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INTRODUCTION

This paper deals with some problems in attitude control and trajectory
optimization for space vehicles., Optimization theory has playsd an impor-
tant role in space flight from the very beginning., 1In 1925 W. Holmann first
studied the minimum-fuel transfor betwoen coplanar circular orbits (7, 15].*
Minimization of fuel consumption and maximizatlon of payload are still key
problems in vehiocle dosign eand mission planning, F§r many types of mission,
it is furthermore necessary to control the attitude oriontafion of space
vehicles,

There is no fundamental difference in principle betwsen the problems
associated with the attitudo control of a space vehicle and those that arise
in connection with the stabilization of a body free to rotnte about any axis,
Tho purpose of an attitude control system is to maintain coincidence between
a sot of axes fixed in tho vehlcle and a referonce frsme, There have been
a number of pepers on single-axis attlitude control systems [8, 9, 19, 34].
The problems dincussod hero are concerned with throo-axis control systems,
The attitudo motion of the vohiclo rotating in the three dimensional space
is described iy three aecbnd-ordor differential oquations in terms of attitude
deviation unglea; Those equations contain nonlinear and time-varying terms,
Tho equations may be linearized in the case of small attitude deviations
from the reference frame,

In the design of attitude control systems, thore are many criteria to

be considered. Minimization of fuel requirement and achievement of time-

* Numbers in brackets indicate references on pages 147 to 150.
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optimal response are of major considerations. The technique abpliod for
obtaining the optimal controls is due to Pontryagin's maximum principle [20].

The problem of space trajectory optimization considored in this paper
1s tho minimum-fuel transfor botwoen noighboring elliptic orbite. 3impli-
fying assumptions are made in the mathematical model of this problem. If
tho motion of the vehicle in tho transfer doos not deviate aigniflountly_from
tho terminal orbiis, iinearization of ths oquation of motion is permissible,
In thoe case of circular terminal orbits, the symmetry of tho orbits about
their common center allows arbitrary choice of the optimal point of departure
from the initial orbit. The orbital velocity of the vehicle revolving along
an olliptic orbit varies periodically in time. This variation producos terms
with periodic coofficients in tho cquation of motion; furthormore, iL results
in the variation of fuel caﬁGUmption depending upon the point of departure
from tho initial orbit.

Tho'propuleion system that offocts tho orbitql changes 18 assumed to be
powor=-limited; i.,e., it opérates at a constant oxhaust powor with a thrust
mugnitudé 1nvérsely proportional to the exhaust velocity. The direction and
the magnitude of the thrust are to be dotermined as functions of time so as
to minimize the fuel consumption. The optimization tochniqud applied is also
due to the maximum principlo,

| The text consists of three chapters. The first two chaptoers aro con-
corned with the optimal attitude control of a satellite which ;n‘in a steady
orbit around the ocarth. Tho orbit is either circular or olliptic with a small
eccentricity. Tho satellito is assumed to be a rigid body., Since the attitude

control with respect to the oarth is considored, the earth-contered triad
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is takon as a roferenco frome of the attitudo, 1In the caso of a circular
orbit, tho gyrodynamical oquations of tho satollito conoist of torms with
constant coefficients; while in tho case of san elliptic orbit, torms with
time-varying. coefficients appear in the equations owing to perlodical chango
of the angular velocity of tho orbital motion,

The torque-producing elements considored in Chapter 1 aro reaction gas
jetas. Most of modern gas-jot oystemn are characterizod by on-off type bohavior,
In this case tho actuator torque is considercd as a contrel function, Tho
time-optimal control and the minimum-fuel control afe discussed in this aystoem,
The optimal switching policy of the control functions is investipgated, and
the shortest eéttling timo and the minimum fuel consumption uré dotormined for
various initial states of angular deviation. Influence of a transition timo
on the amount of fuel consumption is also diacussed, Control of the original
nonlinear aystem is brioefly mentioned by i}lustrating particular numerical
oxemples,

Chapter 2 deals with the éontrol system using roaction whoels. Tho driv-
ing torquo is provided by armature-controlled, permanont-magnot d-c motors,
The input voltage to the motor is tnkéh as a control function, The optimizn-
tion criteria considered in this chapter are to minimize tho settling time
and the emount of input energy to the motors. The optimal switching policy
of tho control functions is investigated for any initial state of angular de-
viation. The energy consumption under the action of thp optimal controls is
also determined.

Chapter 3 is concerned with the minimum-fuol trnnafpr betwoon noighboring

olliptic orbits for a low-thrust power-limited propuloion system, The probloem



of optimal low-thrust trajectories in tho inverse-square force fiold has boen
studied by several inveatigatoré {5, 6, 10, 11, 18, 20, 33]. Among thenm, F.
W, Gobetz [10] has treated the vufiabla-thrust transfor botwoon close circular
orbits androbtninod an exact solution analytically. This chapter extonds his
work and obtains tho optimal thrust program for transfer betwoen closo ollip-
tic orBito.

The analysis is carried ocut in two different sots of state varinblos.
First, tho equation of motion of a vehicle is oxpressed in torms of the coor-
dinates of a rotating rectangular systom with the origin moving along ap ini-
tial orbit aboui the earth, In this analysis it is assunod that only small
deviations of tho vehicle from the initial orbit are allowed, Therofore the
gravitaotional terms in tho equation of motion may bo lincarized; howover,
terms with time-varying coefficioents appear in the oquation., Whon the eccon-
tricity of tho.orbits is small, tho time-varying terms in the equation of
motion aro also small, The small parsmotor mothod is applied for obtaining
an approximato solution of tho differential oquation with poriodic coefficients.

Secondly, we introduce another sot of atate variables, i.e., tho elomonts
of an orbit, The orbitanl elements are constant if there is no forco othor |
than the inverse-square central gravitational force., Tho valuos of elomonts,
howover, change upder the effect of tho thrust force. If the thrust force is
snall compared with the central force, the instantansous values of the olemonts
change slowly with timo, Consequently, another form of tho linearized oqua-
tion of motion is obtained,

Those two mothods of analysis are usod for tho study of the optimal thrust

progrom. The motion of the vehicle and tho fuel consunption under the action
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of the optimal thrust are calculated, Tho dopondonco of the fuel consumption
on the transfer time and on the position of doparture from tho initial orbdit
is also studied. Duo to the difference of tho assumptions for linearization,
tho two methods give slight disagreoment in tho rosults,

The rosults obtained by the linear annlysis are compared with the numer-
ical solutions which were proviously obtained by W. G. Molbourne [20] and C,
Saltzer [33]. Comparisoné ;re mado for tho holiocentric transfer botwoeon
the orbits of tho earth and Mars, |

The toxt is supplemented by four appendixes. In Appendix I are calculated
tho timo intervals between switchingé of the control in tho roaction-jet at-
titude control system. Appondix II gives supplemontary remarks concerning
the time-optimal control in the remction-whoel attitude control system. Ap-
pendix III describes the solutionsof the oquation associated with the motion

of a vohiclo in the transfor. Appondix IV dorives the boundary condition of

tho transfer orbit.
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CHAPTER 1
OPTIMAL ATTITUDE CONTROL OF AN ORBITING SATELLITE USING

REACTION GAS JETS

1.1 Introduction

Many aatélliﬁes usually require some kind of attitudo control systenm.
Tho type of attitude control system depends upon the mission of orbiting
satollites, For example, astronomical aatellitea must keep aﬁ inortial-
fixed oriehtatién, while satellites for communications an& geophysical pur-
poaesvreqqire control to an earth-oriented reference,

There are essentially three different ways in which attitude éontrol
can bo attained [16, 31, 32, 37]. Spin-stabilization techniques may be
used when only one space-craft axis must be oriented in some inortial direc-
tion. Passive control techniques make use of the enviromental fielda.to
gonerate control torques, The mbst common of theso is gravity-gradient sta-
biiizgtion. The uti;ization of solar radiation pressure and oérth'a magnotic
field may also>provide passive stabilization, Active control techniques
provide the greaﬁeat design flexibility for the controlled oriontation of
a satollite in the presence of disturbing torques, Optimization problems
in active attitude control systems aré, therefore, of gfoat intorest, Thore
have been a number of papers on single-axis attitude control systems (e, 9,
19, 54];‘ The éroblems discussed here are concerned with three-axis control
syatemﬁ.. ‘ |

The first two chapters deal with the optimal attitude control of a
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natellito which is in a steady orbit around the ocarth (21 - 24], The orbit
- 18 eithor circular or elliptic with a small occontricity. The satellite
ia‘aaqumed to be a single rigid body. Since attitude control with respect
to the earth is considered, the earth-centored triad is taken as a reference
freme of the attitude. The angular defiation.of a sateollite fody.relative
to the reforanO freme is defined by the so-called modified Eulor angla.,
The gyrodynemical equations of a aatellit9 rotating in the three dimensional
space consist of six firat-order difforential equations with three deviation
angles and their time derivatives as dependent variables, These equations
contain nonlinear temms, i.e., trigonometric functions of the anglea, The
equations are reduced to linear if one assumecs that the angular deviations
and their time derivatives are sufficiently small. In the caso of a circu-
lar orbit, ihe gyroﬁynamical equations consist of terms with constant coeffi-
clents; while in tho case of an elliptic orbit, terms with time-varying co-
efficients appoar in the equations owing to periodical change of the angular
Avelocity of the orbital motion.

Most modern attitude control systems employ either reaction gas jets
or motor-driven reaction wheels to develop control torque (4, 12, 29, 391,
The former act as a means of transferring mﬁmentUm away from the vehicle,
and the latter as a momentum storage device, The torque-~producing eloments
considered in this chapter are reaction gas jots, Tho time-optimal control
and the minimum-fdel control are discussed in this system. The maximum
principle is used for obtaining optimal control functions. The optimal
switching policy of the control functions is investigated, The minimum sot=
tling time and the minimum fuel consumption are also determined for various

initial states of the angulai deviation,



1.2 Structure of an Attitude Control System

Figure 1.1 shows the schomatic diagram of an active attitude control
system [31]. The controlled element dynamics is characterizod by a set of
ﬁifferential aquationa‘relating torques to the angular reéponae of a satel-
lite, Sensors detect deviation angles and rates of deviations of the sat-
ellito relative to a specified attitude reference frame. Control computer
genorates signals for the deairod control torque .components in response to
aonéed attitude errors. Function of control actuators is to apply desired

torques to the satellite on the basis of control signals,

1.5 Gyrodynamical Equations of an Orbiting Satellite

Since equations for motion of the mass center of a satollite and
equations for the attitude are independent each other, only the attitude
-equations are derived in wﬁat follows, Figure 1.2 shows earth-centered
reforence axes I, J, K. The I, J, K frame moves with its origin 0 at the
gravity c;nter of the satellite,kwhere axis J is directed outward along the -
local vertical, and axis I lies in the opposite direction of motion., Axis
K is normal to the orbit plane and directed so as to make I, J, K a right-
handed triad. In Fig. 1.3 the attitude of tho body is definod by modified
Euler angles ¢, 6, Y, which determine the orientation of body-fixed axes
i, §, k with respact to reforence axes I, J, K. Tho right-handed triad i,
j» k is fixed along the principal axes of inertia of tho body. The angles
¢, 6, and ¥ aro defined as followsi
1. Rotation through the angle ¢ about axis K brings I, J, K to I, 3, K

frame (pitching). °



2. " Rotation through the angle 6 about axis J brings I, J, K to 1, J, K
freme (yawing).
3. Rotation through the angle Y about axis i brings i, 3} X to i, j, k
frome (rolling). |
The following symbols are introduced to describo the motion of th§
satollite,
A, B, C3 principal moments of'inortiu about dxes i, j, k, respectively.

M s external.torque applied to the satellito*; My, My, My are its

>
i, j, k components, respectively,

h s _angular moméntum of the satellite,

9] t angular velocity of the reference axes I, J, K relative to the
inertisl spaco,

W 1 angular velocity of the satollite and the body axes i, j, k

relative to the inertial space; LOl, (Oé, W, are its i, j, k

5
components, respectively.
CL)r t angular velocity of the satollite relative to the reference axesn,
The angular velocity of the reference frame is

g2 QH +0J + QK :
-Qeinh ¢ + Qsi_nl// cos Qj +8 cos ¥ cos O [o (1.1)

il

where §2 is the ‘angular velocity of the radial line from the gravity center
of tho earth to the sateliite, [, ¢ , *** denoto the unit vectors along
axes I, i, *-+ , respectively, Tho relative angular velocity a)r is resolved

-
into i, j, k components es'

* Here and throughout the toext, gothic letters denote vector quantities,



abr = (-¢'8in 6 + l[z’)é + (P's8in ¥ co8 6 + 6 cos W )\yo
+ (¢'cos ¥ cos & - 8'sin ¥ ) Ik | V (1.2)
The angular velocity W of the satellite is given by
W o= Qs Wy (1.3)

which is rewritten in terms of i, j, k components as

u)l == (R +¢)sin 6 + ¢’ : .1
u)2 = (Q+ ¢ )sin ¥ cos 6 + B cos ¥ (1.4)
u)3=(Q+¢'.)coa¢/ cos O - 6 sin ¥ J
The Buler equation of the rotational motion is [38, pp. 111-113]
M =h + @ xh (1.5)

where the prime denotes time derivative in the rotating body-fixed freamo,

In component forms Eq. (1.5) becomes

M o= Aa)l - (B - c:)u)zu)5
M, = Bu)2 - (C - A)g)ju)l (1.6)
My = c;a)5 - (A - B)u)lu)z

Substitution of Eqs. (1.4) into (1.6) yioelds a set of ths socond-order

differentinl equations where angles ¢, 6, and ¥ aro depondent variables,
Equations (1.6) contain nonlinecar terms in angles ¢, 6, and ¥ . Howevar,
the nonlinear tefm; may be disregarded under the assumption that the devi-

‘ation angles and thoir time rates are sufficiently small. Furthermore, we

+ Here and throughout the toxt, primes donote differentiations with

respect to time t,



assume the satollite to be a spherical body. Then, rotaining terms linear

in ¢, 6, ¥ and letting A = B = C yiolds

‘/’"" Qe’- QIG = M /A

! A
8" + Q¥ 4+ Q'Y = My /A | - (1.7)
" 4+ Q = M5/A |

The first and second equations aro mutually relatod; while tﬁo third oqua-
tion is independent of the first two. 1In other words, the roll ond yaw
motions deacriﬁod by ¥ and 6 arec couplod ench othar; while the bitch
motion described by ¢ is decoupled from tho other motions.

When an orbit is circular, the angular velocity §. of tho orbital
motion is conatan£,- Sections 1.4, 1.5, and 1.6 are concernod with an
investigation of thé optimal control of tho linosar system described by
£qs., (1.7) with £ constant. Control of tho original nonlinear system
(1.6) is briofly mentioned by showing particular numerical exsmples, A

problem related to an elliptic orbit is studied in Sec, 1.7.

1.4 Reaction Gas-Jet System

The torque-producing elements considorod in this chapter are reaction
gas jeta, The gés jets are assumod to expend nogligiblo mass ns comparod
with the total mass of the satellite, Most of modorn gas-jot systoms are
characterized by the on-off type behavior [29, 39]. In this case the actu-
ator torque is considered as a manipulated variable, or a control., For

convenience, we introduce nondimensional quantities defined by

xl.-:g// 'x2=\,b x5=9 X4=9 x5=¢ xéz('b } (1.8)

cat (2 uos MMy (4=1,2,3) Tt b =ﬂ/r.xo



" whore MO stands for the maximum valuo of the torque, A dot ovor a quantity
denotos difforentiation with respoct to the normalized time T,

By use of the quantities in Egs. (1.8), Eqa. (1.7) are rewritton as

X, = X

i = CX + u
0T e 2 b+ Yy } | (1.9)
x5 = xl* XI+ = - cx2 + u2 .
and
is = X6 i6 = u§ (1.10)

1.5 Time-Optimal Control

In the absenco of disturbing torques, the satellite is rotating about
axis ¥ with angular velocity‘gz, and the body-fixed axes of the satellito

are coincident with the reference axes, i.c., x, = 0 (1 = 1 to 6). Now

i
supposo that through the action -of a disturbance the system at time T =0
is not in the desired state, but in some other state xg (1 =1 to 6)., Then

we considor the problem of determining the control function in such a way

that the system state is transferred from xg to tho dosired otate x, = 0

i
in the shortest possible time,

Time-optimal controls for the system doscribed by Egqs. (1.9) and (1.10)
can be obtainod by use of Pontryagin's maximum principle. A Hemiltonian

~ function for this system is given by (30, pp. 9-21]

H = pyxy + pylexy, +u) + P3X) + py (= cxy + uy) + Pg¥g + Peis (1.11)

where the auxiliary variables p's aatisfy‘tho sot of differential equations

nee T } (1.12)

ﬁ} =0 éa = < p} - cp2



and

f’s =0 Pg = = p5 (1'15)
Maximum prihciple demands that; at every instant of time T, tho H-function
nust bo maximum with respect to all admissible controls uy (1 =1,2,3) [30,

App. 9-21]. This condition is satisfied by choosing the optimal controls

u, as

i
u (T) = sgn p,y(7)
_1 2 (1.14)
u(T) = 8gn p,(7)
uz(T) = sgn pg(T) (1.15)
Therefore the optimal controls must be of a bang-bang type.
Solving Eqs. (1.12) and (1.13) yiclds
pz(’() =Rooin (¢c7 + 0 ) + Py
(1.16)
py(T) = Rcos (cT +0) + Py,
pg(T) = - PgT + P (1.17)

where R, 6§ , P, Pys Ps, and Pg aro constants to be dotormined by the ini-

tial conditiona.

(a) Control of the Pitch iotion (System of Two Variablos)

Firet, we discuss tho control of the pitch motion described by Eqa,

| (1.10) [8; 30, pp. 23-27]. As wo see in £q. (1.17), pg 13 linear in time
T. Hence, Bj virtue of Eq. (1.15), the optimal control 35 is piecewise

constant and can switch, ai most, once. Two modes of switching listed in
Table 1.1 are the only candidates for the timo-optimal control of this

system., We can solve Eqs., (1.10) using the value of u_ in Table 1.1 with

>



the initial conditions.x5 = xg and Xg = xg. A phase trajoctory of the
solution thus obtained is shown in Fig. 1.4, Tho optimal trajectory con-
siste of gonerally two udjéining parabolic segments. A avitching curve
is shown dotted in the figufe.

