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INVERSE SETS AND INVERSE CORRESPONDENCES 

OVER INVERSE SEMIGROUPS 

TOMOKI UCHIMURA 

ABSTRACT. This is a summary of the author's previous work. We in-
traduce notions called inverse set and inverse correspondence over in-
verse semigroups. These are analogies of Hilbert C*-modules and C* -
correspondences in the C* -algebra theory. We show that inverse semi-
groups and inverse correspondences form a bicategory. In this bicate-
gory, two inverse semigroups are equivalent if and only if they are Morita 
equivalent. 

0. INTRODUCTION 

This is a summary of the author's previous work [Uch24b]. The theory 
of inverse semigroups are closely related to the theory of C* -algebras (for 

example, [Pat99, KS02, Exe08]). A C*-algebra is a complex liner space 
equipped with a multiplication, an involution, and a complete norm which 
is compatible with the algebraic structures. In the theory of C* -algebras, 

non-commutative and infinite-dimensional C*-algebras often appear, but are 
generally difficult to investigate. Therefore, we construct C* -algebras from 

some mathematical objects which are relatively easy to investigate, and 
study the C* -algebras through their materials. Groups, etale groupoids, 
and inverse semigroups are used well as materials of C* -algebras. Recent 
researches involve a categorical approach to the constructions of such C* -
algebras by using bicategory, which is a kind of category [BMZ13, AM16]. 
Albandik showed that the construction from etale groupoids to C* -algebras 

forms a kind of functor (bifunctor) from the bicategory Q5t of etale groupoids 
to the bicategory l'tott of C*-algebras [Alb15]. One might expect that the 
construction of C* -algebras from inverse semigroups has a similar property. 

However, to the best knowledge of the author, any bicategory of inverse 

semigroups which corresponds to如 orl'tott has not been introduced in the 
theory of inverse semigroups. Therefore, the author introduced the bicate-
gory'Jct of inverse semigroups modeled on the bicategory l'tott in [Uch24b]. 
We also proved that two inverse semigroups are equivalent in this bicategory 

'Jct if and only if they are strongly Morita equivalent. 

1. INVERSE SEMIGROUPS 

A semigroup is a set with an associative multiplication. A semigroup S 

is regular if for every s E S there exists an element t E S with sts = s and 
tst = t. Such an element t is called a generalized inverse of s. A regular 
semigroup S is said to be inverse if each element has a unique generalized 

inverse. For an inverse semigroup S, we denote the generalized inverse of 
s ES ass*. 
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An element e of a semigroup S is an idempotent if ee = e holds. The set 
of all idempotents of Sis denoted as E(S). 

Example l. 1. A discrete group is an inverse semigroup which has the unit 
as a unique idempotent. 

Example 1.2. For topological spaces X and Y, a partial homeomorphism 
u from X to Y is a homeomorphism from an open subset Du of X to an 
open subset凡 ofY. For a partial homeomorphism u from X to Y, we 
define a partial homeomorphism from Y to X, called an inverse of u, as the 
homeomorphism u-1 from Ru to Du regarded as a partial homeomorphism 
from Y to X. We denote this partial homeomorphism by the same symbol 
U―1. For topological spaces X 1, X 2, X 3 and partial homeomorphisms u 1 
from X1 to Xふ四 fromふ toX3, we define a composition u2u1 of u1 and 
u2 as the partial homeomorphism from X1 to X3 defined by u叫 (x):= 

匹 (u1(x))for x E D叫 1 := u11(DuJ- We denote the set of all partial 
homeomorphisms from X to Y as I(X, Y). We abbreviate I(X, X) to I(X). 
The set I(X) becomes an inverse semigroup with respect to the composition 
of partial homeomorphisms. 

A subset I of a semigroup S is a two-sided ideal if st E J and ts E J 
hold for s E S and t E J. A two-sided ideal of a semigroup becomes a 
subsemigroup. A two-sided ideal of an inverse semigroup becomes an inverse 
subsemigroup. We can prove the following proposition which is similar to 
[Pat99, Proposition 2.1.1] or [Law98, Theorem 3]: 

p roposition 1.3. Let S be a semigroup and I be a two-sided ideal of S. If 
I is an inverse subsemigroup of S, then for eve内 eE E(S) and f E E(J), 

ef = f e holds. 

