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Abstract 13 

A pseudo-multi impulse (PMI) is proposed as an extension of the ordinary base-input multi impulse 14 
substituting a long-duration, long-period ground motion which can often be simulated by a multi-cycle 15 

sine wave (MSW). PMI is treated as a multitude of impulsive lateral forces and hardly excites the 16 

higher-mode responses of elastic multi-degree-of-freedom (MDOF) models because the undamped 17 

fundamental participation vector is adopted as the influence coefficient vector. It is shown that the 18 

critical time interval of PMI can be obtained without any repetition. This enables a smart derivation of 19 

the critical response.  The displacement transfer functions are derived for elastic MDOF models, where 20 

two kinds of the influence coefficient vectors are adopted; 1) 1 at every component (conventional one), 21 

2) the undamped fundamental-mode participation vector. It is demonstrated that the critical PMI can 22 

efficiently and accurately evaluate the maximum responses under MSW and the critical input period 23 

of MSW for elastic-plastic MDOF models. Furthermore, PMI is extended to treat the critical case for 24 

the second eigenmode. Finally, the critical PMI is applied to high-rise buildings for the investigation 25 

into the input energy and the cumulative plastic deformation ductility demand.  26 

 27 
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1. Introduction 40 

Recently, many researchers focused on the seismic responses of long-period structures under long-41 

duration ground motions after the experience of actual ground motions [1-5]. Since long-period 42 

components of earthquake ground motions propagate far from the epicenter, long-period structures 43 

on relatively soft ground may exhibit resonant responses and experience severe structural/non-44 

structural damage. There have been several reports on observed long-period, long-duration ground 45 

motions and damaged structures and lifelines [6-9]. In relation to this topic, Iwan derived 46 

transcendental equations for stationary responses of elastic-plastic models under harmonic excitation 47 
[10-12]. Caughey approximately derived the nonlinear stationary responses by using the equivalent 48 

linearization technique [13, 14]. However, these methods require iterative procedures to find the input 49 

critical (resonant) frequency for a specified input level. For enhancing the seismic safety of buildings, 50 

the critical responses should be considered and their smart derivation without repetition is strongly 51 

demanded. 52 

The critical excitation method has been developed to rationally treat resonant responses of structures 53 
[15-19]. Based on the concept of the critical excitation method, Kojima and Takewaki [20] proposed a 54 

‘multi impulse (MI)’ as another representative for a long-duration, long-period ground motion. MI 55 

consists of a multitude of impulses. They showed that the critical input period of MI can be easily 56 

obtained for elastic-plastic SDOF models based on the energy balance law. Moreover, it was 57 

demonstrated that the critical input period can also be simply calculated for elastic-plastic MDOF 58 

models without any repetitive procedure [21]. The critical responses under MI have been investigated 59 

for elastic-plastic MDOF models so far [22, 23]. However, the use of MI may lead to the overestimation 60 

of the acceleration responses under the corresponding multi-cycle sine wave (MSW) as a 61 

representative of long-duration ground motions due to its impulsive nature. Since an impulse input 62 

equally and simultaneously excites all the eigenmode responses, floor accelerations are apt to become 63 

excessive. Especially in the cases of MDOF models with small viscous damping, the displacement 64 

responses also become larger than those under the corresponding MSW. It is believed that the 65 

maximum structural responses should be accurately estimated for reasonable designs of structural 66 

frames and non-structural components [24, 25]. 67 

On the other hand, an innovative approach has been introduced by Akehashi and Takewaki [26] for 68 

controlling the excitation of higher-mode responses under impulsive inputs. Although a double 69 

impulse (DI) has been treated as a ground motion input substituting the fling-step near-fault ground 70 

motion [27], a pseudo-double impulse (PDI) proposed by Akehashi and Takewaki [26] was treated as a 71 

set of impulsive lateral forces. PDI mainly excites the fundamental eigenmode responses and hardly 72 

excites the higher-mode responses because the undamped fundamental participation vector is adopted 73 

as the influence coefficient vector. 74 

In this paper, a pseudo-multi impulse (PMI) is proposed as an extension of the ordinary MI. Although 75 

the ordinary MI is treated as a ground acceleration, PMI is treated as a multitude of impulsive lateral 76 

forces. Since the participation vector in terms of the undamped fundamental mode is adopted as the 77 

influence coefficient vector, PMI hardly excites the higher-mode responses. In Section 2, the concept 78 

of PMI and the critical condition on the input timing of PMI are explained. Then, the way of the 79 
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time-history response analysis under the critical PMI is explained. In Section 3, displacement 80 

responses under a single impulse and displacement transfer functions are derived for elastic MDOF 81 

models. Two kinds of the influence coefficient vectors are adopted in this section; 1) 1 at every 82 

component (conventional one), 2) the undamped fundamental-mode participation vector. In Section 83 