The timo inteorvals ‘Tl and T2 of }Mode I are rolated to initiaml valugn

0 -0
x5 and xg by

0 2 \
xe = (TS5 - TIY2+ T, 7
5 2 1 1 "2 (1.18)

The signs of xg and xg should be revorsed for iode II. squations (1.18)

give
To= (D22 21202 )
1 6 5 % } _ (1.19)
Ty = (692 5 29/2 |

whore the plus signs correspond to lode I, and the minus signs are for Mode

II. ' Tho shortest settling timo T is given by

' 2 2 | '
T= T+ T, = [2(x2) + bxg]l/ + xg : (1.20)

Y

Table 1.1, Modo of switching of 55(1‘) for

the time-optimal control

Time interval

Mode Ti 'T2

11 1 : -1
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(b) Control of the Roll end Yaw Motion (System of Four Variables)

_Socondly, we are concorned with the control of the roll and yaw motion .
described by @gs. (1.9) [21, 22]. From Eqs. (1.18), a representative point
on the PoPy plane moves along a circle at the uniform rate ¢, as shown in
Fig. 1.5. 1In the figure the arrows indicate the dircction of motion of tho
réprencntative point with ipcréasing time T, The sign of Gl is revorasecd
at the instant in which the ropresentativo point traversecs axis Py whilo
Gz is reversed whoﬁ the point passes through axis Py - Considering ﬁhut tho
normalized angular velocity of the orbital motion ¢ is small and that the
. settling time is also small because of slight angular deviations, we may
conclude that the réversal of the signs of Gl and G2 occurs three timos at
most, | |

Equations (1.9) may be rowritten in a vector form an

N = AX + u (1.21)
whore
xl 01 0 O 0
A =] %2 A=9 0 0c w o= M (1.22)
x 0 0 0
X0 O-c O 0/, u,

The fundemental matrix X(T ) of the linear part of £q. (1.21) is given by

1 l—sin cT 0 -3 cos ¢ T + 1 \
c [ o]
_ O coscT O 8inc T

"
X(T) = . l (1.23)

1 1 .
0 = cos ¢ T - ry 1 S oinc T

0 -s8incT 0 coscT " /
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The relationship betwoon an initisl condition ° of X and tho duration

of time intervals betwoon switchings is given by [2]

7, T,
x° = J X(=T -8) U,ds + J' £(~ T -8) U(5d0
0] -Ty
T+ T -7 ,
+ J‘ X(-T-8) U, ds + | L=-T=-s) Ul ds (1.24)
2 } 1
BT J-T+ T,

where T} t timo intervals betwoon switchings, i.o., transition time
between pointe Sj-l and Sj (3 =1 to &) on the P,P; plane
(sco Fig. 1.5)

uﬁ : value of U during the time interval 75
- T
| =1

Thore are twelve possibilities for the mode of switching of ﬁl and 62

as listod in Table 1.2, The values of ﬁl and Gé are donotod, rospectively,
by the front and the rear number of tho doublet in this table; for instance,
1, -1 means Gl = 1 and 52 = - 1, Integral calculations of Eq.' (1.24) aro

shown in Appendix I.1.

Nurerical Example

The normalized angular velocity is chosen as ¢ = 0.1.* Fijure 1.6

* By way of an example, when

)

A

1.16 x lo-ibrad/aoc (90 min/cyclo)

1]

-y
10 kg-m2 MO = 10”7 nowton-m

the time constant and the normmalized angular velocity bocomo

tm = 102 soc ¢ = 0.116



shows the relationship between initial values xg, xg and the possible short-
ost sottling time T to reduce X° to O in the ease whore x
i,0., both the initial velocities of deviations are zoro. Wo soe in the

figure that T 1s approximately proportional to the square of mnx(lnglx

0

12

0
5 = 0, x, = o,

0
%)

For initial conditions given in each of twolve regions in the figure, the

optimal controls must follow the switching mode indicated in that region,

Table .1,2, Mode of switching of ﬁl(1:) and i(t)

for the

time~optimal control

Time interval

Mode
Tl Tz T} Cu
I.1 1, -1 -1, -1 1, -1 1, 1
Ioz 1, _1 -1’ —1 —'1’ 1 1,
1.3 1, -1 1, 1 -1, 1, 1
II.1 1, 1 1, -1 1, 1 -1, 1
II,2 1, 1 1, -1 -1, -1 -1, 1
I1.3 1, 1 -1, 1 -1, -1 -1, 1
III.1 -1, 1 1, 1 -1, 1 -1, -1
I1I.2 -1, 1 1, 1 1, -1 -1, -1
II1.3 -1, 1 -1, -1 1, -1 -1, -1
Iv.1 -1, -1 -1, 1 -1, -1 1, -1
Iv.2 -1, -1 -1, 1 , 1 1, -1
V.3 -1, -1 1, -1 1, 1 1, -1
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The rogions I~ IV are located n/2-symmotrically about the origin, Fipure

1.7 shows tho'rciutionuhip betwoen initial values x9

al
where xg = 0; ig =0, i.e,, both the initial dovintion anples are zoro. In

0
X

A and T in the caso

this case T is approximately proportional to max( ,xgl, Ix?l).
t

Figure 1.8 illustrates iso- 15 (3 =1 to 4) curves for liode I on tho
x?xg plane (xg = 0, xg = 0). Rotating those curves by n/2, n, Zn/2 radi-
ans in the counterclockwise direction vields igo- Ts curves for Modes II,
III, IV, rospectively,

Application of the optimal controls thus obtainod to the linoarizod
systems (1.9) and (1.10) gives us tho optimal phaso trajoctory looding to
the origin for any initial state. The optimal controls for the linearizod
system aro not optimal for the ;riginal nonlinear systew (1.6). The cor-
.responding trajectory for the nonlinear system can not lead to the origin
but can reach the neighborhood of the origin, An example of the phnno-plang
trajectories of x, (1 =1 to 6) is illustrated in Fig. 1.9, whoro the initial
? = g = 0.099, xg = 0.090, and xY = xﬁ = xg = 0, The

solid and the dotted curves are obtained for the nonlinear eystem (1.6)

values are x 0.087, x

o Q

and the linearized asystems (1.9) and (1.10), respectively.

1.6 Minimum-fuel Control

In the preceding section, we investigatod tho time-optimal attitude
control of an orbiting satellite, 1In space vehicles it io often important
~to miﬁimize the amounf of fuel or energy, instoaa of the settling time, al-
lotted for tho control requirement., This soction deals with the minimum-

fuol control in a reaction gas-jot system [3, 8, 9, 19, 23, 24, 347,



n

The thrust of jot T; is approximately given by [35]

Ty = Yoqr - ‘ ' (1.25)‘
whore dm/dt is the mass flow rate of exhaust cas, and v, 18 the exit veloc-
ity, If v, 18 assumod to bo constant, the rate of fuel conbumption is pro-
portional to control torque. Thus, the.functional to Lo minimized may be

taken in nondimensional quantities as

T
F = f; (iuﬂ + |u2] + \uil)dr L (1.26)

m

where T is a prescribed settling time, The time 7 must bo largor than or
equal to the possible minimum sottling time whicn depends on an initial
angular state.

The optimal controls for tho system describad by iZqs. (1.9) end (1.10)
with the consideration of cost function (1.26) can bo obtained by using the

maximum principle. The Hamiltonian function of the problem is
H = Py X, + 0p2?:4 + pix4 - oopyX, + p5x6
+ (P2u'1 - ,ull) + (Pquz = ]u2l) + (p6u5 = iu:v)l) ) (1'27)

Hence we obtain the optimal controls Gi (1 =1,2,3) as

o 0 for In?(’f)l <1
ul(T) ={ i
sgn py(T) for [;2('c)‘ > 1
. (1.28)
- 0 for |pl;(T)‘ 51
u2(T) = {
sgn pu(T) for Foy(T)] > 12
- 0 for |P6(’f)( ¢ 1
u5(r) = { } (1.29)
sgn pé(f) for |pé(T)| > 1

Nemely, the optimal controls are of an on-off type, asouming only the three

values, + 1 or O.
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The systom of equations for the auxiliary variableos p's was given By

2gs. (1.12) anﬂ (1.13) in Sec, 1.5,

(a) Control of the Pitch Motion (System of Two Variables)

As wvobéorvo in Bq. (1.17), Pg is linear in time T . Heonce, by
‘virtue of Zqs. (1.29), the valuc of 55 changes twics at mosi, Possible
modes of switching are listed in Table 1.3. |

The time intervals T& (3 = 1,2,3) of Mo&e I are reolated to initiel

0 o ..
vglues xs and Xg by

X

- (T2 T, T+ rg) s (T 42701 - 192

T, - r5 '_ ' | (1.30)

ANO O

X
and
T = T& + ‘Té + TS

The signs of xg and xg aro revorsed for ifode II, If the initial velocity

is zero, i,e., xg = 0, Egs, (1.30) give

Table 1,3, Mode of switching of ﬁ3(7‘) for

the minimum-fuel control

Timo inteorval

Modg T T

II 1 0 -1
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T2 Tyo=tr - (0 - ul8H 2y
oo , 2 (1.31)
2 Oyy1/2
Ty = (10 - 45
“Equations (1.31) roquire that
T2 2| (L32)

>
‘Wo note that thoe right side éf 2q. (1.32) is equal to the minimun sottling
vtimo in this case [soe Eq. (1.20)]. | |
Figure 1,10 shows an optimal trajectory on thsa x5x6 plane ;n the case
where xg = 0. The curve 'Il indicates the locus of switching points from
55 = -1 %o 55 = 0, and .f2 is that of u, = 0 to +1 switch pointa, Those

>
loci are given by

/A Cxe = - 5x2/2.-'1‘x- _
! ? § ¢ } (1.33)

2
The omount of consumed fuel may be calculated by using Eqs. (1.26)
and (1.%0). In the case of zoro initial velocity the consumed fuel F_ is

>
"given by

0

The -dependence of F, on tho sotiling timoe T is illustrated in Fig, 1.11.

3

(b) Control of the Roll and Yaw Motion (System of Four Variables)

" As we see in £qs., (1.16), a roepresentative point on the PPy, plane
movea,along‘a circle at the uniform rato ¢, By virtue of Egs, (1.28),
the value of ﬁl must be switched at the instant in which the representative

point traverses the lines Py, =+ 1; whilo 52 must be owitched whon tho
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point passos through the lines Py =+ 1. By a considaration analogous to
that of Soc. 1.5(b), we may conclude that switching of tho values of ﬁl
and 52 occurs six times at most. We may aloo conclude that four switch-

ings are sufficient for most of the initial states; Table 1.4 shows the

possible modes of switching in this case,

Table 1.4, Mode of switching of Gl('r) and 52(1’)

. for the minimuz-fuel controi

Time interval
Mode
' Tl _ Té 15 TL T5

1.1 -1, =1 -1, o0 0, 0 1, © 1, 1
1.2 -1, -1 , -1 0, © 1, 0O 1, 1
1.7 -1, -1 , -1 0, O 0, 1 1, 1
1.4 1, -1 , =1 0, O 0, 1 1, 1
II.1 1, -1 o,-1 o0, 0 o0, 1 -1, 1
I1.2 1, -1 1, o , O o, 1 -1, 1
I1.3 1, -1 1, 0, 0 -1, 0 -1, 1
1.4 1, 1 1, © O, 0 =1, 0 -1, 1
III.1 1, 1 1, 0 , 0 =1, 0 -1, -1
1I1I1.2 1, 1 0o, 1 , 0 -1, 0 -1, -1
1II.3 1, 1 0, 1. o0, o , -1 -1, -1
III.4 -1, 1 0, 1 0, O 0, =1 -1, -1
Iv.l -1, 1. o, 1 0, O 0, -1 1, -1
iv.2 -1, 1 -1, o 0, O 0, -1 1, -1
IV.% <1, 1 -1, 0 0,0 1, 1, -1
IV.A -1, -1 -1, © 0, O i, 1, -1
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The time intervals T& (3 =1 to 5) in Table 1.4 are rolated to an

" initial valuo X° by [2]

'XO. =f_
0

“T-T3= Ty ' I‘T+T,
of R e w [ (s Uy
~T5m Ty “Tm =T

T “Tg- T 1

(~1-8) U 5do +f x(-T-8) U da

. > (1.35)
X({-T-8) U,ds
+»jﬁ—'HT, ( ) 1

and

where vectors 3& and U are defined by iqs. (1.22), U, is the valuo of
- N J -

~ Ul during the time interval T}. The fundamental matrix X(7) is given by

Eq. (1.23). 1In Appendix I.2 is ohown tho rolationship botwson X° eand 15

for each mode in Table 1.4,

 Numerical Exanmple

Let us consider a case where ¢ = 0.1 and T = 1. The object of control
is @6 make all thé state variables Xy to x), zoro at T =T =1 in the nin-
imua-fuel process, igure 1.12 shows tho.rolationship between initial val-

ues x?, xg and the minimum-fuel consumption F in the case whoere 50 = 0 and

2
xi = 0, -From the résult of investigation of tho time-optimal control (Fig.
1.6), it is known that any initial stato locatod in the region inside the
dottedllinen can be restored to the origin in an intorval of time less than
or ecual to unity. By making use of &gs. (1.55), ono may conclude that the
square area bordered by the lines |x?l = 0.25 and ]xgl = 0,25 is the region

of initial states which can be restorsd to the origin by the minimum-fuel



controls of Table 1.4, The controls require genorally four awitchings,

* This rogion is divided into sixtcen subrogions as marked by 1.1, I1.2,...,
IV.4, 1If an initial value is proscrihﬁd'in one of tho. subrepgions, say I.1,
the optimal control must be gwitched oo indiéatod in Tablo 1.4 by the same
nuaber of mode. The regions I to IV aro 1ocatod_ﬁ/2-0ymmotfically about
the origin. Tho narrow arcas borderod by the dotted linosbdnd the linas
ngl = 0.25 or ngl.z 0.25 are the roglions of initial states restored to
the origin by five or six switchings of the coﬁtrol.

-Figuro 1,13 illuutrqten tho iso- Tj (J = 1 to 5) curvea for Mode I on
the x?xg plane (xg =0, xg = 0). PRotating thoso curves by n/2, n, and
3r1/2 radians in the counterclockwise direction yields tho iao- T& curves
for Modes II, III, and IV, reapectively.

Tho optimal controls for the linearizod system ol Zqs, (1.9) and (1.10)
are'not optimal for the nonlinear system of Eqa. (1.6). 4An oxomple of tho
phase-plane trajoctoriea Of‘xi (1=1to 6) is illuntrétad in Fié. i.lh,
whore the initial'values afe x? = 0.105; xg = 0,100, xg = 0,100, and xg n
x2‘= xg = 0. Tho solid and theo dotted curves aro obtnined for tho original

nonlinear system (1.6) and the linearized systema (1.9) and (1.10), respoc-

tively,

1.7 Attitude Oscillation of a Satellite in an Zlliptic Orbit (Effect of

Parametric'Excitation).

For a satellite revolving along an elliptic orbit, angular volocitygg
of the carth-centered frome is approximately given by

o Q=0 (1 +2¢ coﬁﬁ(t - tp)]' (1.36)
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—

whore G2 is the moan valuo of gz ovor one rovolution along tho orbdit, and
tp donotos the tiue at which the satollite passos througn the porigee, Under
the agsumption that the eccentricity € is not so larpoe, torﬁs of order higher
than tho first in € are discarded in Zg. (1.36). Poriodical chango of $2
produces torms with periodic coefficients in . the attitude equations (1.7).
Substituting 2q. (1.36) into (1.7) and solving for M) o=, = M§ = 0 glves

us

V =rein (T+o) + ¥

t

0
-2l/'o cos T = \I/OT sin T '+ 90( cos 1

+ E(-2r 6in ( T+ &) - QoainT )

+raoin (2T + o) + r 8in « +2\/fo]

CD.
"
~

cos (T +) + 80 ;- E[(-2r cos ('T‘+ o« ) + \#O ein T = (1.37)
-290 cos T = GOT sin T = \POT cos T

+Tcos (2T + &) + r cos X +_290]

b

¢1T’.+ ¢O-2£(coaf - 1) J

where r, &, 60, ¢O’ and ¢1 are constants of integration, and T =
55(1: - tp) The oscillatory terms which grow up indefinitely with time t
appear in ¥ and 6.

The optimal can£r01 of a system with ti;no-;mryin;_r, paraneters is a
rather complicated problem., If one could assumo that @t is small, the

problem reduces to the control of a system with time-invariant parometers

by replacing &2 with 2 (1 + 2¢€ cou.Qtp).