This proposition plays an important role for proving Theorem 3.8. 
Let S be an inverse semigroup. It is clear that s** = s for s E S. We 
have (st)*= t*s* for s, t ES by using Proposition 1.3. 
The following theorem is well-known as a characterization of inverse semi-
groups: 

Theorem 1.4. A regular semigroup S is inverse if and only if all idempo-
tents of S commute. 

Proof. The only if part follows from Proposition 1.3. See [Law98, Theorem 
3] for a proof of the if part. ロ

2. THE BICATEGORY ton OF C* -ALGEBRAS 

A category consists of collections of objects and morphisms; the composi-
tion gf: x→z is given for each two morphisms f: x→y and g: y→z; the 
identity morphism lx is given for each object x. The following conditions 
are required to these structures: 

(i) the associative law, that is, h(gf) = (hg)f holds for f: x→Y, g: y→ 
z, h: z→w. 
(ii) the unit law, that is, lyf = f = flx holds for f: x→y. 
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Two objects x and y of a category are isomorphic if there exist f: x→ y 
and g: y→x with gf = lx and Jg= ly. 
We give two example of categories. For C*-algebra A and B, a *-homo-
morphism O': A→B is a linear map from A to B which preserves multipli-
cations and involutions. C* -algebras and *-homomorphisms form a category 
C alg with respect to the usual composition of maps and the identity maps. 
For semigroups Sand T, a semigroup homomorphism 0: S→Tis a map 
from S to T which preserves multiplications. If S and T are inverse, then a 
semigroup homomorphism between them preserves the generalized inverses. 
Inverse semigroups and semigroup homomorphisms form a category IS with 
respect to the usual composition of maps and the identity maps. Two inverse 
semigroup are isomorphic if they are isomorphic in this category IS. 
A bicategory introduced by Benabou in [Ben67] equips 2-arrows, which 
are "morphisms between morphisms", in addition to objects and morphisms. 
For each two objects x and y of a bicategory, morphisms from x to y and 
2-arrows between morphisms from x to y form a category. The morphisms 

h(gf) and (hg)f, lyf and f, f and flx are required to be isomorphic through 
some "natural" 2-arrows, instead of the associative law and the unit law. 
Two objects x and y of a bicategory are equivalent if there exist morphisms 
f:x→y and g: y→x such that g f is isomorphic to lx and f g is isomorphic 
to ly. See [Ben67] or [Lei98] for more details of the definition of bicategories. 
As mentioned in Section 0, the bicategory lton of C* -algebras appears 
in the theory of constructions of C* -algebras. To define the morphisms of 
lton, we see the definitions of Hilbert modules and C* -correspondences. See 
[Lan95] for more details. 
Let A be a C*-algebra. An A-action on a complex linear space £ is a 

bilinear map £ x A • A;(~, a) • ~a with （~a)a' ＝的(aa') for a, a'E A 
and ~ E £. A Hilbert A-module £ consists of an A-action on £ and a 
map <• | •わ： Ex£ → A which satisfy similar conditions to Hilbert spaces. 
The map <• | •知 is so called A-valued inner product. If A = CC, a Hilbert A-
module is nothing but a Hilbert space. In Section 3, we introduce the notion 
of inverse S-set as a set equipped with an action of an inverse semigroup S 
and an S-valued pairing. 
For a C*-algebra A and a Hilbert A-module£, a linear map cp: £→ £ 

