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PREFACE

Thematerialpresentedinthistextisasetoftheresultsofinvestigations

studiedbytheauthoratthegraduateschoolofKyotoUniversityforfive

yearsfrom1958to1963.

Hisefforthasbeenmadetocontributeespeciallytothemathematical

theoriesofthePeriodicallyInterruptedElectricCircuitsandtothetech-

niquesforapplyingthesetheoriestothestudyofvariousengineering

problems.

Duringthepastdecadetherehasbeenconsiderableinterestonthepart

ofengineersandphysicistsintheproblemsdealingwithelectricnetworks

andcontrolsystems.Astheconsequencesofthemathematicaltechniques

inthosefields,forinstance,thefundamentalsoflinearandnon-linearsystem

annlysis,theprobabilitytheory,thetopologicaltheory,theoptimizationand

adaptivemethods,etc.,themoregeneralizedsynthesisandanalysisof

systemshavebeenextensivelyprogressed.

ThefundamentaltheoriesofthePeriodicallyInterruptedElectricCircuits

constructedbyProfessorS.HayashiofKyotoUniversityarewell-known

andusefullmethodsinthefieldsofnetworks,controlprocessesandvarious

engineeringproblems,andthesefundamentalshavebeendevotedobviously

toclarifythepropertiesofthevarioussystemsinthosefields.

Myresearchworkswerecarriedoutundertheguidanceandsupportof

ProfessorS.Hayashiduringmygraduatecourse,andlnowwritethisteχt

underhissupervision,thecontentsofwhichconsistofmypublishedpapers

intheMemoirsoftheFacultyofEngineering,Vols.XXVandXXVI,

KyotoUniversity,withtheassociationofProfessorS.Hayashi.

lamthankfultohimnotonlyforhiscontinuousguidancebutforhis

supportinmyworksandinmakingthistext.lwishalsotoexpressmy

sincereappreciationforthevaluablesuggestionsanddiscussionsgivenme

byalargenumberofstaffsoftheDepartmentofElectricalEngineeringII,

theDepartmentofElectricalEngineeringandtheDepartmentofElectronics.

ThanksareduetostaffmembersofthecenteroftheDigitalComputer

(KDC-1)ofKyotoUniversity,fortheirhelpstomyworks｡

KoichiMiZUKAMI

DepartmentofElectricalEngineeringII,

KyotoUniversity,Japan,

September,1964.
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INTRODUCTION

Thistextisdevotedtothestudyonperiodicallyinterruptedelectric

circuitsanditsapplicationstocontrolsystems.

Ingeneraltheperiodicallyinterruptedelectric･circuitsareclassifiedinto

thefirst,secondandthirdgenera,whosegeneraldescriptions(1)aregiven

asfollows.

Theperiodicallyinterruptedelectriccircuitofthefirstgenusissodefined

thatthedurationsofopeningandclosingofthecircuitcanbecontrolled

onlybyexternalcausesquiteindependentofthephenomenathemselves.

Chopperamplifiers,chopper-modulatedcircuitsandsampled-datafeedback

controlsystemsbelongtothefirstgenus,andt1!eseareinvestigatedin

detailinthistext.

Theperiodicallyinterruptedelectriccircuitofthesecondgenusisso

definedthatonlytheelectromotiveforcesandthecurrentsourcesinthe

circuitvaryperiodicallyandimpulsively,whilethearrangementofthe

impedancesandtheadmittancesremainsunchanged,or,inotherwords,the

connectionsofthecircuitelementsarenotinterchanged.

Theperiodicallyinterruptedelectriccircuitofthethirdgenusissode-

finedthatthedurationsofopeningandclosingoftheinterrupterare

affectedbythephenomenathemselves.Theharmonicproducercircuitsare

workedoutindetailinthetextbythemethodofthethirdgenus.

Thetextconsistsofsixchapters.Thesubjectsofinvestigationarelimited

tothefieldofelectriccircuitsandsampled･datacontrolsystems.Themethod

ofanalysispresentedinthetextmayalsobeapplicabletootherphysical

systems.Nowwesummarizethecontentsandtheobtainedresultsof

eachchapter.

Chapterlisconcernedwith“AStudyoftheTransferFunctionof

ChopperAmplifier."Wefirstconsideronthegeneralanalysisoftheciruit

containingaperiodicallyoperatedswitchsuchasachopper.Thisanalytical

methodisestablishedincomplexdomainbasedonsomemodificationof

thetheoriesofthePeriodicallyInterruptedElectricCircuits.Inthis

establishment,thesolutionforthedifferenceequationplaysanimportant

role,andalsotheusefulnessofthecompleχFourierseriesisdemonstrated

forthesteady-stateanalysisofthechopperamplifier.

(1)S.Hayashi,PeriodicallyInterruptedKlectricCircuits,publishedbyDenki･Shoin,Inc.,

1961.
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Thetransferfunctionsofthetwotypesofthechopperamplifier,that

is,thetransformercoupledchopperamplifierandtheresistance-capacitance

coupledone,arederivedforasinusoidalinputsignal.Thefrequency

characteristicsresultintheformofthefirstorderattenuationcharacteristic

forthetwotypesofthechopperamplifier｡

ChapterIIdealswith“TheSteady-StateandTransientCharacteristics

oftheChopper-ModulatedCircuitHavingFourCircuitModes".InChapterl

wediscussedthechopper-modulatedcircuithavingcommontwocircuit

modes.Herewegenerallyextendtheforegoinganalyticalmethodfora

periodicallyinterruptedelectriccircuithaving;mcircuitmodesanddriven

byacomplexsinewaveinput.Basingonthismethod,onlyatypeof

mostpracticalinterest,thatis,thetransformercoupledchopper-modulated

circuitwhichisfrequentlyusedwithconventionalchopperamplifiers,is

treated｡

Thetransientandthesteady-stateresponsestosinewaveandstepinputs

areeasilyobtained,andthesenumericalresultsareillustratedtomake

clearthetransmissioncharacteristicsofthechopper-modulatedcircuit.

Thedifferenceofthecharacteristicsbetweenthe“breakbeforemake"and

“makebeforebreak"typesofthechopper-modulatedcircuitundercon-

siderationisclarifiedtosomeextent｡

ChapterIlldescribesanapproachtothe“StatisticalAnalysisofChopper

でModulatedCircuits"excitedbyrandominputs°

Ingeneraltheoutputresponseofthenetworkscontainingtimevariable

elementssuchasaperiodicallyoperatedswitchbecomesanonstationary

randomfunction.Firstweintroduce,ingeneral,thestatisticalmethodof

theanalysisofvariablenetworksforinputsignalsofrandomfunction.

Onthebasisofthistechniquethetransmissioncharacteristicsofthe

chopper-modulatedcircuitsoftwotypes,thatis,thetransformercoupled

chopper-modulatedcircuitandtheresistance-capacitancecoupledone,are

clarifiedbyexamingthepropertiesoftheoutputcorrelationfunctionand

powerspectrum｡

ChapterIVintroducesamathematicalmethodforthe“Analysisofthe

HarmonicProducerCircuits"withaferromagneticsaturablecorecoil,

takingtheeffectofmagnetichysteresisintoconsideration.Thismethodis

basedonthetheoriesofthePeriodicallyInterruptedElectricCircuitsof

theThirdGenus,andtheapplicationofadigitalcomputertothesetheories

especiallyplaysanimportantroletoobtainthesteady-stateperformance

･oftheharmonicproducerasaccuratelyaspossible.Fromtheresults
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obtained,wecanfindthattheeffectofthehysteresisofthecoilmakes

thepeakpulsevoltagedecrease,andthatthewidthofthepulsevoltage

increasesinproportiontotheincreaseofthemeasureofthehysteresis.

Chaptervisdevotedto“AnAnalysisofNon-LinearSampled-Data

FeedbackControlSystem".Higherordersystemscontainingasaturating

elementorabacklashelementareinvestigatedbytheanalyticalmethod

basedonthetheoriesofthePeriodicallyInterruptedElectricCircuitsof

theFirstGenus,andalsobymakinguseofthedigitalcomputersimulation

ofthesemethodandthenon-linearelementunderdiscussion.

Themethodpresentedherecanbeappliedtoanyhigherordersystems

withanynon-linearelement.

Someillustrativeeχamplesaretreatedtoshowtheperformanceofthe

systemdynamicsonthebasisoftheanalyticalmethodpresentedhere.

Theexamplesunderconsiderationshowthatinthecaseofastepinputas

wellasinitialconditionsexisting.slightvariationsofinitialvaluesresult

indifferentmodesofperiodicoscillations,whileinthecaseofasinusoidal

input,aslightmodificationofnon-linearcharacterieticsresultsinforced

oscillationsinonecaseandinsub-harmonicoscillationsinanother.

ChapterVIdevelopsamethodfor“AnalysisofSampled-DataFeedback

ControlSystemswithFinitePulseWidth".

Theanalyticalmethodpresentedinthischaptermakeitpossibleto

obtainthetransientandthssteady-stateresponseofsuchsystemscontaining

asamplerwithanypulsewidth.Alsothestabilitycriterionisreadily

developed,anditsapplicationtosystemsunderconsiderationmakesclear

thee汀ectsofthesamplerwithfinitepulsewidthontheperformanceof

sampled‘datafeedbackcontrolsystems.

Itisevidentfromthenumericalresultsoftheexamplesthattheeffects

ofthesamplerwithfinitepulsewidthisofconsiderableimportancefor

theperformanceofthesystem,andthatevenifthecontrolledobjectis

originallyunstable,itssystemcanbemadestablebymakinguseofa

samplerwithfinitepulsewidth.

Theanalyticalresultsinthisinvestigationareexaminedbythesimulation

ofthecontrolsysteminquestionbymeansofanalogcomputer,andthe

simulatedresultsindicateaclosecoincidencewiththeanalyticalones.



CHAPTER･I

ASTUDYOFTHETRANSFERFUNCTIONOF

CHOPPERAMPLIFIERS



2

AStudyoftheTransferFunctionofChopperAmplifiers

SynopsiH.

Thechopperamplifierisfrequentlyusedinseveraltypesofdxanda£

amplifiersaswellasind.cservomechanismsemployinga.ccontrolelements｡

Inthispaperthetransferfunctionofthechopperamplifierisderivedfora

sinusoidalinputsignal.Thechopperamplifierhasachopper,or,acontact

modulatorattheinputelementofanα,Ccoupledamplifiertoprovideameans

ofconvertingd.candlowfrequencysignalstosignalswhichliewithinthepass

bandoftheamplifier.Therefore,wefirstconsideronthegeneralanalysisof

thecircuitscontainingaperiodicallyoperatedswitchsuchasachopper.This

analyticalmethodisbasedonthetheoriesofthePeriodicallyInterruptedElectric

CircuitsandthecomplexFourierseries.Thedemodulationoftheamplified

signalisobtainedbyemployingasynchronizingrectifiercircuit.0ra2-phase

inductionmotorattheoutputoftheamplifier｡

Inthesesystemswecaneasilyderivethetransferfunctionofsometypesof

chopperamplifiersandofwhichthesteady･stateperformancecanbeclearly

statedindetail.

1.Introduction

Choppersorcontactmodulatorsplayanimportantroleinmanycircuit

designswheremodulation(ordemodulation)atafixedfrequencyisrequired.

Theiradvantagesforthisserviceincludeextremelyhighratioofopen-

circuittoclosed-circuitresistance,almostnegligibleinternalnoiseanddrift.

andexcellentstabilityandreproducibility･

Thesepropertiesmakethechopperparticularlysuitableforuseinseveral

typesofd.canda.camplifiersaswellasind.cservomechanismemploying

a.ccontrolelements.

Astheinputelementofana.ccoupledamplifier,thechoppermodulator,

whichisdrivenatafairlylowaudioratesuchasa60c/s.convertsd.cand

low-frequencysignalstosignalswhichcouldbeappliedtotheconventional

amplifier.Afteroneormorestagesofvoltageamplification,thesignalmay

bedemodulatedinasecondconvertersuchasasynchronizingrectifiercircuit

toproduceahighleveloutputhavingessentiallytheinputwaveform.
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Therearevariousapplicationsofthechopperamplifierstatedabove,for

example,theamplificationofverysmalldirectvoltageswithaminimumof

driftsuchasad.cmicrovoltmeter.theoperationalamplifierintheanalog

computer,andtheelementsofthecarrier･typeservomechanisminwhichthe

demodulationisusuallyobtainedbymakinguseofa2-phaseinductionmotor.

Inrecentyears,severalresultsl'4)haveservedtoclarifytheperformance

ofthechopperamplifiers.Especiallytheanalysisofthecircuits'^containing

aperiodicallyoperatedswitchsuchasthechopper-modulatedcircuitshasbeen

progressedaswellasthestudyonthetimedivisionmultiplexsystemand

onthetheoryofthetimevaryingparametercircuit.

However,theseprocedures

maybenotsufficienttoshowthe

over-allcharacteristics,thesteady-

stateandtransientcharacteristics

ofthechopperamplifier.

ひ叩防∂.c＼~＼SvncfcroniZfI㎎
か削詣押お心混ﾂﾞ″の印�

Fig.1.Chopperamplifier.

Thepresentpaperintroducesanapproach6)fortheanalysisofthechopper

amplifiershowninFig.1.Forthepurposesofthisanalysis,firstthechopper･

modulatedcircuits,whicharethefundamentalcircuitsintheconfigurations

ofthechopperamplifier,arediscussedmoregenerallyonthebasisofthe

theoriesofthePeriodicallyInterruptedElectricCircuits"andneχtinorderto

showthesteady-statebehaviour.thetransferfunctionofthechopperamplifier

isderivedforasinusoidalinputsignalthroughsomeapproximationsofneglect-

ingthehigherharmonicsattheoutputofthesynchronizingrectifiercircuit

inthechopperamplifier.

2.AnalysisoftheChopper-ModulatedCircuit

Aswasmentionedabove,thechopper-modulatedcircuitplaysanimportant

roleofthemodulationwhichconvertsinputsignalstosignalswhichlinwithin

thepassbandoftheamplifier｡

Nowletusconsiderthegeneralformofthechopper-modulatedcircuitcon-

tainingonechopperandthepassivenetworkwith/storageelementsofL,C

showninFig.2,wherethechopperoperatesideallytakingtwomodes(close

andopen)asillustratedinFig.3.

S轟

1

Fig.2.Chopper･modulated

circuit.
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Hencetheinputsignalissupposedtobethevoltagesignal0ftheform

asafunctionofthefrequencyω.

E{t)=e'"'(1)

whichisconnectedwithaloopcontainingthe戸thelementofthe/storage

elementsoiL,Cwhenthechopperisclose(the1stcircuitmode),whilewhich

isconnectedwithaloopcontainingthej'-thelementofthatwhenthechopper

isopen(the2ndcircuitmod).Thenthedifferentialequationscanbesetup

inthematrixform,forthe1stcircこuitmode

2niZ≪2‥‥･･‥･2112

●

●

●

2i/r"゜゜zui

andforthe2ndcircuitmode

ノ
･
.
一

1
1
2
1
μ

^
S
'
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?
…
…
…
…
４

2212-･･‥･･‥Z211

j
j
j

l
r
I
!
″
f
″
ｙ

･
-
t
N
"
*
■
･
^
"
*

y
y
ｙ

yiU)

坦
yj'it)

y,{t)

一

一

一
一

0
0
…
･
ﾙ
…
0

0
0
･
…
ﾙ
･
:
0

(2)

(3)

whereyit),…,ﾀμ)representtheunknowncurrentsorvoltagessuchthatif

theelementisainductance£,y(1)'sisacurrentflowingthroughtheindue-

tance£,andiftheelementisacapacitanceC,｡y(Z)'sisavoltageatterminals

ofthecapacitanceC.Theoriginoftimeisplacedattimewheneachcircuit

modebegins.Zi'sandz2'Saregivenby

rd十j2

一
一

O｢

Zrり゜0

=±1.

(r=1,2,i,j--=1,2,…,/)
(4)

ByuseoftheLaplacetransformation*,Eqs.(2)and(3)becomeresjjectively

*F(/.)=ﾊﾞ /(Oeりtdt.
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where4jareconstantscomposedof£,Cand0,andj,-o'sareinitialvalues

ofy(i)'sineachcircuitmodeattimet=Q.

Nowforthesakeofabbreviation,Eqs.(5)and(6)canbewritten,respec-

tively,

[y(ヵ)]=[φか]]十(Xか)][y-o](7)

and

[y(Z･)]=(φか)]十[瓦(♪)][ﾀｰo].(8)

ByuseoftheinverseLaplacetransformation**,Eqs.(7)and(8)aretrans-

formedintothetimefunction,respectively,as,forthe1stcircuitmode(chopper

s:close)

[y{t)]=[ら(Z)]十(xμ)][ﾀﾞo](9)

andforthe2ndcircuitmode(choppers:open)

[y(j)]=[9lt)]十[も(Z)][y-o].(10)

Intheseequationstheoriginoftimeisattimewheneachcircuitmode

'ﾘﾘざか~'昴.

riPI)
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begins,hereforgenerality,wechangeittothepointthatthe1stcircuitmode

inthe1ststagebegins,andwesupposetheinputvoltage£(/)tobe

£(/)こEe'(“o)●(11)

Bythechangeoftheorignoftime,theinputEit)isrewrittenas

E{t)=ReJ(゛7｀そθ)･gjuiCt-n7")

and(12)

一一

|

Eit)=EeJ(･"7｀゛″けa)･μ･(″-"T-ti)

whichcanbesupposedtobeappliedatt=れTandatl=が

whereT^-U十Z2=2π/ωc:oneperiodofthechoppers,

Z1:durationofthechoppersclosed,

Z2:durationofthechoppersopened,

れ=0,1,2,………,.

ThereforethesolutionsofEqs.(9)and(10)mayberewrittenasfollowsto

theinput£it)oftheformshowninEq.(11)duringthe･≪-thstage,respectively,

[y{t)]=こEeJCa)Mr+9)[<Piit-nT)]+[ｽﾞ,(t-nT)][如汀]]7ぽ≦]t<nT一隅(13)

and

[y(t)]=£j(J｀(9)(<plt-nT-i,)]十[心(Z-≪T-f,)]D(�ﾄﾞ4)](14)

z汀十t,<tヽて万麗T+T.
一一

Todeterminetheunknownmatrices[y(7ぽ)]and[ﾀ(がr-ﾄZ1)],setting

卜こ11T十hinEq.(13),wehave

[y(nT+ti)]=Re'(゛7‘")[9つI(A)]十[x,(11)][ﾀinT)].

SubstitutingthisvalueintoEq.(14)andsetting;=れT十r,wehave

[y(nT+T]]=£j(binT-tfl)[77]十[j][J佃7]]

where [召]=j叫[ら(ら)]十[心(ら)][9lh)]

[j]=[心(ら)][xlh)].

(15)

(16)

(17)

HencewefindthatEq.(16)isthedifferenceequationhavingthedifference

7'withrespectt0nT.Thesolution[yinT]]ofthisequationiseasilyobtained

accordingtothegeneralmethodforthedifferenceequation,describedinAp-

pendix1,thenwehave

[ﾀ<≪T)]=[j]"[jr]十£μ(“"7"+ej/μ●7[び]-[Zj]}-1[HI

where[び]isaunitmatrixandtheinitialvaluematrix[/]isgivenby

μ]=[y(O)]一心ieiei<^T[び]-[司に1[亙].

(18)

(19)
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Thematrix[召]"iscalculablebyuseoftheSylvesterexpansiontheorem

(seeAppendix2)asfollows.ﾆ

IH屈｡[び]-[j]}
[j]"===Σ昭一弓聡777一一一一(20)

'1n(a｡-α｡)

r¢s

whereOi,･･･,a/arethedistinctlatentrootsof[召].

FromEqs.(16)and(18),wecandeterminetheunknownmatrices,therefore

thevoltageandcurrentoftheR.L.Cnetworkinanycircuitmodesofany

stagesarecalculatedbyEqs.(13)and(14)stepbystep,startingwitharbitrary

initialconditions.

Thestabilityofthissystemcouldbetreatedbyexaminingthelatentroots

of[召]asfollows7).

Nowassumethatthemaχimumabsolutevalueofthelatentrootsa,,･‥,ai

iSα｡thenifIa,-1≧1,thecircuitisunstableandif|a,|<l,thecircuitisstable.

Nextconsiderthecaseofthesteady-statephenomenaforasufficiently

greatvalueofnwhenthecircuitisstable.

FromEq.(20),wehave

lim[j]≪-0.(21)

InthiscaseEq.(18)becomes

[y(れT)]=及j(゛7'゛e){声7[び]-[司ﾄ1[7f](22)

andsubstitutingEqs.(15)and(22)intoEqs.(13)and(14)yieldfinally

[坦]]=EeJ(゛7")([?μ-nT]]十[xlt-nT)]{j゛[び]-[j]}-1[∬])(23)

が
一一

and

[y{t)]=Kp.i(･J7｀り)(f>i">Ti[わ(Z-mT-U)]十[xlt-nT-U)]{[9lU)]十[あ(ZI)]

･{j･7[び]-[Z?]}-1[j7]})11T十乙</<(m+1)T.(24)

Henceinordertoobtainthecomponentsofthedifferentfrequencyinthe

solutions,thesteady-statesolutionmaybeeχpressedinthematrixFourier

seriesexpansion

[y{t)]=及j(“") Σ

吋=s-OQ

[瓦｡]pi""≫c* (25)

where[尺｡]isthelx/columnmatrixhavingtheelementsKmi,KmJ.･‥iKml

definedasfollowsandtheharmonicsoftheinputsignalfrequencydonot

appearinthesolutionswhicharelinealyrelatedtotheinput･

Setting
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[y{t)]

孤7‾四而 =[g{t)]=Σ
ﾀ?1=―oo
[心]

[瓦,]=･}SLﾂ)≒g(z)]e-^"""c'dt.

