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PREFACE

The material presented in this text is a set of the results of investigations
studied by the author at the graduate school of Kyoto University for five
years from 1958 to 1963.

His effort has been made to contribute especially to the mathematical
theories of the Periodically Interrupted Electric Circuits and to the tech-
niques for applying these theories to the study of various engineering
problems.

During the past decade there has been considerable interest on the part
of engineers and physicists in the problems dealing with electric networks
and control {systems. As the consequences of the mathematical techniques
in those fields, for instance, the fundamentals of linear and non-linear system
analysis, the probability theory, the topological theory, the optimization and
adaptive methods, etc.,, the more generalized synthesis and analysis of
systems have been extensively progressed.

The fundamental theories of the Periodically Interrupted Electric Circuits
constructed by Professor S. Hayashi of Kyoto University are well-known
and usefull methods in the fields of networks, control processes and various
engineering problems, and these fundamentals have been devoted obviously
to clarify the properties of the various systems in those fields.

My research works were carried out under the guidance and support of
Professor S. Hayashi during my graduate course, and I now write this text
under his supervision, the contents of which consist of my published papers
in the Memoirs of the Faculty of Engineering, Vols. XXV and XXVI,
Kyoto University, with the association of Professor S. Hayashi.

[ am thankful to him not only for his continuous guidance but for his
support in my works and in making this text. I wish also to express my
sincere appreciation for the valuable suggestions and discussions given me
by a large number of staffs of the Department of Electrical Engineering II,
the Department of Electrical Engineering and the Department of Electronics.
Thanks are due to staff members of the center of the Digital Computer
(KDC-1) of Kyoto University, for their helps to my works,

Koichi MizukaMI
Department of Electrical Engineering II,

Kyoto University, Japan,
September, 1964.
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INTRODUCTION

This text is devoted to the study on periodically interrupted electric
circuits and its applications to control systems.

In general the periodically interrupted electric circuits are classified into
the first, second and third genera, whose general descriptions® are given
as follows.

The periodically interrupted electric circuit of the first genus is so defined
that the durations of opening and closing of the circuit can be controlled
only by external causes quite independent of the phenomena themselves.

Chopper amplifiers, chopper-modulated circuits and sampled-data feedback
control systems belong to the first genus, and these are investigated in
detail in this text.

The periodically interrupted electric circuit of the second genus is so
defined that only the electromotive forces and the current sources in the
circuit vary periodically and impulsively, while the arrangement of the
impedances and the admittances remains unchanged, or, in other words, the
connections of the circuit elements are not interchanged.

The periodically interrupted electric circuit of the third genus is so de-
fined that the durations of opening and closing of the interrupter are
affected by the phenomena themselves. The harmonic producer circuits are
worked out in detail in the text by the method of the third genus.

The text consists of six chapters. The subjects of investigation are limited
to the field of electric circuits and sampled-data control systems. The method
of analysis presented in the text may also be applicable to other physical
systems. Now we summarize the contents and the obtained results of
each chapter.

Chapter I is concerned with “A Study of the Transfer Function of
Chopper Amplifier.” We first consider on the general analysis of the ciruit
containing a periodically operated switch such as a chopper. This analytical
method is established in complex domain based on some modification of
the theories of the Periodically Interrupted Electric Circuits. In this
establishment, the solution for the difference equation plays an important
role, and also the usefulness of the complex Fourier series is demonstrated
for the steady-state analysis of the chopper amplifier.

(1) S. Hayashi, Periodically Interrupted Electric Circuits, published by Denki-Shoin, Inc.,
1961.



The transfer functions of the two types of the chopper amplifier, that
is, the transformer coupled chopper amplifier and the resistance-capacitance
coupled one, are derived for a sinusoidal input signal. The frequency
characteristics result in the form of the first order attenuation characteristic
for the two types of the chopper amplifier.

Chapter II deals with “ The Steady-State and Transient Characteristics
of the Chopper-Modulated Circuit Having Four Circuit Modes”. In Chapter I
we discussed the chopper-modulated circuit having common two circuit
modes. Here we generally extend the foregoing analytical method for a
periodically interrupted electric circuit having m circuit modes and driven
by a complex sine wave input. Basing on this method, only a type of
most practical interest, that is,bthe transformer coupled chopper-modulated
circuit which is frequently used with conventional chopper amplifiers, is
treated.

The transient and the steady-state responses to sine wave and step inputs
are easily obtained, and these numerical results are illustrated to make
clear the transmission characteristics of the chopper-modulated circuit.
The difference of the characteristics between the “break before make” and
‘“make before break ” types of the chopper-modulated circuit under con-
sideration is clarified to some extent.

Chapter III describes an approach to the “ Statistical Analysis of Chopper
Modulated Circuits” excited by random inputs’

In general the output response of the networks containing time variable
elements such as a periodically operated switch becomes a nonstationary
random function. First we introduce, in general, the statistical method of
the analysis of variable networks for input signals of random function.
On the basis of this technique the transmission characteristics of the
chopper-modulated circuits of two types, that is, the transformer coupled
chopper-modulated circuit and the resistance-capacitance coupled one, are
clarified by examing the properties of the output correlation function and
power spectrum.

Chapter IV introduces a mathematical method for the * Analysis of the
Harmonic Producer Circuits” with a ferromagnetic saturable core coil,
taking the effect of magnetic hysteresis into consideration. This method is
based on the theories of the Periodically Interrupted Electric Circuits of
the Third Genus, and the application of a digital computer to these theories
especially plays an important role to obtain the steady-state performance
of the harmonic producer as accurately as possible. From the results
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obtained, we can find that the effect of the hysteresis of the coil makes
the peak pulse voltage decrease, and that the width of the pulse voltage
increases in proportion to the increase of the measure of the hysteresis.

Chapter V is devoted to “An Analysis of Non-Linear Sampled-Data
Feedback Control System ”. Higher order systems containiﬁg a saturating
element or a backlash element are investigated by the analytical method
based on the theories of the Periodically Interrupted Electric Circuits of
the First Genus, and also by making use of the digital computer simulation
of these method and the non-linear element under discussion.

The method presented here can be applied to any higher order systems
with any non-linear element.

Some illustrative examples are treated to show the performance of the
system dynamics on the basis of the analytical method presented here.
The examples under consideration show that in the case of a step input as
well as initial conditions existing, slight variations of initial values result
in different modes of periodic oscillations, while in the case of a sinusoidal
input, a slight modification of non-linear characterietics results in forced
oscillations in one case and in sub-harmonic oscillations in another.

Chapter VI develops a method for “Analysis of Sampled-Data Feedback
Control Systems with Finite Pulse Width ”.

The analytical method presented in this chapter make it possible to
obtain the transient and ths steady-state response of such systems containing
a sampler with any pulse width. Also the stability criterion is readily
developed, and its application to systems under consideration makes clear
the effects of the sampler with finite pulse width on the performance of
sampled-data feedback control systems. )

It is evident from the numerical results of the examples that the effects
of the sampler with finite pulse width is of considerable importance for
the performance of the system, and that even if the controlled object is
originally unstable, its system can be made stable by making use of a
sampler with finite pulse width.

The analytical results in this investigation are examined by the simulation
of the control system in question by means of analog computer, and the
simulated results indicate a close coincidence with the analytical ones.



CHAPTER 1

A STUDY OF THE TRANSFER FUNCTION OF
CHOPPER AMPLIFIERS



A Study of the Transfer Function of Chopper Amplifiers

Synopsis.

The chopper amplifier is frequently used in several types of d.c and ac
amplifiers as well as in d.c servomechanisms employing a.c control elements.

In this paper the transfer function of the chopper amplifier is derived for a
sinusoidal input signal. The chopper amplifier has a chopper, or, a contact
modulator at the input element of an a.c coupled amplifier to provide a means
of converting d.c and low frequency signals to signals which lie within the pass
band of the amplifier. Therefore, we first consider on the general analysis of
the circuits containing a periodically operated switch such as a chopper. This
analytical method is based on the theories of the Periodically Interrupted Electric
Circuits and the complex Fourier series. The demodulation of the amplified
signal is obtained by employing a synchronizing rectifier circuit, or a 2-phase
induction motor at the output of the amplifier.

In these systems we can easily derive the transfer function of some types of
chopper amplifiers and of which the steady-state performance can be clearly
stated in detail.

1. Introduction

Choppers or contact modulators play an important role in many circuit
designs where modulation (or demodulation) at a fixed frequency is required.

Their advantages for this service include extremely high ratio of open-
circuit to closed-circuit resistance, almost negligible internal noise and drift,
and excellent stability and reproducibility.

These properties make the chopper particularly suitable for use in several
types of d.c and a.c amplifiers as well as in d.c servomechanism employing
a.c control elements.

As the input element of an a.c coupled amplifier, the chopper modulator,
which is driven at a fairly low audio rate such as a 60c/s, converts d.c and
low-frequency signals to signals which could be applied to the conventional
amplifier. After one or more stages of voltage amplification, the signal may
be demodulated in a second converter such as a synchronizing rectifier circuit
to produce a high level output having essentially the input wave form.
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There are various applications of the chopper amplifier stated above, for
example, the amplification of very small direct voltages with a minimum of
drift such as a d.c microvoltmeter, the operational amplifier in the analog
computer, and the elements of the carrier-type servomechanism in which the
demodulation is usually obtained by making use of a 2-phase induction motor.

In recent years, several results'™* have served to clarify the performance
of the chopper amplifiers. Especially the analysis of the circuits® containing
a periodically operated switch such as the chopper-modulated circuits has been
progressed as well as the study on the time division multiplex system and
on the theory of the time varying parameter circuit.

However, these procedures
may be not sufficient to show the —

Chopper 3.¢ Synchronizing

over-all characteristics, the steady- Input nodulsted || amiier rectiier _‘Z”“’”’

state and transient characteristics
of the chopper amplifier. Fig. 1. Chopper amplifier.

The present paper introduces an approach® for the analysis of the chopper
amplifier shown in Fig. 1. For the purposes of this analysis, first the chopper-
modulated circuits, which are the fundamental circuits in the configurations
of the chopper amplifier, are discussed more generally on the basis of the
theories of the Periodically Interrupted Electric Circuits” and next in order to
show the steady-state behaviour, the transfer function of the chopper amplifier
is derived for a sinusoidal input signal through some approximations of neglect-
ing the higher harmonics at the output of the synchronizing rectifier circuit
in the chopper amplifier.

2. Analysis of the Chopper-Modulated Circuit

As was mentioned above, the chopper-modulated circuit plays an important
role of the modulation which converts input signals to signals which lin within
the pass band of the amplifier.

Now let us consider the general form of the chopper-modulated circuit con-
taining one chopper and the passive network with / storage elements of L, C
shown in Fig. 2, where the chopper operates ideally taking two modes (close
and open) as illustrated in Fig. 3.

Chogper
s
r—/‘ Duration
l— Circyit
N moges < [ L]0 [ 1
L ezvork R
Stage Stage
Fig. 2. Chopper-modulated Fig. 3. Chopper operation and

circuit, circuit modes.
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Hence the input signal is supposed to be the voltage signal of the form
as a function of the frequency w.

E(2) = elet (1)

which is connected with a loop containing the j-th element of the / storage
elements of L, C when the chopper is close (the 1st circuit mode), while which
is connected with a loop containing the j~th element of that when the chopper
is open (the 2nd circuit mod). Then the differential equations can be set up
in the matrix form, for the 1st circuit mode

21 Bzttt 2uz yl(t) 0
2.121"- . yz(t) 0
PYRIRr I PAAE)) 0

and for the 2nd circuit mode

o211 Zppatrrctettt 221 yx(t) 0
zgzx"- . yz(t) 0

J’j"(t) = | giot (3)
Zaggeesrereeerees vz ) L y(2) 0

where (), -, y/) represent the unknown currents or voltages such that if
the element is a inductance L, y(¢#s is a current flowing through the induc-
tance L, and if the element is a capacitance C, 5(#)’s is a voltage at terminals
of the capacitance C. The origin of time is placed at time when each circuit
mode begins. z’s and 2,’s are given by

2yij = L—Z—t+R
-c%+Q (r=12 ij=12-D (4)
or
2yij = 0
= 1.

By use of the Laplace transformation* Egs. (2) and (3) become respectively

» F)=p| f@erar



A Study of the Transfer Function of Chopper Amplifiers © 5

YY) Zin(p)y Zud p)e-ee- Z_ul(p) -t 0 Zin(p) Za(p)eeee- Z_ul(i’) -1
Yz(ﬁ) Zm( P) 0 2121(17)
Pol=1 p_ |+
HEN : : ? ——.j(u : :
YI.(P) Zm([’)""""""':'lel(P) () qu(ﬁ) ............... Zuz(l’)
z?ll 2?12 ......... z.?l! y‘l_o
21217 i : 2
1 5)
z.'l’“ .............. .'Z'?lz yYO
and
Y p) Zoi( D) Zud p)++- Za(pIY* 0 Zyl( p) Zak P+ Zzll(l’) -1
N I p_ | 40|}
: : L p—jo : :
YI'( p) 2"221( p) .............. '. Zzll( p) 0 Zzlx( p) ............... Zzu( p)
zgh'zgm """"" 2_21; e
Zam : vz
e T 2 )\ yi®

where 2%;; are constants composed of L, C and 0, and y s are initial values
of y(¢)’s in each circuit mode at time ¢=0.
Now for the sake of abbreviation, Eqgs. (5) and (6) can be written, respec-
tively,
' [Y(p)] = [e(p) T+ X $)ILy~°] (7)
and

[Y(p)] = [eL )]+ XL )]0y~ (8)

By use of the inverse Laplace transformation**, Egs. (7) and (8) are trans-
formed into the time function, respectively, as, for the 1st circuit mode (chopper

s: close)

[x0] = [e)]+ L)L y~] (9)
and for the 2nd circuit mode (chopper s: open)

Lx)] = L))+ L2 y~°] . (10)

In these equations the origin of time is at time when each circuit mode

] e
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begins, here for generality, we change it to the point that the 1st circuit mode
in the 1st stage begins, and we suppose the input voltage E(¢) to be

E(8) = Eeitwtte) YY)
By the change of the orign of time, the input E(#) is rewritten as

 E(t) = EeiwnT+8).gjwtt-4T)
and (12)

E(t) = Eei(onT+E+8) . pjult—nT~1))

which can be supposed to be applied at t=»T and at ¢{=nT+{,, respectively,

where Tt 14t = 2r/w.: one period of the chopper s,
#, : duration of the chopper s closed,
$; : duration of the chopper s opened,
n=0,1,2 eeeer ,

Therefore the solutions of Egs. (9) and (10) may be rewritten as follows to
the input E(¢) of the form shown in Eq. (11) during the n-th stage, respectively,

[y(6)] = EeinT+0[ o (t—nT)]+[x(t—nT)YIL yn T)] nT <<t auTt, (13)
and
[ y(8)] = EeitonT+tvbfoft—nT —t)] + [xt -0 T—1)J[y(n T+ 1,)] (14)
nTH+HH<tnT+T.

To determine the unknown matrices [y(#T)] and [y(nT-+t)], setting
t=nuT+¢, in Eq. (13), we have

[y(nT+1)] = Ee/@rT+0Lp(t)]+[x:(6:)]1 [y T)]. (15)

Substituting this value into Eq. (14) and setting {=n#T+ 7, we have

[ynT+T)] = EeinT+O[H ]+ [BI[ y(nT)] (16)
where [H] = e?1[ot,)]+ [xt:)1[e:(2)] } an
[B] = EZAT EXCYIN

Hence we find that Eq. (16) is the difference equation having the difference
T with respect to #7. The solution [ #(»nT)] of this equation is easily obtained
according to the general method for the difference equation, described in Ap-
pendix 1, then we have

Ly(nT)] = [BI[I]+ EeiwT+0{o/oT[U]—[B]} '[H] (18)
where [U] is a unit matrix and the initial value matrix [I] is given by

[1] = [#0)]—Ee?*{e’T[U]-[B]) "'[H]. (19)
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The matrix [B]” is calculable by use of the Sylvester expansion theorem
(see Appendix 2) as follows.

ssl‘...'l
1 e LUT-[B])
[B) = Mattzt (20)
1 7 (as"‘ar)

rs

where a,, -+, a; are the distinct latent roots of [B].

From Egs. (16) and (18), we can determine the unknown matrices, therefore
the voltage and current of the R.L.C network in any circuit modes of any
stages are calculated by Eqgs. (13) and (14) step by step, starting with arbitrary
initial conditions.

The stability of this system could be treated by examining the latent roots
of [B] as follows”.

Now assume that the maximum absolute value of the latent roots a,, -+, a;
is a;, then if |a;|>>1, the circuit is unstable and if }a;| <1, the circuit is stable.

Next consider the case of the steady-state phenomena for a sufficiently
great value of » when the circuit is stable.

From Eq. (20), we have

- lim[B]*=0. (21)

7-yco

In this case Eq. (18) becomes
[¥nT)] = Ee/wnT+0{oiT[ UJ-[B}} [H] (22)
and substituting Eq_s. (15) and (22) into Eqgs. (13) and (14) yield finally

[¥)] = Ee/ " T+0([o(t—nT)]+ [xt—nT)1{e/*TLUT-[BI} '[H]) (23)
aT<t<nT+t
and
[A(8)] = EeicnT+0)(gioTafp(t—nT —t,)]+ [t —nT —t)HLe )]+ x(21)]
{e»TLUT-[BL}'[HT}) aT+4,<t<(n+1)T. (24)

Hence in order to obtain the components of the different frequency in the
solutions, the steady-state solution may be expressed in the matrix Fourier
series expansion

[H] = Beiworsor 53 [K,,]emoet (25)

where [K,,] is the 1X/ column matrix having the elements K, Kmzy s Kt
defined as follows and the harmonics of the input signal frequency do not
appear in the solutions which are linealy related to the input.

Setting »
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EE%(L)E@ —[e] =, 35 [Kn] (26)
we have
LK1 = % S::UT Lg(t)]e™etdt . 27

From Egs. (23) and (24), the matrix [K,.] is rewritten in the form

(Kl = L{( o0+ L1 EDDe s meorat i { * (erons Lodt)]

+LxDILP Yoot} 28)
where .
[D] = {e/oT[UJ-[B)}[H] ‘
[P] = [et)]+[x(t)]{e?T[UT-[B1} ' [H] }
£ = e F@Emecds

Substituting Eq. (28) into Eq. (25), we can obtain in general the steady-state
solution without any approximations which is complex but of which numerical

evaluation may be readily done by such as a digital computer.

3. Transfer Function of the Chopper Amplifier

Consider the general system of the chopper amplifier shown in Fig. 1.

In this system, the synchronizing rectifier circuit is assumed to be the 2-
phase induction motor which converts a.c voltages to torques, and with no
loss of generality the a.c amplifier is assumed to have no attenuation and
phase shift. It is right to consider that high-order harmonic components of
the chopper frequency may be remarkably attenuated in this system, therefore
it is sufficient to consider only those components in the output of the system
having the same frequency as the fundamental frequency w+w. and w—w. of
the input signal, that is, in Eq. (25) we take only m=+1 and other components
may be negligibly small at the system output.

