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On higher-order terms in Asymptotic expansions for

irreducible characters of semisimple Lie groups

FXTE A0 % (Atsushi YAMAGUCHI)

(Kyoto Univ., Fac. of Science)

Introduction.

1. et G be a real connected semisimple Lie group, Q}. its
Lie algetra. To make Harish-Chandra's theory on invariant eigen-
distributions appliceble, we assume following two conditions to
hold:

i) +the center of G is finite,

W) G is accepteble in the sense of Harish-Chandra.
These conditions are satisfied by the examples considered in what
follows, namely, the groups G=SL(2,R) and SL(2,C). More gener-
ally, if G is a real connected semisimple Lie group with finite
center, then the condition i) above is satisfied by a suitahle
finite-fold covering group of G.

Let m be a continuous representation of G on a Hilbert space,
We assume ® to be quasi-simple in the sense of Harish-Chandra.

Then the character C& of # is defined, #nd is a distribution on

G:

Oy - ¢|L—— %tracegn(g)¢(g)dg, 9‘ GOD (G).

G

®r is an invariant eigendistribution, in the sense that
@® it is invariant under the inner automophismsof G,
C) it is a simultaneous eigenfunction (in distribution sen-
se) of all differential operators on G which are invariant under

right- and left-transletions of G.

/
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The detailed study of characters gives us much information

about the original representetion n; for example, we have

Froposition. Let m and 7, be two irreducible unitary
representations of G. Then they are unitarily equivalent if and

only if their characters coincide:
Or, = O,

Thus the characters have been the subject of many deep stu-

dies, due originally to Harish-Chandra.

2. Let exp denote the exponential mapping, which is a

local diffeomorphism from 0} to G:

exp : Q} > G.

This mapping is not in general injective or surjective, but if

we restrict it to a sufficiently small neighborhood S) of O

in 0} , it is a diffeomorphism:

exp = L) oo exp(dL), e

Now we pull back the distribution @'t and obtain a distribution

97( on £) in the following manner. For 9‘ € ob(_ﬂ.), we define

<O, $7 = < B $7

~
where ¢€ OD (exp(£2)) is defined by

SZ( wxpX) = 9500 /R

with % an auxiliary function on 0} defined by
2 . :
'97(1.) = (Jacobian of exp at X)) , ‘g(o)= | .

2
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Then the so-defined

distribution,

@
©

/
G'_Lélb(ﬂ) is an invariant eigen-—
in the

sense that

it is invariant under the adjoint action Ad of G,

it is a simultaneous eigenfunction (in distribution

sense) of all constant-coefficient differential operators on i}

which are invariant under the adjoint actior.

3.

As mentioned above, the detailed study of C)m and <9R
was initiated by Harish-Chandra.

He proved in particuler that
@-rr_ (resp. Og ) is identifiahle to ® locally summable function

which is actually real-anelytic on G (resp. on jl_g(?) except
for a certain set of lower dimension.

4. The study of ()K snd an is being continued by many
authors.

Among other people, Barbasch and Vogan defined in [l]

an asymptotic expansion near Oe¢?. for such Gi , in the follow-
inérform:

011(511:) ~— E tlD:(S:)

as tlo,
=t

where D.L's are suitable tempered distributions on 0} , and

when f 1is 1in b (.Q.), 5*6 b (”}) is defined by'

5, OO

1

£ SR/ £ Xer) | n=dimG.

Here we have extended § from {) to the whole of q; by putting
f=0

outside )

We review the details of the definition
in Chapter 1.

At this point, an interesting object is the set
A X A .
cl(U supp D; ) & 0} , where D; is the Fourier transform of D,

3
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and "supp" stands for the support, and "cl" means the closure.
Barbasch and Vogan call this set the asymptotic support of G¢ ,
and write AS( (9-,t )= c1(|J supp ]3; ). It can be shown that
\Jsupp ﬁt is a closed sx,;bset of U}* , so that the symbol "cl1"

is actually unnecessary.

AS(@T{ ) can be considered as something irdicating in which
direction 6—,1 1s singular (in the tangent space at G). We note

that similar objects have been the subjects of Kashiwara-Vergne

[73 and Howe [3] .