IEqs.(23)and(24),thematrix[Km]isrewritteninthefor:

[尺｡]=み{S11([Ht)]十(ｽﾞμ)](7)]＼g-jCcu-i-mco･<:^'dt十gJo[<plt)]

十[心[わ](/)])rj(゛十"叫)切}

FromEqs.(23)and(24),thematrix[Km]isrewrittenintheform

(26)

(27)

(28)

ｗhere

[」1ニ)]=卵・7｀[1７]一[jａ]}－｀[j7]

回:詐具次('.)j゛９j‾９｢1r″

づ

ＳubＳtitutingEq.(28)intｏEq.(25),wecanｏbtainingeneralthesteady－Ｓtate

3.TransferFunctionoftheChopperAmplifier

ConsiderthegeneralsystemofthechopperamplifiershowninFig.1.

Inthissystem,thesynchronizingrectifiercircuitisassumedtobethe2-

phaseinductionmotorwhichconvertsa.cvoltagestotorques,andwithno

lossofgeneralitythea.camplifierisassumedtohavenoattenuationand

phaseshift.Itisrighttoconsiderthathigh-orderharmoniccomponentsof

thechopperfrequencymayberemarkablyattenuatedinthissystem,therefore

itissufficienttoconsideronlythosecomponentsintheoutputofthesystem

havingthesamefrequencyasthefundamentalfrequencyω十ωcandω一ωcof

theinputsignal.thatis,inEq.(25)wetakeonlymさ±1andothercomponents

maybenegligib】ysmallatthesystemoutput.

Accordingly,inonecase,theoutputvoltageofthea.camplifierisexpress･

edintheform

y.{t)=EeJ(“"){瓦/り十K-ue-'り}(≪=1,2,…,/)(30)

where尺,,■and尺-,,･isderivedfromEq.(27).

Consideringtheconditionofthesynchronizingrectifiercircuit,thecom-

pletesystemoutputbecomes

巾)几･j(“゛゛){私心jφ十心1/φ},(31)
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multiplyingthe1sttermand2ndtermof(30)by如づ(り゜tφ)and如j(り吋),

respectively,whereφisthephaseangleshiftedinphasewithrespecttothe

inputmodulaterwhichhavetobedeterminedtomaximizethevalue巾)｡

Thetransferfunctionistherelationshipbetweentheinputandoutput

voltagesinthesystem,thenwehave

IG(ω)yφ'=瓦ﾀﾞ仙石=0.5(K�-jφ十K≪eiφ). (32)

Intheremainderofthispaperwewillshowthecharacteristicsoftwo

typesofthechopperamplifierbytheuseofaboveprocedures.

4.TheTransformerCoupledChopperAmplifier

Thetypeconsideredinthissectioniswidelyusedinmanyapplications,0f

whichthechopper･modulatedcircuitconsistsofthetransformertypeshown

inFig.4.TheequivalentcircuitofthistypeisderivedasFig.5.

∂.｢

Fig.4.Chopper-modulated

circuitoftransfor-

mertype.

Fig.5.Equivalentcircuitof

Fig.4.

FromEqs.(2)and(3),thefollowingdifferentialequationscanbesetup,

whenthechopperisclosed

乙(;卜+1)必y(1)十ry{t)=eJωf

andwhenthechopperisopen

L彭(z)十五!'y{t)=0

wherey{t)=m.

Similarly,fromEqs.(22)and(23),thesteady-statesolutionresultsin

yZ)=EeJCo>≪7"十e){ら(Z-11T)十xit-nT)(j゛-β)-1刄}7ぽぷt<nT十h

y{t)=Ee'c≫≪r+9)亀it-nT一h){9μ1)十xl(ZI)(j゛-j)-177}

が

where

9At)=ｸ･･Fjりぶ(ejω■'-e-"0,xlt)^e~'",xlt)^Γβ゛|

P=x,(ら)r,(ら),i/=xlt2)vlh),a-Rr/r(r十R),β=R/L,
--･I皿●'■･･÷.F

(33)

(34)

(35)

(36)

(37)
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Thentheoutputvoltage£必y(1)iseasilyfoundfromEqs.(35)and(36).

Accordingtothesameprocessasbefore,wefind

尺｡=か{＼':m)十ｴ1'(z))ﾙｰj(゛加‘)咄十づ1‰2'(j)良一i(a.+mio｡)″ぶ}(38)

wherg=g-j(“ぞ-"cXi,Z)=(e*>°T_B)-｀H,P=91(ZI)十xih)£)andaccentnotationsmean

differentiation.

Forsimplicity,settingtheduty-ratiotobe0.5,thatis,

t,=t2=0.5

wehave

瓦゜手･‘R石‾有司{と十α十j(二十叫)十癩二心『こ』十〇(叫

尺-1°令'吊ｽﾞﾐ同{‾と詣十j(2十ω｡)‾ﾂ‾ﾆ俘とﾆ‾ﾑﾌﾄﾞo(゜

４
(39)

wheretheterm0(o)isalmostnegligiblecomparingwithotherterms｡

Sincethefrequencyωoftheinputsignalislessthanthechopperfre-

quencyωcandingenerala,β≪ωcissatisfied,thereforetakingintoaccount

theseconditionswecanfinallyobtainthetransferfunctionasfollowsbysub-

stitutingEq.(39)intoEq.(32),wheresomenegligibletermsareremoved,

where

&(ω)=＼G(ω)回'=んご
1+煙

ん=1ﾎﾟﾂﾐjjﾂsin(-φ).

Inthiscasethemaximamgain

ofG(co)isgivenwhenφ=-π/2and

theamplitudeandphasecharacteris･

ticsasafunctionoftheratioω/aor

ω/ωcareshowninFig.6｡

Throughouttheseprocedures,the

duty-ratioWt,wasassumedtobe

0.5,nowweconsidertherelation

betweentheduty-ratioandoutput

voltage.Thisrelationisreadily

foundbycheckingthecoefficient尺1

orK-!fo!‘someduty-i‘atic,There-

″l

ヽ忽

･
I
'
D
―

(40)

(41)

ﾓ

忌

1

∂j

‾を1!t

Fig.6.Transferfunctionofthetrans･

formercoupledchopperamplifier

(A:amplitudecharacteristic)

(jB:phasecharac?teristic)
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lativeresultisshowninFig.7whichshowsthat

theoptimamduty-ratiobecomes0.5aseχpected

5.TheResistance-CapacitaneCoupled

ChopperAmplifier

Theresistance-capacitancetypeshownin

Fig.8hasahighimpedancecharacteristicin

contrastwiththetransformertypehavinga

lowimpedanceone｡

Similartotheprevioussection,thederiva-

tionofthetransferfunctionisgiveninthe

followingwithoutcarefuldiscussions.The

fundamentaldifferentialequationisrepresented

intheformasfollows,forthechoppersclosed

C(r十和知(Z)十丿(Z)=μ“

andforthechoppersopened

(42)

l
n
d
w
n
↑

珪

Fig.7.Relationbetweenthe

duty･ratioandoutput

amplitude.

泗作回亘μ

Fig.8.R.CChopper･modulat-

edcircuit.

I゛c常式t)十ﾀ(z)=o(43)

where｡y(z)E玖Z).

Similarly,thesteady-statesolutionis

迫)=ReiC"≪T゛")凪(f-tiT)十ｽﾞμ-ﾀtT){eJ≫>T_B)-'H}nT<t<nT十ら(44)

y{t)=£が(“"79)･xlt-nT-h){<Plh)十ｽﾞ1(ZI)(が゛-β)-lj7}(45)

�'十らぶZ≦(ﾀz+1)7

where

a+jQ)沁t-e-≫t),ぷ1(Z)=r町,ｽﾞ2(1)=g-μ,|
(46)

B=X,(Qx^it,),H=xlt2)9i{h),a=八/CR,β=1/C(7?十r)｡

Theinputvoltageji?Cly{t)tothea.ccomplifierisreadilyobtainedfrom

Eqs.(44)and(45),andobviouslybecauseofthesameformasthatintheprevious

caseexceptforseveralconstants,wecanstraightforwardlywritethetransfer

functionintheform,settingtheduty･ratiotobe0.5,

where

J(ω)=|G(ω)|･ﾘφ'=ゐｰ一一1

1.幄
(47)
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ん=Jjｼﾞyﾊﾟsin(-φ).

Settingφtobe-π12,thegainofj(ω)becomesthemaximumvaluetoo

ここにこここにこご二∵戮二ぎtobethesame

6.Conclusion

Thepurposeofthispaperistoexplainbrieflythetransferfunctionof

chopperamplifiers.First,wehavediscussedingeneralthechopper-modulated

circuitbythemodifiedtheoriesofthePeriodicallyInterruptedElectricCir-

cuits.Thismodifiedanalyticalmethodhasbeenestablishedforthecomplex

domain,thereforeitismoregeneralandwillbeappliedinvariousfields.

Inthisestablishment,thesolutionforthedifferenceequationhasplayed

animportantroleandtheusefulnessofthecomplexFourierserieshasbeen

demonstratedforthesteady･stateanalysisofthesystem.

Thetransientbehaviourofthecircuitalsocouldbeworkedoutindetail,

althoughhereithasnotbeenexamined.

Basedonthemodifiedtheoriespresentedinthispaper,andprovidedthat

somewhatnegligibletermscouldberemoved,thetransferfunctionhasbeen

determinedforthetwotypesofthechopperamplifier.

Thefrequencycharacteristicshaveresultedinthesamefunctioninthe

twoconfigurationswhichwereexpressedintheformofthe1storderattenuat-

ioncharacteristic.

Itishopedthattheresultsgiveninthe3rdsectionwillnotinanysense

representthelimitoftheapplicationofthisanalysis,butitwillbewidely

availableinotherfields,andthatthetransferfunctionpresentedinthispaper

mayserveasaguidetothecircuitdesignertoobtaingoodsystemperfor-

mance.
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AppendiχI

Solutionsofthedifferenceequation

Thelineardifferenceequationiswritteningeneralintheform

ΣPxiVx^･f=馬
?0

(A.I)



Astudyo∫theTransμΓF'ttHcttonofCfio&fterAmblifiers

where?｡,･andjらrepresentconstantsorfunctionsofｽﾞ.

Thegeneralsolutionofthisequationbecomes

13

jy･=ぷｱﾌμ)∫加μ)血十clﾌﾌIx)十C辺2(x)十…十C,ヽnn(ｴ)(A.2)

wherethe1sttermontherightsideisoneparticularsolutionofthenon-

homogeneousequationof(A.1)byLagrange'smethodandthetermc<nix)十

…十C≪73≪(ｽﾞ)isthegeneralsolutionofthehomogeneousequationof(A.I):

Σ巧り･｡+.=0
i=0

(A.3)

InthespecialcasewhereKχisびandPxiisconstantsa,-,theperticular

solution?7o(ｽﾞ)ofthenonhomogeneousequationcanbereadilyderivedasfollows

Vo{x)=rび/9ｸ(&)(A.4)

where<p(b)isdefinedbythefactthatifsettingy｡=λ'inthefollowinghomo-

geneousequation

Σαぴｽﾞ柳=0
i=0

wehave

y(λ)-αo十α1λ十α2λ2十…十α｡λ"=0

andwhenweputλ=6in(A.6),(p{b)isdetermined.

(A.5)

(A.6)

Forourcasetreatedinsection3,itisclearthat,bytheabovemethod

9[λj]とし[z?]1

andtheparticularsolutionbecomes

770(mT)=EeJ(-7+e){が･7[ひ]-[s]}-1[jf]

andthegeneralsolutionofthehomogeneousequationbecomes

cMnT)=[β]"[71,

thereforethesolution[y(れT)]canbewrittenintheformasEq.(18).

(A.7)

(A.8)

(A.9)

Appendiχ2

Sylvestereχpansiontheorem

Thistheoremstatesthat,ifarisanSr-plelatentrootofasquarematriχ
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[j4]oforderm,andprovidedthatthecorrespondingcharacteristicmatrixhas

fulldegeneracyforthatroot,and

Si+Si十…+S;=m

then

where

F([y1])=ΣF(a｡)[K(a｡)]

[瓦(α,｡)]=ｽ1夢“臨回礼y])

(A.10)

(A.11)

Forourcasetreatedinsection3,thefunctionofmatrixis

F[μ])=[y1]".

thereforetheSylvesterexpansiontheoremforthisiswrittenasEq.(20).
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CHAPTERII

THESTEADY-STATEANDTRANSIENTCHARACTER^

ISTICSOFTHECHOPPER-MODULATEDCIRCUIT

HAVINGFOURCIRCUITMODES



TheSteady-StateandTransientCharacteristicsofthe

Chopper-ModulatedCircuitHavingFourCircuitModes

SynopRi≪

Theproblemconsideredinthispaperisone,ingeneral,ofmakingclearthe

characteristicofchopper-modulatedcircuitsfromthetheoreticalpointofview｡

Thechopper･modulatedcircuitunderconsiderationisassumedtohavefour

circuitmodes.Inapreviousinvestigation,wehavealreadydiscussedachopper･

modulatedcircuithavingcommontwocircuitmodes,andalsohavedeveloped

thevaluableanalyticalmethodforaperiodicallyinterruptedelectriccircuit

havingtwocircuitmodesexcitedbyacomplexsinusoidalinput｡

Hereweshallgenerallyextendtheforegoinganalyticalmethodforaperiodi･

callyinterruptedelectriccircuithavingmcircuitmodesdrivenbyacomplex

sinewaveinputandbasingonthismethod.weshalldiscussachopper･modulated

circuithavingfourcircuitmodes.Onlyatypeofpracticalinterestistreated,

thatis,thetransformercoupledchopper･modulatedcircuitwhichisfrequently

usedwithconventionalchopperamplifiers,andothertypeswhicharenotcon･

sideredhere.Themethodconsideredinthispaperisanavailabletechnique

explainedtomakeclearthesteady･stateandtransientperformanceofthesetypes.

m

1.Introduction

Inconventionalchopperamplifiers,thechopper･modulatedcircuitcommonly

containsamechanicalcontactmodulator,orachopperasanelementofits

circuit.Thiscircuithasanimportantmeanofconvertinganextremelylow

d-cvoltageoraverylowfrequencyalternatingvoltagewithsmallamplitude

intoanalternatingvoltagebeingabletobeamplifiedbyastableaudio･

frequencyamplifier｡

Theusageofthemodulatingdeviceofsuchachopper-modulatedcircuit

generatinganalternatingvoltagehasseveraladvantages,thatis.averylow

internalimpedanceofthecircuit,almostnegligibleinternalnoises,andno

producingdriftthroughthechopperamplifier｡

Thechoppermaybesupposedtotakeonlytwooperationsof“make"and

“break"synchronouslyaccordingtoadrivingforceofthechopper,whichis

oneofthetypesofthechopper･modulatedcircuits.
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However,othertypesofoperationofthechopperinpracticemaybecon-

sidered,thatis,thechopper“makesbeforebreak"and“breaksbeforemake"

synchronouslyatanextrmelylowvoltagegivenasaninputtothechopper

amplifier.Hereweshalldiscussindetailthelattertypeofoperationofthe

chopper.Thistypeisseentohavefourcircuitmodesperonecycleofa

drivingforcetothechopperasshownlaterinthispaper.

Thecircuitofsuchachopper-modulatedcircuitconvertingd･Cora-cvol-

tagesintoanalternatingvoltagemaybeconsideredasaperiodicallyinter-

ruptedelectriccircuitofthefirstgenusl).Thiscircuithavingtwocircuit

modesdrivenbyacomplexsinusoidalinputhasbeenalreadydiscussed,we

havedevelopedtheanalyticalmethodofsuchacircuitand,bytheuseofthis

method,wehaveclarifiedtheperformanceofonetypeofthechopper-modulated

circuit2).

First,theremainderofthispaperisdevotedtothedevelopmentofthe

foregoingmethod,whichisexpandedtobeapplicabletothecircuitshaving

mdifferentmodes3).

Next,theanalysisofthechopper-modulatedcircuithavingfourcircuit

modesisworkedoutindetailtoillustratetheapplicationofthisexpanded

theory,andtomakeclearthecircuitcharacteristics4)5).

2.AnalyticalMethodofaPeriodicallyInterruptedElectric

CircuithavingmCircuitModes

Thegeneralformofthisinterruptedcircuitcontainsonechopperand

severalpassiveelementsofnetworkswith/storageelements£.Casshownin

Fig.1.Itmaybesupposedingeneralthatthiscircuitmayhavethedifferent

operationsofthechopperineachcircuitmodes,andalsohavethevariable

£.C.Rpassiveelementsindifferentcircitmodes.Thatis,itmaybeconsidered

oneofthenetworkscontainingvariableelements.

Nowletussupposethattheinterruptedcircuitunderdiscussionhas附

chopper

゛

ｺﾞ

ﾐ止し

皿

Fig.1.Periodicallyinterrupted

electriccircuit.

/て2べヽ､

f
x

立入P

゛゛や+j)ﾉ ﾉ

Fig.2.Cyclicdiagramillustrat-

ingthemodesofaperiodically

interruptedelectriccircuitper

onestage.
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CircmtHavinsFourCircuitModes‘｀･‘

differentcircuitmodes1,2,…,r,(r+l),…,(w-1),m,1,2,…altermatelyasillus-

tratedinFig.2.

Hencetheinputsignalisassumedtobethevoltagesignaloftheform

asafunctionofthefrequencyω

E(t)=£'""'(2.1)

whichisconnectedwithaloopcontainingther-thelementofthe/storage

elements£,Cwhentheoperationoftheinterruptedcircuitexistsinther-th

circuitmode,whilewhichisconnectedwithaloopcontainingtheﾙｰthelement

ofthe/strorageelements£,Cwhentheoperationofthecircuitexistsinthe

(r+1)-thcircuitmode,andsoon.

Furthermore,assumethattheintervaltrofther-thcircuitmodeisin-

dependentofthenumberofthestage,wherer=l,2,…,扨.

Thenthedifferentialequationscanbewritteninthematrixnotationfor

ther-thcircuitmode

1
1
2
1
n

け
匹
に
に
に
に
に
叫

1
2
°
･

.

み

‘
･
･

●

●

●

●

●

●

Jh
t
t
p
:
/
/
w
w
w
.
.
4
-
i
.
t
-
≫
.
■
^

以
が
=
が
･
･
M

―

一

一 (2.2)

*F(戸)=ﾍﾞﾝ(t)e-“冶

whereyiit),…,yi(/)representtheunknowncurrentsorvo】tages,whichare

denotedinsuchawaythatiftheelemetisainductance£,yitysisacurrent

flowingthroughtheinductance£,andiftheelementisacapacitacceC,v(/)'s

isavoltageatterminalsofthecapacitanceC,andz'saregivenby

ZWi=Ld/dt十j?

=Cd/dt十G,

o｢

Zfij=0

=±1(r=l,2,…,m.i.i=1.2,…,/).

Forsimplicity,Eq.(2.2)isexpressedoftheabbreviateform

[以D]][ﾀ(Z)]=[Writ)](2.3)

whereD=d/dt,y=l,2,…,mandtheoriginofthetimeischosenattheinitial

instantofther-thcircuitmode.

BytheuseoftheLaplacetransformation*.Eq.(2.3)
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[Z｡(j)](yり)]=[WriP)]十/･[司[y-o],

[玖♪]]=[Z｡(♪)]-1[W{p)]十瓦乙り)]-1[司[y-゜]

(2.4)

(2.5)

wheretheelementsofthematrix[ﾀｰo]generallydenotetheinitialvaluesof

thefirstkindcorrespondingtotheelementsofthematrix[y{t)],whichare

identicallyequaltothefinalvaluesoftheelementofthecurrent-andvoltage-

matrices[y{.t)]intheprecedingir-lﾄthcircuitmode,and[球]denotethe

initialmatrixcorrespondingtothematrix[z｡{D)],butinthispaper,for

simplicityoftheanalysiswithnolossofgenerality,weshalltreatthespecial

caseofthatthematrix[zr]isuniformatt=0,orinotherwords,provided

that[zﾌﾞ)]=[4o]=[z?],thereforetheinitialvaluesofelementsofthematrix

[y-0]areuniformatt=0.

TheoperationalsolutionsofEq.(2.5)aretransformedintothetimefunc-

tionbytheuseoftheinverseLaplacetransformation*,thenwehave

where

[y{t)]=[9r{t)]十[ｴμ]][y-o]

[9μ]]=£･(z,り･)]-1[Writ･)]

(ｽﾞμ)]=り♪[z｡(♪)]-1{41.

}

(2.6)

(2.7)

Inthisequation,theoriginoftimeisattheinitialinstantofther-th

circuitmode.Hereforgenerality,wechoosetheoriginofthetimeatatime

whenthe1stcircuitmodeonthe1ststagestarts,andwesupposetheinput

voltageE{t)tobe

£(1)=£μ(“゛゜)●(2.8)

Bychangingtheoriginoftime,theinputE{t)isrewrittenoftheform

E{t)=Eexpり(ω(nT十Σむ)十の}･exp{jco{t―nT―Σむ)}(2.9)
1=1i=l

whichisseentobeappliedattimeZ=nT十Σね,thatis,theinputinthe

i=1ﾀﾀ1
r-thcircuitmodeonthew-thstage,where7=Σtrisoneperiodofthe

operationsofthechopperoradurationofonestageoftheinterruptedcircuit,

andが=0,1,2,….

