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§0. Introduction

The purpose of this article is to construct the trans-
formation theory for the reduction problem of SU(2) Chiral
field and SU(n), SO(n) Chiral field by using the Riemann-
Hilbert problem, and to study the structure of the infinite
dimensional Lie algebra of the infinitesimal transformations.

The equation of motion of SU(n) (SO(n)) Chiral field

-1 -1
) ) 3 + 3 = 0,
(0.1) X(g yg) ay(g g)

X

where g = g(x,y) is an SU(n)-valued (resp. SO(n)-valued)
matrix function. This equation has been studied by many
physicists from the viewpoint of the inverse scattering method
[13], [14]. Dolan [17] has recently found, by using the
method of variationsthat the infinitesimal transformation

group
(0.2) < (n)RRLt]

acts on the totality of solutions of SU(n) Chiral field.
But she did not discuss the reduction problem of SU(2) Chiral

field. In this paper we show that the Lie algebras

(0.3) (2)XRRIt,t71],  w(n)@BLt,t™ 1], <o (n)@BLt,t 1]

infinitesimally act on the solutions of the reduction
problem of SU(2) Chiral field and SU(n), SO(n) Chiral field,
respectively. Our transformation theory is much indebted to
the results of Kinnersley-Chitre et al. [1], [2], [3], [4]

and Hauser-Ernst [5], [6], [7] and Zakharov-Mikhailov [9]



(the Kinnersley-Chitre theory will be briefly described in the
appendix of this paper). The relationship between the results
of Dolan [17] and ours will be considered in the forthcoming
paper [18].

This paper is planned as follows: First of all, we con-
sider the transformation theory for the reduction problem of
SU(2) Chiral field. 1In section 1, following the discussion
of Kinnersley-Chitre [1],[2], we introduce a potential E,
which 1s an analogue of the Ernst potential, and also show
{mn),

the existence of infinite number of potentials
m20,n21

In section 2, introducing a generating function F(t), we show
that the reduction problem is equlivalent to the linear problem
for a generating function (Theorem 2.7). In sections 3 -and 4,
in accordance with the method exploited by Hauser-Ernst [5],
[6], we construct the transformation theory by means of the
Riemann-Hilbert problem. The infinite dimensional Lie algebra
(0.3) is found to act infinitesimally on the solutions of the
problem (Theorem 4.3). In section 5, we discuss the Lie
algebras for SU(n), SO(n) Chiral fields.

The author wish to thank Professor Mikio Sato and Professor
Masaki Kashiwara for their continuing encouragement. Especially

he is grateful to Doctor Yoshimasa Nakamura for stimulating

discussions.



§1. The Reduction Problem of SU(2) Chiral Field

The field equation of SU(2) Chiral field is
(1.1) 3 (g7 1o g) + o (g7 te g) = 0
: X y y X

where g = g(x,y) is SU(2)-matrix function, and x, y denote

the light cone cooredinates

0 1

0 0 1 2
+ x7), (x ,x7)eR",

(1.2)  x=3" - xY, ¥y =5

By the reduction problem we mean that we solve the equation

(1.1) with the algebraic constraints for the field g

> *
(1.3) g =1, g=¢g , trg = 0.

# . :
Here denotes the hermitian conjugate. ¥
These conditions are consistent with the original equation

(1.1). The field equation now reads
(1.4) By(gaxg) + ax(gayg) = 0.

The reduction problem of SU(n) or SO(n) Chiral field was
considered by Zakharov-Mikhailov [9].
It is well known that the reduction problem of SU(2)

Chiral field ‘is equivalent to 0(3) non-linear o-model

g+ (3,83 £)g =0

(1.5) BXB y

y

where E is a vector function of x and y valued on the
unit sphere of B3, i. e. Eg = 1. From the equation (1.4)

we get the following lemma.

Lemma 1.1. There exists a twist potential y uniquely

up to integration constants iy, vye4«d(2), such that



{1.6) 13 9 = gd_g, 13,y = -gd g,

It
(@]

(1.7) w* =y, try

Here 4« (2) 1is the Lie algebra of SU(2).

Proof. Since the equation (1.4) is an integrability
condition for (1.6), it is clear that there exists a twist
potential ¢. And then w* - ¢y and tr ¢y are constant
because of (1.3), (1.6) Hence we get (1.7) with choosing

appropriate integration constants )

Following the discussion in [1], we introduce a potential

E through
(1.8) E =g+ iy

This is an analogue of the Ernst potetial in the case of the

gravitational field equation.

Proposition 1.2. The potential E satisfies the

follwing equations:

- 2E +E)sE 5 E = -X2E +E)3 E
(1.9) 3, E = 5( LB JE =3 ,
% 2
(1.10) det (1 - (E + E )8) = 1 - 4t
(1.11) trE = 0.

Proof. From g2 = 1, it follows that

go E = gd g + 183,y

: 2 -
18Xw + g axg = BXE.

- 4 -



The second equation of (1.9) is also obtained in the same

way. The equations (1.10) and (1.11) follow from (1.3),(1.7)

The equation (1.9) corresponds to the Ernst equation
in the gravitational field equation. Conversely, starting
from the egautions (1.9), we can get the original field

equation (1.4).

Proposition 1.3. Suppose that E satisfies the

equation in Proposition 1.2. We set

(1.12) g = %(E LB,

Then g 1is a solution of the reduction problem.

Proof. From the definition (1.10), (1.12), it follows
that g 1s an hermitian matrix whose eigenvalues are 1.

Hence we obtain (1.3). Next define a potential 4y by
#
(1.13) iy = 5(E - E).

Then ¢ 1is a trace-free, hermitian matrix because of (1.11).

Next we show

(1.14) 13,9 = 83,8, iayw = —gayg.

Note that the first equation in (1.9) reads
(1.15) 9.8 * 13,¥ = gi,g + 183, Y-
Taking trace of the above equation, we get

(1.16) tr(gaxw) =0,



from which we furhter obtain gaxw= —axw.g. Compairing

the hermitian part and the anti-hermitian part of (1.15),
we get the first equation in (1.14) The second one can be
obtained in a similar way The compatibility condition

for (1.14) leads to (1.4) The proposition is proved. @

Thus the original field g corresponds to the potential
E, and vice versa.
Next we introduce an infinite number of potentials.

For technical reasons, we work 1in the coordinates

(1.17) z = %(xl + ixo), zZ = %(xl - ixo).