is adjointable if there exists a linear mapゆ： 8 →£ with〈心(n)| ＜心＝
〈n| cp（く）心 for~''f/ E £. The set L(£) of all adjointable maps becomes a 
C* -algebra with respect to the suitable structures. For C* -algebras A and 
B, a C*-correspondence £ from A to Bis a couple of a Hilbert B-module £ 
and a *-homomorphism咋： A →L(£). We denote it as £: A→B. 
We give an example of C*-correspondences. For a C*-algebra B, the 
linear space B becomes a Hilbert B-module with respect to the B-action 
defined by the multiplication from the right side, and the inner product de— 
fined by〈bib'〉B:= b*b'for b, b'EB. For every b EB, the multiplication of b 
from the left side is an adjointable map入bon the Hilbert B-module B. The 
C*-algebra B can be regarded as a C*-subalgebra of L(B) through the map 
入： B→L(B); b f-t入b・ Thus a *-homomorphism O': A→B induces a C* -
correspondence consisting of a Hilbert B-module Band a *-homomorphism 
O': A→BC  L(B). In this sense, C*-correspondences can be regarded as a 
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generalization of *-homomorphisms. We call the C*-correspondence associ-
ated with the identity *-homomorphism on A the identity correspondence. 
In Section 4, we introduce adjointable maps on an inverse S-set U by using 
the S-valued pairing, and show that the set L(U) of all adjointable maps 
becomes an inverse semigroup. For inverse semigroups Sand T, the notion 
of inverse correspondence U is introduced as a couple of an inverse T-set 
U and a semigroup homomorphism伽： S →L(U) in Section 4. This is an 
analogy of C* -correspondences in the theory of inverse semigroups. 
Let Ai be a C* -algebra with i = 1, 2, 3, 4, and £i: Ai→Ai+l be a C*-
correspondence with i = 1, 2, 3. For C* -correspondencesふand£2, we can 
define the C* -correspondenceふR£2 from A1 to A3 called (interior) ten-
sor product. C* -algebras, C* -correspondences, the tensor product, and the 
identity correspondences satisfy almost all of the conditions required to bi-
categories. However, they do not form a bicategory as discussed follows: 
The C* -correspondences（ふRど叫R£3 andふR(£2 R £3) are isomorphic 
through the "natural" bijection (6 Rむ）R&→ ＆R(6R如）． Thismap is a 
2-arrow which corresponds to the associative law. The C* -correspondences 

ふRA2and £1 are isomorphic through the "natural" bijection 6 Ra2→ &a2. 
This map is a 2-arrow which corresponds to one of the two unit laws. The 

"natural" map A1 Rふ→ふ；a1R 6曰疇 isinjective, preserves the 
structures of C* -correspondence, but is not surjective in general. This be-
comes an isomorphism if and only ifふisnon-degenerate, that is, it satisfies 
ふ＝｛び£1(a1)(6) I a1 E A1, 6 Eふ｝． Byrestricting the collection of mor-
phisms to all non-generate C* -correspondences, we obtain the bicategory 
ltott of C* -algebras. In Section 4, we introduce the property called non-
degenerate for inverse correspondences, and show that inverse semigroups 
and non-degenerate inverse correspondences form a bicategory. We denote 
this bicategory as'JI!:. 
Rieffel introduced the equivalence relation between C* -algebras called 
strong Morita equivalence [Rie74]. Two C*-algebras are equivalent in the bi-
category ltott if and only if they are strongly Morita equivalent [EKQR06]. 
Steinberg introduced the equivalence relation between inverse semigroups 
also called strong Morita equivalence [Stell]. He showed that the construc-
tion from inverse semigroups to C* -algebras preserves strong Morita equiv-
alence through the theory of groupoids and their C* -algebras. The author 
showed that two inverse semigroups are equivalent in the bicategory'JI!: if 
and only if they are strongly Morita equivalent [Uch24b]. In forth coming 
paper [Uch24a], we will show that the construction from inverse semigroups 
to C* -algebras forms a bifunctor from'JI!: to ltott. Because of these result, we 
can give another proof of the fact proved by Steinberg since every bifunctor 
preserves equivalences in bicategories. 

3. INVERSE SETS AND INVERSE SEMIGROUP L(U) OF ADJOINTABLE MAPS 

In this section, we introduce inverse sets and adjointable maps on them. 
Let Sb e an mverse sem1group. 

Definition 3.1 ([Uch24b, Definition 2.2]). A regular S-set U is a set U 
equipped with a right S-action (that is, a map U x S→U; (u, s)曰 uswith 
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(us)s'= u(ss') for s, s'ES and u EU) and a map <• •>u:UxU • S called 
a (right) pairing on U which satisfy that 

(R-i)〈ulu's〉u=〈ulu'加s,
(R-ii)〈ulu'〉t=〈u'lu〉u,
(R-iii) u〈ulu〉u=u, 
for every u, u'E U and s E S. An inverse S-set U is a regular S-set which 
satisfies that 

(R-iv) u〈u'lu〉u= u and u'〈ulu'〉u= u'imply u = u' 

for every u, u'EU. 