Therefore,Eq.(2.6)mayberewrittenasfollows,fortheinput£(りofthe

formshowninEq.(2.9)duringther-thcircuitmodeontheﾀ･2-thstage.

[y[り]=Eexp{j{ω(nT十Σむ)十の}[<Pr{t-nT-Σむ)]

r-1i°1r―1f=1r-1｢
十(zμ-仇T-Σむ)]LyinT十ΣZ､)]､11T十Σti<t<nT十Σた(2.10)

*/(z)=むF(♪)==白 翠に旱ε“心.
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Theinitialvaluematrix[y{nT十Σむ)]ontheright･handsideofEq.(2.10)

isrepresentedbythefollowingrecurrenceformulaasreducedfromEq.(2.10)

[J･(hT十ΣZ,)]=£expり(ωUiT十ΣZ,)十∂)]L<Pr-μr-l)]

i゛1μ゛1r-2
十[Xr-,(t｡-,)][y(･汀十Σむ)]｡ (2.11)

Forabbreviation,usingasymbol4-lsuchasr7-r=nT十Σ1｡thenwehave
i=1

[y(r7-1)]=Eexp{j(ωT%2十∂)}[9.｡(ら-1)]十[z｡-μ｡-1]][ﾀ(r7-2)]し

=Eexp{;■(ωΓ7-2十の}[<Pr-ltr-i)]十万exp{;･(ωΓ7-3十θ)}[みｰ,(らｰ,)][?｡-it｡-2)]

十£expU((測1-4十の)[み二鳥,-,]][z｡-It｡-2)][<Pr-ltr-z)]十…

十£;exp{/(ωΓS十∂)}[r｡-μ｡-,]](ｴ｡-ltr-2)]‥･[心(ち)][9ih)]

十[Xr-iUr~i)][z｡-,(か-2)]‥･[r1(11)][y(r3)]｡(2.12)

Thisrecurrenceformulameansthattheinitialvaluematrix[禎汀十Σむ]]

≡≡[y(ふ1)]inther-thcircuitmodeonthen-thstageisgivenbytheinitial

valuematrix[y(nT)]=[ﾀ<rS)]whichcouldbegenerallydeterminedbythe

giveninitialvaluematrix[y(O)]inthe1stcircuitmodeonthe1ststageas

shownlater.

NowsubstitutingEq.(2.12)intoEq.(2.10),wehaveﾆ

[y{t)]=Eexp{/(ωΓ7-1十∂)}[?｡(Z一球-1)]

r-1r一劃一I麗一1
十Eexp{j(ω7z7十の}[ｴ｡{t~r",)]Σ{exp(加Σら){n[r｡-ぷ｡-｡]])[9.､(Z｡-｡)]}

｡.≪=1S=1j=1

十[Xr{t~Tl.-d]児[ｴ｡-｡(z｡-｡)])[y{nT)]｡r'}-l<t<T"r (2.13)

Settingﾄ=nT+Tandr=minEq.(2.13),weobtaintheimportantrelation

oftheform

where

[ﾀ(れT+7)]=£exp{j{conT十の}[j7]十[司[y(tiT)]

[7f]=Σ{exp(;cuΣら)(∬[らｰぶ｡-｡]])[らｰぶｰ｡]]}
ぷrJ=1s-o

[司=77[ちｰ｡(t｡;_s)]｡

(2.14)

(2.15)

SinceitisevidentthatEq.(2.14)isthedifferenceequationhavingthe

difference7withrespecttoれT,thesolution[y(竹T)]ofthisequationiseasily

determinedbythegeneralmethodsolvingthedifferenceequationwhichwas

describedindetailinAppendixlofReferences(2).

Theresultbecomes

[ﾀinT)]=[j]"[7]十Eexp{j(ω11T十の}{expiJQ)T)[び]-[Z?]に1[77](2.16)

where[び]isaunitmatrixandtheinitialvaluematrix[7]isgivenby

[7]=[ﾀ(O)]-£exp(/∂){exp(畑T)[び]-[β]に1[j7].(2.17)
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Thematrix[召]"isca】culablebytheuseoftheSylvesterexpansiontheorem

(seeAppendix2inReferences(2))oftheform

8=1.2I
zn(a.[び]-[j]}

[司"=Σ(両謡を≒(2.18)

y=1‾‾'H((z｡-αΓ)
r¢S

whereai,…,αzarethedistinctlatentrootsof[召].

SubstitutingEq.(2.16)intoEq.(2.13),thesolution[坦]]canbedetermined,

thatiSﾀthecurrentandvoltageoftheinterruptedcircuitinanycircuitmode

onanystageareobtainedingeneralwithgiveninitialvalues.

Now,clearlyaswasmentionedinReferences(2),theperiodicallyinterru･

ptedcircuitinquestionisstable,providedthatthematrix[召]hasdistinct

latentrootsandtheabsolutevalueofeveryrootislessthanunity･

Ifweconsideronlythecaseofthesteady-statephenomenaforsufficiently

greatvalueofnwhenthecircuitisstable,thenwehave,fromEq.(2.18)

lim[j]"=O(2.19)

Thereforetheintialvaluematrix[yiriT)]becomesmoresimpleformsas

[y{nT)]=£exp{j(,co}汀十の}{exvijcoT)[び]-[β]}-1[亙](2.20)

andsubstitutingEq.(2.20)intoEq.(2.13)resultsinthesteady-statesolution.

3.Steady-StateCharacteristicsoftheChopper-ModulatedCircuit

Nowletusconsideratransformercoupledchopper-modulatedcircuit

showninFig.3,havingfourcircuitmodeswhichisatypeof“breakbefore

make"asillustratedinFig.4.

Herewereplacethismodulatedcircuitbyanequivalentcircuitshownin

Fig.5,whosecircuitconstantsarereducedtothoseontheprimarysideofan

inputtransformer,andthechopperonSiandons2areequivalenttothe

chopper:

戸‰首り｢

duration-.'

circuit

Fig.3.Transformercoupled

chopper･modulatedcircuit.

Fig.4.Chopperoperationand

circuitmodes.

£(0

｢

々ﾉ

-

Fig.5.Equivalentcircuit

correspondingtoFig.3

(sonsl:1-F&2-2',son

り:1-2'&l'-2).
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switchyon1-1'&2-2'andon1-2'&2-1'inFig.5respectively.

Bytheapplicationofthemethodinabovesectiontotheproblemin､this

case､wecaneasilyobtainthesteady･statesolutionasfollows.

TheelementsofthematricesinEq.(2.13)inthiscasearegivenby

[･(･)]-[ｺ

竺二言ﾂﾞei白

l:･.('):j一一9)]一にｺ

yl=に｣(3.1)

whereyiit)isthecurrentflowingthroughtheinductance£andy2{t)^Eo{t)is

theterminalvoltageofthecapacitanceC.

(Qμ)1=-｢ら(1)1=｢回?1(3.2)

and

where

where

[似1]]=[?加]==0

91μ)=御引jか一;■≪)},9iμ)=>L/)V{ふ(ヵ一知)}.

[･1(･)]-[･x･]]七ｺﾞにｺ

恥1μ)=り{£Cが十£(1十がR)j}/jl,ｴ112(Z)=Q(叫))/jl,

ｴ12μ)=>-(rLp)/jl,ｽﾞ12μ)=ξ･(LCrtf)/jl.

回)1=回)]=にl言]

(3.3)

(3.4)

(3.5)

where

X2n{t)=り{£(ひ2十(L/R)p]/A2,x,S)=^f)/J｡X｡i(f)=4)-LI)Zj2,

Xz2lt)=c£(:な･2/j2

and

A.=lCrf十£(1十rlR)P十r,山=LCtf十(L/R)Z･+1.

Byintroducingthesteady-statesolutionsineachcircuitmodefrom

Eq.(2.13),thesolutionsareexpressedoftheform,when71issufficientlygreat

value

1)forthe1stcircuitmode

[y{t)]==£exp{j{omT十の}[9U-nT)]十[xlt-nT)][y{nT)]

が

2)forthe2ndcircuitmode

[y(j)]=Eexpり{CDWT÷の}[心(1-ﾀ17一乙)][9,(ら)]十(z,り-nT-ら)](z仙)][y{nT)]

nT+ti≦Z≦;≪r十ら十らく3.7)

帥forthe恥dcircuitmode
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[y(Z)]=Eexp{j{co{nT十む十ら)十∂)}[cplt-nT-むぺ2)]

十£exp{j{Q)r,十∂)}[ｴ3＼'nT-t＼･$2)][を(ね)](9乱)]

十[X^{t-･汀-Z1-も)][心(Z2)][恥(む)][ｶ･7]]

7ぼ十Z1÷t2<t<t･7十ZI十Z2十Z3(3.8)

4)forthe4thcircuitmode

[yit)]=£exp{/(ω(7汀十jl十ら)十∂)}[ｴU-rぽ-4-らｰら)][Ht)]

十£exp{jiconT十の}[xit-nT-t,一乙-ら)][ｽﾞ,(ら)][心(も)][9ih)]

十[ｴIt-mT-h-h-h)][z3(ら)][ｴ2り2]][ｴ1(ZI)][y{nT)]

･汀十z1÷12十h<t≦:ﾅ汀+7(3.9)

where

[y{nT)]=£exp{jiconT十の}{exp(/cyT)[び]-[j]}-1[∬].(3.10)

SubstitutingEqs.(3.1),(3.2),(3.3),(3.4)and(3.5)intoEqs.(3.6),(3.7)(3.8)

and(3.9),wecandeterminethesteady-statesolutionsinthiscase.

Nowtoillustratethepresenttechnique,somenumericalresultsareprese-

ntedasfollows,bymakinguseoftheDigitalComputer(KDC-1).

Thecircuitconstantsareassumedtobe

r=5×10^Q.R=10'Q,C=(5/π)×10-^F,L=1/20π∬

andthechopperisdrivensynchronouslyatωc=1000cyclepersecondand,that

isμ1=^3=4×10-4secμ2=Z4=1×10-4secand7=10-3sec,andμ=10"isasufficient

greatvalue,whereaisinteger.

]Moreovertheinputsignaltothechopper-modulatedcircuitunderdiscus･

sionissupposedtobesinωらputtingE=land∂=0

£(Z)=£Ej(“゛゛)=jg(ej叫).

Firstweexaminethestabilityofthecircuitinquestionwhetheritis

stableornot,bycheckingthematrix[召]oftheform

3.981870×10-S2.000955×10-5
[j]‾

[

6.219725,4.895580×10-1

]
(3.11)

Solvingthefollowingcharacteristicfunctionofthematrix[召]

∂{λ[び]-[j]}=0,ヽ(3.12)

thelatentrootsλofthematrix[召]are

λ1=4.881754χ10-1

andλ2=3.995696×10-S

whosevoluesarelessthanunity,thenthecircuitisstable.

FromEqs.(3.6),(3.7),(3.8)and(3.9),thewaveformsofthemodulated

output£It)areobtainedasillustratedinFigs.6,7,8andgwiththesine■waye
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25

1'5･
ShigenoriHayashiandKoichiMiZUKAMI

Fig.9.Waveformofthemodulatedoutputvoltageinsteady･

statewhereγ=1000/70isirrational.

Start
↓

Setcircuitconstants&

givenconditions

Computeelementsof

matrices[91,[ｽﾞ]

↓

Setindexi.i.fe:number

ofplots,circuitmode&

stage&computeinitial

matrix[y(ﾀtT}]

Computesolutions[y(.f)]

ineachcircuitmode

Modify

f→f+1 Printout

Modify

j→j+1

Test:Numberofplots

Resetinitialmatrixfor

nextcircuitmode

Test:Numberofmodes

Count:Numberofstages

Halt

Fig.10.Digitalcomputerflowchartforcalculatingthe

modulatedoutputvoltageinsteady･state.

input,whosecalculationshavebeendoneinsuchawayasshowninFig.10.

ByvirtueofFigs.6and7,thewaveformsareconsideredsufficiently

goodresultswhenγ=ωc/ωisalargevaluetosomeextent,but,whenris

small,thewaveformisslightlydistortedanditsmagnitudeishighlydecreased

too,asshowninFig-8,
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Whenrisirrational,thewaveformisremarkablydistortedasindicated

inFig.9,whosephenomenaseemsphysicallytoexistinthecircuitconsidering

theexperimentalpointofview.

Frommanynumericalcalculationsofthewaveformsofthemodulated

outputs.Fig.11illustratesthefrequencyresponseofthetransformercoupled

chopper°modulatedcircuit,thatis.theamplitueandphasecharacteristicsas

afunctionoftheratioω/ωc.
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Fig.11.Frequencyresponseofthetransformercoupled
chopper･modulatedcircuit.

4.TransientCharacseristicsoftheChopper-ModulatedCircuit

Inthissectionwefirstconsiderthetransientresponseofthesamecircuit

ofthetypeofthe“breakbeforemake"treatedinthe3rdsectiontoa

sinusoidalinput.Nextthetransientresponsetoastepinputisdiscussedfor

twotypesofthe“breakbeforemake"and“makebeforebreak"ofthetrans-

formercoulpedchopper-modulatedcircuit.'

4.1.TheTransientResponsetotheSinusoidalInput

Settingtheconstantstobethesameoneasoneinabovesectionand

otherconditionsarethesameonetoo,theresultscanbeobtainedbyusing

Eq.(2.13)wherewetakefirstn=0andnextﾀﾌ=1andsoonaccordingtostep

bystepcalculations,andassume[y(O)]=0｡

BymeansoftheDigitalComputer(KDC-1),thetransientresponseofthe

transformercoupledchopper-modulatedcircuitofthetypeofthe“break

beforemake"isillustratedinFigs.12and13forthesinewaveinputwitha

frequencyof40c/sandwithafrequencyof100c/srespectively,whenthe

frequencyofthechopperis1000c/S｡

Accordinglyitisconcludedthatinsuchacasewherethefrequencyof

inputsignalis40c/sor100c/swithrespecttothechopperfrequency1000c/s,

thetransientphenomenamaybealmostdiminishedinonecycleofthe

frequencyoftheinputsignal.
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Fig.12.Transientresponseofthemodulatedoutputvoltagetothesinusoidalinputwherer=25.
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Fig.13.Transientresponseofthemodulatedoutputvoltagetothesinusoidal

inputwherer=io｡

4.2.TheTransientResponsetothestepInput

Forcomparison,weconsidertheperformancesofthe“breakbeforemake"

and“makebeforebreak"typesofthecircuitshowninFig.3.

Inthecaseofthelatter,thechopper5operatesoftheformasshown

inFig.14,therefore,forsimplicityoftheanalysis.wemaytaketheequivalent

circuitshowninFig.15correspondingtoFig.3,inwhichtheoperationofthe

ofthechoppersisreplacedbytheswitchyands″synchronouslyoperating

oftheformasillustratedinFig.16andanaddedresistanceR'inFig15is

verysmallsuchasacontactoneoftheswitch.
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言ﾄﾞ士
Fig.14.Chopperoperationof

the“makebeforebreak"type.

大汗
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･土谷ﾋ

｡

Fig.15.Equivalentcircuit

whenthechopperoperates

oftheformasshownIn
Fig.14.

Fig.16.Operationsofthe

switchyands″corrcs･

pondingtothechoppers.

Theoperationsoftheswitchyands″areconsideredinsuchawaythat

whenthechoppersisonSi,theswitchs'isoffandぶ″isonduringZ4andら,

andduringktheswitchs'isond-l')&(2-2りandyisoff,andthatwhen

thechoppersisonぶ2,theswichs'isoffands″isonduringZ2andZ4,and

during13theswitchs'ison(1-2り&(2-10ands″isoff.

Thesolutionsintwocasesunderconsiderationbecomeofthesimpleforms

describedinnocomplexdomain,sincetheinputsignalisaunitstepone･

Putting≪=0,(9=0and[y(O)]=OinEqs.(3.6).(3.7),(3.8)and(3.9),the

transientsolutionstoaunitstepinputarewrittenoftheforms,onlyonthe

1ststage

1)forthe1stcircuitmode

[ｶ]]=[9lt)]O≦:t<h(4.1)

2)forthe2ndcircuitmode

[y{t)]=[<plt-Q]十[xlt-U]][9ｴ(ZI)]ZIぶZぶj2(4.2)

3)forthe3rdcircuitmode

[y(j)]=[れ(Z-Z1-ら)]十[xlt-tｴｰ12)][ら(も)]十[も(Z-らｰら)][心(ら)][わ(ZI)]

ちぶZ≦ら(4.3)

4)forthe4thcircuitmode

[y{t)]=(?μ-ft―to-ら)]十[xit-らｰらｰら)][93(ら)]

十[xlt-k-h-ら)][ｴ,(ら)](似ら)]

十[几(Z一乙-v2ta)][ち(ら)][なら]][ら(11)]ら<t<t.(4.4)

wheretheelementsofthematricesaregivenbyEqs.(3.1),(3.2),(3.3),(3.4)

and(3.5),butinthecaseofthe“makebeforebreak"type.theresistanceR

inEqs.(3.2),(3.4)and(3.5)mustbereplacedbyj?o=RR7(尺十尺')･

Thetransientsolutionsinanycircuitmodeonotherstagearedetermined

bystepbystepcalculationsbasingonEqs.(4.1),(4.2),(4.3)and(4.4).

Thetransientresponsetotheunitstepinputisplottedasindicatedin
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Fig.17.Transientresponsetotheunit

stepinthe“makebeforebreak"type

ofthechopperwhereβ=0.5,0.8and

0.9respectively.

Fig.18.Transientresponsetotheunitstepin

the“breakbeforemake"typeofthechopper

whereβ=0.5,0.8and0.9respectively･
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Figs.17and18bymeansoftheDigitalComputer(KDC-1),assumingthatthe

constantsandconditionsarethesameoneasthepreviouscase,butthatin

thecaseofthe“makebeforebreak"type.theresistanceR'isR'=0.1£?.

Figs.17and18illustratethetransientresponsesatthreecasesofβ=0.5,

0.8and0.9inthe“makebeforebreak"(M.b.B)and“breakbeforemake"

(B.b.M)typesofthechopperrespectively,whereβ=ZI/(jl十U).

Frommanynumericalresultsofthesetransientresponses,thetransient

upperenvelopesofthemodulatedoutputstotheunitstepinputareplotted

ﾘ
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Fig.19.Transientupperenvelopesofthemodulatedoutputvoltagetotheunitstepinput

whentheoperationofthechopperis(B.b.M)and(M.b.B)typesrespectively･
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withrespecttotheparameterofaduty-ratioβasshowninFig19comparing

(B.b.M)with(M.b.B)types｡

Consequentlyitisapparentthatwhentheresponseofenvelopeofthe

outputbecomesthesteady-statevalue,wecanobtaintherelationbetween

theenvelopeofthemodulatedoutputandduty･ratioβforthed.cinputsignal

tothechopper-modulatedcircuitasillustratedinFig.20,whichshowsthe

greatdifferencebetween(B.b.M)and(M.b.B)types｡

Fromtheseresults,itisconcludedthatthe(B.b.M)typeissuperiorto

the(M.b.B)withrespecttotheperformanceofthechopper-modulatedcircuit

underdiscussion.･･

‥･-5.Conclusion

Ithasbeenthepurposeofthispapertoexaminethetransientandsteady-

stateresponseofthechopper･modulatedcircuittosinewaveandstepinputs.

Firstwehaveintroducedingeneraltheanalyticalmethodoftheperiodi-

callyinterruptedelectriccircuitsoffirstgenushavingnicircuitmodesin

complexdomain.

Onthebasisofthisnewtechniques,thetransmissioncharacteristicsof

thechopper-modulatedcircuitsoftwotypeshavebeenclarifiedbyobserving

thenumericalresultsbymeansoftheDigitalComputer(KDC-1).

Asthesteady･stateresponseoftheoutput,thefrequencyresponseofthe

output,thatis,theamplitudeandphasecharacteristicshavebeenobtained

clearlyonlyinthecaseofthe“breakbeforemake"typeofthetransformer

coupledchopper‘modulatedcircuit,butinanothercase,notconsideredhere,

thoseperformancescouldbeobtainedbythesimilarwayofthepreviouscase.

Itisfoundthatthetransientbehaviouroftheoutputtothesinusoidal

inputisalmostdiminishedinonecycleofthefrequencyoftheinput.

Whilefortheunitstepinput,thetransientresponseoftheoutputhave

beenmadeclearinbothcasesofthe“breakbeforemake"and“makebefore

break"typesofthechopper-modulatedcircuit,andtheseresultshaveshown

thegreatdifferenceofthecharacteristicsbetweenthesetwotypes.

Itishopedthattheresultsgiveninthispapermayserveasareference

tothecircuitdesigneraswellasotherfieldsandthatthisanalyticalmethod

willbewidelyavailableinotherfields.
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CHAPTERIll

STATISTICALANALYSISOFCHOPPER-

MODULATEDCIRCUITS



StatisticalAnalysisofChopper-ModulatedCircuits

Synopsis.

Thispaperdescribesanapproachtothestatisticalanalysisofchopper-

modulatedcircuitsexcitedbyrandominputs.

Ingeneraltheoutputresponseofthosenetworkscontainingtimevariable

elementssuchasaperiodicallyoperatedswitch,tosay,thechopper,becomesthe

nonstationaryrandomfunction,eventhoughtheinputsignaloftherandom

functiontonetworksisstationary,thereforetheanalyticalmethodhastobe

consideredforthenonstationaryrandomprocess.

Inthispaperweintroducetheavailabletechniqueforsuchprocessaccording

toZadeh゛smethodswhichareprobablythepowerfultoolsfortheanalysisof

linearvariablenetworks.