Let V ©be the gradient, % the formal dual operator
(1.18) v=2(3,9, V=(3-3)

where 9 = 3 3 = aE. The equation (1.9) is now written

Z,

as
(1.19) VE = %(E + E*).%E

or equivalently,
¥ i ¥ ¥
(1.20) VE = 3V8-(E + E).
According to the discussion of Kinnersley-Chitre [2], we

introduce potentials { N(m’n)}mzo through

,nzl

gy (mn) o g (m) ¥ gp(n)

(1.21)
(1.22) g(n+1) _ y(Lm) (1) g(n)
(1.23) « @ =1, @ =g, nOm» g

-6 -



- . (m,n)
Proposition 1.4. The potentials {N }mzo,nzl are

determined uniquely up to integration constants.

This proposition can be obtained by induction. To the

end, we need the following lemma.

Lemma 1.5. The potentials {E(n)}n>0 exist uniquely

up to integration constants, and satisfy

(1.24) ve(n) - %(E s+ EOYEM forn s 0.

Proof. The proof is done by induction. When n = 1,
the claim of the lemma is nothing but the equaiton (1.9)
Suppose that we have proved the n-th induction step. We ..

N(l,n)

show that there exists given by (1.19). Noting

that VoV = 0, and (1.19), (1.20), we have
(1.25) Yo vE(™)) = ¥E oue (™)

3 * *
-%VE o(E + E)vE(™)



- JE*oyE(M)

_ 6O<E*VE(n)),

from which we obtain §O(E*VE(n)) =0 This guarantees the

(1,n) and E(n+l)

(n+1)

existence of N Next we show that

yg(n+l) :%(E-+E*)5E From (1.23), it follows that

(n) (n)

ve(ntl) o gn(1on) |, ¢ + EVE

- gxye(®) 4 g Ea)iE.e(M) o %E(E-+E*)6E(“>

NI

= %(E-+E*)2§E(“) + %(E-+E*)§E-E(n)

- 21 %(E+E*>‘6E~E(“).

In the last step of the above eguations. we have used the fact thzat

(E+E*)2 = 4, On the other hand, ﬁE(n+l) (E+E*)§E(n)+§E-E(n).
Hence we obtain the desired result. This ccmpletes the induc-

tion step. Z

The proposition 1.4 can be proved in the same way

so that we omit it

There are remarkable relations among the potentials.
Proposition 1.6. When choosing appropriate integration
constants, the following recursive relations hold

(1.26) N m.n) | y(nsm) s E(m>*E(n),

(1.27) N(m,n+l) - N(m+l,n) = N(m’l)E(n), for m20, nzl.



Proof  Since N(m,n) = E(m)*VE(n)’ and N(n,m)*

(n)

= g™ g pe have wen(Mn) y y(nmxy y(g(m *g(n),

2
which implies (1.29) Next we shall prove (1.27). From

(1.21), (1.22), and (1.26), it follows that

V(N(m,n+l) _ N(m+l,n))

- p(@xgp(ntl) _ p(m+l)*gp(n)

E(m)*(E*VE(n) + VE-g() EVE(n)) _ p(m+l)xgp(n)

=gy () gmleg _ p(1om)xygp(n)
py(m, 1) p(n) | y(m, 1) on(n)

This completes the proof.



§2. Generating Function
The concept of a generating function of the Ernst
potential was originated in the gravitational field

theory [2]. 1In our case it is defined by

(2.1) F(e) = J 5D
n=0
where {E(n>}nzo are the potenyials given by (1.23)

In this section we shall show that the reduction problem
is equivalent to a system of linear differential equations
with §ewa®i‘algebraic constraints satisfied by a generating
function. Such a method was presented by Hauser-Ernst [6]

First we obtain the follwing proposition.

Proposition 2.1. A generating function F(t) (2.1)

solves the following system of linear differential equations

(2.2) VF(t) %(E+E*)%F(t),

t
1 - 4t

i

(2.3) VF(t) 5 (VE+2itVE)F(t).

Proof. By virtue of (1.24), one can easily obtain (2.2).

To show (2.3), we note that we obtain from (1.22)

v D) = (geFyer™) 4 gr.g(™),

1

Multiplying tn+ to the both hand sides, and summing over n,

we have



VP(t) = t{(Z+E VFP(t)+VE-F(t)}.
By making use of (2.2), this is rewritten as
3F - 2it3JF = t3E-F, 2it3F + 3F = t3IE-F,
which leads to (2 3).
The system (2.3) reads
(2.4) dr(t) = Q(t)F(t),

where d denotes the exterior differentiation with -respect

to x,y, and Q(t) is & l-form given by

_ t _ t
(2.5) Q(t) = —T—:—§€—axde + —T—:—§€~ayEdy

As a corollary of Proposition 2.1, we have
Corollary 2.2.
(2.6) d(det F(t)) = 0.

To rewrite the equation (1.9), we introduce A(t)

through

(2.7) A(t) = 1 - (342t



Lemma 2.3. The equations (1.9) are equivalent to
(2.8) tdE = A(t)Q(t).
This lemma follows from

tdE - A(t)a(t)

£2 ¥
= —T:EE{zaXE+(E+n )aXE}dx+

£
1+2¢

*
290 E+(E+E o _El}d
{ y ( ) v }dy
Next we show that the integrability condition for (2.4)

1 -
(2.9) 3,3,B *+ 73, E,3 E] = 0

can be derived from (2.8) (Prcopostion 2.5). For the purpose,

we need the following lemma.

Lemma 2.4. We have

I
o

E3 *
(2.10) 3 *9,E =0, E -3F

Proof By virtue of (1.9), we obtain

E=ls B .(E+E )3.E
R % T T Yy X

E* 3_E
_ay R

which leads to the first equation of (2.10). The second

- 12 -



one of (2.9) can be obtained in the same way- Y

Proposition 2.5. The equations (2.8) yield the

integrability condition for (2.4)

(2.11)  da(t) = a(t)?

Proof. From the previous lemma, it follows that

t2

dAa(t)-q(t) 5%

Toop(8,E+2 E+8yE -3, E)dxdy

2
t
1+2t(8 E. 3yE+8 E 3 E)dxdy

2 2

(=t 3 E-) E-

T-2t %y 1+2ta E-5 E)dxdy

-tdE-Q(t).

