

View

Online


Export
Citation

RESEARCH ARTICLE |  MAY 10 2024

Numerical analysis of a gas flow in a square cavity driven by
spanwise lid motion on the basis of kinetic theory: Behavior
of the gas near a sharp corner 
Masanari Hattori (初⿃ 匡成)  

Physics of Fluids 36, 052006 (2024)
https://doi.org/10.1063/5.0207347

 29 M
ay 2024 06:35:03

https://pubs.aip.org/aip/pof/article/36/5/052006/3292379/Numerical-analysis-of-a-gas-flow-in-a-square
https://pubs.aip.org/aip/pof/article/36/5/052006/3292379/Numerical-analysis-of-a-gas-flow-in-a-square?pdfCoverIconEvent=cite
javascript:;
https://orcid.org/0000-0002-5482-0210
https://crossmark.crossref.org/dialog/?doi=10.1063/5.0207347&domain=pdf&date_stamp=2024-05-10
https://doi.org/10.1063/5.0207347
https://servedbyadbutler.com/redirect.spark?MID=176720&plid=2391595&setID=592934&channelID=0&CID=878521&banID=521867736&PID=0&textadID=0&tc=1&scheduleID=2310137&adSize=1640x440&data_keys=%7B%22%22%3A%22%22%7D&matches=%5B%22inurl%3A%5C%2Fpof%22%5D&mt=1716964503301872&spr=1&referrer=http%3A%2F%2Fpubs.aip.org%2Faip%2Fpof%2Farticle-pdf%2Fdoi%2F10.1063%2F5.0207347%2F19943305%2F052006_1_5.0207347.pdf&hc=e2b846bf231ad69644d07fb65c6eb9c23440e8bf&location=


Numerical analysis of a gas flow in a square cavity
driven by spanwise lid motion on the basis
of kinetic theory: Behavior of the gas near
a sharp corner

Cite as: Phys. Fluids 36, 052006 (2024); doi: 10.1063/5.0207347
Submitted: 7 March 2024 . Accepted: 26 April 2024 .
Published Online: 10 May 2024

Masanari Hattori (初鳥匡成)a)

AFFILIATIONS

Department of Aeronautics and Astronautics, Graduate School of Engineering, Kyoto University, Kyoto 615-8540, Japan

a)Author to whom correspondence should be addressed: hattori.masanari.4r@kyoto-u.ac.jp

ABSTRACT

A gas flow in a square cavity driven by a lid sliding in the direction of its line of contact with the cavity wall is considered. The steady
behavior of the gas is numerically investigated based on the linearized Bhatnagar–Gross–Krook kinetic equation and the diffuse reflection
boundary condition. When one applies the Stokes equation and the no-slip boundary condition to the system considered here, the flow veloc-
ity becomes multivalued at the corner between the lid and the cavity wall, and the shear stress diverges at the corner inversely proportionally
to the distance from there, which is known as the so-called corner singularity. In the present work, the behavior of the gas near the corner is
examined based on numerical results obtained from the kinetic theory. Although the range of the flow velocity value in the kinetic solution is
limited due to the significant velocity slip near the corner, the flow velocity is, nevertheless, multivalued at the corner. The shear stress varies
inversely proportionally to the distance from the corner up to the position that is a few tens of mean free paths away from there. The increase
in the stress is suppressed at positions closer to the corner and its magnitude remains bounded. Thus, the total forces acting on the lid and
the side cavity walls are bounded as well. Due to the distinctive behavior of the stress near the corner, the resulting nondimensional total
forces behave with an unconventional rate Kn lnKn for small Knudsen numbers Kn.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0207347

I. INTRODUCTION

A flow in a cavity driven by the motion of its lid is a fundamental
problem in fluid mechanics. In particular, a case where the cavity is an
infinitely long rectangular one and the lid slides in the direction perpen-
dicular to its line of contact with the cavity walls is often considered. This
is the so-called two-dimensional lid-driven cavity flow. It has been inten-
sively studied for various purposes, such as studying eddy structures,
obtaining insight into related engineering applications, and validating
numerical schemes for incompressible fluid flows (see, e.g., Refs. 1–9).

As is widely known, the solution becomes singular due to the
requirement of no-slip boundary condition at the contact point of the
moving lid and the resting cavity walls,10 which we simply call the cor-
ner hereafter. The flow velocity changes significantly within arbitrarily
small distance near the corner, and it becomes multivalued there
although it is bounded. Some components of the stress tensor diverge
in approaching the corner inversely proportionally to the distance r
from there. This divergence rate is a nonintegrable one, which leads to
the divergence of the total forces acting on the lid and the cavity walls.

The divergence of fundamental physical quantities, such as the stress
and the force acting on body surfaces implies that, at least locally, there
are difficulties in the description of the lid-driven cavity flow in terms
of conventional fluid mechanics.

Let us estimate from how much distance from the corner the fluid-
dynamic description becomes unreliable. Hereafter, we consider solely a
monatomic gas as a fluid. To begin with, the following property can be
found in the literature: the pressure as well as the stress diverge to infinity
with the aforementioned rate for the case of lid-driven cavity flow and
the related Taylor’s scraping flow,10,11 namely, p� pref / 6 lU=r.
Here, p and pref are, respectively, the local and the reference pressure, l is
the viscosity, and U is the lid speed. The plus (or minus) sign is taken if
the lid goes toward (or away from) the corner under consideration when
viewed from the gas region. Nondimensionalizing the expression, we
obtain the relation ½ðp=pref Þ � 1�=Ma / ‘=r. Here, the proportionality
constant is O(1); Ma is the Mach number defined in terms of the speed
U and the sound speed corresponding to the temperature of the cavity
walls; and ‘ is the mean free path of gas molecules in the equilibrium
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state at rest with pressure pref and temperature of the cavity walls. In
the nondimensionalization, the relation between the viscosity l and
the mean free path ‘ is taken into account. The obtained relation
implies that it is inside the region within Oð‘Þ from the corner (r� ‘)
that the conventional fluid mechanics would fail to describe the behav-
ior correctly. Generally, phenomena with a characteristic length scale
comparable to the mean free path are well described if we resort to the
kinetic theory of gases. Thus, it may give a reliable result also for the
situation under consideration.

There are several studies investigating the lid-driven flow in a
rectangular cavity on the basis of the kinetic theory. Structures of
eddies and the total force acting on the lid are reported in Ref. 12.
References 13–15 focus on heat transfer associated with the compara-
tively high-speed shear such that the viscous heating is nonnegligible.
Unsteady flows driven by a lid oscillating harmonically are investigated
in Refs. 16 and 17. The cavity flow problem is utilized to validate the
proposed numerical methods in Refs. 18–23. These works commonly
focus on nonequilibrium effects (or non-fluid-dynamic effects) occur-
ring in the bulk region whose magnitude is characterized by the
Knudsen number, which is defined as the ratio of the mean free path
to the size of the cavity. Thus, gas flows for a wide range of the
Knudsen number are analyzed by solving boundary-value problems of
kinetic equations in these works.

However, investigation of the behavior of the gas near the corner,
or the problem of corner singularity, based on the kinetic theory seems
not to be reported yet, despite the expected advantage of the theory in
its description. Given this circumstance, we aim to shed light on the
understanding of the behavior of the flow velocity and the stress fields
near the corner from the viewpoint of the kinetic theory. In the present
work, the slow steady flow in a square cavity is considered. We con-
sider the case where the lid slides in the direction of its line of contact
with the cavity wall. The corner singularity problem arises in which-
ever direction the lid moves, and the setting allows more accurate and
direct observation of the behavior of the gas near the corner compared
to the usual lid-driven cavity flow problem because of its simplicity.