4, the time-history response analysis is conducted to compare the responses of elastic, and elastic-84 

plastic MDOF models under MI, PMI, and the corresponding MSW. Furthermore, PMI is extended 85 

to treat the critical case for the second eigenmode. In Section 5, the input energies and the maximum 86 

interstory drifts are investigated for elastic/elastic-plastic MDOF models under the critical PMI. In 87 

addition, the cumulative plastic deformation ductility demand is investigated for high-rise buildings 88 

with different numbers of stories under the critical PMI. 89 

 90 

2. Pseudo-multi impulse (PMI) and its critical timing 91 

A multi impulse (MI) was introduced by Kojima and Takewaki [20] as a substitute of a long-period, 92 

long-duration ground motion to capture the critical maximum responses of elastic-plastic structures. 93 

Although a multi-cycle sine wave (MSW) has been widely used as another direct substitute of long-94 

period, long-duration ground motion, an iterative procedure with much computational load is 95 

required to obtain the critical responses of the elastic-plastic structures by parametrically changing 96 

the input period. On the other hand, the critical condition on the time interval has been analytically 97 

derived for the double impulse in the previous paper [21]. This procedure for the double impulse can 98 

be extended conveniently to MI. Therefore, the use of MI provides the critical input period for the 99 

elastic-plastic MDOF models without repetition. However, the use of MI may lead to the 100 

overestimation of the responses (especially for acceleration) under the corresponding MSW due to its 101 

impulsive nature. This issue must be resolved.  The relation between MSW and MI is shown in 102 

Figure 1 from the view point of the Fourier amplitude and the transfer function. 103 

In this section, a pseudo-multi impulse (PMI) is newly introduced to precisely simulate critical 104 

responses for elastic-plastic MDOF models under long-period, long-duration ground motions (see 105 

Figure 1). PMI is an extended version of a pseudo-double impulse (PDI) proposed by Akehashi and 106 

Takewaki [26]. PMI hardly excites the higher-mode responses of elastic MDOF models because each 107 

impulse input of PMI gives the change of the relative velocity response along height which is 108 

proportional to the undamped fundamental eigenmode. In Section 2.1, PMI is explained in detail. 109 

Then, in Section 2.2, the critical condition on the input timing of PMI and the way of the time-history 110 

response analysis under the critical PMI are explained. 111 

 112 
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 113 

Figure 1 Input and response properties of multi-cycle sine wave (harmonic excitation), multi impulse 114 

and pseudo-multi impulse. 115 

 116 

2.1 PMI 117 

The ground accelerations MI MSW,g gu u   of MI and the corresponding MSW are expressed as follows.  118 
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 121 

where MI
0, , , ), lV t N t A  are the input velocity amplitude of MI, the time interval of the two 122 

adjacent impulses, the number of impulses, the Dirac delta function and the acceleration amplitude of 123 
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the corresponding MSW, respectively. The Fourier amplitudes MI MSW| |, | |g gU U   of MI MSW,g gu u   can 124 

be derived as  125 
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 128 

The maximum values of Equations (3), (4) are MI MI
0, lN V N A t . By equating these, the relation 129 

between lA  and V  can be expressed by 130 

 02 /lA V t . (5) 131 
 132 

Figure 2 illustrates MI MSW| | / , | | /g gU V U V   in the case of MI 20N  . Although MI| |gU  and 133 
MSW| |gU  correspond well in the range of 00 / 2t   , MI| |gU  has multiple peaks at 134 

0 /t    . The use of MI may lead to the overestimation of the responses (especially 135 

acceleration) under the corresponding MSW since MI excites all the mode responses and MSW does 136 

not. 137 

To overcome this difficulty, PMI is introduced in this paper. Although the ordinary MI is treated as a 138 

ground acceleration input, PMI is treated as a multitude of impulsive lateral forces. PMI hardly 139 

excites the higher-mode responses of elastic MDOF models because the undamped fundamental-140 

mode participation vector is adopted as the influence coefficient vector of PMI. In other words, each 141 

impulse input of PMI gives the change of the relative velocity response along height which is 142 

proportional to the undamped fundamental-mode participation vector.  143 

Consider an elastic N -story shear mass model. The equations of motions under MI and PMI are 144 

expressed as 145 
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 148 

where , , , , ,n n nM C K u φ φ  denote the mass matrix, the damping matrix, the stiffness matrix, the 149 

displacement vector, the n-th eigenmode vector and the n-th undamped participation vector, 150 

respectively. Note that n nφ  satisfies 1 1 ... N N  φ φ 1  . Hereafter, MI
gu  indicates MI as a 151 

ground acceleration and PMIf  indicates the amplitude of PMI as an equivalent lateral force. It is 152 

noted again that PMI does not excite the higher-mode responses of elastic proportionally-damped 153 

MDOF models. In the cases of elastic non-proportionally damped MDOF models, PMI mainly 154 

excites the fundamental-mode responses and slightly excites the higher-mode responses.  155 