Noting that d(A(t)Q(t)) = 0 which fcllows from (2.8), we have
A(t)dn(t) = A(t)Q(t)2. Since A(t) 1is invertible when t is

small, (2.11) is proved. ar

It should be noted that the equation (1.9) cannot be
derived from the integrability condition (2.9) since (2.9)
is an equation of second order. Proposition 2.5 means that
the equation (1.9) is a special class of (2.9).

The equation (2.8) is rewritten as
(2.12) A(t)dF(t) = tdE-F(t).

By virtue of this we obtain



Lemma 2.6. We have
(2.13)  a(F(t)Ta(e)F(E)) = 0

- ¥ -
where F(t)+ = F(t) , £ denotes the complex conjugate of ¢t.

These preparations enables us to convert the equations
(1.9), (1.10) and(1l.11) into those satisfied by a generating

function.

Theorem 2.7. Suppose that the potential E 1s a solution
of the equations (1.9), (1.10) and (1.11) Then there exists

a fundamental solution matrix F(t) subject to the five

equations below:

(2.14) aF(t) = Q(t)F(t)
(2.15) A(t)dF(t) = tdE-F(t),
(2.16) F(t) = 1 + Et + +eeee , as t-0,

1

(2.17)  det P(t) = (1-4t°) 2,

(2.18) F(t)TA(E)F(t) = 1.

Here Q(t) and A(t) are given by (2.5) and (2.7), respectively.
Conversely E satisfies the equations (1.9), (1.10) and

(1.11) provided that there 1is a fundamental solution matrix

F(t) subject to the above equations (2.14) ~ (2.18).

Proof. First suppose that E satisfies the equations

(1.9), (1.10) and (1.11). From Lemma 2.3 and Proposition

- 14 -



2.5, (2.10), it follows that there exists a fundamental
solution matrix F{(t) of (2.14) and (2.15) satisfying (2.16).
Moreover Lemma 2.6 shows that F(t) satisfies (2.18) at the

gauge of F(t) Since

[eY)

same time under a suitable choice of

]

) -
detA(t) = 1-4t%, one has [detr(t)|® = (1-4t2)71. Use of
- R _ 2,2 2ia{t) Ik
Corollary 2.2 leads to detF(t) = (1-4t°) “e where
a{t) 4is real valued when t is real. Since (2.16) gives
detF(t) = l+O(t2) as t »> C, one can find a&a(t) such that

-ia(t) satisfies all of the

a(0) = a(0) = 0. Thus F(t)e
requirements. Next we show the converss. The equations
(2.14), (2.15) yield (2.8) which is equivalent to (1.9)

The equation (1.12) follows from (1.15) and (1.16). Finally

we verify (1.11) The expansion(2.16) gives
detF(t) = 1 + (trE)t + +«. as t - 0.
On the other hand, (2.17) yields
detF(t) = 1 + 0(t2) as t - 0.

Compairing these expression, one obtains (1.11). &%

From now on, a function F(t) satisfying the conditions
of Theorem 2.7 will be simply called a generating function.
Now we shall express the potentials {N(m,n)}
intrecduced in the previous section in the langauge of a

generating function. Set

(2.19)  G(s,t) = —=(s-tF(s) IF(t)}.

- 15 -



The function of this type was originally considered in [2]

and [16] Expand G(s,t) into a power series of s,t

(2.20) G(s,t) = J g{mn)gmn
m,n=0

Note that G(m,O) = 0 for m2l. First we obtain a proposition

to
correspodingSProposition 1.7.

Proposition 2.8. Suppose that F(t) is a generating

function. Then the recursive relations
(m,n+1) (m+1,n) _ .(m,1l)n(n
(2.21)  Gg'™ - gimtLn) o g (m Dpln)

(2.22) @m0 4 gln,m* o g(m)Fg(n)

are valid for m20, nzl. Here we set G(O’n) = F(n)

Proof From the definition of G(s,t), it follows that
(2.23) £7 6 (s,6)-1)= sTHG(s,t)-F(t) = 8, G(s,w)| _ F(t).

Substituting the expansions of F(t) and G(s,t) into the
both hand sides of (2.23), and collecting all terms of the
sameorder in s,t, equating the resulting coefficients, we

have (2.21). Setting m=0 in (2.21), we obtain

(2.24) gn+l) _ o(1,n) | (1) gn)

To prove (2.22), it is sufficient to show

- 16 -



(2.25)  G(s,t) + G(s,t)T = 1 + F(s)TR(L).
The definition of G(s,t) leads to
G(s,t)+G(t,s) = 1+E%E{sF(s)*[F(t)*]‘1-tF(s>‘1F(t)}.

Since ‘F(s)—l = F(s)+A(s), we get (2 25).

The equations (2.21), (2.22) and (2.24) correspond to
(1.27), (1.26) and (1.22), respectively In closing this

section, we shall show the relations corresponding to (1.21)

Proposition 2.9. The differential recursive relations
(2.26) ae(mn) o p(m)*gp(n)
hold for mz20, nzl.
Proof. By means of (2.18), G(s,t) is rewritten as
G(s,t) = g%f{s—tF(s)TA(s)F(t)}.

Differentiating the both hand sides of the above identity,

we have

t

dG(s,t)= - —— {sF(s)" " '
, - s) dE «F(t)+F(s) dA(s)-F(t)

+F(s) A(s)dAF(t)

-t
s-t

{-sF(s)TaE-F(t)+F(s)Ta(s)ar(e)}

= (7 sP(s) Tace)ar () -F(s) Ta(s)ar(e) ).

-~ 17 -



Therefore
(2.27)  dG(s,t) = F(s) dF(t).

Expanding the both hand sides into a power series in s, t,

we obtain (2.26).

Thus {G(m,n)} can be identified as the potentials
(™)) anong the above equations (2.21), (2.22) and
(2.26), (2.22) is essential to construct the transformation

theory. We emphasize that this equation 1s an immediate

conclusion of the definition of G(s,t).

- 18 -



§3. Riemann-Hilbert Problem

In this section, following Hauser-Ernst [6], and Zakharov
and his coworkers [9], [10], we shall present an algebraic
approach to construct transformations for solutions of the
reduction problem of SU(2) Chiral field. The transformations
are achieved by use of the Riemann-Hilbert problem. We call
them the Riemann-Hilbert (RH) transformations. Our aim is
to investigate the algebraic structure of the Lie algebra
of the infinitesimal RH transformations, so that the details
of analytic aspects of the transformation theory are not
considered here.