Accordingly, in one case, the output voltage of the a.c amplifier is express-
ed in the form

PA) = EeFor0 (K oinct + K_ye~soct)  (i=1,2, =, 1) (30)

where K;; and K_,; is derived from Eq. (27).
Considering the condition of the synchronizing rectifier circuit, the com-
plete system output becomes

o) = 5 Belo 0 {Kye=4 4 K_yiei%}, 31)
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multiplying the 1st term and 2nd term of (30) by le—iwect+$> and Leiwcttd),
respectively, where ¢ is the phase angle shifted in phase with respect to the
input modulater which have to be determined to maximize the value (¢).

The transfer function is the relationship between the input and output
voltages in the system, then we have

G(@)lei’ = B8 _ 05 (Kyemib 1 Kyieid). (32)

- Eef(mt"i'o)

In the remainder of this paper we will show the characteristics of two
types of the chopper amplifier by the use of above procedures.

4. The Transformer Coupled Chopper Amplifier

The type considered in this section is widely used in many applications, of
which the chopper-modulated circuit consists of the transformer type shown
in Fig. 4. The equivalent circuit of this type is derived as Fig. 5.

14 . r S
Feflwta) [g] T oac £ et ve) Q ! m
. " Amp @e 3R gL

Fig. 4. Chopper-modulated .
circuit of transfor- Fig. 5. Equivalent circuit of
mer type. Fig. 4.

From Egs. (2) and (8), the following differential equations can be set up,
when the chopper is closed

r d it
L (.R_+1) )+ r5(t) = o1 (33)
and when the chopper is open
L % HE)+Ry(t) = 0 (34)

where ()= I(¢).
Similarly, from Eqgs. (22) and (23), the steady-state solution results in

Aty = Ee?rT+0 {0 (t—nT)+ x(t—nT)(e/*T — B)-H} nT<t<nT+t, (35)

wWt) = Eej(m”T+9)x2(t—nT‘tx){gol(tl)+x1(t1)(eij—B)_1H} (36)
nT+46H<t<(n+1)T
where
- a ., 1 fwt _ p—at — p—at — =Bt
Pi() - a+].w(ef ), x(t)=e, x{t)=e¢ @n

B = xft)x(t)), H= xg(tz)?x(tx)_; a==Rr/r(r+R), A= R/L,
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Then the output voltage Ldit y(t) is easily found from Eqgs. (35) and (36).

According to the same process as before, we find

K = L{S“ (9/(8) + x{(£)) De=i@+mecdtdt + & S'Z xz’(t)Pe‘f<“’+’”“’c>'dt} (38)
T 0 0

wher x—e—i@tmeot, D=(gieT — B)'H, P=o¢\(#;)+x(#)D and accent notations mean
differentiation.
For simplicity, setting the duty-ratio to be 0.5, that is,

tl = tz == 0-5
we have
L, a_ [20 a B
K= r(a+jco){wc +a+j(a)+a)c)+ﬂ+j(cu+o)c)+0(0)} @)
_ L, a _2w a B
Kor= T r(a+ja)){ wc+a+j(cu+wc)+ﬂ+j(w—w¢)+0(0)}

where the term (o) is almost negligible comparing with other terms.

Since the frequency o of the input signal is less than the chopper fre-
quency w. and in general a, < @, is Satisﬁed, therefore taking into account
these conditions we can finally obtain the transfer function as follows by sub-
stituting Eq. (39) into Eq. (32), where some negligible terms are removed,

Clw) = |Gle)| e = k —L (40)
1452
where {3—
_RILYr+R) .
= o IR sin(—@). (41)

In this case the maximam gain

of é(w) is given when ¢=—=/2 and
the amplitude and phase characteris-
tics as a function of the ratio w/a or
w/w. are shown in Fig. 6.

Il
=
— Pruse (degree)

—— Gain(db)

Throughout these procedures, the

duty-ratio #/¢, was assumed to be

L

05, now we consider the relation g

B0
voltage. This relation is readily Fig. 6. Transfer function of the trans-

: . : former coupled chopper amplifier
found by checking the coefficient K, (A : amplitude characteristic)

or K-, for some duty-ratio, The re- (B : phase characteristic)

alg

between the duty-ratio and output
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lative result is shown in Fig. 7 which shows that

10 >
the optimam duty-ratio becomes 0.5 as expected < b /\
]

5. The Resistance-Capacitane Coupled
Chopper Amplifier

The resistance-capacitance type shown in o
Fig. 8 has a high impedance characteristic in B
contrast with the transformer type having a Fig. 7. Relation between the
1 . d duty-ratio and output
ow impedance one. amplitude.
Similar to the previous section, the deriva-
tion of the transfer function is given in the r c
following without careful discussions. The fetwtit) v & J‘g’;’l L 1 s
fundamental differential equation is represented ‘r 3k anp
in the form as follows, for the chopper s closed
Fig. 8. R.C Chopper-modulat.
C(r+R)3d7 HEY+3(E) = eiot (42) ed circuit,

and for the chopper s opened

d
RC a—t—y(t)-}-y(t) =0 (43)

where (&)= V(¢).
Similarly, the steady-state solution is

Wt) = EeferT++0 (o (t—nT)+x(t—nT)(e/*T— B)H) nT<<t<nT+t (44)

W) = Eej(w"T+o)'xz(t_”T—tl){¢x(t1)+x1(t1)(3]‘"T—B)_lH} (45)
nT+4H<t<(n+1)T
where
2D = (=), Bl = e xlt) = o, “

B = x{t)x(t)), H= 2{t)pdt), a= 1/CR, B =1/C(R+7r).

The input voltage RC% »(t) to the a.c complifier is readily obtained from

Eqs. (44) and (45), and obviously because of the same form as that in the previous
case except for several constants, we can straightforwardly write the transfer
function in the form, setting the duty-ratio to be 0.5,

o) = | Glo)) e = b L (47)
1+i%

where
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.. CRYr o
k= gRenSin(=9)-

Setting ¢ to be —z/2, the gain of é(m) becomes the maximum value too
and the frequency characteristic in this case is quite evident to be the same
one as shown in Fig. 6, but the value k and a are different.

6. Conclusion

The purpose of this paper is to explain briefly the transfer function of
chopper amplifiers. First, we have discussed in general the chopper-modulated
circuit by the modified theories of the Periodically Interrupted Electric Cir-
cuits. This modified analytical method has been established for the complex
domain, therefore it is more general and will be applied in various fields.

In this establishment, the solution for the difference equation has played
an important role and the usefulness of the complex Fourier series has been
demonstrated for the steady-state analysis of the system.

The transient behaviour of the circuit also could be worked out in detail,
although here it has not been examined.

Based on the modified theories presented in this paper, and provided that
somewhat negligible terms could be removed, the transfer function has been
determined for the two types of the chopper amplifier.

The frequency characteristics have resulted in the same function in the
two configurations which were expressed in the form of the 1st order attenuat-
ion characteristic.

It is hoped that the results given in the 3rd section will not in any sense
represent the limit of the application of this analysis, but it will be widely
available in other fields, and that the transfer function presented in this paper
may serve as a guide to the circuit designer to obtain good system perfor-
mance.

Acknowledgments

The authors are very grateful to Prof. A. Kishima as well as to staff
members of the Department of Electrical Engineering, II for this discussions
and valuable comments in this work.

Appendix 1

Solutions of the difference equation
The linear difference equation is written in general in the form

ﬁan;ny = K;\; (A 1)
i=
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where P,; und K, represent constants or functions of x.
The general solution of this equation becomes

Yz = é} 74x) S dedx)dx+ (%) + capdx) + -+ + Camin(x) (A.2)

where the 1st term on the right side is one particular solution of the non-
homogeneous equation of (A.1) by Lagrange’s method and the term c(x)+
-+ canu(x) is the general solution of the homogeneous equation of (A.1):

é}ﬂ;y::w =0. (A3)

In the special case where K, is b and P,; is constants ¢;, the perticular
solution 7,(x) of the nonhomogeneous equation can be readily derived as follows

(%) = rb*/9(b) (A.4)

where ¢(b) is defined by the fact that if setting y.=21* in the following homo-
geneous equation

3 @iyeni = 0, (A.5)
we have
A= ayt+ad+ a2+ +a,2* = (A.6)

and when we put A1=5 in (A.86), ¢(b) is determined.
For our case treated in section 3, it is clear that, by the above method

¥(2) = AT[U]-[B]
2=[BJVT
b = egie
r = EeJ'[H]

(A.7)

and the particular solution becomes
n(nT) = Eef T {oioT[U]-[B1}'[H] (A.8)
and the general solution of the homogeneous equation becomes

con(nT ) = [B]n [I] » (A.9)

therefore the solution [ (#T)] can be written in the form as Eq. (18).

Appendix 2

Sylvester expansion theorem
This theorem states that, if a, is an s,~ple latent root of a square matrix
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[A] of order m, and provided that the corresponding characteristic matrix has
full degeneracy for that root, and

S1tSpt b8 =m

then
F(LAD = 5 F(a)[K(a,)] (A.10)
where
_ k=i (@ UT-[A)
(K@= I k(ak—a,.) (A.11)

For our case treated in section 3, the function of matrix is
F(LAD = [AT".

therefore the Sylvester expansion theorem for this is written as Eq. (20).
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CHAPTER I

THE STEADY-STATE AND TRANSIENT CHARACTER-
ISTICS OF THE CHOPPER-MODULATED CIRCUIT
HAVING FOUR CIRCUIT MODES
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The Steady-State and Transient Characteristics of the
Chopper-Modulated Circuit Having Four Circuit Modes

Synopsis

The problem considered in this paper is one, in general, of making clear the
characteristic of chopper-modulated circuits from the theoretical point of view.

The chopper-modulated circuit under consideration is assumed to have four
circuit modes. In a previous investigation, we have already discussed a chopper-
modulated circuit having common two circuit modes, and also have developed
the valuable analytical method for a periodically interrupted electric circuit
having two circuit modes excited by a complex sinusoidal input,

Here we shall generally extend the foregoing analytical method for a periodi-
cally interrupted electric circuit having m circuit modes driven by a complex
sine wave input and basing on this method, we shall discuss a chopper-modulated
circuit having four circuit modes. Only a type of practical interest is treated,
that is, the transformer coupled chopper-modulated circuit which is frequently
used with conventional chopper amplifiers, and other types which are not con-
sidered here. The method considered in this paper is an available technique
explained to make clear the steady-state and transient performance of these types.

1. Introduction

In conventional chopper amplifiers, the chopper-modulated circuit commonly
contains a mechanical contact modulator, or a chopper as an element of its
circuit. This circuit has an important mean of converting an extremely low
d-c voltage or a very low frequency alternating voltage with small amplitude
into an alternating voltage being able to be amplified by a stable audio-
frequency amplifier.

The usage of the modulating device of such a chopper-modulated circuit
generating an alternating voltage has several advantages, that is, a very low
internal impedance of the circuit, almost negligible internal noises, and no
producing drift through the chopper amplifier.

The chopper may be supposed to take only two operations of “make” and
“break” synchronously according to a driving force of the chopper, which is
one of the types of the chopper-modulated circuits.
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However, other types of operation of the chopper in practice may be con-
sidered, that is, the chopper “makes before break” and “breaks before make”
synchronously at an extrmely low voltage given as an input to the chopper
amplifier. Here we shall discuss in detail the latter type of operation of the
chopper. This type is seen to have four circuit modes per one cycle of a
driving force to the chopper as shown later in this paper.

The circuit of such a chopper-modulated circuit converting d-c or a-c vol-
tages into an alternating voltage may be considered as a periodically inter-
rupted electric circuit of the first genus®. This circuit having two circuit
modes driven by a complex sinusoidal input has been already discussed, we
have developed the analytical method of such a circuit and, by the use of this
method, we have clarified the performance of one type of the chopper-modulated
circuit®. '

First, the remainder of this paper is devoted to the development of the
foregoing method, which is expanded to be applicable to the circuits having
m different modes®.

Next, the analysis of the chopper-modulated circuit having four circuit
modes is worked out in detail to illustrate the application of this expanded
theory, and to make clear the circuit characteristics®®.

2. Analytical Method of a Periodically Interrupted Electric

Circuit having m Circuit Modes

The general form of this interrupted circuit contains one chopper and
several passive elements of networks with ! storage elements L.C as shown in
Fig. 1. It may be supposed in general that this circuit may have the different
operations of the chopper in each circuit modes, and also have the variable
LC.R passive elements in different circit modes. That is, it may be considered
one of the networks containing variable elements.

Now let us suppose that the interrupted circuit under discussion has m

\/2\3
hopper N
S id / \\‘
— ] x
.C.R.
input N/- ¢ output < R
oo, Networks g,,\ /\\
S N
\'(f-)-])/
Fig. 1. Periodically interrupted Fig. 2. Cyclic diagram illustrat-
electric circuit. ing the modes of a periodically

interrupted electric circuit per
one stage.
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different circuit modes 1, 2, .-, 7, (#+1), -, (m—1), m, 1, 2, --- altermately as illus-
trated in Fig. 2.

Hence the input signal is assumed to be the voltage signal of the form
as a function of the frequency o

E(t) = g7t 2.1)

which is connected with a loop containing the r-th element of the / storage
elements L,C when the operation of the interrupted circuit exists in the »-th
circuit mode, while which is connected with a loop containing the k-th element
of the /strorage elements L,C when the operation of the circuit exists in the
(+1)-th circuit mode, and so on.

Furthermore, assume that the interval ¢, of the »—th circuit mode is in-
dependent of the number of the stage, where =1, 2, -, m.

Then the differential equations can be written in the matrix notation for
the »-th circuit mode

211 Br12 "0 2.1 (y8) 0

Zyo : t) 0

ST I gl B (2.2)
A8 eiot

Zygy rereerieees 2, \yit) 0

where y(t), -+, y/(t) represent the unknown currents or voltages, which are
denoted in such a way that if the elemet is a inductance L, y(¢)’s is a current
flowing through the‘inductance L, and if the element is a capacitacce C, 3(¢)'s
is a voltage at terminals of the capacitance C, and z’s are given by

2yij = Ld/dt‘*‘R
= Cd/dt+G,
or
277 =0
=21 (r=1,2,,m ij=12-,0).

For simplicity, Eq. (2.2) is expressed of the abbreviate form
[z D)IL ()] = [w,(#)] 2.3

where D=d/dt, »=1,2,--,m and the origin of the time is chosen at the initial
instant of the r—th circuit mode.
By the use of the Laplace transformation*, Eq. (2.3)

* F(p)=p§:f(t>e-~d¢



197 Shigenori Havasu1 and Koichi M1zukam1

[ZA LY (0)]=L WA p)]1+p[7IL ], (2.4)
then

[Y(9)] = [ZA )T LW( )3+ oL ZA )1 [Z105~°] (2.5)
where the elements of the matrix [ y~°] generally denote the initial values of
the first kind corresponding to the elements of the matrix [»(#)], which are
identically equal to the final values of the element of the current- and voltage-
matrices [ 5(¢)] in the preceding (r—1)-th circuit mode, and [z2] denote the
initial matrix corresponding to the matrix [z,(D)], but in this paper, for
simplicity of the analysis with no loss of generality, we shall treat the special
case of that the matrix [z,] is uniform at =0, or in other words, provided
that [27°]=[z:"]=[2?], therefore the initial values of elements of the matrix
[y°] are uniform at {=0.

The operational solutions of Eq. (2.5) are transformed into the time func-

tion by the use of the inverse Laplace transformation*, then we have

[y®)] = [eA)]+ [x)ILy~°] (2.6)
where - [o,)] = DLZAD I LWA )] } @
[z = 9oLz p)1'[25].

In this equation, the origin of time is at the initial instant of the »-th
circuit mode. Here for generality, we choose the origin of the time at a time
when the 1st circuit mode on the 1st stage starts, and we suppose the input
voltage E(¢) to be

E(t) = Eeiwt+0> 2.8)

By changing the origin of time, the input E(#) is rewritten of the form
E(®) = Eexp {o(nT+ 5 t)+0) exp { okt —nT—Z ) 2.9)

which is seen to be applied at time ¢=nT +Zt,, that is, the input in the
r-th circuit mode on the #n-th stage, where T= Etr is one period of the

operations of the chopper or a duration of one stage of the interrupted c1rcu1t
and #=0,1,2,--.

Therefore, Eq. (2.6) may be rewritten as follows, for the input E(¢) of the
form shown in Eq. (2.9) during the r-th circuit mode on the s#-th stage.

[»(#)] = Eexp { ](CD(nT+2t)+9)}[¢r(t nT— Et)]
+[x,(t—nT— Et)][y(nT+Et)] nT+§]t<t<nT+Zt (2.10)

+s3F(p) et dp.

* fO=0F (D) = tim {0

271 greo
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The initial value matrix [y(nT—l—ri‘,1 ¢;)] on the right-hand side of Eq.(2.10)
i=1

is represented by the following recurrence formula as reduced from Eq. (2. 10)

[y(nT+:gt.-)] = Eexp {j(w("T‘l‘rf‘:jti)Jf‘a)} Lor—itr-1)]
+ Dty )L T+ S 1] (2.11)

r—1
For abbreviation, using a symbol 7%, such as +7.,=sT+2.¢;, then we have
i=1

[He71)] = Eexp { {wr7-2+0)} [Lr—tr-1)] + [2r—i(t,~) I H(7-2)]
= Eexp { jflotha+0)}[Pr—it,-1)]+ E exp { {oris+0)} [2r—it,—)I[@,-At,-.)]
+Eexp { jflorr-a+ 0} [xr2o(t,— ) I[xr ot - L@ tr—a) ]+ -+
+E exp { fwrg + O 21t~ ) ][ 2, —Lt,-2)] - Lx2)10ei(20)]
al 22 (72NV) | 7 ¢y ) Y B CN LG9 T B (2.12)

r—1
This recurrence formula means that the initial value matrix [ y(nT—!—E1 )]
e

=[(z>1)] in the r-th circuit mode on the s-th stage is given by the initial
value matrix [y(nT)]=[3(<3)] which could be generally determined by the
given initial value matrix [3(0)] in the 1st circuit mode on the 1st stage as
shown later.
Now substituting Eq. (2.12) into Eq. (2.10), we have
L] = Eexp {j(oria+0) [o(t—77-1)]
r—1 r—u—1 u—1
+Eexp { jwnT+0)} [x,(t—r',‘-_l)]ug {exp (jwsg t$)££ [xr—s(tr—:)])[?r—u(’r—-u)]}
r—1
+[xr(t~r';-1)]§gl Ler-str-s)DLy(nT)]. T3 <t <17 (2.13)

Setting t=#T+ T and r=m in Eq. (2.13), we obtain the important relation
of the form

[ynT+T)] = Eexp { jlwnT+0)}[HI+[BIL»(nT)] (2.14)
where  [H] =53 (exp(jo” 25 tXTT [im-sltm-) D Pm-ultmi)]) .15

[B] =T (tm-st-0)]

Since it is evident that Eq. (2.14) is the difference equation having the
difference T with respect to »T, the solution [ y(»7T)] of this equation is easily
determined by the general method solving the difference equation which was
described in detail in Appendix 1 of References (2).

The result becomes

[KnT)] = [BI'[I1+E exp { j(wnT+6)} {exp (joT)[UI-[BI}'[H] (2.16)
where [U] is a unit matrix and the initial value matrix [I] is given by
[1]1= [K0)]—-Eexp(jo){exp (joTLUI-[BI}"'[H]. (2.17)
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The matrix [B]" is calculable by the use of the Sylvester expansion theorem
(see Appendix 2 in References (2)) of the form

. T LU~ LB
[BY = Y abselzis (2.18)
=t I (as_ ar)

r#8

where a,, -+, @; are the distinct latent roots of [B].