1.8 Concluding Remarks

The'optimization problems in the attitudo control of an orbiting sat-

ellite are investigated., The gyrodynamical equations of o satellite contain
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nonlinear termé, i.e., trigonomotric functions of the anglos. Thegse oqua-
tions are reducedvté linear if one assumes that tho angular doviations and’
tho{r time rates are sufficiently small, Tho linearized cquationa,(l.Y)b
sthIthat the pitch motion'ié iﬁdependont.qf tho roll and yaw motiona. The
former is characterized as tho system of two variables, while the latter
as that of four variables, |

The torque-prodﬁcing elements considered in this chopter are reaction
gas jots., lost of modern gas-jet systems are characterizod by oh-off type
behavior, Iﬂ this casé the normmalized actuator torque is considered as a
control function. Tho timo-optimal control and the minimum-fuel control
‘are discussed in this system.  In time optimization, the optimal controls
are of an on-off type, assuming the values + 1. The control function for
the system of two variables changes sign once at most; while, in the system
of four variables, the roversal of the sign of controls occurs throe tinos
at most, 1In fuel minimization, the op£imal controls are again of on-off
type, but toaking tho third value O as woll as + 1. Tne controls requiro
genorally two switchings in the system of twé variables, and six (usually
four) switchings in the system of four variables, rospoctively. The shortest
séttnng time and the minimum fuel consumption have beon determinod for
various initial statos of angular doviation. Control of £ho original non-
lincar systom has also been mentioned by iliuatrating particular numerical
examples, Figures 1.9 and 1,14 show that the lincarized system is a good

approximation to tho original one,
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Schomatic diagram of an active attitude control system,
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Fig. 1,10, Phase trajectory on the XX plane Tor the minimum-fuol control,
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CHATTER 2
OPTIMAL ATTITUDZ CONTROL OF AN ORBITING SATZLLITE USING

REACTION WHZELS

2.1 Introduction

In the preceding chapter, we have investiputod tho optimal attitude
control of a. satellite by moans of reaction jots.b Another tochnique for
offecting attitude control involves tho use of roaction wneels, The obility
of roactiﬁn wheels to control the attitude orieniation of space vohicles
otems from tho basic law of action and rcaction. If a roaction wheol mounted
within the vchicle is accolorated about its axis of rotation, thd vcbiclo in
acceloerated in the inertial spaco about tho éam'.axis; but in tho opposite
direction. In other vords, exchanzo of angular momontum‘is mado botwecon the
vohicle and tho momentum slorago olemoent., In the presonco of n cyclic dis-
turbing tofquc,vroaction whools may bo accoleratod back and forth repoatodly;
while, for a constant torque acting on the vehicle, tho wheol aystem will get
‘suturatcd attaining ito maximum speod, * ‘Thoroforc, tho roaction wheol oystem

is not suited for compensating cecular changzos of momentw, but is more offi-

* According to Ref. 32, the gravitational and the eloctromasnotic torques
from the Earth's fields are rogarded as timo variables with major harmonice
at orbital frequency, Howover, tho solar radiation.offect has a constant

torque characteristic,

36
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ciont in countofucting cyclic momentum changos [4, 12, 167,

Tho presont chapter deals with optimization prodlema in attitude control
of an orbiting satellite using roaction whoels (23, 2475, The orbit is asowuaed
to be circular. The satellite is a sphorical rizid body. The oarth-centered
triad is token as a réferonce‘framo of tho attitude. Thc‘fcuction wheel 1o
accelerated with respoct to the satellite body by an clectric motor. Tho op-
timization criteria considored in thia chapter are to miniwlze the nettling
time and the oaount éf input enorgy to tho motors., Tro optimal switching
policy of the control functions is dotermuined ror various initial statos of

angular deviation,

2,2 Roaction iheol System

Roaction whoels are mounted in fixed bearings rolative to the satellite
froame, and are nade to accelerate about those fixed unxes. -iie assume that tho
driving torque is provided by armature-controlled, jporumancat-magnst d-c motors,
The motora.aro driven by some voltage source., Thrco sots of wheels aro dis-
posed so that thoir spin’axea aro directed alonj the body sxos, Thon the
satellite consists of a main body and a £umbcr oi’ intornal rotut;ng parts
(motors and wheels),

The following symbols are introduced to doscribo tho motion of the sat-
ollite,

A t noment of inertia of tho main body,

W

-

angular volocity of tho main body rolative to tho inertial space,
WP is its initial valuo,

M : ‘torque on tho main body producod from tho internal rotating parts,
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4 1 moment of inertia of tho rotating part about its apin axia,

¥ ¢ angular veloeity of the rotating parts rolativo to the main body,

XO is its initial value.

R, : amature resistance of the notor,
Ky Ky o torque and speed constant§ of the notor, rospectively,

_ Vl,V2,V3: »upplicd voltages to the motors dispo:od'qlong tno body nﬁos i, 3,
k,'respeqtivcly. The polarity of thc applied voltage is taken to
be pésitive when the motor>rotatos in tﬁo clocicwise direction (Y
< 0) at no load. For convenienco, wo donoto \/ = v15 + V2kf +
-_V;kw
VO H .maximUm vﬁlue of the dpplicd voltare,

The torque M on the main body from the motor is given by

K

M==t(yv+L) (2.1)
R X , '
a 2]

in tho abscnco of oxternal torquos, the angular monentwn of the satellite
about its coenter of mass romains consiant (338, pp. 49-501. Thus the following
relation is approximatoly satisfied [31]:»

A + T (@ + ¥ ) =4l 4 (@ x9 (2.2)

- .
Wo furtner assume that A » Iw’ and that the wheels are initially at rest

rolative to the main body, i.e., 50 = 0. Thon #q, (2.2) bocomen

* It is hore assumed that tho conter of wass and the axos of inortia of
the composite system do not shift rrom thoso of ire main body. The

gyroscopic crosscoupling effects are neglocted in iq. (2.2).
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&' = A(Uﬁ - ub)/Iw ‘ (2-5)
whero W is given in component fonus by Zgs. (1.4).
The gyrodynamical equations of the maoin boér are the same as those in
the preceding chapter; namely, they arc given by iqgs. (1.6) for the original
nonlincar system and Eqs. (1.7) for the lincarized svstonm. Substituting Eq.

(2.3) into Zq. (2.1) and using Zqs. (1.4) and (1.7) vinldo the difforontial

equations
X, = X X, = - k%, + kex, + €x), + o, + u, )
'1 2 .2 2 3 ; i 1 \ (2.4)
x5 = X, Xy ="~ kcxl - cx2‘- k}:‘,+ + Kby +ouy )
N v e , I
5= % Xg = = kxg + Lb5 + Uy (2.9)
vhere
Xy = Vv %X, = 4 X5 = o X, = 6 Xy = A Xg =
- vy = - = ¥ =% X/ 1 .
Yy = Vi/fO (i=1,2,3) T = t/?m ¢ —‘2§2 T mnt/\slwnu (2.6)
- . 0 — 0 - 4 0 \ kY - v, 1/2
by =t W) b, = tma)2 by = Vm(wa -0 t.o= (AR/ K, V))

In tho above ecquations a dot over a quantity donotes differentintion with

rospect to the dimonsionless time T . by, by, and b, correspond to the i, j,

5

and k compononts of the initial velocity of deviation from the roforenco

Lrame, respoctively; As one secs from 2qs. (1.4), o, (4

1,2,3) aro approx-

imately related to the initial values xg (1 =1 to ) of tho state variables

by

0 0

bl = X5 - cx5
2.

b, = xo + cxo ( 7)
2 4 1

0
Pj = X6 (2.8)
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2.3 Timo-Optimal Control

Timo-optimal controls Tfor the aystonm doscribod by 3gs., (2.4) and (2.5)
can be obtainod by using the maximum principle. Tho systca of oquations for

the auxiliary variables p's is given by

Py = Kopy Pp = TPyt RDy v oDy
. : o (2.9)
p5 = - kcp2 Py = - Cpy - p5 + kﬁh J
Pg =0 Pg = = Py ¥ g | (2.10)

By applying the maximum principle, we obitain the nocessary conditions for

the optimal controls Gi (i =1,2,%) (30, pp. 9-21]:

U (T) = sgnp(T)
o - (2.11)
5y(T) = e o (T)
us(7) = szn pg(T) (2.12)
Solving 2qs., (2.9) and (2.10) yiclds
p2(’t) = R sin‘(ct' +0) + P, ¢ |
: g (2.13)
PA(T') =Rcos (cT +6€) + Pb ot J
. 1 ’
pg(T) = Pélo”ﬁ P » (218

whore R, @ , P,, P, P, and Py aro constants to bo dotonainod by initial
conditions,
(a) Control of the Pitch Motion (Systca of Two Variabies)

Let us consider for system (2.5) the problem of gotting to the desired

state (0, 0) from a given initial state (xg, xg) in tho shortest time [8].
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As wo sco in 3q. (2.14), pg varics monotonounly with time T ; thcréforo, tho
optinal control 53 changes sign once at moét. Poasiblo wodos of switching
aro shown in Table 1.1 in Sce. 1.5(a).

By following the procedurc montioncd-in See. 1,5{(a), the timo intorvnls

'T and T’ of lode I are related to initial values xg and xg by

ALk(L - rl 2T+ KT - 2T\ T, - T0/2] + 150 =Ty + TN - T)
Xg = 2 ’
X [k(1l - Tl + Té) -k ]
‘ e
Xg =
& - k(1 -‘Tl + 1)
where

o = (T * T) .

(2.15)

The signs of xg and xg should be reversod for ¥odo II. If tho initial veloc-

ity is zero, Egs. (2.15) give

Tl = " [ lcz(xgi’.,_ log (l +'/l - -_-‘C ‘X i)q

(2.16)

? .
T, = log(l+/l- l"s)

by

e —

Conscequontly, the shortest sottling time T is given by

| 200
T o= v =g 06]d] + 2105 <1+f1-o“""5‘)1 o ar)

P




(b) Control of the Roll and Yaw lotion (3ystem or Four Variables)

We consider the time-optimal control for tlw sruten describad by fgs,

(2.4) with tho initial conditions (2.7). ¥rom dqs. (2.1%), a ropresentativo

point on PoPy plano moves at the uniform rate ¢ alons tnr circle whose center

is moving along a line. As seen from &gs. (2.11), Lo optimul controls u

1

and 52 are of a bang-bang type. Thc s8igns.of u, and 1, are reversed when tho

representative point traversos Py ond p, axos, respoctively., By a considor-
) t

ation analogous to that of 3ec, 1.5(b), wo may conclude that the roversal of

tho signs of u, and Eo occurs threo tines at moat, and that twelve switching

1
1modes as listed in Table 1.2 are possible. The time intorvals between switch-

ings of the controls are rolated to tho initial values ol tho stute variobles

as will bo showa in Appendix II.1l.

Numerical Exrmplo

Wo put ¢ = 0.1 and k = 1.0 in £gs. {2.4). Thz objoct of control is to

make all the stato variables X3 to X}, zoro in tho choitest timo, Figure 2.1
illustrates the relationship betiweon initial valuos x?, rg snd tho posoiblo

shortest sottling time T in the case whore bl = 0 and o, = 0, i.e., both

the initial angular velocities of the main bedy are z=ero. 1In this case, iso-
T. (j =1 to 4) curves for iode I are shown in Fig. 2.2, Rotating these

.l ’

curves about the origin by n/2, n, 3n/2 radians in tho counterclockwiso di-
rection yields iso- T} curves for iodes. II, III, IV, vespectively, Fipure
. o . C - i
2.3 shows the rolationship betwcon X1 %y and T in the csnge whoro b1 = 0,2,
~ = 0,2, o soo in theso figures that all swiichin: moces in nted in
b2 0.2 o s th Tig that all t i indicatod

Table 1.2 are not always used. An open quostion is wnilca modes of switching



L3

of ﬁl and 32 aro requirod in order to rastore any initial stato to tho origin,
Of course, it dopends on the values of.bl and b2. Tne detailed discusaion
will bo mentioned in Appondix II.2.

Figure 2.4 illustrates an oxaaple ol phase-plane trajectorics of X

(i =1 to 6), whero tho initial valuocs arc x? = 0.07h, xg = 0,013, X0 - 0.134

3 =
0 .0 .0 . 2 s Lon
x, = =0.007, = 0.1C0, and Xz = 0.000. 7Tho s0lid and thc dotted curves are

obtained for the original nonlinear systom and the lincarizod system, rospoc-

- tively.

2.4 ‘Hinimum-Znergy Control

In this section vo assume, for gimplicity, thal the angular velocity of

the vehicle does not deviate initially fron that of +he roference frame, i.o,,

b = b, = b5 = 0. Then the initial conditions (2.7) and (2.8) are rowritton
as
xg - qu =0
2 (2.18)
Lo o
. 4 + ca(l = O
0
x5 =0 (2.19)

The quantity to be minimized in tho conirol is input enexszy to tho motors
(8, 23, 24], The power W, supplied to cach motor io
W=V, (Vi + afi/xs)/;zCl (i = 1,'3},5) (2.20)

Thon the ¢nergy is expressod by tho nondimonsional variablos as

T ' .
=‘]. {ul[ul - k(x2 - cxa)] + u2[u2 - k(xa + cxl)]
0

1

+ ug(uy - k‘xé)} 4T (2.21)
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whore T is a proscribed transition tine.

Tho system of oquations for tho auxiliary variables p's is given by

(%0, pp. 9-21]

o]
y—
il

kcp4 - keu

5. Py - Pyt kp2 4 Cpy = Wu.

' ' } O (2.22)

= - kcp2 + kcu - cpy - Py NPy = Hl, )

"
W
!
=
g
n

1
P5 = 0 Pg = = Pg5 * kpg - ku§ (2.2%)
Hence, by use of the maximwm principle, wo obtain Lho necessary ceonditions

for the optimal controls ﬁi (i = 1,2,3):

_ { 9 for Iq2[ s 1 )
u, = ]
1 : _ |
sEn 4 Lor lay, >4 |
> (2.24)
= 9y for 9l e 1 ‘
u2 = :
sgn q, for :qa] > 1 )
_ q6 for iGel &1
By = { T (2.25)
sgn qg for [9g) > 1
where
q, = [py + k(x2 - cx5)]/2 qp, = Lpy + (g, + ex)1/2, 1 |
r (2.26)
q6 = (p6 + )CX6)/2 .

The uinimum-energy control functions ﬁl’ u,, and u, vary continuously
£

>

betweon and including + 1.

(a) Control of the Pitch Motion (Systen of Two Variables)

First, we assume that the optimal controi U, doos not saturate at any
J

time during the transition., 3y virtuo of iqs. (2.29) anda (2.26), tho optimal
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control is given by
-— '= 1‘- ) , . . 'S
u§ (p6 + ‘~x6)/2 ) ) (2-27)
Substituting Eq.'(2.27) into Egs. (2.9) and (2.23%) yields w set of difforon-

tial equations in xs, X4 p5, and Pg- By solving the cquations thus obtained

with boundafy conditions

X

n
O
-

x5(0).

x5(T) |

g x(0)

.O xd(i)

0
(@]

n

} . (2.28)

we obtain

x5 = 53 [2(T/1)7 - 5(T/1)° + 1]

xg = (éxg/T)[(T/T)z - T/
(2.29)

il

- 24 x%/?5 4 7

Pg

Pg (6xg/T2)[k‘C2/T + (4/eT <« 1L)xT = 2]

J

The optimal control does not saturate, i.e., [1,] < 1, if the following con-
. N ) .

dition is satisfiod:f

L2 for T4 2
0 6 Iz

| x l_s_ (2.70)
5 2 m .
__._____-].C_L_____ for '1‘ 7_%
521 4 b/k7? k

The minimun enoergy consumption deponds on th2 settling time T, For the
nonsaturating control, tho energy 35 is obtainod by substitution of #gs. (2.27)

and (2.29) into Eq. (2.21), i.e.,

]
i

T
3 —‘JO u5(u5 - kxé) df‘

. _ T . '
) = 0.25 fo [pg - (kx6)2] dT = 12(:<§)’.)2/T5 (2.31)

it
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As montioned in Sec, 2.3(a), the relationship botucen tho initial state
and tho shortest sottling time is given by Zq. (2.17). It ip scon from this

rolation that any initial state catisi’yins~ tho condition
-~ (%]

|x,\ < (2/x%) * loz [coan(1/2)] = () (2.32)

"o max
‘can be restored-to tho origin in the interval. o’ time T. Hencoe wo seo that,
given an initial value auﬂisfying the condition (2.52) but not satisfying
(2.30), tho optim&l control saturates in certain intervals of the transition.
Second, wo deal with the procecss in whicn 55 soturates in coftain intor-

vals., For convenience, we consider the following two casces separately,

Case 1, ks 2
In the time-optimal proceés, the optimal control is switched from -1 to
+l if xg > 0, and from +1 to -1 if xg < 0. In the nonsaturating minimun-

s = .0
energy process above mentioned, u, increases monotonously for xZ > 0 and
4

>

decroases monotonously for xg < 0., Honce ve may infor tho modos of switching

of ﬁ5 ag listed in Tablo 2.1, }
Substituting the vdlué of 55 in Table 2,1 into Zqs. (2.5) and (2;25)
yields a set of differential oquations in k5, Xg9 p5’ and Pge By solving the
oquations thus obtained with the boundury conditions (2.28), wo obtain the
optinmal trajectory and the fime intervals betwcon switchings of u5 The time

intervals T’,-'T , and ‘Ts are related to an initialﬂvaluo xg by

‘*g! = "6'1}(72‘{ k%)[(cg) G+6- 2c>k(ﬁ(2"'r)(k.'r2 - 3)]
+ 2kk3T - 4T - 6T,) - 12
- o f ’ } (2.33)
Ty=-glog{f{(2+k%) + (2 - 1c72)ek(f_2‘*)]}



W7
: ’ '
T =T = - : ' .
1T~ T,- T
The minimum energy consuaption is calculated by imscriing tho valus of
35 in Table 2.1 into £q. (2.21). For the conirol of ilodo I.2, the energy E

3

is given by

T o Wt T o 2 T
2, = 1 4 kx,)dT + 0.2"‘[ [(vs = (kx. )3T + | 1 - kx,.)dT
3. JO( 6)- 2 7, LPg = \itstg) JT;»%I’Z( (.))
kT,» ‘ m . . L 8
= Eﬁé _[1:12(01‘(12‘*) + 1)201‘% - 120“‘(“72) + 12] (2.3h)

where I’2 and T5 are to bo determinod by igs. {2.23). ~rfor the control of

Mode II.2, we have the same rosult as Zq. {(2.34).

Table 2,1 lode of switching of GB(T) for tie partly

saturading control (kT £ 2)

Time interval
Mode : initial value
. T1 T T /
2 C 0
. 7 £ x. &
1.2 1 g 1 /6 % 5 = (xﬁ)xn&x
- 2 C 0
02 l - -T P xX. 2_ - {
I 9% 1 /6 5o (k5)max




o]

Caso 2. kT > 2

In this case,

el
me

)
takes a value betwoon'(2/5k2)fkT/(l + 4/uT
(2“kT) ]

)]

I

C . -
+ C (x5)2, the optimal contrel u

>

¥C encounter a somewhat cons

uoes

48

0

piicated situation. I x.