The paper is organized as follows. In Sec. II, the problem is stated
and formulated as a boundary-value problem of a kinetic equation.
Before proceeding to the numerical analysis of the problem, the Stokes
solution and the solution in the free molecular limit, where in the latter
the effect of intermolecular collision is neglected, are given in Sec. III.
We explicitly confirm the multivalueness of the flow velocity and the
divergence of the stress in the former and it is compared to the latter
where the kinetic effect becomes pronounced. Then, the numerical
method is briefly explained in Sec. IV. Section V presents the numeri-
cal results. As the main interest lies in the fluid-dynamic circumstan-
ces, predominantly the results for small Knudsen numbers are given.24

As a result, it is demonstrated that the shear stress and accordingly the
force acting on the lid and the cavity walls are bounded and that the
flow velocity is still multivalued at the corner for the kinetic solution.
The dependence of the total force on the Knudsen number is also dis-
cussed. Section VI concludes the paper.

II. FORMULATION
A. Problem and assumptions

Consider a gas in a cavity with a square cross section �L=2 <
X1 < L=2;�L=2 < X2 < L=2 (see Fig. 1 and Xi are the Cartesian coor-
dinates). The cavity is infinitely long in the X3 direction. The upper part

of the cavity (X2 ¼ L=2) is closed by a planar lid moving at a constant
speed Uw in the X3 direction. The cavity walls and the lid are kept at a
common uniform temperature T0. The average density of the gas over
the cross section is given by q0. There is no external force acting on the
gas. We will investigate the steady behavior of the gas under the
assumptions that (i) the behavior of the gas is described by the
Bhatnagar–Gross–Krook (BGK) equation;25,26 (ii) the gas molecules are
diffusely reflected on the surface of the cavity walls and the lid; and (iii)
the lid speed Uw is so small compared with the most probable speed
ð2RT0Þ1=2 of gas molecules that the equation and the boundary condi-
tion can be linearized around a uniform equilibrium state at rest with
density q0 and temperature T0 (R is the specific gas constant).

B. Basic equation and boundary condition

Let us denote by Lxi (i¼ 1, 2, 3) the position, by ð2RT0Þ1=2f [or
ð2RT0Þ1=2fi] the molecular velocity, by q0ð2RT0Þ�3=2EðfÞ½1
þ/ðx1; x2; fÞ� the velocity distribution function (VDF) of gas molecules,
and by Uw ¼ ð2RT0Þ1=2uw the lid speed, where EðfÞ ¼ p�3=2e�f2 and
f ¼ jfj. Furthermore, we denote by q0½1þ xðx1; x2Þ� the density of the
gas, by ð2RT0Þ1=2uiðx1; x2Þ the flow velocity, by T0½1þ sðx1; x2Þ� the
temperature, by p0½1þ Pðx1; x2Þ� the pressure, and by p0½dij
þ Pijðx1; x2Þ� the stress tensor, respectively. Here, p0 ¼ q0RT0 is the ref-
erence pressure and dij is the Kronecker delta.

From assumptions (i)–(iii) in Sec. IIA, the behavior of the gas is
described by a boundary-value problem of the linearized BGK equa-
tion for the VDF /. The equation is given by

f1
@/
@x1

þ f2
@/
@x2

¼ 1
k

xþ 2fjuj þ s f2 � 3
2

� �
� /

� �

jx1j < 1
2
; jx2j < 1

2

� �
; (1a)

x ¼
ð
/Edf; (1b)

uj ¼
ð
fj/Edf; (1c)

s ¼ 2
3

ð
f2 � 3

2

� �
/Edf; (1d)

k ¼
ffiffiffi
p

p
2

Kn; Kn ¼ ‘0
L
; ‘0 ¼ ð8RT0=pÞ1=2

Acq0
: (1e)

FIG. 1. Sketch of the problem.
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Here, Acq0 and ‘0 are the collision frequency and the mean free path
of gas molecules for the BGK model in the equilibrium state at rest
with density q0 and temperature T0 (Ac: constant), and Kn is the
Knudsen number. The integration in (1b)–(1d) and (3a)–(3b) appear-
ing later is carried out over the whole space of the molecular velocity f.
The boundary conditions for / are written as

/ ¼ 2
ffiffiffi
p

p ð
f2>0

f2/Edfþ 2f3uw x2 ¼ 1
2
; jx1j < 1

2
; f2 < 0

� �
; (2a)

/ ¼ �2
ffiffiffi
p

p ð
f2<0

f2/Edf x2 ¼ � 1
2
; jx1j < 1

2
; f2 > 0

� �
; (2b)

/ ¼ 62
ffiffiffi
p

p ð
f100

f1/Edf x1 ¼ 6
1
2
; jx2j < 1

2
; f190

� �
: (2c)

Equations (1b)–(1d) are the definitions of perturbations of the
density, flow velocity, and temperature. Similarly, the perturbations of
pressure and stress tensor are defined as the following moments of the
VDF /:

P ¼ xþ s ¼ 2
3

ð
f2/Edf; (3a)

Pij ¼ 2
ð
fifj/Edf: (3b)

The first equality in (3a) represents the linearized equation of state.
We can assume without any inconsistency that the solution

/ðx1; x2; f1; f2; f3Þ of the boundary-value problem, (1) and (2), is odd
in the molecular velocity component f3. Then, the moments x, u1, u2,
and s in Eq. (1a) and the integrals in the right-hand sides of (2a)–(2c)
can be put zero. Consequently, (1a) is rewritten as

f1
@/
@x1

þ f2
@/
@x2

¼ 1
k
ð2f3u3 � /Þ jx1j < 1

2
; jx2j < 1

2

� �
: (4)

The boundary conditions (2) are rewritten as

/ ¼ 2f3uw x2 ¼ 1
2
; jx1j < 1

2
; f2 < 0

� �
; (5a)

/ ¼ 0 x2 ¼ � 1
2
; jx1j < 1

2
; f2 > 0

� �
; (5b)

/ ¼ 0 x1 ¼ 6
1
2
; jx2j < 1

2
; f190

� �
: (5c)

As expected from the geometry and the direction of the lid motion
(see also Fig. 1), / can be considered to be symmetric with respect to
x1 ¼ 0 in the following sense:

/ðx1; x2; f1; f2; f3Þ ¼ /ð�x1; x2;�f1; f2; f3Þ: (6)

The flow velocity component u3 and the stress components P13 and
P23 are determined by (1c) and (3b), respectively. Owing to (6), they
have the following properties:

u3ðx1; x2Þ ¼ u3ð�x1; x2Þ; (7a)

P13ðx1; x2Þ ¼ �P13ð�x1; x2Þ; (7b)

P23ðx1; x2Þ ¼ P23ð�x1; x2Þ: (7c)

Since / is odd in f3 (see the beginning of the present paragraph), the
other macroscopic quantities, including the aforementioned ones x,
u1, u2, and s, vanish:

hðx1; x2Þ ¼ 0 ðh ¼ x; u1; u2; s; P; P11; P22; P33; P12Þ: (8)

C. Integral equation

In the problem, (4) and (5), the VDF /ðx1; x2; f1; f2; f3Þ is
discontinuous for f190; f2 < 0 at the upper corners ðx1; x2Þ
¼ ð61=2; 1=2Þ due to the mismatch between the boundary conditions
(5a) and (5c). This discontinuity propagates into the gas along the
characteristic lines of (4) passing through the corners ð61=2; 1=2Þ.
This would complicate the numerical analysis of the problem.
However, in the case of the linearized BGK equation under the diffuse
reflection boundary condition, this difficulty can be bypassed by reduc-
ing the system to the system of linear integral equations for the macro-
scopic quantities (see, e.g., Refs. 27–30). We first express / in terms of
u3 by integrating Eq. (4) along its characteristics under the boundary
conditions (5a)–(5c). Then, substitute the result into (1c) (j¼ 3) to
eliminate /. The integral equation for the flow velocity field u3ðxÞ
obtained by the procedure is given by

u3ðxÞ � A u3½ �ðxÞ ¼ uwbðxÞ: (9)

Here,

A u3½ �ðxÞ ¼ 1
kp

ð
X
Gðu3Þðx� � xÞu3ðx�Þdx�

¼ 1
kp

ð
XR

Gðu3Þðx� � xÞ þ Gðu3Þðx� � �xÞ
h i

u3ðx�Þdx�; (10)