Substituting Eq. (2. 16) into Eq. (2.13), the solution [ 3(t)] can be determined,
that is, the current and voltage of the interrupted circuit in any circuit mode
on any stage are obtained in general with given initial values.

Now, clearly as was mentioned in References (2), the periodically interru-
pted circuit in question is stable, provided that the matrix [B] has distinct
latent roots and the absolute value of every root is less than unity.

If we consider only the case of the steady-state phenomena for sufficiently
great value of # when the circuit is stable, then we have, from Eq. (2.18)

lim [B]" = (2.19)

7Yoo

Therefore the intial value matrix [»(»7)] becomes more simple forms as
[3(nT)] = Eexp { jonT+6)) {exp (joT)UI-[B][H] (2.20)
and substituting Eq. (2.20) into Eq. (2.13) results in the steady-state solution.

3. Steady-State Characteristics of the Chopper-Modulated Circuit

Now let us consider a transformer coupled chopper-modulated circuit
shown in Fig. 3, having four circuit modes which is a type of “break before
make” as illustrated in Fig. 4.

Here we replace this modulated circuit by an equivalent circuit shown in
Fig. 5, whose circuit constants are reduced to those on the primary side of an
input transformer, and the chopper on s, and on s, are equivalent to the

on
5

chopper : o oft
rC (break before ) E"

: make ! on $» N
7 nn—3 151 als duration: " |—t—i—r—t I
j @Egg% — flef L ogmw
Et) circuit modes-{ I |a] m |
we
——one—stage—- !

Fig. 3. Transformer coupled Fig. 4. Chopper operation and  Fig. 5. Equivalent circuit
chopper-modulated circuit. circuit modes. corresponding to Fig. 3
: (son s;:1-1 & 2-2), s on

511-2 & 1-2),

£
Ny

7 (t)
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switch s on 1-1” & 2-2’ and on 1-2" & 2-1’ in Fig. 5 respectively.

By the application of the method in above section to the problem in. this
case, we can easily obtain the steady-state solution as follows.

The elements of the matrices in Eq. (2.13) in this case are given by

[5(6)] = [i :g;] 3.1)

where y(#) is the current flowing through the inductance L and y(#)=E?) is
the terminal voltage of the capacitance C.

_ _ @ult)
Lo = ~Le1 = [ 70] (3.2)
and
[oL)] = [of)] =0 (3.3)
where
out) = Dp/ {4 p—jw)}, @iht) = DLp*/{4(p—jw)} .
_ _ Tuilt)y 201t)
L0 = Dxo = [ 20 0] (3.4
where
xm(t) = 53{LC7'1)2+L(1+?‘/R)D}/41 ’ xuz(t) = '@(Lcl’)/dx ’
Zia(t) = D—(rLp)/ 4y, x0At) = D(LCrp?)/4,.
Lt = Lo = [ 225 %] (3.5)
where
Tau(t) = SD{LCPZ-I—(L/R)ﬁ}/AZ’ Fult) = @CP/Az ’ xzzl(t) = SD_LP/Az ’
FooF) = '@chz/dz
and

4, = LCrp*+ L1 +7/R)p+r, 4d,=LCp*+(L/R)p+1.

By introducing the steady-state solutions in each circuit mode from
Eq. (2.13), the solutions are expressed of the form, when # is sufficiently great
value
1) for the 1st circuit mode

[ 5] = Eexp {jwnT+0} [t —nT)1+[x(t—nT)IL5(nT)]
nT<<t<nT+t, 3.6)
2) for the 2nd circuit mode
L)1 = Eexp { jlwnT+0)}[x{t —nT—t)IL:(t)] + [x(t —n T— )12t )IL(n T)]
nT+6L<t< nT+t+4, 3.7
3) for the 3rd circuit mode :
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[¥#)] = Eexp { jlw(nT+t:+ 1)+ 0)} [pslt —nT— h—1)]
+Eexp {jlonT+0)}[xt—n T_tl“tz)][xz(tz)]l:@l(tx)]
+[xa(t—"T“t1_tz)][xz(tz)][xl(tx)][y(”T)]
nTH++L,<<t<nT+ti+t:+1; (3.8)
4) for the 4th circuit mode
[¥(8)] = Eexp { j@nT+t,+1t)+0) [x(t—nT—t,—t.—1:)][o«(2)]
+Eexp {jloanT+0)} [x(t—nT—t,—t,—t:)Lxs(t) 2Lt J9:(11)]
+[xt—~nT~t—t,— t)10xs(2) L2 2) 1% ()3 3(n T)]
T+t +t+,<t<auT+T (3.9)
where
[¥nT)] = Eexp {jlwnT+0)} {exp (joT)LUJ-[Bl}'[H]. (3.10)
Substituting Egs. (3.1), (3.2), (3.3), (3.4) and (3.5) into Egs. (3.6), (3.7) (3.8)
and (3.9), we can determine the steady-state solutions in this case.
Now to illustrate the present technique, some numerical results are prese-
nted as follows, by making use of the Digital Computer (KDC-1).
The circuit constants are assumed to be

r=5x10?2, R=100Q, C=(5/=)x10°F, L=1/20n H
and the chopper is driven synchronously at w.=1000 cycle per second and, that
is, f,=t,=4x10""* sec, f,=f,=1x10"*sec and T=10"2sec, and #=10* is a sufficient
great value, where a is integer.
Moreover the input signal to the chopper-modulated circuit under discus-
sion is supposed to be sin ¢, putting E=1 and =0
E(t) = Eei@tt0) = Im(el“t).
First we examine the stability of the circuit in question whether it is

stable or not, by checking the matrix [B] of the form

3.981870x 10, 2.000955 X 10‘5]

3.11
6.219725, 4.895580x10~* ( )

(1= |

Solving the following characteristic function of the matrix [B]
0{2LU]-[B]} =0, > (3.12)
the latent roots 2 of the matrix [B] are

A, = 4.881754x10!
and 2= 3.995696x107,
whose volues are less than unity, then the circuit is stable.
From Egs. (3.6), (3.7), (3.8) and (3.9), the wave forms of the modulated
output E¢) are obtained as illustrated in Figs. 6,7, 8 and 9 with the sine wave
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Fig. 6. Wave form of the modulated output voltage in steady-state where r=w,/0=>50. .
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Fig. 7. Wave form of the modulated output voltuge in steady-state where y=10.
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Fig. 8, Wave form of the modulated output voltage in steady.state where =5,
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Fig. 9. Wave form of the modulated output voltage in steady-
state where 7=1000/70 is irrational.
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Fig. 10. Digital computer flowchart for calculating the
modulated output voltage in steady.state.
input, whose calculations have been done in such a way as shown in Fig. 10.
By virtue of Figs. 6 and 7, the wave forms are considered sufficiently
good results when r=w./w is a large value to some extent, but, when 7 is
small, the wave form is slightly distorted and its magnitude is highly decreased
too, as shown in Fig. 8,
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When 7 is irrational, the wave form is remarkably distorted as indicated
in Fig. 9, whose phenomena seems physically to exist in the circuit considering
the experimental point of view.

From many numerical calculations of the wave forms of the modulated
outputs, Fig. 11 illustrates the frequency response of the transformer coupled

chopper-modulated circuit, that is, the amplitue and phase characteristics as
a function of the ratio w/w..

{ [ ] 111
O ; 0 3
~ -5 — \\:}Z‘N:L\\ 25 §°
§_]0 \‘\ < 50 =
7—15 NN &
20 i -100 1
-25 *Pﬁaspi N -125

001 Q02 004 00701 02y a4 07 10

We
Fig. 11. Frequency response of the transformer coupled
chopper-modulated circuit.

4, Transient Characseristics of the Chopper-Modulated Circuit

In this section we first consider the transient response of the same circuit
of the type of the “break before make” treated in the 3rd section to a
sinusoidal input. Next the transient response to a step input is discussed for
two types of the “break before make” and “make before break” of the trans-
former coulped chopper-modulated circuit. '

4.1. The Transient Response to the Sinusoidal Input

Setting the constants to be the same one as one in above section and
other conditions are the same one too, the results can be obtained by using
Eq. (2.13) where we take first #=0 and next #=1 and so on according to step
by step calculations, and assume [ (0)]=0.

By means of the Digital Computer (KDC-1), the transient response of the
transformer coupled chopper-modulated circuit of the type of the “break
before make” is illustrated in Figs. 12 and 13 for the sine wave input with a
frequency of 40c/s and with a frequency of 100c/s respectively, when the
frequency of the chopper is 1000 ¢/s.

Accordingly it is concluded that in such a case where the frequency of
input signal is 40 c¢/s or 100 ¢/s with respect to the chopper frequency 1000c/s,
the transient phenomena may be almost diminished in one cycle of the
frequency of the input signal.
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Fig. 12. Transient response of the modulated output voltage to the sinusoidal input where 7=25.
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Fig. 13. Transient responsc of the modulated output voltage to the sinusoidal
input where y=10.

input

4.2. The Transient Responsc to the Step Input

For comparison, we consider the performances of the “break before make”
and “make before break” types of the circuit shown in Fig. 3.

In the case of the latter, the chopper s operates of the form as shown
in Fig. 14, therefore, for simplicity of the analysis, we may take the equivalent
circuit shown in Fig. 15 corresponding to Fig. 3, in which the operation of the
of the chopper s is replaced by the switch s’ and s” synchronously operating
of the form as illustrated in Fig. 16 and an added resistance R in Fig 15 is
very small such as a contact one of the switch.




The Steady-State and Transient Characleristics of the Chopper-Modulated ?8
Circuit Having Four Circuit Modes

on

s Jich

. - totf_off
“ il
] -
bs --df, (=211,

ewl LS, % Llc =
2

Z_— (1) on on )
FEIT] ] cdcarar
o i

Fig. 14. Chopper operation of Fig. 15. Equivalent circuit Fig. 16. Operations of the

the “make before break” type. when the chopper operates switch & and §” corres-
of the form as shown in ponding to the chopper s.
Fig. 14.

The operations of the switch s and s” are considered in such a way that
when the chopper s is on s,, the switch s’ is off and s” is on during ¢, and £,
and during ¢, the switch ' is on (1-1") & (2-2) and s’ is off, and that when
the chopper s is on s,, the swich s’ is off and s” is on during t, and ¢,, and
during #; the switch 5" is on (1-2) & (2-1’) and s” is off.

The solutions in two cases under consideration become of the simple forms
described in no complex domain, since the input signal is a unit step one.

Putting #=0, =0 and [»0)]=0 in Egs. (3.6), (3.7), (3.8) and (3.9), the
transient solutions to a unit step input are written of the forms, only on the

1st stage
1) for the 1st circuit mode _
' [x]=[e®]  0<:t<t (4.1)
2) for the 2nd circuit mode
[x0] = Lodi— )]+ Delt~t)]ot)]  6<t<t, (4.2)

3) for the 3rd circuit mode
Ly®)] = Lo(t—ti— )]+ [t~ 2, t)ILpLt)1+ [t —t,— I EZCANKTENY
L<t<t (4. 3)
4) for the 4th circuit mode

Ly@®)] = [olt—ti—t,—1:)]+ [xt—t—t.—t)1[oots)]
+Hx(t—ti—t.— ) 2L 8:) ] A22)]
+ [x«(t"tr“tz“ta)][xa(ta)][xz(tz)][¢1(t1)] Lt (4.4

where the elements of the matrices are given by Egs. (3.1), (3.2), (3.3), 3.4)
and (3.5), but in the case of the “make before break” type, the resistance R
in Egs. (3.2), (3.4) and (3.5) must be replaced by R,=RR’/(R+R’).

The transient solutions in any circuit mode on other stage are determined
by step by step calculations basing on Egs. (4.1), (4.2), (4.3) and 4. 4).

The transient response to the unit step input is plotted as indicated in
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Fig. 17. Transient response to the unit Fig. 18. Transient response to the unit step in
step in the “make before break” type the “break before make” type of the chopper
of the chopper where #=05, 08 and where §=0.5, 0.8 and 0.9 respectively.

0.9 respectively.
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Figs. 17 and 18 by means of the Digital Computer (KDC-1), assuming that the
constants and conditions are the same one as the previous case, but that in
the case of the “make before break” type, the resistance R’ is R’=0.10.

Figs. 17 and 18 illustrate the transient responses at three cases of #=0.5,
0.8 and 09 in the “make before break” (M.b.B) and “break before make”
(B.b.M) types of the chopper respectively, where g=t,/(t,+4,).

From many numerical results of these transient responses, the transient
upper envelopes of the modulated outputs to the unit step input are plotted

10 10

(8 b M 09 (M6 8)
N / 0 ] L 10
08 08k
306 3 26f )
S 3
) P
g < 07
©04 © (04
06
7
~04
02 02 4=0
i
0p % T 3 i T

Fig. 19. Transient upper envelopes of the modulated output voltage to the unit step input
when the operation of the chopper is (B.b.M) and (M.b.B) types respectively.
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Fig. 20. Relations between the steady-state
envelope and duty-ratio 2 for the
d.c input signal.



31 . Shigenori Havasur and Koichi Mizukamt

with respect to the parameter of a duty-ratio 8 as shown in Fig 19 comparing
(B.b.M) with (M.b.B) types.

Consequently it is apparent that when the response of envelope of the
output becomes the steady-state value, we can obtain the relation between
the envelope of the modulated output and duty-ratio g for the d.c input signal
to the chopper-modulated circuit as illustrated in Fig. 20, which shows the
great difference between (B.b.M) and (M.b.B) types.

From these results, it is concluded that the (B.b.M) type is superior to
the (M.b.B) with respect to the performance of the chopper-modulated circuit
under discussion. ‘ -

5. Conclusion

It has been the purpose of this paper to examine the tran51ent and steady-
state response of the chopper-modulated circuit to sine wave and step inputs.

First we have introduced in general the analytical method of the periodi-
cally interrupted electric circuits of first genus having m circuit modes in-
complex domain.

On the basis of this new techniques, the transmission characterxsncs of
the chopper-modulated circuits of two types have been clarified by observing
the numerical results by means of the Digital Computer (KDC-1).

As the steady-state response of the output, the frequency response of the
output, that is, the amplitude and phase characteristics have been obtained
clearly only in the case of the “preak before make” type of the transformer
coupled chopper-modulated circuit, but in another case, not considered here,
those performances could be obtained by the similar way of the previous case.

It is found that the transient behaviour of the output to the sinusoidal
input is almost diminished in one cycle of the frequency of the input.

While for the unit step input, the transient response of the output have
been made clear in both cases of the “break before make” and “make before
break” types of the chopper- -modulated circuit, and these results have shown
the great difference of the characteristics between these two types.

It is hoped that the results given in this paper may serve as a reference
to the circuit designer as well as other fields and that this analytical method
will be widely available in other fields.
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CHAPTER III

STATISTICAL ANALYSIS OF CHOPPER-
MODULATED CIRCUITS
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Statistical Analysis of Chopper-Modulated Circuits

Synopsis.

This paper describes an approach to the statistical analysis of chopper-
modulated circuits excited by random inputs. .

In general the output response of those networks containing time variable
elements such as a periodically operated switch, to say, the chopper, becomes the
nonstationary random function, even though the input signal of the random
function to networks is stationary, therefore the analytical method has to be
considered for the nonstationary random process.

In this paper we introduce the available technique for such process according
to Zadeh’s methods which are probably the powerful tools for the analysis of
linear variable networks.

The two types of practical interest are treated, that is, the transformer
coupled chopper-modulated circuit and the resistance-capacitance coupled chopper-
modulated circuit which are frequently used to conventional chopper amplifiers.
The results obtained in this paper make clear commonly the fundamental statistical
‘characteristics of these circuits.

1. Introduction

The chopper amplifier consists essentially of the chopper-modulated circuit,
the a.c conventional amplifier and the synchronizing rectifier circuit.

In recent years this amplifier has been developed in many fields and
frequently used in several types of d.c and ac amplifiers as well as in the
control process.

The chopper-modulated circuit containing a periodically operated switch
plays an important role in the system of chopper amplifiers to convert input
signals to signals which could be amplified in the a.c conventional amplifier.

There has been a significant advance in several studies on the characteristic
of the chopper-modulated circuit for regular inputs such as a sine wave signal,
but the response of the chopper-modulated circuit to random inputs has been
not considered practical on the whole.

It is necessary to make clear the performance of the chopper-modulated
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circuit to random inputs, because it becomes an availiable element in the
control process at the present time.

In the control field the statistical method of the analysis and synthesis of
the system has remarkably progressed, but if variable elements are contained
in the control system, then it is well known that of which the statistical
analysis probably becomes the most difficult problem.

However it should be noted that an attempt to the statistical analysis of
linear variable networks has been made in the past notably by L. A. Zadeh
who established the theoremV, that is, the correlation function of the input
and output of a variable network N may formally be regarded as the input
and output of a variable network N* whose system function is the correlation
function of the system function N.

The present paper will basically develop an approach®® to the analysis of
chopper-modulated circuits excited by random inputs by the application of
Zadeh’s method.

9. Statistical Method of the System Amnalysis

Tirst we introduce the statistical method of the analysis of variable net-
works developed by L. A. Zadeh in summary.

Briefly the system function of a variable network N is defined as a function
H(jw; t) such that H(jw; f)e/* is the response of N to the exponential input
&, Thus denoting the input and output of N by the symbols e(#) and ef?),
respectively. The definition of H(jw;?) read

s o) e?)
Hjoo; ) = ex(t)]el(t)=ei"’l )

The most important property of the system function of a variable network
N is that it related the outplit and input signal of N in much the same manner
as the system function of a fixed network relates its output and input signals.

Now it will be recalled that the correlation function of a signal e(?) is
defined by the relation

¥(:) = lim »,}r_ S:e(t)e(t+r)dt. (1)

This definition applies to any random-periodic signal, that is, a signal whose
amplitude distribution at any one instant is a periodic function of them. In
particular, it applies to the two extreme forms of random-periodic signals,
namely, periodic signals and stationary signals. For stationary signals the

correlation function may be written as

Y(r) = e(t)e(t+7)
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where the bar represents the operation of averaging over the ensemble.

As is well known, the correlation function and the power spectrum of a
signal are Fourier transforms of each other. Thus, denoting the power spectrum
of a signal by the symbol S(w), the relation between S(w) and ¥(r) reads

S@) = {"_weerar (2)
and

V(o) = o |~ S@)e do. (3)

It is evident that S(w) may be found from the knowledge of ¥(r) and vice
versa.

Turning to the problems under consideration, it will be assumed that the
transmission characteristics of a network N vary with time in a random-periodic
manner. In terms of the system function of N this means that H(jw;#) is a
random-periodic function of time involving jo as a parameter. The input to
N is assumed to be a random-periodic function of time which is uncorrelated
with H(jw ;). The correlation functions of the input and output of N will be
denoted by the symbol ¥,(r) and ¥{z), respectively.

The problem is to establish a relation between ¥Y(z), ¥Ar), and a function
describing the pertinent statistical properties of H(jw; ?).