Thetwotypesofpracticalinterestaretreated,thatis,thetransformer

coupledchopper-modulatedcircuitandtheresistance-capacitancecoupledchopper-

modulatedcircuitwhicharefrequentlyusedtoconventionalchopperamplifiers.

Theresultsobtainedinthispapermakeclearcommonlythefundamentalstatistical

characteristicsofthesecircuits.

35

-･=

1.Introduction

Thechopperamplifierconsistsessentiallyofthechopper-modulatedcircuit,

thea.cconventionalamplifierandthesynchronizingrectifiercircuit.

Inrecentyearsthisamplifierhasbeendevelopedinmanyfieldsand

frequentlyusedinseveraltypesofd.canda.camplifiersaswellasinthe

controlprocess.

Thechopper-modulatedcircuitcontainingaperiodicallyoperatedswitch

playsanimportantroleinthesystemofchopperamplifierstoconvertinput

signalstosignalswhichcouldbeamplifiedinthea.cconventionalamplifier.

Therehasbeenasignificantadvanceinseveralstudiesonthecharacteristic

ofthechopper-modulatedcircuitforregularinputssuchasasinewavesignal,

buttheresponseofthechopper-modulatedcircuittorandominputshasbeen

notconsideredpracticalonthewhole.

Itisnecessarytomakecleartheperformanceofthechopper･modulated



'･36.ShigenoriHayashi31dKoichiMlZUKAMl

circuittorandominputs,becauseitbecomesanavailiableelementinthe

controlprocessatthepresenttime｡

Inthecontrolfieldthestatisticalmethodoftheanalysisandsynthesisof

thesystemhasremarkablyprogressed,butifvariableelementsarecontained

inthecontrolsystem,thenitiswellknownthatofwhichthestatistical

analysisprobablybecomesthemostdifficultproblem｡

Howeveritshouldbenotedthatanattempttothestatisticalanalysisof

linearvariablenetworkshasbeenmadeinthepastnotablybyL.A.Zadeh

whoestablishedthetheoreml),thatis,thecorrelationfunctionoftheinput

andoutputofavariablenetworkymayformallyberegardedastheinput

andoutputofavariablenetworkN*whosesystemfunctionisthecorrelation

functionofthesystemfunctionⅣ｡

ThepresentpaperwillbasicallydevelopanapproaCh2･3)totheanalysisof

chopper-modulatedcircuitsexcitedbyrandominputsbytheapplicationof

Zadeh'smethod.

2.StatisticalMethodoftheSystemAnalysis

Firstweintroducethestatisticalmethodoftheanalysisofvariablenet-

worksdevelopedbyL.A.Zadehinsummary.

BrieflythesystemfunctionofavariablenetworkN＼sdefinedasafunction

H{j(o;t)suchthatHUoi;t)sl-'*istheresponseofⅣtotheexponentialinput

EJ"'.Thusdenotingtheinputandoutputofybythesymbolsei{t)andelt).

respectively.ThedefinitionoIHふ0;/)read

耀釦''"elt)

]

g1(z)=ej叫

Themostimportantpropertyofthesystemfunctionofavariablenetwork

yisthatitrelatedtheoutputandinputsignalofⅣinmuchthesamemanner

asthesystemfunctionofafixednetworkrelatesitsoutputandinputsignals｡

Nowitwillberecalledthatthecorrelationfunctionofasignale{t)is

definedbytherelation

W{r)=lim-^･Sﾝ{t)e{t十r)冶
(1)

Thisdefinitionappliestoanyrandom-periodicsignal,thatis,asignalwhose

amplitudedistributionatanyoneinstantisaperiodicfunctionofthem.In

particular,itappliestothetwoextremeformsofrandom-periodicsignals,

namely,periodicsignalsandstationarysignals.Forstationarysignalsthe

correlationfunctionmaybewrittenas

--Wir)=e{t)e{t十r)
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wherethebarrepresentstheoperationofaveragingovertheensemble｡

Asiswellknown,thecorrelationfunctionandthepowerspectrumofa

signalareFouriertransformsofeachother.Thus,denotingthepowerspectrum

ofasignalbythesymbolS(ω),therelationbetweenS(ω)andV{v)reads

and

S(co)=∫"V{T)e-i''Uて

!μ(r)=去∫こs((Z))6押Tdω､

(2)

(3)

ItisevidentthatS(ω)maybefoundfromtheknowledgeofW(t)andvice

versa｡

Turningtotheproblemsunderconsideration,itwillbeassumedthatthe

transmissioncharacteristicsofanetworkyvarywithtimeinarandom･periodic

manner.IntermsofthesystemfunctionofNthismeansthatH(ico;t)isa

random-periodicfunctionoftimeinvolvingjωasaparameter.Theinputto

yisassumedtobearandom-periodicfunctionoftimewhichisuncorrelated

withH{加μ).Thecorrelationfunctionsoftheinputandoutputofywillbe

denotedbythesymbolTlz)and^■It),respectively｡

Theproblemistoestablisharelationbetweeny71(r),!μ2(r),andafunction

describingthepertinentstatisticalpropertiesoiH(ia

Here,withouttheproofofthetheorem,itmaybefoundthatthepertient

statisticalpropertiesofⅣarerepresentedbyafunctionwhichinviewofits

formmightappropriatelybecalled“thecorrelationfunctionofthesystem

functionofthenetwork"or,moresimply,thecorrelationfunctionofN.This

functionisdenotedbythesymbolVh{t;ω)andisdefinedbytherelation

ΨH(r;ω)=贈ｿﾚ∫y駅釦μ)煩一加μ十r)虜 (4)

whichinthecaseofstationarysystemfunctionsequivalentto

Vh{t;ω)=Hぶ0;t)Hi一加μ十r)･(5)

Th(z;ω)hasaremarkablepropertywhichisthat!μh(t;ω)mayberegardedas

thesystemfunctionofavariablenetworkN*suchthatthecorrelationfunction

!μi(r)and!'Viz)aretheinputandoutputofthisnetwork,respectively.Hence

itwillberecognized,ofcourse,thatN*isnotaphysicalsystemsinceits

systemfunctionWh(t;ω)isanevenfunctionofω.

Thisresultisexpressedbythefollowingrelation

?2(7)゛去∫こF″(7;゜)sか)£i<≪-dω (6)
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whereS1(ω)isthepowerspectrumoftheinput

S,(cy)゜J―
lO

5-j≫Tdで,
(7)

andVH{r＼ω)iSthecorrelationfunctionof拭jωμ).

Comparisonof(6)withtherelationconnectingtheoutputandinputofa

variablenetwork

elt)゜去Sこ拭加μ)£＼{ja>)e'‘''da

leadstotheinterpretationof(6)statedabove,where

瓦(加)゜S:｡jl(z)゛‾i"""dて､

(8)

(9)

InadditionitisshownthattheFouriertransformsoftheinputandout

putofavariablenetworkarerelatedtoeachotherby

Eljco)=＼°゜njc心畑)E,{m')do}'

-Oa

(10)

wheretheso-called“bifrequencysystemfunction",7‾'り≪';iω)istheFourier

transformoiH(j心7)μy7

ruaﾊﾞjω)=S°゜拭j(y;7)Ej゛ε‾j゛7dて.
―oo

(11)

Now,sincethepowerspectraS1(ω)andS2(ω)aretheFouriertransformsof

!/へ(t)andV^iT),itfollowsfrom(10)that

where

s2(ω)=S°゜r*ふﾊjO))SW)doi'

-a3

r*(j(ぶふ))=S°゜WH{r;ω')e^'"'"'£■"･'■"Vr.

(12)

(13)

Thisexpressionprovidesthedesiredrelationbetweenthepowerspectra

oftheinputandoutputofN.

Thetheoremestablishedaboveregardingtherelationconnecting1'lr),

!μ2{t),andVh{t;ω),hasmanypracticalapplication･

Theuseofthistheoremwillbeillustratedbelowbyitsapplicationto

theproblemsunderconsiderationｱnamely,thetransformercoupledchopper-

modulatedcircuitandtheresistance-capacitancecoupledchopper-modulated

circuit｡

3.TheTransformerCoupledChopper-ModulatedCircuit

TheconfigurationofthissystemisshowninFig.1.Henceitmaybe

assumedthattheequivalentcircuittothissystemisfoundasshowninFig.2
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andthechoppersoperatesideallyasshownin

Fig.3,whichiscalledtheidealfull-wavemodu-

lator.

Itisnowconvenienttoconsiderthatthe

timevariablesystemillustratedinFig.4com-

posedofH{jcoμ)andG(加)equivalenttothe

transformercoupledchopper-modulatedcircuit,

whereH(icu;t)iSthesystemfunctionofthe

choppersasdefinedbelowandG(jco)isthe

transferfunctionoftheequivalentcircuitshown

inFig.2.

Inthiscasethesystemfunction煩jω;t)is

independentoffrequency,i.e.,itisoftheform

尽加μ卜頚Z)(14)

andthemodulationprocessasshowninFig.3

canbebestexpressedbytheFourierseriesas

H(t)ﾆﾆnm=o2m+1sin(2m+1)゜･}J(15)

whereωoisthefrequencyofthechoppers.

Nowitisassumedthatthecorrelationfunc-

tionoftheinputsignalis

y71(r)=ごｰぢ1(16)

andcorrespondinglyitspowerspectrumis

s1(ω)=jｷ?(17)

whichisshowninFig.5.

F狛

Fig.1.Transformercoupled

chopper･modulatedcircuit.

二1
Fig.2.Equivalentcircuit.

Fig.3.Operationofchopper.

卵りμ佃･)邨叫吋り

Fig.4.Timevariablesystem

equivalenttoFig.1.

一･ω

Fig.5.Powerspectrumofthe

inputrandomsignal.

ThecorrelationfunctionofHit)inthiscasebecomes

甲h{t;&))ﾆy7″(r)=昔j
o(iS

A
こTｱCOS(2"゛+1)゜o7‘' (18)

Consequentlytheexpressionforthecorrelationfunctionofthesystemat

pointsl'-l'inFig.4isgivenby

!μ1･(r)=!μHMW^(v)

゛
晋j

o(s

jV
Tｱcos(2"゛+1)゜or･£--"!"I. (19)

Thecorrespondingpowerspectrumisreadilyobtainedbyapplyingthe
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Fouriertransformsof!μ1･(r)as

s1･(ω)=ST y/1･(r)£一j゛7dて.
(20)

Thereforethepowerspectrumoftheoutputofthissystemiswrittenas

S(ω)=IG(加)12SI･(ω),(21)

whichisthewell-knownrelationconnectingthepowerspectraoftheoutput

andinputofafixednetwork,inthiscase,G(jω)･i

From(21),wehave

s2(ω)=票旧(加)|ぷぐsと呼{�(ﾍﾟﾋyiｱﾙﾄ(22)

Althoughthecorrespondingcorrelationfunction!μ2(r)maybeobtainedby

applicationoftheinverseFouriertransformsofS2(ω),orthetechniquesofthe

convolutionintegral,thefollowingmethod,however,issimplerthanthedirect

methodsabovefortheevaluationofviz)｡

NowassumedthatS2(ω)canbeexpressedintheform

4｡ﾄ訟

thentheevaluationo1Ψか)resultsin

Ψ如)=Σ-£立些上一£jωμ

゛7ぷぷQ(j(4)

Fig.6.Integralpass.

(23)

(24)

wherejω｡'sispolesofS2(ω),whichisthewell-known

methodofHeaviside'sexpansion｡

Inapplyingthistechniquesto(22),itshouldbere-

memberedthatsincetheintegralpassinω-planemustbe

takenasillustratedinFig.6,whichisdifferentinthe

upperplaneandinthelowerplaneofω,thesignofthe

resultsforpolesinthelowerplaneshouldbechanged.

Theexpressionforthecorrelationfunctionoftheoutputofthesystem

inthiscasereducesfinallyto

where

Wlr)=Σ{ゐ1｡｡ε一引7¶十ﾙ2｡,lE一叫引cosω｡lr十fes.uiE-aiTisinω｡lr}

m=o

ﾙ1｡｡=‰ん京諮成‰

た喬ぐsjVTｱ{尺匹

(25)

(26)
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161K1α〔'Jim{bi~h)
臨"゛?'(2m+lｱ゜(砿十阿)(砿十印

ω｡=(2m+1)ωo,ろ1==α十a,bj=o-a,α=Rr/L(尺十r),

K=R2Z(7?十r)＼瓦=-oK/2.
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Itistheimportantresultsinthispaperthatthestatisticalresponseof

thesystemunderconsiderationmaybereadilydeterminedfromEqs.(22)and

(25).ThenumericalresultsareillustratedinFig.7,whicharethenormalized

correlationfunctionoftheoutputwhen

旧(加)12==ｺﾞﾔｼ｡(27)

namely,wherethecapacitanceCisremovedinthetransformercoupled

chopper-modulatedcircuit.

~
斗
1

7ご2･Tt3t:4tc

-sω7

Fig.7.Correlationfunction

oftheoutputinthecase

whereR=1000j2,r=50ぶ?,

£=1H,and&)o=12O.

-ﾍﾞｰjgと27t

Fig.8.Powerspectrumcor-

respondingtoFig.7.

-→/ ‰

Fig.9.Powerspectrainthevicinity

ofthechopperfrequencyinthesame

caseasFig.7.

ThecorrespondingpowerspectrumisshowninFig.8comparedwitheach

other,andFig.9illustratesthespectrainthevicinityofthechopperfrequency･

WhileontheotherhandwetakeaccountofthecapacitanceC,thetransfer

functionG{ja>)becomes

where

Gijo,)=―ﾀﾁど9E瓦

R｡=『(R-(♂LRC)

/?,=/?十r,

(28)
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Henceassumethatthefollowingresonantconditionissatisfiedinthe

chopper-modulatedcircuit

thenwehave

ω2=
1

-£C

j
j

ぐ
ぐ

Substituting(30)intoEq.(22),thepowerspectrumS2(ω)inthiscaseis

obtainedasshowninFigs.10and11,wheretheresonantfrequencyω/2πis

chosen゛ヽtobe60c/swhichisequaltothechopperfrequency,sothatthe

capacitanceCmustbe

110-4
C゛ぷ竃ﾌﾞﾄ口4PF'

Thenumericalresultspresentedinthispaperwereobtainedbymaking

useofthedigitalcomputer(KD(ﾝ1)forcalculatingofEqs.(22)and(25).

i
j
↑

3J042054∂

一匹=疹

Fig.10.Powerspectruminthecase

whereR=1000a,r=500S,ω0=120π,

£=1HandC=10-4/1.447t2F.

-/%

Fig.11.Powerspectrainthevicinity

ofthechopperfrequencyinthesame

caseasFig.10.

陥に

Fig.12.Digitalcomputerflowchart

fortheevaluationofthecorrela･

tionfunction!P-.(r).

Theflowchartoftheevaluationof,forexample,thecorrelationfunction

y2(r)isshowninFig.12.

4.TheResistance-CapacitanceCoupledChopper-ModulatedCircuit

NowconsiderthattheconfigurationcfthissystemconsistsofR.Celements
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asshowninFig.13｡

Inthesamemannerasthepreviouscase,wecanobtainthesameform

ofthecorrelationfunctionyz2(r)andpowerspectrumS2(ω)oftheoutputas

thecaseofEqs.(22)and(25)withsomedifferentconstants,assumingthe

samerandominputastheforminthepreviouscase.

Fig.13.R.Ccoupled

chopper-modulated

circuit.

↑

Fig.14.Correlationfunction

oftheoutputofR.Ccoupled

chopper-modulatedcircuit.

S
S
-
a
3
^

t
o
)
'
!
↑

-りZ

Fig.15.Powerspectrainthevicinity

of60c/sand180c/s.

-し無
μ｢

Fig.16.Powerspectrumof

theoutputofR.Ccoupled

chopper･modulatedcircuit.

Thenumericalresultsinthiscasewereobtainedbymeansofuseofthe

digitalcomputer(KDCﾝ1)tooandareshowninFigs.14,15and16where

R=100k£?,r=500k£?,j?=1M/?,C=lμFandω0=120π.Fig.15containsaplot

ofthepowerspectrumS2(ω)inthevicinityofthechopperfrequencyaswell

asthreetimesofone.

5.Conclusion

Ithasbeenthepurposeofthispapertoeχaminetheoutputresponseof

thechopper-modulatedcircuitstorandominputs.Firstwehaveintroduced,

ingeneral,thestatisticalmethodoftheanalysisofvariablenetworksforinput

｡･11●●■●
signalsoftherandomfunction,
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Onthebasisofthesetechniquesthetransmissioncharacteristicsofthe

chopper-modulatedcircuitsoftwotypeshavebeenclarifiedbyobservingthe

propertiesofthecorrelationfunctionandpowerspectrum.

Itisevidentthatthisapproachofferstheadvantagesofmathematical

simplicity,easeofinterpretation,andthefactitisreadilycalcurablebymaking

useofthedigitalcomputer.

Theresultsgiveninthispapermayserveasareferencetothecircuit

designeraswellastootherfieldsoftherandomprocess,forinstance,the

controlprocessandcircuittheory･
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ANALYSISOFTHEHARMONICPRODUCERCIRCUITS
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AnalysisoftheHarmonicProducerCircuits

SynopaiH

Thisstudyintroducesamathematicalmethodfortheanalysisoftheharmonic

producercircuitswithaferromagneticsaturablecorecoil,takingtheeffectof

magnetichysteresisintoconsideration.

ThismethodisbasedonthetheoremsofthePeriodicallyInterruptedElectric

CircuitsoftheThirdGenus,andontheapplicationoftheDigitalComputer(KDC-1).

Firstwedescribeingeneralhowtoapplythisanalyticalmethodtothebasic

circuitofharmonicproducerstoclarifyitsbehaviourasaccuratelyaspossible,

andnexttotheharmonicproducercircuitcontaininganadditionalcapacitor.

Onenumericalexampleispresentedtoshowtheperformanceoftheharmonic

producercircuitinthispaper.

1.Introduction

Circuitsproducinganumberofharmonicsbymeansofsaturablecorecoils

havebeenusedforthecommonsupplyofcarriercurrentstomulti-channel

carriertelephonesystems.Thequalityandstabilityofthecarriercurrentmay

affectthereliabilityofeachchanneloftelephonesystems,thereforeitisim-

portanttoanalyzeandtodesignthecircuitgeneratingagroupofharmonics

aswellaspossible｡

Thestudyonthehamonicproducercircuitswasdonebyvariousworkers.

suchasE.Peterson,J.M.ManleyandL.R.WrathaIII)who,in1937,investigated

theoperationoftheharmonicgeneratingcircuitonlyconsideringthedischarge

pulsefromthetransientanalyticalpointofview.In1949,Fourieranalysiswas

workedbyT.Kurokawa2)takingboththedischargeandthechargepulseinto

consideration,andin1953,S.HayashiandK.Nishihara3)appliedatfirsttime

thetheoremsofthePeriodicallyInterruptedElectricCircuitstothisproblem.

Recently,in1961,aninvestigationforthesamesystemsbasedontheanalytical

methodofnon-linearproblemsestablishedbyL.A.PipeswasattemptedbyA.

Kyogoku,Y.OohashiandK.lishi4)｡

Theseinvestigations.however,couldbeconsideredtobeestablishedin

-

-

-

-

-

-

-
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parcticebasingonsomeassumptionsorother,becausetheanalysisofthe

harmonicproducercircuitswithanon-linearelementsuchasasaturablecore

coilmightbethemostdifficultproblemfromthetheoreticalpointofview｡

Thereforetheunknownproblemsexisttobeclarifiedintheharmonicpro-

ducercircuits.Inthispaperinordertomakeclearoneoftheunknownpro-

blemsweattempttheanalysisofthecircuitstakingtheeffectofmagnetic

hysteresisofthesaturablecorecoilintoconSideration5)｡

2.HarmonicProducerCircuits

ThecircuitshowninFig.1isthebasiccircuitofharmonicproducersusing

asaturablecorecoil.Anothercircuitcontainingacapacitancec.connectedin

R.しC

尚

乃]]]

弩卜吋ご
)ぶ昌ごご

/ £

乙

向 心

血

/ £

Fig.3.

coil.

(C){d}

Approximatecharacteristicsofthe

/m=31.｡AU=146･A

Fig.2.Observedcharacteristics

ofthecoil.

parallelwiththecoilwillbedescribed

insection6｡

Whenthecurrentfduetothe

inputsource£(ω)withafundamental

frequencyωflowsinRatCq,£■0and£

circuit,thedistortedcurrent心?includ-

ingtheharmoniccomponentsisgener･

atedintheoutputcircuitof£,Cand

Rbythechangeof£duetothein-

stantaneouschangeofthecurrentf｡

Nowweassumethattheinput

sourcewithafundamentalfrequency

ωisthecurrentsourceofsinusoidal

waveformandthecharacteristicof

theferromagneticcorecoilsisap-

proximatelycomposedoffourrectilinearsegmentsasshowninFig.3(c)and

ofdiscretevaluesof£asshowninFig.3(d)･

Thepreviousinvestigationshavedonetoassumethecharacteristicofthe
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saturablecorecoilssuchasinFi.3(a)composedofthreerectilinearsegments

withoutregardtothemagnetichysteresis.Astheresultspresentedinthispaper

willshowlater,itisnotsuitabletoconsiderthatthemagnetichysteresisisnot

takenintoconsideration,sinceitwillnotdeformtheshaperemarkablybutonly

shiftsthephaseofrepeatedpulses.

3.AnalysisoftheBasicCircuit

3.1.CircuitConditions

Thebasiccircuitofharmonicproducerscanbe

rewrittenasshowninFig.4.