Among the distributional coefficients D; in the expansion,

the lowest-order non-vanishing term D; turned out to be very

important. To be particular, we have by [/] and [2]:

® i, is necessarily non-positive. More precisely,
iy = GK-dim (V0 / Tx)

where G.K-dim means the Gel'fand-Kirillov dimension of a2 &€-
algebra, and U(o}‘)is the universal enveloping algebra of the
complexification O}C of 0} , and 'L—L denotes the annihilrstor

ideal of .

@ Vhen G is a complex group, D; is the Fourier transform
of a certain important distribution on 0}¥ , called a nilpotent

orbital integral (see Chapter 1).

@® In case where AS( Ox ) is an irreducible variety, we
A ~
have AS( 6—,( ) = supp D, » and AS( 0-", ) and/or supp D;o serve
as a tool to get a concrete description for the theory of class-
ification o? priritive ideals for 0} , which has been in an

abstract sense already completed by Duflo, Joseph and Vogan.

4
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Ebr-@?above, we remark that the results in El] , E3j} were

later generalized by Hotta-Kashiwara [7:11

5. A natural Question to ask 1is, therefofe, the one concer-
ning the higher-order terms in the expansion. Motivated thus,
we examine in this paper the explicit forms of the higher-order
terms D; and their VFourier transforms, for irreduciblevrepre—
sentations of certPih groups. Our hope is to get from them some

information about the original representation.

As the simplest examples, we take G:SL(Z,R) and SL(2,C).
Our result is complete in that it treats all irreducible repre-
sentations (unitary or not) of these groups. It turns out that
the higher-order terms are characterized by the appearance of

certain invatiant differential operators.

6. Let us now explain the content of each chapter.

In Chapter 1, we review the definition and elementary
properties of the asymptotic expansion, given ir [ /J.

In Chapter 2, we treat the case of G:SL(Z,R). We 1list all
Dy and their Fourier transforms, for all irreducible represen-
tations of this group. We find especially that for a "principal
series" representatioﬁ T, AS(@R ) is not supported on the closu~
re of a single orbit.

Chapter 3 trerts G:SL(Q,C). Again we give a complete list,
for all irreducible representations of this group. Here the

following two differential operators come in:

(3/3%)7 4 (3/29) — (3/92)
§

O

I
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O, = (3/9%7+ (2/59) = (2/0Z)

where x, y and z are complex numbers.

In Chapter 4 we make some observation on the connection
between the asymptotic expansion and character formulae of Kiri-
1lov type. There we encounter a problem of justifying a Taylor

series expansion of the following kind:
0(Pa,q.2> +¢) =
= 5P g2 + ¢ §(R&y2))+

+ _%.C_". S”(E(i.v‘?‘),%v) + -

Here S~ denofes the Dirac delts function in one variable, and

the hypersurface defined by P=0 has singularities. The answer
to this problem and its generalization to groups of higher ranks
would require some rather deep knowledge about the G-orbit stru-

cture of the Lie algebra.

Chepter 1. Definition and elementary propetties of asymp-

totic expansion.

In this chapter we recsll some basic defiritions and propo-
sitions that we will use later. We begin by reviewing the defi-

nition of a nilpotent orbital integfal.
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1-1. Nilpotent orbital integrals.

Let 0] be a real semisimple Lie algebrs, G the adjoint
group of l;} . An element Xelf} ‘is called nilpotent if ad(X)
is a nilpotent linear transformation in 0} . We identify |

0}*5_ HomR( U} ,R) with 0}, via Killing form. Thws we say
\fe q* is nilpotent if T is, as an element of 0} , nilpotent.
G acts on UJ¥ by coadjoint action. We denote by }\[ the set of
all nilpotent. elements in 0}* . If X is in I\r , the G-orbit
Coad(G)X is called a nilpotent orbit. '
The G-homogeneous space (> =Coad(G)-X has a G-invariant

measure. Call it /UL . We have the following:

Proposition 1-1 (Ranga-Rao, [/0]) For 996@(0]*), let 9510_

be its restriction to 0' = Coad(G)’X . Then

}“c{i ¢ — >S<l>|&-/u

is » distribution on 0}* s /ULO. € b/(q*).