Here, without the proof of the theorem, it may be found that the pertient
statistical properties of N are represented by a function which in view of its
form might appropriately be called “the correlation function of the system
function of the network” or, more simply, the correlation function of N. This
function is denoted by the symbol ¥u(zr; ») and is defined by the relation

Vil ; o) = 1imLSTH(jw; D H(—jo; t+1)dt (4)
T T 0

which in the case of stationary system functions equivalent to

Vu(r; o) = Hjo; YH(—jo; t+1). (5)

¥ H(r; w) has a remarkable property which is that ¥ u(r ; ) may be regarded as
the system function of a variable network N*such that the correlation function
¥(r) and ¥(r) are the input and output of this network, respectively. Hence
it will be recognized, of course, that N* is not a physical system since its
system function ¥ u(r;®) is an even function of «.

This result is expressed by the following relation

Vyr) = 2% S:OY’H(r ; 0)Siw)ede" dw (6)
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where S(w) is the power spectrum of the input
s = |"_w@eiar, (7)

and ¥ u(r; ) is the correlation function of H(jw;?).
Comparison of (6) with the relation connecting the output and input of a
variable network

edt) = = |7_Hijo; DEGo)e do (8)
leads to the interpretation of (6) stated above, where

E(jo)=__e(yerds. (9)

In addition it is shown that the Fourier transforms of the input and out-
put of a variable network are related to each other by

Efjo)={__T(o'; jo) B jo)do! (10)
where the so-called “bifrequency system function”, I'(jo’; jw) is the Fourier
transform of H(jo' ;t)el”

I s jo) = |*_H(jo' s et e ds . (11)

Now, since the power spectra S{w) and Si{w) are the Fourier transforms of
¥ (7) and ¥yr), it follows from (10) that

sk@) = {7_rior s jo)Sie)de’ (12)
where
rH(jof's jo) = |__Wnle; o)e e dr. (13)

This expression provides the desired relation between the power spectra
of the input and output of N.

The theorem established above regarding the relation connecting ¥(r),
¥, (r), and ¥u(r; ), has many practical application.

The use of this theorem will be illustrated below by its application to
the problems under consideration, namely, the transformer coupled chopper-
modulated circuit and the resistance-capacitance coupled chopper-modulated
circuit.

3. The Transformer Coupled Chopper-Modulated Circuit

The configuration of this system is shown in Fig. 1. Hence it may be
assumed that the equivalent circuit to this system is found as shown in Fig. 2
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and the chopper s operates ideally as shown in
Fig. 3, which is called the ideal full-wave modu- l el
~ R,

lator.

. . . & o
It is now convenient to consider that the ! @

time variable system illustrated in Fig. 4 com- .
. . . Fig. 1. Transformer coupled
posed of H(jw;t) and G(jw) equivalent to the chopper-modulated circuit.

transformer coupled chopper-modulated circuit, ,

' ?

where H{jw;¢) is the system function of the e | ’
2 L3

>
AR

chopper s as defined below and G(jw) is the

= b~
o

1 2

transfer function of the equivalent circuit shown . . L
. Fig. 2, Equivalent circuit.
in Fig. 2.

In this case the system function H{(jw;¢) is

independent of frequency, i.e., it is of the form ‘—l l—‘ I_I

H(jo; t) = H(?) (14) l U U U

Fig. 3. Operation of chopper.

and the modulation process as shown in Fig. 3
can be best expressed by the Fourier series as

' r 2
o] |—c

1 ety |Hfiwir) Gliw) | e (1)
t 15 — < —
zr}ﬁ_lsm(Zerl)w0 (15)

Fig. 4. Time variable system
equivalent to Fig. 1.

H(t) = f‘.

where w, is the frequency of the chopper s.

Now it is assumed that the correlation func- 10) - az
tion of the input signal is 309 = a=i0
Tost
Vi(r) = e (16) {

and correspondingly its power spectrum is

Si(w) = mn

2+a
Fig. 5. Power spectrum of the
which is shown in Fig. 5. input random signal.

The correlation function of H(¢) in this case becomes

Vi(r; w) = Pulc) = S p)

T

@m 17 +1)2 cos (2m+1)w,r . (18)

Consequently the expression for the correlation function of the system at
points 1’-1” in Fig. 4 is given by
V() = ¥ u(r) 9]1(1')

= %"é cos (2m+1) w71, (19)

2m +1)2

The corresponding power spectrum is readily obtained by applying the
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Fourier transforms of ¥,(r) as
setw) = {7_wetn)eide . - (20)

Therefore the power spectrum of the output of this system is written as
S{w) = |G(jo)|*Sr{w), (21)

which is the well-known relation connecting the power spectra of the output
and input of a fixed network, in this case, G( j).

From (21), we have

)

_ 8 e 1 a a
S{w) = z* |Gljo)] »EO (2m+1)2{a2+(w—2m+1w0)2+a2+(w+2m+1wo)}- 22)

Although the corresponding correlation function ¥,(r) may be obtained by
application of the inverse Fourier transforms of S{w), or the techniques of the
convolution integral, the following method, however, is simpler than the direct
methods above for the evaluation of ¥yz).

Now assumed that Sf{w) can be expressed in the form

P(jow
siw) = S0, (23)

then the evaluation of ¥{r) results in

Wie) = 3 PP oyt (@)

where jwu's is poles of Siw), which is the well-known
method of Heaviside’s expansion.

In applying this techniques to (22), it should be re-
membered that since the integral pass in w-plane must be
taken as illustrated in Fig. 6, which is different in the

Fig. 6. Integral pass. upper plane and in the lower plane of o, the sign of the

results for poles in the lower plane should be changed.

The expression for the correlation function of the output of the system

in this case reduces finally to
WAr) = 3 6= + kg €171 COS @y T+ kg€~ 810 0 7) (25)
m=0
where
_16 1 Ko(wk—bib,)

" w2 Cm 1Y (wh+ N0k +b3)

_ 8 . 1 . 2aK(wh+bib,)
kom = 3" o 117 {& (o2 + Bk + 6D

ky

- (26)
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]._Q_ 1 . Klaa)m(bl—bz)
72 2m+1y (wi+ b3 ws +b3)

m = 2m+1)wy, by=a+a, bp=a—a, a= Rr/L(R+7),
K= R¥(R+r), K,= —aK/2.

k3vm =

It is the important results in this paper that the statistical response of
the system under consideration may be readily determined from Egs. (22) and
(25). The numerical results are illustrated in Fig. 7, which are the normalized
correlation function of the output when

)]? = K@ 27
|Gj)l? = £, e
namely, where the capacitance C is removed in the transformer coupled

chopper-modulated circuit.
o
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Fig. 7. Correlation function

of the output in the case Fig. 9. Power spectra in the vicinity
where R=10004%, r=502, of the chopper frequency in the same
L=1H, and w,=120. case as Fig. 7.

The corresponding power spectrum is shown in Fig. 8 compared with each
other, and Fig. 9 illustrates the spectra in the vicinity of the chopper frequency.

While on the other hand we take account of the capacitance C, the transfer
function G(jw) becomes

. v jwLR
Gljw) = o= JoLR, (28)

where
R, = r(R—w*LRC)
R] = R+f [



42 .. Shigenori HavasHI and Koichi Mizukami

Hence assume that the following resonant condition is satisfied in the

chopper-modulated circuit

w? = LLC (29)
then we have

Gljo) = (30)

Substituting (30) into Eq. (22), the power spectrum Sf{w) in this case is
obtained as shown in Figs. 10 and 11, where the resonant frequency «/2x is
chosen™to be 60c¢/s which is equal to the chopper frequency, so that the
capacitance C must be

—4
C= OT];—I_. - 1%2477:2F

The numerical results presented in this paper were obtained by making

use of the digital computer (KDC-1) for calculating of Eqgs. (22) and (25).

,_\04 = a=l s
@03 o tart
e
T o set m=(
Compute & store
0l fin bom B
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L o -
0 60 180 300 420 540 660
— %= 2l nag r=0 & Co
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moule &
aTr

Fig. 10. Power spectrum in the case
where R=10002, r=5002, w,=120x,
L=1H and C=10"%/1.44=%F.
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1

a Mod i f, Compute & store Xk,m& %
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3ol -zl test
YO.J -
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— Fig. 12. Digital computer flowchart

Fig. 11. Power spectra in the vicinity for the evaluation of the correla-

of the chopper frequency in the same tion function ¥,(r).

case as Fig. 10.

The flowchart of the evaluation of, for example, the correlation function
¥{r) is shown in Fig. 12.

4. The Resistance-Capacitance Coupled Chopper-Modulated Circuit

Now consider that the configuration of this system consists of R.C elements
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as shown in Fig, 13.
In the same manner as the previous case, we can obtain the same form
of the correlation function ¥, (r) and power spectrum Sf{w) of the output as

the case of Egs. (22) and (25) with some different constants, assuming the
same random input as the form in the previous case.

Q.
ot

% 5 \
we[ T ¢
3 T
Ri @ ks ”’% 0 -2
F=AIA—0— 0\ /, 2 3 1[5 xi0
4
R3 —osl
) L%_F : % &
_ —

o

-1 1 ) L I 1G0T
Fig. 13. R.C coupled 0 T 2WIMAT ET 6T
c?opx_):r-modulated Fig. 14. Correlation function
circult. of the output of R.C coupled
chopper-modulated circuit.
06y . ler- = %
M . e e 05
as| e’z 05} —0i
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04T i'0~4 i
103 L 03t
2 azf
oI ar
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Fig. 15. Power spectra in the vicinity Fig. 16. Power spectrum of
of 60c/s and 180 c¢/s. the output of R.C coupled

chopper-modulated circuit.

The numerical results in this case were obtained by means of use of the
digital computer (KDC-1) too and are shown in Figs. 14, 15 and 16 where
R=100kQ2, »=500k®, R=1 MR, C=1u4F and w,=120#. Fig. 15 contains a plot
of the power spectrum Syw) in the vicinity of the chopper frequency as well
as three times of one.

5. Conclusion

It has been the purpose of this paper to examine the output response of
the chopper-modulated circuits to random inputs. First we have introduced,
in general, the statistical method of the analysis of variable networks for input
signals of the random function,
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On the basis of these techniques the transmission characteristics of the
chopper-modulated circuits of two types have been clarified by observing the
properties of the correlation function and power spectrum.

It is evident that this approach offers the advantages of mathematical
simplicity, ease of interpretation, and the fact it is readily calcurable by making
use of the digital computer.

The results given in this paper may serve as a reference to the circuit
designer as well as to other fields of the random process, fox: instance, the
control process and circuit theory.
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CHAPTER 1V

ANALYSIS OF THE HARMONIC PRODUCER CIRCUITS
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Analysis of the Harmonic Producer Circuits

Synopsis

This study introduces a mathematical method for the analysis of the harmonic
producer circuits with a ferromagnetic saturable core coil, taking the effect of
magnetic hysteresis into consideration.

This method is based on the theorems of the Periodically Interrupted Electric
Circuits of the Third Genus, and on the application of the Digital Computer (KDC-1).

First we describe in general how to apply this analytical method to the basic
circuit of harmonic producers to clarify its behaviour as accurately as possible,
and next to the harmonic producer circuit containing an additional capacitor.

One numerical example is presented to show the performance of the harmonic
producer circuit in this paper.

1. Introduction

Circuits producing a number of harmonics by means of saturable core coils
have been used for the common supply of carrier currents to multi-channel
carrier telephone systems. The quality and stability of the carrier current may
affect the reliability of each channel of telephone systems, therefore it is im-
portant to analyze and to design the circuit generating a group of harmonics
as well as possible.

The study on the hamonic producer circuits was done by various workers,
such as E. Peterson, J. M. Manley and L. R. Wrathall® who, in 1937, investigated
the operation of the harmonic generating circuit only considering the discharge
pulse from the transient analytical point of view. In 1949, Fourier analysis was
worked by T. Kurokawa® taking both the discharge and the charge pulse into
consideration, and in 1953, S. Hayashi and K. Nishihara® applied at first time
the theorems of the Periodically Interrupted Electric Circuits to this problem.
Recently, in 1961, an investigation for the same systems based on the analytical
method of non-linear problems established by L. A. Pipes was attempted by A.
Kyogoku, Y. Ochashi and K. Iishi®.

These investigations, however, could be considered to be established in
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parctice basing on some assumptions or other, because the analysis of the
harmonic producer circuits with a non-linear element such as a saturable core
coil might be the most difficult problem from the theoretical point of view.

Therefore the unknown problems exist to be clarified in the harmonic pro-
ducer circuits. In this paper in order to make clear one of the unknown pro-
blems we attempt the analysis of the circuits taking the effect of magnetic
hysteresis of the saturable core coil into consideration®.

2. Harmonic Producer Circuits

The circuit shown in Fig. 1 is the basic circuit of harmonic producers using
a saturable core coil. Another circuit containing a capacitance C, connected in

r—/ it it
E(w) . .
Im =3/mA In=146ma
Fig. 1. Harmonic producer cir- Fig. 2. Observed characteristics
cuit with a ferromagnetic core of the coil.
coil.

parallel with the coil will be described

Lo in section 6.
When the current i/ due to the
; input source E(w) with a fundamental
frequency  flows in R,, C,, L, and L

circuit, the distorted current ¢ includ-

L(b) ing the harmonic components is gener-

S| 4o ated in the output circuit of Z, C and

i Lo L L, R by the change of L due to the in-
0 stantaneous change of the current i,

Now we assume that the input

(d) source with a fundamental frequency

o is the current source of sinusoidal

Fig. 3. A ima h teristi f th v .
& pproximate characteristics of the wave form and the characteristic of

coil,
the ferromagnetic core coils is ap-

proximately composed of four rectilinear segments as shown in Fig. 3 (c) and
of discrete values of L as shown in Fig. 3 (d). )
The previous investigations have done to assume the characteristic of the
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saturable core coils such as in Fi. 3 (a) composed of three rectilinear segments
without regard to the magnetic hysteresis. As the results presented in this paper
will show later, it is not suitable to consider that the magnetic hysteresis is not
taken into consideration, since it will not deform the shape remarkably but only
shifts the phase of repeated pulses.

3. Analysis of the Basic Circuit

3.1. Circuit Conditions

The basic circuit of harmonic producers can be
rewritten as shown in Fig. 4. i=ln sinwt e
The following circuit conditions are assumed :
(a) Input current has a sinusoidal wave form I(w)@Q) L) “

A

i = I, sin wt.

. . . Fig. 4. The basic circuit
(b) The total magnetic flux-linkage ¢ of the coil of a harmonic producer.

is related to the exciting current iz by four re-
ctilinear segments as shown in Fig. 3 (c).
Accordingly four kinds of the circuit state as follows can be presumed in

the steady state per one cycle.

1. The 1-st circuit mode (in the permeable state of the coil):
¢ =¢+L(r—1), L<ic<I.

2. The 2-nd circuit mode (in the positive saturated state of the coil):
6= bt Lolin—L), ir=h.

3. The 3-rd circuit mode (in the permeable state of the coil):
¢ = ¢+ L(ir—L), L<it<1I.

4. The 4-th circuit mode (in the negative saturated state of the coil):
¢ =¢stLi(ir—L), L <1,

The transient solutions in each rectilinear region are to be found as the
elements of certain matrices on applying the Laplace transformation to the basic
differential equations expressed in matrix notation.

Supposing that the phenomena in equation ultimately converge to periodic
ones, the resulting solutions on adjacent regions are to be equated to each other
at the intersection of the rectilinear characteristics in order to determine the in-
stant of transition.
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3.2. Transient Solutions

3.2.1. Transient solutions in the 1-st circuit mode.— The circuit equations are
written in the forms

%=0+Rija, ip=1i—1r, an
cj_';= ir, i=I,sin(wt+0,), i=27% ¢4+1‘,

where 6, represents the initial phase angle of the input current, at which the
permeable state starts, and the initial conditions are supposed to be

¢ =g, at =0
and %= ¢ at t=1,
t, being the duration of the state.
Putting
2,
5(@®)=2C 90, @) =%Lufr), r=wt, K=1L
Im Im I’
@’C R 1 [ 3.2)
-0 _ WL = = - = __ =1 )
n Im ¢4, Q)CR k’ 61 le ] 71 CI)ZCL k ’

where y(r) and zl(f) with the subscript “1” belong to the 1-st circuit mode.
Eq. (3.1) reduces to the following dimensionless ones:

(é‘f_‘ + 61) {yl(T)—yi"’} _21(T) = k {Sin (T +01)_Kl} s

D) =51 + a0 = sin (4 0)- K, 3.3)

ir/Ln = sin(z +0))—r { y(7)—31% — K.

Denoting the operational function corresponding to y(r) and z(r) by Yi(p)
and Z,(p) respectively, in view of Eq. (3.3) we have

p+0dy, _1][Yl(p)] B [k]cos(i,+p51nt9, [ ] [ ]
[ - 0 Y e G4
Accordingly
[Yl(p) =[ b 1 ][k] (C0501+psin01)p j] { b 1 J
Z],(p) —71 p+61 (P2+5117+7'1)(P2+1) 172+61.17+T1 —7T1 1)'!‘61
s1° K 1 ][k]
—_—— 3.
X[z{°] pz+611>+r1[—r, p+o ). (8-5)
Putting
pﬂ Epr
Fra(r) = 277 SB(p +1)(p2+67p+rr) 7 5 %> 3.6)

D N i
gra(7) = 2n183p2+6,p+r, ) .

(7’—:1,2, 3, 4))
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Eq. (3.3) are solved. The result is
[J’l(‘f)_.ﬁo _ (Fu(T)y Flz(T)] [COS 01] + [gu("-'); ~Gu(‘l')] [ZIO] (3.7)

z(7) Sult), frs(z)/\sin 6, Gifr), —gulr)
where :
Fi(r) = kfxz(T)+f11(T) , Gulr) = kg11(7)+g10(7) ’ } (3. 8)
Filr) = kflS(T)'l'flz(T) ’ Gu(r) = gu(r)+61gu(r) )
and
gult) = ;17{1—5—“1*(cos AT +%;1 sin ﬂlr)} ,
gult) = 1 &~ ™" sin fit,
b
guif7) = e‘“lT(COS ﬂlr—%‘— sin ﬂ,r)
1 »
1 1+a3— 6% (3.9)
fn(T) == 7{“1 Sin z'—2a, COS T +e—“17(2a1 COoS /911' + ——(tgl—lﬂ—l Sin ﬂlf)} ,
filt) = —% a, cos T +08; sin r—e~*%"(a, cos At +a; sin A7)},
Jas(z) = _}.T 8, cos 7 —a, sin r +e~%"(—§, cos fir +a, sin fir)} ,
where
01=%; 1/71 ats a=n—1, az*'—(al'*‘ﬂx'*‘l)»

@ = 3Gk + B tai-gl), 4= (@A +Aat-F)+1.

Here the first subsripts of each quantities in Egs. (3. 8) and (3. 9) belong to each
circuit mode.