Gðu3ÞðzÞ ¼ 1
jzj J0

jzj
k

� �
; (11)

bðxÞ ¼ 1
p

ð1=2
�1=2

ð1=2� x2Þ
jxðUÞ� � xj2

J1
jxðUÞ� � xj

k

 !
dx1�: (12)

The positions x ¼ ðx1; x2Þ and �x ¼ ð�x1; x2Þ, the integration variable

x� ¼ ðx1�; x2�Þ, and the position xðUÞ� ¼ ðx1�; 1=2Þ on the lid are the
two-dimensional vectors in the x1x2 plane. In (10), dx� ¼ dx1�dx2�.
The domains X and XR, appearing in the linear integral operator A½��
given by (10), are, respectively, the cross section of the cavity � 1

2

< x1� < 1
2 ;� 1

2 < x2� < 1
2 and its right half 0 < x1� < 1

2 ;� 1
2 < x2� < 1

2.
The second equality in (10) is due to the evenness (7a) of u3 with
respect to x1. The source term uwbðxÞ is given as the integral over the
lid surface x2� ¼ 1=2 [see (9) and (12)]. The functions J0, J1, and J2
appearing, respectively, in (11), (12), and (15) shown later are the
Abramowitz functions defined by

JnðnÞ ¼
ð1
0
tn exp �t2 � n

t

� �
dt ðn � 0Þ: (13)

Since the range of integration in A½u3� is limited to XR [see the most
right-hand side of (10)], the right half of the cavity cross section, the
integral equation (9) can be solved in XR. In (9), the VDF and the
molecular velocity f are eliminated, and accordingly the discontinuity
of the VDF explained at the beginning of this subsection does not enter
this equation directly. Thus, (9) is advantageous for carrying out an
accurate numerical analysis.
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It should be noted that the function bðxÞ in (9) is multivalued at
the upper corner ðx1; x2Þ ¼ ð1=2; 1=2Þ. Namely, the limiting value of
bðxÞ depends on the direction from which the corner is approached,
which can be actually confirmed based on its expression (12). As antic-
ipated from the structure of Eq. (9), the flow velocity component u3ðxÞ
can also be multivalued at the corner. To handle this property associ-
ated with the corner appropriately, we introduce the following plane
polar coordinates with their origin at corners, say ðrþ;uþÞ and
ðr�;u�Þ as follows (see Fig. 2):

x1 ¼ 1
2
�r6 cosu6; x2 ¼6

1
2
7r6 sinu6 ð0�u6 � p=2Þ: (14)

Here, r6 is the distance from the top or bottom corner on the right
side ð1=2;61=2Þ � x6c to the point x, and u6 is an angle of the vector
x � x6c measured from x2 ¼ 61=2 to x1 ¼ 1=2. Using these coordi-
nates, e.g., the values of u3ðxÞ at the upper right corner are expressed
as u3ðxðrþ ¼ 0;uþÞÞ. Thus, its possible multivalueness can be appro-
priately taken into account as its dependence on the angle uþ.

Substituting the expression of the VDF / in terms of u3 that is
mentioned in the part before (9) into (3b), we obtain the following
expression of the stress components P13 and P23 in terms of u3:

P13ðxÞ
P23ðxÞ

" #
¼ 1
kp

ð
XR

GðP13Þðx� � xÞ þ GðP13Þðx� � �xÞ
GðP23Þðx� � xÞ þ GðP23Þðx� � �xÞ

" #
u3ðx�Þdx�

� 2uw
p

ð1=2
�1=2

ð1=2� x2Þ
jxðUÞ� � xj2

	
ðx1� � x1ÞjxðUÞ� � xj�1J2 jxðUÞ� � xj=k

� �
ð1=2� x2ÞjxðUÞ� � xj�1J2 jxðUÞ� � xj=k

� �
2
64

3
75dx1�:

(15)

Here,

GðPi3ÞðzÞ ¼ � 2zi
jzj J1

jzj
k

� �
ði ¼ 1; 2Þ: (16)

Once the flow velocity field u3 is obtained by solving (9), P13 and P23
can be obtained immediately by (15).

III. STOKES AND FREE MOLECULAR SOLUTIONS

Before proceeding to numerical analysis of the integral equation
(9), we give the Stokes solution and the solution in the free molecular

limit (k ! 1). Note that the qualitative behavior of the stress near the
corner for the Stokes solution is same as that in Taylor’s scraping
flow.10,11 However, we need more information, namely, an accurate
quantitative solution not only near the corner but also in the bulk
region, as we will extensively use it later in Sec. V. Unfortunately, the
simple series solution, which can be obtained by a standard way,
thanks to the simplicity of the Stokes equation and the geometry, is
not available for our purpose due to its disadvantages near the bound-
aries. The remaining option to have satisfactory results is extracting
the singularity in the solution near the corner successfully and obtain-
ing the remainder of solution numerically. The former is achieved by
introducing suitable functions [(20) and (22) appearing later]. After
the explanation of the procedure, we explicitly confirm the multivalue-
ness of the flow velocity and the divergence of the stress in the Stokes
solution (Sec. III A). In the free molecular solution, while the flow
velocity is still multivalued, the shear stress and accordingly the forces
acting on the bodies are bounded (Sec. IIIB).

A. Stokes solution

The Stokes solution in the present problem can be sought under
the assumption that the flow is unidirectional and there is no pressure
gradient. Thus, the Stokes equation reduces to the Laplace’s equation
for the flow velocity u3,

Du3 ¼ 0 jx1j < 1
2
; jx2j < 1

2

� �
: (17)

Here, D is the Laplacian, i.e., D ¼ @2
x1 þ @2

x2 . The no-slip boundary
conditions are given by

u3 ¼ uw x2 ¼ 1
2
; jx1j < 1

2

� �
; (18a)

u3 ¼ 0 x2 ¼ � 1
2
; jx1j < 1

2

� �
; (18b)

u3 ¼ 0 x1 ¼ 6
1
2
; jx2j < 1

2

� �
: (18c)

The stress components P13 and P23 are given in terms of u3 based on
the Newton’s law and the expression of the viscosity for the BGK
model:

P13ðx1; x2Þ ¼ �k
@u3
@x1

; P23ðx1; x2Þ ¼ �k
@u3
@x2

: (19)

Note that k is defined in (1e).
For the system, (17) and (18), defined in the square domain, a

series solution can be easily obtained by the separation of variables.
However, this series converges slowly near the corner due to the mis-
match between the boundary conditions (18a) and (18c) at the upper
corners ðx1; x2Þ ¼ ð61=2; 1=2Þ. Moreover, it is convergent but not
absolutely convergent on the lid (including its part near the corner),
and the series corresponding to the stress obtained by term-by-term
differentiation is not convergent on the lid. Incidentally, corresponding
properties of a series solution are pointed out in Ref. 31 for the paint-
brush problem whose setting is similar to the present one and is given
by replacing the square cavity considered here with an infinitely deep
rectangular cavity. The simple series solution is not suitable for the
present work that focuses on the behavior of the gas near the corner.

FIG. 2. Plane polar coordinates with its origin at a corner. (a) (rþ; uþ) and (b)
(r�; u�).
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Hence, we will construct the solution in a different way as explained
below.