Begin with a generating function Fo(t) such that

(3.1) dF,(t) = 9, (£)F (L),
(3.2) Ao(t)dFO(t) = tdEO-FO(t),
(3.3)  Fo(0) = 1, Fy(0) = Eg,
_1
(3.4) detF (t) = (1-4t%) 2,
(3.5) Byt A (6)F (8) = 1.

Here the dot in (3.3) denotes the differentiation with respect
to t, and Ao(t), Qo(t) are respectively defined by (2.5),
(2.8) for the potential EO. Let C Dbe a small circle in

the complex t-plane whose center is the origin, such that

Fo(t) is holomorphic in CuC,. Here C_(C_) denotes the

inside (outside) of C.



Note that Fo(t) is not uniquely determined by the

above conditions. In fact, if wv(t) 1is a 2x2 matrix

depending on only £ and holomorphic in CUC+ such
that

(3.6) vit)Tv(t) = 1, detv(t) = 1,

(3.7) v(0) = 1, v(0) =0,

then Fo(t)v(t) is also a generating function for the
potential EO' Let u(t) be an 2x2 matrix depending on

only t, analytic on C, such that
(3.8) u(e)Tu(e) = 1,
(3.9) det u(t) = 1.

Consider the Riemann-Hilbert problem
(3.12) X (s) = X+(S)H(s) (seC)
(3.13)  H(t) = Fy(t)ul(t)Fy()7r,

with the normalization condition

(3.18)  x,(0) = 1,

+

where X+(t) is holomorphic in C and continuous on C,
and invertible in C_uC, respectively We assume

that one can uniquely solve this problem.
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This hypothesis is not so strong, since there 1is a
fundamental solution matrix if wu(t) is very close to the
unit matrix. It is also noted that X (t) consequently

is analytic on C from the analyticity of H(t).

Set
(3.15) F(t) = (X, (£)F,(¢) in c+,
X_(£)Fy(t)u(t)~t in cC_,
(3.16) X(t) = X, (¢) in C,, =X_(t) in C_,
(3.17) E = E;, + X,(0),
(3.18)  A(t) = 1 - (E+E)t,
(3.19) Q(t) = 3 Edx+ —%d Edy
: 1-2t "x 1+2¢t "y

In a similar method as in [6], one can show that E 1is a
solution of the reduction problem and that F(t) is a

generating function for E.

Proposition 3.1. The following equation hold:
(3.20) det X(t) = 1,

(3.21)  xX(0)TaE)x(t) = A k),
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(3 22) det A(t) = det A (t) = 1-4t2,
(3.23) dX(t) = Q(t)X(t) - X(t)e,(t),

(3.24) ACE)AX(t) + t[X(t)+]—ldEO = £[dE-X(t) ],

From this proposition, we obtain

Theorem 3.2. F(t) 1is a generating function; that is,

F(t) satisfies the defining relations

(3.25) dr(t) = Q(t)F(t),
(3.26) F(0) = 1, F(0) = E,
-1
(3.27) det F(t) = (1-4t°) 2,
(3.28) F(t)TA(E)F(E) = 1,
(3.29) A(t)dF(t) = tdE-F(t)

Proof The above equations except the last one are
derived, respectively, from (3.1) and (3.23), (3.3) and (3.16),
(3.22) and (3.20), (3.5) and (3.21) Finally we show (3.29)

The equations (3.24) and (3.15) give

A(t)dF(t):A(t){—t[X(t)+]-ldEO+tdE-X+(t)}Fo(t)+A(t)X+(t)QO(t)FO(t)

=tdE-F(t), from (3.2) and (3.21).
since A(t)X,(£)04(t) = t[X+(t)+]_ldE;T;;?;;Iisagzg—Z;;;G;;;;5
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the proof 7
Next we show Proposition 3.1.

Proof of (3.26): First we show

1 1

(3.30) rx, (0)71°

From (3.5) and (3.13), it follows that

the left-hand side of (3.30)

1 1

x_(0) 17 E () 1T R (o) T (e) T

1 1

[x_(6)T17 A, (6)x_(6)”

1

Hence [X(t)*]_lAO(t)X(t)- is an entire function of t.

Since Ao(t) is a linear function of t, this function is also

linear in t,

1 1

(3 31) (x(e) 1™ AG(E)X(£)7" = B + Ct.

Considering the expansion of the left-hand side at t = 0,

we have B = 1 and C = -(E+E*) %

Proof of (3.22): It is obvious from (3.20), (3.21).

A (£)X,(£)7" = same + replacing -.

() 1R, () 17 hue) TR () T (60 R (o) ule)F o (£) 7 X _ (%)

i
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Proof of (3.23): We can easily show

1

(3 32) ax_(t)-X_(t)~ +X_(t)QO(t)X_(t)-l = same + replacing -.

Hence, taking the simple poles of Qo(t) into account, we
can set
-1 -1_ t t
dx(t)-X(t) "+X(£)ay(t)X(t) "= —=—> Bdx+ T —>¢ Cdy

By the same argument as in the proof of (3 21), we obtain

= = ’/
B = 9E, C= 3pE. 7

Proof of (3.24): PFirst we show

1

(3.33)  A(t)dX_(t)-X_(t) T+t [X_(t) 17 a8, -x_(¢)

0

= same + replacing -.

Using (3.1), (3.2), (3.5) and (3.12), (3.13), we have

(3.34) ACt)ax_(v)-X_(0)™h = ACt)ax, (8)-x, (£)77F

¥ A(t)X+(t){Qo(t)—H(t)QO(t)H(t)_l}X+(t)_l,

1

! X, (6)77,

-1 _ +.-1
(3.35) A(t)X+(t)QO(t)X+(t) = t[X, (t)] dE,

_ +.-1
(3.36) Ao(t)H(t)QO(t) = t[H(t) ] "dEj.
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substituting these into the left-hand side of (3.33) we obtain
(3.33). The rest of the proof can be done in a similar way,

so that we omit it. ﬁﬁ

In [6], it has been shown that the totality of the RH
transformations 1is: equipped with group structure under

natural composition of matrices Precisely we have

Proposition 2.3 (cf. [6]). Suppose that ul(t), u2(t),
which satisfy the conditions(3.8), (3.9), transform Fo(t)
to Fl(t), and Fl(t) to Fg(t). Then u2(t)ul(t) transforms

Fo(t) to F2(t)
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§ 4 The infinitesimal Riemann-Hilbert transformations

It is known that the Riemann-Hilbert problem (3.12) is

rewritten to the integral equation

(4.1) F.(1 - K) = FO

( see [6:], [11]). The integral operator K is defined by

(4.2) (3-XK)(t) = 2#1 J ds 6(s)K(s,t), s, teC
C

where the kernel function is

(4.3) K(s t) = §T§E€7 (Fo(s)7tr (t) —u(s)FO(s)—lF(t)u(t)_l}.