3.2.2. Transient solutions in the 2-nd circuit mode.— When the coil is saturated
by an exciting current flowing in the positive direction, the circuit equations are
written in the forms

Z‘f =y+Rig, ir=1—1L,
&1

cglt’ —ip, i=IL,sin(wt+0;), iL= 9_—+1,,

(3.10)

where 0, represents the initial phase angle of the input current, at which the
positive saturated state starts, and the conditions are imposed to be

d=e¢ at t=0
and b= ¢, at =1,

t, being the duration of the state. Using a similar symbols such as in (3.2),
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Eq. (3.10) may be written in the forms
(S +0:) sr)—32%) —2e) = kisin (e +0) Ko,

rel 3@ =32 +-L 2(0) = sin (c +0)— K .10
ize/L,; = sin (v +0;)—r2{ o) — 32"} — Kz,
where

*C

0; = R/wL,, K, = 5L/Ly, J’Eo=a‘}—¢x-
m

-1
T2 (IJZC Lz’
The solutions are obtained in a similar way as before, that is,

[J’z(f)—yio] _ [sz(T): Fzz(z')] [COS 62] + [gzl(r), —sz(T)] [Zfo ]
2(7) J2A7), folr))\sin 6, G7), —gx(t)]\ K, J,

where the Fz(-;)’s, JAz)'s, g{z)s and G{z)'s are determined on substituting 7., a,

3.12)

7Bz, cos G.r, and 1 sinh g, for 74, a1, A1, cos v and % sin 4,r in the expressions
2 i

of Fi(r)s, fi(r)s, glr)s and Gy(r)s in Eqgs. (3.8) and (3.9) respectively, while
a;=0,/2 and 8=y a%—-r,-

3.2.3. Transient solutions in the 3-rd mode.— The circuit equations are written
in the forms

g? = v+Rig, ir=i—ir,

cdv

(3.13)
= =1ig, t{=IL,sin(wi+8;), ir= ?_zﬂ_i_fz’
3

dt

where 6; represents the initial phase angle of the input current, at which the
permeable state begins, and the conditions have to be

= ¢ at t=0
and ¢=¢3 at t=t3,

t; being the duration of the state.
According to a similar procedure, Eq. (3.13) may be written in the forms

(%4- 63) {3:(r)—53% —2{(7) = k{sin (r +0,)~ K}, l

rs{ ) =35% +L 2(0) = sin (r +6)— K, 5 3.14)

ir/In = sin (z +63)—ra{ ¥(r)—33°} - K,
where

R 1 e L o
53 Q)La’ ra—wch;)’ Ks—lm, yi= Im ¢2.
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The solutions are obtained by a similar procedure, that is,

[ys(r)—yi"J _ [st(f): F3(7) [COS 63] [gsl(T); '“Gal(T)] [250 ]

. . 3.15
2y7) Salt), falr))\sin 6; Gfr), —gu(T)I\ K; ( )

where the elements of the matrices on the right-hand sides, which are denoted
by Egs. (3.6) and (3.8), can be obtained by substituting r;, a; and §; for 7, a;
and 4; in the expressions of Egs. (3.8) and (3. 9) respectively, while a;=4§,/2 and
/93=;/73_—0E.

3.2.4. Transient solutions in the 4-th circuit mode.— The circuit equations are
written in the forms

@5: . gz
ar v+Rip, ip=1t—1r,

C%ziR, £:Imsin(wt+04), iL:'qs—z‘i‘,'*'I,g,

(3.16)

where 0, represented the initial phase angle of the input current, at which the
negative saturated state starts, and the conditions have to be

= ¢ at =0
and b= ¢, at t=t,

t, being the duration of the state.
Eq. (3.16) may be written in the forms as before, that is,

(£+04) (2ir)=5a% —2(2) = kisin (e +00~Ki),

dr

Pl W©O—57%) + 5% 2(0) = sin (e +00-Ke, (3.17)

ir/Ln = sin (z +8)—r{ y{r)— 3"} — K4,

where ‘
_R 1 L o oC
64 - Q)L‘, T4 = Q)ZCL4’ K4 Im, Js Im ¢3
Accordingly the solutions may be obtained as follows
(Jh(f)-y?"] _ [Fu(f); F(z) [COS 04] + [gu(f): —Gy(r) [24_0] (3.18)
zy(7) Jilz), fult))isin 6, Gift), "‘gu(T) K,),

where the elements of the matrices on the right-hand sides, which are denoted
by Egs. (3.6) and (3.8), are determined on substituting 7,, a, and 8, for r., a;
and G, in the expressions of the solutions in the 2-nd circuit mode, while
a,=0,/2 and ,B4=,/&§__T4.
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4. Steady State Solutions considering the Over-all Characteristics

Next we consider the steady state solutions of the circuit where the phe-
nomena in complete cycle behave as follows.

In the preceding sections we obtained generally the solutions in the case of
the unsymmetrical characteristic of the coil. Thus in the unsymmetrical case
the conditions for periodic solutions must be imposed to be

J’1(7-'1) = J’Eo ’ J’z(Tz) = 3’50 y  yira) = yI° y ) = yfo ’ 4.1)

T1+T2+T3+T4 =2z > }
2(r) =23°%  zfr) = 23°%  z(ry) = 27° 2t = 0

On the other hand, the conditions in the case of the symmetrical chara-
cteristic of the coil, (i.e. L,=L; and L,=L,) that is,

nt=x, zn)=2"°, 2z(r)=-21°, } 4.2)

»ir) = —yta)=y3°, 3fr2) = —ylr) = —y1°.

These relations of Eq. (4.2) can be induced by the fact as follows.

During the first interval of r, seconds, the coil is kept in unsaturated con-
dition and then is saturated in the positive direction during the subsequent
interval of =, seconds, while in the next half cycle, the currents, the magnetic
flux and voltage in the circuit become equal to magnitude, but opposite in sign.

Here we will discuss the solutions in the case of the symmetrical chara-
cteristic of the coil. The initial values of ¢, iz and v in the primary unsaturated
state and in the subsequent positive saturated state are equal to the final values
of those in the negative saturated state and in the primary unsaturated state
respectively, and it is intended to study the steady state phenomena in any one
of the two half cycles, which are equal in magnitude, but opposite in sign to
each other.

Thus the steady state solutions are given ultimately by the elements of

[yx(r)-l-yz(rz)] _ [Fulo) sz(r)J [COS 01] _ [gu(r), Gu(f)] [22(72) J (4.3)

(1) Si7), fisz)) \sin 6, Guft), gu@I K ), 0Ky

and

[J’z(T)“yl(Tl)] _ [sz(f), Fzz(T)] [COS (T1+01)] + [gzl(f), —Gzl(T)] [2’1(1'1) (4. 4)
z(7) fult)  falr))\sin (z,+6)) Gulr), —gulr) K,

0<r<r,.

71, 72, 01, 2:(ry) and z,(z,) in the above equations are so far unknown, and we
have to find their values so that these equations must satisfy the relations in
Eq. (4.2) for the given values of ¢, and ¢, or y(r;) and y(z,).
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Putting r=r, in Eq. (4.3) and r=rt, in Eq. (4.4), we can obtain the follow-
ing equations respectively which will determine the unknown equantities.

1,1 yx(n)J 0, gu(n)] [2'1(1'1)] . [Fu(r), FIZ(TI)] cos b, _ [Gu(-rl)J A .
[O’ 0] [yZ(”) F [1’ Gifr1)) \2,(72) - Sulr), ful7) [Sin 01] gulzi) K (4.5)

and

=1, 1) (3:(z) —gulta), 0Y(2:(zy) _ Ex(a), Exfr2))(cos b:) Gulrz)
P v s i et

0, 0/ yAz2) —Galr2), 1) 2:(z2) Ex(ts), Ealr2) gz1(72) ] 2, (4.6)

sin 01
where

[Ezl(Tz)» Ezz(Tz)] _ [le(fz); Fzz(Tz)] [COS 71, —sin 71] A7)

Ex(rs), Eats) f 2(T2), f 2(T2)

Eliminating z(r;) and 2(z,) from Eqgs. (4.5) and (4. 6), first by Eq. (4.5) we
have

sint,, cost

2y(7y) _ 0, gu('l'l)]_l [Fu("-'l), F:z(Tl)] cos 6, Gu(ri) [1; 1 [yl('l'l)
[Zz(Tz)] [1, Gifr) { Sz, Sulz))isin 01] h [gu(n)]Kl_ 0, O] y:{r2) } “4.8)
and then substituting Eq. (4. 8) into Eq. (4.6), we have
[hu(‘l'l); hxz("'x)] [yx('l’l)] + [uu(fl); ulz(fl)] [Kz] _ [‘du(Tl); dlz(Tl)] [COS 01] (4.9)
ha(t1), haot1)) | 3af72) Un(71), um)J\ K, - dan(t1), dee(7:) ) \sin 6,/, )

where

has(T), hxz("'l)] _ -1, 1] _ [—gzl(Tz), 0] 0, gu(Tl)]—l [1’ 1]
ha(t1)y halT1) 0,0 —Gr2), 1J11, Grofy) 0, 0J,
(T, ulz(fx)] - Gu(za), 0] _ [—gzx(Tz); OJ 0, gu(‘l'x)]_l [O; Gu(Tl)]
Un(ty), Un(71) gaultz), 0 —Gafrz), 111, Grof7y) 0, gu(td)/,
du(‘l‘l), dlz(fl)] Ezl(Tz); Ezz(Tz)] _ (_gzl(fz), 0] [0, gu(Tx)]—l [Fu(‘l'l), Flz(’l'x)]
da(t1), dul71) Ey(t2), Eaft2) —Gxft2), 1/\1, Gixfr1) Sfrlmy), fi (7))

, (4.10)
Now the first equation of Eq. (4.9) is

hu(t)pi(0) + huo(T2)y(r2) F (T Ky + () Ky = dul7y) cos 6, + dift) Sin 6,. (4.11)

In view of Eq. (4.11) we can obtain the phase angle 6§, as follows.

Putting
/d%1(71)+d%2(71) = dy(r1), .
— -1 dift1) (4' 12)
0 = tan dy(t1) ’

then, Eq. (4.11) may be written in the forms
dy €08 (0:—00) = fuly(r1), yez2), i} (4.13)
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Consequently we have

0, = 6,+cos ! %f”{yx(n), T2 T},

where

Fulne), yte)y 71} = A CARACAES ¥ CH) y{ra) Fun(r) K+t )K, .

Start

Read in circuit parameters
& initial value r; and 4r,.

Transform variables for
dimensionless equations.

!

Compute elements of each

matrices.

Is steps of determining 7;?

no

l yes

Define conditions for periodic

solutions

Induce imposed equations
for several unknown values
and determine 4, .

|

Determination of r,:
|w{ 31, 30, T:1} | Z €

1if <

Determine 7y, 15 0, 2; & 2,.

Modify
7,—1,+ 47y
if >e
Modify
t—=r+4dr
no

Set initial value ¢ & 4r to
calculate periodic solution

!

Compute periodic solution.

1

Print out results.

l

Do computations of periodic
solution end ?

l yes
Halt

Fig. 5. Digital Computer flowchart for the steady state solutions,

55

(4.14)

(4.15)
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Next to obtain r;, substituting 8, of Eq. (4.14) into the second equation of
Eq. (4.9), ie. )

hzl(Tl)yx(Tx) + o) yo12) Fttas(r ) Ko + st T Ky = da(7y) cos 6, + dxf71) sin 64, (4.16)

we have the following transcendental equation with regard to the given values
of y(z1), yr:) and to the unknown values r,, and then 7, can be determined by
solving this equation with respect to the function z,.
waly(7s), 3:72), 71} =0, 4.17)
where
wWa{i(t1), 3o(ra), 71} = Ba(T) 3i(71) + Ppo(70) 9:(72) + than(T) K« (4.18)

Since 6,, 7, and 7, have been found, z(r;) and z(r;) can be easily found by
substituting 6,, v; and r, into Eq. (4. 8).

5. Determination of z; by Digital Computer

It is the most difficult problem to determine 7, in the preceding procedure
and to obtain the steady state solution.

Since 7, cannot be written in the explicit forms because of the complicated
transcendental equation, it is comparatively easy to solve this equation by mak-
ing use of the digital computer for some numerical examples.

Here we can determine 7, and the periodic solutions by means of the Digital
Computer (KDC-1) according to the procedures as shown in Fig. 5, where ap-
proximately the determination r, is confined to solve the following equation

lwa{y(zs)y ¥o7a)y T} <6, (5.1

¢ being a given infinitesimal value.

6. Analysis of the Producer Circuit with a Shunt Condenser

In this section we study the circuit shown in i=Insinwt v
Fig. 6 involving an additional capacitor C,, which —
will intensify the generation of several desired L) l

components of harmonic currents. This capacitor

may, of course, include the effective stray capacitor

of the coil. The characteristic of the coil, ie. Fig. 6. Harmonic producer
. .. . . circuit involving an addi-
the symmetrical characteristic, and other circuit tional capacitor.

modes are assumed to be just the same as those
discussed in the preceding sections.

6.1. Transient Solutions in the 1-st Circuit Mode

The circuit equations are
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ds
dt

g _ )
(o T ir, ir L +1Ii, 6.1)

z,z,+C1 dv, +C?t) = I, sin (wt+46,),

where 0, represents the initial phase angle of the input current, at which the
state starts, and the conditions are supposed to be

=0, v =0v+Rig,

b= at =0
and ¢ =¢ at t=t,
t, being the duration of the state.
Putting ’
i) = a_)zg_:é, x,(r) = 3%, z(r) = go_C_v T = wt,
Iy Iy I,
(6.2)
0= L n= Q 8y = 1
»CR ’ C1 ? ! Q)RC] ?

where ,(r), x:(r) and z(r) with the subscript “1” belong to the 1-st circuit mode.
The following dimensionless equations are obtained from Eq. (6.1), that is,

xl(r)+ ZI(T)'["rlyl(T) r,y1°+Kl = sin{z+6,),

g yx(r)—-,uxx(r) =0, (6.3)
(dir +8) a(0)-8m() = 0
where
__1 iy —0 @*Cey
Tl—w—zCz‘l, Kl—I—m, N T, .

The corresponding operational equations which determine the operational
functions Xi(p), Yi(p) and Z(p) corresponding to x,(z), y(r) and z(z) are written
in the matrix form

pr 71 p Xl(p) 1 6 + sinﬁ 1 O 1 —K1
—mp 0 || v = 0| BALEER A plo 10|50 +| 0 | 6.4
-5, 0, p+allz(p)) o 001 0
Hence we have
(X, +0
Yip; pcos b,+p*sin 8, p§p+6; " p
AP = 5+ 500 + proTan | A2 PPt bt @
Z(p) op
Kp+0), —rip+0), ap x° K Hp+d)
— 1
X ﬂ(b+6), p(ﬁ'}'ao)» 0y ylo P3+1’260+P?’10+d ﬂ(ﬁ"‘a) (6~ 5)
010, —ay, PP0pt+re)len® 0.0 /,
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where

So=0+4+01, Tw=4ur, &= 7101 .
The solution of Eq. (6.3) become

x:(7) Fuulr), Fuft) cos 6, Xin(t)y ¥t ZXult) x7° Zu(7)
Jﬁ(T)"yTO = | Fix(t), Fizl7) . + | Xia(z)y Xazl), X12T) 0 | - K| 7(7)
() Fu(), Fis@)\5091) 2102, Ziale), 2\ 220 )/,

(6.6)

where F(r)s and x(r)’s are tabulated in Table 1, provided that fr.(r) and gralT)
be given by

=1 " L
frn(f) 278j SB (pz +1)(p3+p250+1§7‘r0+ ar) 17 by (6 7)
=1 P il .
grn(T) 27Tj SB j)3+j7250 +prro +ar p dp :
(r=1,234)
Table 1.
Fin(o) Sr()+0f12(7) 211:(7) £13(t) +8g12(7)
F1a(7) Su(e)+0f13(7) 2112(7) ~r{g() +0gn ()}
Fin(t) #{ f12() + 0 ()} 21s(7) 3g12(7)
Fig5(7) #{ f1a(r) +8f12(7)} Z12:(7) #{g(7) +0gn()}
Fiai(?) 01/12(7) X122(7) £1:(7) +80212(7)
Fi32(7) 0, 1a(7) 2123(7) 0121(7)
21() £12(7) +8gu(7) 2131(7) 3:£12(7)
212(7) #{gn () +0g10(7)} 2122(7) —a;8u(7)
213(7) 0181(7) Z133(T) £13(1) +8:812(7) + 71081 ()
6.2. Transient Solutions in the 2-nd Circuit Mode
The circuit equations are
%5=v1, 1)1:U+RiR,
dv_, . _b—9
Cdt iRy L L2 1+Ilp (6-8)

iL+c1%%+cj—’; — I, sin (wt+05),

where 6, represents the initial phase angle of the input current, at which the
positive saturated state begins, and the conditions are supposed to be
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¢ = ¢1 at = O
and b=, at t=1,,
t, being the duration of the state.

Using a similar symbol such as in (6.2), Eq. (6.8) may be written in the
dimensionless forms

Z_r xz(T)'*‘g—r z2{7)+ rz{yz(r)—y?} + K, = sin(r+6,),
2 (54)=33%) — ) = 0, (6.9)
(&+9) a(0)—8un0) = 0,
where
2
T2 = (u—%—L_z’ K, = %;, y2° = w_Iig’ T2 = UT2, G2= ri01.

The solutions are obtained in a similar may as before, that is,

x(7) Fou(t), Fo7) cos b, 221(7), Xa(7), Xansl(7))(%2° Xa(7)
¥{t)=32° [ = | Fans(), Fizof) + 1 o), Xoaol7)y Xo7) | O | — K | Xel7)
[ 2(r) Fun(2), Far) [Si“ "2] Xan(2)y Zaal®), zzss(ﬂ”z;f’ (0],

(6.10)
where F(r)'s and X(r)’s are tabulated in Table 2.
Table 2.
Fou(r) Saa(2)+05 (1) Zan(T) £23() +0g22(7)
Fop(r) Sau(1) +8f5(x) Z212(T) —72{g22(r) +0gn ()}
Fon(r) #{ fa(2) +3 (1)} Z21a(7) 0g2(1)
Fop(T) #{ Faa() +8 ()} Zan () #{&2(1) +0gu(r)}
Fou(7) 01 fz2(7) Zaz(T) 825(7) +0gz2(7)
Fop(r) 01 f23(r) Z223(7) 01gn(7)
Xa(r) &22(T)+0u(7) Zen(T) 01822(7)
222(7) #{g21(7) +0ga(7)} X232(T) — 38 (1)
x23(7) S1ga(1) Zzaa(T) 823(7) +01822(7) + 1208 ()

Although we can easily obtain the solutions in the 3-rd and 4-th circuit mode
by a similar produre, it is unnecessary to get one for considering the steady
state of the circuit with the symmetrical characteristic of the coil.

7. Steady State Solutions

Since the duration of the steady state is 2z, and at the transition points of
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the characteristic curve, the transient solutions in adjacent region should be

equated to each other, we have

ntn=r, z(n)=2° zr)=-—a° (7.1)
xlT) = x3°, x(r) = —x1°, J’x(Tx) = J’Eo ’ J’z("-'z) = —y°. '
Substituting these relations into Eqs. (6.6) and (6.10) yields
x:(7) Fuulz), Fuir)) cos 6, Zia(7), Xusl) 1:(73)
y{(0)=31°| = | Fia(z), Fix(7) ) — [ Z12(7), X1ao(7) — K, (7.2)
() Fule), Fud) 30 0) {r0(e), 2uase)) (227
o<r<n
and
x7) Fou(z), Fud7) cos(6,+11) LaT), A7) 1i(ry) Zau(7)
J’z(T)—J’Eo = Fzzl(T), Fopf7) . + 1221(1'), Zzza(T) —K, lzz(T) (7- 3)
Zz(T) J anx(T), Fzsz(T) s (01'*’7-'1) xzal(T)y Za3T) 21(1'1 zza(f)
' 0<r<r,

Next to determine 7,. 6

, 2ty 2{t2), x:(7:) and x,(7), putting r=r, in Eq.