Thefollowingcircuitconditionsareassumed:

(a)Inputcurrenthasasinusoidalwaveform

f=7｡,sinat.

(b)Thetotalmagneticflux-linkageφofthecoil

isrelatedtotheexcitingcurrent吃byfourre-

ctilinearsegmentsasshowninFig.3(c).

7向ﾉ

けf｡s加ω1よ

-
c
t

Fig.4.Thebasiccircuit

ofaharmonicproducer.

Accordinglyfourkindsofthecircuitstateasfollowscanbepresumedin

thesteadystateperonecycle.

1.The1-stcircuitmode(inthepermeablestateofthecoil):

φ=φ4十£1(虹一Q,h<iL<八･

2.The2-ndcircuitmode(inthepositivesaturatedstateofthecoil):

φ=φ1十£2(政一Il),iL≧j2.

3.The3-rdcircuitmode(inthepermeablestateofthecoil):

φ=φ2十£3(政-72),みぶiL<h.

4.The4-thcircuitmode(inthenegativesaturatedstateofthecoil):

φ=φ3十£4(政一石),迂回j4･

Thetransientsolutionsineachrectilinearregionaretobefoundasthe

elementsofcertainmatricesonapplyingtheLaplacetransformationtothebasic

differentialequationsexpressedinmatrixnotation.

Supposingthatthephenomenainequationultimatelyconvergetoperiodic

ones,theresultingsolutionsonadjacentregionsaretobeequatedtoeachother

attheintersectionoftherectilinearcharacteristicsinordertodeterminethein-

stantoftransition.
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3.2.TransientSolutions

11

t

:;

n

laごこ

r

ことitionsinthe1°stcircuitmode‘―Thecircuitequationsare

早Tz7十£fj?ltR=i-tL゛

｡

|

(3.1)

where9irepresentstheinitialphaseangleoftheinputcurrent,atwhichthe

permeablestatestarts,andtheinitialconditionsaresupposedtobe

φ=φ4atZ=0

andφ=φ1att=k.

tibeingthedurationofthestate.

Putting

j･i(r)=でφ(r),Zｴ(r)=器心),T=wt,瓦==乞

万o=でφ4,ωcR=恥∂1=乏,γ1=志=今,

(3.2)

whereVi(t)andzXz)withthesubscript“1"belongtothe1-stcircuitmode.

Eq.(3.1)reducestothefollowingdimensionlessones:

(£十∂1)り1(r)-jyo}一乙(r)=ﾙ{sin(r十∂1)一罵},

7･1り1(r)-がo}十ぷﾆzlt)=sin(r十∂l)-/fl,

iR/I,｡=sin(r十Oi)-Myh)一万o}一尺1.

(3.3)

Denotingtheoperationalfunctioncorrespondingtoﾀi(r)andzl(r)byy1(♪)

andZiip)respectively,inviewofEq.(3.3)wehave

j･十∂1,-1

ri>i>

yl(♪)

ZI(♪)

j
>
i
e
i
-
i

1j

cos∂1十*sindi

j)｀+1j･十♪

ゐ
1
-ﾄダ

ポ
ｰ

ﾄ･

こけし釧:〕ぶ幄応齢旨｡‰によ｣
ぐし浪士ｿﾞ｣に

Putting

j｀｡,(o゛jし[p"十r,)号dお

ｰ(七島しﾍﾞﾄﾞ;子心｡

|

くr=l,2,3,4,)

(3.4)

(3.5)

(3.6)
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Eq.(3.3)aresolved.Theresultis

where

and

glo(r)=

恥(r)一万o

zl(r)
□言言に外に言釧ぽ〕

Fnir)=kfdr)十几(r),

F12(r)=ﾙﾉ13(r)十几(r),

Gnir)=kgiiiz)十glo(r),

G12(r)=g12(r)十8ign{r)

}

吉{1-ε-‘1'(coSβvr十;lsinβ4

gn(.r)゜圭ε‾゛17sinβ1ら
β1

g12(7)゛s‾“17(cosβr"'sinβ･').

Mr)=くS･{α1sinr―2aicosr十ε-‘べ2aicosβlr十!土づj二選sinβ1r)}

y12(r)=1{α1cosr十81sinr―ε-≪,T(αlcosβlr十α2sinβir)},

fn(.r)=うr{5iCosr―α1sinr十ε-≪.T(―5icosβlT十a,sinβ1r)},

(3.7)

(3.8)

(3.9)

where

(z1=否,βl=/元二‾研,≪i=ri―1.α2=ぺk(αi十βi+1),

α3=圭{(α1十β1)2十a卜βi},j=((zi十βlf+2{a卜βi)+1.
β1

HerethefirstsubsriptsofeachquantitiesinEqs.(3.8)and(3.9)belongtoeach

circuitmode.

3.2.2.Transientsolutionsinthe2･ndcircuitmode.―Whenthecoilissaturated

byanexcitingcurrentflowinginthepositivedirection.thecircuitequationsare

writtenintheforms

"
c
■
I
"
*
-
*

=Zj十j?tR,tlで=t―t£

C窯=4,匹ねsin(coti-di),iL=今夕十j;

(3.10)

whereO2representstheinitialphaseangleoftheinputcurrent,atwhichthe

positivesaturatedstatestarts.andtheconditionsareimposedtobe

φ=φlatZ=0

andφ=φ2atZ=Z2,

Ubeingthedurationofthestate.Usingasimilarsymbolssuchasin(3.2),
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Eq.(3.10)maybewrittenintheforms

(£十∂
2
)り
2(r)-J･io}-z2(r)=1{sin(r十∂2)一尺2},

r2{ﾀ2(r)一万o}十ｼ(r)=sin(r十∂2)一瓦,･

tR/I｡=sin(t十∂2)-?･2{y{r)一万o}一瓦,

51

(3.11)

where

82-R/ω£2,r2=ぷあ?瓦=71/み｡万〇=でφ1.

Thesolutionsareobtainedinasimilarwayasbefore.thatis,

ylr)一万〇馬面)jFn.(r)COS∂292,(r),-G21(r)Ziol

z2(r)

〕

゛

〔

Mt),ﾑ(r)

jに

n

劉

十

[

G22(r),一血[

]〔

瓦

j

,

(3.12)

wheretheFJir)%Mt)'s,g,{zysandG2(r)'saredeterminedonsubstitutingr2.0.2,

μ2,cosflic,andJ;sinhβ2rforr1,α1,β1,COSβiTandjksinβ1rintheexpressions

ofFi(r)'s,/i(t)'s,^i(r)'sandG1(r)'sinEqs.(3.8)and(3.9)respectively,while

a2=∂2/2andβ2=/研二石･

3.2.3.Transientsolutionsinthe3-rdmode.―Thecircuitequationsarewritten

intheforms

ぼ=ひ十瓦j?IiR=i-iL,

(:づ7=Q,f=7｡nsin(cot十di),iL=営

(3.13)

where∂3representstheinitialphaseangleoftheinputcurrent,atwhichthe

permeablestatebegins.andtheconditionshavetobe

φ=φ2atZ=0

andφ=φ3atZ==--h.

ちbeingthedurationofthestate.

Accordingtoasimilarprocedure.Eq.(3.13)maybewrittenintheforms

(£十∂3){y3(r)一万〇}-Z3{T)=k{sin(t十∂3)一瓦},

r3り3(r)一万o}十ﾚ;(r)=sin(r十∂3)一馬,

tR/Im=sin(rﾘ3)-r3り(r)一万〇卜瓦,

where

∂3=
尺

瓦;' r3=
1

瓦'
瓦-72
3-‾
I≪
万〇==でφ2

(3.14)
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Thesolutionsareobtainedbyasimilarprocedure,thatis,

j･3(r)一がo

zJir)

瓦1(r)1F32(r)

゛

|

几(r),Mぞ)

COS

sin

2:j gziir),-Giiiz
十

〔

G32(r),二g31(r

0
3
一
゛
瓦

Cjj
３

(3.15)

wheretheelementsofthematricesontheright-handsides,whicharedenoted

byEqs.(3.6)and(3.8),canbeobtainedbysubstitutingr3,a3andβ3for7･1.ai

andβlintheexpressionsofEqs.(3.8)and(3.9)respectively,while03=^3/2and

β,=/R戸爾.

3.2.4.Transientsolutionsinthe4-thcircuitmode.―Thecircuitequationsare

writtenintheforms

命

一心
=Z7十泥りで,IR=t-t£

C宮=tR,i=ご/,sin(wt十∂4),む=包iと戸

(3.16)

where6irepresentedtheinitialphaseangleoftheinputcurrent,atwhichthe

negativesaturatedstatestarts,andtheconditionshavetobe

and

φ=φ3

φ=φ4

at

at

Z

Z

一一

一一

0

Z4,

Z4beingthedurationofthestate.

Eq.(3.16)maybewrittenintheformsasbefore,thatis,

(£十∂4){ﾀ.(r)一石''}-zAr)=k{sm(r十∂,)一瓦},

γ4{y,(r)一石o}十ｼ(r)=sin(r十∂4)一K4,

4/j｡,=sin(r十∂4)-γ4{y4(r)一石o}一瓦,

(3.17)

∂4=底,r4=i4■;,尺4=乞,石o=でφ3･

Accordinglythesolutionsmaybeobtainedasfollows

ﾋﾞﾌﾞ]言昌江m〔器ご帽(3.18)

昌二次驚にご謡こごご二ここにご言

ｺﾆこお言nsofthesolutionsinthe2-ndcircuitmode,while
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4.SteadystateSolutionsconsidering^theOver-allCharacteristics

Nextweconsiderthesteadystatesolutionsofthecircuitwherethephe-

nomenaincompletecyclebehaveasfollows.

Intheprecedingsectionsweobtainedgenerallythesolutionsinthecaseof

theunsymmetricalcharacteristicofthecoil.Thusintheunsymmetricalcase

theconditionsforperiodicsolutionsmustbeimposedtobe

て'1+て･2+て･3+て･4=2π｡

ji(i"i)=y-2.〇,y2(r2)=万〇,yziTTi)=yi'',yi{Tri)=yi〇,

}

(4.1)

ZI(rl)==Zi0,Z2(r2)=Zi0,Z3(r3)=40,Z4(r4)=ZTO.

Ontheotherhand,theconditionsinthecaseofthesymmetricalchara-

cteristicofthecoil,(i.e.£1=£3andL,=L,)thatis｡

て'1十7･2=π,zl(rl)=4o,z2(r2)=-zTo,}(4.2)

ﾀ1(rl)=-y3(r3)=塘〇,ﾀ2(r2)=-ﾀ4(r4)=一万o.

TheserelationsofEq.(4.2)canbeinducedbythefactasfollows.

Duringthefirstintervalof7･Iseconds,thecoiliskeptinunsaturatedcon-

ditionandthenissaturatedinthepositivedirectionduringthesubsequent

intervalof7･2seconds,whileintheneχthalfcycle,thecurrents,themagnetic

fluxandvoltageinthecircuitbecomeequaltomagnitude,butoppositeinsign.

Herewewilldiscussthesolutionsinthecaseofthesymmetricalchara-

cteristicofthecoil.Theinitialvaluesofφ,tLandz,intheprimaryunsaturated

stateandinthesubsequentpositivesaturatedstateareequaltothefinalvalues

ofthoseinthenegativesaturatedstateandintheprimaryunsaturatedstate

respectively,anditisintendedtostudythesteadystatephenomenainanyone

ofthetwohalfcycles,whichareequalinmagnitude,butoppositeinsignto

eachother.

Thusthesteadystatesolutionsaregivenultimatelybytheelementsof

に(r)十y2(r2)〕｡(Fnir)｡F^(r)]に)s∂lj_a11(r),G11(r)1に(r2)|(4.3)

zl(r)/i2(r),fijs))Isin∂IG,2(r),g^,{T)瓦,0ぶrぶri

and

力(r)-y1(rl)Fn(r),瓦2(r)cos(rl十∂1)g2i{r),一亀(r)z,(71)

z2(r)

卜

[Mr)Mt)＼

に

n(r.十∂1)

j
十
〔

ら(r),-g21(r)

〕〔

瓦

j
(4.4)

O≦rぶ7●2●

て1.で2101.Zi(r,)andz2(r2)intheaboveequationsaresofarunknown,andwe

havetofindtheirvaluessothattheseequationsmustsatisfytherelationsin

Eq.(4.2)forthegivenvaluesofφ1andφ2ory1(rl)andy2(r2).
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PuttingZ=ZiinEq.(4.3)andT=T2inEq.(4.4),wecanobtainthefollow-

ingequationsrespectivelywhichwilldeterminetheunknownequantities.

昌江:川に烈に::川ご言にか言牡(4.5)

and
帽辻川:器に2ﾄほに回診ﾆﾄ言伴回
where

E21(r2))Eoi(r2)

£23(r2),£24(r2)

〕
瓦1(r2),瓦2(r2)

゜

に

22(r2),f2i{r2)

COS^1,―sinr.

sinTl,COSrl

(4.7)

EliminatingZiizi)and22(r2)fromEqs.(4.5)and(4.6),firstbyEq.(4.5)we

have

zl(rl)

z2(r2)

o
｡
-
r

Cj
£1(で1)

G12(rl)

‾･{

F,i(ti),FiJiri)

/12(rl),/13(rl)

COS

sin

∂

1

∂

1

Gn(r,)

‾

l

glliTl)

andthensubstitutingEq.(4.8)intoEq.(4.6),wehave

/z11(rl),
に

1
(rl),
じに湖

where

/z11(r1),/z12(rl)
に

l(^.)1"22(r.)

μll(rl)>Uu{ti)(Univi),≪i2(ri)

j11(rl),j12(rl)

[d
2i{Ti),diiiVi)

≪ii(ri),Uniri)
十

C

21(r,),zz｡(rl)

一

一

一

一

一

一

帽〕

にこ

と

則
1
0

l
-
T
0

｡ 仁出回

影に言言信託〕

一g21(r2),0

-GJsz),1

訃〔

E

22
(r2)

£

24
(r2)

'2i{T2＼00,911(rl)-11,1

;22(r2),1

H

1,G,2(rl)

j〔

0,0

j

-g21(r2),0lfo,911(rl)ﾄﾞﾘO,

二器郎言∩に言
⑤器訳簾四辻にｶﾞ〕

(4.9)

(4.10)

NowthefirstequationofEq.(4.9)is

九i(ri)Vi(ri)十島2(rl)y2(r2)十≪ll(rl)瓦十哨2(r)K,=d≪(ti)cosdi+diijOsinOi,(4.11)

InviewofEq.(4.11)wecanobtainthephaseangleθlasfollows･

Putting

/研而下7証司=doCri),

∂o=tan-1燃,

|

then,Eq.(4.11)maybewrittenintheforms

docos(∂1-∂o)=几{yl(rl),y2(r2),rl}.

(4.12)

(4.13)
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Consequentlywehave

θ1°θo十cos‾1
よy｡{:Vi(ri),^2(^2),Ti},

where

55

(4.14)

/;,り1(r),y2(r2),71}=み11(71)yx(rl)十/･I2(l"l)>'2(r2)十恥(ri)瓦十tii2{ri)K,い(4.15)

Start

Fig.5.DigitalComputerflowchartforthesteadystatesolutions,
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NexttoobtainTTl,substituting∂1ofEq.(4.14)intothesecondequationof

Eq.(4.9),i.e.

ﾉﾌ'2l(ri)>'i(Ti)十/z22(rl)ﾀ'2(r2)十Uziiri)瓦十咄(rl)瓦=心(rl)cos∂1十d22(rl)sin∂1,(4.16)

wehavethefollowingtranscendentalequationwithregardtothegivenvalues

ofyl(rl),ﾀ2(r2)andtotheunknownvalues^■l,andthen71canbedeterminedby

solvingthisequationwithrespecttothefunctionr1.

ZZ7｡{yl(rl),ﾀ2(72),71}=0,1(4.17)

where

ち{yl(rl),y2(r2),r1}=/z21(rl)yl(r1)十h,2(rl)y2(r2)十≪2l(^l)瓦.(4.18)

Since∂1,て･land7･2havebeenfound,Zi(ri)andzItz)canbeeasilyfoundby

substituting6i,ziandr2intoEq.(4.8).

5.Determinationofi･lbyDigitalComputer

Itisthemostdifficultproblemtodetermine7Iintheprecedingprocedure

andtoobtainthesteadystatesolution.

Sincerlcannotbewrittenintheexplicitformsbecauseofthecomplicated

transcendentalequation,itiscomparativelyeasytosolvethisequationbymak‘

inguseofthedigitalcomputerforsomenumericalexamples.

HerewecandetermineてlandtheperiodicsolutionsbymeansoftheDigital

Computer(KDCﾝ1)accordingtotheproceduresasshowninFig.5,whereap-

proximatelythedeterminationnisconfinedtosolvethefollowingequation

|ら{yl(rl),ﾀ2(r2),rl}|<ε,(5.1)

£beingagiveninfinitesimalvalue.

6.AnalysisoftheProducerCircuitwithaShuntCondenser

Inthissectionwestudythecircuitshownin

Fig.6involvinganadditionalcapacitorC^,which

willintensifythegenerationofseveraldesired

componentsofharmoniccurrents.Thiscapacitor

may,ofcourse,includetheeffectivestraycapacitor

ofthecoil.Thecharacteristicofthecoil,i.e.

thesymmetricalcharacteristic.andothercircuit

modesareassumedtobejustthesameasthose

discussedintheprecedingsections.

/゜=ﾑ勁7ω/

-

Fig.6.Harmonicproducer

circuitinvolvinganaddi･

tionalcapacitor.

6.1.TransientSolutionsinthe1-stCircuitMode

Thecircuitequationsare
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ﾂﾞt=tJllfl=zﾀ十RtR.

C窯=な,4==響十74,

な十c偕十C窯=なsin(�十ed.

57

(6.1)

whered.representstheinitialphaseangleoftheinputcurrent,atwhichthe

statestarts,andtheconditionsaresupposedtobe

φ=φ4atZ==0

andφ=必latZ=ZI,

t.beingthedurationofthestate.

Putting

あ(r)=9?yや
4,
恥(7)=守,4(r)=守,r=�,

(6.2)

゛e昌言ぷこここごご‰1ご二ここにご

ｼ(r)十ｼ(r)十7･1ﾀ1(r)-γ1万〇↓瓦=sin(t十∂1),|

where

ｼ･(r)-μxｴ(r)=0,

(£十d＼z,iz)-dMT)=o,

rl°
1

匹' jいと

(6.3)

-o_ω2Cφ4
ﾀ1‾‾瓦‾

Thecorrespondingoperationalequationswhichdeterminetheoperational

functionsX,{p),YU)andZi{p)correspondingtoXi{t),yiir)andZi(r)arewritten

inthematrixform

P,Ti.t>

-μ.p.O

一8,0,p十∂

ぐ
ぐ
ぐ

瓦
瓦
'
4

-1

Hencewehave

宍ﾄ
Mc゜守却もりHmy

j予
o

l

白卜謡聯首位ｷﾞﾖﾄｰち｡,-･
μ♪十d),-r･1(♪十∂),励巧o

x

F

o十S),HP十do).∂1

XT"

∂ぷ-aut?十句)十γ1,40

勺づ岫｡o､賜-3)

(6.4)

(6.5)
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where

8o=d十Si,7･lo=μΓ1,α1=n^i

ThesolutionofEq.(6.3)become

ｽﾞ1(r)

y1(r)一万〇

z1(r)

瓦11(7),F112(r)

=FnM,Fnzir)

Fi3i(r)1Fl32(r)

ｺﾞ 十
(6.6)

wher:eFM'sandX{t)'saretabulatedinTable1,providedthaty｡,(r)and^r≫(r)

begivenby

/r≫(r)゜jF75れy+1)(ﾀﾞ十j;o十鳶,o十αΓ)●
ｼ･

･,(･)=占し7函ｱﾊﾞF心･

|

Tablel

(r=1,2,3,4)

F^^^(r) /.2(r)十5/,2(t) Z111(7) g13(r)十Sgij(r)

F112(r) /14(r)十8/≪(r) ;!rii2(で) -γ1{g12(r)十な11(r)で}

F121(r) μ{/l2(0十3/,i(r)で} χmCr) ∂g12(7)

F122(r) μ{/l3(0十5/i2(r)} ;iri2i(T) μ{g12(r)十な11(r)}

F.3i(r) 5l/l2(O Z122(r) g13(7)十δog12(r)

F132(r) δ1/13(r) χ123(r) δぼ1.(0

χ11(r) g12(7)十な11(r) Z131(r) δlg12(r)

;f.2(0 μ{g11(r)十なlo(r)ﾐ} Xl^7.ir') -4911(r)

χ13(0 SiguM ;iri33(で) g13(7)十∂lg12(r)十TioSnM

6.2.TransientSolutionsinthe2-ndCircuitMode

Thecircuitequationsare

必

一心
=V,,Vi=tﾀ十RiR,

c2=i･.tL―営十h.

IL十c偕十C:f.-'｡,sin{at十∂2),

(6.7)

(6.8)

where6zrepresentstheinitialphaseangleoftheinputcurrent,atwhichthe

positivesaturatedstatebegins,andtheconditionsaresupposedtobe
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φ=φtatZ=0

andφ=φ2att=t2.

ちbeingthedurationofthestate.

Usingasimilarsymbolsuchasin(6.2),Eq.(6.8)maybewritteninthe

dimensionlessforms

where

(ｼa z2(r)-∂lz2(r)=0

r,乱拡,s=
血
L
に
｀ 万〇=゜yφ,r2o゛μr2.≪2°r2∂

I≪

Thesolutionsareobtainedinasimilarmayasbefore,thatis,

ｴ2(r)

ylT)一万〇

z2(r)

一
一

cosθ2

sin∂2

く
ぐ
ぐ11
1

1
e
>
i
P
I

ｳ
4
N
N

N
i
s
;
N
i

―j
r),χ212(r),χ213(r

て'),χ222(r),χ223(r

r).χ232(r),χ233(r

whereFM'sandχ(r)'saretabulatedinTable2.