We remark that (4.1) actually gives the solution of the Riemann-
Hilbert problem (3.12) if wu(t) is very close to the unit
matrix (when u(t) = 1, K 1is a null operator)

In what follows, the infinitesimal form of (4.1) will be
called the infintesimal Riemann-Hilbert (RH) transformation
(the precise definition will be given later). The discussion
in this section corresponds to the converse of the procedure
exploited by Hauser-Ernst [5].

Assume that
(4.4) u(t) = exp v(t)

where v(t) satisfies the conditions that v(t)++v(t) = 0,
and trv(t)= 0. Substituting (4.4) into (4.1), and

neglecting the higher order terms more than second in v(t),
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we have the infinitesimal form of (4.1)

1 t
Fo(t) - Fo(t)+ Sai J;ds ETE:ET{FO(t)

1

—Fo(s)(l+v(t))FO(S)' Fo(t)(l—V(t))}

=

- t -1
= Fy(t)+ 5= J;ds Erg:57{-1:'0(s)v(s)Fo(s) Fo(t)

+F0(t)v(t)}-

Since the integrand of the last equation: 1s analytic at
s = t, we may analytically continue t 1nto C+. Then we
have
(4.5) Fo(t) > Fo(t)- 5 | ds — o F_(s)v(s)F,(5) 18 (t)
0 0 27i C s(s-t) "0 0 0
= F_ (t)+ 1 ds{s_lF (s)v(s)(G,(s,t)-1)
0 2mi C 0 0 2

- ETE:ETFO(S)V(S)}

where Go(s,t) is defined by (2.19) where F(t) 1is replaced
with Fy(t).

Expand GO(s,t) and Fo(t) into power series of s

and ¢t

(1.6)  gy(s,t) = § a™MSTR p ey = )RR
m,n=0 n=0

Also define

(4.7) V(p) = 5%; J;ds sp"lv(s),
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Noting that t/s(s-t) = ) tn/sn+l, and insreting (4 6),(4 7)
n=1

into (4.5), we obtain the infinitesimal RH transformation

(associated with v(t))
gy F) L ey T ) era)lam) T pe) (emn)
p:q=o p=O

We remark that (4.8) actually expresses an infinitesimal
form of the RH transformation associated with wu(t) when
v(t) is very close to the null matrix.

Next consider the generators of the infinitesimal RH

transformations. Set
(4.9) v(t) = Y(k)t_k, y(k%aAAc(z).

Then we have the generators

c(0,m) G(O,n)+Y(k)G(k,n)_G(O,n+k)Y(k)

(L&.IO)k
£ (0,3), (k) (k=] ,n)
+ ZG :JY G Jdos
j=1
for k20, n21,
and
(4.10)_, c(0,n) , 4(0,n)_g(0,n-k), (k) for k21, nzl.

We denote these generators by Y(k)t_k. We set the totality

of the infinitesimal RH transformatlons as ?. That is,
- k
(4.11) ? = span of {Y(k)t k| ke Z, Y( )e AL(2)}.

Next we consider the action of g on the totality of the

potentials G(m,n) . We have the following proposition.
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Proposition 4.1. For any k>0, Y(k)t—k infinitesimally

acts on the totality of potentials {G(m,n)} as follows:

(4.19) Y(k>t-k: G(m,n)hﬂ_G(m,n)+Y(k)G(m+k,n)_G(m,n+k)Y(k)

b} a(mad) () g(kmg,n)
j=1
for m>0, n>1.
Proof. The proof is carried out by induction. The
claim of the proposition is true for n>1 when m=0

Assume that (4.19) holds for n>1 when m-1. The recursive

formula (2.21) and the assumption of induction give

(4.20) G(m,n)=G(m—l,n+l)_G(m—l,l)G(O,n)

g(k)t—k G(m,n)+Y(k)G(m+k,n)_G(m,n+k)Y(k)

_g(m-1,1)_ (k)5 (k,n) o (m=1,14k) (k) ,(0,n)

k . . k . .
+.Z G(m—l,J)Y(k)G(k_J ,n+l)_ z G(m"l:l)G(O)J)Y(k)G(k-J
Jj=1 j=1
_.g o(m=1,3) (1) (k=j,1)(0,n)

j=1

Here we neglect the higher order terms more than second in
y(k). Note that the last three terms of the above equation

§ G( - ’. ).,(k)G( _.Q ) § G( - 3 )G(o,-).,,(k)G ]1: ..l,

J Jj=1

k-1

= .Z

j=0
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and that

Substituting these into (4 20), we complete the induction step. Z@

Before proceeding to the next proposition, we note that

(M.l?)_k is rewritten as

k-1
Os N O: -k - ] s T -

(4.21)

Here we have set

(4.22y  a(P>=P)__g(-P,P) for any p>1,

and G(m,n) = 0 for other negatives indices

"Then the recursive formula (2.21) is wvalid for

m>0 or n>1.

Proposition 4.2. For any kjil,-Y(-k)t_k infinitesimally

acts on the totality of potentials {G(m,n)} as follows:

k-1
(=k). k. ~(m,n) (m,n) (k) (=k) ~(m-k,n) ~(m,n-k) (=k)
(4.23) ' TG —G +j£oam,jy Sy Y G -GNy
for m>0, n>1
Proof. The proof is done by induction. Assume that the

(m-1)th induction step holds. Then, by a similar way as in

Proposition 4.1, we obtain

(k) k k-1 _ k), (m-k n,n-¥)_(-k
k-1
LoD (g gL, (0g(kon

J=0
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+ 1,150, ()G (0,n) K5 (~k) (0sn)

) j=06m'1>J'Y Sk-j,1
Note ' that the following identities hold:
§2260936K—J,n+G(k,n)=5k,n_6k,n=o°
jgzam"lajdk~3,l—G(m—l,l_k)=6m—l,k—l"6m—1,k—1=o'
:'{izam‘l’ﬂ(_k)ak‘j’n”l:?z‘sm,ﬂ(_k)ﬁk—j,n, for m>1, n>)

Substituting these into (4.24), we complete the m (m>1)th

induction step. é%
We obtain the main theorem in this section.