(7.2) and t=r, in Eq. (7.3), we can obtain the following equations respectively,

1, 0, Zu(e) Zuse)) (£(72)
0, 0, xlzx(‘l’l), 7(123(1'1) 2%;3 +
0, 1, Xia(r), X1as(z1) ) \2:(72)

—X 221(72), =X 223(72): 0,0

LA
—Xaai(T2)y —Xaaalz2)y 0, 1) 2:(x2)
Xa(72)
— K, | Xoo(72)
123(1'2) ’
where

Ezn(Tz); Ezlz(Tz)
Ezz1(72), Ezzz(Tz)
Ezal(Tz); Ezsz(‘l'z)

2\T

(—2on(72)y —Xas72) 1, 0) { %:(r1) 0, 0 yoT3)
0’ 0 yl(rl)

0, 0] [yz(rz) Fult), Fudry) cos b, Zu(ty)

1,1 = | Fiar1), Frzlt) . —K; [ X171)

0,0 y1(2'1)‘ Fuar), Fuft1) sin 0y 2,
' (7. 4)

Ezu(’l'z), szz(Tz)
Ezzl("-'z): Ezzz(Tz)
Ezal(fz)» Ezsz("'z)

cos b,
sin 6,

The first and third equations of Eq. (7.4) are

[xl(‘l'l)] + [xlll(TI): Xua(Tx)]

2(71) 1131(71); Z1a{T1)

and the first and third equations of Eq. (7.5) are

_[zm<f2>, Znd2) [xl(r,)] [xz(m ) _ [E'm(rz), Emm)]

Zan(72), X23(T2) z(t1)

(7.5)
qu(fz): szz(Tz) cos 7y, —sint,
= | Fa(r2), Faolra) . (7.6)
Fzsx(fz)s anz(Tz) sinz, €0ST .
xA72) _ [Fm(‘l'l),. Fuz("-'l)] [COS 01] _ 111("[1)]
22(72)] - Fia(ty), Fuar) )} sin 6, Kl[lw('l'l) @7
cos 0, zzl(Tz)]
2,(t2) Epu(r2)y Eax(r2))sin 91.] o [1'23(72) . (7.8)
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Accordingly

[xz(Tz)J _ [zzu(fz): 1’213(1'2)] xl(Tl)] [Ezu(fz), Exnd5)) [ cos ‘91] —K [xzx(‘rz)
2(73) - XoaT2), XzaoTo) [2’1(71) Epa(r2), Ezaz(fz)J [Sin 0, : X2(T2)

Substituting Eq. (7.9) into Eq. (7.7) yields

(Rulra), klz(TI)J [xl(Tl)]
[kxs(Tl), kilr)) \zu(zy)

] (7.9)

[Cn(Tl); 012(71)] [00301] —K, (1'11(1'1)]

ct1), €1lra)jlsin 6, X13(11)

Zur1)y Xuo71)) [ Xai(T2)
e [I w7, X 133(T1)J [Z za(Tz)] ’ (10

where

ku(t1), kit L0 Zu71)y Xust)Y (Xan(7s)y Xors(Te

i O i g s .1
and

[Cu(fl), 012(71)] _ [Flu(fl), Fu(r1) _[1111(1'1), Zua("x)] (Ezu(‘l'z), szz(Tz)] (1.12)

ci(z1)y €1lty) Fuinlry), Fia(ty) Xial7)y Xialt)) \ Epa(7s), Easolz2)) .

Eq. (7.10) gives the following equations for obtaining the unknown values
%(71) and 2(1),

LAEN) _ 2u(t1), x1(1y))(COS b, gu(y)
(21(71)] B [Zu(Tx)y 212(1'1)] [Sin 01] * [412(1'1)] ’ (7.13)
where .
2u(t), %ul71) _ ku(ry), kuor)) 7 (eulry), €ufzy) .
[Zu(‘l'l), sz(Tx)] B [kxa(ﬁ), ku(ﬁ)] [Cxa(‘l'l); Cu(Tx)] (7.14)
and

qu('rl) ku(Tx); kxz(Tl) -1 2'n('ﬁ)] Z:u(ﬁ); 1113(71)] [121(2'2)]
= —_ 1 Kz .
[qu(rl) [k13(‘l'1), ku(‘fx)] { K [113(1'1) * [1131(71), 1133(1'1) X2T2) }- (7 15)

From Eq. (7.7), we have

)=~

Zan(t), Xus(‘ﬁ)] [xz(Tz)] n [Fm(‘l'x), Fuyz)) [COS 01] —K [Zu(fl)
sty Xisr) I\ 2(72) Fiaft1), Fuary))(sin 6, ' X1s(71)

Substituting Eq. (7.16) into Eq. (7. 8) gives
[kzl(Tz); kzz(Tz)] [xz(‘l'z)] _ [sz(‘l’z)y sz(z'z)] [Cosall _K lle(Tz)J
kolt2), Raita) )\ 2(73) - c2(72), C24(r2)) sin 6, : X272)

- K [xzu(‘l’z)y les(Tz) [xu(fl)J
' Xon(T2)y X23(72) 2'13(?1) ’

]. (7.16)

(7.17)

where



62 Shigenori Havasti and Kooichi Mizuxamt

[kzl(Tz), kzz(Tz)] - [1, 0 + [)-'211(1'2)’ 2'213(1'2)] [1111(1'1), X1s(t1) (7.18)
kof(72)y kaoiT2) 0, 1 Xon(ta), Xas(72)) Xaa(re), X 13:(71)
and
[021(72), -522(72) — [xzu(z'z)r zzm(Tz)] [Fm(Tl), Fuz(ﬁ)] [Ezu(fz), Ezlz(Tz) (7.19)
€25(72), C2{T2) Zaa(T2)y Xoso(72) NWFualTe)s Fipfr) En(ta), Ezl72)).

Similarly Eq. (7.17) gives the following equations for obtaining the unknown
values z(r;) and z(z),

[xz(fz)] a [le(Tz): xzz(‘l'z)][cf)sol] n [421(1'2) (7. 20)
2(12) 2a(T2), 22o(72)) sin ) go(72)),
where
[le(Tz)y xzz(Tz)] = [kzl(’f'z), 13’22(7-'2)]_l [621(7.'2), czz(‘l'z)] (1.21)
2a(72)y 22o(T2) kaf(12), kaiT2) c2l72)y CaalT2)
and

D o B i il

Next the second equation of Eq. (7.5) is

— X ai(2)2o(71) — X oo 72)2i(T1) + ¥o72) — 31(71) = Eani(72) €08 01+ Epz72) sin 0, — KpX (7).
(7.23)
Substituting of Eq. (7.13) into Eq. (7 23) yields.
 3ulry) = Fidey) cos 0+ Filr,) sin 6y, (7.24)
where

ym(n) = KoXo12) — Xan(T2)qulTi) — xzza(fz)%z(fl) +y{r)—y71),
Fidr))= Eui(to) + Xoaro)xul{t) + X o t2)20s(71) 5 (7.25)
F, 1;(71) = Ezzz(Tz) +X 221(Tz)x12(71) + X2 T2)21(71)

By this equation, 6, can be obtained as follows

_ -13’10(71)
6, = 6,+cos Folr)’ (7. 26)
where
0, = tan D) Fe) = o/ FEG)F PTG (7.20)

The second equation of Eq. (7.4) is
Xia(T)272) + X 12002 12) + y2) + 3i(71) = Fiyy(1,) cos 0, 4 Fizo7:) sin 6, — KXty . (7.28)
Substitution of Eq. (7.20) in Eq. (7.28) yields

YulT1) = Fy(z1) cos 0:+ Fas sin (z,)0:, (7.29)
where
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J’zo(Tl) = KX 1t1) + X 1o(T21)q2(T2) +1123(T1)422(72) +yA72) + (1),

Folr)= Fm(fl)*xlzl(fl)le(Tz)—1123(71)321(72) ’ (7. 30)

Fo(t1)= Figl71)— X7 )%2{72) — X 19(T1)22:{T2) .
Consequently, substituting of Egs. (7.14), (7.15), (7.21), (7.22) and (7. 26) into Eq.
(7.29), the transcendental equation can be obtained as follows, which containing
unexplicitly the unknown function z,,

waiy(n), J’z(Tz), n}=0, (7. 31)

then we can determine 7; by solving this equation.

8. fralt) and gra(z)

(a) When the equation p*+38,*+priw+a:=0 has three distinct roots.

Putting
PP+t preta = (P+ax)(p+az)(17+a3): 8.1)

Jenlt)s and g,.(z)’s are tabulated in Tables 3, 4 and 5, when r=1,

Table 3.
1 1 —ar 1 o ar -~ a7
Z10(7) d1+alA1€ l+a2A26 2+a3A3€ 3y
S T T
gn(7) AIE jy Azs 2 Aae 3
g (T) 91_ E'mT—I- a_ze—u27+ 9_36—0:7
§ 4 T4, 4,
213(7) R T
1 AZ 3
Table 4.
Ju() by cos 45, sin r——l e~ — 1 £ % — 1 £%T
B, B, B,
Jf12(7) by sin 7+ b, cos r-l—%i e~ T 4 %ze"”z"+ %:e'“s"
2 2 2
Sua() —bycos t—B, sin r—~%: e~ — %25““2"—-%25“’37
3 3 3
b, sin r—b Qi a1 4 O -y g O3 -y
S14(1) o Sin T 1cosr+Ble 1 +st 2+Bse 3
Table 5.
by a,—0p bo 1—7o
(a2+1) (a3+1) (a3+1) (a2+1) (a3+1)(a3+1)
B, (A+ad)A, 4, (ay—az)(az—a;)
B; (1+ad) 4, A, (az—as)(a—a,)
B, (1+a$)4s As (az—ay)(a;—az)
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The values of f,,(r)s and g..(z)’s are obtained by replacing 7, and a; by 7z
and «, in the expressions of fi,(r)s and gi.(r)s.

(b) When the equation p*+8,p°+rp+a,=0 has one root and a pair of conju-
gate roots.
Putting

P+t trevpta = (pta)p+atif)p+a—jif), (8.2)
we have Tables 6, 7 and 8.

Table 6.
£10(7) 1_a e~ T+ &~%(¢, cos f—e, sin A7)
a o
211(7) €9~ 1T+ &~ %7(—gg cos fr+esin fr)
g12(7) — oot % T+ e~ %" (e; cos fr—eq sin fT)
£13(7) aeye =%+ e~%T(—e; cos fr+egsin fr)
Table 7.
Su(r) by cos T+ b, sin T+dge~ 4T+ &~ 2"(—d; cos fr+d, sin ft)
Sr12(1) b, cos t—b, sin 1—a;dge %7+ e~ *7(d, cos fr—d, sin A1)
S1a(7) —bg cos T—b, sin 7+ aldye~ %17 +e~ " (—d; cos fr+dg sin f1)
() —b, cos T4 b, sin T—addy~ T+~ %7(d; cos fr—dg sin A1)
Table 8.
1 € € 2__g241—2
) (a—a) 1 & d, @+1 d; Y] (8az—g%2+1—2a,a)
€ - ‘Z——:g{a(ar“a)'i‘ﬂz}eo € fz_o,_al: d; %{(al—a)(az—-ﬂz+1)+2aﬂz}
[} ) 43 231 ds ad,+ fd,
€s %9 {a(a,—a)— 4%} [ € 4 ; a 4 ad,— fd,
ds ad,+ fd,
e aes— fes e —eo(a—g)?
ds ad,— fd,
by | —L=Two b, | B0
(aZ+1)-4 (aZ+1)-4 d; ads+ fds
4 (a?—g%+1)%+4a4? a a,(a*+ %) ds ads— fd;

As in the previous case, the values fi.(t)’s and g.,(r)'s are obtained on re-
placing 7, and @ by 7 and & in the expressions of fi.(r)’s and gi.(r)'s respec-
tively.
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9. Numerical Example

In the present section a numerical example of the basic circuit is illustrated,
and the results of this example were obtained by making use of the Digital
Computer (KDC-1). Here, for the sake of comparing with those of Reference
(3) we assume that the circuit constants are the same ones in Reference 3) as
follows :

Li=L,=117H, L,=L,=17mH,

C=0002u4F, R=200092, f= E‘;lr =1000¢/s.

In the numerical calculation of determing z;, we take
dr, = 0.001, &= 0.0001.

The results are shown in Figs. 7, 8, 9, 10 and 11.
Fig. 7 shows the determined -values r, with respect to a measure of the
hysteresis of the coil, i.e.

Ay % = It} —y{rs) x100%
()

for some parameters K, i.e. K'=1/K,=1I,/L,.

From this result, we can find that the pulse width r, increases in proportion
to increasing of the measure of the hysteresis, and that the values r, are equal
to those of Reference (3) when 4y% =0, without the hysteresis.

Fig. 8 shows the values of @, which also increase in accordance with in-
creasing 4y%. The peak value of Er(f) is shown in Figs. 9 and 10, from which,
the effect of the hysteresis of the coil makes the peak voltake decrease. Fig. 11

10
l/ 08
[ % 50 75 (rad) ,
| g * 6
210.6-/ 197125 15
———__/,/ 20 04
0.4_______//25
I K=30 02
o2}
0_
0 ] 1 1 ! )] |
0 05 10 15 20 25 Y L
—4y % 0 05 10 15 20 25
(i (T — po(T2)
Fig. 7. Durations of the 1.st circuit — & =I*I—yz—z-%

mode (Widths of pulse voltages across nie)
the coil). Fig. 8. Phase angles 0.
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20
\ 16; 5(1_,) 15:_\’\\\*3
_&_("CLJZ: “H 12y %
weps 8— gl /0‘/?} 2D v
4t ' 4:\5' >
05 16 15 2 25 % ol . ,

1 ! ] !
0 05 10 15 20 25%

Fig. 9. Peak pulse voltage across the coil. Fig. 10. Peak pulse voltage across the coil.

) —— 25, 8y9=05%
el K'=5, by=0 7

Fig. 11. Wave forms of voltage across the coil.

shows the wave forms of the steady state voltage across the coil, in this case
we can find that the wave form was remarkably distorted by the effect of the
hysteresis, comparing with the case without the hysteresis.

10. Conclusion
In this paper, the study on the harmonic producer circuits is presented by
the use of the analytical method based on the theorems of the Periodically In-
terrupted Electric Circuits of the Third Genus.
Taking the effect of magnetic hysteresis of the coil into consideration, we
can make clear the behaviour of the producer circuits as accurately as possible,
and show the numerical results of one example,
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It is evident that this analytical method is useful for the analysis of the
non-linear problems such as those containing the hysteresis or other non-linearity
in order to obtain the steady state solutions, but it is difficult to determine the
periods which decided by the natural phenomena in the considered problems,
in that case, by means of the digital computer we can easily determine these
values for the case of some numerical examples.
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AN ANALYSIS OF NON-LINEAR SAMPLED-DATA.
FEEDBACK CONTROL SYSTEMS
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An Analysis of Non-Linear Sampled-Data
Feedback Control Systems

Synopsis

Higher order sampled-data feedback systems which contain a saturating
element or a backlash element are investigated in this paper.

This study introduces a new approach to the analysis of non-linear sampled-
data control systems. At first the authors describe a new analytlcal method for
such systems using the theorem of Periodically Interrupted Electric Circuits and
how to apply the Digital Computer (KDC-1) to this theorem. The method pre-
sented here can be applied to any higher order systems with any non-linear
elements by making use of the digtal computer simulation of the above theorem
and the non-linear element. Some illustrative examples are given to clarify the
method involved. One example of the third order sampled-data feedback system
wlth a saturating element is investigated in case of initial conditions being given
without external forces, a unit step function and sine wave inputs being given.
The examples show that in the case of a step input as well as initial conditions
existing, slight variations of initial values result in difierent modes of periodic
oscillations, while in the case of a sinusoidal input, a slight modification of non-
linear characteristics results in forced oscillations in one case and in sub-harmynic
oscillations in another.

Two illustrative examples of the second order system with a backlash ele-
ment are considered in the case where the linear system is followed by the
backlash or follows the backlash.

Some results obtained by numerical computations are presented to show the
performance of the system dynamics on the basis of the new analytical method
presented here.

1. Introduction

To feedback control systems belongs a sampled-data feedback system for
which the input signal is represented by samples at regular intervals of time
as a discontinious waveform, for example, the control system with contactor
relay mechanism, the radar system and the digital computer control system.
There are two types in the sampled-data feedback systems, one of which is a
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linear sampled-data feedback system containing linear elements and another is
a non-linear sampled-data feedback system containing non-linear elements.

The theory of the former has progressed and been well constructed by
means of the techniques of the z transform and the modified z transform. How-
ever the theory of the latter containing non-linear elements, for example, a
saturating element, a backlash element, and a hysteresis or deadzone element,
has hardly been established because of difficulties of analyzing the complicated
phenomena arising between the discontinious signal and nonlinearity. However
C.K. Chow?® has recently studied about the self-sustained oscillations in relay
servomechanisms with sampling by using the describing function method. R.E.
Kalman®, on the other hand, has investigated the initial condition problems for
the same system by the phase plane method and has obtained unexpected
results from the theoretical point of view.

The approach to the analysis of the transient behavior of the low order
relay sampled-data feedback system has been introduced in the past by F.J.
Mullin, E.I Jury®, K. Izawa and L.E. Weaver® by use of the phase plane
method. Espeéially F.J. Mullin® has studied the stability and the compensation
of the saturating sampled-data feedback systems and S. Kodama®, from a
different point of view, investigated the stability of a non-linear sampled-data
feedback system and he gave the counter theory for the stability to F.J. Mullin’s
study. These investigations based on various assumptions of non-linear elements
as well as the dynamic chracteristic of the feedback systems have not been
established generally for the non-linear sampled-data feedback systems.

In this paper we introduce a new approach to the analysis of the higher
order sampled-data feedback systems containing non-linear elements. This
analytical technique for the transient and steady state behavior of the systems
is based on the theorem of Periodically Interrupted Electrical Circuits™ applying
the digital computer®>. Although only saturating and backlash elements are
here taken into account as non-linear elements, the analytical method presented
here may serve as a useful tool in the system with other non-linear elements.

2. Application of the Theorem of Periodically Interrupted

Electric Circuits
. Controfled System
Sampling A2

The system under consideration is Switch Nonlineerity {1 ¥
shown in Fig. 1. The non-linearity of Seqcm| Pl ,,(U o

Zero-Order
the memory or the zero-memory type

Hold Network '

follows a zero-order hold network. Fig. 1 Nonlinear sampled-data control

The controlled system is considered system
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generally as an m-th order linear element and subject to the disturbances #(¢)’s
which are applied to points of the cascaded output elements.

When the input to the nonlinearity is x(¢), the output w(¢) of the nonlinearity
is written as

-w(t) = N{x(t), #(5)}

= Wy t=n—1T+0 (1)
where N(z, £) is the non-linear function representin . wit
e function representing st
the non-linearity, T is the sampling period, j(t)=ﬁ x(8) e A
and n=1,2,---, This output w(f) becomes constant s TalaT
during one sampling period as shown in Fig. 2. Fig. 2 Output of the
nonlinearity

The system equation can be set up, in general,
in the matrix form as follows during some (z) sampling period

D+ay  Aypereeeeees Aim 01(1) Wn
An D‘.*'azz : Cz(t). v(8)+0in

: = | 0{t)+02m (2)
: Am—1sm C‘m—l.(t)

A Aommey D+ Q) \e(2) ) +vun) 0ZEST
where

D= sy Uun = vu(t)], t= n_lT 112, Tty lr.n-m—l, = 0 or il

&

and ay, -, amm are constants determined by the controlled system, cf), -,
cm—i(t) are outputs at points of the cascaded first order output elements of the
controlled system.