We call }*o- the nilpotent orbital integral corresponding to

the orbit O .

1-2. Definition of asymptotic expansion.

As in Introduction, let
-n -
S}(X) = ¥ -fx/7%) , "= o\lmo} )

for QeZb(v]) . Let (9@®,(.D.), where £L is a fixed neighborhood

ofOinl’} .
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Definition. We

write

6 ~

with {D:} & family

condition (A) holds:

S w HO

\——
(= (o

of distributions on 0} , if the following

Condition (A):

For any positive integer N, and a compact
subset KEO} , there

exist a constant CN,k7O’ a positive integer
kg g » and a constant Eﬂ.k> 0, such that if suppf{ € K and
0<t € &y
then
SUpp §, ¢ QO
and
,N 2 1% N+l
| 66 — D | < Cup Sup!DRL- LT
= H\g vk
Here we used a multi-index o oL =Rk, oy, == dn), 0‘}20’
ok ok Ol
|t} =Telj, enda D = (/2% srevs (3/3%)

1-3.

Basic results for asymptotic expansion [I]

The fundamental properties of the asymptotic expansion are

collected in the following proposition.

Proposition 1-2. (@D If a distribution {3

admits an asymp-
totic expansion, the distributional coefficients D;'s gre unique.
@ D; 1is homogeneous of degree 1i:

D:fed = 4D ()

and is tempered (since any homogeneous distribution is necessari-
ly tempered).
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(§> Any invariant eigendistribution defined in a neighborhood
of O in f} admits an asymptotic expansion.
C) If 9 is an invariant eigendistribution defined in a

¢ 1is G-invariant, and

Supp §~ — /\[E{nilpotent elements in 0}*:\: U}}
[ — A

neighborhood of 0 in 17} , then D,

1-4. An explicit description for the distributional coeff-

icients D; .

Now let 9 be an invariant eigendistribution in a neigh-
borhood of O in ‘7 . Then by CD above, 9 admits an asymptotic
totic expansion:

BcSy ~ D s Flo

[
According to [7 ] y P.35, an explicit description for D;
is available, using Harish-Chandra's general formula for an inv-
ariant eigendistribution restricted to a Cartan subalgebra. To

explain this, we introduce some notation.

Let G be a real connected acceptable semisimple Lie group
with finite center. Let ‘? = Lie(G) be its Lie algebra, %}
a Cartan subalgebra, and ‘%+ a connected component of 6,= {7/“3/ y
the set of regularelements in ’%, . (”]’ = the set of regular

eiementé in 0} .)

: +
Definition 1-3. Let 'ﬁ, be a function on 1& , taking the
same value on any two points on a single G-orbit. We define

{&G , a function on ‘? , by
feo = (R, if )(:A&(nar\f for some ‘}GG,

0 otherwise.

1



Thus ‘ﬁ,(, is a G-invariant function which vanishes for

x& M)t .

Now let. "{j, , 67_ y ST, ﬁs be a complete set of repre-

sentatives of conjugacy classes of Cartan subalgebras in az/ .

Also let ! , z, “““ * be the connected components
1 s » 4L p

of ‘a’::-;}in 0}/ .

We recall that, on a fixed ¢ & has the form
L

f o= TLOO /oo

)

where ‘\'LL(X)z Tl)o(()ﬁ) , the product of all positive roots for 61,
o
for a fixed order on ‘6: , and jf is a real-analytic funct-

ion in X . We write the Taylor series expansion of :)'Qj' as
i 0o .
4 —_
SSL X = Z—DCSL >t (X) ,

where (j{)L denotes the homogeneous part of degree 1i.

Proposition 1-4 ( [ I] Theorem 3-2).

Using the notation of Definition 1-3, we have

@ for iz0, the function

E [(ji)t / TLL]G
RN ¢

is locally summable.

@ the distributional coefficients D; are given by

0§, ~ EttD‘ €M)

t=0o

where

/10



(1.1) D; ={ 0, if i< -(n-r)/2,

[ if iz -(nir)/2,
é;%l:(:]L)tﬁ.niz //TL;,](.9 ’

with n:dim(G), r=rank(G).

Remark. It may happen that 1D_ n-v =0 § this is the case
2

if all the JF  are without constant terms.