Theorem 4.3. The Lie algebra 9/ is isomorphic to

(4.25) au(2) 8 Rlt,t717.
R

Namely the commutation relation

(#.26) [y gmk =gy () () gkt

holds for any k,&. The bracket of the right hand side is
the usual one of .« (2), and that of left hand side is the

bracket among the infinitesimal transformations.



Kinnersley-Chitre [2] showed that the infinite
dimensional Lie algebra 4ﬁ(2,m)®m[t,t—l] acts on the totality
of solutions of the stationary axially-symmetric gravitational
equation (refer to the apprendix). The proof of Theorem 4.3
can be done in the same manner as in [2]. However Kinnersley-

Chitre give no proofs there. Hence we would like to give the

proof in detail.

Proof of Theorem 4.3. The proof 1is subdevided into

four cases. The first case is

- 32 -



(4.27) [Y(k>t—k, Y(R)t—2]=[y(k), Y(Q')]t_k—2 for any k,2>0

By making use of Proposition 4.1, for any non-negative

integer k,%, we have

[y(k)t-K Y(Q)t—ZJ; G(m,n)

5

[y(k),y(g)]G(m+2—k’n)—G(m’n+2+k)[Y(k),Y(g)]

ST M) (0 (), § om0 (1) (k-] ,n)
Jg=1 Jj=1

b ] atmIH () () (e=im) ¥ (m,5) (1) () g (k=g o)
j=1 j=1

- [Y(k),Y(z)]G(m+£+k,n)_G(m,n+2+k)[Y(k)’Y(z)]

L+k . . 2+k . .
J=1 j=1

- [Y(k),Y(Z)JG(m+2+k,n)_G(m,n+z+k)[Y(k),Y(z)]

2+k

+.Z

j=1

(M) [y () () 35(a4k=3,n)

This implies (4.27). The second case
(4.28) [Y(—k)tk, Y(—l)t£]=[y(-k), y(_g)]tk+l for any k,2>%,

can be proved in a similar way. In fact we obtain

fy (O (=2 8y o (mn)

k-1 -1
(-k)_(-2)
—( § 8 .8 . + 78 8o )Y Y
j=O m,J k‘J:n_Q j=O m‘k:J Q‘Jan
k-1 2-1
(168, .6 s yy TRy ()

. N . .
m_R:J k—J:n jzo6m:J Z_an—k

Y(—i)]G(m—z—k,n)_G(m,n—k—l)[Y(—k)’Y(—R)]
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(-k) _(-2),,(m-2-k,n)
m,J ’ 2+k—j,n+[Y > I ;

o(man=2-k) [ (=k) y(=2)

Next we proceed to the third case

(4.30) [Y(k)t-k Y(-R)tlj - [Y(k),Y(—Q)Jt_k+Q

s for any O<2<X.

The proof of this case is rather complicated than those of

fhe previous two cases. Neglecting higher order terms more
than third in Y(k) and Y(_Q), we have

k), -k - n
(g (W) =27, g(m,n)

Ty (B (22D g (m=tk,n) g mon=24i) p O) | (=0) jy ey p(aax) 4 (505.)

Here the last three terms are computed as follows:

-1 -1
(k) (-2) (-2)_ (k)
*¥)= . - : : . =0
(%) jZoam+k,jY Y 62—3,n jzoam,JY Y 62—J,n+k
because 6m+k,j=6£—j,n+k=o for any O<f<k, and m>0, n>1,

0<j<2-1. The rest of the terms are

k
(k%)= § Z Lo(m,5) Y B Z g(my ) (6)(~2)(k=2-],n)
551 120 et IR

k-2

§, . .+ ) G
-1,n 52

-1

5(msk-1) (1) (=2) (m,4), (1), (~2)(k-2-],n)

i=0

k .
-3 GﬁmJ)Y(k)Y(-l)

k=241 ® k-g-j#n,0

2 . K . _
J=0 > j=k-gtl

k-2-5+n,0

(m J) (k) (- z) (k-2~J,n)

X



5 m ) (0 () (kmkm )

J=1

. K . _
(*-*q‘é):.z Z S .Y(_'Q')(S Y(k)G(k-J ,n)_'i G(m’J_R)Y(—Q)Y(k)G(I{_J ,l'l)

=0 M1l L-1,J 521
k-2

= - .Z

Jj=1

G(m’j)Y(_Q)Y(k)G(k—l-j’n).

Hence we obtain

[y () gk (=2) 25, o(m,n)

Dy (KD (22D g (=t n) o (m,n-4k) £ (1) (-0)

k-2 . .
+ Z G(m:J)[Y(k)’Y(—Q)JG(k—Q—J,n).
J=1
The last case
(4 31) [Y(k)t_k,Y(_mtg‘]=[Y(k),Y(_Z)]t—k” for 0<k<f

can be proved in the same way.
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§ 5. The Riemann-Hilbert transformations for SU(n) and SO(n)

Chiral field

In this final section we consider the RH transformations
for SU(n), SO(n) Chiral field. Zakharov-Mikhailov [9] found

that SU(n) (SO(n)) Chiral field equation
(5.1) 5 (g7 ag) + o (g7 to g) = 0
’ v 48 X

is equivalent to the compatibility condition for the following

linear problem
(5.2) ay(t) =9 (£)Y(t)

where d denotes the exterior differentiation with respect

to x and y, and Q(t) is a 1-form given by

(5.3)  0(t) = 42—dx - —= 4y
(5 1) A = A(X,y), B = B(x,y)c(n) (resp 4o (n)).

Since, for any fundamental solution matrix Y(t) of (5.2),
(5.5) acy(e)f v(e)) = 0, daldety(t)) = 0

hold, we see that there exists a fundamental solution matrix

Y(t) such that
(5.6) dety(t) = 1, v)Ty(t) = 1, Y(0) = 1.

