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Classification of curves in ~3 and related topics 

Introduction 

The purpose of this seminar was to study the classification of curves 

in w3
, and look for applications to a) subvarieties of codimension two in 

Pn, and b) vector bundles of rank two on Pn for n ~ 3. In particular, 

we hoped to read the long papers of Max Noether LlO] and G. Halphen [4] 

from the year 1882, to see what their results were, and find modern proofs 

for them. We succeeded only partially. 

Of course, curves are classified first by the numerical invariants 

d=degree, and g=genus. After that, for fixed d, g, one knows from the 

theory of the Chow variety or the Hilbert scheme, that the curves with 

given d, g forma finite number of irreducible algebraic families. 

Ideally, one would like to know which values of d and g occur, and 

then the structure of the families of those curves. 

Already a non-trivial problem is to determine for which ordered pairs 

<d, g> there exists an irreducible non-singular curve X of degree d and 

genus g • jp3 
in • We spent a fair arnount of time on this question. 

can summarize the results as follows. 

a) We always have d > 0, g ~O. 

b) If X is a plane curve 1 g ~ z-<d-1) (d-2). 

c) If X does not lie in a plane, then 

g ~ 

4<l2 
- d + 1 

4 

1 2 
4<d -1)- d + 1 

- 1 -

if d even 

if d odd 

We 



Furthermore, the maximum is attained for each d, and in that case X 

necessarily lies on a quadric surface. 

d) If X lies on a quadric surface, then for some 0 < a < d, we 

have 
2 

g = ad - a - d + 1, and for each such a, there is an irreducible 

non-singular X. 

In addition to these results, we have some information about small 

values of d and g, and about curves lying on a non-singular cubic surface. 

This does not yet completely answer the question of which <d, g> occur. 

There are two further statements in Halphen's book, which taken with the 

above would provide a complete answer, but we were not able to understand 

Halphen's proof nor find a new proof of our own. They are 

e) If X does not lie on a quadric surface, 

then 

g ~ ~(d-l)(d-2) + ~ 

f) If <d, g> satisfies the inequality of e), with d ~ 1 and 

g ~ 0, then there exists an irreducible non-singular curve X of degree 

d and genus g on a cubic surface. 

The matters, along with some preliminaries and related results, occupy 

the first 4 sections of the notes. 

The fifth section is independent. It gives some examples of curves 

which have no smooth deformation in various senses (examples due to Mumford, 

Peskine and Szpiro, and Hartshorne). It still seems to be unknown whether 

every reduced irreducible curve in P 3 has a smooth deformation in P3• 

Sections 6 and 7 deal with the notion of liaison studied by Peskine 

and Szpiro [11]. In particular, we discuss the equivalence relation on 

- 2 -



the· set of curves in IP 3 generated by liaison, and the connection with 

3 
vector bundles of rank 2 on .IP • 

It is my pleasure to thank all the participants of the seminar for 

their interest and support. And especially I would like to thank 

M. 1'1aruyama for organizing the seminar, and 1'1. Ishida and E. Sato for 

writing such clear notes from my disorganized lectures. 
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Robin Hartshorne 
Kyoto 
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