The above proposition enables us to calculate the Fourier
transforms ﬁk . Namely, all irreducible characters are known
for G:SL(Z,R) and SL(2,C) (see e.g. Hirai[é-) ), so we use Prop.
1-4 to obtain D.L . It only remains to carry out the Fourier
transformationj we do this explicitly, and get ﬁ; . Thus diapr-

amatically,

By 3 O 2 D ?6; .

A

We propose another possible way to obtain D in Chapter 4.

~
(%

There the corresponding diagram is:
A A
@T[ ﬁ 0“ ﬁ G-n i D; .

Regrettably enough, we have not been able to make necess—
ary justification to legalize this latter diagram. If we could,
it would certainly clarify an essential aspect of the asymptotic

expansion.

/1
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Chapter 2. VFourier transforms of higher-order terms.

the case G=SL(2,R)

In this chapter we give a detailed calculation for the
formulas for the Fourier transforms ﬁt , for a1l irreducible
representations of G:SL(Z,R). The representations consist of
the discrete series (D.S. for short), the principal series

(P.S. for short), and the finite dimensional ones.

2-1. Definitions on Lie algebra Q} :slz(R).

(2 e=(Ul) es(0 ).
Then 0 :l?;iR'e‘

L

We denote an element )(6‘? by its coordinates:

Let

€,

K= L€ +qe. T 28 = (4,9,2) .

Then the quadratic form 2%, iﬁ.%i'::det >( is G-invariant

under the adjoint action, and we have a two-fold covering:

G —_— 800(7'!‘>~

Also we make following definitions for certain subsets

T = {209 >0, 270}

m

Loy, )2t gvo, 2<0]

S = {ug) ey},

12
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We note that there are three nilpotent orbits:
L-+

|-

n

fam.2) | 2oii=0, 2%0 |

{2 | 228290, 2<o0 {

2

ot N v
- 4 é;

2-2. Explicit formulas of characters.

Given a representation o§ G=SL(2,R), we pull back its
character to Q} =s1,(R) in the manner prescribed in Intro-
duction. We get an inveriant eigendistribution éﬁt , whose

value on the x- and z-axis is given as follows:

1) For D.S.

a=2n|>x

Bccx,0,0)) = p / * ., xAYyo.

G((O o, %)) - £ en) - eti('\) (2inl-1)-2 / z ’ 2*0'

Here $(n) =sign(n ), and neZ4 2] is the discrete series
2 ] )

parameter (Sugiura[}l] , P.322).

2) For P.S.,
-Sx

O x,0,0)) = (esx-i- e ) / x| , *A=0,

G((o,0,2))= © 2x90,

l

t
Here Se € is the principal series parameter, S = O--3

ce C .
/3
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3) For finite dimensional representations,

O ((%,0.0)) = —7 (& _ &%y /x, a0,

6 ((o, 0,23 = (eq‘%- ) /1, 2xo,
Here q. is the parameter: ‘3}6 2/ .

2-3. Explicit formules of distributional coefficients.

We apply Prop. 1-4 to the above character formulas. We

thus get the folloving formules for D; :

1) For D.S., we have

% .
OS> ~ \Z' D,
J’t‘

where

NIt

3+
D;= 1/ (G40 (-2 (1&1‘,2‘) m S
3

| /(}‘H)‘. ‘ ( I.i(lﬂ));*l: (2\&1\‘»\}”, (27:__1'1_‘,)1)1 " T-,:

—

X - i _
~1 /G G )P G QL) in T

2) For P.S., we have

w ~
0§ ~ Z_YD}@) ’

=

where

3 &
D, = 2/ (0 . (9-27)> in S joid,

) & even -

14
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3) For finite dimensional representations, we have
[ -
(9(’91—) ~ 2 i;D}(-?»),
¥=°

where
Dy = 2@ /! a7 (ey=2)

™" S, + even,
< 2/(‘;—t\>\. . ‘Qﬂ' (1‘-{—”}‘—%")—5
Tn Tv, T7, } even,

\O‘ }{ 0dd .

_Thus we have obtained the distributional coefficients Di

We now investigate their Fourier transforms.

2-4, Fourier transforms of distributional coefficients.