As a first example, we regard an inverse semigroup Sas an inverse S-set. 

Example 3.2. We set a right action of Son Sas the multiplication from the 

right side and define a map <• | •>s: S X S →S by〈sis'〉8:= s* s'for every 
s, s'E S. It is clear that this map satisfies (R-i) and (R-ii). The map <• | •> s
satisfies (R-iii) by the definition of the generalized inverse and satisfies (R-
iv) since S is inverse. Thus S is an inverse S-set with respect to the above 
structures. 

Example 3.3. We define a right action of I(X) on I(X, Y) by the composition 
from the right side and a pairing on I(X, Y) by 

〈u1I u2〉I(X,Y):= U11U2 

for u1, u2 E I(X, Y). We can see that the set I(X, Y) b ecomes an mverse 
J(X)-set with respect to the above structures. 

Let U and V be regular S-sets. 

Definition 3.4 ([Uch24b, Definition 2.9]). A map cp: U→Vis an S-map 
if cp(us) = cp(u)s for u EU ands ES. 

Definition 3.5 ([Uch24b, Definition 3.1]). A map cp: U→V is said to be 
adjointable if there exists a map心： V →U such that 

〈心(v)I u〉u=〈vI cp(u)〉v

holds for every u EU and v EV. Such a map心issaid to be an adjoint of 
cp. We denote the set of all adjointable maps from U to V as L(U, V). We 
abbreviate L(U,U) as L(U). 

We can easily see that the set L(U) becomes a semigroup with respect to 
the composition of maps. We give examples of adjointable maps: 

Definition 3.6 ([Uch24b, Definition 3.4]). For u EU and v EV, we define 

a map Wv,u: U→V by 
Wv,u(u') := V〈u| u'〉U

for u'E U. We denote the set {wv,u I u E U, v E V} as K(U, V). We 
abbreviate K(U, U) as K(U). 

For u EU and v EV, the map Wv,u is an adjoint of Wu,v・ Thus K(U, V) is 
a subset of L(U, V). 
Let U, V, and W be regular S-sets. We can see 

'P Wv,u = W'P'(v),u, Ww,v'P = Ww，心（v)
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for u EU, v E V, w E W, cp E L(U, V), cp'E L(V, W), where心isan adjoint 
of cp. These imply that K(U) is a two-sided ideal of L(U). 
The following proposition plays an important role in the proofs of Theo-
rem 3.8, 3.9, and Proposition 4.6: 

Proposition 3. 7 ([U ch24b, Proposition 3.12]). For a regular S-set U, the 
fallowing are equivalent: 

(i) u〈u'lu〉u= u and u'〈ulu'〉u= u'imply u = u'for every u, u'E U 
(that is, U is an inverse S-set), 

(ii)〈ulu〉u=〈u'lu'〉u=〈ulu'〉uimplies u = u'for every u, u'E U, 
(iii) u〈ulu'〉u=U'〈u'luル〈ulu'〉ufor eve内 u,u'EU,
(iv) Wu,u and w兄u'commutesfor every u, u'EU, 

We give the properties of adjointable maps between inverse S-sets (see 
[Uch24b, Section 3]). Let U, V be inverse S-sets and cp: U→V be an 
adjointable map. We can show that an adjoint of cp: U→V is unique. We 
denote the adjoint of cp as cpt. We can also see that cp becomes an S-map. 
For an inverse S-set払withi = 1, 2, 3 and an adjointable map匹払→Ui+l

with i = 1, 2, we have叫＝ cp1and（(()2cp1)t =吋心 Anelement cp E L(U) 
is said to be self-adjoint if cp = cpt holds. 

Theorem 3.8 ([Uch24b, Theorem 3.19, 3.30]). For an inverse S-sets U, 
the semigroups K(U) and L(U) are inverse. 