To start with, note that the Laplacian is given as D ¼ @2
rþþ r�1

þ @rþ þ r�2
þ @2

uþ
when we use the polar coordinates with its origin

at the upper right corner, rþ and uþ [see Fig. 2(a) and (14)]. Thus, in
terms of a simple linear function,

BðuþðxÞÞ ¼
2
p

p
2
� uþðxÞ

� �
; (20)

it is easily seen that uwBðuþðxÞÞ satisfies Eq. (17) in the domain XR

(x1 � 0), the condition (18a) on the lid (uþ ¼ 0), and the condition
(18c) on the sidewall (uþ ¼ p=2). [It does not satisfy the condition
(18b) on the bottom wall.] Assuming that the function uwB well repre-
sents the behavior of the flow velocity field u3 near the corner,
we decompose u3 into the following known part u†3 and unknown
part u#3 :

u3ðxÞ ¼ u†3ðxÞ þ u#3 ðxÞ: (21)

Here, the known part u†3ðxÞ is defined by
u†3ðxÞ ¼ uwBðuþðxÞÞSðrþðxÞÞ ðx1 � 0Þ; (22a)

SðzÞ ¼
e�1=ð1�2zÞ

e�ð1=2zÞ þ e�1=ð1�2zÞ z <
1
2

� �
;

0 z � 1
2

� �
;

8>>>><
>>>>:

(22b)

u†3ðx1; x2Þ ¼ u†3ð�x1; x2Þ ðx1 < 0Þ: (22c)

The radial function S chosen here is a smooth function decreasing
from unity to zero on 0 � rþ � 1=2 (see also Fig. 3). Note that the
approximation, u†3, agrees well with uwB near the corner. The

unknown part u#3 satisfies the following Poisson’s equation, which is
derived by substituting (21) into (17):

Du#3 ¼ �Du†3 jx1j < 1
2
; jx2j < 1

2

� �
: (23)

The boundary conditions for u#3 are derived similarly from (18), (21),
and (22a):

u#3 ¼ uw 1� S
1
2
� jx1j

� �� �
x2 ¼ 1

2
; jx1j < 1

2

� �
; (24a)

u#3 ¼ 0 x2 ¼ � 1
2
; jx1j < 1

2

� �
; (24b)

u#3 ¼ 0 x1 ¼ 6
1
2
; jx2j < 1

2

� �
: (24c)

Note that (23) and (24) are the problem determining the unknown
part u#3 .

Thanks to the present choice of B and S [see (20) and (22b)], the
resulting problem for the remainder u#3 , (23) and (24), can be safely
handled without singular factors.32 Indeed, u#3 and the magnitude of
its gradient ru#3 are both bounded, which is seen in Fig. 4. In the fig-
ure, the result numerically obtained by a standard second-order central
finite difference scheme with a uniform grid consisting of 800	 800
points is shown.33

It can be confirmed from the numerical result that u#3 approaches
0 as the corner is approached (rþ ! þ0). In the meantime, u†3jrþ¼0
¼ uwBðuþÞ depends on the angle uþ. Thus, u3ð¼ u†3 þ u#3 Þ is multi-
valued. Now, let us introduce the following circumferential component
Pu3 of the stress:

Pu3 ¼ P13 sinuþ � P23 cosuþ ¼ � k
rþ

@u3
@uþ

: (25)

Here, the differentiation with respect to uþ in the most right-hand
side is carried out with rþ being fixed. From (25) and the decomposi-
tion (21) of the flow velocity field u3, Pu3 can be decomposed as

Pu3 ¼ P†
u3 þ P#u3: (26)

Here,

FIG. 3. The radial function SðrþÞ given by (22b).

FIG. 4. Contour plots of the remainder part u#3 for the Stokes solution and the mag-

nitude of its gradient. (a) u#3 =uw and (b) jru#3 j=uw. Since u#3 and jru#3 j are even
in x1, their plots over x1 � 0 is shown. In (a) and (b), the curves are drawn with
intervals 0.1 and 0.5, respectively.
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P†
u3 ¼ � k

rþ
@u†3
@uþ

; (27a)

P#u3 ¼ P#13 sinuþ � P#23 cosuþ; (27b)

and P#13 and P#23 are defined by (19) with u3 being replaced by u#3 .
Since ru#3 is bounded [Fig. 4(b)], so is P#u3. Meanwhile, since
substituting (22a) into (27a) leads to the following relation:

P†
u3 ¼

2k
prþ

SðrþÞuw (28)

and S ! 1 as rþ ! þ0; P†
u3 and accordingly Pu3ð¼ P†

u3 þ P#u3Þ
diverge with the rate r�1

þ as rþ ! þ0. This inversely proportional
rate is the same as that for the pressure field in the Taylor’s scraping
flow10,11 mentioned in the third paragraph of Sec. I.

The cavity has a corner also on the bottom (x1 ¼ 1=2;
x2 ¼ �1=2). The aforementioned singular properties do not appear at
this corner ð1=2;�1=2Þ and the solution is smooth including there.34

The difference in the effect of the corner on the behavior of the gas
between top and bottom sides comes from that the velocity of the
boundaries is discontinuous at the top corner while it is continuous at
the bottom one.

Note that the divergence of the shear stress at the corner accord-
ing to (28) occurs in exactly the same way when the generalized slip-
flow theory,30,35–37 which is based on the asymptotic analysis of the
Boltzmann system for small Knudsen numbers and enables the fluid-
dynamic description of the behavior of a slightly rarefied gas for vari-
ous physical situations, is applied to the present problem. This is
because in the theory the steady behavior of the gas at the leading
order of the Knudsen number expansion is described by the Stokes
system under the no-slip conditions within the linearized regime,
which is nothing but (17) and (18) for the present problem.38 As the
generalized slip-flow theory assumes that both the boundary shape
and the boundary data are smooth, which is not true for the present
problem, an extension of the theory to the case where these assump-
tions are not made is required to avoid the difficulty within its frame-
work. Note that such kind of analysis is carried out in Refs. 39 and 40
for the problem of a gas flow between two parallel plates with a discon-
tinuous wall temperature. In the references, it is shown that the con-
ventional generalized slip-flow theory breaks down near the point
where the surface temperature is discontinuous, and how it can be
extended is illustrated.

We close the present subsection by providing a summary of its
key points. To obtain the Stokes solution, we introduced its decompo-
sition as u3 ¼ u†3 þ u#3 [see (21)]. The singular behavior near the
upper corner was well represented by the part u†3, which was con-
structed by combining the functions representing its angular and radial
dependence [see (20) and (22)]. The remainder u#3 was obtained
numerically without any difficulty. The results for the total flow
velocity field u3 ¼ u†3 þ u#3 and the corresponding shear stress field
Pu3 ¼ P†

u3 þ P#u3 shall be used later in Sec. V. The divergence of the
stress was confirmed based on the behavior of P†

u3 [see (28)].

B. Free molecular solution

In the free molecular limit (k ! 1), the VDF / obeys the simple
equation given by (4) with its right-hand side being dropped. This can
be easily solved under the boundary conditions (5a)–(5c) to yield

/ðx; fÞ
uw

¼ 2f3 hRðxÞ � hf � hLðxÞ
	 


0 ðotherwiseÞ
;

(
(29a)

u3ðxÞ
uw

¼ 1
2p

hLðxÞ � hRðxÞ½ �; (29b)

P13ðxÞ
uw

¼ � 1
2
ffiffiffi
p

p sin hLðxÞ � sin hRðxÞ½ �; (29c)

P23ðxÞ
uw

¼ 1
2
ffiffiffi
p

p cos hLðxÞ � cos hRðxÞ½ �: (29d)

Here, hf is the angle of the vector ð�f1;�f2Þ and hRðxÞ and hLðxÞ are
those of the vectors ð1=2� x1; 1=2� x2Þ and ð�1=2� x1; 1=2� x2Þ,
respectively, which start at x and terminate at right upper and left
upper corners (see also Fig. 5). These angles are measured counter-
clockwise from the x1 direction. Note that hRðxÞ ¼ uþðxÞ [see also
Fig. 2(a)]. In the right-hand side of (29a), the upper row represents the
contribution of the molecules coming from the moving lid surface
(x2 ¼ 1=2), and the lower row represents that of the molecules coming
from the resting cavity wall surfaces. From this and (29b), we see that
the value of u3ðxÞ=uw is equal to the proportion of the contribution
from the former over the whole molecules, when measured by the
range of the angle hf.