Here + has benn defined in Section 2. 1In the case of SO0(n)
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Chiral field, the first equation in (5.5) and the second
equation in (5.6) must be replaced w%thb.%(tY(t)Y(t)) = 0,
and  CY(£)Y(t) = 1, respectivelifj:bonve;;ely, if there
exists a fundamental solution matrix Y(t) of (5.2) subject
to the condition (5.6) (we call such a solution a generationg
function for the 1-form Q(t)), the coefficients A and B
in (5.4) are 4w (n) (resp. 40(n)) matrices

Next we consider the RH transformations (Zakharov-Mikhai-
lov constructed the transformation of this type in [9])
Let Yo(t) be a generating function for the l1-form Qo(t)
with the coefficients AO and BO, and C such a small
circle whose center is the origin, that Yo(t) is holomorphic

in CyC, (as for the notations, see Section 3). And let

u(t) Dbe an nyn matrix function of t,analytic on C such that
(5.7) uw(t)Tu(e) = 1, det u(t) = 1.

For SO(n) Chiral field, the first equation in (5.7) must be
replaced with tu(t)u(t) = 1. As in section 3, we consider

the Riemann-Hilbert problem

(5.8) X_(s) = X, (s)H(s), seC
(5.9) H(E) = Yy (t)u(t)¥, ()71,
with normalization condition X+(O) = 1. For the solution

of the problem, we define Y(t) and Q(t) as follows;

(5.10) Y(t) = X+(t)Y0(t) in C_,
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Here tY(‘c) denotes the transposed matrix of Y(t).
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Lx_<t>yo(t>u(t)‘1 in ¢,

_ th tB
(5.11) Qlt) ——1—_—th —T‘*'—t—-dy’

A=Ay +09,X,(0), B =By -23x.(0).

Then we have

Proposition 5.1 (cf.[9]) Y(t) is a generationg function

for the l-form Q(t) (5.11).

The infinitesimal RH transformation for SU(n), SO(n)
Chiral fields can be obtained in the same way as in section
4, We only show the results. As in Section 2, define the

. (m,n) Y
potentials {G'° }mzo,nzl by

(5.12) G(s,t) E%E{S—tYo(s)—lYo(t)}

) G(m,n)smtn‘
n:

m,n=0

In section 43 we have only. used the relation (2.21) and the
integral equation (4.1) to show the propositions in Section 4.
Notice that (2.21) directly follows from the definition of
G(s,t), and that (4.1) also represents the Riemann-Hilbert
problem in this case. Hence we can define the infinitesimal
RH transformations just as in Section 4. The generators
y(k)t—k's of the infinitesimal transformations are defined

by (M.lO) where Y(k)'s belong to 4u(n) (resp. ge(n)).

Let g be the totality of the infinitesimal RH transformations
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(5.13) ? = span of {Y(k)t—kl keZ, y(kg_ax(n) (resp.46(n))}

Then we have

Theorem 5.2. The Lie algebra ;/ is isomorphic to the

graded Lie algebra

(5.18) e (NOELt,t71] (resp. 4o (nIQEB[t,£717) .
Namely the bracket relations

(5.15) [y (Dgmhy oy () (D) gp-k

hold for any generators y(k)t—k, Y(R)t_z of‘?

The reason why the algebra of SU(2) Chiral fields is
isomorphic to that of the reduction problem is that the
Riemann-Hilbert problems for these equations are formulated

in the same manner ( compare (3.8), (3.9) and (5.7) )
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Appendix. Kinnersley-Chitre Theory

In the references [1], [2], W. Kinnersley and D. M. Chitre
constructed the so-called Geroch group. This is an infinite
dimensional transformation group acting on the manifold of
solutions of stationary axially symmetric vacuum gravitational fieid
equations (ASVG). In this short note, we shall review the
essence of their theory.

First of all we define ASVG. Consider a 4-dimentional

metric form expressed by

b

2
(A.1) -ds” = e I‘(dpz+d22)-gabdxadx (a,b = 0,1)

where (xo,xl) (t,¢), and T, 8,p are functions depending

on only p and z. Furthermore we assume that

(A.2) g = (gab) is real, symmetric and det g = —pz.

We demand that the metric form (A.l) satisfies the Einstein
equations R.. = 0. The essential part of these equations is

1J

(A.3) Vo(p tgoVg) = 0

where V = (ap,az) is the 2-dimensional gradient, and 5 =
(az,-ap) is the dual operator of V, and where ¢ = {—l l].
This is ASVG.

Kinnersley-Chitre observed two internal symmetries hidden

behind the equations (A.3), which do not commute to each other,
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and composed them. The Geroch group is generated by these
symmetries.

The first symmetry is immediately found:
t
(A. L) g —— ‘£g&, &€ SL(2,R), constant

The equations (A.3) are obviously invariant under the above
transformations. We denote by @50) the Lie algebra of this
transformation group, which is isomorphic to 45(2;R).

In order to find another internal symmetry, we must
introduce the so-called Ernst potential. First we note that
there exists a twist potential ¢ defined by

(A.5) vy = o TeoVg.

The Ernst potential is given by
(A.6) E = g+iy,
and satisfies the equation

(A.7) VE = ip lgVE.

Let Ell be the (1,1) component of E. Then Ell satisfies
(A.8) (ReE. . )AE. . = (VE,.)°

. 1175511 117
where A 1is the 3-dimensional Laplacian. (A.8) is



called the Ernst equation. Since other components are regained

from Ell’ the symmetry of the Ernst equation becomes important.

Proposition A.l1l. (the second symmetry) The Ernst

equations has the three symmetries below:

(A.9) Ell F——>Ell-ia (a gauge transformation),
(A.10) Ell F——>BE11 (rescaling),
E
11
(A.11) E ' -
11 1yEll+l

Here o, B, Y are real constants. The last transformation
(A.11) is not trivial, and is called the Ehlers transformation.
These second symmetries do not commute with (A.4).

First we mix the symmetry (A.4) with Ehlers transformations

00

0 v ]t‘l the infinitesimal Ehlers trans-
3

(A.11) Denote by [

formation.

Theorem A.2 The infinitesimal transformation [8 g]t_l
3

acts on the field g and the potential E as follows:

(A.12)  rgy, gl2}

g11 E1» {YBgllwll Y3811¥071 ]
+ 2
821 Bpp

€21 8o» Y3811¥21  Y3(-855011%205,85)

. 0 .10
(A.13) E+——sFE + 1Eo[8 y ]OE + 1[0\?

