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INTRODUCTION

ThispapordoEdswithoomoproblomain‘attitudoControlandtrajoctory

optimizationforopacovehicles.Optimizationtheoryhasplayodanimpor-

tantroloinspaceflightfromthovoryboginning.In1925W.Hohnnnnflrot
-J

atudiodthominixnum-fuol■tranoforbotwooncoplanarcircularorbito[7,15].゛

Minimizationoffuelconsumptionandraaxiraizationofpayloadarestillkey

problems1nvohiolodosignandmissionplanning.FormanytypaoofmiBoion,

1tiofurthonnoronocossarytocontrolthoattitudoorientationofspace

vehicloa.

There19nofundaxnontaldifforoncoinprlnciplobotwoonthoproblomo

aaooclatodwiththoattitudocontrolofaBpacovohicleandthooethatorioo

inconnoctlonwiththofltabllizationofabodyfroetorotateaboutanyaxis.

Thopurpoonofonattitudocontroloyotom18tomaintaincoincidoncobotwoon

aDotofQXODfixedinthovohicloandaroforoncafraiao.Thorahavebeen

anumborofpaporoonoinglo-nxioattitudocontroloyBtomo[0,9,19,夕41.

Thoproblomadiacusoodhoroaroconcornodwiththroo-axincontroloygtems･

Thoattitudemotionofthevohiclorotatinginthothreodimensionalspace

iodoocribodJbythreeaecond-ordordifforontialoquations1ntermsofattitude

doviationangloB.Tho3ooquationsContainnonlinearandtino-varyingtorms.

Thoequationomaybolinoarizodinth9CELflOofaraallattitudedeviations

fromthore'farencaframo.

工nthedesignofattitudecontroloystoniB,thoroaremanycriteriato

boconsldorod.?UnimizationoffuelroquiromontandQchiovomontoftimo-

*NvtmborsInbrackotaindicatoroferoncooonpagoa147to150.
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optimalrooponooaroofmajorconaidorationo.Thotochniquoappliodfor

obtainingthooptimalcontroloioduotoPontryagin'omaximumprlnclplo[ﾇ]].

Thoproblemofspacetrajoctoiryoptimizationconoidorodinthiapnpor

18theminimum-fuoltronsforbotwoennoighboringollipticorblto.3ijnpll-

^yingaaoumptionsaremadointhomathomaticalmodolofthioproblem.If

thomotionofthovehiclointhotranofordoODnotdoviatoBirniflcQntlyfrom

thotonainalorblto,llnoarizationofthりequationofmotion19pormiflolblo.

Inthocaooofcirculartorminalorbita,theoyinmotryofthoorbitBabout

thoir十Commoncontorallowsarbitrarychoicoofthooptimalpointofdoparturo

fromtheinitialorbit.Thoorbitalvolocityofthovohiclorovolvingalong

anolliptioorbitvarieaporiodicallyintimo.ThiBvariationproducoQtonnQ

vdthporiodiccoofficiontsinthooquationofmotion;fﾘrthormoro,itroaulta

inthovariationoffuelconoumptiondepdndingUponthopointofdoparturo

fromtheinitialorbit.

ThopropulsionsyotomthatoffoctsthoorbitalchangoDinaaoumodtobo

powor-limited;1.0･,1toporato8ataconotont,oxhauotpoworwithathrust

magnitudoinverselyproportionaltotheoxhauotvelocity.Thodiroctlonand

themagnitudeofthothruotaratobodotonninodQOfunctionooftime8oa.a

tominimizothefuolconniJraption,Thooptimizationtoclmlquoappliedisalao

duotothomaximumprinciplo.

Thotortcono‘istsofthroochapters.Thofirattwochaptoraaroc(?n“

cornedwiththQoptimalattitudecontrolofaaatollitowhichioinaetoady

orbitaroundtheoarth.ThoorbitisQithorcircularorollipticwitha8niQll

oocontricity.ThoBatellitoioaaauraodtoboarigidbody.Sincothoattitude

controlwithreopeottothooarthIdconoidorod,theearth-contorodtriad

"●‘●･.゛i
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18takonQOaroferonooframoofthoattitudo.Inthocaooofacircular

orbit,thogyrodynomicaloquationaofthoaatollitooonoiotortormowith

conotantcoofficionto;whileinthocnaoof811ellipticorbit.tonnowith

timo-varying.coofficiontoappearinthoequationoowingtoporlodicalchongo

oftheangularvolocityofthoorbitalmotion｡

Thotorque-producingelomontaconnidorodinChaptorlaroroactiongaa

joto.MootofmodorngQB-jotoyatomoarocharactorizodbyon-offtypobohavlor.

工nthiscaaothoactuatortorqueiaconoldorodasacontrolfunction.Tho

tima-optimolcontrolandthominimum-fuolcontrolarodincuanりdinthinayDtom.

Theoptimalswitchingpolicyofthocontrolfiinotiono18invootigatod,and

thoohortootBottlingtimoandthoralnimuafuolcon3uraptionarodotorminodfor

variouainitialstatesofongulardoviation.工nfluoncoofatrannitlontlmo

onthoomountoffuolconsvimption18alsodiBCuasod.Oontrolofthooriginal

nonlinoarsyotemiDbrioflymentlonodbyilluotratingparticularnumりricol

oxamplりa｡

Chapter2doolswithtねocontrolflysteinuoingreactionwhoela.Thodriv-

ingtorquo18providedbyarmature-controllod,pormanont-mQgnotd-cmotoro.

Thoinputvoltagetothomotor19tokena8acontrolfunction.Theoptimiza-

tioncritoriaoonsidorodinthischaptoraretomininizothりoottlingtimo

andthoomountofinputonorgytothemotoro.Thooptimalowitohingpolicy

ofthocontroli＼incもiono1ainvootigatodforanyinitialotatoofangulardo｡

viation.ThoenergyConsumptionundorthoactionofthooptimalcontrols10

alsodotorminod｡

Chapter518concomodwiththominimian-fuoltrnnaforbotwoonnoighboring

ollipticorbitaforalow-thruatpowor-limitodpropuloionoyoteia.Thoproblom
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ofoptimallow-thruottrajQctorioa1nthoinvorBo-oquaroforcofiold1!txaboon

otudiodbyDovoralinvoatigatoro[ﾗ,6,10,11,18,20,55].Amongthon,F.!

V/.Gobotz[10]haotroatedthovariablo-thrusttranoforbotw'oonclooocirculnr

orbitsandobtnlnodanoxactsolutionanalytically.Thiochapteroxtondoliio

workandobtainBthooptimalthruatprogroafortranaforbotwoonclooooUip-

ticorbito.

ThQal･lalyaioiscarriedoutintwodifforontaotaofatntovariabloo.

Firstthoequationofmotionofavoliicloiooxproaoodintormoofthacoor-

dinato3ofarotatingrectangularoyotomwiththooriginmovingalongapini-

tialorbitaboutthoearth.Intliioonalyaioit19aoouinodthatonlyDranll

doviationaofthovohiclefromthoinitialorbitaroallowod.Thoroforotho

gravitationaltormointhooquationofmotionmaybolinoarizod;howover,

tormowithtino-varylngcoofficiont3appearinthooquation.V/hoiithooccon-

tricityofthoorblta1oemail,thotimo-voiryingtennsintheequationof

motioneuoalooBmall,ThoBmallparomotorlaothod18appliedforobtaining

anapproxiaatooolutionofthodifforontialoquationwithporiodiccoofficionto.

Secondly,wointroduceanotherQOtofotatovariablo3,i.o.,tho01011101110

ofanorbit.Theorbitalelement0areconatantifthoroionoforcoothor

thanthoinvorne-oquarocentralgravitationalforco.Thovaluoaofolomonto.

howover,changaundortheeffectofthothruatforco.工fthothruotforco19

onallcomparedwiththocontralforco,thoinotantanoouavaluooofthoolcmonto

changoslowlywithtimo.Con3equontly,onothorformoftholinoarizQdoqua-

tionofmotionioobtained.

ThosotwomothodoofanalyoiaaroU3OdforthoGtudyofthooptimalthru3t

program.Thomotionofthevehiclo･andthofuolconsi砲ptionunderthefiction
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ofthooptimalthruatarocalculated.Thodopondりncoofthofuolconouinption

onthetranofortimoandonthopoaitionofdoparturofromthoinitialorbit

ioalooatudiod.DuotothodifforoncoofthoasDUinptionsforIinoari2ation･

thotwomothodogivo0lightdiaagroomontinthorooulto.

Thorooultoobt-ainodbytholinoarannlyoioarocoraparodwiththonvtnor-

icaloolutionowhichworeprovioualyobtainodby■rf.G.Molbourno[20]andC.

.ゝ
Saltzor[ﾗう].CoraparioonaaremadoforthoholiocontrictranBferbotwoon

theorbitaofthooarthandMara.ヽ

Thotoxti3oupplemontodbyfourappondixoa.InAppendixlarocalculatod

thotimointorvalsbotwoenswitchinc3ofthocontrolinthoroaotion-jotat-

■titudocontroloyotem.ΛppondixIIgiVODoupploraontnryromarkaconcoming

thetimo-optiraalcontrolinthoroaotion-whoolattitudocontroloyotora.Ap-

pondixIlldoocriboathooolutionoofthooquatlona30ociatodwiththomotion

ofavohiclointhotransfer.AppondixIVdorivostheboundaryConditionof

thotronofororbit.
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CHAPTSR1

0Pr工MALATTnUDECONTROしOFANORBITINGSATELLITEUSING

REACTIONGASJETS

1.1Introduction

ManyaatellitesuauollyrequireBoraokindofattitudocontrolaystcm.

Thotypoofattitudecontrolayotemdepondsuponthamissionoforbiting

Batollites.Forexample,astronomicalBatollitoamuatkoopaninortial‘

fixodorientation,whilesatellitosforcommtmicationoandgeophyoicalpur-

pOOOBrequirecontroltotinearth-oriontedreforonco｡

ThereareQSDentiallythroedifforentwaysinwhichattitudecontrol

canb°attained[16,51,う2,57].Spin-otabilizationtochniquosmaybo

usodwhanonlyonospaco-craftaxismu3tbeorientedinaomoinortialdiroc-

tion.PaesivocontroltechniqueamakeuooofthoenviromantalfioldBto

goneratecontroltorques.Themostco万mmonofthoooiogravity-gradientBta-

bilization.Thoutilizationofsolarradiationpreasuroandearth'amagnotic

fioldmayalBoprovidepasaivoetabilization.Activecontroltochniquea

providethegreatestdosignflexibilityforthecontrollodoriontationof

aGat‘olliteinthepreoonceofdioturbingtorquos.Optimizationproblenio

inaotivoattitudocontrolsyBtemsaro,thereforo,ofgroatintoroat.Thora

havebeenanumberofpaperBonsinglo-axloattitudocontrolBystemB[8,9,

19,知].Theproblemsdiscussedhereareconcernodwiththreo-axiacontrol

8yatenio｡

Thefirsttwochaptersdealwiththeoptimalattitudocontrol9fa

1

4
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aatollitowhichioinasteadyorbitaroundthooarth[21｡24].Thoorbit

.18oithorcircularorellipticwithasmallocc･ntricity.Thooatollito

iQasBumodtoboasinglerigidbody.SinceattitudocontrolwithTOOpoet

totheearth18considored,thooarth-centorodtriad19tokena8areforonca

framooftheattitude.ThoangulardeviationofaDatollitobodyrolativo

tothereferenceframe18definedbytheao-callodmodifiedEulorttnglo.

ThegyrodynamicaloquationoofaBatellitorotatinginthothroedimonoional

opacoconaiBtof81xfirat-orderdiff0rentialoquationowiththroodoviotion

angloBandthoirtimoderlvativosasdopendentvariabloa.Thosecquationo

containnonlinearterma,i.e･,trigonometricfunctionoofthoanglon.The

equationsaroreducedtolin･arifon｡assumo8thatthoangulardeviationo

andtheirtimedorlvativeaaresufficiontlysmall.1nthocaooofacircu-

larorbit,thegyrodynoaioolequationsconoiotoftonnswithconotantcoeffl-

cionts;whileinthocaseofanolliptioorbitﾀtorn3withtimo-varyingCO-

efficientsappearinthooquationsowingtoporiodicalChangsofthoangular

velocityofthoorbitalmotion.｡

Mo8tmodomattitudocontrolaystomsemployoithorreactiongaajato

ormotor-drivonreactionwheelotodevolopcontroltorquo[^.12,29,59].

Thoformeractasameansoftransferringmomentumawayfromthevohiclo,

andtho1attarasamomentumstoragQdavico.Thotorquo-produoingeloraants

conoideredinthiochapterarereactiongasjotB.Thotimo-optimalcontrol

andthemininHffli-fuolcontrolarodiBcusoodinthioaystom.Thomaxlmvmi

principloiouaodforobtainingoptimalcontrolfxmctiono.Thooptimal

switchingpolicyofthocontrolfunctionoioinvoatigatod.Theminimumsot-

tlingtimoandthaminimumfuolconoumptionaroalDodoterminodforvarioua

initialstatesofthoangulardoviation.

4
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1.2structureofanAttitudeControlSyBtera

3

Figure1.1showsthoschematicdiagramofanactiveattitudecontrol

system[51].Thocontrollodelemontdynoraica18charactorizodbyaQOtof

ldifforontialaquationarelatingtorquoBtothoangularreaponoeofasatel-

lito.Sonsorodetectdeviationanglesandratosofdoviationoofthooat-

ellitorolativotoaspecifiedattituderoferoncoframo.Controlcomputり｢

gonoratossignalsforthedoQirodcontroltorquo･compononto1nrooponsoto

aonaodattitudeerrors.Functionofcontrolactuator018toapplydooirsd

torquQBtothosatelliteonthebaBisofcontroloignala.

1｡5GyrodynOBIi0alEquationsofanOrbitingSatollit｡

Sinceoquationoformotionoftheinao3centerofaaatollitoand

equationsfortheattitudeareindependenteachothor,onlythoattitudo

oquationsaredorivadinwhatfollows.Figure1.2ahowaearth-contorod

reforonceQxoaI,J,K.The:r,j,Kframemovoowithitsoriginoattho

gravitycanterofth9Batellito,whoreaxisJisdiractodoutwardalongtha

localvertical.andaxlB1Iie81ntheopposltodirectionofmotion.Axla

KisnormaltotheorbitplonoanddiroctodBOastomalco工,J,Karight-

handedtriad.工nFig.'1.5theattitudeofthobody19definodbymodifiod

Euleranglesφ,e,^,whichdotorminethaorientationofbody-fixedqxob

i,3,kwithreopacttoroforoncoaxosI,J,K.Thoright-handodtriadl.,

3,k18fixedalongthoprincipalaxeoofinertiaofthobody.Thoangles

φ,0,£mdV-･arodofinadasfollowsI

__
1.RotationtμΓoughtheangleφaboutaxisKbringol｡J,Ktol,J,K

froma(pitching)｡
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2.Rotationthroughtheajigloθaboutaxis

fromo(yawing).,

一
J

一-
bringoI,J,Kto1,

一
K

ﾀ

ｰ
J

4

う.Rotationthroughtheangloφaboutaxis1brinが3i,J,Kto1,i,^

fromo(rolling).

ThefollowingBvmbolsarointroducodtodcBcribothomotionoftho

oatollito.

A,D,Cjprincipalmomontaofinortiaaboutaxo3i≫jjk,reopoctivoly･

Mlsextern°1torquoappliedt°thesatollito*;M゛M2″M,aroita

i.jﾀkcomponents,respQctivoly･

政songularmomontumofthosatollito.

兌sangularvelocityoftheroforoncoaxoaI,J,Krolativototho

inertia!opaco.

jsangularvolooityofthoaatollitaandthobodyaxoBi,i.k

relativetotheinortial8p°c°;岫1″“)2ﾀﾞ2)5゛roitsi,i.k

Qompononts,reopoctively･

a)t-langularvelocityofthooatollitorolativotothりroferoncaaj^ea.

Thoangularvelocityoftheroforoncoframoio

Q｡ol｡0J｡QK

=一口8臨Ql十Qoinφco8θj｡QCO3φCO8GJr(1.1)

wheren±0thaangularvelocityoftharadiallinofromthogravitycontor

ofthoearthtotheoateliito.L,i,"'donotothounitvoctorsalong

GLxeal,1,¨゜,respoctivoly.Thorolativoangularvelocitya),18re8olvad

J.intoi,j,kcomponontsa81

*HeraandthroughoutthQtoxt,gothiclottoradonotovoctorquantities.
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oJi.=(-φ'sin9÷ψ');●(φoiny･co8θ｡0cooφ')j

+(φCOBφcoo6-び91nφ)迦

Theangularvolooitydoftheoatollito18givonby

j=Ω｡j『

which18rewrittenintermoof1,』,kcomponontoaa

函1"(Q゛φ')Gine゛(

岫2°･(Ω゛(が)sinφcoo0゛yc°3りﾑ

t

(゛:)5√(Q゛φ'∧)c°oφ'c°8∂'びoin戸

j

TheEulorequationofthorotationalmotionio[58,pp.111-115]

叫=lぐ,iaJXli

5

(1.2)

(1.5)

(1.4)

(1.5)

whorotheprimedenotest:㎞lederivativeinthorotatingbody-fixedfrorao.

:I:ncomponentformaEq.(1.ﾗ)bocom63

141°A“)でL‘(B“C)“)2“)5

M2゛B“);“(C“A)ﾄﾞ)鈴)1

%゜(以)S“(A“B)(4)1岫2

-

(1.6)

SubstitutionofEqa.(l.A)into(1.6)yioldoaootofthりBocond-ordor

differentialoquationawhoroangleoφ,e,andｿ･arodopondentvariabloa.

Equations(1.6)･containnonlinoartorrasinanglesφ,6*,andｿ･.Howovor,

●l
thononlinoartoraamaybodioregardodundorthoaoouiaptionthatthoda^i‘

ationangle3andthoirtimeratesarooufficiontlyomall.Furthormoro,wo

十Heroandthroughouttheto:xt,primosdonotodifforontiationswith

rospocttotimot.
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QOBUmOtheoatollitotoboaophoricQlbody.Thon,retainingtorraallnoa｢

1nφ,∂,φ･andlettingΛ=B=Cyiold3

V-Qe"び∂゜M^/A

∂″+j⊇y､Ωy｡脆/A

φ"+Ω/
゜町/A

|

(1.7)

Thofirstand8ocond.oquntionsaromutuallyrolatod;whilethothird0qua-

tioni8indopondontofthGfirsttwo.Inothor＼'!orda,therollondyaw

motionsdoocribodby4and6arocouplodeachothor:whi1othopitch'

motiondoBcribodbyφ1sdocouplodfromthoothorraotiona｡

Whenanorbitiscircular,thoangularvolocityL-'ofthoorbital

motion18conatant.Soctions1.4,1.り,and1.6arocone･rnodwil)inn

invostigationoftheoptimalcontroloftliolinoarBvateradoocribodby

Eqo.(1.7)vdth^constant.Controlofthooriginalnonlinoarayotera

(1.6)isbrieflymontionodbyshowingparticularnUTioricQloxomploo.λ

problem･relatedtoanellipticorbiti9otudiodinSoc.1.7.

1.4ReactionGas-JetSystem

Thotorquo-producingoleraontsconaidorodinthiGchapterareroaction

gasietB.The?gasjotoaroa3Qumodtooxpondnop;ligiblomaao(incomparod

withthetotalnaso‘ofthesatellito.MootofmodりrngfVQ-j｡tayotoraaaro

characterizodbytheon-offtypobohavior[29,う9].Inthiocaootheactu-

atortorquei8consideredaa.amanipulatodvariable,oracontrol.For

convenionce,weintroducenondimonsionalquontitioodofinodby

゜(1°φ゜c2°f7c5°θ゜(4°θ 殆゛φ≒'φ
一一

c°‰Qy1°M,/Mq(1°1,2,5)で゜t/‰tm゛√Xﾝ%
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,7

whoreMQtandnforthomaximumvaﾕuooftliotorquo.Adotovoraquantity
0

donotoodifforontiationwithroopocttothononnalizodtimoで.