Now we rewrite Eq. (2) in the abbreviated form as

[ZIDILgn)] =[ya)] O0=t<T (3)

and Eq. (3) can be replaced by the operational form (the second kind Laplace
transform)

[Z(HI gn( )] = [yu( £)1+ LI gn-AT)] (4)

where [L] is a constant determined by [Z(D)] and generally this matrix is a
unit matrix.

Premultiplying both sides of Eq. (4) by [Z( »)1%, the following equation can
be obtained '

Len( )] = [Z DT Ly 0)1+ L Z( p)I[LIL gn—(T)] (5)

Hence the corresponding time function to Eq. (5) can be derived by taking
the inverse transform of Eq. (5) directly
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Lgs(1)] = [oa() ]+ [2 (I gu-AT)] 0T (6)
where )
[en)] = DZ(H)T [y 5)]
[x()] = OLZ(p)I'[L]

This result is the solution of the system Eq. (2) under consideration during
n-th sampling period and corresponds to the solution obtaind by the modified
Z trasform used in the linear sampled-data feedback system.

Now the initial matrix [ g.-(T)] of Eq. (6) is evaluated by the following
reccurrence formulae in matrix notation as

LgnAT)] = [@n- TV1+[2(T) I gn-LT)1
= [Pu A )]+ T I[P u-oL T) I+ XD FLPu- TV + -+
+LA(T) Lo TI+LX(TY1* ' [25°] (7)

then, substituting Eq. (7) into Eq. (6) results in the solution during any sampl-
ing interval.

If the disturbances v\(f), -+, v(f) in Fig. 1 were not applied, then [¢,(#)] in
Eq. (6) would be replaced and deduced easily in the form of the product of
two matrices, that is, [y.(#)] becomes equal to [ y,.] composed of the constant
elements being indifferent to time ¢ during one sampling interval, therefore in
such a case Eq. (6) can be written as

[gn®)] = [e@OIL 3l + DX gnrkTY]  O<t<T (8)
where
Eo()] = SLZ(p)1 }
Eynd = [NLRA+LTTeloroTID ] (9)

In Eq. (9), [R.] is determined by the »(¢) input to the feedback system and
includes »(z—1T) component, [(T)]} is the so-called transfer matrix whose con-
ponents of 0 or +1. In this case the initial matrix [g,—(7)] can be written as

Lgn-T)] = LA TIILyn-11+ L) gn-AT)]
= [Ty 1+ [ TILA T 3p-21+ DD FLA T yn-0d 4o
+LA DI LA/ DI+ (T [ £°] (10)

Next we shall induce the condition of the self-sustained oscillations. In
the case where the r(#) input to the system exists, it is possible to obtain its
conditions, though we now consider the case where the 7(#) input is not given.

If the self-sustained oscillations of period »T(r=1, 2, ---) are to exist in the
system when »(#)=0, we can put, from Eq. (9)

* @{f@)}=%}.g& [ L emap
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[INETILgn A TP =[ead -

and substituting Eq. (11) into Eq. (8) yields the following matrix according to
the condition that Eq. (8) should have the same value at the r-th sampling
instant as the value at the previous »-th sampling instant, that is,

[Bul = ([ T)1Len—1+L(T)B L TYILew—21+[2(T) ]} -
{fe(T)Ied+ (T {Le(T)ILe 3+ [T -+ (LoD ILend + (TR (12)
where ‘
=12, r

Hence we can obtain the g’s latent roots of the matrix [B.] by solving the
characteristic equation of the form

S{fLUT-[B.1} =0 (13)

Then we know that the necessary and sufficient condition* where the system
would generate the self-sustained oscillations is that the absolute values of all
the latent roots 4y, f.,+, » should be equal to unity respectively. If there
is only one latent root which is more than unity, the system is unstable and
if all the latent roots are less than unity, the system is stable because the
solution becomes infinitesimal as time goes.

3. Simulation by the Digital Computer and Numerical Examples

In practice it is difficult to clarify theoreticaly the dynamic characteristics
of the system according to the above theorem, but it is easilfr possible to place
the characteristics more clearly in sight by using the digital computer to simutate
this  analytical method '

. w(t
applied to some examples. g5 wit)
Now consider the case A = At
where the controlled system -+ 4 wit) =htanhkx (t)
is the 3rd order system ! b xct) x(t)
without disturbarices and A < 4 '
. L. ¥=tanf
the non-linearity is a satura-
(a) (6)

ing element shown in Fig. 3.
Fig. 3 Nonlinarity (saturating element
Eq. (8) represents the v ( g )

solution during n-th sampl- w2 el 1 | 1 Lewr
ing interval when the LP TP+l LP+I|
saturating element is given Fig. 4 Controlled system G(p)

* When r is a rational number, similarly we consider the self-sustained oscillation, therefore
the condition of the self-sustained oscillatlons could be established in general.
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by Fig. 3(a),‘ where [y,] of Eq. (9) can be determined by the following three
regions denoted such that
(1), if the linear region exists;

lxa|={r()—cEN 1< h/r t=n—-1T+0
then Eq. (9) becomes

I

rilrn=1T)1+L[TT L gn-( D]}
T%n
o |, 14)
0

[yn]

(2), if the positive saturate region exists;

xn>—h_
: T
then Eq. (9) becomes
h
[J’n] =[ 0 |, (15)
0

(3), and if the negative saturating region exists;

-xn<‘;i

then Eq. (9) becomes
[J’n] = o | (16)
0
In the case of this example, the digital computer flowchart is shown in Fig. 5.
When the saturating element whose characteristic is represented by the
following Eq. (17) is given in Fig. 3(b), [y.] can be more easily determined
rather than in the above case.

w(t) = htanh kx(2) a7

Fig. 6 and Fig. 7 show the numerical results in the case of these examples.
Fig. 6(a) shows the response to a unit step function input in which the different
modes of periodic oscillation occurring depend on a slight variations of initial
values.

Other different modes of periodic oscillation depending on other initial con-
ditions in the same system was generated.

Fig. 6(b) shows the response of the system with various saturating elements
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to a unit step function input in the case where the r of the non-linearity is
only changed at same initial conditions. '

The modes (2), (3) and (4) in Fig. 6(b) illustrate the periodic oscillation,
therefore we know that it is possible for one value of the 7 of the non-linearity
that the periodic oscillation should exist in the system, but for another value

Reag in initial values
and System parameters
}
Comyute[ /}Wr,’x tcompofnents
of () (X ) and store for
segerg/ 74T + Set index
resisters K=1 I=r-

L
K —~K+]

no

yes

Set initial conditions, number of
sampling periods i a end index
resisters =1, j=1. K=1

Compute and store for

A (8] )+ (X ] (go-1)

2]
=/ +]

modify
K—HK+1 yes
Compute_the error signal at sampling

time nl and load it into accumulator
Con (AC) Sr (n T)—C(nT)TI:IXn!

ifal<Xo=h/&

Minus  saturate state. Plus “saturate  state.
Set the output of the non-| |Set tre output of the
linear element and store as linear element and store as linear element and store ac

Wo=—h Wh=h Wr = ”

i ] |

}
Set the matrix( yass ) and
initial  value matrix [ga]

for next sampling peliod,
Reset  index /?gsglof /=1

Linear state.
non-| |Compte the output of the non-

no

yes

print  output

Fig. 5 Digital computer flowchart for the higher order sampled-data control
system with a saturating element
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r=8 (1)&%0.C%0,C%0, (2) C=-02C21.2.C5-22,
(3) 02 08 -15(4) 06 14, -22
. (5) 07, 14, -22

(a) Different modes of periodic oscillations in response to a unit step function input

(b)

©

2.5

20
315

(1), 6=1,(2),5=2.(3).0=4.(4), =8, C=0, CX0. C=0, (2)

The time response of the system with various saturating elements to a unit step
function input

0.5zt

(1, 6-=4
201 (2) 5=8
151
10- 2)
a5+ /I<
T A ‘ /\
© YD AV \/25 07T 55 \S52 17 Y
-0.51- I(sec/
_]'0_.
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201 The input Sine wave.r ()
Forced oscillations in the system with a saturating element for r(¢)=sin
20F (1} sin .25t in,
. A put — ~o.n AR 2
15+ (2), sin /37t /'nput §=4,¢=0.0%0,C=0,
L0 (2} (1)
S AWANLT
5 25 (30 14 150
ot W \7 v NvARY Z \/
~-10r-
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i ()

(d) The transient response of the system with a saturating element to sinusoidal inputs

Fig. 6 Response of the system with a saturating element, #=1.0, T=1.0 (sec) and

G(p)=

to a unit step function and sinusoidal inputs

1 _
2(p+1)?
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20F(1) =05 sec
15H(2).7=10
10K 3}. 7220 ~
Jos @
Q 0 1 1 | L | 1, 1 { 1
_052 5 1 13, 20 2! 50 [35 \ 140 14, 150
e ! / 2
-15- f{SEL'} / (3),/
=20 v

(a) The response of the system with a saturating element (w(#)=tanh 3x(%))
to r(¢)=0

(b) The response of the system with a saturating element (w(#)=tanh 2x(t)) and

T=1.0 to sinusoidal inputs

Fig. 7 Response of the system with a saturating element described w(¢)=*# tanh kx(#)

_ 1
and G0 = s
w4 (e w1 _|etr)
—\IfT P Al

(a) " Controlled system G(p)

wit)

Q
HY-
=)

~@

(b) Nonlinearity (backlash)
Fig. 8 Controlled system and
backlash element

6 Non-linezr . =0 T=0
n {inear
‘\\ Le
a8k
oy t (seconcs)
0 L ! I 1 1 L 3
0 5 10 i5 J &5 20 35
Fig. 9 The response of the second order system
1 .
of G(p) = ————, T=1.0 with a back-
p(p+1)’

lash element H=0.1 and without (linear)
to a unit step function input

to sine wave inputs and no input but only initial values

Sampling Zero-Order Controlled Nonlinearity
Switch Hold Network System - (Backlash)

rit) / 1-6°7 bz,
¥ eft) ;(f)l P zf

ctt)

G
o) (P

xft)

(a)

wit)[ 1 _.{ Xt
xR (P
)

(b

(c)

(a) Sampled-data sarve with backlash element
(b) Controlled system, G(p)
(c¢) Nonlinearity (backlash)
Fig. 10 Non-linear sampled data control
system
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Fig. 11 Digital computer flowchart for the second order sampled-data control system
with a backlash element
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it is impossible.

Fig. 6(c) and (d) show the response of the system to a sine wave input.
The forced oscillations shown in Fig. 6(c) are the subharmonic oscillation of
order 1/2 illustrated by curve 1 and order 1/3 by curve 2, however in the case
shown in Fig. 6(d) the subharmonic oscillation don’t occur under the same
condition as in Fig. 6(c). '

Fig. 7(a) shows the response of the system to no inputs only due to the
given initial value for changing the sampling period and Fig. 7(b) indicates the
response of the same system to a sine wave input under the same conditions
in Fig. 7(a).

Next we show the numerical examples of the system with a backlash
element as the non-linearity shown in Fig. 8 (b).

At first we consider that the controlled system is the 2nd order system
without disturbances and a backlash element foliows the zero-order hold network
as shown in Fig. 1. .

In such a case, [y,] of Eq. (9) is determined by the following separete
regions, thus

L1 =TT+

here w(#) is found to be

® w(t) = «(t)—H, (x'(t) = 0)

@ w(t) = x(t)—H} t=n—2T+0 (within backlash)

® w(t) = x(t)+H, (x'(£)<0)

@ w(t) = {x(¢$)+ H} t =n—2T+0  (within backlash)
where

H: half of the backlash width, #=#x—1T+0 (at n-th sampling instant).

Fig. 9 shws the response of the system containing a backlash element to
a unit step function input which

is compared with the response of ;:26_ (1)

the linear system. Sosf /J}U/_w't step input. ,C'=-0.1 C=0.
When the backlash element = 94 (2) n ;}\5’”[0\5 "K"”’/{X E/q\ }"_\;0//.

follows the controlled system as on_ \15_/ o \/15 \VEN TR \J5

shown in Fig. 10, one numerical  _gg ¢ (sec)

results in such a case is illustrated Fig. 12 The transient response of the system

in Fig. 12 which gives the response of Fig. 10 with T=10, T;,=10, K=

. 1.0 and H=0.1 to a unit step function
of the system to a unit step and sine wave input
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function input and to a sine wave input.
The digital computer flowchart for numerical calculation of the feedback
system shown in Fig. 10 is illustrated in Fig. 11.

4. Conclusion

An attempt has been made to analyze the higher order sampled-data feed-
back systems with non-linear element by appling the theorem of Periodically
Interrupted Electric Circuits.

The application of this analytical method to some non-linear sampled-data
system can be useful in practice only by making use of the digital computer
simulation.

In this paper we consider the 3rd order sampled-data feedback system with
a saturating element and the 2nd order sampled-data feedback system with a
backlash, however it may be possible to analyzed the higher order sampled-
dat feedback system with other non-linear elements by means of the analytical
method presented here. '

It is evident that this approach will be useful to clarify the performance
of the sampled-data feedback system with non-linear elements, which has hardly
been analyzed by other methods.
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Analysis of Sampled-Data Feedback Control
Systems with Finite Pulse Width

Synopsis

A method for analysis of sampled-data feedback control systems with finite
pulse width is presented in this work.

The analysis is based on introducing a new technique with some approxima-
tions by the theories of the Periodically Interrupted Electric Circuits.

The results make it possible to obtain the transient and steady-state response
of such systems containing a sampler with any pulse width. Furthermore, by
utilizing this method, the stability criterion is readily developed and its applica-
tion to systems under consideration make clear the effects of the sampler with
finite pulse width on the performance of sampled-data feedback control systems,
which are of considerable importance in view of its engineering applications.

Some illustrative examples are given to clarify the method involved and its
numerical results are presented to show the performance of the system dynamics.
Morcover the results in this investigation are examined by the simulation of the
control system in question by means of the analog computer.

1. Introduction

Analysis and design of sampled-data control systems have been developed
after considerable investigation during the past decade. Especially, the deve-
lopment of the z-transform and modified z-transform in recent years has
become an important tool in the analysis and synthesis of sampled-data systems.

However, in almost all cases the sampled version of a given signal has
continued to be regarded idealistically as a train of impulses of infinitesimal
duration.

More recently, efforts have been made to deal more realistically with the
sampling problem by recognizing that in practice the duration of a pulse
formed by sampling a function of time is not only not infinitesimal, but often
appreciable.

Farmanfarma® introduced the p-transform to allow consideration of pulse
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width, and Tou® introduced the r-transform for the same purpose., These
efforts led to the establishment of methods of analysis and synthesis of open-
loop sampled-data systems with appreciable pulse width.

Furthermore, Farmanfarma® has published an exact method for the analysis
and synthesis of closed-loop sampled-data systems with finite pulse width.
However, the exact method is very tedious. Murphy and Kennedy* developed
an approximate method for such systems from a different point of view.

The purpose of this paper is to present a method which allows the treat-
ment of sampled-data systems with pulse width ranging from zero to the
sampling period>®. The technique presented here, which is based on the
theories of the Periodically Interrupted Electric Circuits, yields approximately
the correct value of the system response at all instants and also develops the
valuable stability criterion for systems under consideration.

Investigating the stability of sampled-data feedback control systems with
finite pulse width is of considerable importance to examine the effects of
pulse width on the system dynamics.

Numerical examples are worked out to show the application of the method
presented in this paper, and also the results are examined by means of analog
computer simulation.

2. General Analytical Method Based on the Theories of
the Periodically Interrupted Electric Circuits

The sampled-data system with finite pulse width under consideration is
shown in Fig. 1.

As is well-known, the basic difference between a continuous system and
a finite pulsed sampled-data system is due to the presence of the sampler in
the latter. Thus any general investigation of the pulsed system must start
with the study of the sampler, and the relation between its input and output
time functions.

Fig. 2 illustrates the input and output of a sampler with pulse width /
and sampling period T.

. Controlled
Almed input 5‘7’”'”//‘]9’ otject  Controlled eft) en (1)

rit) , ) - cutput
—e(t) e (l) et

ey 1 r
Kip) 0 0 h r rm 27
Feedback element

Fig. 1. Sampled-data feedback control Fig. 2. (a)-Input signal to sam-
system with finite pulse with, pler. (b)-Sampler output,
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Hence, the relation between input ¢(¢) and eXe)
output ¢4(#) in the time domain may be written e /e(t) ey

as: : 9.;:1.— | |
[
en(t) = e {u(t)—ult—h)} +e(t)(u(t—T) :. l !
| [

—u(t—T~h !
u(w )+ Ll [P P

= ot) 2 {ult—nT)—u(t—nT-H} (1) ] i, A b ar
= n=]

where #(¢) is a unit step function. Fig. 3. Pulse width % of sam-

pler output is subdivided into
m—1 narrow pulses with each

subdivided into m—1 narrow pulses with each different width 47 (:=1,2,-,
. . . . —-1).

different width 4;, ({=1, 2, -, m—1) as shown in m—1)

Fig. 3, then the output ¢,(¢) is expressed in the form, too

en(t) = e(t){u(t)—ut— 4))} +e(){u(t—4))—u(t — 4,— 4,)} +
et lt—"5 40wt~ ',’g‘a.-» Felt)t— T)~ult—T— 4} +--
+e(B){u(t— ;z_T) u(t—n]: 40+
+e(t{u(t—nT— EA) w(t—nT~— ZA,)
—”§j§0 e(t) (u(t —nT EA) u(t— nT ZA )} (2.2)

Now if pulse width % of sampler output is

where 4,=0.

For the application of our new technique to the system under discussion,
we first assume that the output pulse e,(¢#) may be expressed approximately
by staircase functions as indicated in Fig. 3, in other words, that it is flat-
topped pulses during each different width 4;, then we have

ex(t) = e(0){u(t)—u(t—4,)} +e(Al){u(t—Ax)—u(t_—AI—Az)} +
+enTu(t—nT)~u(t—nT—4,)} +
+enT+ ZA) u(t—nT— Z‘,A) u(t—nT— F‘_, A)}
—Z ;e(nT+ ZA){u(t nT—EA) u(t— nT——EA)} (2.3)

Accordingly, it may be obviously said, from inspection of Eq. (2.3), that
the sampler with finite pulse width % in practice is replaced by an idealized
cyclic sampler approximately equivalent to it. This ideal periodic sampler
with sampling period T is illustrated in Fig. 4 (B), which is followed by zero
order hold networks with different holding time 4;, that is

H.-(p)=1"—;ﬂ, §=1,2, 0 m—1. @ 4)

Thus the system under consideration as shown in Fig.1 can be evidently
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r
eft) - - e. (1) el
h
(A) Sampler with finite (B) An idealized cyclic sampler
pulse width % in approximately equivalent to
practice. the sampler in Fig. 4 (A).

Fig. 4. Cyclic ideal sampler with sampling period T followed
by zero order hold networks H;(p)=(1—¢e~?4i)/p,

rewitten as illustrated in Fig. 5 according to

replacement of the cyclic ideal sampler and
zero order hold networks. Hereafter, we
consider this approximate equivalent system

in the following analysis by means of the
present method in this paper.