We are going to carry out the Foutier transformation for

the D; in 2-3. Ve define the Fourier transform by, for
Pe b
F¢) ki fos, )= 27)

(U

SSS et(k‘“&lj—&ﬁ)'qs(i,‘).?) diol?di,
and for (f)é ,A(UJ), @G,XI(DJ*);
<FD, 47 = <P, F¢> .

/S
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Let, for e (C ,two’distributions ‘P} and P_‘_) be
A
< P? L PO= S§§ (-E(i,‘),%)) CP(?L,‘Q,’%) 0\10(‘)&3,
P<0
<?_Z‘ ¢ y= SSS (?Lﬂ,vl'%))?\C]S(i,-/],%? dio(")dz ,
Poo

where P: 2’;7(,1-—‘-')7“) 4) el (o)) These make sernse when Re\ is

large, and are extended to other values of P by analytic

continuation.

Theorem 2-1. 1) Put

\ \
2

-

‘F: ?_ = (11-'("&2- 21)—; ) if (X7Y9Z) ig in S,

O \ otherwise.
Then, as a distribution in ¢e,3(o}*),

<F§, > =
= 5% (plh o T+ Sch b ~FE] AT Shibe

‘2) Put

\

‘ . —
%= S?‘}V‘(z)‘f.::- (21_1}_1’—) , if (x,y,z) is in T‘r )
__(2"_‘1’-—11)-17 if (x,y,z) is in 'r—
)

0O -

) otherwise.

Then, as a distribution in 756 ,&(0}*) ,

/6
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Fgy #> =
= % (ke D — kb ) R e

Proof. VWe use the results given in Gel'fand-—Shilov[/‘I"\J,
p.365, on the Fourier transforms of special functions. Note

that they use &,X*%z"}‘f{%g% ~ for the inner product, while ours is

3
o, 2+ 'ee,‘}—-*?z;z , ahd that we put the factor (Q.’Tt) 2 in the
definition of a Fourier transform, so that the formula in their

table reads:

23
(2.1) ?E? = 2_ r()\—fl) r()\—}- [ (Q—lo) 4(@»"’!0) :[

)

where in the present case @= '&:“ﬁ.z"ﬁf.

Also we have the fundamental identities
< » m T M
(2.2) (Q+70) = Q) + ¢/ Q.

Q- = Qf + &7Q”

where for /A € (]:

©

QY , ¢y = SS Sm (Q.(h A 4) -<f>(k.,&,,4e,)ot%\d-4,otlé;)

<al ¢7= SYS SO NS Y RRYIYINTS
Q<o

Also we know from [4], p.351, that Qr and @r have

simple poles at /U*= - , and that the residues are given by

resQr = vesQ2 = §(Q)

where

/7



274

(2.3) <5@V , P> =
= S[CP(&.,L;W%- bk, b /o e k.

|
The formulas (2.1), (2.2) and (2.3) yield, as - -3,

\

FI = fu O L@+ €7 - (2«7

e

= Lo € 5* v _ SN
o GO (& el

: |
(T2 .0 (-2 ;Q_fo ,

n

which proves 1).

For ? in 2), we work in the opposite direction, that is,

ve detine a aistribution I on ¥ by
<T, $y= S{qs(&,,&,,m*)_ ¢(&,&.,—m:)]/zm bk db,
and prove thet |
FT= -6
We calculate, for @€ /3(03)
<F$, 7= @0 ([ roqeichardsy- ) —

_ -Q/%f(—t('& At }*ZW“)] qb(wz)dﬂgd%] M

(2.4) = (M’ SQ&% g Cexpt (et} -2 o5 ~12 vl ) —

— Mf(ft (‘fi‘i*‘?‘z‘a«—%m? — e kD)) Cf’(i 3%7 oliduadz %
_pdhy
2@{?&'
1§
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By the Lebesgue dominated convergence theorem, (2.4) is equal to

(2.5) (z«S%Q,;,,S[S(my(*?(ﬁifﬁzﬁ}-zmt—TQJI.%} » -
qL0

— (- T -t ok )] P2 ) didydax
wrp (-7 Chathay 2 s -Te vk ) #iqh T

2
——————

2\‘{‘*1;:

By Fubuni's theorem, (2.5) is equal to

3
(2.6) (‘zm"g {%).S[my( —I(w?e.i«—&:\,-zdff';-»h\]{%,‘ )) —

t&‘&"‘
— Up(-TCharhy 2RI - Te R %] : 4>(x,~3,z>h&34%.