Byuoeofth･quantitiosinEqs,(1.8),Sqa.(1.7)arorowritt･na8

ajid

X1°X2

●
)c52°c4

●
)(5 ゛X6

1.!5Timo-OptimalControl

X2°ex.+U1

×4°-ex+U2

)(6°゛5

よ

(1.9)

(1.10)

Intheabsoncoofdisturbingtorquootho3atollitoisrotatingabovjt

axioKv:ithangularvelocity^,andthebody-fixodaxo8ofthoaatolllto

arocoincidontwiththereforoncoaxos,i‘o'″x1'O(i°1to6)゜Now

BUppOQOthatthroughthoaction･ofadioturbancothooy3tomQttimoて20

'i8notinthodesiredstate,butinsomeothorstatox?(1･1to6).Then

woconaidorthoproblemofdetorminingthecontrolfunctioninouchaVfQV

thatthosyatomstato18transferrodfromx?tothodoQirodotateX=0

1nthoohortostpoasiblo■time.

Time-optimalcontrolsforthosyatoradoocribodbyEqs.(1.9)and(1.10)

canboobtainedbyU3OofPontryagin'omaximumprinciplo.AHamiltonlan

functionforthiasyatem18givenby[ﾇ].pp.9-21]

H°p1)c2･゛p2(c)c4゛゛1)゛pﾀﾞ4゛p4(“c°(2゛Up)゛py6゛p♂う(1.11)

wherethoauxiliaryvariableBp'8satisfythoootofdifforontialoquatlonB

‥

で1°Oy2°“p1+cp4于
(1.12)

p5°Op4"p5爽cp2
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●

=S

and

p5゛○ p6°゛pｼ

8

(1.15)

Maximumprinciplodomondathat,atovoryinstantof■tiinoT,thoH-function

mustbomaximumwithroapocttoalladniioeiblocontrolau,

1
(i･1,2,う)D0,

pp.9-21].Thisconditioniosatiofledbychoooinrth･optimalcontrolo

-
"ias

Ul(T)=891p2(7)

ら(7)゛9卯p4(で)

町け)゜s9%け)

ま

Thereforethooptimalcontrolsmustbeofabang-bangtypo･

SolvingEqs.(1.12)and(l.lj)yields

p2(て)'R0in(cT゛∂)゛P2

Pa(t)゜RCOS(c7゛6))゛P4

P^(r)=-PうT゛P6

于

(1,14)

(1.15)

(1.16)

(1.17)

゛゛horoR,S,P21P4jP5″'珀dp.aroconstantstobedotorrainodbythaini-

tialconditions.

(a)ControlofthePitchMotion(Syotoraof?woVariabloo)

Firot,wodiacuasthoControlofthopitchmotiondoDcribodbyEqo.

(1‘10)[6;うO･pp.2う“27]‘A8｀゛゜aeoinEq.(1.17)･p619linoQrint1°゜

で'Hence,byvlrtuoofEq.(1.1ﾗ),theoptimalcontrolsiapieco゛゛18°

conotantandcanswitch,atmoBt,onco.?Wonodo3ol"awitchinglistodin

Table1.1aretheonlycandidatoBforthotimo-optimalcontrolofthis

system.WocanaolveSqa.(l.lO)uoingthovalueor≒ 1nTablo1.1with
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thoiniti°1c°nditions°cう゜゜iC(-andx^=ﾍﾟﾐ‘ Apha3otrajoctoryoftho

9

solutionthuaobtainedisohowninFiS.1.''4.Thooptimaltrajectorycon-

oiataofgonorallytwoadjoiningparabolicSQgmonts.Anvdtchingcurvo

189howndottedinthofiguro.

{;

ThotimointorvaloT1

and 回 by

Thesignsofx

give

andで2 ofModo工arorolatodtoinitinlvaluon

で:ｲ:ｽｹﾞ2゛町72} (1.18)

O
ﾗ
andx2ahouldborevor3odforiヽiOdeII.liquntiona(1.16)

T1･゜[Oc2]2/2土゜(§)1/2ix21

で2°[(ﾍﾟﾐ)2/2!{l}1/2

才
(1.19)

whorethoplU3signscorrespondtol-todol,andtheminuoo1ぶ1白aroforHodo

工工.｀ThoshortestGottlingtimoてisgivenby

で゜で1 4･苑=[2図]2土ﾂﾞg]1/2!ぺ2

Table1.1.Modo°fs｀゛itching°f町(で)for

thetimo-optimalcontrol

(1.20)
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(b)ControlofthoRollandYawMotion(SyoteraofFourVarinbloo)

10

Socondly,wearoconcoj-nodwiththocontrolofthorollandyawmotion

doscribodbySqs.(1.9)[21,22].FromSqo.(I.I6),a･roprooentativ｡p｡int

°ntheP2P4piano°oveaalong゛circloQtthounifomiratoc,aaohovmin

●'
Fig.1.5.1nthofigurothoarrowsindicatethediroctionofmotionoftho

roproDontativepointwithi卜creasingtimoT.Thooignof石1iorovoroed

atthoinstantinwhichtheroprosentativopointtravoroo3axiop4;゛゛hilo

-
u21sreversedwhon.thepointpassoathroughaxiop2゛Gonoidoringthattho

nonnalizodangularvelocityoftheorbitalmotionc19omallandthnttho

settlingtimoisa工sosmallbocau3oof0lightangulardoviationa.womay

__
concludethattherevorBalofthosignsof"landuoccurothroetirao3at

moot.

Equationo(1.9)mayb8rowrittoninavectorformQ£3

whore

:)(3

:X=Aχ+M

j
1
O
J
K
ﾉ
4

x
x
x
x

Az

で ○

0

0

100

00cM=

OOl

j

COO,

(1.21)

0

U1

0

U2

(1.22)

Thofundamentalmatrixx(で)oftholinoarpartofBq.(1.21)isgivenby

X(て)=

1t81nct

○

0

coacr

1

㎜
C
C08Cでｰ

o-sincで

O-!cooCt+!

CC

Ooincr

―
一
Ｃ
1!aincr
C

OCOGCで

(1.25)
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Thorelationohipbotwoonaninitialcondition)10ofχnndthoduration

oftinaintorvalabotwoonswitchin巳819givonby[2]

whoro 勺

Mj

て

χ0=
ｆ

S

U

-でｷj-で

゛

宍

八一石

x(“で゛s)し4dsへ
L

tf

ｲ(“t゛“)ulld8(1°2/1)

tim･ointervalsbotwoonswitchinra,i.e.,trnnoitiontimo

botwoonp°ints=3-1゛dS.(j=1toh)onthoPgPAp1゛le

(OGOFig.1.ﾗ)

:valueofaduringth･timoint･rval工

言ﾚn<

j=1J

ThoroarotwolvoposaibilitiosforthoKodoofO'.゛itchingof"land"2

四-●●a8liatodinTable1.2.Thovaluesofu.andu2arodonotod.roopoctivoly,

bythefrontandthoroarnumborofthodoubletinthiatabld;forinntanco,

:lり'1゛e°nsu.°1andu"1°工ntogralcalculationsofEq.-(1.2'4)aro

sh£)wninAppendix工.1.

10

Thonormalizodangularvelocityi3chooona8c=0.1.*Fi/Tjro1.6

*Bywayofanoxaaplo,when

n=1.16×10rad/soc(90min/cyclo)

A=10kg-m2 MO°10“うnovfton-m

thetimeconstantandthenormalizedan;nilarvolocitybocりmo

t
m゛10

2
‘aoc c=0.116

, ● ' ･
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showstherelationshipbotwooninitialvaluosχ?,χ§andthoposnibloshort-

ostsottlingtimo゛rtoreducex°to01nthocasewhorox?゜0,x°=0,

i.o,,boththoinitialvolocitiesofdovlatdonsarozoro.WoGOOintho

figurethat"^Isapproximatelyproportionaltothesqu叩･ofmx(lx?|,lxgl).

Forinitialconditionsgivenineachoftvolvorop;ionsinthofiguro.the

optimalcontrolsmustfollowtheswitchingmodoindicatりdinthatregion.

Table.･11らModeofs｀゛itchingofii1(7ﾆ)゛゛ndii2(で)

forthotiino-optimalcontrol

Mode

亀

Timointerval

石 石 亀

工.1

工.2

工.3

工工.1

工工.2

工工.3

工工工.1

工工工.2

工工工.3

工V.1

工V.2

工V.3

1

ﾀ

1,

1,

1,

1,

1
9

-1

-1

-1

1

1

1

-1,1

“1,1

“1,1

-1,-1

-1,-1

-1,-1

-1,-1

-1,-1

1,1

1,

1,

“1,

1,

1,

'1,

‘1,

“1,

1,

-1

-1

1

1

1

-1

1

1

-1

1,

“1,

“1,

-1

1

1

1,1

-1,-1

-1,-1

“1, 1

1.-1

1,･-1

-1,爽1

1,1

1,1

―
―

≫
i
t
≪
≪

―
―

1,

-1,

-1,

゛1,

'l,

'1,

'1,

1,

1,

1,

1

1

―
―

-1

-1

-1

-1

-1

-1
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1:}

Therogiono1~･IVarolocatodTr/2-Bymaotricallyabouttheoriかn.Figure

1｡7showsth｡･rolationohipbetwooninitialvalueox§,x§andで1nthocaoo

whorox?=0,x°=0.1.c･,boththoinitialdoviationanびo9nrezoro.In

thiacaao718Qpproxiinatolyproportionaltoniax(Ix^l,IXり)｡

Figure1.8illuBtrateaiso-でj (j=1toh)curvoo‘forKodolontho

々ﾀﾞgplone(゜(§゜O･x2=0).RotatingthooQcurveab:,n/2,n,5n/2rndに

ana1nthecoiintorclockwioedirectionvieldaioo-r.curvooforl･lodooII,

工I工,IV,rospoctively｡

ApplicationofthQoptimalcontrol9thuoobtainodtotholinoarizod

ayatoras(1.9)and(l.lO)givoausthooptimalpha3otrajoctory1･odingto

theoriginforanyinitialotato.Thooptiraalcontrolofortho1inenri7.od

ayotemaronotoptimalfortheori乙inalnonlinear3yote;u(1.6).Th'5cor-

respondingtraioctoryforthenonlinearayaterac“nnotloadtothoorigin

butcanraachthenoighborhoodoftheorigin.Λnoxaｺploofthophnoo-planり

ｾﾞ゛j°ctori°9ofX(i°1t°6)isillu3tratodinFift.1.ﾘ,whorotho1りItial

｀゛1゛o8゛9x°=0.087,x°=0.0ﾀ9,xgよ0.090,andx^=x5Jnx°=0.Th｡

solidandthedottedcurvooareobtainodforthononlinoareystom(1.6)

andthelineariz°dayatoma(1.9)and(l.lo),roapoctivoly･

1.6Minimuia-FuolControl

Inthoprecadingaection,woinvootigatodthotiiao-optimalattitudo

controlofanorbitingsatellite.Inapacevohicloaitiooftonimportant

torninimizotheamountoffuGloronorgy,inatoadoftho3ottlingtirao,al-

lottedforthocontrolroquiremont.Thioooctiondoalowiththominimum-

fuolcontrolinareactiongas-iot3y3tom[5,G,9,19,25,2h,^'↓].
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S

ThothruotofjotTJioapproximatolygivonbv

dra
TJ°'veiでヽ

Dﾗ]

猿

(1.2う)

whoredra/dtisthemaooflowratoofoxha＼i3tt-;Q3″andv

Qi8t1!Qoxitvoloc-

ity.工fvo±0asoumodtoboconotant.theratooffuolconouraption13pro-

portionaltocontroltorquG.Thustho.functionaltobominimizodraaybo

tokeninnondimonoionalquantitiesa3

万
(慨|ﾊﾞﾘいり)d7 (1.26)

v/hero?isaproocribodsettlinr;time.ThoiirioT:uuutbolarrorthnnor

oqualtothepoo3ibleminimimsottlingtimowhic'ridopcndnonaninitial

angularotato.

TheoptiraalcontrolsforthりsyatoiadcacribodbyEq9.(1.9)and(1.10)

v/iththeconoiderationofCO3tfunction(1.26)canboobtainodbyuaingtho

naxiniuﾕuprinciplo.ThoHomiltonianfunctionofthoproblGiaio

H･゛p1)(2゛cp2%゛p5私'cpy(2゛p5殆

゛(p八‘|゛11)゛凪゛2‘㈲|)゛㈲ちり叫)

Henceweobtainthooptimalcontr°19u.(i゛1y･j)o

U.(T)゜{
o

s肋p2(で)

兄け) ゜
{

8gn

ﾐ

(て)

ii(で)二{o
58即p6(て)

for

for

for

for

for

for

|･おけ)ﾄ1

ﾄｿ帽ﾄ1

lpﾉ,け)i41

に)4け)|ﾝi

lp6け)ﾋ1

lp6(で)ﾄ1

(1.27)

-

士

(1.28)

(1.29)

Naこ3ly,theoptimalcontrolsaroofanon-offtype,nnouraingonlythethraa

valuo3,+1or0.
-
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Th9oyotom'ofoquationsforthoauxiliaryvariabloop'owangivonby

Sqa.(1.12)and(l.l?)in3oc,1.ﾗ.

(a)ControlofthoPitchMotion(SyateTUofTwoVarinblos)

.Aswoob°orvoinEq‘(1.17),p.iolinearinti:iiりて.HりncQ,by

virtue°fZqs‘(1.29)″th°7叫゛l°of石うch°n^Qotv.-icoQtmoot.Ponsiblo

aodosof3witchingaroliatodinTablo1.5.

Thotimointorvalsでj

valuoQxgandx§by

and

(j=1,2,5)ofModりlarorolat.odtoinitial

ﾀﾞ;゛'(tj/2゛･で2ぢt§)゛(稲゛2勺)?'丿/2

回゜t1“で5＼

?゜で1 +で2 ゛石

1
1

(1.ﾇ))

?hosignsofxgandx2arorovoroedforj･lodoII.Ifthoinitialvelocity

18zero ,i.Q･,x^=0,Eqs.(1.50)givo

Table1.5･.Modeofov゛itchi明゜f≒(t)fol'

･

thominimuia-i'uolcontrol
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1

てぃでﾄﾞ[7'�“4回し1/2]/2

几ｿﾞ(T≒川や)1/2

)

Equ°t1°n3(1.う1)roquirethat

T≧2

16

(1.51)

(1.52)

WonotethatthorightsidoofSq.(1.52)ioequaltotherainimujnaottling

timointhiscase[soeEq.(1.20)]｡

Figure1.10showsanoptimaltrajoctoryontho56pianointh9CttOO

whorox2=｀0.Thecurvo^,indicatesthelocuaof□witchingpointsfrom

--_
j゛'1touう゜0,andj218thatofu5°Oto+10witchpoints.Thosa

lociaregivonby

右'

j2･

勿･゜｀jﾍﾞﾐ/2-Tx.

勿゜べ/2

(1.乃)

TheamountQ£conaumedfuolmaybecalculatodbyusingEqo.(1.26)

and(1.ﾇ5).InthocaseofzoroinitialvelocitythoconoiimodfuolF

■･givenby

Fう゜

The･dopondonco

ﾊﾟ賜|ｹﾞ゜y1゛勺゜7s�“4回|)l/2

of

j

19

(1.弘)

F5°11t.h°BottlingtimoT13illu3trQtedinFie.1.11.

(b)ControlofthaRollandYawMotion(SyatoraofFourVariabloa)

Aawoseein3qo‘(1°16)jaropro3ont°tivopointo"th°P2P4plan°'

s.i

aovosalongacircleattheuniformratoc.ByvirtueofEqa.(1.20),

thevalue.ofumuotbaswitchodatthoinstantinwhich"thoropreaentativo
｡1

pointtraversoathelinoapg'±1;whiloUpmustbeowitchodwhontho
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pointpasoo3throughtholinosp4°±1.Byaconoidorationanalogouato

thatofSoc.1.う(b),womayconcludathatawitchingofthovaluりoofn

-
anduoccurooixtimo3atmoot.Womayalooconcludothatfourowitch-

ingsaro3ufficiontformootoftheinitialstate0;Tablo1./lQhoWBthe

possibleaodooofswitchinginthiocaoo.･

Tablo1.4.M°de°fDv/itchinf-of町(で)andi;2(で)

forthominimuin-fnelcontrol

Kodo
几 弓

Tiraointorval

恐 で
4 町

工.1

工.2

工.う

1.4

I工.1

工工.2

工工.う

II.4

工工工.1

工工工.2

n:工.う

工工工.4

工V.1

IV.2

工V.5

･工V.4

-1,-1

-1,-1

-1,-1

1,-1

1

1

ﾀ -1

,-1

1｡

1｡

1｡

1｡

1,

1,

1,

1,

1,

1,

-1

1

―
―
―
―

―
―

1

1

-1,0

0,-1

0,-1

0,-1

0,-1

O
O
O
O
I
I
I

I
I
I
1
0
0
0

1
0
0
0

j
l
f
j
j

O
I
I
I
一
一
一

0
0
0
0
0
0

0
0
0
0
0
0

0
0ﾀ

j

O
O

0
0ﾀ

ﾀ

○
○

0
0
0
0
0
0

0
0
･
○
0
0
0

0
0
1
1

ﾀ
ﾀ
ｰ
ﾀ

ｰ
ｰ
0
0

0,

0,

l
.
-
4

0
0j

j

―
―一
｀

0
0j

ﾀ

ｰ
ー
一
一

0,

0,

0,

0,

1,

i,

-1

-1

-1

-1

0

0

1,

1,

1,

i,

●･i,

-1,

-1,

-1,

―
―

―
―

―
―

―
―

―
―゙

―
―゙

-1,-1

-1,-1

1,-1

1,-1

1,-1

1,-1
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Thotlmaintorvaloてj

initialvaluox°by[2]

(j=1toう)1nTablo1.4arorolcitodtoon

ｽﾞ0二jﾌﾞ;X(L?'s)uｸﾞﾊﾞ:と
て

(-T-o)りり,d9

and

Tｺﾞ

一刄-7i一石一丁゛て1

゛

ｴj

75-j

x(“T'8)吟dsﾌﾞX(-T-3)(//do

一丁

+ｽﾞX(-T-o)ぼd8

一丁+T;1

18

(1.55)

whoro゛゜ctor3XandUaradofinodbyiiqo.(1.22).ぴり19thovaluo°f

'J･

Mduringth･timo1nt｡rvalt,.in･fundaraontalmatrixa(r)iogivotiby

Eq.(1.25).InAppondix工.2isohownthorolationohipbotweon戈0andでj

foreachmodoinTable･1.4.･

NuｺericalExcuilo

Letu8conaidoracasewhorecz0.1and?z1.?hoobjoctofcontrol

iotomaicoallthostatevariabloB×1toXyzoroatで=T=11nth･min-

imuin-fuQlprocose.Figure1.12ahowothorelationshipbetveoninitialval-

uoax?ﾀxgandthorainimttm-fuolconauaptionFinthocaaowjiorox1｡0and

x2==0.･Fromtheresultofinvestiratiohofthりtinio-optimalcontrol(Fig.