As is seen from the expressions (29c) and (29d), the stress is
bounded in the case of the free molecular limit, which contrasts with
its divergence in the Stokes solution. Since hRðxÞ ¼ uþðxÞ and
hLðxÞ ! p as rþ ! þ0, from (29b), we have

u3ðxÞ
uw

! 1
2p

p� uþðxÞ
	 


as rþ ! þ0: (30)

Thus, the flow velocity u3 is multivalued at the corner also in the free
molecular solution. Taking (29a) and its explanation in the previous
paragraph into account as well, we see that the multivalueness occurs
because u3 is determined by the proportion of the contribution of the
molecules coming from the lid that depends on the azimuthal angle
uþ, and this feature remains the same when the corner is approached
(rþ ! þ0). The uþ component of the gradient of u3, i.e., r�1

þ @uþu3,
diverges as rþ ! þ0. Note that this divergence does not contradict the
boundedness of the stress since the stress is not expressed by the veloc-
ity gradient in the kinetic framework. Incidentally, as in the case of the
Stokes solution, u3 is not multivalued at the bottom right corner.
Indeed, as ðx1; x2Þ ! ð1=2;�1=2Þ; hLðxÞ ! 3p=4 and hRðxÞ ! p=2,
accordingly u3=uw ! 1=8.

FIG. 5. The angles hf; hR, and hL occurring in Eq. (29). Note that hR ¼ uþ .

Physics of Fluids ARTICLE pubs.aip.org/aip/pof

Phys. Fluids 36, 052006 (2024); doi: 10.1063/5.0207347 36, 052006-6

Published under an exclusive license by AIP Publishing

 29 M
ay 2024 06:35:03

pubs.aip.org/aip/phf


IV. NUMERICAL METHOD

The integral equation (9) for the flow velocity field u3ðxÞ can be
solved by the method of successive approximation. Namely, starting
from some initial guess u03ðxÞ, we construct a sequence fun3g by the
following recurrence formula:

un3ðxÞ ¼ A un�1
3

	 
ðxÞ þ uwbðxÞ ðn ¼ 1; 2;…Þ (31)

corresponding to (9). The solution of (9) is obtained as the limit of the
sequence. The actual computation is carried out by following Refs. 27–29.

A. Discretization and some details of computation

In the present work, we aim to accurately capture the variation of
the solution including near the corner and to appropriately take the
possible multivalueness of the quantities there into account. For this
purpose, we use a hybrid grid system consisting of the Cartesian grid
system and the polar grid system near the corner based on the coordi-
nates (14).

We divide the region XR (or 0 � x1 � 1=2;�1=2 � x2 � 1=2)

by 2N1 þ 1 straight lines x1 ¼ vðiÞ1 (i ¼ 0; 1;…; 2N1) and 4N2 þ 1

straight lines x2 ¼ vðjÞ2 (j ¼ �2N2;�2N2 þ 1;…; 2N2). We also con-
sider the circular sector regions with its center at the corners
ð1=2;61=2Þ and given radius rmax; 0 � r6 � rmax; 0 � u6 � p=2
(hereafter denoted by F6). We divide them by 2Nr arcs r6 ¼ rðkÞ

(k ¼ 1;…; 2Nr) and 4Nu þ 1 radial lines u6 ¼ uð‘Þ (‘ ¼ �2Nu;

�2Nu þ 1;…; 2Nu) (see also Fig. 6). Here, fvðiÞ1 g; fvðjÞ2 g; frðkÞg, and
fuð‘Þg are numerical sequences such that

0 ¼ vð0Þ1 < vð1Þ1 < � � � < vð2N1Þ
1 ¼ 1

2
; (32a)

0 ¼ vð0Þ2 < vð1Þ2 < � � � < vð2N2Þ
2 ¼ 1

2
;

vðjÞ2 ¼ �vð�jÞ
2 ðj ¼ �2N2;…;�1Þ;

(32b)

0 ¼ rð0Þ < rð1Þ < � � � < rð2NrÞ ¼ rmax; (32c)

0 ¼ uð�2NuÞ < uð�2Nuþ1Þ < � � � < uð2NuÞ ¼ p
2
: (32d)

The value rð0Þ ¼ 0 corresponding to the corners is added to the
sequence frðkÞg. The region XR can be divided in units of the rectan-
gular cell consisting of 3	 3 points inside the Cartesian mesh

vð2a�2Þ
1 � x1 � vð2aÞ1 ; vð2b�2Þ

2 � x2 � vð2bÞ2 (a¼ 1;2;…;N1; b¼�N2

þ1;�N2 þ 2;…;N2). We denote by G the set of all cells such that the
intersection of them and the exteriors of F6 is not empty. A part of the
boundary of G has a stepwise shape and is included in F6. By gather-
ing the Cartesian grid points in the region G and the polar grid points
in the regions Fþ and F� and by assigning numbers to them, we have
the grid points xðIÞ used in computation (I ¼ 1;2;…;N ; N: total num-
ber of grid points). By distinguishing and storing the values of quanti-
ties at r6 ¼ rð0Þ ¼ 0; u6 ¼ uð‘Þ (‘¼�2Nu;�2Nu þ 1;…;2Nu),
computation can be carried out with the aforementioned multivalue-
ness at the corners being properly taken into account.

To carry out the iteration corresponding to (31), we need to do
the numerical integration to compute the integral A½un�1

3 �ðxðIÞÞ from
the known data of un�1

3 on the grid points. For this purpose, first, we
split the computational domain XR into the circular sector regions Fþ
and F� and the rest [XR ¼ Fþ [ F� [ ðFþ [ F�Þc]. Then, given the

data fun�1
3 ðxðJÞÞg; un�1

3 ðx�Þ is approximated piecewise quadratically
with respect to variables rþ and uþ (or r� and u�) on Fþ (or F�)
and with respect to variables x1 and x2 on ðFþ [ F�Þc. Respective
domains Fþ; F�, and ðFþ [ F�Þc are further divided in units of polar
or rectangular grid cells consisting of 3	 3 points.41 To get rid of the
singularity jx� � xj�1 contained in the integrand in A½u3� [see also
(10) and (11)], we take another polar coordinate variables (denoted by
r̂ and #) with its origin at the focused point xðIÞ. This enables accurate
calculation on each divided region. The interval of r̂ is further divided
at the radial positions where a circle r̂ ¼ const: passes through the ver-
tices or is tangent to the sides of each divided region. The each interval
of r̂ is finally divided equally into Kr̂ subintervals. On each small
domains so prepared, the integrations with respect to r̂ and # are car-
ried out numerically by applying the Mr̂ - and M#-points Gauss–
Legendre rules. The results can be stored as a coefficient matrix
(denoted by AI;J ) beforehand. Then, the required integral
A½un�1

3 �ðxðIÞÞ can be obtained by computing the weighted sum:

A½un�1
3 �ðxðIÞÞ ’PN

J¼1 AI;Jun�1
3 ðxðJÞÞ.

Based on the plan and the way to compute A½un�1
3 � explained,

respectively, at the beginning of Sec. IV and the previous paragraph,
we carry out the actual computation as follows. First, normalize the
solution by uw and set its initial value fu03ðxðIÞÞ=uwg. Then, compute
un3ðxðIÞÞ=uw (I ¼ 1; 2;…;N) successively by the following equation
[see also (31)]:

un3ðxðIÞÞ
uw

¼
XN
J¼1

AI;J
un�1
3 ðxðJÞÞ
uw

þ bðxðIÞÞ ðn ¼ 1; 2;…Þ: (33)

The stress components P13 and P23 are obtained by carrying out the
numerical integration corresponding to (15) in the same way as in the
previous paragraph after the numerical solution of u3 is obtained.

Information on the values of parameters and accuracy is briefly
given in the Appendix.

FIG. 6. Sketch of the grid system.

Physics of Fluids ARTICLE pubs.aip.org/aip/pof

Phys. Fluids 36, 052006 (2024); doi: 10.1063/5.0207347 36, 052006-7

Published under an exclusive license by AIP Publishing

 29 M
ay 2024 06:35:03

pubs.aip.org/aip/phf


V. NUMERICAL RESULTS AND DISCUSSION

First, we show the profiles of macroscopic quantities for represen-
tative Knudsen numbers to grasp the overall behavior of the gas in Sec.
VA. Then, we proceed to examine the behavior near the corner for
small Knudsen numbers and the forces acting on the lid and the cavity
walls in Secs. VB and VC, which are the main parts of the present
paper.