Table2.

jが
o
が

ljj
j
j

一瓦

(6.9)

f
―
＼
^
-
^
y
-
^

r
r
r

ぐ
ぐ
ぐ1
2
3

2
2
2

χ
χ
χ

―

(6.

F211(r) /23(r)十∂/22(r) χ211(r) g23(r)十8gi2(r)

F212(r) /24(r)十V23(r) χ212(0 -r2な22(r)十8gn(r)}

F221(r) μ{/22(r)十∂/21(r)} χ213(0 8g22(r)

F222(r) μ{/23(r)十V22(r)} ;ir22i(T) μ{Z22(r)十Sg21(r)}

F231(r) ∂i/22(r) χ222(r) g23(r)十δoぬ2(r)

i="232(r) ∂1/23(r) X22%{r) δlg21(r)

χ21(r) g22(r)十∂/21(r) ;!r23i(r) 8lg22(r)

χ22(r) μ{g21(r)十Sg2o(r)} χ232(で) -α2921(で)

χ23(r) ∂lg21(r) ;!r233(O g23(r)十∂lg22(r)十rzogziM

10)

Althoughwecaneasilyobtaintheso】utionsinthe3-rdand4-thcircuitmcxie

byasimilarprodure.itisunnecessarytogetoneforconsideringthesteady

stateofthecircuitwiththesymmetricalcharacteristicofthecoil.

7.SteadystateSolutions

Sincethedurationofthesteadystateis2π,andatthetransitionpointsof
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ご

a

7こ｢こtここil

t

ここl

e

tにご311sielltsolutionsin3d｣acentregionshouldbe

｡

二二こｿﾞｺﾞ

)

二言,?(亡

)

昌

,>'2(r2)=｡

∩(7.1)

SubstitutingtheserelationsintoEqs.(6.6)and(6.10)yields

Xiir)

and

ﾚ

[
E]ﾚo

-

一
一

F,n(r),F.Jr)

FUr),Fi22(r)

F131(r),瓦32(r)

j;12n(r),瓦12(r)

瓦21(r),瓦22(r)

瓦3お),瓦32(r)

cos∂1

sin∂1

-

COS(∂1十r1)

sin(Oi十7･1)

χm(r),χ113(0

χ121(r),χ123(で)

;iri3i(r),;iri33(T)

N
N
:
N
:

―

+

z2(r2)

z2(r2)

211(で),χ213(r)

22i(t),;!r223(r)

231(r),χ233(r)

―瓦

ｽﾞ1(rl)

zl(rl)

χ11(r)

χi2(r)

χ13(r)

0<r<r.

瓦

χ2i(r)

χ22(r)

χ23(r)

(7.2)

(7.3)

-0<T<T2

Nexttodetermineri.duZi(て･i),^2(^2),Xiivi)andXiizi),puttingr゛riinEq･

(7.2)and7=r2inEq.(7.3),wecanobtainthefollowingequationsrespectively,

T
-
5
"
o
o
"

― 0,χni(fi),χ113(rl)

0,χ12l(ri),χ123(rl)

1,χ13l(ri),χi33(ri)
掛

-χ211(r2),-χ213(r2),1,0

-χ221(r2),-χ223(r2),0,0

-χ231(r2),-χ233(r2),0,1

χ21(r2)

一瓦

G

22(r2)

χ23(r2)

where

E]

言

£211(r2),£212(r2)E

221(r2).E222(r2)

E231(r2),£232(r2)

y2(r2)

ﾀi(ri)

一

一

Fni(ri),Fu2(ri)

Fvn(rl),F122(rl)

｣

瓦31(rl))F"u2(rl)

j
り乃
n

ぐ
ぐ

に
ﾄ
ド

O
T
-
l
O

一

O
"
r
H
O
"

⊇⑤

言言口

一

一

瓦11(r2),瓦12(r2)

瓦21(r2),瓦22(r2)

F2dr2),瓦32(r2)

(7.4)

(7.5)

COSrll―sinr1

sinn.COSTl

ThefirstandthirdequationsofEq.(7.4)are

ｴ1(rl)

z1(で1)

χ111(て･1),χ113(Ti)
十

〔

χ131(rl),χ133(r1)

x2(r2)

z2(r2)

(7.6)

石11(rl),F112(rl)COS∂1XUti)づ

F｡(r,),凡琵,)

jに

n∂

〕
‾KI
に

ﾑ)

|(7°7)

andthefirstandthirdequationsofEq.(7.5)are

χ211(r2),χ213(r2)

χ231(r2),χ233(r2)

zl(で1)

2i(ri)

ゴｰーおおIご卜 七引
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に訃ににｺﾞｶﾞも立言言二
SubstitutingEq.(7.9)intoEq.(7.7)yields

where

ゴベ

ににｺﾞｶﾞﾄににづ二卜に詣

く言昌に泣

ゐ

11
(rl),に

3
(rl),

ん

12

(

ﾙ

14

(

χ
χ
C

+

j0
1

1
■
o
"

―

=

n
l
ﾘ

'
ｑ
'
り

111(rl),χ113(r1)

13l(ri),χ133(z-l)瞭水ｶﾞ
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(7.9)

(7.10)

(7.11)

に且⑤に昆::⑤に比ｺﾞれ:言れ回

x1(rl

rこj7j?j

)

ｸﾞivesthefollowingequationsforobtainingtheunknown゛alues

where

and

ｺﾞ

司
､
り

球
以
―

日よに:陥に毎に〕

ぼ言圧既にｶﾞに言烈

ﾙ11(rl)･fel2(

‾

に

i3(ri),hi

ド
ﾚ瓦

ﾄﾄ禎
禎

FromEq.(7.7),wehave

づ
-
-

χm(rl),χ113(

χi3i(ri).χ:33(

ぐ
ぐ恥
ろ

―lj
j
1
1

r
r

11(rl)^ni(ri),;!rn3(ri)"lf;!r2,(r2)

13(rl)

]
十瓦
に

31(rl),χ13かi)J
U

3(｢2｣

｣}

r2)Fniiri),FnJiri)

7･2)

j
十
〔

凡31(rl),瓦32(rl)

SubstitutingEq.(7.16)intoEq.(7.8)gives

h

i

{T2)1K22(r2)

ん

23
(て･2).fe24(r2)

N
~
μ
瓦一

原
原
―j
] 一

一

211(r2),χ213(r2)

231(r2),χ233(て･2)

じ21(r2)yら2(r2)
k
3(r2),じ24(r2)

H

m

j
j

1
1

0

1

1
3

0

1

χ
χ

ベﾄ

1
1

<
C
>
<
3
b

？
E

C1

cos∂l

sin∂1

ﾍﾞ:ｺﾞ

(7.13)

(7.14)

(7.15)

(7.16)

(7.17)

where
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ﾙ21(r2),た22(r2)

ﾙ23(r2),ん24(r2)

|

C2i(t2)ﾀc22(r2)

ε23(r2)yc24(r2)

1,0
=囃

Z211(r2),χ213(r2)χ111(rl),χ113(rl).
十

〔

χ231(r2),χ233(r2)

U

χmiri).χ133(rl)

j

χ211(^2).χ213(r2)

゛

に

31(1-2),χ233(r2)

ににおﾄﾞ言:諮:ｺﾞ

(7.18)

(7.19)

SimilarlyEq.(l.Yl)givesthefollowingequationsforobtainingtheunknown

valuesx2(r2)叩dg2(で2),

CjガＣ ｽﾞ21(r2)ﾀｽﾞ22(r2)

z21(r2)ﾀ222(r2)

-ゴ<
s
<
s

C卜二回

(7.20)

where

に1(r2),亀(r2)|｡に1(r2),ﾙ22(r2)ﾄ1に

jItAc/r,"))

(7.21)

z21(r2),z22(r2)ん23(r2),ゐ24(r2),c23(r2),c24(r2)

and

･721(r2)ﾙ21(r2),hn(r2)-1χ21(r2)χ211(r2),χ213(^2)1f;irn(ri)に

｡(r｡)

〕

゜

に

3(r.),kdT,)

＼I瓦
[

臨(r2)

j

‾瓦
|

χa(r,),χ｡(r.)jlχｴ3(n)

|}

｡

(7°22)

NextthesecondequationofEq.(7.5)is

-χ22i(r2)^i(ri)-χ223(r2)z1(rl)十y2{r2)一j･i(ri)=Eiziivi)cos∂1十E=(r2)sin∂1-瓦χ22(r2)｡

(7.23)

SubstitutingofEq.(7｡13)intoEq.(723)yields

J'io(ri)=Fic{ti)cosOi十凡｡(rl)sin∂1,(7.24)

where

ﾀ1o(r1)=瓦χ22(r2)-χ22l(r2)0'llし1)-χ223(r2)912(rl)十y2ir2)-yiiTi),

F,｡(rl)=瓦21(r2)十χ2a(r2)如(rl)十χ223(r2)zn(rl),

|

(7.25)

j‰(r1)=尽22(r2)十χ22l(で2)ぷ12(ri)十χ223(72)212(1-1)｡.

Bythisequation,∂1canbeobtainedasfollows

e,=6o十COS-1みな:j

瓦o(rl)
(7.26)

where

∂o゛tan~ﾘ謡回,凡o(r1)=/月ciTl)十Fね(rj-(7.27)

ThesecondequationofEq.(7.4)is

χ121(71).r2(r2)十χ123(r1)z2(r2)十y2(r2)十y1(rl)=凡21(rl)cos∂1十F122(r1)sin∂1-瓦Zrlr,).(7.28)

SubstitutionofEq.(7.20)inEq.(7.28)yields

y2o(rl)=尽かi)COS6i十Fissin{Ti)di,(7.29)

Wねere
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J･2o(ri)=瓦χ12(71)十χ121(rl)121(r2)十χ123(rl)･722(r2)十y2(r2)十j･1(rl),

瓦｡(71)=F121(rl)-χ121(rl)ｴ21(r2)-χ123(rl)z21(r2),

瓦石･1)=瓦22(r1)-χ121(rl)ｽﾞ22(r2)-χ123(rl)z22(r2)
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こK

(7.30)

Consequently,substitutingofEqs.(7.14),(7.15),(7.21),(7.22)and(7.26)intoEq･

(7.29),thetranscendentalequationcanbeobtainedasfollows,whichcontaining

unexplicitlytheunknownfunction7･1,

u)^{yi{Ti),ﾀ2(r2),7･i}=0,

thenwecandetermineTibysolvingthisequation.

8●y｡,(r)andか,(r)

(a)Whentheequation♪3十δo夕2十卵lo十α1=Ohasthreedistinctroots･

Putting

j･3÷∂oj2十力･lo十α1=(夕十a,){p･十α2)(Z･十03)1

み｡(r)'Sandgr｡(r)'saretabulatedinTables3,4and5,whenr=1,

Table3.

glo(.T) 去+ﾑε-≫,T.ﾑε-"2'+ﾑε‘s37

g11(r) 一A,一圭ε'sf一圭ε‾s3T

g12(r)
AiA2A3

g13(r) 一気J-≪;T一見e-"/"-1;tE‾s3T

Table4.

/ii(O boCOSr十&lsinで一Åε-゛17-λε-゛2T-Åε-゛37

/i2(r) Sosinr十ijcosr十穴r“17十0
2
十
■D3

/.3(r) 一JoCOSr―b,sinr一が£-≪lT一式£-≫2^一式S-'z'

fuir) &osinr―Jicosr+がε一佃17十荒ε-゛27十

■03

Table5.

&1
α1―5n

&0
1-ro

(司十l)(ai十l)(ai十1)(ai十l)(a?十1)(司十1)

尽 (1十河)jl y11 (ai-a2)(a3-ai)

馬 (1十α1)j42 j42 ((z2-a3)((zl-α2)

角 (1十al)A, j3 (a3-ai)(a2-a3)

(7.31)

(8.1)
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Thevaluesofy;｡:(r)'sandgzn(r)'sareobtainedbyreplacingγloandαlbyTzo

andα2intheeχpressionsofy｀1｡(r)'sandginirys･

(b)Whentheequation♪3十∂o♪2十noP十α1=Ohasonerootandapairofconju-

gateroots.

Putting

j･3十∂oが十TioP十≪!=(/>十al)(♪十α十jβ)(♪十a-jβ),(8.2)

wehaveTables6,7and8｡

Table6.

ITioCO
圭一iO£-≪jT十Γα7(εlcosβ-e2sinβΓ)

αlo-i

g11(r) eas-"!-"十ε-“7(-QcosβΓ+e4sinβΓ)

g12(r) -(zo!?oE‾゛17十£-■"■(らcosβで―egsinβΓ)

g13(r) a?≪o£"''i''+£-"^(-67cosβΓ+1?8sinβΓ)

Table7,

/u(0 boCOSr十&lsinr十joE-s17+r゛7(-jlcosβΓ+(/2sinβΓ)

/l2(0 6icosT―bnsinT―aid^£~''i7十r゛7(j3cosβT―d.sinβΓ)

/.3(r) ―iocosT一&lsinr十aldoe-'i'十ε‾゛7(-心cosβΓ十j6sinβΓ)

A4(r) ―6iCOSr十&osinr-aμo'゛17十£-'≫''((/7COSβΓ一j8sinβΓ)

Table8.

go
1

(a1-a)2十β2
do

ε0

(zi十1
di 咎(3α2-β2十l-2a,a)

ε2 応{a((zl-a)十β2知o ei
包_主

α1α1
j2 為{(al-a)(α2-β2十1)十2(zβ2}

ら eo ら (ZIEO j3 ad.十β心

g6 |{a(a.-a)-β2} ε4 ｡9ｿﾞ 心 �2-μl

j5 �3十μ4

g8 a.e.-βε5 ε7 -eo(a-β)2
j6 �4-μ3

&0
1-rio
(a?十1)･j

&1
a,-do

(司十1)･j j7 adg十μ6

j (a2-β2十1)2十4α2β2 α1 (zl((z2十β2) j8 �6-β心

Asinthepreviouscase,thevalues/2n(r)'Sand^2≪(r)'s･areobtainedonre-

placingrioandαlbyr2oandα2intheexpressionsof/i≫(r)'Sandgl,s(r)'srespec-

tively･
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9.NumericalExample

Inthepresentsectionanumericaleχampleofthebasiccircuitisillustrated,

andtheresultsofthisexamplewereobtainedbymakinguseoftheDigital

Computer(KDC-1).Here,forthesakeofcomparingwiththoseofReference

(3)weassumethatthecircuitconstantsarethesameonesinReference(3)as

follows:

£1==£3=1.17H,£2=£4=1.TmH,

C=0.002μF,R=2000£?,/=£=1000c/s.

Inthenumericalcalculationofdetermingr1,wetake

Jri=0.001,e=0.0001.

TheresultsareshowninFigs.7,8,9,10and11.

Fig.7showsthedetermined･values7･1withrespecttoameasureofthe

hysteresisofthecoil,i.e.

心%=J'1(7゛叉?回ﾀﾞ(72)×100%

forsomeparametersr,i.e.K'==1/K,=I｡//..

Fromthisresult,wecanfindthatthepulsewidth7･lincreasesinproportion

toincreasingofthemeasureofthehysteresis.andthatthevaluesnareequal

tothoseofReference(3)When壽%=0,withoutthehysteresis･

Fig.8showsthevaluesof∂lwhichalsoincreaseinaccordancewithin-

creasing4y%.ThepeakvalueofEAt)isshowninFigs.9and10,fromwhich,

theeffectofthehysteresisofthecoilmakesthepeakvoltakedecrease.Fig.11
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Fig.9.Peakpulsevoltageacrossthecoil.Fig.10.Peakpulsevoltageacrossthecoil.
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Fig.11.Waveformsofvoltageacrossthecoil.

showsthewaveformsofthesteadystatevoltageacrossthecoil,inthiscase

wecanfindthatthewaveformwasremarkablydistortedbytheeffectofthe

hysteresis,comparingwiththecasewithoutthehysteresis.

10.Conclusion

Inthispaper,thestudyontheharmonicproducercircuitsispresentedby

theuseoftheanalyticalmethodbasedonthetheoremsofthePeriodicallyIn-

terruptedElectricCircuitsoftheThirdGenus.

Takingtheeffectofmagnetichysteresisofthecoilintoconsideration,we

canmakeclearthebehaviouroftheproducercircuitsasaccuratelyaspossible,

al!dshowthenumericalresultsofoneexample.
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Itisevidentthatthisanalyticalmethodisusefulfortheanalysisofthe

non-linearproblemssuchasthosecontainingthehysteresisorothernon-linearity

inordertoobtainthesteadystatesolutions,butitisdifficulttodeterminethe

periodswhichdecidedbythenaturalphenomenaintheconsideredproblems,

inthatcase,bymeansofthedigitalcomputerwecaneasilydeterminethese

valuesforthecaseofsomenumericalexamples.
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AnAnalysisofNon-LinearSampled-Data

FeedbackControlSystems

Sjnopsin

Higherordersampled-datafeedbacksystemswhichcontainasaturating

elementorabacklashelementareinvestigatedinthispaper｡

Thisstudyintroducesanewapproachtotheanalysisofnon-linearsampled-

datacontrolsystems.Atfirsttheauthorsdescribeanewanalyticalmethodfor

suchsystemsusingthetheoremofPeriodicallyInterruptedElectricCircuitsand

howtoapplytheDigitalComputer(KDC-1)tothistheorem.Themethodpre-

sentedherecanbeappliedtoanyhigherordersystemswithanynon-linear

elementsbymakinguseofthedigtalcomputersimulationoftheabovetheorem

andthenon-linearelement.Someillustrativeexamplesaregiventoclarifythe

methodinvolved.Oneexampleofthethirdordersampled-datafeedbacksystem

withasaturatingelementisinvestigatedincaseofinitialconditionsbeinggiven

withoutexternalforces.aunitstepfunctionandsinewaveinputsbeinggiven.

Theexamplesshowthatinthecaseofastepinputaswellasinitialconditions

existing,slightvariationsofinitialvaluesresultindifierentmodesofperiodic

oscillations,whileinthecaseofasinusoidalinput,aslightmodificationofnon-

linearcharacteristicsresultsinforcedoscillationsinonecaseandinsub-harmynic

oscillationsinanother｡

Twoillustrativeexamplesofthesecondordersystemwithabacklashele-

mentareconsideredinthecasewherethelinearsystemisfollowedbythe

backlashorfollowsthebacklash｡

Someresultsobtainedbynumericalcomputationsarepresentedtoshowthe

performanceofthesystemdynamicsonthebasisofthenewanalyticalmethod

presentedhere.

71

1.Introduction

Tofeedbackcontrolsystemsbelongsasampled-datafeedbacksystemfor

whichtheinputsignalisrepresentedbysamplesatregularintervalsoftime

asadiscontiniouswaveform,foreχample,thecontrolsystemwithcontactor

relaymechanism,theradarsystemandthedigitalcomputercontrolsystem.

Therearetwotypesinthesampled-datafeedbacksystems,oneofwhichisa
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linearsampled-datafeedbacksystemcontaininglinearelementsandanotheris

anon-linearsampled･datafeedbacksystemcontainingnon-linearelements｡

Thetheoryoftheformerhasprogressedandbeenwellconstructedby

meansofthetechniquesoftheztransformandthemodifiedztransform.How-

everthetheoryofthelattercontainingnon-linearelements,forexample.a

Saturatingelement,abacklashelement,andahysteresisordeadzoneelement,

hashardlybeenestablishedbecauseofdifBcultiesofanalyzingthecomplicated

phenomenaarisingbetweenthediscontinioussignalandnonlinearity.However

C.K.Chowl)hasrecentlystudiedabouttheself-sustainedoscillationsinrelay

servomechanismswithsamplingbyusingthedescribingfunctionmethod.R.E.

Kalman2),ontheotherhand,hasinvestigatedtheinitialconditionproblemsfor

thesamesystembythephaseplanemethodandhasobtainedunexpected

resultsfromthetheoreticalpointofview｡

Theapproachtotheanalysisofthetransientbehavioroftheloworder

relaysampled-datafeedbacksystemhasbeenintroducedinthepastbyF.J.

Mullin,E.I.Jury'5,K.IzawaandL.E.XVeaver4)byuseofthephaseplane

method.EspeciallyFふMullin5)hasstudiedthestabilityandthecompensation

ofthesaturatingsampled-datafeedbacksystemsandS.Kodama6),froma

differentpointofview,investigatedthestabilityofanon-linearsampled･data

feedbacksystemandhegavethecountertheoryforthestabilitytoF.J.Mullin's

study.Theseinvestigationsbasedonvariousassumptionsofnon-linearelements

aswellasthedynamicchracteristicofthefeedbacksystemshavenotbeen

establishedgenerallyforthenon-linearsampled-datafeedbacksystems｡

Inthispaperweintroduceanewapproachtotheanalysisofthehigher

ordersampled-datafeedbacksystemscontainingnon-linearelements.This

analyticaltechniqueforthetransientandsteadystatebehaviorofthesystems

isbasedonthetheoremofPeriodicallyInterruptedElectricalCircuits'^applying

thedigitalcomputer8)9).Althoughonlysaturatingandbacklashelementsare

heretakenintoaccountasnon-linearelements,theanalyticalmethodpresented

heremayserveasausefultoolinthesystemwithothernon-linearelements.