1.6),iti8knownthatanyinitialstatりlocatodintheregioninoid･tho

dottedlinaocanborostorodtothooriかninanintorvaloftimelOBBthan

orequaltounity.BymakingUQOofSqs.(1.55),onomayconcludethattho

squ‘are‘aroab°rdor°dbytholine°|々|゜0.25andlﾀﾞgl'0.251stherogi°"

ofinitialstateswhichconbarootorsdtothooriginbythominimum-fuel
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controloofTablo1.4.Thocontrolsroquirogonornllyfourawitchinga･

｀Thisrogioniodividedintooixtoonaubrogion3acmarkodbyl｡1,1.2,.,.,

IV.4.Ifaninitialvalu･1aproocribodinonoofthり･onbrop^ion.T,BayI.I,

.thooptimalcontrolmuotboswitchodaaindicatodinTablo1.4bythe8nmo

nunborofmodo.TheregionsItoIVarolocatodrて/2-oyrruTiりtricallyabout

thoorigin.Thonarrowaroaabordorodbythodottodlinりanndthollnia

lx?l°0.25゜rlx°l=0.25゛゜thel｀oぶono°finitialfltatoarootorodto

thooriginbyfivoorsixav/itchingaofthecontrol,

･Firuro1.15illuotrateothoioo-で.(j=1to5)curvooforModolon
,J

thoXXplane(X2=0,ぺ=0).Rotatingthoaocurvoabyn/2,n,nnd

5Tt/2radionointhoCountorelockwigodiroctionyieldsthoioo-でj

forMod00H,I工工,and]:V,rospcctivoly.

curvoo

ThooptimalcontrolsfortholinoarizodoyoteiaofSqo.(1.9)and(l.lO)

arc･notoptiaalforthononlinearoyatemofEqa｡(1.6).Anoxnmplooftho

ph°30-planot゛j°ctorios｡゜f)ci(i°1to6)isilluotratodinFig.l.L'j,

｀゛h°゛゜th°initialvnlu°8゛･o心゜O°105,x°20'100')(gで0.100,and{"

^l-x2=0.Thoaolidandthodottodcurvesaroobtainodforthooriginal

nonlinearsyotoKi(1.6)andthelinoarizedoyatoma(1.9)and(l.lo),roBpoc-

ﾐ●tivoly.

1｡7AttitudeOocillationofaSatollitoinQniilipticOrbit(Effoctof

ParomotricExcitation)

Forasatelliterevolvingalonど;anollipticorbit.angularvolocltyQ

oftheoarth-conterodfrcinoisapproximatoly一八ivonby
k､

-
Ω=豆[1･2£cooQ(t-t)]'

p
(1.56)
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whoroQ.isthomoanvaluo＼ofQovoronorovolutionnlonpthoorbit,and

tpdonotoathetiiie,&twhichtheaatollitopaaaoothrouFAthoporigoo.Under

theQoouiaptionthatthooccontricity£ianotnolnrp;6,tormoofordorliighor

thanthofirstinSarodiacardedin2q.(1.56).Poriodicalchnns'oofa

producos七〇rmswithp･riodiccoofficiontointheattitudooquationo(1.7).

SubstitutingEq.(1.5^)into(1.7)andQolvingforM,=M^=M^=0givoa

U8

φ=rsin(で+0()+φ

2ｿ'0 COSで‘>^0

0
+ε[-2rflin(r･4･c,Q)'θ0

でsinr･÷∂
0
でcooT

4･r3in[2で゛oO゛raincく゛2≠O]

θ=rcoa(で+(ﾒ)+e

"2θ○ co8で'eo

0 +ど[-2rcoo(で+べ)+ｿ･

でainT"-ψ
○
tcooで

･rC08(2で｡Cχ)｡rCOa｡く｡2∂

φ゜φ1で゛φ0-2£(c°8t'1)

oint

oinT

〇

]

0

l
j

(1.57)

whoror″.(ﾒ,ﾙOj∂Ojφ○゛｀andφ1areconDtanta01"integration,nndt?

一
口(t-1 p)'Thooocillatorytermowhichf:rowupindor''initolywithtlmot

appearinψande･

Thooptimalcontrolofaoyotemwithtirno-varvinど^parnmotoroioa

-
rathorcomplicatedproblem.Ifonocoulda3肌こotha､t^tinamnll､tho

problonroducestothecontrolofaayntorawithtime-invariantparoraotors
-_

byreplacingQwith^(l+2£coﾊﾞ⊇tp)‘

1.8ConcludingRonarkB

Thooptinizationproblonoin.theattitudocontrolofonorbitingoat-

ollitoarainvoatigated.Thogyrodynoraicnlequationsofaoatollitocontain
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nonlinearterms.1‘.o･ltrigonoraotricfunctionoofthoangloo.Tlioaooqua-

tionoaroroducodtolinoarifoneasnujuQothatthoan£nalardoviationotmd

thoirtimoratosareoufficiontlyDraall.Tholin･ariz･dequationo.(l./)

showthatthepitchmotioniaindependentofthorollandyawmotiono.Tho

formoriocharactorizodasthosyatomoftwovariablonwhilotholattりr

a3thatoffourvariablo3.

Thetorque-producin乙QlemGntaconsidoredinthiochoptoraroroaction

gasjota.Moatofmodernga3-jGtDy3tera3arocharactorisodbyon-offtype

behavior.工nthiscasathenonnalizodactuatortorquり1nconsidorodooa

controlfunction.Thotimo-optimalcontrolandthominimum-fuolcontrol

arodiscussedinthisayatem.･Intimeoptimization,thooptimalcontrolo

araofanon‘offtypo,asQumingthovalues±1.Thecontrolfunctionfor

thoSYBtemoftwoVQriabloochango33ignonceatrso3t;whilointhoayatom

offourvariabloQ,thorovoraalofthooignofControlooccursthroetiinos

atmoat･,工nfuolminimization.thooptinalcontroloareatrainofon-ofr

･
typo,buttalcingthothirdvaluo0asv.-oUa8±1.?hecontrolsrequiro

generallytwoBwitchingointhosyotouioftwovariabiO3,andsix(usually

four)switchingsinﾌﾞthosystomoffourvariabloo,r"oopoctivoly.Thoohorteot

●oottlingtiaoand‘theminimumfuolconsumptionhavoboondotorminodfor
r

variousinitialstatosofangulardoviation.Controlofthooriginalnon-

1inoarsyatomhasalsoboonmont･ionodbyilluotratin^particularnumorlcal

examplos.Figurao1.9and1.14showthattholinearized3yotGra18agood

approximationtothooriginalone.
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Fig.1.1.Schornaticdiafrramof.inactivoAttitudocontrol､systotn.
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CH.＼FTER2

0Fr工MALATTITUDjICONTROL0?a:;orbI?Lヽ;G3A?i:LLITxvUSING

R2AG?工○;;V.'IIiELS

2｡1Introduction･

Inthりprecedingchnptor,v,-ohavoinvootiぶitodthooptL-TialQttitudり

control｡0?a.･GatollitobyraoQiiaofreaction'Ota.人noth｡rtりc)uiiquりfor

offoctingattitudocontrolinvolvsathouaoofroaction>/hC'Gl3,Thりability

ofroactionwhoola‘tocontrolthoattitudeorientationorcpaccvohicloo

3toiaofroathobaaiclavfofactionandreaction.Ifai･oactionwhoolmountod

withinthovohicloisaccoloratodaboutit,aaxioofrotation,tliovchicloio

accoloratodin■thoinortialQpacoaboutthaaair.6皿xicbutinthooppooito

r●●/l

diroction.工notherv/ords.oxchaここ;oofOill^Uiarr.ioinon'tmi3iaadobotwGontho

vohicloandthoraoaonoumotoragoolouon't.Inthoprofiりncoofacyclicdi.0-

turbingtorquo.roactionv/hoolamayboaccolorntodbadこandforthropoatodly;

whilo,foraconotanttorquGactingonthovohiclo,thov;hoolnystoinwillgot

SQturatodattainingitomaximumopood.車Thoroforo,thりroactionwhooloyatcm

isnotsuitedforcompensatingGocularChan;乙onofmo:uont＼にi,butiamorooffi-

●AccordingtoRof.う2,thegravitationalaよ･idtheoioctroiaa^-Tiotictorquo0

fromtheEarth'0fieldoarorogardoda3timovariabloavdthmajorharmonico

atorbitalfroquoncy.Hov.'ovor,thosolarradiationoiTecthasaconstant

torquocharao-toristio.

:36
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ciontincoiintoractingcyclicraomontuinChango3['f,12,161.

ThoprooontchaptordoalQwithoptLT^zationproblomainattitudoControl

ofonorbitingaatollitouoingroactionwheel3沁ﾗ,2伺.Thoorbit13aa0111,10d

tobocircular.Thooatollitoioasphoricalr1こi4body.?h･りarth-contりrod

triadヽ13toJcona3aroferoncGfraこoofthoattitude.?ha,reactionwhoolio

accoloratodwithroopocttothoaatollitobody'oyonoloctricmotor.Thoop-

tinizationcriteriacon3idorodinthiachaptoraroton;iniiAi7.othenottling

timearidthQaこﾕountofinputonorgytothol･lotoro.Thoop!:.i:nalovfitching

policyofthocontrolfunctionaiadotcnninod.forvariouご】initialntatosof

angulardeviation.･

2.2RoactioriV/hoolSystem

Roactionwhoolaaromountodinfixodbcarinc-orolativotothooatollito

fraこ0, andaroこladotoaccoleratoabout"oho30fi/:odaxos.几iac,oanｺ10thattho

drivingtorquo'i3providedbyarriaturo｡controlled,ponuancnt-niarmotd-craotoro.

Themotorsarodrivonbysomo‘voltagoaoui'co.Thrconotaofwlioeloarodio-

posodso■thatthoir3pinaxesarodiroctodalon/'rthobodyoxoa.Thontho

oatollitocon3iot3ofamainbodyandanuこibero1'intorr.alrotatingparto

(motorsan4whool3)･I･｡｡

Thofollowingsymbolsareintroducodtodoocribothomotionoftheaat-

ollito.

Alnomontofinortiaofthomainbody.

岫言angularvolocityofthol･lainbodyrolativo､tothoinortialspace,

岫Oiaitsinitialvaluo.ﾊﾞ

Mstorque‘onthomainbodyproducod-fromthointernalrotatingparts.
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noaontof‘inortiaofthorotatingpartaboutitonpinaxis.

annularvolocityofthorotatingpaれ3rolativototlicmainbody,

言O･18itsinitialvqIuo.‘

amaturoreoiatancooftho7こotor.

torqueandspoodconotantsoftholaotorroopoctivoly･

'V5'丿pplied^゛゜ltagGst°thonotorodiapooodalonrzhobodyQXOO1,j,

k.ro3poctivoly.ThopolarityofthoanpliodVoltagointakento

jfkゝ
bopo3itivoiv'lionthomotorl'otatoGint'i'iQclociこvdnodiroction(y

く0)atnoload.Forconvonienco,wodon｡toｿ=V

く＼Vう趾゛

VOslaaxiisvcavaluoofthoappliedvoltaこ;o.

Thetore゛oMontholaninbodyi^rojathorr.otoris.c^ivonby

~
一
』

M
‥

(V+
sWヱ

K
S

ｼﾞ.゛V2J゛

(2.1)

InthoabBcncoofoxtornaltorq＼iり0,thoanにulnrrjor.iontiね11oft}･1りnatollito

aboutit3contorofmasDroruain3conotant[沁,pp.49-ﾇ]].Thuathofollowinn

rolationioapproximatolysatiofiedC51j:゛

A“!)゛lw(岫4･l)゜Acj)O゛lw(岫O゛yo) (2.2)

●"V/ofur-thorassﾘQnothatΛ≫I,Euidthatthev.'hoolaciroinitiallyatreot

rolativotothemainbody,i.o･,yO=○.Thon]^q.(2.2)bocoinoo

●

*工tiahoreassumodthatthocontorofaa3i]ctndthoaxooofin･3rtiaof

thecorapoりito･syotcradonotshift1'roiathonooftho;r.!

gyroscopiccrooacoupling0ffGCt3aronorloctodinjq.(2.2).
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■゜A(dO“(J)/lw

whoro岫isgivonincomponentrorにsbv3qs.(1.4)

3ﾜ

(2.j)

Thogyrodynaiiicalequationsofthor.ainbodyarothoaainoaf3thoooin

theprocodingchapter;nにoly.theyarcCivonbyj(13.＼i.6)fortheorif,inal

nonlinearayatomandEqa.(1.7)fortheiinonrizodrsvatorn.SubotitutinrEq｡

(2.う)intoSq.(2.1)andUQinRICqo.(l.''l)and(1.7)yioldothodirかrontial

oquationa

X1
一

一

忿

怒

一

一

Z二

X2

X4

X6

X2

×4

X6

=-kXp+kcxう゛C刊+

゜｀'kcx1'cx2‘kx.

=-kx
6゛kb5゛怒

v;hore

r
H

o
k

+kbn

こ

÷

+

町

u2

y

J

勺.゜φ勺゜f勺7∂私゜θ勺゛φ殆゜φ

"i°vi/VO(i°1,2,5)r=t/‰c゛七夕k7≒へ/孔八汽

b1°‰“:)?b2°tm“2)§ぢ‰(岫?“ｺ)七ﾆ゜(AR/Kjo)1/2

-

(2.4)

(2.5)

(2.6)

InthoabovooquatiorioadotoveraquantitydonotoGdilTorontiationwith

ro3pocttothadinion3ionlo33tﾆLmeで.b1″.b2ﾀandbﾗcorroopoりdtotha1ﾀj,

andkconiponont3ofthoinitialvelocityofdoviationfromtheroforonco

£raこao,re3poctively.AsonoaOQ3from£qa.(1.4),b,(i=1,2,う)aroQpprox-

λ

inatolyrolatodtothainitialvaluoox?(i=1to6)ofthootatovQriabloo

by

b1

b2

一

一

一

一

･

§

ぺ

b5
ｺ 回

叫

+C
心

圭
｡

(2.7)

(2.6)
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2.5?ino-OptiiaalControl

j40

Timo-optinalcontrol3forthoayato:jdoncribodoyZqs.(2.A)and(2.5)

canboobtninodbyuoingthoinfixiぶ;r.iprinciplo.Thosyatoinofofiuationafor

thoauxiliaryvariablo3p'8i3given"oy

p1°kcp^p2゛“p!■>'<?2゛Cp4ly(
2.9)

ら゜“kdp2気゜-CP2“り゛≒ﾉi)

ら゜056°'町ぷk叱(2●1o)

Byapplyingthoniaximunprinc≒v.'Gob'Lainthor.ocoas;xryconiAitionafor

thooptiisalcontrolou.(i°1･2･う)[50･pp.9-2:1j:

汽(で)゜ssrl≒(で)

≒(で)゜sこ7に)ﾉﾊﾞで)

≒(で)゜crnp6(で)

SolvingSqa｡(2.9)and(2.10)yields

へ
み
I
I
ド
'
i
ﾉ

i)2(で)゜RsinJ(cで4'e)゛%丿で

p4(で)゜Rc°8(cて40)゛%゜kで

p6(で)゛P6°kでPﾗ

(2.11)

(2.12)

り
.
し
/
E
j

(2.1ﾗ)

(2.1ﾉ1)

゛'h°l｀oR'e'P2″?4″P5'゛dp.aroconatoLntotobodotonainodbyinitial

conditions.>

(a)ControlofthePitchMotion(Systemof丿wo･Varinblo3)

LotU3conoidorforoyston(2.う)thoproblo:uoi'notti町tothodosirod

Btate(0,O)fromag1･voninitialotato(xg,x2)inthoohortosttimo[81.
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A3KOsooin2q°(2°14),p^varic°raonoton゜゛lolyuithtiirioT;thcroforo,tho

--f
optimalcontrolu-chanr-03s≒;nonceatKOOt.Poooiblorj:odo3ofovdtching

5.

aroslioivninTablo1.11nSee,1.5(a).＼

Byfollov/ingthoprocoduromontionodinSec.1.り(a),thotimointorvala

で
1

o
勺

゛‘idで2°fModolarerolatodtoinitialvaluoax°aiidx9by

¶

(ぶ(5で1'馬)+尚回.2町

一

一

一
一

〇
/
｀
)

χ

whore

(2.16)

(2.17)

(ﾒｰk(1

土_‥…_

一八→･石)

cく=.ek(で1゛石)-2ek7i･1

?hosignsof 肩

ityi8zoro,Eqd

て1°

k2[k(l-で141ち)爽9‘]

(2.15)

oaidxishouldberavorood･forI'^odo工工.工fthoinitialvoloc-

(2.15)Sivc

と[l自{;ﾄ1･g(1‘√二二こ可ぐ)]

で2°とlog(1゛
√ごﾆﾆﾝﾊﾂﾞﾉ

)

Con3oquontly,thoahortoataottlin乙t沁oでisこivon"y

χ
"
l
l
l
f
i
･
ド
ｰ

一一

で=馬ごら八['k判ﾄ21･g(1/
二言飛州
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(b)ControlofthoRollaiidYawi-^otion(Syateru01"FourVariahloo)
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･v/oconaidorthetimo-optinalControlfortV.o3yatc;.ide.nci'ibodbyEq3･

(2.k)withthoinitialconditions(2.7).ｲroｺjり.に.1う),aroprononiativo

ゝ
pointonP2P4pianomovoaatthouniformratoc尨,onこth3circiowho30contor

is‘moving'alon^alino.AnooanjlToihI^cb.(2.11),tふこo?しi;.;alcontrolsu

゛1d石2°r°of°bにS-bcmgtype.The61こ3°Tu^ar.il≒arcrovcroodv/hontho

●
roproDon't'6yaconoid･jr-

ationanalogoustothatof3oc.1.5(b),v;o:nayconcludethatth?roveronlof

thooi^ngofu^and石っoccurothreotiniooati:io3t,ar,dlふっ,ttv/olvoawitchiiit^

丿一犬万1■

にodo3anlistodinTablo1.2arepooaiblo.?hQti-iOintorvalobatwGcn0witch-

in乙softhocontrolsarerolatod-tothoinitialvaluonai'th'iat･atovariobloa

aswillboohovninAppendix工1:.1.

Woputc=0.1aﾕ,idk=1.01nEqa.(2..'0.?hこjobjoctol'controlinto

uakQaﾕ1thoGtatoV°riablos町tox^zorointhochoi'toattimo.Figure2.1

illuotratestherelation3hipbotA.'eoninitialvali;o3X?,xgaこUthopoGoiblo

ohortoataottlingtimoてinthocasowhorob=zoami1⊃..=z0,i.り.,both
1,2

thoinitiala,nひjlarvolocitioaofthりmainbodycx.ror.oro.Inthiocaao,ino-

j
で'.(3=1toh)curveoforl^'odo工aroohovniin?ir.2.2.Rotatiri/^thooり

J

curvo3aboutthooriginbyn/2,rて,ﾗﾌi/2radiar.ointhocountorelockwiood1-

rectionyioldoioo-でj(iurvcafor:･iodoa,I工,III,IV,rca^ioctivoly.Figuro

2.5showathorolation3h≒)もotwc｡nχ?/べandでin々,hりcoyowhりrob1°0.2,

b2=0.2.'n'OGOQintheDOfigurocthatallGwitchi?,ﾉ:iod･sindicatりdin

｀f
?ablo1.2aronotalwayouood.Anoponquostionisv:hicn1･iioclooofowitching
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1Olidu2aroroquirodinordortorostoroar-.yinitiulotatotothoori･Fin

Ofcourao,itdopcndaonthovalucaofb

willbomontionodinAppondix工工.2.

1
andb

9.Thodotailoddiocuaaion
･-

Figuro2.4illuatrato3anoxaこploo£phaao-'olcoiotrajcctoriooof;x.

'1

(i°1.t°6)j゛morothoiniti叫7°luoaar゜ぺj°O.Olh,{1°0.015,°(§゜0.154,

x2°-0.007,ﾂﾞﾚ=O.lCO,andx2｡0.000.?ho□olidandti;Gdott｡dcur＼fODaro

obtainodforthooriginalnonlinoarovstoi;iarjQthelincari'/.odoyotom,ronpoc-

･tivoly.

2.4･1･lininun-EnorgyControl

Inthis3QctionV,'Oas3vtaa,foraimplicitythattlieaらぶularvoloc:ityof

thevehicledoGOnotdeviateinitiallyfrorathatofther･roroncofrorao,i.o.,

b1°b2゛b5°O゛Thonthoinitialconditions(2.7)に1(2.8)arりrowritton

a8

べ?
- cx_

ぺ

ぺ?