A. Macroscopic quantities in whole cavity

In Fig. 7, we show the contour plots of the flow velocity compo-
nent u3=uw for k¼ 0.01, 1, and 10 in the whole right half of the cavity
[note that k ¼ ffiffiffi

p
p

=2
� �

Kn as defined in (1e) and we shall use the
parameter k instead of the Knudsen number Kn]. As the figure implies,
a flow is induced in the direction of lid motion. For all cases shown in
the figure, the flow speed is faster near the lid (x2 ! þ1=2) with the
horizontal position x1 being fixed and faster at the central part of the
cavity (x1 ! 0) with the vertical position x2 being fixed. The velocity
slip on the lid, namely, the difference between the velocity of the gas
and the lid, is larger for larger Knudsen numbers.

While the shear stress is spatially uniform in one-dimensional
slow Couette flow between two parallel walls, in this time, naturally
spatial variation of the stress is observed because of the presence of
sidewalls (see Figs. 8 and 9). For all cases shown in the figure, the mag-
nitude of the stress is larger near the boundary. The magnitudes of P13
and P23 are particularly large on the sidewall and on the lid, respec-
tively [see, e.g., Figs. 8(c) and 9(c)]. For the case of small Knudsen
number (k¼ 0.01), the magnitude of the shear stress in the bulk region
away from the boundary is smaller than those for the larger Knudsen
numbers (k¼ 1 and 10). According to Figs. 8(a) and 9(a), the magni-
tudes of P13=uw and P23=uw in the bulk region are, respectively, less
than 0.05 and 0.06. They can be regarded as O(k), which is plausible
since the magnitude of the stress obtained from the Newton’s law and
a smooth velocity field is also O(k) [see (19)].

B. Macroscopic quantities near corner for small
Knudsen numbers and its comparison with Stokes
solution

As clearly indicated in Figs. 7–9, all the macroscopic quantities
vary steeply near the corner between the lid and the sidewall. This ten-
dency is significant for smaller Knudsen numbers [for example, com-
pare Figs. 7(c), 7(b), and 7(a)]. Thus, we focus on the case for k¼ 0.01
and try to understand the behavior of the gas near the corner in more
detail. Simultaneously, the result is compared to the Stokes solution in
Sec. III A. Figure 10 shows the contour plots of the macroscopic quan-
tities u3=uw; P13=uw; P23=uw in the region 0:45 � x1;2 � 0:5 for both
the Stokes and the BGK solutions.42

For the Stokes solution, the contour lines of u3=uw are emitted
radially from the corner [Fig. 10(a)]. There is no contour line imping-
ing to the lid x2 ¼ 1=2 and the sidewall x1 ¼ 1=2 since the solution is
constant along the surfaces owing to the no-slip condition. On the
other hand, for the BGK solution [Fig. 10(d)] some contour lines
impinge to the boundaries. Although the Knudsen number considered
is fairly small (k¼ 0.01), the results imply that the kinetic theory gives
a significantly different result compared to the Stokes solution. The
magnitude of velocity slip is larger than 0.2 over part of the lid
(0:49� x1 � 0:5; x2 ¼ 1=2) and the sidewall (0:49� x2 � 0:5;
x1 ¼ 1=2). This is evidently larger than the magnitude of the velocity
slip observed over positions away from the corner, which is O(k) [see,
e.g., the plots over rþ � 0:2 in Figs. 11(a) and 11(b) appearing later].
The large slip is one of the features of the behavior of the gas near the
corner. The related things are further examined later in Figs. 11 and 12.

In Figs. 10(b) and 10(c), we show the stress components for the
Stokes solution. The contour lines that are the closest to the corner are
the ones with the maximum magnitude level among the drawn lines
(the corresponding values are P13=uw ¼ 0:45; P23=uw ¼ �0:6). In
the regions enclosed by these lines and the boundaries, the magnitude
of P13 and P23 does not saturate but increases infinitely as the corner is

FIG. 7. Contour plots of the flow velocity component u3=uw on the x1x2 plane. The curves are drawn with intervals of 0.1. (a) k¼ 0.01, (b) k¼ 1, and (c) k¼ 10.
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approached as explained in the paragraph including (28) in Sec. III A.
In contrast to this, in the case of BGK solution, P13 and P23 are
bounded [see Figs. 10(e) and 10(f)] as in the case of the free molecular
limit in Sec. III B. The magnitudes of P13=uw and P23=uw are both less
than 0.445 in the whole region including the corner. Thus, although
what we examine here is the result for only one specific case k¼ 0.01,
it implies that the problem of stress divergence exhibited by the Stokes
solution is resolved in the description based on the kinetic theory.
The relevant results for smaller Knudsen numbers are shown later in

Figs. 11 and 12. The magnitude of P13=uw and P23=uw shown in Figs.
10(e) and 10(f) is significantly larger than O(k) expected from the
Newton’s law [see, e.g., the plots over rþ � 0:2 in Figs. 11(c) and
11(d) appearing later]. This is also a feature of the behavior of the gas
near the corner compared to that away from there.

In Fig. 11, the profiles of the flow velocity and the stress for
k¼ 0.1, 0.01, and 0.001 along the direction of the angle uþ ¼ 0 and
p=2, which correspond to the lid surface and the sidewall, respectively
[see also Fig. 2(a)], are shown as functions of the distance rþ. As for

FIG. 8. Contour plots of the stress component P13=uw on the x1x2 plane. The curves are drawn with intervals of 0.05. (a) k¼ 0.01, (b) k¼ 1, and (c) k¼ 10.

FIG. 9. Contour plots of the stress component P23=uw on the x1x2 plane. The curves are drawn with intervals of 0.06. (a) k¼ 0.01, (b) k¼ 1, and (c) k¼ 10.
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the stress, its circumferential component Pu3 associated with the coor-
dinates ðrþ;uþÞ is plotted [see also (25) and Pu3 ¼ �P23 ðuþ ¼ 0Þ;
Pu3 ¼ P13 ðuþ ¼ p=2Þ]. From Fig. 11(a) [or Fig. 11(b)], it is seen that,
while u3=uw for uþ ¼ 0 (or uþ ¼ p=2) approaches toward the value
unity (or zero) of the Stokes solution specified by the no-slip condition
in overall region as k decreases, it approaches to the value 0.625… (or
0.375…) near rþ ¼ 0 for the cases with any k shown in the figures.
While the stress Pu3=uw is O(k) for large rþ and also agrees well with
the Stokes solution for k¼ 0.01 and 0.001 [Figs. 11(c) and 11(d)], the
BGK solution approaches an O(1) value 0.443… near rþ ¼ 0 for the
cases with any k shown in the figures. The results imply that the mag-
nitude of velocity slip and stress remains O(1) near the corner irrespec-
tive of k.

The spatial variations of the macroscopic quantities observed in
Fig. 11 can be understood clearer by changing a length scale used in
plots from the cavity size to a length of the order of the mean free
path. With such a length scale, we show the plots of u3=uw and
Pu3=uw with the angle being fixed at uþ ¼ 0 (corresponding to the lid
surface) in Figs. 12(a) and 12(b) and their contour plots in Figs. 12(c)
and 12(d). The plot curves for various k converge to a common one.
This demonstrates the emergence of a characteristic region near the
corner with its size of the order of the mean free path when the
Knudsen number is small.

Before ending this subsection, to examine whether the macro-
scopic quantities are multivalued or not, we show u3=uw and Pu3=uw

for k¼ 0.01 as functions of the angle uþ with the distance rþ being
fixed at several values. Although the slope of curves for the BGK solu-
tion is small due to the velocity slip compared to the case of the Stokes
solution, the plot curves for the former also converge to the noncon-
stant profile as r ! þ0 in Fig. 13(a). This means that the flow velocity
is multivalued not only in the Stokes solution but also in the kinetic
solution. The multivalueness is observed also for the stress field
[Fig. 13(b)].