Sketch of proof. We can obtain E(K(U)) = {wu,u I u EU} by using Propo-
sition 3.7 (ii). By Proposition 3.7 (iv), we see that all elements of E(K(U)) 
commute. Thus K(U) is inverse by Theorem 1.4. 
We next prove that L(U) is regular. Fix cp E L(U) and u E U. We already 
obtain that the two-sided ideal K(U) of the semigroup L(U) is inverse. Thus 
every idempotent of L(U) and Wu,u commute by Proposition 1.3. By using 

this fact and the fact that cp停Wu,uand Wu叶心 areidempotents, we see 
that心 andWu,u commute. Since cp is an S-map, we have 

叫） ＝cp(u)〈cp(u)I cp(u)〉u= cp(u〈cp(u)I cp(u)〉u)=cp(u〈u占 (u)〉u)
= cp(wu,u ~つtcp(u)) ＝ ゃ（cpt，クWu,u(u))= 'P4夕！t4っ(u〈ul u〉u)= cpcptりク(u).

Thus we have cp =匹tcp. By taking the adjoints, we obtainゃ停cpt= cpt. 
Hence cp t is a generalized inverse of cp・
We finally show that L(U) is inverse. Let cp be an element of L(U) and 
切，応 beadjoints of cp. We can easily see that cp'ljJ1, cp喜加 and疇 are
idempotents. By using Proposition 1.3, we can prove that every idempotent 
of L(U) is self-adjoint. This implies that 

切＝釘ゃ切＝ （かcp)t切＝ （切中心四）片釘

＝ （心四）t（心m)↑釘＝和ゃ心匹如＝心四か．

We also haveむ＝応叫 ina similar way. Thus切＝切 holds. ロ

We can show the following theorem in a similar way to the proof of The-
orem 3.8: 
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Theorem 3.9 ([Uch24b, Theorem 3.31]). For inverse S-sets U and V, the 
set L(U, V) becomes an inverse L(U)-set with respect to the right L(U)-action 
defined by the composition from the right side and a pairing <• | •> L(U,V): L(U, V) X 

L(U,V)→L(U) defined by〈叫心〉L(U,V):＝占． Theset K (U, V) becomes 
an inverse K(U)-set with respect to the same structure. 

4. INVERSE CORRESPONDENCES AND THE BICATEGORY J~ 

We introduce inverse correspondence between inverse semigroups with the 
theory of C* -correspondences in mind. Let S, T be inverse semigroups. 

Definition 4.1 ([Uch24b, Definition 4.1, 4.5]). An inverse correspondence U 
from S to Tis a couple of an inverse T-set U and a semigroup homomorphism 
伽： S→L(U). We denote it as U: S→T. An inverse correspondence U is 
said to be non-degenerate if U = { 0u(s) (u) I s E S, u E U} holds. 

Definition 4.2. Let U and V be inverse correspondences from S to T. 
A map cp: U→V is an isomorphism if it is a bijective S-map such that 
〈ゃ(u)I cp(u')〉v=〈ulu'〉［,1and cp(0u(s)(u)) = 0v(s)(cp(u)) hold for s E S 
and u, u'E U. We say that U and V are isomorphic if there exists an 
isomorphism between them. 

We give three examples of non-degenerate inverse correspondences. 

Example 4.3. Let S, T be inverse semigroups and T: S→T be a semigroup 
homomorphism. We obtain an inverse T-set T as in Example 3.2. We can 
see that the subset比：＝ ｛T(s)t I s ES, t ET} of T becomes an inverse T-
set with respect to the same structures. We define a map似： S → L（仏） by
似 (s)(u):= T(s)u. We can see that似 isa semigroup homomorphism and 
that the couple UT and如 becomesa non-degenerate inverse correspondence 
from S to T. We call the inverse correspondence Uids from S to S associated 
with the identity map ids on S the identity co汀espondence.This will be 
regarded as the identity morphism in the bicategory J~ later. 

Example 4.4. For topological spaces X, Y, we obtain the inverse J(X)-set 
I(X, Y) as in Example 3.3. The operation 0r(X,Y)(v) to compose v E J(Y) 

from the left side is an adjointable map on I(X, Y). The map 0r(X,Y): v→ 。I(X,Y)(v)is a semigroup homomorphism from I(Y) to L(I(X, Y)). We 
can see that the couple of the inverse J(X)-set I(X, Y) and the semigroup 
homomorphism 0r(X,Y) form a non-degenerate inverse correspondence from 

I(Y) to I(X). 