=･○

=0

=0

士

(2.15)

(2.19)

Thoquantitytobeninimizodinthocontroli3inputonorrytothomotoro

[8,25,24]｡?hopo＼-ier'd｡

1
auppliodtoeachniotoria

v;.=V.(V.゛八/K8)/Ra(i°1･2･j5)

ThontheQnorgyiaoxproGoodbythonondimonoionalvariablo3aa

ｔ万 1[111“k(歿'c勺)]゛゛2い2“k(私゛c≒)]

+U 5(町“k殆)}dで

(2.20)

(2.21)
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Thaoy3tcaiofoquationoforthoauxiliaryvariableaysia乙ivonby

[50,pp.9-21]

p1°kcp,-kcu

●p
5°“kcp2゛kcu^

乱=0

ﾝ･

●･
p2゛‘p1+≒)2÷cP4゛l｀こi

●
p4°-cPp‘貼4゛≒)4'>゛゛12

●
p6°“弓゛kp6“'kぢ

へ
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(2.22)

(2.巧)

Konco, byU30ofthemaxinucnprinciple.v."oobtaint'nonocooaaryconditiono

f(Eぼthooptin°1co貳゛olou.(i°1ﾀ2J):
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1
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'
‐
'
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I
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一一
TheininiKua-onorgyControlfunctionau^,u^,oiia5varycontinuously

-

botv.'oonandinoludinとS±1.

(a)ControlofthGPitchMotion(Syotにlof?V.'OVarifふloa)

く?-.?-h)

(2.り)

(2.26)

First,wea3D＼ffiiothatthooptimalcontrol11..do00not.aaturatoatany

tinoduringthotransition.3yvirtuoofiLqa.(2.;う)and(2.26),th･optiranl
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(2.27)

SubstitutingSq.(2.27)intoSqa,(2.5)and(2.2う)yiol(l3a3Otofdifforon-

tial°quati°゛sinx^.゜(6'pS5'゛dp'.By3olvi-n;3thoequationsthuoobtained

●･withboundarycondition3

勿(o)゜j;

勺(T)゜o

woobtain

X6

X6

(O)

(?)

一

一

一

一

0

0

｀
"
ﾄ

勺'ﾀﾞ;[2(r/T)5-5(r/T)2゛1)

七゜(&cｼ?)[(で/?)2-で/?]

Pt-=-24X宍戸

p6゛(6)cｼT2)[kt2/T+(4/k?-Dieで-2]

^
.
.
/
v
_
j

(2.25)

(2.29)

Theoptimalcontroldo03notsaturate,i.o.,ju｣く1,ifthofollowin^^con-
.ﾉ

ditionisaatiofiodi･

r
~
~
~
~
し

―o
X
―

糾2 for
2
一
k

ﾉ
/
;
l

E
-

ﾕ

●
工for?ﾂ

5k21+4/k2?2

2
一
k

(2.ﾇ))

Thominimuoionorgycon3unptiondopondoontho□ottlinrtimoT.Fortho

nonsaturatingcoりtrql,thaenergyZう

and(2'.29)intoEq.(2.21),i.o･,

Ｔ
Oよ

一
一H
ﾉ

M

Z ○

1aobtainodbysubstitutionofHlqg.(2.27)

oち(ら‘k°c6)dy

°2ﾗ
ｽﾞ[べ“(k殆)j]dで=12(゛3)2/ｼﾞ
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A8･raonoionodinSoc.2.5(a),therolationohipbot＼/oonth｡initialetato

andthoahorto3t3ottlin2tinoisこivonbyΣq.(2.17)｡工tIDaeonfromthio

rolationthat(inyinitialDtatocatinfyin^'.thocondition

岡 ≦φ/k2)゜l0~[CO°hCごr/2)]5(:うnax (2.う2)

conboro3t‘orodtothoorj名ininthointojT'/al.oftir^oT.Hcncowo800that,

givenaninitialvalu°s°tiofyingth°condition(2.う斗butnotGatiHryiiif,

●
(2.ﾗ〇),thooptimalcontrolcaturatocincortainintorvalsofthotransition.

-
Socond,wodealv/iththeproccaoin･whichuうDaturatoDincortainintor-

vals.ForconvenioncG,woconsiderthofollowinこtwocaoo3soparately･

Caoe1. 1どr≦2

工nthotimo-optiこalproCOS3,thooptimalcontroliccv/itchodfrom-1to

+l'ifx°>0,andfrom+1to.‘lifx°く○.Inthononnaturatinrminimun-

enorgyproceoa(｀b°VGaentionod,u^incroaqo3monotonoualyforxgﾝOand

dGcroa£3esmonot-onoualyforxg<0.Iioncov;onayinTorthomodoDofowitching

ofii5°oIi3tadinTablo2.1.

●

Substitutingthevaluoof乱inTablo2.1intoSqo.(2.う)and(2.25)
ﾆ)

-.i-
yieldsanotofdifforontialoquationsinX,x^,p^,andp6'Bysolvingtho

●
equationsthusobtainedvdththobounduryconditions(2.28),woobtaintho

-
optinaltrajectoryandthotisiointorvalabotwcon3v;itchin£;Qof"5-Thotimo

intervals刄,

㈲

て2″andTj.arerolatodtoaninitialvaluo■^lby

゜jy{(゜町)[(賜)2い弓゛ﾊ2J(t2'7)(統づ)]

･21ふ一喝一将)一勺

でﾄﾞ'D°ﾍﾞﾄﾞ2゛曜)゛(2'曜)o市2゛)]}

-

(2.乃)
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丿

心]1OrainiraiJnonorgyconoumptioniocalculatedbyinDcrtinr;'t-hovaluoof

石うi゛Tablo2‘1i゛t°Eq.(2,21).Forth°c°ぱ゛゜iofV.OClO工゛ｼtho°lloり;yら

iogivonby

£
う.゛
Jｸﾞ(1√kx^)d't゛0.25j

い尨

[p

で1

r
j
v
o

'(k≒)2いて゛J

]

ﾄﾞり
(1‘kx,)dT

〒

宍ぶ?Ckち(o以で2‘'+1)0')-12o^几)゛12]

(2.弘)

｀゛horoで2andI^arotobodotorrainodby".Cqc‘(2‘琴)'f'orthocontrolof

Kodo工工.2,wohavothesoraoroaultasΣq.(2.勁).

Tablo2.1Kodoof3^vitchin乙o?≒ (r)fortふopartly

oaturatin巳control(icT<2)
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tQlcO311゛11叩bot＼゛oo゛'(2/うk2)[1:T/(1-‘･vjT2)]2(丿乱nnj(i/jj)[μΥ-う

ﾉλ1､

゛,(2-lc?)]s(゛y;) 2jtheoptimalcontr゜1石ﾆaoOor,cﾄﾞﾌ4y.ViOi'.O七〇nonnly;

司政1o″ifx^iabetv/eon(■:^)2and(xやma:,,luvario:;i.ionotonouulyliko(｀s1“

Ca3e1.Womayaltﾕ::iarizcthoriiodooOi"O',.'it-cJrinﾊﾞtVJ1ictodinTablopp

3yproceodinこaoinCasQ1,th･t沁Oint･rvala7へ
I'')>

Modo工.1or工工.1arorolatod'tonilinitiulvaluoﾝﾐﾄﾀﾞ

',ﾉ

o
~

ok石E(k )'-'.]-･･(]ct;)5.i2;:t;-･お(7一乙)
｀y

心‥-
外2[(k万一2)2+(k巧)2(♂≒1゛T

町゛(1/2k)[:c(T-r)+2]

で1ﾍﾟｰ弓一万

“nd7ろ

!
―
―
し
｀
'
1
'
j

Tablo2'2Modoofo｀･■■･itching-of石う(で.)ごorthe･■lartly

,saturntiriKcontrolGこ?〉こ)

in

(2.y5)
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心
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丿
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乙
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j:z4,‥ﾄCct;-i)[(;こ(一うﾊﾞ丿円-i)
j?ｸﾞ([(ky2(ck石)゛(kr.-2)'-]ﾌﾞ｡｡゛)

I｢
●｀

+2(.l馬J1)≒4]ﾊﾞ｡1馬べ)≒(門丿ﾊﾞl几｡2)勺y(2.ﾀﾞ)

ivhoroて2゛ld弓゛゜dotominodby.'GO"(2Jり)'

｡Thotimeinterval3in:,:odo工.2oΓΥ工.2aro[^'＼ver.口ｼ3.(p.25う)inG03O

1'Qld勺by2q゛(2.5A)゜

i'ii:uoricalΣxa･nnlo

Caoo1 k=1and?=1(kT=1)

?ig-aro｡2.う3hoVfSanu:aborOl""opt11:IQltrr.i･ct-oi'ior.v;'.-,leastartwitlivariouo

initialvalue3 ﾀﾞ4 ?hecontrolU-.dooonotcritr.ratoonthotrajGctorioDohovm
ﾉ●●

insolidlines.It3aturQto3on仙obroi:on-lin･traりct｡ri'JG.u
｀う

dooonot

saturatein七hoca30ofcurvoAwhoro:Iら=0.10･1.3i.;rvr)i)corronpondcton

3pecialcaGGinwhiclixg ==?2 /6=0.167.Curvij･ｺﾞcorroapor,･‘h]'tol!partly3nt

uratingcontrolofModo1.2inv.'hichx?z0.221andで｡=C}.CrirvoDcoin-
ﾂ･-

cidoGv;iththotinio‘･optimaltraioctory,1.Q･lx?゛02).,.,.,゛0.241.Sinco
ﾂｯ‥ヽ

k-T゜1くうth°optimalcontrolor:'loこI.IdoOJふｿ'ﾆ寸por.r,A0^゛itchinp

curveisahovmdottedinthofigure.Sxra'i゜≒Iﾄﾞc/iov;otiioti;;iorooponorso

ofthooptiにalcontrolinoachcaaoabovovncnt'ioriOu,

Thoinfluoncoof?onthoonorryjうinill＼i;;七ratedin'cip,.2.7,v/lioro

tho3olidlinoscorrespondtononcaturntin^;;controlandtliobrolこonliiiooto

partlyoaturatinccontrol.

Caoo2 k=1and?=5(k?=5)

3ootheoptimaltra1ectorio3inFie.2.0.C＼irvoAcorroopondatoa
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noncaturatinscontrolv;herox3zz1. Curves2aこ乱CcorrotipoiultoOpCOLftl

ﾀﾞ1)
1√1.沁う゛dづ゛(六)2゛1'め6'

50

rcDpoctivoly.Foraninitialntatocxintinf,bot;･7.!ont･よ)‘:oo1･tr“joctorion

Bandc.u_followothoowitchinこにOtiOo;.I.I.CurvoDcorroij;)ondntoa

ControlOii'iodo工.2inv/hich:v=l.6i}hにdてっ=i.Cv'.rvこ,Ecoincidnowith
ﾌ£.

th°tL°-optin゜itraiocto゛yv/horox,-=いこ)mJ゛1.711.Th･.･dottodlinりin

/

Fie.2.63hoVfGthoa-,/itchinp,curvointhisca3o.'a:Ji"i3oponaり6ofthooP一

七iinalcontrol13illuotratodini.''i)-.2.夕.

(b)ControlofthoRollCLiidYn-,/1､lotion(0,73･to:.;c､i･Pov≪rVaridbiofi)

Forthesa]-:oofoiraplicity.V,'O.confiwOo＼'<rccr.3idfぼationtothononnnt-

･uratinrcontrol.Alooforconvonioncヽ3,thOparfunotork19notequaliounity.*

Aosho'.min2q3.(2.24)Q･nd(2.26),thooptir-,alcontiヽolsaron;ivonby

汽゜(らt尨“c町)/2y
(2.う7)

%゜(p4゛%4゛c九)/2り

Substitutionot"Sqo｡(2.う7)into(2.A)ai-id(2.22)yioldaacctordiri''Qrontial

･
equationBinxり3andpり

aryconditions[noo2q3.(2.15)]

and

)C§二ox?°00゜O゛1,

yL(7)゜゜(2(?)゜勺(?)゜剛(7)゜oj

(2.y)

*Intholinoarayste】h(2.4),thi8nosT-unptiondocsnot!O30theronorality

ofthoproblem.
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weobtainth9solution

゛1"cβ(t-T)^-2(゜｀゛c'Iβ)(で'T)≒T(6o(゛cTβ)(で“T)2/2

x2=L4cβ(t-T)5-6(o(+cT/3)(で-T)2･-T(6･XcT/3)(r-T)

l:5°c°<(T-T)4'2(β'cT°O(T-T)^-T(6/3-cT°‘)(でT)V2

゛4｢s4c°((て-T)5-6(β-cTo*ヽ)(r-T)2'?(印'゜T°り(で'?)

pl゛'6[cβ(1"?)2゛cT/3(で.-T)-A°‘]

p2°゛2c/3(r-T)5-5[2°｀゛6[T゛伽](て奏T)2

-[6(T4)･<+cT(T12)β](t･T)-2T(6･<oT/3)

py°¢?〔c°4(でT)2゛cT°((で-T)+･4β]

p4°2c°<(T-T)5-5[2/3-c(T゛4)゜‘](で'T)2

-[6(T+4)β-cT(T+12U](で-T)-2T(6/9-cTo<)

51

(2･59)

ThotermsoforderhigherthanthcfirstInoareneglectedinthoabovo

ぺ
゜quati°ns°InEqa,(2.59)c<and戸aroconstantsdoterminodbythoinitial

●conditionsotherthanaagivenbyBqa.(2.58).Theconditionfornonsaturatlng

c°ntr゜1(1゛11く1゛dl゛21くl)requiresthatthop゛゛etors�゛dp

eatlBfythafollowinginequalitiesduringthotransitionI

2°μ?●5[2c<-o(T-2)β]‘r2∧

.“[6(T-2)c<-cT(T-6)β]でｰ?(6･4-oT/3)1^1

12c･･て5-j[2/3■≪■cぐr-2]j]r2

●[6(T-2)βcT(T-6)･t]で●?(6/34.oTり111

-

(2.40)

ThemlnlnumonorgyconstnnptionEIsobtainedbyBubstltutlngSqs.(2.57)

and(2.59)intoEq.(2.21),i.o･,

E'JJ{゛161'/(゛2'゜゛5)】゛゛2【゛2'(゛4゛゜･1)]ld7

● ･ ･ - ･ ¶ - ● - -
W か ｰ - ■ - ● s

● - - ゝ - - -
● ･ ･ - ･ 〃
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゛o'2yJjl[p^(゜c2-ex)'+べ“(%゛c侃)町dl｣

=i2r(x?)2+(xy)ｲ]/ﾉ

Ivunorical■£xn:nnlb
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(2.41)

Talcingthopara'ncoorac=0.1and?゛1intheconditions(2.kQ)(r,iVO0

160べ十川≦10

16叩十刊S10

ﾄo･(一則≦10

t'or べ戸>0

for吠βく0
ﾄoβ-0≦10

へ

ﾉ

゛
し
､
ﾉ
ｰ
ｰ
ｰ
!
―
I
I
!

(2.42)

Equationa(2.う9)andthoinoqualitio3(2,42)d(Γo.-ionofinitial'

●･
statoov/hichcanborootorodtothりo.ririin'^ythりr.or.iiaturatingcontrol.'3,

Sincothoinitialvaluesぺy°c?and゛§'心3゛jint°゛゜iat^jdbyliqa.(2.^6),

aninitialstato(x?,x?,x?,XD-aybo-ivonbyﾄroaci'iuinとronlytwoof

then,sayx?andx?.Theareaohovmbordor心■-ythoiioavyhn･〕in?iy,.2.10

1s"thorerrionofx?andx?whicどびVi3thりinitialtaしり3raotorodtotlio

origin'oythononnaturatin?"controls,?haico-Ec･lrvo.irvri)ShoVsTlinthis

rogion｡

Thobrokonline3howsthoboundaryofthorJこlor.ofiiiLtialotiitoowhich

canborostorodinmiintorvaloftLv.o.Io3r.tii3こ｡requaltounity.*Honco,

1raninitialatatoi8givoninthoaroaiyinjbot-･■:O'jnt/r.oheavylinooivi

thobrokenlino,thocontrolsmayoatni-ato~L11cortainintervalsofthりtran-

*?hioboundaryi8obtainedfromthoinvootirationo?thotiiao-optimol

control,a30ho＼fninFig.2.1･
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sition.Thooptimalswitchingpolicyofthapartlysaturatingcontrols1●

omittsd,becausethecomputationbecomestoolaborious.

Figure2.11illuatratooandxaaploofthooptimaltrajectorioB,whara

thoinitialvaluesarex?｡0.100,xl:=O.OlO,x_sO.l00≫andx5:･-o.oio.

Flguro2.12showsthotimeresponBoaofth≪optimalControlainthisoaae.

2.5ConcludingRemarks

OptimizationproblemBInthoattitudccontrolaystemuaingreactionwheels

arediscussed.Thissy8tomIsmoreoomplloatedthanthereactiongoa-jetBy8-

bOQ1nChap.1becauseofthogyroscopiccouplingofthorotatingpart8vlth

therotationofthe･satollitebody.Forsimplicity,woaBsuraethatthooxproB-

slonforthlegyroBcoplocouplingIsgivenbyEq.(2.5).Th9controltorque

18consldorodtobeprovidedbyarmature-controlIsdd-cmotors.Theinput

TOItagotothomotor18tak≪nELSthemanlpulatodvariablo,orthecontrolftmo-

tion｡

Thotime‘optimalcontrolofthoreactionwheolsystemi8oftheS8II14

typoasthatofthereactiongas-jot8y8tom,thatis.ofabang-bangtype.

0ntheotherhand.thoconditionofonorgyminimizationnocosBitatostha-ltho

optlnalcontrolstakenotonlythoaaturatedvaluesbutanyvaluesbetween

them;hencethacontrols8LreofcontinuoUBtypo,Thoop'timalswitchingpolloy

hasbeenaho>minsaveraltablesandohartsforvariousinitialatatoa.Tho

energyconsumptionxinderthoaotlonofthooptimaloontrolBheisalsobeen

detenalned.●

･ i 苧 一 一 9 '
- 一 一
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OIIAPTER5

OPTIMALVARIABLE-THRUSTTRΛJiSFSRBHrrrfriぶi

NEIGIiBOniKQELLIPTICORBITS

j.1Introduction

Itiowol1knownthatfroo-fli{;;httrajoctoriooofopacovりhicloa1nnn

invoTOO-acuarogravitationalforcofioldarcconicnoctionf!･T'nruoiforeり9

arooftonrequiredtoactonavohicloinordortocorroctitfiporturbodtraj-

octoryortotrannt'oritaorbitonaccountofnomcsop-icifio'lln1ﾛ(3ion.Inrnont

cases, optimizationofthruatprogrorawithroopoct.topropollQntoxpondlturo

maybodonirod,oincothinpermitathoLarrentpayloudtobodolivoroiifora

<livonoizoofvohiolo｡

Thoprosentchaptorioconcornodwitlithominiinum-fiJoltrannforbot＼り9n

noighboringollipticorbitoforalow-thruntpowりr-1ir-,itodpropulnion^nyotom･

Thorohaveboonanuraborofproviouopaporaontro･ioctcryopt,irnizationfor

powor-linitodpropulsionnyatcm[5-7,10,11,16,20,う月.iVaOngthem,F.W.

GobetzhOBtroatcdthovariablo-thruattrannforbotwoonnoiこhborinr.circular

orbitGaﾕidobtainedanoxactsolutionnnnlyticnlly[10].ThiBchftptoro}^tondo

tlioworlこofGobotsanddoalowiththooptiにlalthnjotproと'ra'iifortriinnfor

botv;oonnoighborinnollipticorbitn[1ﾉ↓,?'3-201｡

Sincoaninitialorbitandatar几りtor1]itaronoinむUO'itoboloOQtodclooり

tooachother,thoinclinationbotv/eonorbitplnnり91.n0in.'111andlthりradial

aoparationbotweonorbits19alooomnllrolativりtoth･jaりrnilatunrocttimof

oithororbit｡工tiofurthormoroai33Ui^odthatthetonainol･＼11pnonoroof

66
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omalloccontrlcitioa.Inthocaooofcirculartonninnlorbito,thooynrnotry

ofthoorbitoabout.thoircooinoncontorallowaarbitraryoholcoofthoopti-

malpointofdoparturofromthoinitialorbit.Thoorbitalvolocityofa

vehiclorevolvingalonganolliptioorbitvariooporiodloallyintiino.Thio

variationproducootormawithporiodiccoofficiontn1nthooqnationofmotion}

furthormoro,itrenulta1nthovariationoffuolconoumptiondopondingupon

thopointofdoparturo.