: i 5
== -/O\ «-VJ ISWEA 2 rr' th] o
= (x5, and (U/Z<7) (23T - 5

AN . '
Lot vary wonotonously;

o .
: s Vo, . O N 2 - . 2 .
while, if % is betvween (x5)2 and (x;)rl_, U, varies uonotonously like as in
: LA D
Case 1., We may summarize the modos of gvitchin, ns licted in Table 2.2,
3y proceeding as in Case 1, tho timo intervals T., T,, and T, in
- [ /‘
. ©oeax - o
¥ode I.1 or IT.1l aro relaotod to an initial vaius X by
kKTor py o 5 . ‘- /
o Q_F(v,:‘[;)B - 47 4 (T2 - 10T, + 20 (0= 1) \
0 - > ’ ’ 5
x5 = < B < 5 <. + - '
- 2 2, kT, .
- I T, - 2)° 4 (kTB) (e™"2)] X ‘
' (2.35)
Ty = (1/290(T - T,) + 2] f
2
m
=7- T, - T
Tt g )
Table 2.2 lode of awitching of U (T ) Zor the sartly
A ;
saturating control (k7 > 2)
H
Timé interval
Y 1 -~ s . ~ -
liode T T initinl valin
5} 2 5
(B} \’) e}
I.1 -1 X2). & oD & (xY
Q6 - q6 ( (/ i 5 \ ))2
1.2 -1 g 1 ), €8 5 (D
: 6 V540 : “5max
I1.1 q 1 q . -(xQ‘ > %7 2 -(xQ)
6 6 51 3= 572
. 0
I1.2 1 aq. -1 -(O) 2 02 -{x)
o : S > 2ininx
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The cnorgy consumption E, is given by
T 7

L O .
iy o= , 1 T - DIGT - 3)
? 5k[(k75)2(ckTé) + (kTé - 2)'2]“'t 7

+ 2(ckté - 1)2 -

whaoro 'fg and Té aro detomined by igs. (2.395).

~The time intervals in Mode I.2 or II.2 are civer ty Zas. (2.33) in Caso

by 2q. (2.34).

L-i

1, and 4,
2

-

mmerical Zxamnle

Case 1.. k=1land T =1 (k7 =1)
Fipgure 2,5 shows a numbor of optimal trajoctorios which start with various

=

st 0 - . ‘ . . . .
initial values x5. The control u. does not suniurate cn the irnjectories shown

\

in solid lines. It saturates on the brolwwn-line trajcclorics. u, docs not
J
saturate in the case of curve A where x = 0.i00. Surve o corresponds to a

. . . 0 2 Y .
apecial case in which Xg = T7/6 = 0.167. Curve 3 covvesponds to a partly sat-

urating control of Mode I.2 in which % = 0.221 and T, = ©0.5. Ourve D coin-
. ‘e . . . G y . e
~cides with the timesoptimal trajectory, i.o., x5 (x§> . = 0.241, Sinco.
st

KT = 1 € 2, the optinal control of liode T.1 dovs ot “pposr. A switching
curve is shown dOticd in the figure. ijure 2.7 shsws the time responsos
of thc.optimal controel in cach case above nmentioned.

The influence of T on the cnorgy 55 is illuwstrated in #ig. 2.7, whero

the solid lines correspond to nonsaturating contirol and “he broloen lines to
p R

partly saturating control,

Case 2, k=1and T =35 (&7 = 3)

Sco the optimal trajectorios in ig, 2.0. Jurve A corresponds to a
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. 0 : CoA . .
nonsaturating control where x5 = 1, Curves $ and O corraspond to speeinl

 cases where initial values are X% = (xg) = 1.725 and xg = (7)., = 1.456,
] <

1
respectively. TFor an initial stato existing betwzen thoso ol trajecloriens

3 and C, ﬁj follows the switching mode ol I,1, OCurve I corresponds to a

control of ode I.2 in which xg = 1.634 and T, = 1, Curve E coincides with

the timo-optimeal trajectory whero xg = (=% = 1,711, Th: deotted lino in

PR RAPN

vy e

rig. 2.8 shows tho switching curve in this cose, Tiue rosponsos of the op-

timal control is illustrated in ¢fig. 2.9.

(b) Control of the Roll and Yaw lotion (8ysici of Four Tarinvies)

For the salte of gimplicity, wo confine our ceusideration to the honsat-

urating control., Also for convenionca, the parameter k is set equal to unity,*

As shown in Zgs. (2.24) and (2.26), tho optimal controls are given by

u, = (p, + %, ~ ¢x.)/2 b
u, = (ph + Xy o+ cxl)/Q )

Substitution of Eqs. (2.37) into (2.4) end {2.22) yieclds a sct ol differentinl
equations in x's and p's. By solving tho egquations ihus obiainod with bound-

ary conditions [sce Egs. (2,18)]

and : } (2.30)

* In the linoar system (2.4), this asswspition does not loso the genorality

of the problem,



wo obtain the solution

x, = - op(T- ) - 2(a 4 018) (T= 1) - (6 & oT4)(T - T)2/2
Xy = = 4of(T- 1)7 - 6 + o18) (T~ 1)2 - T(6ck + oT8)(T - T)
x5 = ok(T- )" - 2(B- o) (T 1) - 1(68 - eI} (T - T)2/2
4'= bool( T - r)5 - 6(f - eTx) (T~ 1)2 - (68 - oTw) (r 1)
= - 6[cp(T-1)% + cT8(T- T) - ba]

Py = = 24(T=T)7 - 3{24+ o(T + 4)3](T - T)2

= [6(T + &)k + cT(T + 12)3)(T -~ T) - 2T(6« 4 )
ps = 6[ek(T - T)% 4 cTa(T = 1) + 4p]
Py = 2cx(T =~ T)7 - 3[2p = o(T + 4)o)(T - 1)2

- [6(T + 4)3 = oT(T + 12)a)(T - &') - 2'1‘(6(3 - ¢T)

\

5

> (2.39)

E

The terms of order higher than the first in ¢ are neglected in the abovo

equations, In Eqgs, (2. 59) ® and P are constants detemined by the initial

conditions other than as given by Egs, (2.38), - The condition for nonsaturating

control (Iull < 1 and qul < 1) requires that the parsmeters o and g

satisfy the following inequalities during the transition: .

| 2cpt5 + 3[24 - o(T - 2)8] 7°
| = [6(T = 2)s = eT(T - 6)B1T - T(6ak - oTp )l g1
| 2¢47® - 3[2p + o(T - 2)x] T2 |
+ [6(T - 2)B 4 cI(T = 6)A)T+ T(6 + oTA )| £ 1

(2.40)

The minimum energy consumption E is obtained by substituting Eqs. (2.37)

and (2.39) into Eq. (2.21), i.e.,

T, 5 |
E = Jo {ul[ul - (x2 - exi)] + “ZF“Z - (xb + exl)]} dT



wi
N

o

i

rf‘z N2 2 ]
0.25 o [p2 - (x2 -cxﬁ) + py - (kh +cx) )73 AT

BB E GO C Ve - (2.00)

Imunmerical Zxanmple

Toking tho paramcters ¢ = 0.1 and T = 1 in the conditions (2.40) rives

6ok + 3] s 10 oy
Tor «3 >0 ‘
|60B + o] s 10
a 2,42
|60 - 8| 5 10 g’ (2.42)
- for AB <0 f
| 608 - «| s 10 )

Zquations (2.39) and the inequalities (2.42) detonaine tho rozion of initial

states which can be restored to the origin by thn nonsaturating controls,

. e asas o _0 o .0 . . . . .
Since the initial values %)y Xz and x5, %, ars intervolated by dqs. (2,38),
z 4 :
cras o o 06 .0 . . o -
an initial state ( 10 X1 X3, xa) may ove givon by prescriving only two of
2

]
1

and x
is the rezgion of x

. 0 . . - .. .. . .
them, say x 5 The area showm bordersd by the nwavy line in Fig, 2.10
O “ O 3 T2 . PR “ . 4 3

1 and ‘{5 which give tho initial sitales rastorad to tho

origin by the nonsaturating controls, 7The iso-Z curves nro shown In this
rogion.

initial stntea which

A

Ths brokon line shows thoe boundary of the ro~ion of

Fal

can ve restored in an interval of timo .less than or squal 1o unity.* Honco,

if an initisal state is givon in the arca lying betwesn the heavy line and

o
w

tho broken line, the controls may saturaie in certain iniorvals of the tran-

* This boundary is obtained from the investiigation of the timo-optimal

control, as shown in Fig. 2.1.
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sition, The optimal awitéhing policy of the partly saturating controls is

omitted, because the computation becomes too laborious.
Figure 2.11 illustrates an example of the optimal trajectories, where
the initial values are xg = 0,100, xg = 0.010, xg = 0,100, and xg = «-0,010.

Figure 2,12 shows the time roapoheoa of the optimal controls in this case,

2.5 Concluding Remarks

Optimization problems in the attitude control system using reaction wheels
are discussed, This system is more complicated than the reaction gas-jet sys-
tenm in Chap. 1 because of the gyroscopic coupiing of the rotating parts with
the rotation of the.satoilite body, For simplicity, we assume that the expres-
sion for this gyroscopib:coupling is given by Eq, (2.3). The control torque
is considered to>bo prdvided by armature-controlled d-c motors, The 1npﬁt
voltage to the métor is taken as the manipulated variable, or the control funoc=
tion.

The timo-optiﬁal coptrol of the reaction wheel system is of the seme
typo éa that of the reaction gas-jet system, that is, of a bang-bang type.

On the other hana, }he condition of enorgy minimization necessitates thai the
optimal controls take not only the saturated values but any values between
them; hence the controls are of continuéua type. The optimal'svitching yolioy
has been shown in several tables and charts for various initial states, The
energy conaﬁmptlon under the action of the optimal controle has also been

_'determihod.

e ———— . . . ——— e w
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Fig. 2,5, Phase trajectories on the XeXg plane for the minimum-
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Fig, 2,6, Time responses of the optimal control (k = 1 and T = 1),
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Fig, 2,7. Influence of the settling time on the energy consumption

(k=landxc6)=0).
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Fig, 2,12, Time responses of the optimal controls,



CHAPTER 3
OPTIMAL VARIABLE-THRUST TRANGFER BRTWEaH
NEIGHBORING ELLIPTIC ORBITS

x

%.1 Introduction

It is woll known that frcc;flight trajectaories of apaco vohiclos in on
inverso-sguare gravitational force field are conic aeoctions. Thrust forces
aro often required to act on a vohicle in order to correct ita porturbed traj-
actory or to transter its orbit on account of some specified mioeion., 1In mont
cases, optiﬁiz&tion of thrust program.with rospoct to propellont oxpenditure
may bo desirod, sinco this permits thoe largest payload to be delivered for a
Zivon size of vehiole,

The present cﬁnptor is concerned with the minimumn-fuel tranafer betwoon
noighbvoring olliptic orbits for a low-thrust power-limited propulsion: system,
Thoere have bcen a numbor of provious papers on traojectory optimization for
powor-linited propulsion system [5-7, 10, 11, 18, 20, %3]}, Aaong them, F. W,
Gobetz has troated the vari;blo~thruut transfor botwoen neijynboring circular
orbits and obtained an exact solution analytically [10]. This chaptor extends
tho work of Gobetz and deanls with the ophtimal thrust progrmm for transfer
botwoon neighboring olliptic orbitas [14, 25-287.

Sinco an initial orbit and a targot orbit are assmumed to bo located close
to cach other, the inclination betweon orbit planea in small ond the radial
soParat;on botween orbits is also osmnll reolative to the sonilatus rectum of

oithor orbit. Tt is furthermore nssumed that the tomainsl ollipnes are of

66
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small eccontricities. 1In the case of circular tominal orbits, the symﬁotry
of the orbits about their common centor allows arbitrary cholco of tho opti-
mal point of departure from the initial orbit, Tho orbital voiocity of o
vehicle raQolving nlong an elliptic orbit varien poriodically in timo.l Thise
variation produces terms with poriodic coefficioents in tho oquntion of motion;
furthermore, it results in the variatlon of fuel consumption depending upon
the point of departure,

Tho analysis is carried out in two sots of nta£o variables, Firat, the
equation of motion of a vehicle is exprossed in terms of the coordinates of
a rotating rectangular system with tho origin moving in an initial orbit about
tho sarth, Ié the motion in tho transfer does not deviate significantly from
the tomminal orbits, the gravitational tomss in tho oquation of motion may bo
linearized., However, terms with timo-varying coefficionts appoar in thoe oqua-
'tion. When the occentricities of tho orbits are small, tho time-varying terms
are also small., Tho omall paresmoter method ia uppliod‘for obtaining an ap-
proximate solution of the differentisml oquation with perlodic coofficionts,
This mothoq of enalysis is invoﬁtigatod in 8eca. 3.2 through 3.5.

Secondly, another set of atato'variuﬂloo, i.o., orbital oleomonts of a
space vehicle, are introducod in order to treat thé gome problem. Tho orbital
olements are constant if there is no forco other than tho invoruo-squu}e
gravit@tional forcoe, The values of eolemonts, howover, chungo under the influ-
ence ofvthe thrust force, If tho thrust force is omall compoarod with the
gravitational force, the instantancous valuoes of the oloments change slowly
with time, Consoquently, another form of the linearizod oquntfon of motion

is obtained. Sections 3,6 through 3,10 doal with this mothod of analynis,
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Tho results obtained are comparod with those of tho formor annlysis (Secn.
3.2-3.5).

The optimal thrust program is investigated by using the maximﬁm prlnci-'
ple. The motion of the vehicle and the fuol consgmption under the action of
the optimal thrust are calculated., The dependence of fuel consumption on the
transfor time and on the position of departure from thoe initial orbit is also

studied.

3.2 Syatém Description

() Coordinato Sysiem

lOno of the basic problems for doacribing dynamical bohavior of a apnco
vehicle is the choice of a reforence coordinate system., Wo choose a rotating
rectangular system, as ahown in Fig. 3.1. The origin O rovolves along tho
initial orbit in tho direction of the afrow on the trajectory. Tho vehicle
S is coincident with the origin 0 when no thrust accoloration is applied.
Axis j is dirocted outward along the local vortical and axis i is perpéndicu-
lar to axis j in the initial orbit plane. Axis k 1o nornal to the orbit plane
and directed so as to form the coordinatos i, j, k a right-handed triad.

Tho distance r of the origin O from tho center of the earth E is reianted

to the truo anomaly @ by

r = - j (5'1)
l + Ecoa B

whore { and € denote the somilatus roctum ond tho eccontricity of the ini-
tial orbit, rospectively. The timo varistion of the anomnly © is approxi-

mately given by
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O =nt + 26 0in At - . C (3.2)

whero fi is the mean value of angular volociﬁy n of tho origin 0 over one
revolution along-the orbit., The timeo origin 1s chooen as t = O whon tho
point 0 pAssos through the perigee P of tho orbit, .Undor the assumption
that the occentricity € 1s not 8o large, terms of order highor thon tho
first in £ are discarded in Eq.‘ (3.2).

The roference coordinate system is rotating about axis k. The angular
volocity W of the systenm i,.j, k rolative to tho inertial space may bo writ-
ten as

W =0f +0f - @'k (3.3)

o o

where ¢ , 7 , oand [ are the unit vocto}s along axes i, }, and k, respoctivoly,.

The prime denotos difforentiation with respect to timo t.

(b)  Equations of Motion of the Vehiclo

‘Lot x, y, and z bo the i, j, ond k componcnts of the vehicle displacement
" in tho roforonce frame, respoctively. Tho position voctor IR of the vehiclo

with reapoct to tho conter of the oarth may bo expressod as

R =xg +(r+y)y +zh (3.4)

The gravitational force (3 acting on o unit mass of tho vohiclo in

A v[xi + (r+y)g + 2zl - (5'5)'

G = -
R

whcrel}l is the product of tho universal gravitational constant times tho

mass of the gravitational apuréo, i.0,, tho earth, and R is tho magnitude of
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tho vector R, Sinco the initial and iurgot orbits aro located close to onch
other, we moy assume that the displacements x, y, and z are sufficiently
small relative to the distance r (or R). Hence, by ncglecting torms of order

highor than the first in x/r, y/r, and z/r in Eq. (3.5), we obtain
G:-;}—;—[xi’ +(r—2y)j + zlf] (3.6)
r
The thrust acceleration vector /\ of tho vohiclo may be roprosontod as
A= ar s a0 A5”C 4 (3.7)

whoro Al, A2, and A5 aro the éircumforontiul, radial, and nomal compononts
of the thrust accoleration, respectivoly.

The equation of motion of the vohicle is given by [38, pp. 20-23]
R'+ @ x(WxR) + O xR +v2(J>xR' = G+ A (3.8)

whore the primes denoto time derivatives in tho reference frame. Tho compo-
nent forms of Eq, (3.8) can bo immediately obtainod by subatitution of Eqs.

(3.1) through (3.4) and (3.6), (3.7) into Eq. (3.8), i.e.,

x" + 2n{(1 + 2€ cos nt)y!

€ ﬁz(cou ntex + 2 sin nt.y) - A =0
y" - 26(1 + 2€ cos Hit)x! | ? (3.9)

+ 52(28 sin ntex - 3y - 10€ cos nt.y) - A, = O

5= 0

2"+ ﬁ2(1 + 3 cos nt)z - A
The first and sccond equations are mutually relatod: while tho third oquation
is independent of the first two. 1In othor words, tho out-of-plane motion is

docouplod from the in-plane motion in tho linecarizod systom,

For convenience, wo introduce dimensionloss quantitieo dofined by
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x, = x/{ Xy = X/ X5 = y/ 4
Xy, = i/ﬁ Xg, = z/ 4 ‘ X = 2/ 1 (3.10)
ui=Ai/,Q1'32 L =1, 2, 3) T = nt

where a dot over a quantity denotes differontiation with respoct to the nor-

malized time T . By use of these quantities, wo rowrite Eqa. (3.9) as

L]
X, = X

1% %2 . ' )
x2‘= - 2x4
+ & (008’(-x1 + 2 Bin’l’-x5 -4 cos’f-xh) + vy
X, = ' (3.11)
Tz =Xy
i4.= 2x2 +'5x3
- 265(sin’f‘x1 -2 008’f-x2 -5 can'(-xi) + U,
and
D.C = X
B (3.12)
Xg = = X5 = 560‘.38 ’t’-x5 * Uy

(¢) Power-Limited Propulsion Systom

" Electrical propulsion systcms aro charnctorized by the use of olectric
enorgy for the ejoction of the propellant mass [17]. Tho accelerating forces
may bo exorted upon the propellant particles by eloctric flolds, mugnoiic
fields, or a combipation of both; or tho heoat onorsy containod in an olectric
arc dischargo. In'suchvsystems, the propollant exhaust volocity and the rate
of mass flow may be controlled indépondcntly. if thoro nro no restrictionsa
on the mass flow rate énd the exhaust volocity, there is no limitation on the

magnitude of the thrust that cen boe producod, However, tho availablo powor
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nust be limitod dopending on the source of eloctric powor aboard tho vehicle.
Tho acceleration A due to thrust is given by

Thrust ci!