We pass to the polar coordinates in carrying out the inte-

gration with respect to "fk, and ‘gi-:, :

. S [my (T et '9«:}- ok e mﬂ _ ok
= o (-1 (ke '@zJ}—\- 2&=de e ek ) zm

N o

= SS Lrp (i (reor0-% + rs?nO"} -YZ2-18Y y)._?_j;_  Ydvdd —
(AL =)
2N oo

: \
- g vrp (=7 (v a0 > + FSInOY 4vZ- gy DA vird &

¢=0 r=0
TR '

(2.7) = _5. Sf — ‘ ]«19.

> C80X+SWMOY -2 -1t Con O14Sin0Y12-T¢

If we put (x,y,z)=(0,0,41), (2.7) becomes

| ! ] :

T T8 P g (respectively).
+ Tl T35 +le

Letting ¢V 0 , we see this tends to

_*_‘2_'11; L (respectively).

/1
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Therefore, from G-invariance and homogeneity property of the

function under consideration, we get

(2.8) Qs".’»’? (oxp(-TChot tesy —2 ks - Te fFR)) —

Ak, ok
— iy (- URARY r2He R - Te k) - Yot

\

= Al spr@) @GR Lo v e T T

. ‘ * y
For (x,y,z) in S; = +the outside of cl(—r v 1- ), we have

(2.9) (the left-hand side of (2.8))=0.

In fact, by G-invariance end homogeneity, it suffices to verify
that (2.9) is true for (x,y,z):(l,0,0). But this is clear from

(2,7). This proves 2). O.E.D.

Using the above theorem, we can now give the Fourier trans-
forms of D; . In fact, the lowest-order term D; of a charact-
er is a linear combination of ; and ? above, and the high~

er order terms are of the form
(a G-invariant polynomial) X (the lowest—order term),
so that their Fourier transforms are of the form

(a G-invariant differential operator)'(the Fourier trans-

form of the lowest terml

In this way we get:

20
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Theorem 2-2. Let G=Si(2,R). Then the Fourier transforms

of the distributional coefficients D; in the asymptotic exp-

ansion for irreducible characters are given as follows.

1) For D.S., letting n>0 (resp. n< O ) be the D.S.

parameter (see p. 13),

7

. . +
El.= an invariant measure on the upper half L (resp. on

the lower half L_ ) of the "light cone",

and

D-H-z} =

l 24 P .
[2\-3-;‘ (2Inl=1) - (D3)D_‘ j21.

)

Moreover,

~
D, = (1 =2In]) . (Dirac measure at the origin),

> |

oGl

24 :} A
[(2-1)% (D5) D, iz o,

O, = (/%) = (3/7) - (3/34.)"

N
is the 3-dimensional d'Alembertian, and E]3 acts on D; in

distribution sense.
2) TFor F.S., letting Se C be the P.S. parameter, S=o-3,

N
Eh = an invariant measure even in the variable ki on Lj. and

2/
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3) For finite dimensional representations, with para-

meter q.é Z /2

A
x>° = 2,% % (Dirac measure at the origin),

N \

¥ r A
Dy @ ¥ (DD,

N

Dz'}_.-\ = O ) }ZO.

Proof. We have only to note that the expressions

S bk oo T a«m

and

' T ij&iz
S ¢ (’&‘,‘&:,‘M)' ﬁ

define the nilpotent orbital integrals corresponding to the

nilpotent orbits

L‘\' - Sd‘-,ﬁwﬁl) ¢ oﬂ 'ﬁk‘,&;‘—‘ﬁ; =0 , &;7 o }

and‘

\L"'

n

(ot 0P| ffihine, &< o}

+ -
so that they are indeed G-invariant measures on L_ and L_ .
0.E.D.

We note that in each of above cases the parameter enters

as a multiplicative factor. We discuss this in Chapter 4.