Thoanalyoio19carriodoutintwonotoofotatovariabloa.Firnt,tho

equationofmotionofavohiclo19exproDDodintonnoofthocoordinatooof

arotatingrectangular8y3tomwiththooriginmovinginaninitialorbitabout.

thooarth.Ifthe.motioninthotranofordooanotdoviatooip;nificnntlyfroia

thotomiinalorbito,thogravitationaltona3inthooquatiionofmotionranybo

linoarizod.Howovar,termowithtimo-varyin^ooofficiontonppoarinthooqu゛1-

‘tion.Whontheoccontricitiooofthoorbitoareemail,thotlrao-varyingt･rma

aroalsoBnall.Thoomallparamotermothodioappliodforobtaininganap-

proximatesolutionofthodifferentialoqimtionwithporiodiccoofficionto.

ThismothodofELnalyaioisinvoatigatodin3oco.5.2throughう.ﾗ.

Secondly,anotherootofBtatovarlabloo,i.o.,orbitaloloraontoofa

Qpacovohiclo,arointroducodinordortotreatthりoo:noproblcra.Thoorbital

olcmontoaroconstantifthoro19noforcoothortlianthoinvoroo-nquaro

gravitationalforco.Thevaluooorりlomontn,howovor,ch心1乙oundorthoinfhi-

encoofthothrustforce.Ifthothrustforco19oiiiallcomparodwiththり

gravitationalforco,thoinotantanoouovaluoDofthoolorient3chnngoolovfly

withtimo.Consequently,cmothorform‘Ol''tholinoarizodoquationofmotion

ioobtained.Soctionoﾗ.6throughう.10doalwiththinraothodofanalynia.
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Thorooultaobtainodarooomparod＼riththoooofthoforiQornnalynin(Socn.

5.2-5.5).

Thooptimalthrustprogrom19invoatlgatodbyuoinr,thomaximu!uprinci-

plo.Themotionofthovohioloandthefuolconoi功ptionundorthoactionof

theoptimalthrustorocalculatod.Thodopondoncooffuolconoi珊ptlonontho

tranofor･tinioandonthepooitionofdoparturりfromthoinitialorbit18also

otudiod.

う.2SyotomDoacription

(a)CoordinatoSy3tom

･.OnoofthebnoicproblemsfordoBcribinsdynninicalbohaviorofaapnco

vehicle18thochoicoofaraforoncocoordinatooyaten.',Vochooooarotating

rectangularQyatom,aoahoivninFig.5.1.ThooriginorovolvoQalongtho

initialorbitinthodirectionofthearrowonthotrajootory.Thovoliiclo

SiacoincidentwiththりoriginowhonnothniBtaccolorntionionppliod･

Axisj18diroctodoutwardalongtholocalvorticalandaxio11nporpondicu-

lartoaxisjinthoinitialorbitpiano.Axiokionormaltothoorbitpiano

anddiroctodDOQ3toformthocoordinatoai,j,kari巳ht-hnndodtriad.

Thodi8tancoroftheoriginofromthocontoroftheearthEiorりlntod

to‘thotruoanomalyQby

rZ

j
-

1+Ecooe

(5.1)

whoro-(?andEdonotothesomilntuoroctumandthooccontricityoftheini-

tialorbit.roopoctivoly.Thotimovariationofthonnomnly01sapproxi-

natolygivenby
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(5.2)

whoroRiathemoanvqIuoofangularvolocitynofthooriginoovorono

revolutionalongthoorbit.Thotimoorigin19chooonQOt=10whontho

pointopaaoosthroughtheperigooPofthoorbit.Undorthoaooumption

thatthooccontricityE1ﾛnotsolar£O,torraoofordorh1乙horthantho

firstinどarediacardodinEq.(5.2).

?hcroforoncocoordinateQy3tGraiorotatingabo＼itaxiok.Thotingillar

volocityC^ofthe3yotera1,i,krolativotothoinortiolopncomaybowrit-

tonaa

d=祠･0.1-e'|le (5.う)

whoroi,^,andkaroth･unitVOCtoTQalongaxooi,i,andk,roopoctlvoly･

ThoprimQdonotoodifforentiationwithroapoottotimot.

(b)EquationoofMotiono'fthoVohiclo

LotX,y,andzbothoi,j,andkcoraponcntnofthovohiclodinplocoraont

inthoroforoncofrono,roopoctivoly.Thopooitionvoct｡r尺ofth｡vohlclo

with･renpocttothocenteroftheearthmaybooxprooooda9

尺=xl!+(r+y)≪､7.叱

ThegravitationalforcoGactingonaunitran3Dofthovohicloio

G=-j[ﾊﾟ+(r+y)､/+z//r]

(5.4)

(5.5)

whoroﾉμ1othoproductofthounivoroalpravitntionalconntanttiraootlio

raaooofthagravitationaloourco,1.0･,thりoarthﾀﾞndR19thomagnltudoof
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thovoctorIR..3incothoinitialandtargotorbitoarolocntodcloootoonch

other,wenayaaovuaathatthodinplacGmontnX,y,andzarenufficiontly

omallrolativotothodiatancar(orR).Honco,bynogloctinrtりrranofordor

l
hirhorthanthofirotinx/ねy/r,andz/rinKq.(5.5),woobtain

G=-7位[XI+(r-2y)ij4･ｼﾞd
rﾉ

(5.6)

Thothru3taccolor･ationvectorAofthovohiclomayboropr‘ooontoda9

A'A1;4｀Aぶ゛卜陀(う.7)

●.●゛゛hor゜A1″Ag.゛dA,arothocircumforontial,radial,andnonnalcoinpononto

ofthothruataccoleration,ronpoctivoly･

Thooquationofmotionofthovohiclo19μvonby[56,pp.20-25]

K"+(>)x((JxR)+o)'X尺.2岫χ尺'=(&4.A(5.0)

whorothoprimondonototimodorivativo31nthoroforoncofrniao.Thoccmpo-

nontformsofEq.(ﾗ.8)canboirmnodiatolyobtainodbyoubntitutionofEqo.

(5.1)through(5.4)and(5.6),(5.7)intoEq.(5.0),i.o･,

x"+2n(l+26coont)y'

一“en(codRt‘x+2ainRt.y)-A1'0

y"-2n(l+26C03･Rt)χ'

z"+n

+n^(2£sinRt･x-うy-loecoo

2(1゛沁c°ont)z-A,°0

Rt°y)-A2°0

(5.9)

Thofirotandoocondoquationoaromutuallyrolatodtwhilothothirdoq＼mtion

.1sindopendentofthofirattwo.Inothorwordo,thooui-of-planomotionio

docouplodfromthoin-plonomotionintholinoarizodayotoin･.

Forconvonionco,wointroducodijnenoionlonoquantitiondofinodby
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り,=x/i)c2=i/iX.=y/i?

瓢゜夕∠£勺゜2/戈二6°i/i

町.゛A1/jn2(i=1,2,う)丁･nt

万
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(5.10)

whoroadotoveraquantitydenotoadifforontiationKithrりopocttothonor-

malizedtimoX.Byuoooftheooquantitioo.worowritoEqo.(5.9)凹

X1 ゜X2

and

)C2‘゜“2゛4･

+£(cooで‘X14.281nで勺‘4C09で私)゛゛11

殆

X

゛X4

4‘゜2｀2゛3x十

-26(ainで‘x^-2coaで'勺'うcosで‘゛う)゛112

勺

｀6

一

一

一

一

七

“勿 “う6CO3で･町゛゛1う

(c)Powor-LimitodPropulaionSy3tora

|

(う.11)

(3.12)

‘Electricalpropuloionoyotcmoarocharaotorizodbytho1】･]oofoloctrio

cnorgyforthoojoctionofthopropollantraaoD[17].Thoacc･loratingforcoQ

mayboexortoduponthopropollantparticloobyoloctricfiolda,inagiiotlc

fieldG,oracorabinationofboth;orthoboatonor几ycontainodinano1りctric

arcdischargo.ln･suchsysteino,thepropollnntoxhauntvolocityandthornto

ofiaaooflowmaybocontrollodindopondontly.工rthoroaronorcotrictiono

onthomanaflowrateandthooxhnuatvolocity,thoroionoliraitationOntho

raagnitudoofthothruatthtitcanboprod＼>cod.Howovor,tlionvallnblopowo｢
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nuotboliraitoddopondingonthooourcoofoloctricpov/oraboardthovohlclo.

?hoaccolorationAduotothnist18rivonby

A=
ThruntcM' (5.15)

whoroH'nndcarothoratoofchonj^oofmaoonndtheoxhoviotvoloclty,roapoc-

tivoly.ThooxhQuatpoworP(t)isgivonby

ﾄ･P(t)ｸ'か4'c2(う●14)

●Inoloctr･icolpropuloionsyotom,woh‘IVOthoreotrictionthatthetotalpowor

P(t)muatatalltimcDbo･lOODthanoroqualtotliototfχ1usefulpoworavail-

ablo
ﾀmax'

p(t)≦max

EliminatingcbotwoonﾀﾞEqs.(う.15)and(25.1/↓)bocomoo

A2M'
r可ﾄﾞ'7゛ 謡(O

(5.巧)

(ﾗ.16)

IfthooubocriptsonndTaroUQOdtodonotoInitialandtomiinalvaluoo.

匈1integrationvioldQ

L｡
り｡

11
町゛7
示ピ (5.17)

SincotheintegrandofEq.(う.17)isnowhoronoyativo,tliotorminalinaoo14T

.●●●-

canbomaximizedbyatalltimosch°001叩P(t)゛P
lnax゛ThenEq‘(5°17)

roduceato

Thua,if

―
一
%

―
可 可こ 此~

几

J=}jで

)

T
A2dt

(5.18)

(う.19)
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thonthomaxinumpayloadand.conooquontly,thominimumfuolconn＼jinptlonio

obtainodbyminimizingJ.･.

5.うOptimalControlFimctiono

Tliooptimizntionproblomiotodorivothooptirrialcontrolfunctionnfor

thonlnimum-fuol･tronoforofapowor-limitedrockotwithunboundedthrunt

nccolorationinaproacribodtimo.FromEq.(5.19),thisroquiroominimizn-

tionofthointegral

1,十T

J=}J

てo

(uで+Up+U)(it (う.20)

oubjocttoconBtrodntoimpooodbythooquntionoofinotion.1.0･,Sqn.(う.11)

and(5.12).Thocontrolfunctionstobooptimizodarothonorraalizodcoiupo-

nonts゛1'u2″゛d゛5°fthethruotQCOO!Lorati°n.InEq.(5.20)ﾀT19apro-

acribodtronofertiraoandTdenotosthginotaiitofdoparturoofthovohiclo
0

fromthoinitialorbit*

ThooptiradlcontrolfunctionocanboobtainodbyuoinGthomaxlraumprln-

ciplo.ThoHomiltonianfunctionofthoproblemiagivonby[ﾇ]≫pp≪9-21]

H°(p?1.“1ぺ)4･'(p4｀12‘10゛(p♂う‘1y;)゛PI°c2

“p2[2゛4“C(CO3で)c1゛2烈11T'恕'71cooT'X.)]

ypf4゛P;,[2x゛5x-2£(oin7ﾌﾞ'゛1

“2c°3で゛)(2゛5co9で'殆)]゛P5^6

“p6(勿゛5eCODで‘)c5)

*SooSoc.5.2(a)forthotiraoorigin.

(5.21)
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whorothoauxiliaryvariabloop'saatiofythonotofdlfferon七1a1りquotioiis

i;1°-£(c°0t.pp'2Dintり4)

ら゜-Pi-2p.-hec°3で'P4

ら¬-5PA-26(ainr.P2゛5C03t゛p4)

虹･2p2Tp5゛ktCOBで゛p2

χ
･
1

(j.汐)

とﾂ

ﾛ

ﾐ5Ec°sで゜pﾄ〕

.

(5‘2う)

2LUygご二二2でﾌ

i

plでｽ万よ叩obtainth∇-ioco33aryconditi°゛of°rth°

＼

sb･･Eqa.(5.22)an

ﾂﾑ

.

ｽﾞ1ﾑﾌし

1.

ﾑヶ

.

:と

･叩withr･r1･d1･c

!:jﾀﾞ

cionto,iti3notpo33ibletoobtQintheOXQCtsolution.･Wohoroapplytho

oinallparerootorraothodforobtainingonapproxiraotooolvition.Accordingto

thoprincipleofthoomallparamotorraothod,firotwodovolopthodoalrod

oolutionoinpoworoorioowithro3pec"ttothoomallparnmotor£[15]z

p1(で)゜p?(で)゛£pj(r)゛ε2p7(T)゛¨'

(i=1to6)

(う.25)

wherethofunctionap.withauporacriptnarothocoofficiontaofthon-ih

ordortonns1nthooxpanniong.Socondly,uponoubntitutin^Sqo.(5.25)into

Eqo.(5.22)and(5.2う)ondcolloctingthotormowithlikopoHoroofe,tho

Doquonceoflinoardiffarontialoquatlonovdthconotont･coofficionta1s

obtainod,i.o.,
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p6°“p5

于

5"≪1?=･･-COGで･pU‘1+2oinで･p5;'1

●n
p2°“

p?-2戌一々co9で･py1

i'?y‘5p2-2sinT'Po-10cooで'pF1

伺(2pg'弓t4c°oで'pr1

鰐=yp2+ycoilで･p71

●nn
p6'゜“り

(n･1.2,うy‥･)

ﾌﾗ

(5.26)

(5.27)

(5.28)

(う.29)

.S°lvingEq9‘(5°26)thro゛Eh(5.29)in°゜conding°rdor゜fnvioldap,

pじ゛ｿouccoasivoly.Tho°゜1゛tionap21p/↓ﾀﾞidp6°fSqo.(5.22)and

(5.25),uptotormoofthofirotorderinど,are

-
U1 ゜Pa°p;4‘£P

"2=P4°p2゛と

も゜p6°p§゛£

1

2

1

p4

1

p6

-

(う.50)

whcro



零

か

●

○

p4

1
2ｐ

2W C弓
″

一
〇
4C又

/
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こ一C

ぺ･§

?て-^c°8int+4C2COOで

叫nで+2ccooで

+C?_C03で

･-27C§+21C2-5べ4･5(C?+2C§-C1)7J

で4(2C?42C§+Cも)oin7+{2hol-21ぺ十人C_)COSl'

づcy･･“づ･§

一叫 ﾊﾟ･1

ain2で+5弓COQ2t

4ﾝ2(6c°-60°+c^)ainT

+2(cJ+2c°+cも)COBで

tainで+‘2c§

々

o゛/01

-･●司 01n2t

○

Inthoabovoequationsc j

oin2で+2cg C092で

)Binて4‘(c?O｀゛/c10)｀900で

+ 0｡ 5c?Ocoa2で

-･1

76

(う.う1)

(j･1to4,and9,･lO)aroconatontaof

intogrationjtheyaredotominodbyinitialvq1uo3ofp?ondp.,roapootivoly･

BysubotitutingEqs,(5.ﾇ))intoEq.(ﾗ.20)警VtQobtaintheoontfunction

uptothofirotordor･1nとlas

J=JO+ごJ1

―
}
2

Ｓ J了臨ﾀ)2‘(ぺ)ﾄ＼嘲ｯ“

゛可万J(聡ぺか謳)し (5.52)

Similarly,thooolutionaofthooquationoofmotion.iiqo.(5.11)and
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●

(5.12),aro0oughtinthoform

べ(で)=x°(で)゛£{(で)゛乙2{(で)｀゛‥゛

77

(5.うう)

(i=1ﾊﾞto6)

SubotitutionofSqa.(ﾗ.ﾇ)),(5.51),and(う.55)intoEqn.(5.11),(5.12)ond

colloctionoflikopoworaofとgiVODa£30tofoiinultanoouooquationa,i.o･,

な

1§゜'2ぺ゛'ｱ§

･○○
≒5'x4

‘:

ぺ･2x§+5xg4p§

白図

･0
゛6°“

(う.勁)

(5.55)

£",河｡x;

/Xp=-2x^+P2+COBで･x?“142°1nで‘)(y1“4coot'ぺ'1

●nnﾌﾟ゜(ﾗ゛｀4ｻﾞﾀﾞ

ﾌﾞぢ;゜2心゛51゛p^-2sinで゜ﾍﾟﾂ1゛4'c°sT'IT1゛1oc°oで゜弓'1

(う.う6)

●nn)(5'.゛6

12=-xg+p2-ﾗco8で･xy1

(5.57)

(n==1j2,5,･･･)

ThooolutionBofEqa.(5*11)and(5-12),uptothoflrotorderin6,

aregivonby
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whoro

'c1(7八
八cχ
j(゛)゛g

と

i[cχj(1)¨沁j(1)]

(i=1,2,う,4)

yt)=ぷ･χ尹)ﾍﾞﾑJ(･沁
jけ)゛cｼﾞtj(T)]

X (し京)

沁

(う.顛)

(う.59)

X?j(で)゛dxj(t)arodofinitefunctionaoft2にlGT,thedotallaof

whichwillboohowninAppendixIII.Thocon3t(nitnofintegrationc?andc1

(j=5to6,and11,12)maybodotorminodbyinitialval＼i03ofx?and:V

rospoctivoly･

う.4BoundaryConditions

Inordortodetorniinothovaluoaofc,andべ(j=1to12)whichmini-

misothocoatfunctionJundoraproocribodcondition,thoboundaryconditiono

ofthetrajioferorbitandthetranovoroalityconditionnofthaproblomrnuot

boinvoatigatod.

Figure5-2give'saachomaticprosontationol'atran3i''erbotwoontwoo1-

lipticorbito.Lotoくbothoinclinationofth°tar£;りtorbitpianowith

ro3pocttothoinitialorbitp1心1°゛φ1ondψ27φ1‘ｿ'arcthetruり

anoraalioaoftholinoofintorQectionofthoorbitplnnりsaomoaourodfrom

thopointaPiandP2roopoctivoly.‘whoroPlandP2arothりporigooaoftha

correspondingollipoes.Thoparoinotor愉otandooxactlyforthoanglobotwoQn

thoapaolinoDofthotwoollipooowhonthotonninalorbitnarocoplannr,

1.0･,oく=○;anditdoooappToxiraatolywhonthoinclination(ﾒ19oranll.
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Thooccontrlcityondthaoomilatuaroctur.1ofthotar^otolllpooarodonotod

by(52andj4･∠U?EEj(1+λ),roopoctivoly.Inothorwordo,thopr!ro;a-

otorEdonotoDthoratioofoccontricitionofthotwoollipoり0,andλｼﾞ10

thaincronontintho3cmilatu3roctmn.

PointlinFig.ﾗ.2ohowothｳpointofdopnrturりfromthoinitialorbit.

1.゜･ﾀth°pointat゛゛hichthathrvi3taccolorationbりginfiLoact.Pointa2

andjropreoont,roopoctivoly,thopositionoftheoi'i,'^inoofthりroforonco

fromcandthopooitionofthovohicloSatthofin-xlt虹niooftrnnnfor.

Priortotheapplicationofthothnuitaccolorntion,thりvohicloSio

coincidりntwiththooriginO.Honcoallthootatovnriablりsaroz^roat

で゛TO″1゛0゛″

゜c1(でO)'o(1･゜1to6) (う.ho)

Letﾘ9conoidortheboundaryconditionatthoi'inalpointoftranofor.