- a . 2,

whoro M' and ¢ are tho rate of change of mass and the exhoust veloecity, rospec-
tively. The oxhaust power P(t) is given by

'P(t)‘= - % M'c2 (3.14)

In olectrical propulaion system, we have the restriction that tho total powor
P(t) must at all timeo be less than or oqual to the total useful powor avanil-

able, P_ 1
. , . b4 (24
P(t) s P_ (3.15)

Eliminating ¢ botwoen Egqs. (3.13) and (3.1%4) becomos

A 1! d ( 1 )‘ ' - (
o 2 om o = e | = 3,16)
2 t :
2 P(t) e d M .
- If the euchripts 0 and T are used to denoto initinl and torminal values,

an integration yields

1 1 1 A

Since the integrand of Eq. (3.17) is nowhore nogative, tho torminal mass M,

Then Eq. (3.17)

can be maximized by at all times choosing P(t) = P ax®

reduces to

1 1 1 J’T
— - — e A dt (501&)
I T T N :

Thus, if

1 (T 2
J = 3 \[; A dt (3.19)



thon the muximﬁm poyload and, consequontly, tho minimum fuol conmunption is

obtainod by minimizing J.

3.3 Optimal Control Functions

Tho optimization problem is to dorive tho optimal control functions for
the ninimum-fuel transfer of a powor-limited rocket with unbounded thruat
accoloration in a prescribed time. From Eq. (3.19), this requires minimiza-

tion of thoe integral
) To+T 5
J = Ej% w1+u

subjoct to constraoints imposed by tho oquations of motion, i.e., £q3. (3.11)

N PO

+ u%) ar 4 (3.20)

and (3.12). The control functions to be optimized are tho normalized compo-

nents u u,, and u, of the thrust accoloration. 1In Eq. (3.20), T is a pre-

1’ 3
scribed transfer timo and 'fo denotos the instant of departure of the vohicle
from the initial orbit.=*

The. optinnl control functions can bo obtalned by using the maximum prine-

ciple. The Hamiltonien function of tho problem is given by (20, pp. 9-21]

1 2 1 2 1 2
H= (puy - 5up) +(pjuy - 5up) + (P6“5 ) “5) * P1%p

p2[2xh - & (cos‘(-x1 + 2»ainT-x5 -4 con’f-xh)]

+

PsXy + ph[2x2 + 5x5 - 251(01n‘(-x1

2 cos Tox, = 5 coa'T-xﬁ)] + Pr¥g

pg(xs + 3€ con T-x5) | (3.21)

* Seo Soc, 3.2(a) for the time origin,
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whoro the duxiliary variables p's satiofy tho sot of differential oquations

Py = - E (COB ’(.pz - 2 ain’(-,pu) ‘ \
§2 = -y - 2p - 4€ coa T py
. o (3.22)
Py = = Jpy - 2€(in Tepy + 5 cos Topy)
Py = 2py = Py + hEcon Tep,
55 = pg + 3€ co8 Topg
(3.23)

P5
By using tho meximum principle, we obtain the nocecasary conditions for the
optimal controls ai(i =1,2,3)s

U = py, U, = ph, ond 55 = Pg (3.24)
Since Egs. (3.22) and (3.23) aro linoar cquations with periodic cooffi-
'cicnts,vit is not possible to obtain ghe oxact solution, Wo here apply the
snall paramoter method for obtaining an approximaté solution, According to
the principle of the small parsmeter method, firot wo develop tho desired

solutions in powor series with respect to the small pnramotor.a [(13]:

b (T) = p2(T) + £pl(T) + €23(T) + oo  (3.25)
| (i =1 to 6) |
where tho functions Py with superacr;pt n ars tho coéfficionts of tho n-th
order terms in the oxpansions, Secondly, upon oubstituting qs. (3.25) into
£qa. (3.22) and (3.23) and célloc£ing the torﬁu with like powors of £, the

soquence of linear differential equations with constant coefficients is

obtained, i.c.,
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€+ p =0
. 0 0
0 o (3.26)
p5 = - 5?4
«0 0 0
Py = 2p2 - P5
0 0
p5 = p6 : : ’
. 2
0 o (3.27)
Pg = P5 .
n .n n-1 n-1l
£t Py == co8Tep,  + 2 sin’f-ph
. : . |
pg = - p? - 2p2 -4 cos’T-pﬁ |
) . 1 o1 (3.28)
ﬁi = - 5p4 - 2 8inT-p, -A10 coafT'Pq "
. . -1
pz = 2p2 - pg + 4 coa'topg
n n ‘ l’l-l
p5 = pg + 5_coa't~p6 :
(3.29)
«n n ,
p6-= * Pe

2
(n:’l) 2, §:v"')
~ Solving Eqo. (3.26) through (3.29) in asconding ordor of n yields pg,
pi,.--o, successively. The solutions p,, p,, and pé of &qs. (3.22) and

(3.23), up to terms of the first order in € , are

—~ 0 _ 1

Up =P =Pyt ER

_ 0 1 .

Uy = py =P + € P | (3.30)
- 0 1

u5 = p6 = p6 + £ p6

where



O_ _ 20 _ 20, _,0 1.0
Py = = 3¢y = 3¢, T l#c5 8in T + he, cos T
pﬁ = 2c? + 202 sin T + 29%’000 T
o__ .0 0
PG = = %9 sin T + ¢ g °°° T
1 0 0 1 0 0 1y .-
p, = = 2705 + Z}ch - Jc; + 3(e) #+ 205 - ;)1
0o,,0 . 1 | 0 010 L 4ol ,
- l;(zc1 + 2c5 + 05) oin T 4 (2hc, - 2lc) + hicy) cos T
- 50?’( cos T - 502 8in 27T + 502 cos 27
1 0 0 1
Py = - 2¢; - 605 + 2¢]
160 L €0 L Ly
+ 2(602 - 604 + 02) ain T
0] 0 1
+ 2(c] + 205 + 05) cos T
- 5cg‘t 8in T +‘202 sin 2T + 2cg cos 2T
1 0 0 1 0 "1
Pg = = 1.5¢14 + (c9 - 09) sin T + (c10 + clO) go8 T
-0 500 gin 2T + O 500 cos 2T
. 9 . lo

1

76

‘} (3.31)

In the above equations ¢ and o (j =1 toh, and 9, 10) are constants of

J J

intogfationx they are determined by initial values of p? ond p}, roupcotivoly.

. By substituting Egqs. (3.30) into Eq. (3.20), wo obtain the cost function

up to the first order-in € as

To+ T ..
2 2 .
(62 + GPZ + (pD21 a7
To , . o v
. : v f "“4,, -
To+ T S
01, 01 01
+ 6‘j (popy + Pypy, + PePg) 4T
To

(3.32)

Similarly, the solutions of tho oquations of motion, Egqs. (3.11) and



(3.12), aro sought in the form

| x, (1) = xg_)(’(') + € xi(f) + 62x§(1’) R

(i = 1 to 6)

[

(3.33)

Substitution of Eqs. (3.%0), (5.51),' and (5.35) into fqm. (3.11), (3.12) end

COiloction of liko powers of £ gives a sot of simultaneous oquations, i,c.,

.0 0 _ .0 : ,

E X = % }
0 _ 0 0
2 = 2%, + Py
o 0 |
37 T4
«0 0 0 0
i = 2X2 + §X5 + pa )
0 -
x5 = x6
0 0
X6 =] "v x5 + p6

n 2 ¢ n

Es 1= %
N oyl n T n-1 5 ai n-1 4 T n-1
X, = = 2X) + p, + cos -xl' + sn'(-xj - cos T+ X
in _ xn
37 74
n n n n ’ n-1 n-1 ' ne
) = 2;2 + 5x5 +py - 2 sin'(-xl + 4-coa'(-x2 + 10 coa‘f-x5
;(n - xr‘l
57 76
N n n n"l
Xg = = x5 + Pg - 3 coa’t"x5

(n= ;1’ 2, 5’"')

(3.24)

(5.35)

1

J/

(3.36)

(3.37)

The solutions of Egs. (3.11) and (3.12), up to the first order in & ,

are given by
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xi(r) =Z% 5(7) +6L[clx ;(T) +c)<§.(r)] (3.28)
(i =1, 2, 3, I*)
. 12 12
(0 = 1 chg’j(r) velte 8, () + iy, (1)) (3.29)
- (1 = 5,6)

where ng(’() and x%lj(-c) aro dofinite functions of time T , the dotails of

which will bo shown in Appendix III, Tho constonto of integration c? and c;

0 and xl

(j = 5to 8, and 11, 12) may bo determined by initial values of xg L

rospoctively.

3.4 Boundary Conditions

In ordor to determino the values of c? and c% (j = 1 to 12) which mini-
mizoe tho cost function J under a prescribod condition, tha boundary conditions
of the transfer orbit and the transversality conditions of the problem must
bo investigated,

Figure 3.2 gives a achematic presentation of o transfer betwoen two ol-
liptic orbits., Let K be tho inclination of the target orbit plane with
respect to the init?ul orbit plane, (%1 ond P ‘ﬁl -y are the true
anornlies of the line of intersection of the orbit planes ano moasurod from
tho pointa P1 and P, respectively, -whero P1 and P, are tho»pcrigoos of the
corresponding ollipses, The parémotcr V- stands exactly for the angle between

the apse linos of the two ollipsds whon tho terminal orbits are coplanar,

1,0, X =0 ﬁnd it doos approximatoly when the inclination « 1is small,
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The occontricity and tho semilatus roctum of tho target oilipao aro denotod
bj EBand ) + Al = £ (1 + A ), rospoctively. 1In othor words, tho parom-
otor E donotos tho ratio of eccoentricities of the two ollipses, and Al 1e
the increment in the scmilatus rectum, |

Point 1 in Fig. 3.2 shows the point of deoparture from the initial orbit,
i.e,, the point at which the thrust accoloration boging Lo act, Points 2
and 3 represent, respoctively, tho position of the origin O of tho reference
freme and the position of the vohicle 8 at thso final time of transfer,

Prior to the application of the thrust mcceloration, the vohicle 3 io
coincidont with tho origin O. Hence all tho state variables are zero at
T = TO’ i.e,,

xi( To) =0 (L =1 to 6) (3.40)

Let us consider the boundary condition at tho {'inal point of transfor,
The position of the vehicle at tho final time T = Ty + T Z:’Tf may bo
definod by the angle AB = £283 in the figuro, Tho final volocity of the

vohicle must agros with the orbital velocity along tho target ellipse at

point 3, This condition demands tho following relationns

5 () = 80 (1 - €8 con ( Ty - )]

x,( Tp) = = L5A = e{ae Eoin (Tp - %) + A[2 con T,
'-0.5Ecoa(rf-l#)]»fzcoaff-zscon(Tf-t//)}

xi(ff) = A + £[ AB E s8in (Tf -y ) - AE cos ('rf -y ) -(3.41)
+con Tp-Econ (Tp-¥)]

x,( Tp) = 5{‘A9 [2 cos T, - Ecos (T, -1)]
- 0.5AE oin (Tp = ¥ ) = oin T, + £ oln (T, =V )} J



60

= - ¢ X =5 3\
x5 ( Tp) o { oin ( Tp = ®)) + Cloin #, + 0.52 ain &,

- 0.5E oin (2T, - 2%, + ;) +ain (27, - qﬁl)]}

(3.42)
xé(Tf)no({con(Tf-¢1)+€[~ cos ¢1+Ecou ¢2 %

+ coo (2 Tp - ¢1)]}

J
Since the quantities &, A, and, consequontly, A0 are omall, torms of
order highor than the first in those quantities aro discarded in Egs. (3.41)
and (3.42).* Linoarization in those parumoters results in the separation
of the boundary conditions into the conditions for tho in-plane components,
£qs. (3.41), and those for the out-of-plano compononts, Eqo. (3.42).

Wo substitute Eqas. (3.38), (3.39) into Eqs. (3.40), (3.41), and (3.42),
and collect torms with the zero and first powors of € . Thon wo obtain
twonty four rolations which serve to dotormino as many integration constants

? and c;' (j = 1 to 12). Those relations contain the paramotors TO and AB

c
which represent the points of departureo and arrival respectively, Thoso
paromoters must be detorminod so as to minimizo tho fuel consumption for a
given transfer time. In other words, trannversality conditions with respect
to TO and A8 must be satisfied, The transversality condition with
rospoct to AG 1is given by [30, pp. 45-50]

6
2 py (Tl %, (Tp) = 0 (3.43)

Substituting the solutions pi( Tf) of Eqs. (3.22), (3.23) and xi( Tf) of

* Tho process for deriving Eqs. (3.41) and (3.42) will bo shown in

Appendix IV,
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Eqs. (3.41), (3.42) into Eq. (3.43) leads to

]
c1 = 0

¢l 4+ 2¢% sin Y os 2c§(E cos ¥ - 2)

1 2 (3.44)

——

+ 5c3[p sin (T, - ¥) - sin T,]

i
(o]

The trensversality condition with respoct to ‘TO loads to n complicated
relation, Therefore, wo dirootly calculate tho cost function J for various
values of ’FO and fix a value of ’fo which mininizes tho cost function,

The procedure for obtolning tho optimal control may be suumarizod as
followa. Lot A(?o and 61361 be the zero- and first -~order terms in the

powser sories oxpansion of AB . For given values of ’fo and T, twonty-six
0
j’
solving the system of linear algobraic equations (3.40), (3.41), (3.42),

? and c§ thus obtained into

BEqa. (3.30) and (3.31), we obtain tho optimnl control functiona u

unknown quantitics ¢ cg (] =1 to 12) and AG?O, A6 are determined by
and (3.44), Upon substituting the values of ¢
l'.GZ' and
55. The cost function and the transfer trajectory undor tho action of the

. optimal thrust acceleration are calculatod from Eqs. (3.32) and (3.38), (3.39),

respoctively, by using the ssme intogration constants.

3.5 Numerical Examples
(a) Transfer botween Coplanar Ellipses of a Semo Eccentricity Whose Axes

Are Alignod and Oriented in the Ssmoe Sense

Let us consider a case in which the terminnl orbits aro coplanar, i.e,,

A = 0, In this case we may infer that the motion of a vohicle is confined
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only in tho plane of initial orbit.

firat, wo assume that the torminal ollipses hnve a semo eccontricity
and are coosxinl with oach other, end that their axes are criented in the same
gense, i,e,, £ = 1 and ¥ = 0. Then the boundary conditions, Eqa. (3.40),

(3.41), and the transversality condition, E£qa. (3.44), becono

8 4o ,

j=1\cjxij(76) =0 (1 =1 to &) (3.85)
8
jZ;"I [03%5(T) + e3Xg, ()1 = © (L =1 to &) (3.46)
ZB: 00 (7)) - A0° . o

jmp N A

5 o9 (1) = - 1.5 A

=1 42t

8 4o (3.47)
3{:1 ey %55 () = A

8

;E% 3 QJ(T ) =0

8 1.0 0 1

jg_l o lj(Tf) + j(T)] + ABY eoo T, - ADY =0

8 0 1 N0 . . .

gg% (o350, (Tp) + j X34(Tp)1 + 20° sin Ty = - 1.5Acon T,

& o ( (3.48)
gg% 3 5j('l:f.) + J jj(‘(’f)] - AQ " sin Tp == Acos T,

. 0 ,

ggi (e Xuj( Te) +c Xuj(7})] - £0° cos T, = - 0.5A8in 1T,

c? = 0
Lo (5.49)
oy - 205 = 0



By solving the system of linear algnbraic equations (3.49) through

1
J

torms of the first order in A ., Thoen substitution of the values of ¢

(3 =1 to 8) and A(?O, A0 are obtainnd. Thoy include

0
J

c? thus obtained into Zq. (3.32) gives us tho cost function'including torms

(3.49), c‘;, c

and

of the second order in A,

Figure 3.3 shows variations of the cost function J with roapoct to "To
for various values of T. As in Eq. (3.32), tho cost function is dovoloped
in power series with respect to £, The zoro-order tomm i (roprosentoed by
tho dotted lino) is constant with respect to ’TO and agreos, as a matter of
course, with the cost function for the transfer betwoan circular orbits [10].
The first-ordor temm Jl (represented by the solid line) varies periodically
in ’(O with poriod 2nr, This is a plausible result beocouse the orbitnl veloo=
ity varios periodically in T with the samo poriod; soo sq. (3.2). Henco
’(O corrosponding to the ninimum point of Jl zives the optimal poilnt of
departure, Whon tho trensfer time T is 2nnt (n boing a positive integer),

J does not change with 'TO; when T & 2nm, the optimal ’TO is given by

'(0 == (T/2) + (n - 1) for 2(n - 1)n < T < 2nn (3.50)

Equation (3.50) indicates that the optimal point of doparturo is located on
the semi-ellipse traced by tho vehicle moving toward the porigee from the
apogee.,

Lot J 4 bo the minimum valuo of J with rospoct to T,. Tho dopondence
of Jopt
tricity is assumed to be & = 0.2, As illustrated in the fipure, the cost

on tho transfer time T is illustrated in Fig. 3.4, where tho eccon-

function Jopt decreases as T increascs,

n

Fipgures 3.5 and 3.6 show time variations of the circumferential and



radial components of the optimal thrust acceleration, respectively, The
circunferential components ﬁ(lj and 'ﬁi are symmetrical about the midline in
time; while the radial components Gg and Tx; are symmetrical about the
midpoint,

Figure 3,7 shows typical examples of the transfer orbit under the

optimal acceleration,

(b) Transfer between Coplanar Ellipsos of a Seme Eccentricity Whose Axes

Are Aligned and Oriented in the Opposite Senses

Secondly, we are concerned with the temminal ellipses which are coplanar,
coaxial and of the same eccentricity, but are oriented in the opposite sensocs
with each other ,i,e., A =0, E= 1, and ¥V = n, In this case, the bound-
ary conditions given by Egs, (3.40) and (3.41) become Eqa. (3.45), (3.47),

and the following equationss

8
;;Z=:1 c;x‘i’j( T,) = 0 (1 =1 to4) (3.51)
i 91 A
4 iy T - 2601 = o
8
1
%jé(T) = = 4 cos Tp
? (3.52)
5 j)gj(’(') = 2cos T,
jf’_ jxﬁj( = -2ein T, )

where terms of order £ A are omitted in the above equations. From Egs,
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(3.44), the transversality condition becomes |

‘1’ a o} =0 (3.53)

with neglect of terms of order ¢A.