Also we notice that all calculation needed to get Theorem

2-2 is mainly combinatorial in nature. For groups of higher

22



279

ranks, similar calculation should work as well. But due to the
presence of many nilpotent orbits and invariant polynomials,

the situat ion would be much more complicated.

Chapter 3. Fourier transforms of higher-order terms.

—— the case G=SL(2,C)—

In this chapter we calculate the Fourier transforms of the
distributional coefficients in asymptotic expansions for irred-

ucible characters of G=SL(2,().

3-1. Definitions on Lie algebra 17} =sl, (C).

Let €, , €, , end €; be as in Chapter 2:

1 © > ) o !
= Qz = =
& (0'\)’ (l 0) . S (l °>'
Then q: ZQ)C'G‘
1£3£3 ' |
We fix 2 Cartan subalgebra Aﬁ« as ‘6'= C (0

note that there are two nilpotent orbits:

) ’*(u’z i(i.],%)é"}‘ 2"-71"41‘:0, (-L,j,z):!;(o,o,o)é

/

7_) {(0,0,0)‘ .

3-2. Explicit formulas of irreducible charascters.

The "pull-back" é% of irreducible characters are given

in the following proposition.

Proposition 3-1. The explicit forms of é% are given #s
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follows.

1) TFor P.S., with B c e (C,

B0, 00 = [oxp(Bar C )T unp(Bx- e}/
(Haris‘n—Chandra[g ] , f.';\\ ).

2) For finite dimensional representations, with f,ﬁez/"' ’

O, 0.0))= [My(fﬂ—MY(—TX)]»[OJ;?(;?)—e,xr(-ar?c)]/m‘
(Warner ['\3 ] , Y 14 ).

Decomposing 6 into homogeneous parts as in Prop. 1-4,
we get the distributional coefficients D; for the asymptotic

expansion. We have:

Theorem 3-2. Let G=SL(2,€). Then the distributional coeff-

icients D; in the asymptotic expansions for irreducible char-

acters are given as follows.

1) For P.S.,

\ ) 3,“'2
_ 2 1t 3 C (o 2 133] Lot
D= (g (Booep e CORER] e,
122, peven,
0, 3 odd .
2) For finite dimensional representations,
?u+t %’V‘-rl n l’“
. 1-— 2
D= 4 2= ST U (e
UL*’\"::). (\L‘f . +\,
wen -2
‘::’;:o } evem , 1320
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0, b odd .
3-=3. Fourier transforms of distributional coefficients.
N
We are now going to calculate Dy . To do so, we first

compute the Fourier transform f?/pLN of the orbital integral
!

/AN for the orbit /\fl (see 3-1).
|

We define the Fourier transformation as follows:
for ¢ €A @,
F¢) (ko h., R =
= 2wy S P .- oxp (@ -Re(Rnrky-fs2)- Axhax My 47 Marz
and &or qSe,&(v)*) , 'Q‘(',&,("]),
<FH,¢v= <%, HEY,

o 3
where UJ*E HDW\R(V‘}, RY , with identification % ~ C  given by

e > kA R (1, 2) ) Re (Rt y-f2),

N

Here, as in Chapter 2, we denote by ‘i; (and occasionally by )

the Fburier trarsformetion.
3-4. In this subsection we calculete .
2= e

Theorem 3-3. Let /U)q be the nilpotent orbital integral

corresponding to the orbit )ﬁ . Then
-1
I = A W K R

for some constant A#O .
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Remark. Of course, the above constant P\ is something to
be explicitly deterrined. For our purpose, however, it is not
strictly necessary, since our primary interest lies in examining

what sort of distributions appear in higher-order terms.

Proof of Theorem 3-3. }Awq is given by the following vol-

ume element on Aﬁ

—ar - dandE g ndg
Since the Fourier transform of a nilpotent orbital integral is
an invariant eigendistribution with trivial eigenvalue (or inf-
initesimal character), Sf/%ﬁ is a locally summable function on
ﬁ;*. By Coad(G)-invarisnce, Theorem 3-3 is proved if we

verify the following two points:

1) <3%§Nl is invariant under the phase transformation

ko, ke, k) s €0 (ke ke, k), O ER,

2) S}fAN|iS homogeneous of degree -2:

Fpre, (E kR k) = £ Iy (e, Ao e, $20

And these are easily observed from the definition of a Fourier
transform and the above-mentioned formr of the volume element

defining }}%q . g.E.D.