Example 4.5. Let U, V be inverse S-sets. We obtain the inverse L(U)-set 
L(U, V) as in Theorem 3.9. The operation 0L(U,V)（心） tocomposeゆEL(V) 
from the left side is an adjointable map on L(U, V). The map 0L(U,V):心→
0L(U,V)（心） isa semigroup homomorphism from L(V) to L(L(U, V)). We 
can see that the couple of the inverse L(U)-set L(U, V) and the semigroup 
homomorphism 0L(U,V) form a non-degenerate inverse correspondence from 

L(V) to L(U). 

Let Si be an inverse semigroup with i = 1, 2, 3 and U: S1→S2, V: S2→ 
品 beinverse correspondences. We introduce the inverse correspondence 



42 TOMOKI UCHIMURA 

U R V: S1→S3 as follows: We define the set U R V as the quotient of 
the direct product U x V by the minimum equivalence relation ~ such that 
(us2, v) ~ (u, 0v(s2)(v)) holds for u EU, s2 E S2 and v EV. We denote the 
equivalence class of (u, v) as u R v. We define a right action of S3 on U R V 
as 

(u R v)s3 := u R (vs3) 

and a map <• | •>U@V: (U R V) X (U R V)→品 as

〈u'Rv'I uR v〉U@V:=〈v'l0v(〈u'lu〉u)(v)〉V

for u,u'EU, v,v'EV and s3 E S3. 

Proposition 4.6 ([Uch24b, Proposition 4.11]). The set U R V becomes an 
inverse S3-set with respect to the above structures. 

Sketch of proof. We can easily see that the S3-action and the pairing de-
fined above are well-defined, and that U R V is a regular S3-set. By using 
Proposition 3.7, we can prove that U RVis an inverse S3-set. ロ

For s1 E S1, we define a map 0碑 v(s1)on U RVas 

0叩 v(s1)(uRv)：＝伽（s1)(u)Rv.

for u E U and v E V. We can see that this is an adjointable map on U R V 

and that the map 0u0v: S1→L(U R V); s1 f----+ 0叩 v(s1)i s1J 1s a sem1group 
homomorphism. 

Definition 4. 7. For inverse correspondences U: S1→S2 and V: S2→ Sふ
we call the couple of the inverse S3-set U R V and the semigroup homomor-
phism 0u0v: S1→L(U R V) the tensor product of U皿 dV. 

We can see that the tensor product of two non-degenerate inverse corre-
spondences is non-degenerate. 

Theorem 4.8 ([Uch24b, Theorem 5.12]). Inverse semigroups and non-
degenerate inverse correspondences form a bicategory with the tensor product 
as composition and the identity correspondences as identity morphisms. We 
denote this bicategory as J<t. 

Sketch of proof. We only see that there exist isomorphisms which correspond 
to the associative law and the unit law. Let Si be an inverse semigroup with 
i = 1,2,3,4 andUi: Si→Si+l be an inverse correspondence with i = 1, 2, 3. 
The map a: (U1 R比） RU3→U1R(U2R如 definedas 

a(（町R四）R四） ：＝ U1 Q9（四R四）

and the map入： U1Rふ→仏 definedas 

入(u1R s2) := u1s2 

are isomorphisms. The map p: S1 R U1→柘 definedas 

p(s1 R u1) := s四1

is an isomorphism since U1 is non-degenerate. 口

We give an example of a kind of functor (bifunctor) to this bicategory'Jlt: 
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Example 4. 9. Letふbean inverse semigroup with i = 1, 2, 3 and乃：ふ→
Si+l be a semigroup homomorphism with i = 1, 2. We obtain the in-
verse correspondences UT1: S1→S2 and UT2 : S2→S3 as in Example 
4.3. The tensor product UT1 R叫 ofthese inverse correspondences is iso-
morphic to the inverse correspondence Uす 1associated with the composi-

tion of the semigroup homomorphisms町 and乃 throughan isomorphism 

UT1 Q9凡→ UT2T1;u1 R u2→乃(u1)u2. Th e construction from semigroup 
homomorphisms T to the associated inverse correspondences UT form a bi-

functor from the category IS to the bicategory J~. 

The following theorem is one of the main results of [Uch24b]. 

Theorem 4.10 ([Uch24b, Theorem 5.16]). Two inverse semigroups are 

equivalent in the bicategory J'~ if and only if they are strongly Morita equiv-
alent. 

We can prove this theorem in a similar way to [EKQR06, Lemma 2.4]. 
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