The unknown constants c?, c; (3 = 1 to 8) and A9°, 20! are dotormined
by solving the syﬁtem of linear equations (3.45), (3.47), and (3.51) to
(3.53). cg and AB° are of the first order in A, while c; and 46! of
the zero order in A . Substituting the values of e and c; thus obtained

3
into Eq. (3.32) gives us the cost function J = P4+ Jl, where J°

1

is of

order A% but J* of order A ,»

0 and Jl with respect

Figure 3.8 shows variations of the cost functions J
to Tb for various values of T, As in the preceding case, 3 18 constant
with respect to T,., and Jl varies periodically in ’l’o with period 2n,

However, in this case the optimal To is given by

- (1/2) '+ o for 2(n = 1)n< T< 2nm
0 “{ (3.54)

arbitrary for T = 2nm

(n=‘ 1, 2, 3, "')

In other words, the optimal point of departure is located on the semi-ellipse
traced by the vehicle moving toward the apogee from the perigee.

Figure 3.9 shows an example of the optimal transfer orbit.

* A tem 62J2, where J2 is of the zoro order in A , may be calculated in

the samo way, but tho details are omitted here.



(¢) Transfer betweon Non-Coplanar Zllipses

Lestly, lot us assume that the target orbit is inclinod with respect
to the initial orbit at a small anglo X ., 4o nay discusa tho out-of-plano
motion of a vehicle indOpondnntly of tho in-plana motiomn.

The out-of-plane component J5 of the cost function is given by [soe

Eq. (3.32)]

0 1
J5=J5+EJ5

Tot T
1 0

To+T 2 1 i
= 5{ (pg)” 4T + 6[ pops 4T (3.55)
T “To

Jg, the optimal value of the cost function for n trnnnfory&otwocn circular
orbits, can be obtained exactly and writtcn oo

- A . Sl ch . Sk
> T - 8in T-con [2(¢ 1 {O) f

Jd, = A

2 T2 - 5in® T (3:36)
Equation (3.56) indicates that, in the case of a transi'or botweon non-ooplannr.
circles, J5 varies periodically in ’TO with poriod n, nomely, half the period
of the orbital motion along the initial orbit.

Lot (él = <¢2 = 0.57 (consequontly V- = 0) and £ = 1. Figure 3,10 shows

0 1

variations of J, with respoct to T . for various valuecs of T. J, and J5
/Z

> 0
are representod by the dotted line and tho solid linc, respectively,:
Figure 3,11 ohows time variation of tho out-of-pluno component of the
optimal thrust acceleration,
In general, the optimal point of departurc for a transfer between non-

coplanar ellipses may be doecided by finding out Tb which corrosponds to the

minimum point of J, wnere J is given by summing up the in-plane and the out-
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of-plans componcnt‘of tho cost function. As an oxomple, Figure 3,12 illuntratos
tho depondence of J on 'Tb, whoro the parancters of ths torainal orbits aro
assuned to be A= A, E = 1, and ¢l = Cﬁa = 0.957 (consoquontly VY = 0),*
The zero-order temm JO in the powsr sories oxpansion ol J with reapoct to €
is represonted in the figure by tho dotted line, whilo the first-ordeor temm

Jl is shown by the solid line,

3.6 Method of Analysis by Using Orbital Elements of n Space Veniclo

In the proceding soctions, tho rotating roctansular coordinate system
was applied in ordor to describe tho equation of motion of’ the vehicle, We
now introduce another set of state variables, i.e., tho olemonte of an orbit,
The orbital elements are constant if thoero is no fores othor than tho inverse-
squaro central gravitational forco, The values of clements, hovwever, change
With time under the influonce of any porturbing force, If the perturbing
forco is omall compared with the central forco, tho instantancous values of
the elements will change slowly,

The following sections are concarnod with a method for analyzing the
minimum-fuel change of orbitnl elements of a space vonicle which transfers
between neighboring elliptic orbits [6, 11, 27, 23]. Ao in the foregoing
investigations, both tho terminal ellipses are assumed to be of small eccon-
tricities. The propulsion system that offocts the change of the orbital

elements is considered to be powor-limited and thrust-variable., Tho analysis

* 1In this cose the cost function J is obtained by summing up the in-plane com-

ponent as shown in Fig. 3.3 and the out-of-plano component aas in Fig. 3.10.



is carried out under the assumption that the thrust accelerantion is small
compared with the gravity acceleration and that tho porturbations of the
orbital eloments duo to thrust are osmall,

Tho optimal thrust program is determined and tho fuel consumption under
the action of this thrust program is calculated, Tho rosults obtained are

compared with those of the preceding sections.

3.7 Orbital Elements and Their Perturbation

In colestial mechanics\unAorbit and the position of n body in that orbit
aro dofined by six constonts called orbital eolements [1, pp, 17-19]., Three
of them dofine th§ spatial oriontation of the ordbit, and two of thom spocify
tho sizo and shape of tho.orbit, Tho sixth orbvitnl slcomont is roquired for
the angular position of the body,

Figure 3,13 illustrates é typical elliptic orbit of n space veohicls,

. The roferonce plane is a plane which includes tho conter E of gravitational
forco and m reference line EL. The line of intornoctio? of the orbital plano
and the reference plano is called the lino of nodos, If the direction of
motion of the vehicle is as indicated by tho arrow, the point N ia referred

to as the asconding node, Then the longitudo of tho asconding node 2 is
given by the angle LEN. The angle of inclination of' thoe orbit plasne to the
reference plane is denotod by { . Those two olemonts oriont tho orbital plane,
Tho third element orients the orbit w;thiﬁ tho orbital plano. Nomoly, the

argument of perigee &) is the angle botweon the linos EN ond BP.* Tt is

* The poerigee and the apogoe are doenoted by tho points P and A in Fig. 3.13,

(]

respoctively,
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custonmary to denote the sum R+ by 53, called tho longltude of porigoo,*
The size of tho orbit is specified by the somimajor axis a and tho sh;po by
the eccentricity £ . The sixth element, whiech may bo definod in several
ways, gpccifiies the angular position of the vohicle & in its orbit st a par-
ticular timo, or the time at which it paases a particular point.

The orbital eloments are constant if there is no forco othor than the
earth gravitation; howover, if a porturbing force is applied to tho vehicle
3, the values of olemonts will change with timo. This changs is called
porturbation of the orbitanl elemonts, 1In celestinl mechanics, thors have
boon a number of investigations which doal with tho perturbation of an orbit,
According to Ref, 36 tho rates of changes of the orbitul elements are given

by the following oquationa:

5

da
dt

a

M(L - €7

f 2 ’ 2,
%% - a (1 Z ) ( 2 cosl 4+ E(L + con” %) dl . ain’l-rx2]
A 1 + £ coas )
%?= /2 Q- 62)[ inl-(2 + €co8 ) | tonneo
M E2 1l + € cos 1 2

€ tan({ /2)enin( 7 + © -8

14+ € cos 7

((1 + & cos 7)(&1 + £ oin 7-(*2]

r (3.57)

O( 5]

a.
~

3‘-‘/:1(1-52).¢:os('z+[[)_JQ>O<
M 1+ £ cosf >

a9 /a@- €% _sin(l + @ -8 o
at M sin(+(l + & cos?) 5 )

* It should be noted that this is not a longitude in the ordinary sense

f=%
o

bocause it is measured in two different planoa,



“In £qs. (3.57), cil, (K2, and O<x are, respoctivoly, wns circumforential,

e .
radial, and normal compononts of tho veohiclo acceloration dus to a por-
turbing force (seoc Fig, 3.13). The constant ({ is tho product of the univer-
sal gravitational constant and the mass of ths cartn, and % denotes the

true anomaly of the vehicle, i.e., tho anple botveen lines 2P and ©S,

5,8 Equations of lotion of the Vehicle

Our problem is to change the elements of tho initial orbit to thoseo of
a given targot orbit with use of a suitanblo controlling thrust, For convo-
nionce of calculation we choose the initial orbit plano ss a reforence plano,
and the line of apsides EPO of the initial orbit as a refo;once line (seo
Fig.3.1¥). Furthermore, in order to defino the pooition of the vehicle during
transfer, we consider the same rectangular coordinato system as defined in
Sec. 3.2(a). That is, the origin O of the coordinate systom revolves along
the initisl orbit in the direction of the arrow on the trajoctory. Axis j
is directod outward mlong the local vortical and axis i is porpendicular to
axis j in the initial orbit plane, Axis k i3 noraal to tin orbit plano and
directed so as to form the coordinates i,j,ic a right-handed triad, Tho time
origin is chosen as t = 0 when the point O passes tnrousin Lhe perigne PO of
the initial orbit. et x, y, and z be the i, j, and k-componenta of the
vehiclé displacement relative to the origin 0, respectivoly.

At any instant of timo, the position and volocity vectors of the vehicle

may be used to define an instantancous conic path, i.e., an osculating orbit,»*

* The osculating orbit is the orbit which tho vonicio would follow if at any

time all perturbing forces suddenly vanished [1, pp. 188-190].



91

Then the displacements x, y, z and their time derlivatives are related to the

osculating elements by the followling equationss

b
u

(7+.w ~ 8)&0

a-a
dx / 0 &
e ag [1_5-—-—-—8-8—-——26003(9 W) +2£Ocos 9]

cos 6 ]

«
|

"a—ao[1+ € cos(B - w) - &

g%;/%% e sin( 6 -&) - &, s4n 6]

2 -'-'-—{faosin(e-.Q'_)
dz _ _ ;[ MK -
3t t/;cos(ﬁ 2) \ )

where the subscript O denotes the value of elements of the initial orbit,

r (3.58)

i1s the true anomaly of the origin O in the initial orbit plane (see Fig.
‘3.114). In the derivation of Eqs, (3.58), quantities of order higher than the
first in €, &, ¢, (a - ao)/ao, and 7 + @ - 0 are neglected.

In the present study, a set of state variables Xyr Xpy eee s Xg consist
of six variables defined by the following combinations of the orbital ele-

ments a, £, W, { ’ (@ s-and the displacemont xs

x =(a-ag)/ag ~ x, =x/ag
Xy = € sin W x, = € cos w (3.59)
xs:sini.sin.Q x, = sin {+ cos (2

Note that these state variables are dimonsionless quantities, The control

variables Al, Az, A3 are orthogonal 1, j, k-components of the thrust acceler—
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ation vector A, For convenience we introduce the dimensionless controls Uy

Uy Uy and the dimensionless time T. defined by

-2 — "
uy = Aj/aon (3 = 1,2,3) T=nt (3.60)
where n 1s the mean angular velocity of the initial orbital motion, i,e,,

A= /U/ag (3.61)

The true anomaly € of the point O can be expressed as

O =t +2¢& sinnt (3.62)

with neglect of terms of order higher than the first in 80.* Substitution

of Eq. (3.62) into the first equation of (3.58) gives
=5t - w + x/ag + 2 £y sin Hit (3.63)

The two set§ of components K Aoy 0(3 and Al, AZ’ A3 of the veohicle

acceleration due to controlling thrust are related to each other by

ofy 1 - (1+W=-6) ={cos(]+w-=-5) Ay
oL, |= "+ w -0 o 1 -4 sin(7 + 0 =5)) A, (3.64)
<‘><3 { cos(0-5) 1{sin(6-9) 1 A3

Terms of order higher than the first in { and 7 + W - & are neglected in

* It should be noted that, throughout the foregoing investigations in
Secs, 3,2 to 3.5y the eccentricity of the initial orbit was denoted by
€ 1instead .of Eqe
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Eq. (3.64).

Under the assumption that the thrust acceleration is small compared with
the gravity acceleration and, consequently, the perturbations of the orbital
olements due to thrust are small, x, and “j defined by Eqs, (3.59) and (3,60)
ma& be regarded as small quantities. Substituting Eqs. (3.59) through (3.64)
into Eqs. (3.57) and the second equation of (3.58), and thereupon disrogard-
ing quantities of order higher than the first in x, and uJ ylelds the follow-

ing equations for the state variabless

. _ » -w

Xy = 2u1 '

x, = - l.5x1 4+ 2s5in T~ x3 + 2cos T+ x, = 2 £ocos'f

x3 = 2s5in T~ uy = cos T- u,

. > (3.65)
xu = 2cos T- u1 + sin T “2

x5 = =s5in T- u3

x6 = = cos T u3

where a dot over a quantity denotes differentiation with respect to T,
The last two equations of (3,65), representing the out-of-plane motion,

are independent of the first four equations of the in-plane motion,

3.9 Optimal Control Functions in Terms of Orbital Elements

Now the problem is to obtain the optimal controls for the minimum-fuel
transfer of a power-limited rocket with unbounded thrust acceleration in a

prescribed time, Mathematically, it requires that the following functional



o

is to be minimizeds®*

75+T
1] 2 4 uf +u)d'r (3.66)

The controls to bo optimized are the dimensionless compononts Uyy Un and u

2
of the thrust acceloration, In Eq, (3.66) T is a prescribed transfor time

3

and To denotes the instant of departure of the vehicle from the initial
orbit, |

By proceeding in the same manner as in Sec, 3.3, the optimal controls
can be obtained by using the maximum principle, The Hamiltonian of the

problem is given by [30, pp. 9 - 21]

H = [(Zpi + 2sin7- P4 + 2cos ‘l’-pu)u1 - %‘ui]
= [(cos 't-p3 - siln’l”-pu)u2 + %‘u%]
- [(s}n T-pg + cos ’(-pé)u3 + %u%]
- p2(1.5x1 - 2sin ToXB ~ 2cos Tex, + 2€,con T) (3.67)

?

where the auxiliary variables p's satisfy the sot of differential equations

f,3 = - 2s5in7. P, f’h = - 2co8 T P, (3.68)
1.35 =0 1.36 =0

From Eq. (3.67), the optimal controls 'ﬁj are obtained, as functions of

the variables Pys as

% Ses Eq. (3.19).



=]
-
i

2p1 + 251n’f~p3 + 2cos’t-pu

- cos’I’-p3 t sinT.p, (3.69)

"

£l
N

=3
i

3 = - sin'T-p5 - cos’f-pé

Constants introduced by integrating Eqs. (3.65) and (3.68) must bo de-~
termined éo as to satisf{y the boundary conditions and transversality condi-
tions of the problem, Prior to application of the thrust acceleration, all
" the orbital elements'are equivalent to those of the initial orbit, Hence wo

have

x1:x2213=x5=x6=0 and Xu:' 60 (3-70)

at T= Ty At the instant of arrival to the target orbit T = Ty + T E'T},

we have the conditions

X A x3 = EOE sin u% | x), = EOE cos u%
(3.71)

;5 tf sin ng x6 = tf cos ng

where A = (8f,- ao)/ao, E = 6f/ Ege* In a problem of orbit transfer the
position of the vehicle on the target orbit is not specified, that 1s, the
value of x, at T = 'Tf is free, Consequently, transversality condition at

T = T} requires that [30, pp. 45 - 50]

p, = 0 : at T = T, (3.72)

We can carry out integration of Eqs. (3.65) and (3.68) with considera-

tion of the conditions (3.70), (3.71), and (3.72). By substitution of the

# The subscript f denotes the value of elements of the target orbit,
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results thus obtained into Eqs, (3.69), we have the followlng expressions for

the optimal controlss

- 1 ]
W= 2 2
(5T - 3sin ™[ 5T° + 3T sin T - 32sin“(7/2)]
>:{A(5T - Jsin 35T + 3san 1) = Botn Fecos(T = Tg = 3)]
-4 60(E cos [f)f - 1)(2(5T - 3sin T) sin er-ocos( TO + %)
~ = (51% - 1651n” Peos T + (3T sin T - 16s1n” 3) cos(T= 2T - T)]}
3, = i
27 (5T - 3sin T)[5T° + 3T sin T - 325in>(1/2)] -
X {Lt A (5T - 3sin T)sin %'sin('f - 15~ %’)
+ 2 EQE sin 51.[(5’1‘2 - 16s:\m2 %) cosT + (37 sin T - 1631n2 %
. — 2 2 1.
X eos(T - 2 Ty = T)] - 2€ o(E cosw, - 1 [(57° - 16sin” 5)sin T
- (3T sin T - 16sin2 %)sin(’l'— 2 TO - T)]}
o 24, : , o
u, = =g [sin T cos(T- 27T, =T+ £2.) - T T-
37 2 - ainlr 0 £ cos{ ] J
(3.73)

Further, by substituting Eqs. (3.73) into Eq, (3.66), tho value of the cost
function J may be written as

: 1
J =
2(5T - 3sin T)[sT2 + 3T sin T — 3251n2(T/2)]




\

2
x<%—(25’r2 - 9sin°T) - esoxsin;g- (5T ~ 35in T)

—~ T T
X[E cos( Ty = Wy +-2-) - cos( To +§-)]

+ 25(2){(51*2 - 16510 ) (1 = 2E cos D+ £°)

- (3T sin T =~ 16sin® D[ cos(2 Ty + T)

- 2E cos(2 T’o + T - UOf) + E“cos(2 To + T - 2¢Of)]}>

, T -sin T.cos(2 Tgt+ T - 2.Qf)
£ 7% = 5in°T - (3.74)

+{
where A, €y Ey Qf, if, U—Bf, and T are given quantities, Tho value of
T which minimizes J of Eq. (3.74) gives the optimal point for departure
from the initial orbit, Note that J of Eq. (3.74) 45 a quantity of order

second in A, Co, and (:f.