2.ApplicationoftheTheoremofPeriodicallyInterrupted

ElectricCircuits

Thesystemunderconsiderationis

showninFig.1.Thenon･linearityof

thememoryorthezero-memorytype

followsazero-orderholdnetwork.

Thecontrolledsystemisconsidered

Fig.1Nonlinearsampled-datacontrol

system
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generallyasanm-thorderlinearelementandsubjecttothedisturbancesvitYs

whichareappliedtopointsofthecascadedoutputelements.

Whentheinputtothenonlinearityisx{,t),theoutputz4･it)ofthenonlinearity

iswrittenas

uKt)=N{x{t),x{t)}

=Z£ﾀS
-

t=外一17｀十〇 (1)

whereN{x,i)isthenon-linearfunctionrepresenting,_rj!ﾂ¬

ぶ品∽二T

andﾀ^=1,2,….Thisoutputz4･(t)becomesconstantみz｀｡μ77

duringonesamplingperiodasshowninFig.2.

Thesystemequationcanbesetup,ingeneral,

inthematrixformasfollows

Z)十α11λ12……

λ21

一
一
一
泰
一
一

Z)十α22

●●
●

λ｡1･‥λ｡,｡_1D

where

j)=1
lVun=U≪(z)],

昭
ぶ
|
―
I
ｺ

3
…
…
ご
'

d
‥
L
十

Fig.2Outputofthe

nonlinearity

some(ﾀt)samplingperiod

一
一
･
●
一
一
ぐ

加
加
ご
四

<
J
v
>
<
し
u

』

-

Z£ﾀﾀl

vlt)十z71｡

z･μ)十ら｡

E

仇,(り十zﾀg｡

(2)

OKIく7

一一

-
t=n-17λ12,…,λ｡｡≪-i,=0or±1

andOn,…,α･mareconstantsdeterminedbythecontrolledsystem,clt).…,

Cm-i{t)areoutputsatpointsofthecascadedfirstorderoutputelementsofthe

controlledsystem.

NowwerewriteEq.(2)intheabbreviatedformas

[Z{D)][g≪(1)]=[yぷ]]O≦Z≦7(3)

andEq.(3)canbereplacedbytheoperationalform(thesecondkindLaplace

transform)

[Z(Z･)][g≫(♪)]=[y｡り]]十j･[£][gn-^(T)](4)

where[£]isaconstantdeterminedby[Z{D)]andgenerallythismatrixisa

unitmatrix.

PremultiplyingbothsidesofEq.(4)by[Z(Z･)]-＼thefollowingequationcan

beobtained

[gjj]]=(ZU))]-1[ﾀ｡(ヵ)]十Z･[Z{p)]-1[£][g｡-i(T)](5)

HencethecorrespondingtimefunctiontoEq.(5)canbederivedbytaking

theinversetransformofEq.(5)directly



where

[gn{t)]゜[9°nit)]十[m][g"‾1[ｸﾞ]O≦Z≦7(6)

ﾂふ幄昌Z詐)1

｡

ごご二お二ご二謡二工二言)ごお

Ztrasformusedinthelinearsampled･datafeedbacksystem.

recc

二こe

f

jごL7ごl

a

にご1ｺﾞ

ti

EIな(6)ise四I皿tedbythefolio゛i“g

[gn-1(7)]=[ら-i(T)]十[χ(7)][gn-IT)]

ふJ)≒に翠に宣旨諮≒ｵo…

(7)

then,substitutingEq.(7)intoEq.(6)resultsinthesolutionduringanysampl-

i昭乙;tﾆyW

isturbancesv^it),…,Vu{t)inFig.1werenotapplied,then[ら(Z)]in

江ここに言言二ご言言ここに二言ﾛｺｺ

:::

c

2でこごiまﾌﾟ器iﾌ:ご;lこj1こ7

1

1juringonesamplinginterval,thereforein

where

[g｡(Z)]=[9{t)][y｡]十[χ(1)][g｡-.(T)]O≦Z≦7(8)

ﾌｺﾞ:

LNiLRnl+LTjgﾚ(T)]}]J(9)

れ≧几匹ls

｡

広言(匹見ご)ご二゜二ここに二ご

ponentsofoor±1.Inthiscasetheinitialmatrix[&-1(7)]canbewrittenas

に(7)≒応じ且に言言し

心(｡)h｡)lLyn-^'}｡……

十[χ(7)]≪-Tp(T)][y,]十[χ(7)]"-1[βo](10)

Nextweshallinducetheconditionoftheself-sustainedoscillations.In

ごここにご(言な二ご翼ここに言ここに

syst

なここelf-sustでyここ:1117j2:III乱こ7jo;j7(゛゜1,2,･･･)aretoexisti“the

*臥/ひ)}=尚μ｡ﾛ旱eか'dp
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[y{[7:r[g

n-i
(T)]}]==[En-1](

｡
j

75
1
1

“
゛
!
ぐ

andsubstitutingEq.(11)intoEq.(8)yieldsthefollowingmatrixaccordingto

theconditionthatEq.(8)shouldhavethesamevalueatther-thsampling

instantasthevalueatthepreviousr-thsamplinginstant.thatis.

[Bμ]={[<P{T)][印一1]十[χ(7)]}{[9(7)][弘一2]十[χ(T)]}…III

{[9{T)][ε1]十[χ(T)]}{[?{.T)][ε｡]十[χ(7)]}…{[<P{T)][£m]十[χ(7)]}(12)

where

μ゜1,2,…,几,

Hencewecanobtaintheβ'slatentrootsofthematrix[召<x]bysolvingthe

characteristicequationoftheform

∂{β[び]-[昂]}=O(13)

Thenweknowthatthenecessaryandsufficientcondition*wherethesystem

wouldgeneratetheself-sustainedoscillationsisthattheabsolutevaluesofall

thelatentrootsβ1,β2,…,ゐ,shouldbeequaltounityrespectively.Ifthere

isonlyonelatentrootwhichismorethanunity,thesystemisunstableand

ifallthelatentrootsarelessthanunity,thesystemisstablebecausethe

solutionbecomesinfinitesimalastimegoes.

3.SimulationbytheDigitalComputerandNumericalExamples

Inpracticeitisdifficulttoclarifytheoreticalythedynamiccharacteristics

ofthesystemaccordingtotheabovetheorem､butitiseasilypossibletoplace

thecharacteristicsmoreclearlyinsightbyusing､thedigitalcomputertosimutate

thisanalyticalmethod

appliedtosomeexamples｡

Nowconsiderthecase

wherethecontrolledsystem

isthe3rdordersystem

withoutdisturbancesand

thenon-linearityisasatura-

ingelementshowninFig.3｡

Eq.･(8)representsthe

solutionduringﾀ■j-thsampl-

ingintervalwhenthe

saturatingelementisgiven

心ﾉ

Fig.3

1y印
十

乱9

印
Nonlinarity(saturatingelement)

叫Ξ]卜雁☆十今尚ｱづ
Fig.4ControlledsystemG(♪)

*Whenrisarational皿mber,similarlyweconsidertheself-sustainedoscillation,therefore

theconditionoftheself･sustainedoscillationscouldbeestablishedingeneral.
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byFig･3(a),where[y｡]ofEq.(9)canbedeterminedbythefollowingthree

regionsdenotedsuchthat

(1),ifthelinearregionexists;

lz｡IEI{r(Z)一司)}|≦hirZ=i二i7十〇

thenEq●(9)becomesl,

[y｡]=r{[r(n二i:ﾌﾞ)]十[71[&-1(7)]}

γｽﾞ｡

一
一

0
0

(2).ifthepositivesaturateregionexists;

χ｡>熹
γ

thenEq.(9)becomes

[y｡]=

ん
0
0

(3),andifthenegativesaturatingregionexists;

･付

thenEq.(9)becomes

み
0
0

:14)

(15)

(16)

Inthecaseofthisexamp】e,thedigitalcomputerflowchartisshowninFig.5.

Whenthesaturatingelementwhosecharacteristicisrepresentedbythe

followingEq.(17)isgiveninFig.3(b),[ﾀ｡]canbemoreeasilydetermined

ratherthanintheabovecase｡

idt)=htanhkx(t)(17)

Fig.6andFig.7showthenumericalresultsinthecaseoftheseexamples.

Fig.6(a)showstheresponsetoaunitstepfunctioninputinwhichthedifferent

modesofperiodicoscillationoccurringdependonaslightvariationsofinitial

values.

Otherdifferentmodesofperiodicoscillationdependingonotherinitialcon-

ditionsinthesamesystemwasgenerated.

Fig.6くb)shovystheresponseQft!lesystepiwithvarious阻turatingelements
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toaunitstepfunctioninputinthecasewheretheγofthenon･linearityis

onlychangedatsameinitialconditions｡

Themodes(2),(3)and(4)inFig.6(b)illustratetheperiodicoscillation,

thereforeweknowthatitispossibleforonevalueoftherofthenon-linearity

thattheperiodicoscillationshouldexistinthesystem,butforanothervalue

Fig.5Digitalcomputerflowchartforthehigherordersampled･datacontro】

systemwithasaturatingelement
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司
倒
爾

心
･ 0.2.0.8.-1-8.[4]∂､6､l､4､一乙

0｡7.1.4.-Z2,

(a)Differentmodesofperiodicoscillationsinresponsetoaunitstepfunctioninput

(b)Thetimeresponseofthesystemwithvarioussaturatingelementstoaunitstep

functioninput

(c)Forcedoscillationsinthesystemwithasaturatingelementforr(り=sin0.5πj

(d)Thetransientresponseofthesystemwithasaturatingelementtosinusoidalinputs

Fig.6Responseofthesystemwithasaturatingelement,^=1.0,T=1.0(sec)and

Gひ)=沢7ふTｱtoaunitstepfunctionandsinusoidalinputs
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AnAnalysisofNon-LiれeαΓSambled-DaiaFeedbackControlSystems

(a)Theresponseofthesystemwithasaturatingelement(≪'(O=tanh3x(Z))

tor(Z)=0

～
Q

(b)Theresponseofthesystemwithasaturatingelement(≪;(/)=tanh2<t))and

T=1.0tosinusoidalinputs

Fig.7Responseofthesystemwithasaturatingelementdescribedw(t)=htanhkx{t)

andG(j･)=瓦ﾁyTｱtosinewaveinputsandnoinputbutonlyinitialvalues

ﾊﾞﾘ|_.ﾉ.IQ印|/|卵ﾉ

I'rT-戸八戸

(a)ControlledsystemG(/>)

(b)Nonlinearity(backlash)

Fig.8Controlledsystemand

backlashelement

ofGひ)=jでy≒fj,7=1.0withaback･

に言言ぷ昌ご昌out(linear)

SamplingZero-OrderControlledNonlinean'iy

SwilcfiHO!dNetworkSystemてBacklash)

ra)

匹ﾄﾞ

79

じω

μﾉ

(a)Sampled-datasarvowithbacklashelement

(b)Controlledsystem,G(p}

(c)Nonlinearity(backlash)
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Fig.11Digitalcomputerflowchartforthesecondordersampled･datacontrolsystem

withabacklashelement
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1tisimpossible.

Fig.6(c)and(d)showtheresponseofthesystemtoasinewaveinput･

TheforcedoscillationsshowninFig.6(c)arethesubharmonicoscillationof

orderl/2illustratedbycurvelandorder1/3bycurve2,howeverinthecase

showninFig.6(d)thesubharmonicoscillationdon'toccurunderthesame

conditionasinFig.6(c).

Fig.7(a)showstheresponseofthesystemtonoinputsonlyduetothe

giveninitialvalueforchangingthesamplingperiodandFig.7(b)indicatesthe

responseofthesamesystemtoasinewaveinputunderthesameconditions

inFig.7(a).

Nextweshowthenumericalexamplesofthesystemwithabacklash

elementasthenon-linearityshowninFig.8(b).

Atfirstweconsiderthatthecontrolledsystemisthe2ndordersystem

withoutdisturbancesandabacklashelementfollowsthezero-orderholdnetwork

asshowninFig.1.,

Insuchacase,[ﾉ｡]ofEq.(9)isdeterminedbythefollowingseparete

regions,thus'

-
[y｡]=|“'("‾t7十〇)j

herea･it)isfoundtobe

①uKt)=x(t)一罵{At)=0)

-
②a･(0={x{t)-H}t=n-2T十〇(withinbacklash)

③減り=x{t)十H,ix'itXO)

-
④g(り={x(t)十j7}t=n-2T十〇(withinbacklash)

where

-
耳:halfofthebacklashwidth,Z=ﾀt-lT十〇(atﾀ･≪-thsamplinginstant).

Fig.9shwstheresponseofthesystemcontainingabacklashelementto

aunitstepfunctioninputwhich

iscomparedwiththeresponseof

thelinearsystem｡

Whenthebacklashelement

followsthecontrolledsystemas

showninFig.10,onenumerical

resultsinsuchacaseisillustrated

inFig.12whichgivestheresponse

ofthesystemtoaunitstep

Q

Fig.12Thetransientresponseofthesystem

ofFig.10withr=i.o,r,=i.o,A-=

1.0andH=0.1toaunitstepfunction

andsinewaveinput
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functioninputandtoasinewaveinput.

Thedigitalcomputerflowchartfornumericalcalculationofthefeedback

systemshowninFig.10isillustratedinFig.11.

4.Conclusion

Anattempthasbeenmadetoanalyzethehigherordersampled-datafeed-

backsystemswithnon-linearelementbyapplingthetheoremofPeriodically

InterruptedElectricCircuits.

Theapplicationofthisanalyticalmethodtosomenon-linearsampled-data

systemcanbeusefulinpracticeonlybymakinguseofthedigitalcomputer

simulation.

Inthispaperweconsiderthe3rdordersampled-datafeedbacksystemwith

asaturatingelementandthe?ndordersampled-datafeedbacksystemwitha

backlash,howeveritmaybepossibletoanalyzedthehigherordersampled-

datfeedbacksystemwithothernon-linearelementsbymeansoftheanalytical

methodpresentedhere.

Itisevidentthatthisapproachwillbeusefultoclarifytheperformance

ofthesampled-datafeedbacksystemwithnon･linearelements,whichhashardly

beenanalyzedbyothermethods.
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AnalysisofSampled-DataFeedbackControl

SystemswithFinitePulseWidth

Synopsis

Amethodforanalysisofsampled-datafeedbackcontrolsystemswithfinite

pulsewidthispresentedinthiswork｡

Theanalysisisbasedonintroducinganewtechniquewithsomeapproxima･

tionsbythetheoriesofthePeriodicallyInterruptedElectricCircuits｡

Theresultsmakeitpossibletoobtainthetransientandsteady･stateresponse

ofsuchsystemscontainingasamplerwithanypulsewidth.Furthermore,by

utilizingthismethod,thestabilitycriterionisreadilydevelopedanditsapplica･

tiontosystemsunderconsiderationmakecleartheeffectsofthesamplerwith

finitepulsewidthontheperformanceofsampled-datafeedbackcontrolsystems,

whichareofconsiderableimportanceinviewofitsengineeringapplications｡

Someillustrativeexamplesaregiventoclarifythemethodinvolvedandits

numericalresultsarepresentedtoshowtheperformanceofthesystemdynamics.

Moreovertheresultsinthisinvestigationareexaminedbythesimulationofthe

controlsysteminquestionbymeansoftheanalogcomputer.

1.Introduction

Analysisanddesignofsampled-datacontrolsystemshavebeendeveloped

afterconsiderableinvestigationduringthepastdecade.Especially,thedeve-

lopmentofthe2-transformandmodified0-transforminrecentyearshas

becomeanimportanttoolintheanalysisandsynthesisofsampled-datasystems.

However,inalmostallcasesthesampledversionofagivensignalhas

continuedtoberegardedidealisticallyasatrainofimpulsesofinfinitesimal

duration.

Morerecently,effortshavebeenmadetodealmorerealisticallywiththe

samplingproblembyrecognizingthatinpracticethedurationofapulse

formedbysamplingafunctionoftimeisnotonlynotinfinitesimal,butoften

appreciable.

Farmanfarmal)introducedthe/f-transformtoallowconsiderationofpulse
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width,andTOU2〕introducedther-transformforthesamepurpose.These

effortsledtotheestablishmentofmethodsofanalysisandsynthesisofopen･

loopsampled-datasystemswithappreciablepulsewidth｡

Furthermore,Farmanfarma'^haspublishedanexactmethodfortheanalysis

andsynthesisofclosed-loopsampled-datasystemswithfinitepulsewidth.

However,theexactmethodisverytedious.MurphyandKennedy4)deve10ped

anapproximatemethodforsuchsystemsfromadifferentpointofview｡

Thepurposeofthispaperistopresentamethodwhichallowsthetreat-

mentofsampled-datasystemswithpulsewidthrangingfromzerotothe

samplingperiod5,6).Thetechniquepresentedhere,whichisbasedonthe

theoriesofthePeriodicallyInterruptedElectricCircuits,yieldsapproximately

thecorrectvalueofthesystemresponseatallinstantsandalsodevelopsthe

valuablestabilitycriterionforsystemsunderconsideration｡

Investigatingthestabilityofsampled-datafeedbackcontrolsysfemswith

finitepulsewidthisofconsiderableimportancetoexaminetheeffectsof

pulsewidthonthesystemdynamics｡

Numericaleχamplesareworkedouttoshowtheapplicationofthemethod

presentedinthispaper,andalsotheresultsareexaminedbymeansofanalog

computersimulation.

2.GeneralAnalyticalMethodBasedontheTheoriesof

thePeriodicallyInterruptedElectricCircuits

Thesampled-datasystemwithfinitepulsewidthunderconsiderationis

showninFig.1.

Asiswell-known,thebasicdifferencebetweenacontinuoussystemand

afinitepulsedsampled-datasystemisduetothepresenceofthesamplerin

thelatter.Thusanygeneralinvestigationofthepulsedsystemmuststart

withthestudyofthesampler,andtherelationbetweenitsinputandoutput

timefunctions.

Fig.2illustratestheinputandoutputofasamplerwithpulsewidth/l

andsamplingperiod7.

AimedinouiSa叩呼
C気回?d

C洲ro!泗

Fe知加ご火山me�

Fig.1.Sampled-datafeedbackcontrol

systemwitljfinitepulsewith.

∂

Fig.2.

pier.

(a)-Inputsignaltosam-

(b)-Sampleroutput,
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Hence,therelationbetweeninpute(t)and

outputedt)inthetimedomainmaybewritten

as:

り,(Z)=べt){u(t)-u(t-l･)}十e{t){u{t-T)

一鍼Z-T-h)]十…

=冷)Σ{u{t-nT)-u{t-iぼ-h)}(2.1)

wheretdt)isaunitstepfunction.

Nowifpulsewidthhofsampleroutputis

subdividedintom―1narrowpulseswitheach

differentwidthj｡(f=1,2,…μM―1)asshownin

Fig.3.Pulsewidthみofsam-

pieroutputissubdividedinto

附-1narrowpulseswitheach

differentwidthぷa=i,2,…,

JH-1).

Fig.3,thentheoutputl?ゐit)isexpressedintheform,too

e,m=emu{t)-u{t-A,))十べ1)㈲j-jl)-zz(Z-j1-j2)}十…

十べt){uit-ΣJi)-u(t-Σj,)}十eitMuit-T)-uit-T-A,)}十…
i=l<=1

十･?(t){u(t-nT)-u(t-･･T-J^)}十…

十ε(z){z4(z-7j7-12j,)-zz(1-11T-11j,)}十…

eQﾀﾌ1-2i=lyi°1j李1
=忍石e{t){u{t-がr一石j,}一雄-ﾀj7一石/(,･)}

where∠lo=0.

(2.2)

Fortheapplicationofournewtechniquetothesystemunderdiscussion,

wefirstassumethattheoutputpulsee,,{f)maybeexpressedapproximately

bystaircasefunctionsasindicatedinFig.3,inotherwords,thatitisflat-

toppedpulsesduringeachdifferentwidth^i,thenwehave

etit)=べ0){u(t)-u(t一山)}十ε(jl){z4(1-jl)-z4(Z-jl-j2)}十…

十e{nT){u{t-nT)-u(t-nT-J^)]十…

十e(nT+^'^i){uit-nT-'ll^i)-u{t-nT-'l2di)}十…

≪om-2i=1yi=1ﾉi°lj4･1
=忍胃φz7十

l"0

一石j,)一絨j-mT-Ej,)} (2.3)

Accordingly,itmaybeobviouslysaid,frominspectionofEq.(2.3),that

thesamplerwithfinitepulsewidth/zinpracticeisreplacedbyanidealized

cyclicsamplerapproximatelyequivalenttoit.Thisidealperiodicsampler

withsamplingperiod7isillustratedinFig.4(B),whichisfollowedbyzero

orderholdnetworkswithdifferentholdingtime//.-,thatis

Hiip)=!二丿芦さ,ﾄ=1,2,…,m―1.(2.4)

ThusthesystemunderconsiderationasshowninFig.lcanbeevidently
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卵ﾉε･,匈ごっこ

(A)Samplerwithfinite

pulsewidthみin

practice.

(B)Anidealizedcyclicsampler

approximatelyequivalentto

thesamplerinFig.4(A).

Fig.4.Cyclicidealsamplerwithsamplingperiod7followed

byzeroorderholdnetworks罵(♪)=(1-ε-"‘)か.

rewittenasillustratedinFig.5accordingto

replacementofthecyclicidealsamplerand

zeroorderholdnetworks.Hereafter,we

considerthisapproximateequivalentsystem

inthefollowinganalysisbymeansofthe

presentmethodinthispaper｡

NowassumethatalinearcontrolledOb-

jectwithtransferfunctionG{p),asshownin

Fig.5,isgenerallyana-thorderelement

Fig.5.Equivalentblockdiagram

ofthesampled-datafeedback

controlsystemwithfinitepulse

width/j.

andsubjectstothesampledoutputet(t),andthatafeedbackelementwith

transferfunction尺iP)isgenerallyaβ-thorderelement.