]oN - i(N+E0E)0F)O ]
3 3

3 0y

where N 1is defined by

(A.14) VN = E*gVE.
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Sketch of the proof. We only show that [8 th—l transforms
5
E21 to
(A.15) E2l - 1Y3E21E11 - lYSNll‘

From the definition of twist potential ¢ (A.5) and (A.12),
00

0 Y} t™1  transforms Vy,, as follows:
3

we see that [
Vioq = =85V8 1 t 8y V8,51 > Vs + 2v5 (U5 VU, )-8y, Vs,, ).

Since the right hand side of the above equation is

V{w21 YBRe(E2l 11 Nll)}’ So we have

00 -1

[0 Y3%; Vo Uy TYsRE(Ey By Ny )
By the same way, we have

+No L)

00 -1
[ ]t : > gy FYgIm(Ey By g #N

€21

This completes the proof.

It is noted that «£(2,R) 1is isomorphic to A7m(2;R)
(algebra of 2x2 real symmetric matrices) as Lie algebra by
(A.16) wm(2,R)3y r—> oy € (2 ,R)

The ,Afn(2JR) bracket is given by [y,Yy']l = yoy'-y'oy.

Lemma A.3. Under the isomorphism (A.16), we identify

- q3 -



(0)

Then Y gives

v(0) ¢ 44m(2,R) with an element of 02’(0).

an infinitesimal transformation

(0) (0)

Y(O): ocE - Eoy .

(A.17) Er E + vy

. (1) .
We define g} as a class of infinitesimal transforma-

tions given by

SR S TR RS

It is noted that Z?(l) is canonically isomorphic to

_¢ﬁn(2;R)®t_l as a vector space:
-1
(A.19) @(1) v {Y(l)t 5 Y(l)e W(&IR)}.
. . (1),-1 .
Lemma A.4. Under the isomorphism (A.19), ¥y t gives
an infinitesimal transformation
(A.20) Y(l)t—l: E+>E + iEoY(l)oE + iy(l)cN - i(N+EOE)GY(l)

It should be noted that 6?(1) is not closed as a Lie
algebra. However this is an important point. 1In fact we

extend the group on the ground of this point We define
(A.21) Q}(K“l) = [Q}(k), @L(l)] for k > 1.

In order to represent 6}(k), we must introduce new

potentials.
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Proposition A.5. There exist an infinite number of

potentials {N(m,n)} defined by

(a.22) ©EMHD) . i(N(l’n)+E(l)oE(n)), n > 1

(0 - 45, (1) -k

3

(n)

*
pn(mn) o g7 o)y (0un) o ig () s o, n s 1,

Lemma A.6. Under a suitable choice of integral constants,
the following recursive relations hold;

(A.23) N(msn)_N(n,m)* - E(m) (n)

*
og) for m >0, n

v
|_:
\»

(A.24) N(m,n+l)_N(m+l,n) = iN(m’l)oE(n> for

g
flv
\‘O
o)
v
—

1
We observe that %}(K) is canonically isomorphic to

,qﬂn(Q;R)@t-k as a vector space.
w25 g w BT e gmiamy

Theorem A.7. Under the isomorphism (A.25), y(k)t_k

gives an infinitesimal transformation
(A.26) Y(k)t—k: N(m,n) N N(m,n)+Y(k)oN(m+k,n)_N(m,n+k)0Y(k)

(k)oN(k-j,n)

k .
- 3 N(m’J)OY

for m >0, n > 1.
J=1

And the commutation relations are given by



(A.27) (y (g7 =ty o gy ) (R) gkt

for k

(A%

0, £ > 0.

Sketch of the proof. In order to verify the theorem,

we need the following lemma.

Lemma A.8. An infinitesimal transformation

Y(l)t—l 64%(1)

(m,n) )
acts on {N }mio,n;l as follows:

(A.28) y(l)t-l; N(m,n) . N(m,n)+Y(l)GN(m+l,n)_N(m,n+l)OY(l)

_ N(m,l)OY(l)ON(O’n) for m ; O, n > l-

This lemma 1s proved by induction with respect to m and
n. Let us assume that we have verified the n-th induction
step for m = 0 or 1. Then, by using (A.22), (A.24) and
the hypothesis of induction, we can prove

(1)

v (1. N(O,n+1) N N(O,n+l)+y(1)oN(l,n+l)

_(0sm2) (1) (0,1) (1) 1 (0,n+1)

3

and

y (D=Ll gn(Lon+) g y(Lon+d) (1) 5y(2,n41)

-N(l’n+2)0Y(l>—N(l’l)cY(l)cN(O’n+l)).

Thus we see that (A.28) is true for any n 20, and m = 0 or 1.
That the assertion of the lemma is true for any m > 0 can be
also verified by induction. Theorem (A.7) is shown by using
Lemma A.8 in the same way as in Theorem 4.3.

Next we define %?(-l) as a class of infinitesimal gauge

- 46 -



transformations. If we denote by Y(_l>t an infinitesimal

gauge transformation
(.29)  EBeE iy, e nem,

-1 . . . .
@7( ) is canonilcally isomorphic to .4fm(2ﬂﬁ)®t as a vector
space.
Lemma A.9. An infinitesimal transformation Y(—l)t;é %}(-l)
acts on the potentials {N(m,n)} as follows:

m>0,n>1

(A.30) Y(—l)t; y(m,n) N(m’n)-5m oY(_l>6

3

+Y(—l)ON(m—l,n)_N(m,n—l)OY(—l).

Here the potentials with negative indices are defined as
(a.31) NPsP) o y(PuP) oo por pos o, plmn) - g
for other indices.

Let us define

v
’.._:

(A.32) %}('k) = [@;('k+l),Q%<_l)] for k
This vector space is isomorphic to A?Wn(2;R)®t_k,
(A.33) %}('k) vy TReR B e o R

We have
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. . -k). k
Theorem A.10. Under the isomorphism (A.31), y( )t

gives an infinitesimal transformation

(A-BS) Y(—k)tk; N(m,n) - N(m’n)—

oy CE) gy (m=ke,n) _p(myn=k)  (SK) e o nsd.

And the commutation relations are given by
-k) k -2), 2 -k -2 -k-2
(a.36) [y TRy TRty o (B0 L g for k,t 2 0.

We set Lie algebra ? as

[oe]

(a.37) = e o)

The structure of 27 is stated in our main theorem

Theorem A.11. As a graded Lie algebra, %} is isomorphic

l]. Namely the commutation relations

to m(2,R) ® R[t,t
“r R

(4.38) [y (K g=k (=2 o () () ~k-2

hold for any integers k and 2.
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