3,10 Numerical Examples

(a) Transfer between Coplanar and Coaxial Ellipses of a Same Eccentricity
Lot us examine a case in which the terminal orbits are coplanar, i.e.,
e = O, In this case we may infer that the motion of a vehicle is confined
in the plane of initial orbit,
First, we assume that the terminal ellipses are of a same eccentricity
and coaxial with each other, and that tholr axes are oriented in the same

senso, 1,8,, E = 1 and ‘b_f = 0, Then tho cost function J given by Eq., (3.74)

roduces to



A2(5T + 3 oin T)

J=— p
8[5T° + 3T 8in T - 32 ain (T/2)]

(3.79)

which is independont of the parameoter 'To. In the provious analysis (see
Sec, 3.5a), we have developed J in a power sories with respcot to 60:

0

J=39 s eoJl " (3.76)

The value of J obtained by the present analysis, Eq. (3.75), is equivalent

to J0

in Eq. (3.76), which is in turn equivalent to J for circle-to-circle
tranafer, A term corresponding to €0Jl is disregarded in the presont analysia
bocause it is a quantity of order eo,ka. In othor words, tho moethod of the
presont analysis cannot account for the effect of small eccentricity in case
of this example,

Secondly, we are concerned with the terminal ollipses whioch have a some
occoentricity and a common apse line, but are directod in the opposite sonses
with each other, 1,e.,, E = 1 and (—éf s 1,

Figure 3,15 shows the dependonce of J on 7, calculated by Eq. (3.74).

J consists of terms containing A?, Eo)\, and Eg. On the other hand, the

0 1

dependence of J  and J  in Bq. (3.76) was already shown in Fig. 3.8 in Sec,

3.5(b). J0 is a quantity of ordor A?, while J1 ia a quantity of order A,

 The discrepancy botwoon J of Eq. (3.74) aond that of Eq. (3.76) 18 due to
disregard of terms of order tig in the calculation of the previous analysis,

Figure 316 illustrates time history of the optimal controlu'ﬁ1 (uolid
1ine) and 32 (broken line). Figuro 3.17 shows the corresponding time history
of the orbital elements (a - ao)/aok (solid 1line), 63/50 (broken 1line),

and W/n (chain line),’
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(b) Transfer betwsen Non-Coplanar Ellipses

Let us donsider a case in which tho target orbit 1s inclined with respoot
to the initial orbit.at a small anglo if. Tho out-of-plane component of the
cost function is given by the last torm of tho right side of Bq. (3.74).

This valus ia of oqur_-ﬂ?”and;identical with Jg given by Eq. (3.56) in Sec.
3.5(c), which is the value Jf the cost function for transfor botween oircular
orbits.* A temm corresponding to order {;o{ i 1s disregarded in the present
analysis becauso i£ 13 a quantity of order higher than ths second in the small
parameters,

Let us consider an example in which the terminal orbit Parumotora are
given by

¢

| (f.-:?\— Qf=0.5ﬂ (A)fr.o E=1 and 80=O.2
The dependence of the cost function J on ‘Tb 1s shown dotted in Fig. 3,18,
The solid line represents the result obtained by the foregoing nnalysis which

takes account of the effect of small eccontricity.’f

(¢) Tronsfer from Earth to Mars

Thus far, the problems have been confined to the transfor from ono sat-

ellite orbit of the carth to another one, but the method of analysis can be

* There are some difforgncen in the notation of the terminal orbit parameters
botwoen the cases of the foregoing analysis (Secs, 3.2-3.5) and the prosent
one (Secs. 3,6-3,10), Namely, parsmetors «, ®1» $5, and € in the foregoing
analysis oorreapqnd, respectively, to {f’ ggf, ng - H%, and 60 in the
present analysis,

1 8ee Fig. 3.12,
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applied, without difficulty, to interplanotary orbit tronsfor. Wo now caleu-
lato tho optimal Earth-Mara flight. The result obtainod is conparod with the
numerical solutions which have beon gbtained by W, G. Molbourne [20] end O.
Saltzer [33], 4

The orbital elementq of the earth and Mars arc 1listod in Table 3.1 [1,
PP, 577-5791.!’If woe chooaé.tho Mars orbit as an initial orbit and tho earth
orbit as a target orbit, the following numerical values aro given to ths pa-
rometers;: _

A=a - 0,344 €n=0.093 EXO i.50 (3.77)

By substitution of Eqs. (3.77) into Eq. (3.74), the cost function is given,

in a dimensionless quantity, by

* 1
J = —
(5T = 3 8in T)[5T° + 3T 8in T - 32 aina(T/Z)]

2

x{0.4131° - 0.133 81n® T - 0.138 oin’(1/2)

- 0.128(5T -~ 3 ain-T)-ain(T/2)-coa( To + T/2)

Table 3,1 Orbital elements of tho earth and Mars

Earth Vars
Semimajor axis a 1.0000 A.U,.* 1.5237 A.U,
Eccontricity € 0.0167 0.0934
Inclination { 0.0° 1,850°
Longitude of periholion W 102,3° 335.5°
Longltude of node $2 0.0° h9,2°

* 1 AU, (astronomical unit) = 1.495 x 10} m
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- 0.009[3T ain T = 16 ainz('l‘/2)]coa(2 "co " 'r)} (3.78)
In the M,K.S. system of units we have
g = p2 °65/2 3% = 0.06175 3°  (kwatt/kg) (3.79)

where (L is the product of the univernal gravitational constant and the mass

-
of the sun, and a_ denotes the semimajor axis of Mars orbit, !

0
There have been a number of calculations of a heliocentric transfer
botween the orbits of the earth and Mars., The difficulty of the general
problem lies in the fact that the optimal thrust prog}am is the solution
of a boundary value problem for a system of nonlinear differential equations
subject to nonlinear constraints, A numeriocal rosult was obtalned by W, G,
Melbourne [20]. His procedure consists of generating repeated numerical
solutions of thé Euler-Lagrange oquations on a largo digital computer, varying
the assumed initial conditions until the desired terminal conditions are ap-
proximately matched, 1In order to overcome this two-point boundary value
problem, he has developed an iterative routine designed to efficiently conduct
| parametric analyse;. Application of this method was given to an Earth-Mars
flight, Tho orbit of the earth was assumed circular, The orbit of Mars

possesses an seccentricity of 0.09337 and an inclination of 1.,850° to the

|- Oonstants M end a_ are as follows

0
M = (6,670 x 10711 ma/kg-socz) x (1.991 x 1070 kg)

= 1,328 x 10°° m5/5002

.
B

(1.524 A,U.) x (1.495 x 10' m)

2,278 x 1011 n

|}
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ocliptic plane, The result due to W, G. Melbourns is illustrated by the full
‘line in Fig. 3.19. The variation of the cost function is plotted against the
holiocentric angle from the line of nodes to the rendezvous point, The result
by linear analysis, which is given by Eq. (3.79), is shown dashed in this
figure,

An alternative approach to this variational problem is presented by C,
‘Saltzer and C, W, Fetheroff [33). Following them, it is postulated to approx-
imate the system by a discrete version. That is, tho time interval is sub-
divided into N equal intervals and the trapezoidal rule is used 1n.evn1uation
of the integral in each subinterval, Consequently, tho problem is posed in
the form of minimizing a function of 2(N + 1) variables subject to constraints
expressed by the linear algebraic equations, A gradient technique 1s appli-
cable in order to solve this problem.* Tho numorical results for an Earth-
Mars mission have been presented, It has been assumed that the orbits of
~the earth and Mars are coplanar and that the earth's orbit is circular,
The results obtained are shown in Fig. 3.20., 1In this figure the variation
of the cost function for the Earth-Mars transfer is plotted against the
heliocentric angle between the rendezvous point and the perihelion of Mars
for several flight durations. The results obtained by linear analysis 1s
"also included in Fig, 3.20., The diacrepancy in tho cost function is less

than few ﬁercente.

* According to Ref., 33, this method has been programmed for a medium-size
olectronic digital computer, and satisfactory rosultes have been obtained

for N equal to 10 or 20.
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3.11 Concluding Remarks

The minimum-fuel transfer between neilghboring elliptic orbits for a low-
thrust power—-limlited propulsion system has been discussed. The motion of a
spaée vehicle can be described by either of two sets of variablest

1. displacements and thelr time derivatives in a rotating coordinate
system with the origin moving in an initial orbit about the earth,
2. 1Iinstantaneous values of orbital elements of the vehicle,

In the first case, the analysis has been based on the assumption that
only small deviations of the vehicle from an initial orbit are allowed;
tﬁerefore the gravitational terms in the equation of motion may be linear-
ized. The orbital velocity of the vehicle rovolving along an elliptic orbit
varies periodically in time. This variation brings terms with periodic co-
efficlents into the equation of motion of the vehicle, If the variation is
not so large, the small parameter method is applicable for obtaining an
approximate solution of the equation. Then, we have developed the equation
of motion, control functions, cost function, and so forth in power serles

with respect to the small parameter, that is, the eccentricity £, of the

0
initial orbit, Their first approximations up to and including terms of the
first order in éio have been obtained, Thé zero-order terms show the values
for transfer between circular orbits, while the first-order terms character-
ize transfer between elliptlc orbits. In the case of olliptic terminal
orbits, fuel consumption depends not only on the transfer time but on the
position of departure from the initial orbit, The result obtained clarifies
this dependence; The motion of the vehicle under the action of the optimal

thrust acceleration has also been studied,
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In the second case, the equation of motion of the vehicle has beon ex-~
prossed in terms of the elemonts of 1ts osculating orbit, In this case the
analysis has been carried out undgr the assumption that the thrust accelera-
tion is small compared with the gravity acceleration and that perturbations
of the orbital elements dué to thrust are also small, Consequently, the
quantities of higher order of thrust acceleration terms and the perturbation
terms of the orbital elements have been discarded in the equation of motlion.
The optimal thrust program has been obtained analytically. The fuol consump-
tion under the action of this thrust program has also boen determined,

Slight disagreement between the results obtained by these two method;
has been found in the foregoing numerical examples (see, for example, Fig.
3.18). These differences may be oxplained as followst
(a) Due to the difference of the assumptions for linearization, the equa-

. tions of motion have been derived in the different forms, Namely, in
the first mgthod the equations of motion (3.11) and (3.12) include the
terms of the first order in 630. However, these terms are disregarded
in the second method because they lead to the higher—order quantities
of state variables defined by Eqs. (3.59).

(b) The boundary conditions and the transversality condition of the second
method are given by Eqs. (3,70) through (3.72). This simplification
leads to obtaining the optimal control and the cost function analyti-
cally, On the other hand, in the first method, the boundary conditions
and transversality condition reduce to a system of linear algebraic
equations of many (in general, twenty-six) unknowns,

(¢) In spiﬁe of such different assumptions and conditions, the results ob-

tained by these methods are identical except in a special case, where
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wo deal with the transfer between ellipses of same eccentricity whose
axes aro aligned and orlented in the same sense, In this case the second
method cannot account for the offect of small eccentricity of the tormi-
nal orbits, and the result obtained degenerates into the solution to the
problem of circle~to—circle transfer, The first approach providos bet-~
ter results th@n the second method, as shown in Figs. 3.3 and 3,12,
This is owlng to taking account of the equation of motion up to‘terms
of the first order in 60 in the first appfoach.

(d) In general, the cost function obtained by the second method consists of
terms containing /\2, 60/\, Cg, and i?. Torms of order 607\ and
6%, however, vanish for the above-mentioned speclal case, In thls case
the first method succeeds in calculating the cost function including
terms of order A% i?, Oéi‘

fect of parameters of order higher than Just described are carried out

€()A2, and & Investigations of the ef=-
by solving nonlinear differential equations., If one uses the first set
of state varlables, the small parameter method may be applicable even
to that occasion,

The general problem of trajectory optimization leads to the two-point
boundary value problem for a system of nonlinear differential equations sub-
Ject to nonlinear constraints. The result obtained by the linear analysis
has been compared with the numerical solutions which were previously obtained
for the nonlinear variational problem by W, G. Melbourne and C, Saltzer,
Comparisons have been made for Earth-Mars flight, as shown in Figs, 3.19 and
3.20, Mars has a semimajor axis, a = 1,524 A,U,, By comparison with a =
1.0 A,U, for earth, the separation distance between them is 0,524 A,U, which

is not << 1,0 A,U,, However, it is possible to apply the linear analysié



106

described in this chapter to Earth-Mars transfer with remarkably good accu-

racy,
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Fig. 3.1, Reference coordinate system,
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Target orbit

Fig. 3.2, Transfer between elliptic orbits,
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(a) €=0.2

Fig. 3.7. Optimal transfer orbits ( ot = O, V=0, E=1,

A =01, and T = 7®),
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(b) e=04

Fig. 3.7. Optimal transfer orbits (o =0, YV =0, E = 1,

A=0,1, and T = 1),
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Fig. 3.9. 0p£imal transfor orbit (o4 =0, V=7, E = 1,

A =01, € 20,1, and T = n)
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APPENDIX I

CALCULATIONS OF THE TIME INTERVALS BETWEEN SWITCHINGS OF THE CONTROLS

(REACTION - JET ATTITUDE CONTROL SYSTEN)

In the foaction gas=jot system, as montioned in Chap, 1, the optimal
controls are of an oﬁ-dff typo for‘timo-ahd fuel minimiznation, In this ap-
pendix wo shall calcuiafovtho timo intorvals botween switchings of the con-
trols., 1In th§ timo-optimal control (Sec. 1,5b), substituting the values of
ﬁi and 32 in Table 1,2 info Eq. (1.24) gives the rolationship betweon the
initial state xg (1 =1 to 4) and the switching intervals T) (3 =1tol)
of the controls, On the other hand, in the minimum-fuol control (Sec. 1,6b),
suﬁstituting the values of U, and ﬁz in Table 1.4 into Eq, (1.35)'y101ds the
similar rélation. Whon the normalized angular volocity c is small, the terms
of order higher than ths first in ¢ may bo noglocted in these relations.

Thus the results are shown in what follows,

I.1 Time-Optimal Control

First, for Mode I.l indicated in Table 1,2, wo have

0 1.2 ero3 3 )

T EFFU - HRRTG+ T) mg [T - 2T 7]

o _ c 2 2 :
X = =T+2T, +5 [T°-2(7T - 7)°] .

0_1._2 .2 3 3 ’ 3 g -
X3 =577 - (T - TN+ [T +277 - 27+ 7,)3)

0 _ e 2

X, = T=2T, -5[T f,ZTZ(ZTlf T,)] J

. Similarly, for Mode I.2, wo have
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2 2 2 L .
23T+ T2 - (T - T -2l - 20T+ 1))
0 _ ' L a2 2+
X, = Tl+ T2+ T3 Tu+2[T 2(T1+ ) j’ .
' (1.2)
0 _1.2 _ 2 ¢ 3 3 _ _ 3+
X3 =5 T (’(1,+ Tz) tZ [T + 2 Tl 27 Tb') ]
0 _ T . . T _ccr.o2 2 Y
x, = T + T, TB -z LT +2T° - 27 )]
For Meode 1.3, we have
0,142 1, R
X =57 73(2T1+2T2+ TB) 6[T 2 T,7]
o _ _ ' c 2 _ -2
xz-.T+2T3+2[T 2 17]
- (1.3)
L1212 ¢ 3 ’ T3 - At - 3
AB-?T 1+6[T +2(Tl+_2) T Tu)]
X = =T +2T, -S[(T?-2T (2T, +27T, + T)]
L 1 2 3 12 3
Tho rolations for other modes are obtained from the above relations for
Mode I by simple transformations of the initial values. Namoly, xg in Eqs,

: *
(I.1) through (I.3) should be transformed, corrosponding to each mode, as

Golg == [0 gl = -
- (I.4)
[x2] = [x0] [x0] = (s |
Xy T LXqdg x4 = boly
0 ' ‘ -
(xydqp = - ["(1)]1 ["g]m == ["SJI
~ (1.5)

1

g = - 051 gl = - O],

For instance, [xg] r means the value of x(i for tleden II,



0 0 - 0 0
Dalpy =l 0 Dol = By
' (I.6)
0 0 0 0
Dy == Dadp Dy = - Iy
1.2 Minimum-Fuel Controi
For four submodes of Mode I indicated in Table 1.4, we have
Mode I,1:
0 _1,.2 2 )
x =5 [0 - (T + T - (T + T, + T3)23
. [P3 - 7&3 - (T - 1})3]
o _ c r..2 2 PN
xz'T1+;Tz"Tu-T5+72'[* ~Tl~(1‘—75)] -
0 _ 1.2 2 2 ( (L.7)
X3=§'[T—Tl‘(T-T5)] | '
S rnd . 3 _ 34
+6[T (T1+ Tz) (T1+T2+ Tj)J
O _ &+ _ o _cr2._ 2 e
% = T Gog - (T T = (T + T+ 7)) J
Modo I.2: ‘
== TP- (T T+ TP ‘ )
- S a3 . ’ 3 _ - 37
z (17 - (T + T) (T - T)-]
0.; P c 2 , 2 - 24 -
X = = G- Ttz [17- 0T+ )7 - (7 - )]
0 _1-2 2 24 ( (1.8)
cro3 . 3. ! 3
+3[T Tl (T,1+ T, t TB)]
0 ' 2 L2 2
= T - - C - v - “~
X = ot - G-z7- T (T + G+ )
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Mode I.3
O_ 1.2 2 2 )
Xl-—-z-[L ’Zi (T T,),)J
- 3. - T 37
3.[1‘ (T, + ) (T1+ U, + T.)
0 _ _ C rme _ 2 o 22
XZ—Tl ’('5+2[1. (T, + T) (T + f?_i73)_| _
S )
O _1,.2 2 _ . 2+
x3--2-|:T —(Tl.+ TZ) (71+ T+ T
Sred . T3 ¢ - 3
+ = [T T - (r TS)_J
0_ - - __C_ 2__ ,12_ a 7
X, = Ti + Té‘ T, Té =~ [T U (i T J
Mode I.L:
0 _1,2 2 _ (mo_ T2 ’ )
x| = S [T + Ti (T - 5) |
- T (T o+ T 733
z [t ( Ti £ Tz) (’Tl + 12 + 13) 1
xg == Tym TSP - (T 4 T)% = (T, + T+ 77
2 1 532 17 2 1 2 3
. > (1.10)
0 _1r2_ 2 _ _ 2- .
X373 (T (»Tl+ ’(z) (Ty + T, + Tj) ]
ER AR A
o | T o T S T2 a2
x, = T+ T T, 73 > T+ (1 Tb) J )

The relations for othor modes are obtained by substituting the above

relations for Mode I into Eqs, (I.4) through (I.0).