The origin of the multivalueness is in fact similar to that in
the case of the free molecular solution, which was explained in the
last paragraph in Sec. IIIB. Let us explain the reason below, starting
from (9). The flow velocity component consists of A½u3� and uwb:
u3ðxÞ ¼ A½u3�ðxÞ þ uwbðxÞ. At the corner ðx1; x2Þ ¼ ð1=2; 1=2Þ;
A½u3�ðxÞ is not multivalued,43 which can also be confirmed from the
numerical results. On the other hand, as for bðxÞ [see (12)], introduc-
ing the change of variable from x1� to w defined by
x1� � x1 ¼ ð1=2� x2Þ= tanw, we have

bðxÞ ¼ 1
p

ðhLðxÞ
hRðxÞ

J1
1=2� x2
k sinw

� �
dw

¼ 1
p

ðhLðxÞ
uþ

J1
rþ sinuþ
k sinw

� �
dw

! 1
p

ðp
uþ

J1 0ð Þdw ¼ p� uþðxÞ
2p

ðas rþ ! þ0Þ: (34)

FIG. 10. Contour plots of the macroscopic quantities near the corner ð1=2; 1=2Þ for the Stokes and BGK solutions with k¼ 0.01. (a) u3=uw (Stokes), (b) P13=uw (Stokes), (c)
P23=uw (Stokes), (d) u3=uw (BGK), (e) P13=uw (BGK), and (f) P23=uw (BGK). The curves are drawn with intervals 0.1, 0.05, and 0.06 in (a) and (d), (b) and (e), and (c) and (f),
respectively.
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Here, we have used that hLðxÞ ! p in taking the limit44 rþ ! þ0
and that J1ð0Þ ¼ 1=2. From the most right-hand side of (34), we see
that bðxÞ at the corner is equal to the expression (30) for the free
molecular solution. It can be confirmed, also, that the part of the VDF
corresponding to bðxÞ at the corner is given by the right-hand side of
(29a) for the free molecular solution.45 This corresponds to the situa-
tion that the molecules coming from the lid to the corner do not expe-
rience intermolecular collisions since their flight distance is zero (when
rþ ! þ0, the points on the lid where the molecules are scattered
degenerate to the corner, the focused point x itself) and, thus, their
behavior is free molecular.

C. Total forces acting on lid and cavity walls and local
stress profile

Let us denote by p0uwLFU; p0uwLFB, and p0uwLFR the total
forces in the X3 direction per unit length in X3 acting on the lid, the
bottom wall, and the right sidewall, respectively. Then, FU; FB, and FR
are given by

FU ¼
ð1=2
�1=2

P23ðx1; 1=2Þ
uw

dx1; (35a)

FB ¼ �
ð1=2
�1=2

P23ðx1;�1=2Þ
uw

dx1; (35b)

FR ¼
ð1=2
�1=2

P13ð1=2; x2Þ
uw

dx2: (35c)

Figure 14(a) shows FU; FB, and FR as functions of k. All of them
increase monotonically with k (or the Knudsen number Kn). The force
acting on the sidewall is larger than that acting on the bottom wall for
k smaller than about 2. For larger k, the latter becomes bigger than the
former.

To provide the information of the magnitude of the forces for
small Knudsen numbers, again FU; FB, and FR are shown as functions
of k in Fig. 14(b), but as a log –log plot. The force FB acting on the bot-
tom wall is practically proportional to k. Actually, the following
relation:

FIG. 11. Profiles of flow velocity and shear stress near the corner ð1=2; 1=2Þ for k¼ 0.1, 0.01, and 0.001. (a) u3=uw for uþ ¼ 0, (b) u3=uw for uþ ¼ p=2, (c) Pu3=uw for
uþ ¼ 0, and (d) Pu3=uw for uþ ¼ p=2. The solid and dashed lines indicate the BGK and Stokes solutions, respectively. The quantities are plotted as functions of rþ, the dis-
tance from the corner.
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FB ’ 0:22k ðk 
 1Þ (36)

can be deduced based on the numerical results for 0:0002 � k � 0:01.46

This relation (36) can be also recovered by the Stokes solution in Sec.
IIIA including the value 0.22 of the proportionality constant. Thus, the
Stokes equation under the no-slip condition (and accordingly the con-
ventional generalized slip-flow theory) can predict well the force acting
on the bottom wall although the bottom wall meets corners between it
and the sidewalls. This is consistent with that the effect of corners on
the behavior of the gas is rather weak on the bottom side (see also
the third last paragraph in Sec. IIIA). The good agreement between
the BGK and the Stokes solutions at the bottom wall is observed also at
the level of the local stress profile (see the plot curves for k¼ 0.01 and
0.001 in Fig. 15).

On the other hand, by closer examination of Fig. 14(b), we see
that FU and FR are not simply proportional to k. To find how FU and
FR depend on k, we show another plot in Fig. 14(c). We divide the
quantity in the vertical axis of the original plot (here, FU;B;R) by one

in the horizontal axis (here, k) and choose a semilog plot by following
Ref. 47, where this type of plot is shown to examine spatial singulari-
ties of macroscopic quantities in boundary-value problems of a rare-
fied gas. The �FU=k and FR=k increase as k decreases, and the
symbols are almost on the straight lines in the plot. This implies that
FU and FR behave like k ln k for small k. The dashed and dashed–
dotted lines are the fitting curves determined by the method of least
squares using the numerical results for k smaller than 0.01.
According to them

FU ’ 1:267k ln kþ 0:948k; (37a)

FR ’ �0:634k ln k� 0:584k: (37b)

It should be noted that the factor k ln k in the solution cannot be actu-
ally recovered by the conventional generalized slip-flow theory based
on the power series expansion in k, which implies its breakdown for
the present problem (if it is applied, instead FU and FR diverge to infin-
ity, see also the second last paragraph of Sec. IIIA).

FIG. 12. Plots of macroscopic quantities for k¼ 0.03, 0.01, 0.003, 0.001, and 0.0003. In (a) and (b), u3=uw and Pu3=uw on the lid (uþ ¼ 0) are plotted, respectively, as func-
tions of rþ=k, the rescaled distance from the corner ð1=2; 1=2Þ. In (c) and (d), contour plots of u3=uw and Pu3=uw vs ðð1=2� x1Þ=k; ð1=2� x2Þ=kÞ, the position relative to
the corner rescaled by k, are shown with the curves being drawn with intervals 0.1 and 0.05, respectively. The types of lines used are common in (a)–(d) and see the line leg-
end in (a). The Stokes solution is shown only in (a) and (b).
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FIG. 13. Profiles of flow velocity and shear stress for the BGK and Stokes solutions with k¼ 0.01. (a) u3=uw and (b) Pu3=uw. The quantities are plotted as functions of the azi-
muthal angle uþ with rþ , the distance from the corner ð1=2; 1=2Þ, being fixed. The solid, dashed, dashed–dotted, dashed–double-dotted, long-dashed, and dotted lines indi-
cate the results for rþ ¼ 0:2025, 0.02260, 2:771	 10�3; 2:770	 10�4; 2:778	 10�5, and 0, respectively.

