A o = N (c.)—o a4 € ).
0((3=1 j—}A) =1 (JJﬁ )
Since each iX(Cj) can be obtained from ¢X(an} by using only
the substitution of propositional formulas,

A en@ + { aBy) 5 1€1],

Corollary 5.8 If = predicate logic L is finitely

axiomatizable then 7C(L) is also finitely axicmatizable.

§ 6. Propositional Fragments and Predicate Extensions

Let X be g propositional logic. Then it is interesting
to see the structure of the set 7~ '(K). We say that L is a
predicate extension of a propositional logiec K if L & 2w~ 1(K),
Of course, IK is the only predicate extension of LK;,. If we
look over Umezawa [12] then we know by using Theorem 5,7 that
there are many predicate extensions of LJﬁ? For insiance, there
is a predicate extension of LJ, 1n which every formula is

logically equivalent to its prenex normal form.

Theorem 6,1 7r is a homomorphism preserving a3l infinite

meets and jolns in‘j « That is, for any set of predicate logics
{1y58e1],



qe¢ N Ly ) = MV and
1lel icl

re( U1y ) = U oway.
11 5€ 1

Theorem 6,2 For any propositional logie K, there are
the strongest logic and the weakest logic among the predicate
extension of K.

Proof. Let
L, =13+ {43 A€IK and of(A)€K } and
I, = L3 + { A ; A€K },
Then it is easy to see that Ly is the strongest and Lo is the
weakest logic of *?[_1(1{).

In the following, K¥ and X, dencte the strongest and
the weakest logic of 7 (K), respectively.

Definition 6.3 Formlas Bx, Y (x} (m=1) and

Z, (nx=1)} are defined as toliows;

Ex = pvnp,
T (x) = P1151ﬂ:
L) = A apx) ) A o) ifm>i,

i=1

n n
Zn = ( if_}1 Fx¥; (x) ) —> Yx¢ ;\_/1 Y; (x) ).

Lemma 6.4 For any propositional logic K and any formula

4, X {A) € K 1if and only if A€ Ky + Z;,

—

Ve



Tne followihg axiomatization of K*¥ relstive to Ky gives

another characterization of K¥.

Theorem 6.5 For each propositional logic K,
K* = Ky + ExV Z.

Proof. By Lemma 6.4,
K¥ = LK N ( Ky + 24 )

(Ke + Bx )N CKy + 2, )

Since Disé‘(K*+Ebz)ﬁ(K*+Z1 ), we have

K* Ky + Dis + ExV Z.l
oy using Theorem 5.,5. However, as Dis € LJ + Ex\fz1,

E* = K* + EJCVZj.

Coroilary 6.6 If K is finitely axiomatizable then K#

and X, are zlso finltely axiomatizable.

We netice here that even if K has the disjunction proprety
( dp ) K* has not the dp. ( For the definition of the dp,
see e.g, [8]. )} We can show that many predicate extension of a
propesitional logic having the dp have not the dp. It 1s
interesting to see the relation between the dp and the following
property;

if JxaA(x) ¢ L then there is a variable z such that
A(z) € L.,
However, we have very little knowledge of the subject.

( Cf, Rasiowa - Sikorski [(11]. )



Theorem é.7 Fror each propositicnal logic K, K* has
a characteristic set of p.B, models.,

Proof, We remark that K¢ = LKMN( Ky + 2 ).
1t suffices to show that Ky + 29 = 1'( P, 10} ),
where Px denotes the Lindenbaum algeblia of K.

Clearly, Ky + 2, C L' Pxs 10} ).
Let 8¢ 1V Pg, {0} ). hen,  ol(h) € LT(Pp) = K. 2

Thus, A€ Ky + 24 by Lemma 6.k,

On the other hand, it remains open whether each Ky can

be characterized by some models,

Theorem 6,8 1Llet K and K' be propositional logies such
that KCK'. ‘“hen there is g surjection from ‘Tt"1 (K) zo

7] (K*). Hence, 7 (K) = 11:'1 {(K").
Proof. Define a funciion ¥, from 7' (K) to 7' (K")

by SZ’KK. (L) = LUK!"), for any L € 7 (X,
and a function %, from 7 (K') to 7 (K)

by Perg(L) = LAK* for any L & %1 (K"),
We notice that S[’KK.(K*) = K* U (K",

n

(K, + BxVZ, ) U (X',
(K'), + ExV Z,
(K')¥,

applying Theorem €.5.

Now, we show in the following that ‘]bKK' is surjective, It
suffices to show that g’m{.(?K.K(L)) =L for any
predicate legic L in 7{1 (K'). By the definition,

2) Hemark that (LT( P, v )) = 1L7(P) for any p.B. model { P, V ).

: |



It

Prve ) U (k1)

( LNAEKx ) U (K"

CLUCK D)y )N KUK D)
(L UK )y )N (XD)*

=L,. ;

ﬁbKK‘ ( SDKlK(L) )

since L.¢& 8N {XK'),

Corollary 6.9 For any predicate extension L of a
propositional logic K, there is a predicate extension L' of
LJ,n: such that L =1L"0U Kye Hence, 1f L is finltely
axlomatizable then there are propositional formulas Aj,..., Ay
and formilas By,..., B, such that

L
K

LI+ A+ weo + A+ By + ..h + B,

If

LJ']T_- "‘AAI +100+Am ahd
K(By) &€ Ldgyg for any i =< n.