APPYNDIX II

SUPPLFMENTS CONCERNING OPTIMAL SWITCHING POLICY O 1HK CONTHOLS

(REACTION - WHEEL ATTITUDE CONTROL SYSTEM)

II.1 Calculations of the Time Intervals boatwaon Switchings of tha Controls
As mentioned in Sec, 2,3 (b), the timn-optimnl controls are of a bang-~
bang type in rcaction-§h001 attitude control systoen, .Thn time intervals ba-
twoon switchings of the controls are dotermined by procnedinﬁ in theo samo
manner as described in the case of the reaction gas=jot system. Sinco the
initial values xg 1= 1 to 4) and bl‘ b? aro interrelated by Eqs, (2.7), an
initial stato‘may e givon by prescribing only four of them, The time inter—
vals 73 (j =1 to &) of-oach mode indicatod in Table 1.7 are rnlaﬁod Lq ini~

tial values bl’ bZ’ xg, and xo as {oliows,

3

Mode I.1:

kT _ ook T = TY) STyt Ty

kbl:" + 2o

kbé = - o " Ty Ze”kfr“'- 1

o - .1 -

xp =g [ T-2T, 46, (k7 +1)] >
c . o e
-;’é‘[(k”('fl)('r-?,'(u)-f-x((“ —/3_1

O _lri_,v -

¥y TR [T=27, - b,(kT +1)]
c , SN2, .2 i
_—5[(RT+1)(T—2T?)+k(I—’Il) —'((]’}'f. ’(u) +d-] J

o

(11.1)
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Mode I.2:

- - - T -
kblzﬂkT-Zok(T 1)+201{Tu_1
Kb, = = o <1 + 20 K(T3+ Ty g
L s T 4 T e T - T - u(k7 )]
1 Tk 1 27 3 TS| '
c. 2
...}:i[(k’(-i-l)('(l+ Tz— ’(3- Tle) +k(T3+ Tl;) -ﬁ]
X =E[T 4+ T,= To= T, =b (kT +1)]
3 x 1 2 3 i 2" J
(o] 2 -2 .
—;{-2—[(1r(+1)('(1— Tz' T3+ Tu)+k(T- (1) —k7u -;»chJ
(11.2)
ModeI.B:
ko = KT g (T3t T, & Ty
kbz=-e“CT +20 K0T = Ty
g =l T-2T, 40T + 1)
, ro (I3
(o4 -
+;—§-[(RT+1)(T—2T1) = k(T - T ]
o __1 -
Xy = k[T 2’1’1+b2('k'1’+1)]
c . 2 .2
T LT DOT-2T) i Ty + TP -k v ]
whore
I
T:Z T
IS |
o =by [xT(kT/2 +1) +1] - k T2/2 | (IL.b)
B = b, [kT(kT/2+1)+1]+kT2/2



Tho terms of order higher than the first in ¢ are neglected in the above

oquatibns.
The relations for othor.modos are obtainod from tho above relations for

tfode I by the following transformations of bl’ b?, and xg (1 =1 to L), that

is,

P S R s
[x3) ¢ = O30y ) g = [0y ; (1L, 5)
[oydg = Dopdy Dol = - inyd;
i) == B51, (=1 tow) L

(Ir.6)

(o = = [bydy (=1, 2 |
[x(]).]IV = Exglx [""SJIV = C:“ijt )
[y = = B3 Exﬁl;Q = - [ (1.7)
l~-"'1]1v == [by); oy = [0y

IO.2 Relationship betwnen Initial States and Switching lHodes of the Controls
First, wo consider the region of initial valnes bl and b2 in which the
optimai controls must follow the switching medo I.1 indicated in Table 1.2,
The boundary betwsen the regions for Modes I.1 and 1.2 is givon by making
tiﬁo intorvnl‘7T5 zoro in Table 1,2, On the other hand, in order that the

rogion for Hode I.2 may border on the ropion for lodo IV instead of Mode I.1,
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not only T, but also 'Tl must be zero. Tharelore, a nacesnsary condition for

3

¥ode I.1 to exist is that 'Tl is5 positive when 73 = 0, Pultinge T,ﬁ = 0 in

the first and the seocond equations of (.1} and subtracting tha second {rom

the first becomes

’ “Kk(To + T -« Ty ..
k(o) = b,) = 2e k( Tz + o) (o 71 2 ( I.R)
Thus, wo obtain the rogion of bl and b, for Mode I,1 as
b, = b, < 0 (1.9)

1 7

also be determined, That 1s, the boundary between the reicas for Modes I,?

By the samn procedure as abave, thn recrion of b, and o, for Mode I.73 may
’ - ,

and 1.3 is given by putting ‘Té = 0 in Table 1,2, Tae condition that, in the
absence of Mode I.,3, the reglons for Modus 1,2 and il adioin vach other re-
i

quires T, = 7L = 0. Henecn, in order for Mode I,3 to cxisl 1t 4s necerssary

<

y

that Tb, is positivae when T? = 0, In this caca ws hove, o the firsl and

the second equatibns of (1.3),

' =T
k(by + b)) = 2(n KTh _ 9y < o | ( 11.10)

The conditions for Hbdes I, I, and IV are onlainad frnm tha above con=-
ditions for Mode I by using Eqs, ( I.S5), ( Z.6), and (II.7), respectively.

By wvirtue of Egs. (2.7), the values of by and h, preseribe only two ini-
tial conditions of system (2.4), i.e., syston of four wvariavies., Then the
switching mode of the optimal controls can not bo dotersined uniqualy by pra-

scribing only bl and hz. It is, howaver, seun 'rop ths snasa=nentioned In-
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vostipations that, for Fivon bl and H,, possible switehling modes arn re-
stricted to soveral of twelve modns Listea 1o Tania 1., Lo us now vive the
ralationship botwesn possible, switching modas and the valuns of hl and h? in
what followé.

Seae ble planea in'FiR. I.1l. Tho ines bl -0, = 0 andg hl - pz =0
devide the whole plane into four rogions as marked by A, B, C, and D, It is
defined that ropion A includos the oririn and both bHordsr lines and rnnjnn c
includes neither of them, Table II.1 shows tha suitehtins rodes which tha
optimal controls must follow for tho initial conditions preceribed in each
region of b1b2 plane. Lot us now sot bl and b2 in one of the regions, say
~ A. By rotating this point (bl’ bz)'about tho origin in the clockwise di-
rection through the angles n/2, @, and Ji/e, the point is transterred to
reglons B, C, and D, respectively, Then wa readily concludn from Table II,1

and Eqs, (IL.5) through (II.7) that, for suiech b, and b, tho possible switch-

ing modes are restricted to I.2, I.2, .3, I.1, II.2, TI.2, 1IV.1, and IV.2.

Table II.1 Possible switching mode of U, and .
L

<.

for various valuns of b1 and b

2
Region of blb2 plane Poszibio modo of switching
A 2 (for each of Mode I ~ IV listwi in Table 1,2)
B 2, 3 ( LI ditto LAC) )
¢ - L, 2, 3 ( ees (iitto e )
D | 1, 2 ' cor GiLLO ees )
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Which mode of these has to be used depends, of courso, on the remalning ini-
- tial conditions,
In Sec, 2.3 (b), we have discussed two numerical oxamples as 1llustratad

in Figs. 2.1 and 2,3, In the first oxampla, bl and b, unrre sat equal to zaro,

e

These values correspond to the origin of blbq plane, By the above-mantloned
2 .
rotation in ble plane, the origin does no* move but remains in region A,

This means that the possible switching modes ave coalined 1o Hodes I.2, Ir.z,

II.2, and IV.2 in Table 1.2, Thus wo obtain the same resuli. as shown in Fie,

2,1,
Next we have put b1 = b2 = 0,72 in thn sncond examnle {11ustrated in Figp.

2.3, In this caso, rotation of point (0,2, 0.2) in by, »laue by /7, 1K,

o
i
1

37/2 radians transfers this point from re:ion A to A, B, and D, raspectively,
Consequently, it terns out that lodes I.2, 1,2, II.2, ul.3, iV.1l, and I1V.?

have to be used as the switching mode of ﬁl and u_ in ordsr to restore any

initial statae xg to the origin. This also apress with tha resull shown in

Fig, 2.3,



Fig. II.1. Rotationa of tho point (bl' b2).
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APPERDIX IO
SOLUTIONS CF THE EQUATION OF MOTICH

In Sec. 3.3 the goneral solutions of thn aguation of motion wore glven

by Eqs. (3.38) and (3.39). This nppendii supplements the dotailed forms of '

ng and Xij in Eqs. (3.38) and (3.39) as follows 3

x%(1,1) = - 16T + /272 + 16 sin 7
x°(1,2) = = 16 + 16 cos T + 10T sin T
Xo(l;fj) =127 - 22 sinT + 10T cos T
0 _ 2
X(1,4) ==-12+9/2T° 4+ 12 cos T
x%(1,5) = - 1
,0 _ ;
£(L,6) =3T -4 sin T
O/q iy _ : )
£(4,7) ==-6T+6sinT
o P
X(1,8) ==2+2cos T
x1(1,1) = 16T - /273 = 20 sinT - 20Tcas T + 32 T2 cos T + 12 sin 27
111,2) = - 3832 + 36 T2 + 54473 cos T + 60T sinT + 61/6 cos 2T
+15/2Tsin 2T
Xl(l,B) =121/27T - 3’(3 - 212/3 sin T + 32 Tcos T = U4i/3 sin 2T

+ 15/2 Tcos 27T

For conveniencs, Xij and ng aro donoted: by Xo(i,j) and xl(i,j),

respectively, -
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xl(l;u)
£,5)
x}(1,6)
t1,7)

X*(1,8)

x°(2,1)
x%(2,2)
x°(2,3)
x°(2,4)
1%z, 5)
x°(2,6)
1°(2,7)

x°(2,8)

X*(2,1)

%X2,2)

x(2,3)

Xt (2,1)

(2,5)

1l

i

i

il

i
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171 - 63/2T% = 180 cos T ~ 45T ain T + 9/2 T cos T + 9 cos 2T

- 14 cos T

3T + BTcosT -3 sin 27

=157 +12 sinT =~ 6Tcos\l’ + 9/2 sin 27T

/2 - 2

cos T + 3/2 cos 27T

- 16 + 9/2T2 + 16 cos T

~6sinT + 10T cos T

12 - 12 cos T -~ 10Tsin T

9T - 12 sin T

0

3 ~U4 cosT

-6+ 6 cos T

o]
%

sin

T

2 . v .
16 = 9/2 T = 40 cos T + 20TsinT + 9/2 T° cos 1 = 3/2 TjsinT

+ 24 cos 2T

72T = 364/3 sin T + 60Tcos T = 77/6 sin 2T + 15Tcos 27T

121/2 - 9‘(2 = 116/3 cos T = 32T sin T - 131/6 cos

- 157 s5in 2T

- 63T +135€inT = 36Tcos T - 9/2 T?' sin T = 18 5din 27

S5

in T

o)
‘“

T
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3+ 3 cosT - 3TsinT - 6 cos 2T
—15+6cosT +6TsinT + 9 cos 27T

2sinT - 3 s5in 27T

8-3’(2—80037'

sin T - 5T cos T

(6,

=84+ 8B cosT + 5Tsin T

-6T + 6 sin T

2 + 2 cos T
L -3 cos T

sin T

3 T2 + 8 cos T - 18TsinT + 37'? cos T+ 3/2 ’«""'.) sin 1 - 8 cos 21
= A37T 4+ 196/3 sin T = 30 Ccos T + 20/3 rin 20 - 5\ Teon 2T
- 47 + 6 Tz + 112/3 cos T+ 22T sin T+ 29/ cos 20T + 51 sin 2'1‘
L2T - 165/2 sin T + 57/2 Teos T + Q/2 77 sin U+ 6 sln 2T

0

-4+ 2 cosT + 3T>sinT + 2 cos 27

(WA
v}
-

13 10 cosT =~ 67Tsin T - 3 cos

-2s8inT +sin 27



20,1)
s, 2)
x°(4,3)
KOl 1)
O, 5)
04, 6)
KO(L,7)

x%(k,8)

X u,1)
1w, 2)
1M, 3)
X1l 1)
xl(u,B)
11, 6)
l,7)

xl(u,8)

x°(5, 9)
x°(5,10)
x%(5,11)

- ¥%(5,12)

1

i
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-6T+8s3in T
5Tsin T

- 3sinT + 5Tcos T

i

6+ 6 cos T

2 sin T

3sin T

cos T

6T =26 sinT = 127Tcos T + 3/2 TZ sin T + 3/2 '1'3 cos T + 16 sin 2T
= 43+ 104/3 cos T + 30TsinT + 25/3 cos 2T + 10T sin 27T

12T - 46/3 sinT +‘ 22 Tcos T = 43/3 s?';n 2T 4+ 10Tcos 2T

42 - 5“ cos T = 39/2Tsin T + 9/2 T cos T + 12 cos 2T

o

sinT + 3Tcos T - l& sin 27

L sin T - 6 Tcos T‘+ 6 sin 2T

-2 cosT +2 cos 27T

- 1/2(sin T = T cos T)
1/2Tsin T
cos T

sin T



.A’:,.

x5, 9)
x}(5,10)
x(5,11)

x¥(5,12)

°(6, 9)
KO(6,10)
x°(6,11)

x°(6,12)

(6, 9)
Xl(é,lo)
x*(6,11)

x1(6,12)

i
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JUT +11/6 sin T - 1/2Tcos T - 5/12 win 27 + /W T cos oy

3/2 + 4/3 cos T + 1/2Tsin T + 1/6 cos 27 + 1/ Tsin 27T

3/2 + cos T + 1/2 cos 2T

sinT + 1/2 sin 27T

1/2Tsin T

1/2(sin T + TecosT)"

-sin T

cos T

Y4 +4/3 cosT + 1/2TsinT = 7/12 cos 21 - 1/2Tsin 27
- 5/6sin T+ 1/2Tcos T = 1/12 sin 27 + 1/2 Tcos 27
- sinT - 5in 27T

- cos T + cos 2T



APPENDIX IV
DERIVATION OF THE BOUNDARY CONDITION

"~ The l;oundary condition at the final point of a transfer was givon by
Egs. (3.41) and (3.42) 15 Sec, 3.4. This condition was dorlved as follows,
Let us imagine a vohlicle Si revolving along the target ellipse in the gravi-
ty-force field, ;Th'o‘vohic':lo S 15 assumed to colncide with Si at the final
point of the transfer. The condition for_coincidencn of the two vnhlcl_os 5

and Si demands the following relationss

*1r = (1L +A )[sin( sz - ¢2) cos( 61.‘ - d>1) cos ok
- cos( sz - QSZ) sin( Bf - le)](l - EE cos sz)
xzf = - (1 + A ){ Sin( G?f - ¢2) Sin( Hf - ¢1) cos X

t cos( 6, = ¢b,) cos( 6, = &)

= (Ry/f)[eos( B,y = b,) cos( O = b,) cos ok

+5in( Gy = b,) sin( G, - 6]}

+ €+ A){(E cos By - 2 cos B)[sin( Oy = b,) sin( G - $,) cos
+ cos( O,p = ®,) cos( ef - )]+ (7i/n) E[cos( 6, - $,) cos ¢, cos
- sin( 6, = $,) sin ,])

ba]
il

3r {-— 1+ ‘(1-+ A )[gin( 925 - (f)é) sin( Gf - </’1) cos oA
+ cos( sz - 9’)2) co:;(.ei; - q‘>l)j} + € { cos ¢,
- B(1 + A) cos Qéf[sin( 8,0 - 952)_ sin( 6; - 951) cos o
teos( 0,0 = ¢,) cos( O, - &)1}

(1+ A){éi'n( sz - ¢2) cos(_@r - ¢>i) cos ok
- cos( 621‘ - 952) sin( 8, - b

oy

1

144
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+ (ﬁz/ﬁ)[cos( sz‘- ‘¢2) sin( Gf - ¢l) cos
- sin( By = ¢,) cos( B, = b,)]]
+ & <‘- éin Gf + (1 + /\){(2 cos Gf
- E cos sz)[sin( sz - <ﬁ2) cos( C& - <$1) con A
= cos( B0 = Bb,) sin( B, = b)] ‘

+ (ﬁé/ﬁ), E[sin( Gf - sbl) sin (/)2 cos X + cos( (9{. - (/)l) :".‘ln $/>2]}>

~
)

50 = (L+A) sindk sin( 6, - ¢>2)’(1 - €K cos 0,.)

xge = (L + A)(FyR) sinofeos( O,0 = h,) + € cos ] J
' ' (Iv.1)
whore 6 is thc; true anomaly of tho oripin O along tho initial ellipse, while
62 is the true Lanonmly of the vohicle S;L alonp, the ’;ar;’:ot ollipse, N and
52 are the moan :in,r;ular velocitios of tho oririn and S,{, rosnactively, The
othor symbols are as defined in Sec. 3.4, The subseript £ denotes tho valuae
of the variables measured at the final tine Tf, Under the assumption that
the eccentricity € is not s.o large, terms of order hirher than the first in

€ are discarded in the above and the followingz equations,

The mean \.relocities n and ?1—2 aro approximataly given by

no= s dd o |

n, = Jéu//g3(1 + )2

(1v.2)

where /,( is the prbduct of the universal zravitational constant times tho

mass of the earth, From Eqs, (IV.2) wo obtain approximately,

n/f=1-15A (1v.3)
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From Eq. (3.2),. 81. is givon by

61. = T, +2€& oin [ . (1V.4)

The anplo AD  dofined by Fig. 3.2 wmay be written, by nosleciini: terms of

order highor than tho first in A, as

46 = 8, - O+ v ‘ (1V.5)

where \ = QSl - </>2 . Equation (IV.5) rivos

H

B, = 6, + 06 -

T'f + AB - +2€ 5in T, (1v.06)

1]

Substitution of Eqs. (IV.3), (IV.4) and (J.V 6) into igs. (IV.1) gives the
boundary conditions (3,41) and (3.42), which 15 corract up to the first
order in € , Terms of order higher than the first in tae snall quantilies

X, A and AB are also discarded in Egs. (3.41) and (3.42).
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