FIG. 14. The forces acting on the lid and the cavity walls. Plots related to FU; FB, and FR as functions of k. (a) (�FU; FB; FR) in the semilog plot, (b) (�FU; FB; FR) in the
log –log plot, and (c) (�FU=k; FB=k; FR=k) in the semilog plot. Horizontal lines in (a) and (b) indicate the free molecular solution, ð�FU; FB; FRÞjk!1¼ 1;

ffiffiffi
2

p � 1; 1� 1=
ffiffiffi
2

p� �
=
ffiffiffi
p

p
, which is obtained from (29c) and (29d).
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Let us consider next the reason why the factor k ln k appears in
the forces FU and FR. For this purpose, the profiles of the stress on the
lid are shown as a log –log plot in Fig. 16(a). The results for k¼ 0.1,
0.01, 0.001, and 0.0003 are shown as functions of the distance rþ
from the corner. For small k (or the Knudsen number Kn), the magni-
tude of the stress increases inversely proportionally to rþ over a wide
range from the position with rþ ¼ 0:1 � 0:2 to the neighborhood of
the corner. This corresponds to the fluid-dynamic behavior of the
stress confirmed in the paragraph including (28) in Sec. III A. We
show another plot with the distance rþ being rescaled by k in
Fig. 16(b). It is seen from the figure that the BGK-solution curves
overlap well up to larger rþ=k as k becomes smaller and that the
Stokes solution agrees well with the BGK solution up to rþ=k ¼ 10 or
20. To summarize, Figs. 16(a) and 16(b) imply that the BGK solution
practically increases inversely proportionally to the distance from the
corner over the range from comparatively far position to the position
that is a few tens of mean free paths away from there (for example,
rþ ¼ ck with c¼ 10 or 20). Now, consider the integral of a function
k=rþ on the interval deduced from the above-mentioned observations,

i.e., on ck < rþ < x0 (x0: constant such as 0.1 or 0.2). Then, the factor
k ln k appears since

Ð x0
ck ðk=rþÞdrþ ¼ �k ln ðckÞ þ k ln ðx0Þ. Thus, it is

implied that the factor k ln k occurs because of the continuation of the
above-mentioned fluid-dynamic stress increase up to the position that
is only a few tens of mean free paths away from the corner and of the
subsequent transition to another bounded profile at positions closer to
the corner. Incidentally, although we have focused here on the stress
profile and the total force on the lid, the corresponding property can be
confirmed for the sidewall as well.

Finally, motivated by the fact that the local shear stress is larger
near the corner compared to the part away from there [see, e.g., Figs.
11(c) and 12(b)], let us consider the proportion of the contribution
from the stress over the neighborhood of the corner to the total force.
For this purpose, we introduce the contribution from the stress over
the part within distance kg from the corner by

PUðk; gÞ ¼
ð1=2
1=2�kg

P23 z;
1
2

� �
dz; (38)

where g is a fixed constant. For example, with g being fixed at 1, 3, 5,
and 10, PU can be confirmed to be practically proportional to k by
checking the value of PU=uwk for the cases with k smaller than 0.01,

PUðk; gÞ
uw

’ �agk ðk 
 1; g ¼ 1; 3; 5; 10Þ: (39)

Here, a1 ¼ 0:32; a3 ¼ 0:70; a5 ¼ 0:94, and a10 ¼ 1:32. Thus, taking
(39) and (37a) into account, the proportion of the contribution from
the stress over the part within distance kg from the corner to the total

force acting on the lid, namely,
Ð 1=2
1=2�kg P23 z; 12

� �
dz=

Ð 1=2
0 P23 z; 12

� �
dz

¼ 2PU=uwFU, is well expressed by

2PU

uwFU
’ �2ag

1:267 ln kþ 0:948
ðk 
 1; g ¼ 1; 3; 5; 10Þ: (40)

This proportion decreases with the decrease in k. However, its rate is
very slow. For example, (40) with g¼ 5 implies that about 10% of the
total force comes from the localized range within about 4.4 times the

FIG. 15. Profiles of shear stress on the bottom cavity wall (x2 ¼ �1=2) for k¼ 0.1,
0.01, and 0.001. x1 vs P23=uw. The solid and dashed lines indicate the BGK and
Stokes solutions, respectively.

FIG. 16. Profiles of shear stress on the lid. In (a) and (b), they are shown as a function of rþ and rþ=k, the distance from the corner and the rescaled one, respectively.
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mean free path ‘0 from the corner even when k ¼ 10�7. (This corre-
sponds to the situation where a gas at the atmospheric condition occu-
pies the cavity with the size of several tens of centimeters.) Note that a
corresponding property can be confirmed for the sidewall as well.

VI. CONCLUSION

In the present paper, motivated by the problem of corner singu-
larity in fluid mechanics, we considered a gas flow in a square cavity
driven by a lid sliding in the direction of its line of contact with the
cavity walls. The problem was formulated as the boundary-value prob-
lem of the linearized BGK equation under the diffuse reflection bound-
ary condition and it was reduced to the integral equation for the flow
velocity field that is suitable for an accurate analysis. As confirmed
explicitly in Sec. III A before the numerical analysis, applying the
Stokes equation and the no-slip boundary condition leads to the fact
that the flow velocity becomes multivalued at the corner between the
lid and the cavity wall and the shear stress diverges there inversely pro-
portionally to the distance from the corner. In the case of the free
molecular solution, first despite the significant slip at the corner the
flow velocity is still multivalued. The multivalueness occurs because
the flow velocity is determined by the proportion of the contribution
of the molecules coming from the lid over that of the whole molecules
that depends on the azimuthal angle measured from the corner, and
this feature remains the same when the corner is approached. Second,
the shear stress and accordingly the forces acting on the lid and the
cavity walls are bounded. The two properties were common in the
numerical results for the small Knudsen numbers, which correspond
to the ordinary fluid-dynamic circumstances, presented in Sec. V. The
second property means that the difficulty associated with the descrip-
tion in terms of the Stokes equation is resolved by using the kinetic
approach. The shear stresses given by the Stokes solution and the BGK
one for small Knudsen numbers agree well with each other up to the
position that is a few tens of mean free paths away from the corner.
Within the region, the shear stress varies inversely proportionally to
the distance from the corner. At positions closer to the corner, the
increase in the stress is suppressed and its magnitude remains bounded
for the BGK solution. According to these behavior of the shear stress,
the total forces acting on the lid and the side cavity wall behave as
k ln k (k 
 1), where k½¼ ffiffiffi

p
p

=2
� �

Kn� is a parameter corresponding
to the Knudsen number Kn. The proportion of the contribution from
the positions within a few mean free paths from the corner to the total
force acting on the lid and the side cavity wall is given as C=ðAþ
B ln kÞ [A, B, C: constants of O(1)] and is nonnegligible even for small
Knudsen numbers.
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APPENDIX: INFORMATION OF COMPUTATIONS

In this Appendix, we briefly provide the information of com-
putations. The results shown in Sec. V are obtained with the param-
eters rmax ¼ 0:27; N1 ¼ N2 ¼ Nr ¼ Nu ¼ 62; Kr̂ ¼ 5; Mr̂ ¼ 6,
and M# ¼ 6. For x1 (or x2), the minimum lattice interval is
2:2122	 10�6 around x1 ¼ 1=2 (or x2 ¼ 61=2), while the maxi-
mum interval is 7:8125	 10�3 around x1 ¼ 0 (or x2 ¼ 0). For r6,
the minimum lattice interval is 1:1946	 10�6 around r6 ¼ 0,
while the maximum interval is 4:2188	 10�3 around r6 ¼ rmax

¼ 0:27. For u6, the minimum lattice interval is 1:1061p	 10�6

around u6 ¼ 0 and p=2, while the maximum interval is 3:9062p
	 10�3 around u6 ¼ p=4. For the results shown in Figs. 7–11, 13,
and 15 and the plots for k � 0:001 shown in Figs. 12, 14, and 16,
numerical convergence has been judged within the error invisible in
the figures through the comparison with the results obtained with
other parameters corresponding to coarser discretization compared
to the aforementioned set of parameters. The balance between the
total forces acting on the lid and the cavity walls provides another
measure of accuracy including the cases for 0:0002 � k � 0:0008
shown in Figs. 12, 14, and 16. Namely, FU þ FB þ 2FR ¼ 0 should
hold theoretically owing to the momentum conservation in the x3
direction, and numerically the following are confirmed for represen-
tative values of k:

ðjFUþFBþ2FRj; jFUjÞ ¼

ð2:6	10�13; 0:5505Þ ðk¼ 10Þ;
ð4:1	10�11; 0:4631Þ ðk¼ 1Þ;
ð9:4	10�10; 0:2173Þ ðk¼ 0:1Þ;
ð8:1	10�9; 0:0489Þ ðk¼ 0:01Þ;
ð1:8	10�7; 0:0078Þ ðk¼ 0:001Þ;
ð2:2	10�7; 0:0020Þ ðk¼ 0:0002Þ:

8>>>>>>>>><
>>>>>>>>>:

(A1)
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