This corollary tells us that the variety of the intermediste

predicate logics is nothing but that or the logics in ft(LJTC}.

Corollary 6.10 The functiion SQK‘K is an isomorphism from
’?t-1 (K') into ’l{'(K), which preserves 211 infinite meets and
joins in T (K'}. That is,
Frogl M 1) = N Pric@)  and
K'K ic 1 i icT Krgvri

( ULy =UJ (L) hold
501\:'1{ T i) ieISOK‘K i o

for any set of predicate logics {Li ; 1€1 } in o] (K').



Let S, be the 3-valued linear pseudo-boolean algebra. We
know that the propositional logic L+(82) is the strongest

logic among the propositional logics weaker than LK, ( zee

[2) ).

Theorem 6,11 ’n?1(L+(52)] contains at least countable
predicate lopics. Moreover, there are logies in it which are
mutually incomparable.

Proof. It is easy to verify that

L (500 G L (Sp)a + ExV Z,
CLT(S,) 0 + BxV 2,
<18, )% for sny n> 1.
Now, let M be a set {a, by, ¢ } with the order = such that
a=<a, b<<b, c<cand b<c hold and let Uj and Uy (n> 1)
be functions from M to the power sel of the set of non-negative
Integers such that
Uy (a) = Uha)
vje) = {o},
Up(b) = Uj(e) = Uate) = {13 1=n},

Then, L( ¥, Uy ) and L( 1, Us) are in 7 (L (5,)). But

{ i i d:u;},

[}

T

if n > m then IL( M, U? ) is incomparable with L( X, Ug }e
Applying Theorem 6.8, we have the following corollary.
Corollary 6.12 For each propositional logic K weaker

than ILKq , there are at least countable predicate extensions

of K.



The above corollary does not mean that the case of LKy
is exceptional, since 1K + Z, {n=1) is & ( consistent

but not intermediate ) predicate extension of LK.

Theorem 6,13 For each predicat; logie L such that
L1t P, (0,1} )NIK (€ 1A ),
where Py is the Lindenbaum algebra of LJ; , define a function
), from the set Jr of all the propositional logics into
TV (L) by
OL(K) = (KU L)y (Lin)* for any K € s
Then, 1) B is injective,
2) G (LIp) = L and f (LKgp) = (LI)* = LI + ExVZ;.
Furchermore, if Dis € I then @y 1s an isomorphism.
Procf. It can be easily ascertained that
613 =L ang O (LKp = (LI)*.
Let K and K' be distinct propositional logics, We may suppose
K'¢ K, Then we can take a formula. A€ K' - K, Clearly,
avz, € G (k).
Suppose that QL(K} = 5L{K’). Then,
AVZ € B () C K, UL Pp, [0,1})
C L Pg, {051} ),
where P 1s the Lindenbaun algebra of K. As Z, & LV( 8, [0,1} ),
where S1 is the 2-valued Boolean algebra, we can show that
A e LR, {o,1} ),
But since A is a propositional formvla, A must be in L+(FKJ.
So, A € K, This is a contradiction. %Thus *ﬁL is injective.



We remark that FLCXUK ) =8 ®m U &) nolds
always since (KUK ), =K UK ).
Now we suppose that Dis€ L, 'Then we can prove in the same way
as Theorem 5.5 that
i
QL( KNK)

(( KNAKY ) U Lz) M (Ldy) *
(CK, UL IYNUKED, UL N (Lo
G @ N B (K.

Gorollary 6.14  ‘ihere are 2 ¥ predicate extensions of
LJ'Tt *
Froof. By Theorem 6.13 and Jankov's result [Lk].

We say that a formula is wmary if it contains only
propositional and unary predicate variables. 1T1{LJ denotes
the set of unary formulas in 2 predicate logic L. Wow consider
the following problem;

can any predicate logic be axiomatized by using only unary
fermulas?
If the answer isg affirmative, then for any predlecate logic L
and 1.! L # L' implies TE,‘ (L) # ’TE|(L‘}.

But this dees not held, as we show in the following,

Lemma 6,15 Let A be any unary formula. Then if
A ﬁf; 1*( P, {i 3 I= u:-} Y for a finite pseudo-Boolean
algebra P, A¢L+( P, {i y 1= n} ) for some n « w2,

Proof. This can be proved similarly as a theorem in
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Lovenheim [6].

Theorem 6,16  There are predicate logics L, L' such that

L#L' but 1T1(L} = Tt1(L')- Hence there is a predicate logic

which can not be axiomatized by using ( even Infinitely many )

unary formilas.

Procf. Let
L={Y1°(P, {131<n} )NIK and
n<w
L'= LY(P, {1;i<w}),

where P is any finite pseudo-~Boolean algebra such that
Ex ¢ L°(P). As ExVFin €L - L', we bave that L'¢ L.

1t follows from this that T, L)< TT1(L). On the other

hand,

T,y L) by Lemma 6.15.  Thus

T L) = TG LY.

1]
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