Forbrevity,weintroduceanewsymbolsuchthat

4(nT)≡ら,1,et{nT十jl)ﾐg｡2,e*{nT十回j,)≡ら｡(2.5)

wheふ;ご゛どなこ瑞rﾆlitjy7y

,thatis,itsintervalissaidsoasthe1st

circuitmodeonthen-thstage,thecontrolledoutputらμ)maybeobtainedby

solvingthedifferentialequationoftheform

石ら(7)十α1匹ら(r)十…十dzら(r)÷らら(7)=ら10三r弓jl(26)

゛eこ‰で二二言ﾂﾞﾆな雪ﾂﾞ穴ご乱

｡i｡｡｡i｡-

D

1
o
一

0

αIZ:?α2Z)‥‥‥‥‥a≪-iD+α｡

7)0

-1D･…

0

0
0
一
･
一
一
Φ
ｅ

d-1(r)

べ(r)

ら(7)

一

一

ら
O
･
･
･
:
:
:
:
…
･
0

｣

O≦r≦jl

(2.7)

1Z)

where£)=卜ndべ(r)
ﾁﾞ
iら(r),く1=1,2,-･･,a-l)
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Infeedbackloop,thedifferentialequationiswrittenintheform

弘(7)十dぺSﾑb,t(r)十…十d卜1岳臨(り十み&(7)=ら(r)0<r<A(2.8)

ごなご言言勺に:言ごここにご謡ごmodeon

SimilarlyEq.(2.8)isexpressedinmatrixnotation

Dd,Dd,D………jβ-ID十み

Z)O‥‥‥‥‥‥‥‥0

1
I
幽
-
―
●
･
一
･
1
0

･O-1j)

同一1(r)

尻(r)

bn{r)

ら(r)

一
一

O
･
I
I
●
･
一
･
一
一
一
一
I
φ
一
●
0

Oぶrぶjl

(2.9)

whereZ)=£,andろ;(r)=ｼ(r),(i=1,2,…,β-1).

Whiletherelationbetweene{t)andh{t)isrepresentedasfollows,clearly

byinspectionofthesystemunderdiscussion

ら1T{ra}-&(Z)},｡r(2.10)

ら"″゜{r{t)-m)t=ﾀz7十'回j,゛

Now,forsimplicity,Eqs.(2.7)and(2.9)arerewrittenintheabbreviate

matrixforms,respectively

[zG[切][み,(r)]=[ら,](2.11)

and

[zk{D)][Xnlr)]=[T'][ﾀ｡i(r)](2.12)

where[r]isatransformationmatrixwhoseelementsconsistofoor±1.

While,[Wbi]isexpressedas

[ら,]={[R(t)]-[r][ｴ(1)]},｡｡7

=[ゐ1]-[7'][z｡,](2.13)

where[z｡1]=[^n―i*mり｡]],and[&1]=[私｡1,廠j｡]]consistsoftheaimedinput

r{t).

ThensubstitutingEq.(2.13)intoEq.(2.11)yields

[zG(Z))]D｡(r)]=[j?｡1]-[r][χw].(2.14)

Henceitisfirstnecessarytoobtain[Xn~ii｡(r)]fromEq.(2.12)fordeter-

minationof[41]=[ｽﾞ｡1.り洵].

BytheuseoftheLaplacetransformation*,Eq.(2.12)becomes

゛/り)=べy(りε-t'idt､
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[&(Z･)][ぷ1―limlヵ)]=[r][y｡-l.m(/･)]十j[£眉『^n―l,』(2.15)

whereelementsof[£x]consistofelementshiwhenelementsof[Zk{P)]have

theformof/,か十哨･

Premultiplyingeachtermontheboth･handsideofEq.(2.15)by[Zk{P)]-1,

wehave

[X｡-1.(♪)]=[&(ヵ)]-1[r][y｡-1｡(♪)]十Z･[&(ヵ)]-1[£瓦]『xμ1,』｡(2.16)

TransformingEq.(2.16)intotimefunctionbytheuseoftheinverse

Laplacetransformation**,weget

[r｡-1,｡(r)]=['Pd.r)]*[r][yn-1.｡(r)]十[χk(t)]『れ?1,』

=[9K-yn-1,｡(7)]十[χk{t)][4-｡｡べ(j｡,)]Oj7く臨(2.17)

whereasymbol゛4*"meanstheconvolutionintegral,anditsresultiswritten

oftheform[?x･み-1｡(7)],forbrevity,

while

[9k{t)]=紅&(ヵ)]-1,

[な(r)]=恥[ZX･(♪)]-1[な]｡

}(2.18)

Similarly,Eqべ2.14)isexpressedintheformofかfunctionas

[ZG(ヵ)][y｡(♪)]=[瓦1]-[7'][ｽﾞ｡1]十j･[£G][yが]｡(2.19)

Byasimilarway.Eq.(2.19)becomes

[y｡1(♪)]=(Z沃1))]帽[瓦,]-[r][易｡]}十y･[ZG(♪)]-1[£G][y認](2.20)

then,thesolutionintimedomainisgivenby

[ﾙ(r)]=[?G(7･)]{[7?｡]-[r][恥,]}十[χg{t)](j副)]

=[9c{t)][7?｡]十[χG(r)][yn―i>mり｡]]-[yG(7･)][r](ｴ｡-l.mUm)]

Oぶrぶ//l(2.21)

where

[9'G(r)]=4)[ZG(Z･)]-1(2.22)

[χG(r)]=恥[ZG(Z,)]-1[£G](2.23)

andtheunknownmatrices(ｽﾞ｡_1,｡り｡,)]and[J'n-1.｡り｡,]]arereadilydetermined

bythefollowingrecurrenceformulaeinmatrixnotation

[ｽﾞ｡―i<m＼"m]]=＼JPk･ﾀ｡-,り｡)]十(χ衣臨)][ｽﾞ｡―l.m―n^M-l)](2.24)

and

(y｡,｡り｡)]=[7G(臨)]L^≪-i.≫iり｡)]十[χG(4,)][y｡-｡,り｡,]]

-[?G(み,)][r](ｴ｡―li>M―1り｡-1)]｡(2.25)

**/(o=QF(夕)=山 跡に旱et'idp.
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Itisevidentintheendfromtheserecurrenceformulaethatthesetwo

valuesontheleft-handsideofEqs.(2.24)and(2.25)aregivenbythegiven

initialvaluematrices[丿押]and[辺]]respectively･

Therefore,Eq.(2.21)isthegeneralsolutionofthesystemunderdiscussion

inthe1stcircuitmodeonthen-thstage,inotherwords,duringfromZ=が

toZ==が

Consequently,withaboverelationsinmind,thesolutioninthe2-thcircuit

modeonthe≪-thstagecanbewrittenas

[ymir)]=[9c{t)][瓦f]十[χdr)][y6-ｴ(^.･-l)]-[9d.-!r)][r][易｡,-り,一ｴ]]

while

and

O£rぶj,

{i=l,2.…,m.M=0,1,…)

[;r｡｡,(轟一,)]=[9x･j≪..--l(^.--l)]十[χx(j,-1)](ｽﾞ｡｡-μ,･-2)]

[ﾀn.i-XJi-i]]=[<PckAi一,]][&｡｡]十[χG(j,-1)][y｡｡-2(j,-2)]

-[PgCz/.-i)][7'](4｡-1り,･-.)]｡

(2.26)

(2.27)

(2.28)

Sincethematricesonthe】eft･handsideofEqs.(2.27)and(2.28)canbe

finallydeterminedbythegiveninitialmatricesLyt?]andVxt?]accordingto

therecurrenceformulae,Eq.(2.26)resultsinthegeneralsolutioninanycircuit

modeonanystage.

3.NumericalExamplesandTheEffectsofPulseWidth

onthestabilityoftheControlSystem

Firstweconsiderthecontrolsystemunderdiscussionwithunityfeed-

back尺(j)=1.

Inthiscase,thesolutionisreducedtothemoresimpleformasfollows.

puttingrx≪.i-iり/-l)]ontheright-handsideofEq.(2.26)intoly｡｡-1り,-l)],

[yniir)]=[9G(7)][瓦z]十[χ(7)][み,八(馬-ｴ)]O≦:T<Ji(3.1)

where[χ(r)]=[χg(t)]-[9(ir'][r]

andtheinitialmatrix[y｡｡-1り,-1]]iswrittenoftherecurrenceformula,but

inamorecompactform.as

(ﾀ｡｡-1り,--l)]={.9d^i-i)][R｡｡-,]十[χり,-ｴ]][7Gり,-2]][&｡-2]

十[χGねｰ,]][χり,-,]][9d^i-^)][Rn.i-3]十…

and

十[χ(j､-､)][χ(∠li-｡)]･‥[χりｴ]][y｡､｡り｡]]

[y｡-｡以臨]]=[φ､､-19ﾀ?z]十[B≪][の劃一2'm]十[B≫12[のn―3.刀l]十…

十[民]"-2[I^im]十[β｡]"-1[Mr]

(3.2)

(3.3)
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where

[j｡]=[χり｡,]][χりｰｴ]]…[χｴ(j,)](3.4)

[φΓm]=[7G(ゐ,)][Rrm]十Dべj｡,)][9G(心,-,)][^r-m―1]÷…

十(χり｡)][χり-1]]･‥[χり2]][7G(jl)][恥,]｡(3.5)

Therefore,substitutingEq.(3.3)intoEq.(3.2)yields

[y｡｡-.(i.--l)]=[ら｡-1]十[j,-]{[(Z)｡-｡｡]十[召｡][(Z)｡-｡]十…

十[j,]"-2[(Z)｡]÷[S｡]"'lyt?]}｡(3.6)

Furtheremore,whenthepulsewidthhissubdividedinto脚-1narrow

pulseswitheachequalwidthj,thatis.

j,=A=hl(m-l),(i=l,2,…μn-1)andjm=T-/･･

[召｡]and[Or｡,]become,respectively

[j｡,]=[χり｡]][χ(j)]｀1

and

[(Z)｡]=[9G(j｡)][Rrm]十[χ(j｡,)][7G(j)][■'vr-m―1]十…

十[χり｡,]][χ(j)]｀2[7G(j)][j?｡,]･

Consequently,Eq.(3.6)issubstitutedintoEq.(3.1),thenweget

(3.7)

(3.8)

(3.9)

finally

thesolutionofthesystemwithunityfeedbackinquestionintheμthcircuit

modeonthe≪-thstage･

Nowletusapplytheaboveestablishedmethodtoanexampleofathird･

ordersystemasshowninFig.6.

μ/ﾉｶ例ﾆｰ�ﾉ

十一P(P-^T:)･

Fig.6.Anexampleofathird･

ordersystemwithunityfeed･

back.

Fig.7.RootlociofGCP)

withT,=5.0.

Hereassumethatthecontrolledobjectisoftheform

Gip)=瓦ﾊﾞ≒ﾂ(3.10)

whoserootlociareillustratedinFig.7,andthatthepulsewidthhofthe

samplerissubdividedinto脚-1narrowpulseswitheachequalwidthjas

showninEq.(3.7).

TheresponsetoaunitstepinputforthesystemillustratedinFig.6can
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bereadilyevaluatedbytheuseofEqs.(3.1),(3.8),(3.9)andfollowingrelations

ofEqs.(3.12)and(3.13),sinceinthiscaseitissatisfiedthat

[(Z)｡]=[<≫r-l.竹1]=≒･･=[の1.]=[(Z>r+i.m]ﾖ[Φm1,(3.11)

then

｡

ﾚyn-umi^mTi:IFyjヶにjﾑﾂﾞ;二ぷ

[ﾙ9,り,-,]]=[吸-,]十[瓦-,]({[び]-[j｡]に1{[び]-[j｡]"-1}[(Z)｡]十[召｡]"-1(刈)])

ZI二翼よこごこ二ここ?ﾄﾞﾄﾞcalculableﾂﾞﾌﾞs6゜¨T

~'1づﾄﾞ･ぞ1ﾀﾞｽ言J

三三三三三三熟

ﾆﾆﾂﾞ

[yμ｢｣]==

ﾋﾟjll｣

(3.14)

wherec,｡(r)=^CH,(r)andCnか)dr(r)｡

[瓦i]=

1

0

0

11
0
0

0
0
0

0
0
0

1

[9ｳG(r)]==

911(r)

921(r)

931(r)

9'i2(r)

?22(r)

93か)

(3.15)

(3.16)

913(r)

923(r)

9zz(j)

where

911(r)=j4Γε-7'17,?12(r)=-1十ε-7'17-T1でS-717,?13(r)=-7iΓε-7｀17,

F21(r)=試{1-(1十Tχで)ε-717},s‰(r)=a-7ら?'23(r)=-{!-(!十T17)ε-717}
71

魯

(3.17)
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?3ぐ)=yl(ε-7｀17-1)十為(r十a-71'),

?32(r)==聡{1-(1十T1で11･
Tll

χn(r)臨(r)χ,3(r)

[χG(r)]=

ﾋﾞ

2i(r)χ22(r)χ23(r)

j

χ3.(r)χ32(r)χ33(r)

where

χ11(r)=(1十T1て)s-717,χi2(r)=-T!r5-^i≒χ.3(r)=0,

χ21(r)=Γε‾r17,χ22(r)=(1十T,z)e-T,T,χ23(r)=0,

χ3i(r)=も{1-(1+71r)s-7'17},χ32(r)=Γε-717十会{1-(1+T1で)r71y

χ33W=1.

and[χ(r)]=[χG(r)]-[9'g(t)][F]isoftheform,from(3.17)and(3.19),

[χ(r)]=

χ11(r),χ12(r),χi3(r)-9ii(r)

χ2l(f),χ22(r),χ23(7)一気(r)

χ3i(r),χ32(r),χ33(r)-?31(r)

96.

(3.18)

(3.19)

(3.20)

(3.21)

whoseelementsaregivenbyFigs.(3.18)and(3.20).

TheresultsbasedonEq.(3.1)areeasilycalculatedbymeansoftheDigital

Computer(KDCﾝ1)asillustratedinFig.8,whereG(j!))=100か(j･+5)2(y1=100,

T,=5.0)andh/T=0.25,onthreecasesofinitialconditionsandsamplingperiods.

Nextweconsiderthestabilitycriterionforthesampled-datafeedback

じ

ｼ
６
４
ａ
ａ

∂ 2

- /.sec.
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Fig.8.Responsetoaunitstepinputforasystemofthetype

illustratedinFig.6,withG(p)=100か(j+5)2andh/T

=0.25,whereinitialconditions,i.e.a:c゛o=0,&+o=0,

c*o=O,b:0,1.0,0,c:0,2.0,0.
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controlsystemwithfinitepulsewidthinquestionandexaminetheeffects

offinitesamplingontheperformanceofthesystem.

Thecriterionisestablishedunderthepresumptionthatthesystemshould

besupposedstablesolongasthefactorscontainingtheinitialvaluesofthe

systemvariablevanishawaygraduallyfromthesolutionastimegoes･

Accordingly,inourcase,thestabilitycriterionforthesystemmaybe

achievedbyexaminingtheinitialmatricesofEqs.(3.12)or(3.13),whose

valuesmustbelimitedoneforthestablesystem.

Aswaswell-definedinReferences(7),bytheuseoftheSylvesterexpan-

siontheorem,itisevidentthatthenecessaryandsufficientconditionthatthe

systemshouldbestableisthattheabsolutevaluesofallthelatentrootsof

[B]shouldbelessthanunity.0rinotherwords,thatallthelatentroots

shouldlieinsidetheunitcircleonthecomplexdomainwithitscenterat

theorigin.

Ingeneral,assuming[召｡]tobetheM-thordermatrix,thecharacteristic

equationof[召｡,]isoftheform

∂{a[び]-[j｡]}=O(3.22)

andthisdeterminantreducestoanalgebraicequationoftheform

゜∠亀血_辺び･

b,t>!

Fig.9.Regionforstability.

αo♂十Ova"-1十‥･十ら,-μ十ら=O(3.23)

whereαo,α1,…,α｡areconstants.

Thesolutionsai,a2.….a≪ofthisequation

resultinthelatentrootsof[B1｡

Here,itisconvenienttodothebilinear

transformationsuchasa=(λ+1)/(λ-1)inEq.

(3.23),anditsresultsbecome

&oλ"十&oλ"-1十‥･十bn-1λ十b≪=O(3.24)

wherebo,&1,…,&｡areconstantsdeterminedby

constantsαo,α1,…>≪,｡

Then,wecanimmediatelyapplyastabili-

tycriterionoftheHurwitztypetoEq.(3.24),

becausethatthepointsinsidetheunitcircle

onthea-planecanbetransformedtothose

lyingonthelefthalfregionofthecomplex

λ-planebythisbilineartransformation｡

Nowbasedonthesestabilitycriterion,we

examinethestabilityoftheexamplesystem

showninFig.6.
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ThenumericalresultsillustratedinFig.9makecleartherelationsbetweeil

thefinitepulsewidthﾉzwithrespecttothesamplingperiod7andthe

stabilityofthecontrolsystemunderdiscussion,wherethecontrolledsystem

G(6)=250/KiJ+5f,(^=250,r,=5.0),thatis,avalueofy1=250isacriticalpoint

betweenthestableandunstableregionsofthesysteminlinearcontinuous

casesasshowninFig.7.

Inthiscase.theanalogueformtoEq.(3.24)iswrittenas

&oλ3十ろ1λ2U2λ十h=0(3.25)

therefore,thefollowingconditionsarethenecessaryandsufficientonefor

thestablesystembytheHurwitz゛Scriterion

&o,ろ1,&2,&3>0

&11･3

&o&2

=昂2一助3>0 (3.26)

ThesenumericalevalutionsaredonebymeansoftheDigitalComputer

(KD(ﾝ1),whoseflowchartisshowninFig.10.

Start
↓

Setsystemconstants,conditions&fi/T

↓

Setm,∠1&j｡_,

↓

Computecomponentsof[印],[加]&[χ]

↓

Compute[j｡]

no

↓

Determinedeterminant&reduceto

algebraicequation:dCa[び]-[β｡])=0

↓

Applybilineartransform&Hurwitz's

criterionforstabilityofsystem

↓

Printoutresults

↓

Ish/T=1?

↓yes

Halt

Fig.10.Digitalcomputerflowchartforcalculating

thestabilityofthesystem.
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FrominspectionofFig.9,

whenthesamplingperiod7=0.5,

thesystemisstableforanyvalue

offt/T.whileontheotherhand,

whenthesamplingperiodbe-

comeslargesuchasT=1.00r

T=2.0,thestabilityofthesys-

temisvariablewithrespectto

thechangeofhZT｡

Itisnowofinteresttoclarify

theperformanceofthesystem

underconsiderationduetothe

changeofpulsewidthofthe

samplerwhenthecontrolsystem

isnaturallyunstableinconti-

nuoussystems.

Fig.

of

おづ回7
11.Inversetransferfunction

anunstablecontrolsystem.

j

Forinstance,wetakej=300,

T,=5.0inourexamplesystemof

Fig.6whichisunstableasits

inversetransferfunctionisplot-

tedinFig.11｡

Thenumericalresultsinthis

exampleareillustratedinFig.12

whichdemonstratethatthepulse

widthofthesampleraffectsre-

markablythestabilityofthe

島か
‾ｱ

Fig.12.Regionforstability･

叱

●→

･J･100

Fig.13.Regionforstabilitywherearrowsymbols

“―and,"showresultsbytheanalogcomputer.
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controlsystem,andthattheunstablecontrolledobjectbecomesstablebythe

useofthesamplerwithfinitepulsewidth.

AnotherresultwhenA=350,Ti=5.0isshowninFig.13comparingthe

theoreticalresultwiththesimulatedonebymeansofananalogcomputer.

Bothresultsindicateaclosecoincidenceasmightbeexpected,andone

resultbytheanalogcomputerisillustrated

inFig.14whenthesamplingperiod7=1sec

一一｣
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outputresponse

Fig.14.Asimulatedresultbythe

analogcomputerwhenG(j･)=350/

Z･(♪+5)2,7=1secandh/T=0.45.

andh/T=0.45,whichshowsanunstable

response｡

Theanaloguesimulationofthisexample

maytaketheformshowninFig.15where

thesamplerwithfinitepulsewidthissimu-

latedbyelectronicelementsasshownin

Fig.16.

｢

Fig.15.Analoguesimulationdiagram.

1昂ぴZ 6Aぴ6

出J

Fig.16.Representationofasamplerwith

finitepulsewidth.
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4.Conclusion

Theresponseofasampled-datafeedbackcontrolsystemwithfinitepulse

widthcanbepredictedwithgoodaccuracybytheuseofthetheoriesofthe

PeriodicallyInterruptedElectricCircuitsdescribedhere.

Basedonthisnewtechnique,thestabilitycriterionofthesampled-data

feedbackcontrolsystemwithfinitepulsewidthiseasilyderivedandrelatively

isvaluableandaccuracyaswasindicatedinnumericalresultsinthepresent

work.

Inanefforttoexaminethestabilityofthefinitesamplingcontrolsystem,

itisevidentthattheeffectsofthesamplerwithfinitepulsewidthisa

considerableimportantfortheperformanceofthesystem,andthatevenif

thecontrolledobjectisoriginallyunstable,itssystemcanbemadestableby

makinguseofasamplerwithfinitepulsewidth.
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