?hopooltionofthevohicloatthofinaltlmoで'ﾔ〇゛?ぢでf°'1ybo

dofin･3dbythoangleAO･∠2135inthefinaro.Thofinalvolocityoftho

vohiclomuotagroawiththeorbitalvolocityalongthotargotalllpoeat

point5.Thioconditiondomandothりfollowinp;rolatioiiDi

x,(でf)゜△θ[1'EEc°8(で£“中)]

゜c2(ち)゜-1.5入“べ゛θEsin(tp->A)゛入[2coo7

しO.ﾗEcoo(r,-φ)]+2coa稲-2Econ(てC゛申)}

り( 刄)'λ゛£[禰EDin(tf.-V')‘λEco9(町'ψ)

+coo句゛Ecoo(て£｀申)]

私(%)'どいθ[2coar-Ecoo(八-'/')]

‘0.5AEoin(与“ｿ^)-DinX,+£oin{町“'∩}

(う.41)
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X(T^)=.cX{3in(r^‘侃)゛£[81゛φ1->0.52゜111φ2

'o°5Eoin(2稲‘2φ1゛φ2)゛oin(2T^-φ1)]}

殆( てf)゜(ﾒﾚ゜0(町‘φ1)゛ご[“CODφ14.Ecooφ2

+coo(2秘-φ1)]}

GO

(うM)

Sincothequointitioa(ﾒ,λ,and,conBoquontly,aGarocnall.tormnof

ordorhighorthanthofirstinthoooquantitiooarodiacardodinEqo.(うM)

and(5.42).*Linoarizationinthoo･param･t･TOrooultointhoooparati･n

ofthoboundaryconditionointothoconditionaforthりin-planocorapononto,

Sqo.(5.41),andthoBOforth｡out-of-pianoconipononto.Eqo.(う.42).

WoaubstitutoSqa.(5.58),(5.う9)intoEq3.(j.40),(ﾗ.41),and(5.'42),

andcollocttormovdthth9zoroandfirntpoworoofど.Themwoobtain

twontyfourrolationowhichaorvotodotorrninoanmanyintorrationconotantfl

･? -･1 (j･1to12).Thooorolatlonacontainthopara^iotorn-^0andﾊθ

whichroproDontthopointsofdopnrturoandarrivalroopootivoly.Thooo

paromotorsmuotbodetorminod8oastominiraizothofuolconoumptlonfora

givontranafortimo.Inothorwords,trnnovoroalityconditionswithroopoct

t°で0 and乙∂muotbosatiofiod.Thotransvoroalityconditionwith

roapocttoA∂1ogivonby[50,pp.4ﾗｰ50]

ﾀﾞ
1

1d

゛1(て･J■0 (5.45)

Substit゛tingth°s°1吐1°゛op1(秘)ofEqo.(5.22),(5.25)andx(T^)of

ThoprocooaforderivingEqa.(5.A1)and(5.A2)willbonhovmIn

Appondix工V.
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Sqo.(5.41),(5.A2)intoEq.(う.45)ioadoto

･1 ぺ･§

ci=o

Eoinφ･+2c°(Ecoo≠-2)

゛'=:[EoinCf-○-oinr^]=0

1
1
-
‘
!
y
j
'
j

81

(う.萌)

ThotranavaroalltyconditionwithroDpりctto01°idotoacornplicatod

●
relation.Thorafora,wodirootlycalculatethりcootfunctionJforvaribun

valuesofでOandfixavqIuoofでOwhichmininiizonthocootfunction.

?heprocoduroforobtoiningthooptimalcontrolmayboouiiimarizodao

followa.LotAθOandど△∂1bothezoro-andfirot-ordertorma1nthり

pow°ra°rioao°cp°noion°fAθ‘Forg17°n7°lU03°fでOandT,tv゜nty-oix

unknownquantitiooc?,c1(j●1to12)andAθ0,∠^G^arodotorminodby

solvingthoovBtemoflinoaralgobraicoquationa(う.40),(5.41),(う.U2),

and(5.A4),Uponsubstitutingth｡valuoBofc?andべthuoobtainodinto

Eqa.(5.ﾇD)and(5.51)≫woobtainthooptiraalControlfunctionau,"2'and

-
u5.Thocoatfunctionandthotranofortrajectoryiindorthoactionoftho

optimalthrustaccelorationarocalculatodfromEqo.(5.52)and(5.5Q),(5.59),

raapoctivoly,byusingthooaこaointegrationconotanto.

5.5NumoricalExamploo

(a)TronaforbotwoonCoplanarEllipoooof.aSomoEccentricityWho30AXOB

AroAlignodandOriontodinthoSomoSonoo

Lotuoconaidoracnooinwhichthotonnlnnlorbitoarccoplonar,I.O.,

以=0.InthiDCQ30vromRyinforthatthomotionofav･hlolo18confinod
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onlyinthopltmoofinitialorbit.

Firot,woaO3Ujぴ5thatthetortiinalりllipooahavりaooinoeccりntricity

andarecoaxialwithoachothor,andthatthoiraxoGarりoriontedinthooamo

oenso,i.e･,£=1andｿ･｡0.Th･ntheboundnryconditionn,Eqo.(5≫^0)≫

(5.41),andth･trnnBv･roalitycondition,£qn.(う｡hh),bocorｺo

j⊆･沁q)元

八[c?礼(石)゛cl仙賜)DO

ﾆ･‰(与)にOo･,

8こ c特j(与)
£-/j==1j

=-1.5A

･入

ﾆ･°yp(r)･,

九
で

(i=1toA)

(1･1to/十)

[cXj(与)¨χj[か]゛A∂ocoo与“涌ﾄo

こ[
ｲ

Σ

j･1

8
E

沁

c?当(与)゛c1仙(与)]゛A00oin町'べ.いc゜0『

[c沁j(与)゛cXj(与)]'加osinr^ぺc゜8与

八
[弓鳥(秘)゛cχj(与)]゛朋oco8馬゛‘0.5A3in町

0

C1

･卜鴫

=0

=0

于

(5.吟)

(5.46)

(う.47)

(5.48)

i:>M)
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Byoolvingthooy3tenioflinearalgりbraicequationa(う,h'))throunh

(5.A9),c°cj(j=1to6)andきり0,八戸aroobtninりd.Thoyincludo

tormo01^thefirstordorinλ.Thon□ubotitutionoi'tiiりvaluooofc?nnd

･lthusobtainodinto2q.(J.ﾗ2)givesUDthoCostfunctioよincludingtorma

ofthooocondorderin入.

F1叩ro5.53h0WGvariationsofthecootfunction,Jv/ithroopocttoで○

forvariouQvaluooofT.Aoinsq.(5.52),thocoot.fimction13dovolopod

inpoworoorioswithrespecttoE.Thozoro-ordortonnJ(roproQontodby

thodottodlino)ioconstantwithreopocttoｱOandap,rooo,aaaraattorof

courso,withthocontfunctionforthotrQn3forbotwooncircularorbits[101.

?hofirot-ordorterraJ(roprosentodbythonolidlino)variooporiodically

inで○｀゛゛ithpori°d27て.This18゛plauniblol｀゜o＼ilibocauaothoorbitnl7°1°c“

ityvariooporiodicallyinrwiththo8にoporiod;900萌.(5.2).Honco

=

でcorroopondingtotheminimumpointofJ

1

(TivonthooptiinQlpointof

departure.WhonthotranafertimeT182nrf(nbo.ingapooitivointeger)ﾀ

Jd°e8n°tch叫igQ゛゛ithtO;｀゛honT!F2nrf,thooptimalで019£1゛゜11by

Tq=-(T/2)゛(n-l)n for2(n-1)Tて乙T乙2nn (う.50)

Equation(5.5O)indicato3thattheoptimalpointofdoparturo18locatedon

thoBomi-ollipootracedbythovohiclomovingtov/ardthoporiro°fromtho

apogee.

LetJoptbothorainiciu皿valuoofJwithrospocttoてO‘Thodopond°nco

of■^optonthotranofortimoT19illustratodinFir,.う.4,whorothooccon-

tricityiflQoaumodtoboご=0.2.Anilluotrntodinthofiiniro,th<9coat

functionJoptdocroa908a8Tinoroac!00･n

Figurooう.5and5.6showtim･variationnoftlK)circiffiif･rontialand



●

●

●

radialcomponentBofthooptimalthniBtaocoloration.roapoctlvoly.Tho

circumforontialoomponentsii?andu.aroByuｴmetricalaboutthemidlinoin

･timo;whiletheradialcomponentsu-andUgaresyamotricalaboutth･

midpoint･

Figuroj.7showstypicalexeunplesofthotransferorbitundortho

opt!皿alaooeleratlon.

(b)TransferbetweenCoplanarEllipBOSofaSonioEccentricityWhoseAxoa

AroAlignsdandOrientedinthoOppoaitoSenses

叫

Secondly,wearoconcomodwiththoterminalolllpaeawhicharecoplanar.

coaxialandoftheSQaoeocontrioity,butaroorlontodintheoppositeaensos

witheachothor,i.e.,cXa0,Sal,andψ｡rr.Inthiscase,thobovmd-

aryconditionsgivenbyEqa.(う.40)and(う.41)b･comoSqa.(5.4ﾗ),(う.47),

andthefollowingequationat●

ﾆ･χ
j(to)LO (i≫1tok)

轟cχ
j(7i)'゜θ1'o

ﾆ

゜匯(刄ﾄ･-4･OBでf

8
E

j=1

Ａ

゜沁j(でf)

･Zj(7i.)

- - 2ooa刄

s･2(Jinでf

(う.51)

(5.52)

wheretermsoforderEλaroomlttodinthaabovooquationa.FromEqB.
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(5.A4),th｡tranav｡rsalityconditionb｡com｡s

o?BOj

^

s:0

り

(5.5う〉

withnogloctoftermsoforderE入.

ThetmknownConstantac?,べ(3-1to8)and△θ0,紹1aredotermlnsd

bysolvingthosyatoaoflinearequations(5.A5),(5.47),and(5.51)to

(5.55).c?and∠X∂Oareofthefirstorderin入,whilac!and∠1∂1of

thezeroorderinλ.Substitutingthevaluesofc?and 一一'

i thusobtained

intoEq.(5.52)givoaUBthocostfunctionJ=.J°4eJ,whoroJ010of

orderλ2butJloforderλ｡●

Figure5.8sh｡｡variationsofth｡costfunctionaJandJwithroapoot

toTO forveirlousvaluoBofT.Aainthoprecedingcaso,J01sconstant

withrosp°cttoで01゛ndJlvari°sp°r1°dicallyintO｀゛ithp°rlod2n･

However,Inthiscasetheoptimal%1sglvonby

l(-(T/2)+mfor2(n-1)ttくTく2nrT

arbitrary for?a2niT

(n･1,2,5,･･･)

(5.54)

Inotharwords.thooptimalpointofdeparturel3locatedonthe8eml-ellip8e

tracedbythovohiolcmovingtowardtheapogeefromthoporigoo･

Figure5,9showBanexamploofthooptimaltransferorbit.

●A‘tormど2J2,whereJ2iBofthozoroord･rinλ,maybooalculatedin

thoBQmOway.butthodetailsareomittedhero｡
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(c)Tranofoi-botwoonNon-Coplanarnllipnりa

ど石

Laatly,lotU3aosxtnothatthりtaり;Qtoﾕ･bitininciinadwithroBpoct

tothoinitialorbitataomnllan乙1oべ.I｀jりr.iaydiりcunnthrsout-of-plnno

notionofavohicloindopondontlyofthoin-plnnりmotion.

Thoout-o±^-pianocomponentJjofthocootfunction19givenby[Boe

sq.(5.52)]

<J5'J

g
゛どJも

)2 dて4･ど

f%tT

ﾀﾞら

01
(It (j.5S5)

J°thooptimalvalueofthocoatfunctionfor･1tranfifor♪otwooncircular

orbito,canboobtainedexactlyandwrittenr田

J｀g sOく

2T-ainT-co“[2(ぐ1'TO)゛‘7]

T2-91n2T

(j.Z)

Equation(う｡56)indicatoathat.1nthecaaoofatrnnni'orbotw｡onnon｡ooplanar

circles.J,varioapori°dicallyin2＼withporiodtt,nnrioly,halfthoperiod

ofthoorbitalmotionalongthoinitialorbit.

Lotφ1゛φ2°O゛池(c°m°quontlyｿ'゜〇)｢xnd£r.1.Figure5‘109h°゛゜

variationsofJ withroopocttoで0 forvariouovq1＼jりnofT.JgandJl

aroropresontodbythodottedlinoandthoDolidlino,ro3pりctively.一一

Figure5.nohoWBtiraovariationofthoout-of-plsinocomponontoftho

optimalthrn3taccoloration.

工ngoneral,thooptimalpointofdoparturoforatranoi''orbりtwoonnon-

coplonarellipoosmaybedooidodbyfindingontTO＼YhiGhcorrりopondstotho

minimumpointofJ,whoroJingivonbyouriirninp;upthoin-pianoandtheout-
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of-plansconponontofthocootfunction.A3nnOXOjiiplり,FiPoiro5.12illuntraton

thodcpondoncoofJon馬jwhorothoparにlatoroOi'tho'^onainalorbltoaro

aaounodtoboべ=入,E=1,andφ.=φ.,ﾆj0.7^(conriociuontly>/-■=O).*
1む.

Thozero-orderternJinthopoworBorioaoxpunoiono£J゛゛ithrcapocttoと

1aroproaontodinthefigurebythodottedlino,whilo･thofirnt-ordortorm

J11sshovmbythooolidlino.

5.6HothodofAnalyoiobyUsingOrbitalElornontaofQSpaceVohiclo

Inthoprocedingsoctiona,thorotatingrocta】n,'7ilarcoordlnatosyatoin

■wasappliedinordortodoDcribothoaquationofmotiono1'thovohiclo.Wo

nowintroduceanothor30tofatatovariabloo,i.e.,thりo1･inontoofanorbit.

Thoorbitalolomontsaroconstantifthoroi3noforeりothorthanthoinvoroo-

oquarocontralgravitationalforco･.ThovaluoGofolomcnto,howavor,chango

withtinioundortheinfluonceofanyporturbin,-^forco.Ifthoportxirbln乙

forcoioomallcomparedwiththocentralforco,thoinatantaneouGvaluooof

theelemontswillchangeolovfly.

ThofollowingsQctionaareconcornodwithamotIiodforanalyzingtho

minimum-fuolchangooforbitaleleaentnofaapcicovohiclo■rfhichtronofora

betweennoighboringoHipticorbitG[6,11,27,23].Λointh･3roroぷ3ing

inveotigationa,boththotorminalollipaoaarea3(3＼l.':ioclt･bりofnmalloccon-

trlcitios.Thopropulsionoyotenthat0ff0Ct3thりch.'vncりofthoorbital

elemontoioconoidorodtobopowor-limitodandthnint-vnriablo.Thofinolysia

*InthiscaaathocostfunctionJ19obtainedbyoujr^iaingupthoin-plnnocom-

ponontasoho＼minFig.5.うandthoout-of-planoconiponontnninFig.5.10.
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1ocarriedoutundorthonoovtnptionthatthothniataccolorationiooinQll

comparodwiththogravityaccolorationanatiiatthopoi-t＼irbation8ofthり

orbitalolomontaduotothru3tai"oornall｡

Thooptinalthruatprogram18doterminodandthofuolconaumptionunder

thaactionofthis･thrustprogramiocalculatod.Thoroaultaobtainodoro

comparedwiththoooofthaprocodingooctiono.

5.7OrbitalSloinontoandThoirPorturbation

Incolestialmochanicaanorbitandth°pooitionof゛｀bodyinthatorbit

arodofinedbyoixconstantscalledorbitalolerionto[1,pp.17-19].Throo

ofthorndofinothoopatialoriontationoftheorbit,andtwoofthornapocify

thooizoandahapooftho.orbit.Thosixthorbital'!≫lciaont19roquirodfor

theangularpositionofthabody｡

Figure5.1うilluatratosatypicalellipticorbitofaBpacovohiclfl.

Theroforoncopiano18aplonowhichincludoathocontりrEofgravitational

forcoandaroforoncolinoEL.Tholinoofintornoctionofthoorbitalpiano

andthoreforencopiano19calledtholinoofnodoo.Ifthodirectionof

motionofthevohiclo18a5indicatedbythoarrow,thopointNioroforrod

toaothoaocondingnodo.ThentholongitudoofthりQocondiri)'nodりnl8

givenbytheangleLEH.‘Thoangloofinclinationofthoorbitpianototh9

roforoncopianoiadonotodbyf.ThoGotwooloraontaori･ntthoorbitalpiano.

?hothirdolemontoriontathoorbitwithinthoorbitalplono.Namりly,tho

argumontofparigoo心18theanglobotwoontholinooSNandSP.*Itis

*ThoporigeoandthoapogooaredonotodbythりpointoPandAinFig

roopoctivaly.
卜

5｡15,
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cuotoraarytodonotothoouniQ.+udbylOoallodthりlongitudooVporigoo.

Thooizoofthoorbitioopocifiodby.theacnimajoraxiDaandthoahapoby

thooccontricity£.･Thooixtholomont,v/hiahmaybod･ごinodin3ovoral

wayo,apccifiosthoangularpooitionofthovohiclり3initaorbitatapar-

ticulartimo,orthotiraoatwhichitpaacooaparticul;＼rpoint.

Thoorbitalolomontoaroconotnnt1rthoro16nofoi'coothorthtintho

earthgravitation;howover,1faPりrturbinぷforcoioappliodtothovりhiclo

S,thovaluaaofolemont.3willchangewithtirao.Thiachanjyj1ncallod

porturbationofthoorbitaloleraonto,Incolootialmochnnica,thor<Jha･V8

boonanuiaborofinventigationowhichdoalwiththoperturbationofoilorbit.

AocordingtoRof.う6thorates0fch･ingooofthoorbitaloieniontoarogiven

bythofollowingoquationBi

器゜2

ﾉﾉﾚﾚﾚﾀﾞ]ﾚｼ

[(1゛とc°oいc゛1゛6°1゛い“23

託
石'

did

石
Z

匹[jjjlj?りべ々心]

匹[ﾉ?jｺﾞｹﾞ?以1々

£■tanf2).oin?｡a5.Q

-べ

1+どCos?
5

｡戸戸1.£££ﾔ｡ぶ｡口

面゜'尹‘1+とcoo'Z(ﾒう

dQ匹3in?､函｡惣

dt="ﾒじ‘oin/･(1+ごCoo?)べj5

(5.ﾗﾌ)

本Itshouldbonotedthatthis1onotalongitudointlioordinary3onao

bocauaeit18mooDUrodintwodifforontp1,ヽnoo.
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Iniiqa.(5°57).oく1″(又2jcvnd°くう゛ぽ゜,ro.5pocti゛jly'乱゛jGIrcviraforontiol,

radial,andnormalconinonontoofthovohicloaccalorrioior.'hiotoapor-

turbingforco(ceo?ig.5.15).ThoCOnotantJii1ntlioproductofthounivor-

aalgravitationalcon3tantandthomaanofthoorArtn,ond7donotりotho

truoanomalyofthovohiclo,i.e.,thoanじ1obolv.ounlinoo£Pand£S.

5.8EquationsofMotionofthoVohiclo

Ourproblemi3tochangothoolomontnofthoinitialorbittothosoof

agiventargotorbitwithUGOofaouitablocontrollin.-:thnist.Forconvo-

nioncoofcalculationwochoooothoinitialorbitplan｡naareforencopiano,

andtholinoofapaidooEPOofthoinitialorbitaaaroforoncolino(80

Fig.5.1な)｡Furthormoro,inord｡rtodofinoth｡pooitionofth｡vehiclodurinp;

tranafor,woconsiderthesamorectangtjlnrcoordinntooyotema8rlofinodin

Sec.う｡2(a).Thatio,thooriginoofthocoordlnatooyotり1nrovolvooalong

thoinitialorbitinthediroctionoftha八rrowonthotrajoctory.Axlaj

19diroctodoutwardalongtholocalvorticulandaxiniiopりrpりndicularto

nxi8jinthoinitialorbitpiano.Axiok13nor.naltot,hりorbitplnnoand

diroctod80a3toformthocoordinatoai,3.itari,3nt-handedtriad.Thf≫tlmo

originischooena13tzzowhonthepointopaoaont‘μΓouと;htiv?poricり6POof

thoinitialorbit.LotX,y,andzbethe1,j,an'dk-co:nponontooftho

vshiclodioplacomentrolativりtothoorigin0,rospoctivoiy｡

Atanyinotantoftirao,thopooitionnndvolocityvectoroofthov01吐c10

maybousodtodox''inoaninstQntQncou3conicpath,i.e.,ailoDculatingorbit.●

*Thoooculatingorbiti3thoorbit゛゛hichthovohiciowouldfollowifatany

t治oallporturbingforco3suddenlyvaninhod[1,pp.188-190].
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Thenthodisplacoraonts^≫y>zandthoirtlnodorivfttivesRrereintodtothe

osculatingolementsbythefollowingequationsJ

X

dx
-
dt

゜(?十■00-e)‘゛0

[1.5

y=a-aQ[1十Ecos(θ“面)“どOCOS6]

Zこ一ｲ.a

dz

㎜dt
Z∽

s
t

[Ssln(e-to)-‘5｀osin則

sin(e一口)
0..