3-5. The above Theorem 3-3 allows us to calculate the
Fourier transforms Bi . In fact, Theorem 3-3 takes cere of the
lowest—-order term, and the Fourier transforms of higher-order
terms are obtained by applying suitable invariant differential

operators on it. In this way we get:

2¢
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Theorem 3-4. Let G:SL(2,C).

Then the Fourier transforms
of the distributional coefficients D; in the asymptotic exp-

ansions for irreducible characters are given as follows.

1)

For P.S., with parameters B, C € C,

OG> ~ > KD,

=-2

ot

where

N
[lzz an invariant measure on bﬁ ,

A

A
fan) m 3
= - - e .
m~
where the differential operators o and :32_ are given by
: 1,1 s
] 1+2 -‘} £ J i=er?
= AR oLabais . (O.)*
EE oo o ()8 @y ot
. ‘ e even o e .
— 32 e y-€x <z - 3
0 o (TR TR (RO T
¢ " e odd €
A
D. = 0, j20.
2&—\

2) For finite dimensional representations, with p, q e Z?&)

’ e
bty ~ 2 D),
=

) 3 .
Dz-sz 53'}‘ gc , ’ ngy
where the differential operator EE&‘ is given by
?u*| %ywu & n _ %s
Bo.= : (00
2 - . .
"’3,} - é\' Z a4 (v (D‘) o
Wav=2)
R,V oewen,
W, 20,
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and
N
D’}t\: O, J>O .
3
In 1) and 2) above, Sl denotes the Dirac measure at the
origin of ql* ~ ‘Ré , and the complex d'Alembertians Dc

and DC are defined by

_ 2 -;2 '32
D( = =2 + WK

')'%'1 'Daﬁ: D‘ﬁ: »
—— U F3 q
c = :-—t -+ z—"l - 2‘2
2%, %- 2.

Here in this theorem again, the parameter specifying the
representations appears as multiplicative factors. We will

give a discussion on this point in Chapter 4.

Chapter 4. Some observation on the asymptotic expansion.

In this chapter we make some observation on the connection

between Kirillov character formula and the asymptotic expansion.

Let us consider the Kirillov character formula, for inst-
ance, for the unitary principal series representations of G=

=SL(2,R):
-]
(+.1) B = F e, 7o,

where /U\_‘ is a G-invariant measure on 01* with support on the
2

hypersurface defined by P; '2;1-11"’} =-C . We may alterna-

tively denote it as X(E-r C) , where S is the Dirac measure

in one variable. Note that (4.1) is valid in a neighborhood

of O in (7} (Rossmamz[“]).

2%
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In accordance with ;t defined in Introduction, we have

(FO), = _f‘(.; SCY (R/r, /sy, R/p) + <)

1l

LS (R, b e ),

So we are naturally led to consider the following formal exp-

ansion:

(4.2)  J(DP(k, & &)+ k) = 5Pk, &R+
+ 2. SRk Au, RN+
v LG S PR, ke k) -

2
Notice that (C is essentially the P.S. parameter: C;:_—(w-{) R

Q~=tr+%', Peik , and it enters in each term in (4.2) as a multi-

plicative factor. This is in agreement with Theorem 2-2:
A o
(4.3) D—HZ'} = 5 (E(&“z&zl—&s)) (formally).

Thus we have the following problem:

Problem. 1) Justify the expansion (4.2). More precisely,

. . . . . Y]
justify the substitution "g—\_:? into ,5 (%) >

sV

where 5\ denotes the Dirac delta function, and the surface
f’: O is singular at the origin. Also justify the formal

Taylor series expansion in (4.2).

2) Verify the formula (4.3), so that (4.2) becomes another
way of expressing the Fourier transforms of higher-order terms

(see diagrams at the end of Chapter 1).

29
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3) Generalize these to groups of higher ranks.

Solving the above problems may serve our purpose of obtain-
ing from the asymptotic expansion some information about the

original representation =.

The author gratefully appreciates everything that Prof. T.

Hirai has given him.
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