Fig. 5. Equivalent block diagram

Now assume that a linear controlled ob- of the sampled-data feedback
ject with transfer function G(p), as shown in co‘?ittr}i)ll system with finite pulse
w1 (8

Fig. 5, is generally an a-th order element
and subjects to the sampled output e}(#), and that a feedback element with
transfer function K(p) is generally a g-th order element.

For brevity, we introduce a new symbol such that

einT)=em, etnT+4)=¢n, *nT+ :@_:A.-) =ep, (2.5)

where #=0,1,2,-- and »=1,2, .-, m

During from ¢=unT to t=nT+4,, that is, its interval is said so as the 1st
circuit mode on the n-th stage, the controlled output c,{#) may be obtained by
solving the differential equation of the form

i acn(7)+ ﬂld — 1Cn(r)~l~ “Hamr o Cn(T)+aaCn(T) =e, 0<c<d4, (2.6)

where a,, -+, ay are constants of the controlled object.
Here it is convenient to express Eq. (2.6) in the matrix notation as

D a,D a,D-eeveeee Qy—1 D+ay C;_I(T) €n1
-1 D 0 cerernnne veeee 0 ) 0
d —1 D cevnriiniiienn 0 : _ : (2 7)
e cifz) :
 cererecsennrercecnnns 0 -1 D Cn(T) 0 0 S T S A;

where D—(%, and cn(r)— c,,(r), 1=1,2, ., a-1),
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In feedback loop, the differential equation is written in the form

B B-1
B e+ d B b)+ o ke LD+ dibile) = efr)  0<e<d (2.8)
where b,(r) is the output of the feedback element in the 1st circuit mode on
the n-th stage, and d,, -+, ds are constants of the feedback element.

Similarly Eq. (2.8) is expressed in matrix notation

D dD dDeeereen dg—, D+dp b',ff*l(r) ()

-1 D 0 ceeeeernenninns 0 : 0
(') __1 ........................ g g _ g (2. 9)
s 0 bi(z) :
0 evererrrrnnereernnns 0 -1 D b.(7) 0 0<r< 4,

where D=9, and bi(c)=% b,(7), (i=1,2, -, B—1).
dr dr?

While the relation between &(¢) and b() is represented as follows, clearly
by inspection of the system under discussion

em = {r()—b()} t=nT (2.10)
enr = (r(D—b®) y_y71 'S 4, -

Now, for simplicity, Egs. (2.7) and (2.9) are rewritten in the abbreviate
matrix forms, respectively

[zG(D)][ym(T)] = [wm] (2.11)
Lzx(D)I[%m(v)] = LT 1L ymz)] (2.12)

where [77] is a transformation matrix whose elements consist of 0 or 1.

and

While, fw,,] is expressed as
[wm] = {(LROI-LT ILx() ]} ecnr
= [Ru]-[T"1[%ml 4 (2.13)
where [%n]=[%n—1m(dm)], and [Ru]=[Ru-1..{dm)] consists of the aimed input
7(8).
Then substituting Eq. (2.13) into Eq. (2.11) yields
[de)][ynl(T)] = [Rm]_[T/][xm] . (2.14)
Hence it is first necessary to obtain [*x—1.m(r)] from Eq. (2.12) for deter-
mination of [, ]=[xn—1.m(dm)].
By the use of the Laplace transformation*, Eq. (2.12) becomes

* Fpy=p| s e,

0
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[Zk( DI X nro )] = LT/ ILY nrom )1+ pLL I %220, m] (2.15)

where elements of [Lx] consist of elements /;; when elements of [Zx(p)] have
the form of /;;p+7:;.

Premultiplying each term on the both-hand side of Eq.(2.15) by [Zx(p)1
we have

[X -1 5] = [Z&( DY LT ALY ne1sml £)1 + pLZe( )T [L 1[0 ] . (2.16)
Transforming Eq. (2.16) into time function by the use of the inverse
Laplace transformation®*, we get
[xn—lvm(f)] = [(PK(T)]*[T’][J’M—DM(T)]+[ZK(T)][x1‘t}21.m]
= [¢K'yn—1»m(7)] + [XK(T)][xn—hm—x(Am—l)] 0 S T S A (2- 17)

where a symbol “x” means the convolution integral, and its result is written

of the form [@x*yn—1.m(t)], for brevity,

while : '
[ox()] = DLZx(H)I, }

k(D)) = DpLZx(P)I'[LK].

Similarly, Eq. (2.14) is expressed in the form of p-function as
[ZA pILY ui £)] = [Rmd—LT Jxmd+ L LcIL 33T - (2.19)
By a similar way, Eq. (2.19) becomes

LYl 91 = [Z6( p)TH[Rn 1L T I xnsd} + LZA )T [ LI 0] (2.20)
then, the solution in time domain is given by
Lym(t)] = [t U RmI— [T I xn ]} + LX) 350

= [N IR 1+ X AL 3n-1om( dm)]— [0 AT ILT I n—1:m(4m)]
0<r<4, (221)

(2.18)

where
[oc(r)] = DLZA P)1! (2.22)
[xe(7)] = 9pLZA p)I'[Lc] (2.23)

and the unknown matrices [Xy—1m(dm)] and [ yn—1.m(4dm)] are readily determined
by the following recurrence formulae in matrix notation

[xn—l:m(dm)] = [¢K'yn—1vm(dm)] + [){K(Am)][xn—l-m—l(dm—l)] (2~ 24)
and
Lyn—sm(dm)] = [P dm)I[Ru—1m( )]+ LX L4 )IL y1—tom—(dm-1)]
—[ea(dm)ILT I 2 n—10m—idm—1)] - (2. 25)

SO =9F($)= lim S'“”F_%f’lep:dp.

i g>oo Jr—iB
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+

It is evident in the end from these recurrence formulae that these two
values on the left-hand side of Egs. (2.24) and (2.25) are given by the given
initial value matrices [ y{?] and [x{Y] respectively.

Therefore, Eq. (2.21) is the general solution of the system under discussion
in the 1st circuit mode on the n-th stage, in other words, during from ¢=»nT

to t=nT+4,.
Consequently, with above relations in mind, the solution in the i-th circuit

mode on the n-th stage can be written as

Lyni2)] = [96() IR i+ [X ) IL yrrimil dims)] — [PV IL T I 2 imo(di—1)]
0< < 4 (2. 26)
(l.=1, 2, seey M. n:O, 1, ...)
while

[tni—(di=)] = [0k Ymi-oldi-)I+ [X & (di=) W[ Znsi~-L di-2)] (2.27)
and :
Lyniei(di-2)] = [9c(di-)I[Rusi—11+ XA di-1) L ynri-Adi-2)]

—[oc(di-)ILT I xn.i-4:-2)]. (2.28)

Since the matrices on the left-hand side of Egs. (2.27) and (2.28) can be
finally determined by the given initial matrices [ y{Y1 and [x{?] according to
the recurrence formulae, Eq. (2.26) results in the general solution in any circuit

mode on any stage.

3. Numerical Examples and The Effects of Pulse Width
on the Stability of the Control System
First we consider the control system under discussion with unity feed-

back K(p)=1.
In this case, the solution is reduced to the more simple form as follows,

putting [x.;—(d;-;)] on the right-hand side of Eq. (2.26) into [ y,.—(d:-1)],
Lyad0)] = [oc(O LRI+ (D) pmi-a(di-)]  0< < 4 3.1
where [X(v)]=[xe(x)]—-[e(z1LT"]

and the initial matrix [ y,.;-i(d;—1)] is written of the recurrence formula, but
in a more compact form, as

Lymi-di-1)] = [9c(di-) ][R ns i~ 1+ [2(4i-)I[P( 4i-2)I[Rpri-2]
+ (4104 DI 4i-) [ Rmrims] + -+
+L2(4i- )02 (di-2) T+ [X(A)IL yn-10m(dim)] (3.2)
and
Lyn—1m(dim)] = [Pn-1.m) + [ B[ Pn—2.m] + [B [ Przimd+
+ (Bl [ Punl+[Bm]" [ ¥17] (3.3)
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where
[Bm] = [Z(Am)][l(dm—l)] [11(41)] (3- 4)
[Drm] = [P 4) I Rym] + [ (4P din-)I[ Ry m—11+ -
+ X4 IX(4-)] - [2(4) N0 4)I[RA] . (3.5)

Therefore, substituting Eq. (3.3) into Eq. (3.2) yields

[yn:i—l(di—l)] = [d)wi—x] + [Bi—1] {[q)n—l»m] + [Bm][q)n—z»m] +
+[Bm]* [ Oim]+[Ba1""[¥iT]} . (3.6)

Furtheremore, when the pulse width % is subdivided into m—1 narrow
pulses with each equal width 4, that is,

di=d4=n/m-1), ((i=1,2,++,m-1) and 4, =T-h. 3.7
[B..] and [®,,,] become, respectively
[Bm]) = [x(4:) 102 ()17 (3.8)
and
[®rm] = [?G(Am)][er]‘*‘ [Z(Am)][goG(A)][Rr'm—l]'*'
+ L (4 I (DT e HILR ] - (3.9)
Consequently, Eq. (3.6) is substituted into Eq. (3.1), then we get finally
the solution of the system with unity feedback in question in the i-th circuit
mode on the n-th stage.

Now let us apply the above established method to an example of a third-
order system as shown in Fig. 6.

A=250~F
4 P-plane
re) __A et
‘TT—J P77 N 0
-5
\ X:pole
Fig. 6. An example of a third- N
order system with unity feed. Fig. 7. Root loci of G(p)
back. with 7,=50.

Here assume that the controlled object is of the form

G(p) = (3.10)

A __
Ko+ Ty
whose root loci are illustrated in Fig. 7, and that the pulse width 7/ of the
sampler is subdivided into m—1 narrow pulses with each equal width 4 as
shown in Eq. (3.7).

The response to a unit step input for the system illustrated in Fig. 6 can
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be readily evaluated by the use of Egs. (3.1), (3.8), (3.9) and following relations
of Egs. (3.12) and (3.13), since in this case it is satisfied that

[Brm] = [Drosm] = +++ = [Or] = [Drrrmd = [Dn], (3.11)
then

[yn-1m(dm)] = (LUT+[Bn]+[Bu¥ + -+ + [Bn]"*}[@n] + [ Bm]* [ 5if]
= {LUT-[Bxl}~X [U 1-[Bx1" "} [Pl +[Bul* L y17] (3.12)

and

[ynu'—l(Ai—l)] = [@x‘—x] + [Bi—l:l( {[U]_[Bm]}—l {[U]_[Bm]”-l} [mm]+[Bm]"_1[y;1()])

(3.13)
where [U] is a unit matrix and [B,.]** is calculable by the use of the
Sylvester expansion theorem of the form ’

=1,2, - 1
7 I {as_[ U]_[Bm]}

LBn1" = r2=1ar_1 T
I (as_ar)

r#s

where a,, -, q; are the distinct latent roots of [B,,].

In the case where the controlled object is given by Eq. (3.10), the several
fundamental matrices in the solution of the example shown in Fig. 6 are ex-
pressed as follows,

cm(f)
Lyni(z)] = [é‘m'(f)] (3.14)
Cni(T)
where E,,;(r)~jzcm(z') and Cm(‘r)— d Cm(T)
1
[Rul=| O ] (3.15)
L O
0 01
[771={0 0 0 (3.16)
L0 0 0
ou(r) oilr) Pulr)
[oc(t)] = | alr) @ulr) @ul7) (3.17)
2u(t) @ulr) @aT)

where
ou(r)=Are™ 1", @ (r)= —14+e 71" Tyze 11", @y(r) = — Tire™ 717,
Pulr) = %{ {1—A+ Tio)e 17}, @plr) =117, @u(r) = —{1—-(1+ Tir)e~ 117},
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Pu(r) = 2—13(6"7‘17—1)-!-&.—1(7—*- e~ "), (3.18)
Tl T1

Pule) = L (1-(L+ T T, @ule) = Z(A—e )=z T,
1 1 :

Xulr) X:L7) X1(7)
[xe(n)] = [Zzl(r) Z2{7) Xza(f_)] (3.19)
Yafz) Xaf7) Xaf7)
where
() =1+ Ty T, Xifr)= — Tire T, Xyr)=0,
Za(t)=1eT1", X{r)=Q1+Tw)e Tz, Xx(r)=0,

1) = A= (U Ti)e ), ok = w04 2ol (L T @20

133(1') = 1 .
and [1(t)]=[xc(z)]-[¢L7)ILT"] is of the form, from (3.17) and (3.19),

Xu(z), Xifr), Xr)—Pulr)
L)) =| 2a(r), X2d)s Xal(r)—Palr) (3.21)
Xs(1)s Xafr), XalT)—@alT)

whose elements are given by Figs. (3.18) and (3. 20).

The results based on Eq. (3.1) are easily calculated by means of the Digital

Computer (KDC-1) as illustrated in Fig. 8, where G(p)=100/p(p+5)* (A=100,

T,=5.0) and k/T=025, on three cases of initial conditions and sampling periods.
Next we consider the stability criterion for the sampled-data feedback

12

c(t)
D t—
=
1

o
>
1

(1)
0.4 7=0.25sec
02 n=6
0 | 1 i 1 [ !
0 2 4 8
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14

(3)
r=20
m=]]

1 1

6 8
t,sec.

Response to a unit step input for a system of the type
illustrated in Fig. 6, with G(p)=100/p(p+5)? and h/T
=0.25, where initial conditions, i.e. a: ¢*9=0, ¢+°=0,
¢+°=0, b:0,10,0, ¢c: 0, 2.0, 0.
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control system with finite pulse width in question and examine the effects
of finite sampling on the performance of the system.

The criterion is established under the presumption that the system should
be supposed stable so long as the factors containing the initial values of the
system variable vanish away gradually from the solution as time goes.

Accordingly, in our case, the stability criterion for the system may be
achieved by examining the initial matrices of Egs. (3.12) or (3.13), whose
values must be limited one for the stable system.

As was well-defined in References (7), by the use of the Sylvester expan-
sion theorem, it is evident that the necessary and sufficient condition that the
system should be stable is that the absolute values of all the latent roots of
[B,.] should be less than unity, or in other words, that all the latent roots
should lie inside the unit circle on the complex domain with its center at
the origin.

In general, assuming [B,] to be the n-th order matrix, the characteristic
equation of [B,,] is of the form

0{a[U]-[B.]} =0 (3.22)
and this determinant reduces to an algebraic equation of the form

aa+a, @t o agata, =0 (3.23)
105

Z where a,, a,, *:*, a, are constants.

The solutions a,, a, **+, a, of this equation
result in the latent roots of [B,,].

Here, it is convenient to do the bilinear
transformation such as a=(1+1)/(2—1) in Eq.
(3.23), and its results become

boAR+ By A" 4 e F by A+ bs = (3.24)

where b, by, -, b, are constants determined by
constants a,, @, ***, @pn.

unstable

Then, we can immediately apply a stabili-
ty criterion of the Hurwitz type to Eq. (3.24),

T (oo ® because that the points inside the unit circle

é \ § on the a-plane can be transformed to those
lying on the left half region of the complex

. N . J-plane by this bilinear transformation.

05 0 05 0 15

bobs Now based on these stability criterion, we

bty examine the stability of the example system
Fig. 9. Region for stability. shown in Fig. 6.
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The numerical results illustrated in Fig. 9 make clear the relations between
the finite pulse width % with respect to the sampling period T and the
stability of the control system under discussion, where the controlled system
G(p)=250/p p+5), (A=250, T,=5.0), that is, a value of A=250 is a critical point
between the stable and unstable regions of the system in linear continuous
cases as shown in Fig. 7.

In this case, the analogue form to Eq. (3.24) is written as

b013+b112+b22+b3 = O (3. 25)

therefore, the following conditions are the necessary and sufficient one for
the stable system by the Hurwitz’s criterion

bos bis bz, >0

bl b3 = blbz—bgba > 0 (3. 26)
bo bz

These numerical evalutions are done by means of the Digital Computer
(KDC-1), whose flowchart is shown in Fig. 10.

Start
}

‘ Set system constants, conditions & #/T |

- sem da 4, |
i
| Compute components of [pg], [x¢] & [x] ’
i
Compute [B,]

i
Modify Determine determinant & reduce to
h/T—k+4- 40/ T algebraic equation: é(a[UJ-[B,])=0
!

Apply bilinear transform & Hurwitz’s
criterion for stability of system

v

Print out results

no l
Is h/T=1?

yes
Halt

Fig. 10. Digital computer flowchart for calculating
the stability of the system.
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From inspection of Fig. 9,
when the sampling period T=0.5,
the system is stable for any value
of /T, while on the other hand,
when the sampling period be-
comes large such as T=1.0 or
T=2.0, the stability of the sys-
tem is variable with respect to
the change of #/T.

It is now of interest to clarify
the performance of the system
under consideration due to the
change of pulse width of the
sampler when the control system
is naturally unstable in conti-
nuous systems.

300

w=+co =mz

Qw)

Fig. 11. Inverse transfer function
of an unstable control system.

For instance, we take A4 =300,
T,=5.0 in our example system of
Fig. 6 which is unstable as its
inverse transfer function is plot-
ted in Fig. 11.

The numerical results in this
example are illustrated in Fig. 12
which demonstrate that the pulse
width of the sampler affects re-
markably the stability of the

100
- Nos
—\ 10
A=300 06
04
) . Vs
-~ o
@ 3 &
3 2 ° S
s
s
N
Il ! 1 1
20 15 -I0 05 0 05 10 15
bo b3
b b7
Fig. 12. Region for stability.
10 I
QI;\
r=10
A =350 508 =
06 —
- 2
K]
o 8
<04 Lo
-
2
L 3
2 N02 “
§ ]
t | ] 0 !
20 -5 -10  -05 bﬂc}h a5 10 15
b b

Fig. 13. Region for stability where arrow symbols

”

“e—and —

show results by the analog computer.
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control system, and that the unstable controlled object becomes stable by the
use of the sampler with finite pulse width,
Another result when A=350, 7,=50 is shown in Fig. 13 comparing the
theoretical result with the simulated one by means of an analog computer.
Both results indicate a close coincidence as might be expected, and one

LN
N

output  response

Fig. 14. A simulated result by the
analog computer when G( ) =350/
p(p+5)? T=1sec and k/T=045.

result by the analog computer is illustrated
in Fig. 14 when the sampling period T=1sec
and k/T=045, which shows an unstable
response.

The analogue simulation of this example
may take the form shown in Fig. 15 where
the sampler with finite pulse width is simu-
lated by electronic elements as shown in
Fig. 16.

sampler

rit} o) b D

Fig. 15. Analogue simulation diagram.

AU7 —é—x575] 6AU6

-
N

N
!

Gate pules

———

Fig. 16. Representation of a sampler with
finite pulse width.
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4. Conclusion

The response of a sampled-data feedback control system with finite pulse
width can be predicted with good accuracy by the use of the theories of the
Periodically Interrupted Electric Circuits described here.

Based on this new technique, the stability criterion of the sampled-data
feedback control system with finite pulse width is easily derived and relatively
is valuable and accuracy as was indicated in numerical results in the present
work,

In an effort to examine the stability of the finite sampling control system,
it is evident that the effects of the sampler with finite pulse width is a
considerable important for the performance of the system, and that even if
the controlled object is originally unstable, its system can be made stable by
making use of a sampler with finite pulse width.
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