-

Aco3(e-Q)

(3.58)

whorethesubscriptodonotost,hovalueofolomentsofthelnitinlorbit.θ

1sthotimeanomalyoftheorigin01nthoinitialorbitplane(rooFig.

3.弘).lnthoderivationofEqs.(3.58),quantitiosofordorhighorthnntho

firstin£゛どO゛g゛(″1“゛O)/゛09町id7十CO-0arol‘logloct°d.

工nthepresentstudy.asetofstatevariablesx.･゛2夕･･･夕x6consist

ofsixvaidablesdofinodbythefollowingcombinationsoftheorbltRlele-

mentsa.e,u;,t,口,.andthedlsplaconontXI

り｡゜(a-aQ)/aQ

一
句゜Cs1"ω

X=sinにsinn
5ﾐ

x2°V^o

-
X4°ecosば)

x6°sinしCOSQ

|

(:3.59)

Notethatthesestatevariablesarodlmonisionlosaquantities.Thecontrol

variablesA1゛A2゛A3!｀re°rth°g°s11゛j゛k-corop°nontsofthethrustaccoleir-

●



●

●

t

92

ationvoctorA.Forcon▽enioncowointroducothodlinGnslonlof3scontrolsu,,

｀12゛゛13andthedlmonsionlosstimoTdofinodby

whoro R1S

゛j°Aj/゛0112(j°1,2,3) てznt (3.60)

thenoanangularvolocityoftheinitialorbitalnotion,i.o.,

ﾍﾟ屏

Thetrueanomalyθofthepointocanbeoxprossodas

θ゜iit+260 sinnt

(:3.61)

(:3.62)

withneglectoftermsoforderhigherthanthefirstinFSubstitution

ofEq.(3.62)intothefirstoquationof(3.50)RiVGS

々゜nt'函十が゛0 +2ε0 sinnt (3.6:3)

Thetwosotsofcomponentsoく1゛(ﾒ｀2゛QくTandA1゛A2゛A3ofthovohiclo

accelerationduetocontrollingthrustarorolatodtoeachothorby

1

一
I

j

l
C
O
r
ﾉ

■
S
h
t
t
p
:
/
/
w
w
w
.

I

―
一

″Z十面-e

-(?+a-θ)-7cos(々+而一口)

1一几in(7十a5ぶ

7cos(a-D)tsin(0一見) 1

j

2
3

1
A
A

A
lj

(3.6^)

Termsoforderhigherthanthefirstinfand?十od-0areneglectedin

驀Itshouldbenotedthat,throughoutthoforegoinginvostigationsin

Sees,3.2to3.5,theeccentricityoftheinitialorbitwasdenotedby

εinstead‘ofEO‘｀
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Eq.(3.64)｡

Undertheassumptionthatthethrustaccoloratlonissmnllcompnrodwith

thogravityaccoleratlonand,consequently,theporturbationsofth｡orbltnl

elementsduotothrustaresmall,×.andu.definodbyEqs.(3.59)nnd(:3°60)

mayboregardodassmallquantities.SubstitutingEqn.(:3.59)through(3.6^↓)

intoEqs.(3.57)andthesecondequationof(3.58),ftndthoroupondlsrogard-

ingquantitiesoforderhigherthanthofirstinX.andu.yieldsthofollow-

ingequationsforthestatevariablesI

X1

X2

町

x4

｀5

｀6

=2U 1,

=-1.5×:^+2sinT･X-+2cosT･x,-2e^cosT

°2sinでU1“COSて'U2

°2cosでU1十SinでU2

゜-sinで゜U3

=-COSで･U3

(3.65)

whoreadotovoraquantitydenotesdlfforontlationwithronpoctto'r.

Thelasttvoequationsof(3.65)roprosentingthoout-of-pianomotion,

areindependentofthefirstfourequationsofthein-planomotion.

3.9OptimalControlFunctionsInTomsofOrbitalElomonts

Nowtheproblemistoobtaintheoptimalcontrolsforthominiimiin-fでuel

transferofapower‘limitedrocketwithunboundodthruotaccolerationina

prescribedtimo,Mathoraatically,itrequiresthatthefollowingfunctional
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2
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(:3.66)

Thocontrolstobooptimizedarethodinonsionlessconponontsu,,Up,nndu3

ofthethrustaccoloration.InEq.(3.66)Tinaprescrlbodtrnn3fortimo

and70donotostheInstantofdoparturoofthovohiclりfromthoinitial

orbit｡

ByproceedinginthosamemannernsinSec.:3.3,thooptimalcontroln

canbeobtainedbyusingthemaxlraiimprlnclplo.ThoHamlltonianofthe

problemisgivenby[30,pp.9-21]

H°[(2p^+2sinで･p≪+2co5T‘Pi>l-＼ﾄl]

-C(CO5T≪p^“s1゛T゛p4)112十加い

“[(sinT‘p5十c°sでp6)゛13十知§]

“p2(1.5°c1“2sinT≪x--2cosT'X.十弓)c°sで) (3.67)

･whoretheauxiliaryvariablesp･ssatAsfythesotofdifferentialequations

f'1

p:3

p5

゜1.5P2

°-2glnt゛p2

=0

●
p2

●
p4

●
p6

一

一
0

Z∽

=0

FromEq.(3.67),theoptimalcontrols

thovariablesp1゛as

(3.68)

-

゛lj aroobtainod,nsfunctionsof

SeeEq.(3.19).
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-
U1

-
U2

゜2p,+2sinで゜p3+2c°sでp4

=-COSで゛p3十s1゛で'p4

s°'sinで'p5゛c°sで‘p6

|
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(:3.69)

ConstantsIntroducedbyintegratingEqs.り.65)and(3.60)mustbodo-

torminodsoastosatisfythoboundaryconditionsandtrnnsvorsa!Itycondi-

tionsofthoproblem.Priortoapplicationofthothrushaccoloratlon,alﾕ

theorbitaleloniGntsareeq吐valenttothoseofthoinitialorbit.Honcow9

have

り.゜x2°x3°゛:5°)c6ﾆOand乱ﾆと0
(3.70)

atT=Tq.AttheinstantofarrivaltothetargetorbitT°でO十T゛Tf゛

wehavethoconditions

X1°
入

.

-
x3°£qEsinoL

7:5°りBinQ^

X4

X6ﾆ
.
t

-
゜どOE0O5LO

f COS■
≪

f

ｙ

(3.71)

｀゛hereλ゜(8f““o)/809E°どfヽ/どO.゛Inaproblomoforbittransfertho

positionofthovehicleonthetargetorbitisnotnpocifiod,thatis,tho

valueofχ2atで=Tfisfree.Consequ･ntly,transvornalltyconditionnt

T=T,requiresthat[:30,pp.k5-50]

p2°0 ゛7°町 0｡72)

WocancarryoutintegrationofEqs.(:3.65)≪nd(3.68)vdthconsldera-

tlonofthoconditions(3.70),(:3.71),And(:3.72).Bysubstitutionoftho

螢Thesubscidptfdonote3thevaluoofolomentsofthotargetorbit.
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resultsthusobtainedIntoEqa.(3.69),wohavethofollowingoxprossionsfor

thooptimalcontrolst∧

-

U1

-

U2

一

一

- ･

-

J=

1

(5T -3sinT)[ (T/2)]

X{λ(5T“3sin･T)[|(5T+35lnT)-83i"l'cos(7‘^0-i']

-4ご o(gcos焉“1)〔2(5T“3slnT)sinl°cos(Tq゛l)

“(5T2-I6sln^Tで十(3Tsinで-16s1゛21)c°s(で2でO“T)]}

(5T-:35lnT)[

-1

(T/2)]

X{4λ(5T-3slnT)sinl･sln(T-Tq-|)

+2EOEsin(0.[(5T2“16s1♂l)cosで十(3TsinT“I65ln^1)

又cos(で-2r-T)]“2とo(Ec°s叫‾1)[(5T2“I6r,ln^ﾐﾄ1"t

“(3Ts1゛T“I6sln^|)5ln(で-2T-T)]|

ぢ7でﾆｺﾞ大[s1゛Tc°s(で“2tO‘T゛‘Qf)'TC03(で“nf)]

(3.73)

Further,bysubstitutingEqs.(3.73)IntoEq.(:3.66),thovaluoofthocost

functionJnaybewrittenas｀

2(5T-:3sinT)

1
四
十:3TsinT (T/2)]
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Xくざ(25T2'9sii12T)‾8EOλs1゛l(5T-3ninT)

｀Ocos(Tq一叫゛1)-co'(70゛l)]

+2べ{(5T2“I65ln^l)(l“2Ec°s而f十E2)

“(3TsinT“16sin^1)[c°s(2TO゛T)

“2Ec°s(2でO十T‾呵)十E2c°s(27i)゛T“2ら)]}〉

2
f
l
t+

T-sinT.cos(2r_ 十T-ZQ)
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り.74)

｀゛hereA,£_,E,･Qf゛tf,函f゛andTarogivonquantitios.Thovaluoof

でO■whichmlnimlzosJofEq.(3.7'4-)givestheoptimalpointford°parturo

fromthoinitialorbit.NotethatJofEq.(3.74)1saquantityofordor

secondinλ゛とo゛andら゜

:3.10NumericalElxamples

(a)TransferbetweenCoplanarandCoaxialEllipnesofaSamoEccontrlcity

LotusexamlnGacasoin･whichthoterminalorbltr.arocoplanar,I.e.I

i,=0-.Inthiscase■W6nayInferthatthomotiono£11vohicloisconfined

intheplaneofinitial･orbit.

First,woassumethattheterminalo1]llpsesaroofasamりeccontrlclty

andcoaxialwithoachother,andthattholraxosarooidontodintho5amo

sonso,i.o･,E=1and馬=O.ThenthocostfunctionJglvonbyEq.(3.74)

reducesto



●

奪

●

λ2(ﾜr,+5□inT)

J≪
8[ｦr+7oinT-52ain(T/2)]

知

(う.乃)

whlohisindopondontofthoparnmotorTO°Inthoproviouoonalyois(ooo

3eo.5°5a),vohav≪5dovolopadJinapoweroorioHwithreapoottoどO審'

J°JO゛εOJ1‘(5‘76)

?hevaluoofJobtainedbythopresentanalyoio.Eq.(う.75),iooqulvalont

toJOinEq.(5.76),which181nturnoquivalonttoJforcirclo-to-clrolo

tronafar.･AtermcorroopondingtoごOJ118dloregardod1nthりprooontoimlyola

booauseIt18aquantityoforderどO入″2°Inoth°l｀゛゛゜rdo″th°゜゜th°(1°rth°

presontanalyfliscannotaccountforthoeffectofsmalloccontricityincaBO

ofthisoxomple.

Socondly-woar≪concernedwiththotormlnal･llipo･8whiohhav8aoano

≪5ccontrioltyandaconmtonapsolino,butarodiroctod1nthooppooiticsonses

一
witheachothor,i°IO°″EslandaJ)fsTI゛

Figure5.15ahowethedopondoncoofJonT-.caloulatodbyEq.(5.74).

Jconsistsoftormoc°ntainingλ2″ε○λ″゜ndEq,Ontho°th°rhand.th9

.4

depondonceofJ°andJ11nEq.(5.76)waBalroadyohownInFig.う.81nSec.

5.5(b).J°iaaquantityofordorλ-,whiloJ11aaquantityofordorλ.

ThodiscropancybotwoonJofEq.(5.74)tmdthatofSq.(う.76)Idduoto

diaregardoftormo‘oforderE2Inthocalculationofthaprovlouoantilyoi8.
0,

Figure5Jl6illustratoBtimohistoryofth°゜ptimalc°ntr゜1°石1(8°11d

lino)゜ndu-(br°konlln°).Flgur゜ﾗ,17shownthecorroapondlngtimehistory

ofthaorbitalalomonta(゛“゛O)/゜oλ(s°11dlino)･ど/ごO(bl｀゜k°i1line)ﾀ

and面/rr(ohainlino).
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(b)TranoferbatwoonNon-CoplanarBlllpaos｀.

Letuodonaldoraooacinwhlohthotargotorbitlainclinodwithrospoot

tothoinitialorbitataヽsmallanglotf‘Thoout-of-pianocomponontoftho

Cootfunction19givonbytholoott｡hnofth｡rightaidoofSq.(5.74)｡

ThiBvqIuoieof゜i｀d?l'£:'゛14:.1d°n;tlcal゛゛ithJ°Siv゜゛byEq゛(5.56)inae°'

5.5(o),whichiothovalueo^fthoCoatfunctionf｡rtronoforb｡tw｡｡nolrcular

orblta.*Atermc°rreop°ndingt°order£0 fTjiodioregardodinthopresent

analyaisbecausoit19aquantityofordorhighorthanthりoocondinthoBmall

parametora･

Lotusconaidoranoxamploinwhichtheterminalorbitparamotoroare

givonby

t
f°
λ Ω

f'○゛ﾗﾌず弓゜OE°1゛dEO=0.2

ThedepondencoofthocostfunctionJonT019ohowndottodinFig.5.10･

ThaBolidlinoreprosentstheroBultobtalnodbythoforegoinganalyalBwhich

takoaaccoiintofthaeffectofemailoccontricity.↑

(c)TranaferfromEarthtoMarB

ThuBfar,theproblomBhavoboenoonfinodtothotranoforfromonooat-

ollitoorbitofthooarthtoanotherono,butthoraothodofonalyoiocanbe

*ThoreareBomodlfforencao1nthonotationofthotorrainalorbitpnraraetoro

botweonthoca8osoftheforegoinganalyoia(Soco,5.2-う.S5)andthoprooent

°11°(Sees‘5‘6-5.10)゜N゛1°ly.param゜tors°1ﾀφ1ﾀφ21゛dC1"thof°r°g°Ing

analyoisoorreapond,roopoctivoly.toff″pf″Q,'叫r″nndE01ntho

preaontanalyaiB,

ｷS?oFig.5.12･二
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applied.withoutdifficulty,tointorplonotaryorbittrnnofor.Wonowcalcu-

latethooptimalEarth-Maraflight.ThorooultobtainodiocorapQrodwiththo

nunerioaloolutionawhichhaveboon^btainodbyW.0.Molboumo[20]ond0.

Saltzor[55〕･｡

TheorbitalolemontaoftheoarthandMaraaroliatodinTnblo5.1[1,

pp.う77-579].IfwochoooothoKaraorbita8nninitialorbitandthooarth

orbitasatargetorbit.thefollowingnumoricalvaluooaroが-vontothopa-

ramotorst

λ"o‘う4j46q=0.095E=07f;;;o (j.77)

BysubstitutionofEqo.(5.77)intoEq.(5.74),thoCostfunction18givon.

1nadimonalonlosBquantity,by

*

J= 1

(ｦr-581nT)[5T2+5TBinT-ﾇ81n2(T/2)]

x{0.41うT2-0.15う81n2T-0.158oin2(T/2)

｀0.128(ﾜr爽5BinT)'Bin(T/2)゜co8(to +T/2)

Tablo5.1OrbitaleleniontflofthooarthandMnrB

Earth Karo

Seminiajoraxisa

Eccontricityど

Inclinationf

Longitudeofperihollon

Longitudeofnodoj⊇

-ω

1｡0000A.U.*

0.0167

0.0°

102.5°

0.0°

1｡ﾇy7A.U.

0.09刄

1.850°

55ﾗ･5°

h9.2°

●1A.U.(aatronondcalunit)･1.495×1011m

1
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-0.009[ｦr8inT-16Bin (T/2)]c°8(2でO゛T)|

IntheM.K.S,Bvateraofunit8w6havo

J=戸y2aj/2J*a0.06175J゛(kwatt/kg)

101

(う.78)

(う.79)

whoreμ18thoproductoftheuniveroalgravitationalconotantandth9maoB

ofthe8un,andaOdonotoatheBomimajornxioofMaroorbit,I‘

l

Therchavobeenanttmborofcalculationaofaholiocりntrictranofor

botwoonthoorbitsoftheoarthandMaro,Thodifficultyoftheganoral

problemlioainthofaatthatthooptimalthrustprogrom18thooolution

ofabovmdaryvalueproblemforasyatomofnonlineardifferentialoquatlono

subjecttononlinearconstraints.AnumericalroQultwasobtainedbyW.0.

Molbourno[201.Hisprocodureoonalfltoofgoneratingrepeatednumerical

solutionoofthoEulor-LagrangaoquationaonalargodigitalComputer,varying

theasoumodinitialconditionsuntilthedeoirodtonninalconditionaarean-

proximatolymatched,Inordertoovoroomothistwo-pointboundaryvalu9

problem,hohasdovelopedanitorativoroutinedoDlgnodtoeffioiantlyconduct

parametricanalyoGB,ApplicationofthismothodwasgiventoanEarth-Mara

flight.ThoorbitofthoaarthvraaasBumedcircular.ThoorbitofMara

possessesaneccentricityof0.09557andaninclinationof1.850°totho

十Oonatantsμa!idaoareSBfollowss

ﾉμ･(ぷ.670×10“11mVkg･soc^)X(1.991X10ﾇ)kg)

=1.528×1020mﾗ/8OC

゛O'(1'524A°U.)X(1.495゛1011m)'

=2.278χ10^‘�
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eclipticplane.ThoresultduotoW.Q,Molbourno1silluBtratodbythofull

linoinFig.5.19.Thevariationofthocostfunctioniaplottedagainattho

holiocontrioanglefromthelinoofnodootothorondezvouapoint.ThoroDult

bylinearanalyalfl,which18がLvonbyEq.(5.79),ioohovmdaahodinthlfl

figure.

AnaltemativoapproachtothipvariationalproblemloproBontodbyC.

Saltzerand0,W.Fothoroff[551.Followingthem,it18postulatedtoapproX-

inatoth≪ssyBtombyadiaoreteverBion,Thatio.thotimointervallBsub-

dividedintoNequalintervalsandthetrapozoldalrulolausedinevaluation

ofthointegralineachsubintorval.Oonsoquently,thoproblem18posed1n

theformofminimizingafunctionof2(N+1)variablesoubjocttoconstraints

axpreasodbytholinearalgebraicoquations.AgradienttechniquoIsappll-

cableinordortooolvcthiBproblem,*ThonumericalroDultBforanEarth-

Marsmissionhavebeenpreaontod.Ithasbeenaosumodthatthoorbltaof

theearthandMarsarocoplanarandthattheoarth'florbitIscircular.

ThoraaultaobtainedareshowninFig.う.20.1nthisfigurethovariation

●ofthocostfunctionfortheEarth-MarBtranofor18plottodagainsttho

heliocentricanglebetweentherendezvouopointandthoporihelionofMara

foraevoralflightdurations.Thoreoultaobtainedbylinearanalysis1s

a180IncludedinFig.5.20.ThedlBcropftnoyinthocoatfunctioniBleas

thanfowpercentB.

゛AccordingtoRof.55,thismethodhasboenprogrommodforamodium-Bize

oloctronicdigitalcomputer,9daatiefactoryrooultahavebeonobtainad

forNequalto10or20.
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Themlniinum-fueltransferbetweenneighboringellipticorbitsforalow-

thrustpowor-limltodpropulsionsystemhasbeendiscussed.Thomotionofa

spacevehiclecanbodeacribodbyeitheroftwosetsofvariablo3l

1.displacGmentsandtheirtimedorivativosinarotatingcoordinate

systemviththeoriginmovinginaninitialorbitaboutthoeftrth,

2.Instantaneousvaluesoforbitalelementsofthevehicle｡

工nthefirstcase,theanalysishasbeonbasedontheassumptionthat

onlysmalldeviationsofthevehiclefromaninitialorbitaroallowed;

thereforethegravitationaltermsinthoequationofmotionmaybelinear-

izod.Theorbitalvelocityofthevehiclerovolvingalonganellipticorbit

variesperiodicallyintime.Thisvariaぢ

efficientsintothoequationofmotionofthovehicle.工fthevariationis

notsolarge,thesmallparametermethodisapplicableforobtainingan

approximatesolutionoftheequation.Then,lrohavedevelopedtheequation

ofmotion,controlfunctions,costfunotion,andsoforthInpowerseries

withrespecttothesmallparameter,thatis,theeccentricityEOofthe

initialorbit.Theirfirstapproximationsuptoandincludingtorm3oftho

firstorderin£Ohavebeenobtained.Thezero-ordorternsshowthovalues

fortransferbetweencircularorbits,whilethefirst-ordertermscharacter-

izetransferbetweenellipticorbits.工nthecaseofollipticterminal

orbits,fuelconsumptiondependsnotonlyonthotransfertimebutonthe

positionofdeparturefromtheInitialorbit.Theresultobtainodclarifies

thisdependence.Themotionofthevohicloundertheactionoftheoptimal

thrustaccelerationhasalsobeen3tudied,
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Inthesecondcase,theequationofmotionofthovehiclehas.boonoχ-

pressedintermsoftheelemontsofItsoscul八tingorbit.工nthiscasothe

analysishasbeencarriedoutundertheassumptionthatthothrustaccolora-

tionissmallcomparedwiththegravityaccolerationandthatporturbaﾋions

ofthoorbitalolemontsduetothrustarealsosmall.Consoquoniiiy,the

quantitiesofhigherorderofthrustaccoloratlontormsandthoporturbatlon

termsoftheorbitalelementshavobeendiscardodintheoqu.itlonofmotion.

Thooptimalthrustprogramhasboonobtainedanalytically.Thofuolconsump―

tionundertheactionofthisthrustprogramhasalsoboondetonnined.

Slightdlsagrooraentbetweentheresultsobtainedbythosetworaothods

hasbeenfoundintheforegoingnumericaleχamplos(seo,forexample,Fig･

3.18).ThesedifferencesmaybeoxplflinedaafollowsI

(a)Duetothedifforencooftheassumptionsforlineairizatlon,theoqua-

.tionsofmotionhaveboenderivedInthedifferentforms,Namoly,in

thefirstmothodthoequationsofmotion(3.11)and(3.12)includothe

terrasofthofirstorderinごO°However゛thosotermsaredisregarded

inthesecondmethodbecausetheyleadtothohighor-orderquantities

ofstatevariablesdefinedbyEqs.(3.59).

(b)Theboundaryconditionsandthetransversal!tyconditionofthosecond

methodaregivenbyEqs.(3.70)through(3.72).Thissimplification

leadstoobtainingtheoptimalcontrolandthecostfunctionanaljrti-

cally.0ntheotherhand,inthofirstrasthod,thoboundaryconditions

andtransversal!tyconditionreducetoasystemoflinearalgebraio

equationsofmany(1ngeneral,twonty-six)iinknovns.

(c)工nspltoofsuchdifforentassiMptionsandconditions,thoresultsOb-

talnedbythesemethodsareidenticalexceptinaspecialcase,vhore
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vedealwiththetransferbetweenolHpsosofsaneoccontriclty･whose

axesaroalignedandorientodinthosaraoson3e.Inthiscasethesecond

methodcannotaccountfortheoffoctofsmalleccentricityofthetomi-

nalorbits夕andtheresultobtaineddegonoratosintothesolutiontotho

problemofcircle-to-circletransfer｡Thefirstapproachprovidonbet-

terresultsthanthesecondmethod,asshowninFigs.3.3and:3.12･

Thisisowingtotakingaccountoftheequationofmotionuptoterms

ofthefirstorderinど0 1nthefirstapproach.

(d)Ingeneral,thecostfunctionobtainedbythesecondmethodconsistsof

termscontainingλ29εOλ9ど
g

9゛d

ﾘ.TormsoforderごOλand

と^_,however,vanishfortheabove-mentionedspecialcaso.工nthiscase

thofirstmethodsucceedsincalculatingthocostfunctionincluding

te°soforde゛λ29G9とOλ29゛"dEOﾘ.Investigationsoftheef-

feetofparamotersoforderhigherthanJustdescribedarecarriedout

byso1∇Ingnonlineardifferentialequations.IfoneUSGSthofirstsot

ofstatevariables,thesmallparametermethodmayboapplicablee"ven

tothatoccasion.●

Thegeneralproblemoftrajoetoryoptimizationleadstothetwo-point

boundaryvalueproblemforasystemofnonlinoardifferontialequationssub-

jecttonon:吐Jioarconstraints.TheresultobtainedbytheUnoarana:Lysis

hasbeencomparedviththentunerlcalsolutions■whichwerepreviouslyobtained

forthenonlinearvariationalproblembyW.G,MelboumoandC.Saltzer.

ComparisonshavebeenmadeforEarth-Marsf:light,asshowninFigs.3.19and

3.20.Marshasasemlmajorax1りa=1.524A.U..Bycompartsonwitha=

1.0A.D.forearth,thoseparationdistancebetveonthemis0.524A.U.vhlch

●
1snotくく1.0A.U･.However夕1tIspossibletoapplythelinearanalysis

･
ｙ
‘

.
″
.



●

争

●

106

describedinthischaptertoEarth-Marstransfer■withremarkablygoodaecu-

racy･
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APPENDIXI

CALCULATIONSOFTHETIMEINTERVALSBEr^i':ENSV/ITCii:INGSOFTHECONTROLS

(REACTION-JETATT工TUDECONTROLSYST乱)

工ntheroactiongas-.jetsystom,asmontionodinCh.ip.1,thooptimal

controlsaroofanon-offtypofor'tinoandfuolmininil7,atlon.Inthir;ap･-

pondixvoshallc八lculntoth｡timointorvalsb｡tw｡on3ヽdﾋchingsofth･con-

゜trols.工nth｡timo-optlmalcontrol(Soc.1.5b),nubstitutingtheValU03of

町｡andu-inTablo1.2intoEq.(1.24)雌7°sthoroLitionshipbotwoonth°

initialst吐゜ぐ(1°1to4)゛dthos吐t.chinp;int°゛゛^lr;てjりﾆ1tol゛)

ofthecontrols.Ontheotherhand,1nthominimum-fuolc･ntrol(Soc.1.6b),

substitutingtりe.valuesof"l沿ld石2InTable1.4intoEq.(1.35)yieldstho

similarr･lation.'"Jhonthonormallzodarifjularvolocitycissmall,thotorms

oforderhigherthanthafirstincmaybonof^loctodinthosore1八tlons.

Thusthりresultsaroshownin■what･follows.

工.1Timo-OptimalControl

First｡forMode工.1indicatedinTablo1.2,wohavo

こ
O
Iχ

べ?
一

一

o
勺

O
乱

}12'乃(2稲.゛尨)‘i[r^-2(r-八)3]

“7゛2ﾐ +1[T2-2(て一句2)

如2'け'禎2ﾘ[丿4'2ｲ“2にﾉ12]3]

で2几T;[r^-2r(2rﾄﾞ几)]

Similarly,forModo工｡2,w｡hav｡

128

(工.1)
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写゛馬“

で1.十馬)2

弓 - 弓

ForMode工.3.wohavo

亀1;[て2｀‘2(町゛稲)2]

絹;[て3゛2八:3-2け一九戸j

● 几 一打1≒2ｲ“2に一几)2]

ぺ
2'■‘石(2で1゛2聡゛馬)‾E[で3‾27T13]

ぺ?ﾆ゛で2乃゛;[T2°‘2九2]

xO=!
:52

0

%
一

一 ‾T十'2T1

[で:3+2(ｱ
1
f T2 )3‾2('ﾄﾞ‾て4)3]

Ξ

2 [て2“2ち(2で1゛2万二勺)]
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(工.2)

(工,:3)

Thorolationsforotherrnodoaaroobtninodfromthり･Tbovorolationsfor

Mode工bysimplotranofonnntionsofthoinitialVa111on.iしuaoly,X.1n&ls.

(工.1)through(1.3)shouldbotran･;formりd,coi'ror.pondinF;toe.ichmodo,a11俳

[亀I

回辿

ﾆ‾[今工

μ?]mﾆ゛[心]ｴ
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j
O
乱r

L
皿

I
J

0
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工.2Mininium-FuolControl

万
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Modり工.1s

0

X1 紆[琵‘に1゛ﾘ2∠(T1十弓十万
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SOLUT工ONSOFTHEEぶJ八TION0?Iヽ･,OTIC･7;

工nSoc.:3.3thegonoralsolntionnofthnciquationofr.ol.lonw｡l'Oglvりn

byEos.(3.ひ8)and(3.:39).Thisappendixsu;)ploinontr.thQ小山lilodfoiinr!of

仏 and 七 inEqs.(3.3^)arid(3.39).isfollows;

X°(l,l)=-16T+3/2r^+16Ginr

XO(1,2)ﾆｰ16+16cosで+10でsinT

XO(1,う)ﾆ12r-22sinT十卜10TCOGT

XO(1,り)=-12+9/2で2+12conT

XO(1,5)=-1

×〇(1,6)=3でｰ｀4sinで

X°(l,7)=-6T+6sinT
｡

/

X°(l,8)=-2+2COST

X1(

X1(

1,

1,

1)

2)

X1(1,3)

=16T-3/2r^-20sinで-20TCOGT-f3/21"''cos丁+12sin2･｢

=-3Q3/2十:36T2+5岫/3cor,r+60Tr.in'r十収/6COS2T

一

一

+15/2でcAn2て

121/2で-3で:3-212/3r,inT十:32rcosT一肌/jsin2て

+15/2てCOG2で

゛yゝ

゛Forconvenience,X?j゛dx?j心゜donotod‘byIX('(1゛j)“11dx1(1゛j)゛

rospectivoly.
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X1(
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1,4)=171-6:3/2で2-180coぷT-/+5Tr.inT+9/2T^･COGT+9COf^2で

1

X1(1

X

1

,5)=-1十cosて

,6)=:3T十jてCO5T-りsin2T

1,7)=-15で+12Sinて-6Tco5r+9/2nin2で

X1(1,8)=]↓/2し2COSで十:3/2cor.2で

X
O

XO(

2,1)=-16+9/2で2+16COST

2,2)=-6Sinで+10でcor;･

XO(2,:3)112-12cos丁一10でsinT

XO(2,4)=9丁-12sinで

XO(2 ,5)=0

X°(2,6)=:3-4cosて

鳶(2

X
O(

9

2,

7)=-6+6COSで

8)=-2sinて

Xべ2,1)

X1(

X1(

X1

2,2

2,:3)

2,4

X1(2,5

一

一

一

一

一

一

].6-9/2て2-40cosて+20Tr>inで1-9/2t2cor>l-3/2'r3s1;1で

+24COS2T.

72T-:36^4/3sinT+60Tcor.丁-77/6sinごrj→巧TC032で

12V2-9T“二iw:3cor.T-3?-Tr^inr-13V6cor;2T

-15rsin2で

=-63T+1:35d.nでｰ:36Tcor.で-9/2F!3inT-18Gin2T

一

一 sinT

1
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X1(2,

X1(2

X1(

XO(

XO(

XO(

X
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X
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X
O(

XO(

X
O(

X1(

X1(

X1(

X1(

X1(

X1(

X
1(

6)

,7

2,8

3,
1)

3,2)

j,3

3,4

:3,5

3,6)

3,7

5,8

=3

こ=

一

一

一

一

+:3C03T-3でrArxT-6coo2T

15+6COST+6T.-.inで十りcof;27

2sinでｰ:3r.in2T

8-:3T''-8cor.T

=‘!Sinで-5TCOSてｸ.

=-8+8cosT+5で5!nT

一

一

=0

一

一

一

一

一

一

6T+6sinて

2+2COST

4-:5COST

sinT

1ﾉd

りs°●
3,1)=-jT^-+8COST-18Tr>inT十yｲ"c･)5t十Tｿﾌﾌﾞりr.in(一八con2f

3,2)=一幻丁+19V3f-inr-30ri2or-7-t;:c/3rL,i?.r-5Icor;7T

3,j)=-47+6T'2十112/3cor;T-t･rnTshﾄTﾍﾄ;で･/勺cu,に7‘十びf51n2T

:3,4)=ね2T-165/25inT十'f!/2.Tco.sT･^9/2で'うjnで･(6r.in2T

3,3)=0

3,6)ﾆｰ4+2COST十:3TsinT+2COS27

3,7)=1:3-10COST-6TsinI-3cor.2T

X1(3, 8 ﾆ‘2r,inr十sin2丁
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XO(4

X
O(
4

,1)=-6で+8sinで

,2)=5TsinT

>:°(4,3)=-3sinT+5TcosT

X
O

XO(

X
O(

4, 4)

4,5

4,6)

XO(4,7)

XO(4,8)

X1(4,1)

X1(4､2

X1(4,3

X1(4,4

X1(4,5

X1

X1(

4,6

4,7

X1(4,8

一

一

一

一

一

一

一

一

一

一

-6+6COSで

○

-2sinT

:3sinT

COGT

142

゜6T-26r,inT-12TcogT+3/2r^sinT+:3/27'3conT+16r>ln2T

-

-

一

一

一

一

一幻+104/]cosT十:30TGinでt2.5/:3COS2て+10'rsin2T

12T-U6/3r,inで小22でCOGT-り/j51n2丁･+10rCOS2'r

42-54COST-39/2T.-3inT+9/2で''cor.r十゛12COS2T

=○

=.sinT十:3TCOGで-4cAn27'

=こ4Sihで-6Tco5で+6r,＼n2で

=-2COST+2COS2て

X°(5,9)=-l/2(sinT-でcor>T)

XO(5,10)=1/2でsinて

x°

?

5,11)=cosて

5,12)=sinて
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×1(5,9j゛‘y4で十U/6sinて-1/2でCO;;T一丿/ﾛﾍﾞrﾊﾞT十工/り゛cor;,:r

X1(5,10)こ-3/2+V3cosT+1ﾝ2でsinTふi/6CO:-77十lATr;in2r

x''-(5,ll)=-3/2十cosで+1/2几COS2で･｀

X^(5,12)=-sinで+1/2sin2て∧

X°(6,9)=-1/2rsinで･

XO(6,10)=1/2(sinて十Tcosて)

X°(6,ll)=-sinT

XO(6,12)=cosT

X1(6,9)=-:3/4+4/:3COSr+l/2Tr,inT-7/I2COS2-1-yz-･'sin2T

X1(6,10)=-5/6sinで+1/2Tco3丁∠:l/l?.sin?.l+l/?.rcor.2で

X^(6,ll)=-sinで-rAn2て匈.･

X1く6,12)=-COよT十COS2で
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APPEID工X工V

DERIVAT工ONOFTHEBOUNDARYCONDIT工ON

Thoboundaryconditionatthofinalpointofatr^TinsforwnnRlvonby

Eqs,(:3.41)and(:3.^2)inSoc.:3.4.Thisconditionv;a<jHorivod八nfollow.-;.

LetusimagineavohicloSrovolvingalongthotnrp.otolllpr:ointhogl'AVi-
1

ty^forcefield.ThovohicloSIsansumodtocoincic弘一withSiatthofiml

pointofthotransfer.ThoconditionforcoincidGncoofthotwov｡hlolosS

andSdemandsthefollovdngroLitionsJ
1,

^lf
一

一

(1゛λ)[5in(e£｀φZ)cos(9‘φj)COG゛

-cos(02f'φ2)sill(内-φ1)](1-eECOS叫f)

)(2f゛“(1+λ){sill(θ

2f“φ2)sin(9_rf>)COS'゛

十c°?;くθ2f'φ2 c°s(ら'φ1

^3f

'(%/ii)[cos(e-φ2)cos(6/-

+sin(0'φp)r.in(ら'φ1)]}

φ1)COGc4

†ﾌﾞ(1十λ){(ECO5e^-2cosθf)[sin(θ2f‾か)r,ln(θf‾φ1)c°゛｀

十cos(θぷ'φ2)cos(0‘φ1)]゛(%/ii)E[cos(∂f'φ1

-Gin(0^-φ･j
^

)sinφ117

丿‘1+(1廉入)[5in(e^f'φ2)sin(e-φ,)COS°‘

十c°s(らf｀φ2)c°s(c-φ1)対十りcoい4ヽ

-Ed十λ)COSθ 2f[sin(02f-φ2).sill(θf'･φ-,)COSc)(

゛COﾊﾞθ2f“.φ2')C°S(θf‘φ1)刀

%fﾆ(1fλ)(sin(ら
f｀φ2)COS(ヽら'φ-l)con0゛

CO祠I∂
2f“φ2)9.1司θf奥φ1〉

1仙

c°sφ2 COS(<



や'

で'

1･

殆f

殆f

十(ii2/ii)[COS(θ2f゛φ2)Sill(θL-

‾S1゛(∂2iヽ'φ2)COS(叫'φ1)]}

φ,)COGべ

十どく-sinら十(1十入){(2COSer

四Ecosθ2f)[nin(e^f-φ2)c°s(≒‾φ,)con･べ

●ゝ
-cos(∂2f'φ2)s1゛(叫“φ1)]つ＼

゛(%/R))ひ1゛(θf'φ,)sinφ2cos以+cor.((9,.‘φ-,)r.inφ2ﾙ

ﾆ(し十λ)sin(Asin(0-φ2)(1“とEcosらじ)･‘

ﾆ(1十λ)(nVn)sina[COS(∂2f‾φ2ﾄ

1り

(IV.1)

whoro∂1sthotino八nonalyofthooriginoaIonにﾋﾞh｡1こい:i.-ilollipr>り.vliilo

∂
21sヽthetruoanomalyofthovohiclo31八lonp;thntarfiot.ollipno.Tiand

"2arothemoanangularvolocitiosofth｡orifて1n八ndC>.,ror:nooはvoly.The

k

othorGynbolsaroasdofinodinSgc.:3.4.Thesub;3cripにr(i円めt｡｡9t.hovain｡

ofthev.iiriabloRmoacurndatthofinaltin-.f､てf'Unaortilennnuinptionth/it

theoccontricity､ど1snotCOlargo､tりr.nnofordnrhii^horthanthoflrr^tIn

Earediscardodinthoaboveandthofolio､Ar＼^,cヽqu.'itionG.

Th°lri°゛1りvolocitioanand石2゛1r°“pp゛o)山゛t°lygivonby

い戸耳
-
n2

一

一

|

(IV.2)

whoroUisthoproductofthounivorsnl;~ivivit.i1,ionA].con?tanttimestho

massofthooarth.FromEqs.(IV.2)woobtnin八pproximntoly^

≒/Rﾆ1-1.5入 (IV.3)
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t

S

ゝ

FromEq.(3.2),0isgiv｡nby

e
fﾌﾟTf+2どら111町

l屁

(iv./≫)

Thoanfrlo乙Odofinodby･FiR.3.2n.iybowritten,hyn,1べ1･'ci･.in,;1,･n19of

ordorhighorth/inthofirstinoく,.15

乙θﾆ∂｡-
2･
ら 十中

wher゜≠2φ1‘(/)2･Equnti°n(IV.5)iでVvon

∂2f°ら

匹

十

十

�

A∂

一

一

中

戸+2ど51nで,

(IV.5)

(IV.6)

SubstitutionofEqs.(IV.3),(IV.4)and(IV.6)inl.oi->,3.(IV.I)Kiv･ヽsllio

boundaryconditions(3.41)and(3.^)2),v:hich15cormetuptothりflrr.t

orderin£.Termsofordorhigherthanthofirr.t'lnt.函ヽ町nUquAnt.i.L.lns

oC,Aand△∂arealsodiscardedinEqr..(:3.41)an(l(j.卵).
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