 156 
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 157 

Figure 2 Fourier amplitudes of multi-cycle sine wave and multi impulse ( MI 20N  ). 158 

 159 

2.2 Critical condition on time interval of PMI 160 

Akehashi and Takewaki [26] showed that the total input energy by PDI is maximized in the case that 161 

the second impulse acts at the timing when the sum 1 1( )Tφ Mu  of the elastic fundamental-mode 162 

inertial forces (the story shear force in the first story) attains zero. This critical condition is applicable 163 

to elastic-plastic MDOF models and non-proportionally damped MDOF models although 1 1
Tφ  does 164 

not strictly provide the modal decomposition. It should be noted that the corresponding facts also 165 

hold in the case of PMI. 166 

The procedure to find the critical impulse timing of PMI is explained below. Each time interval of 167 

two adjacent impulses is changed sequentially so that each impulse input meets the critical condition. 168 

This procedure is conducted until the time interval converges and the model exhibits the stationary 169 

response. It is noted that this procedure is not a repetition, but a forward-direction procedure. The 170 

convergence value of the timing is adopted as the critical impulse timing. In addition, the time-171 

history response analysis under PMI with the constant time interval is conducted in order to confirm 172 

that the impulse inputs meet the critical condition in the stationary response. 173 

It is noted that the free vibration analysis without any external force is conducted in the time-history 174 

response analysis under PMI. Namely, the impulses are not treated as external forces, and the 175 

changes of the velocity responses by the impulses are directly given. It is also noted that the time 176 

intervals are not required to be set beforehand in the time-history response analysis under the critical 177 

PMI. In the analysis code, the critical condition of each impulse input is automatically judged and the 178 

change of the velocity response is also automatically provided at each input timing. 179 

 180 

3. Displacement responses of elastic MDOF models under single impulse and transfer function 181 

with respect to ground motion and lateral force with 1 1ι φ  182 

In Section 3.1, the displacement responses under two different single impulses (SI) with 1 1,ι 1 φ  183 

are derived for elastic proportionally-damped MDOF models and elastic non-proportionally damped 184 
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MDOF models. It is noted that SI with 1 1ι φ  corresponds to PMI for MI 1N  . In Section 3.2, the 185 

displacement transfer functions with respect to ground motions and the transfer functions with 186 

respect to lateral forces with 1 1ι φ  are derived. 187 

 188 

3.1 Elastic responses of proportionally damped MDOF models and non-proportionally damped 189 

MDOF models under single impulse 190 

Consider an elastic proportionally-damped MDOF model with the undamped n-th natural circular 191 

frequency n , the n-th damping ratio nh  and the n-th damped natural circular frequency 192 
21Dn n nh   . The displacement response under SI with the velocity amplitude V as a ground 193 

acceleration ( ι 1 ) can be expressed by 194 

 
1
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
. (7) 195 

 196 

On the other hand, the displacement response of the model under another SI with 1 1ι φ  as a set of 197 

horizontal forces can be expressed by 198 
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 200 

SI with 1 1ι φ  as a set of horizontal forces excites only the fundamental eigenmode in the case of 201 

proportionally-damped MDOF models, although SI as a ground acceleration excites all the mode 202 

responses. 203 

Consider next an elastic non-proportionally damped MDOF model with the n-th complex eigenvector 204 

nψ , the n-th pseudo-undamped natural circular frequency *
n , the n-th damping ratio *

nh , the n-th 205 

eigenvalue * * * * * * * 21 ( )n n n Dn n n n nh i h i h           . The displacement response under SI with 206 

the velocity amplitude V as a ground acceleration can be expressed by 207 
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 209 

where 210 

 2

2

T
g g n
n n nT T

n n n n n

i

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

ψ M1
β γ ψ

ψ Mψ ψ Cψ
. (10) 211 

 212 

The decomposition of ,g g
n nβ γ  by the undamped eigenmodes leads to 213 

 1 1 ,,1( ) ... ( )g g g
n N Nn Nn  β φ φ    , (11a) 214 
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 1 1 ,,1( ) ... ( )g g g
n N Nn Nn  γ φ φ    . (11b) 215 

 216 

Following the previous paper [26], new quantities , ,,g g
n j n j   are defined by 217 

 * 2 2
, , ,( ) ( )g g g

n j Dn n j n j     , (12a) 218 

 , , ,arctan( / )g g g
n j n j n j   . (12b) 219 

 220 

By substituting Equations (11a, b), (12a, b) into Equation (9), the following equation is obtained. 221 
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. (13) 222 

 223 

From Equations (7), (13), it is understood that ,
g
i i  is dominant among ,,1,....,g g

i Ni   and the value of 224 

,
g
i i  is close to zero as far as the damping matrix has weak non-proportionality. 225 

Consider next the case of SI with 1 1ι φ  as a set of horizontal forces. The displacement response 226 

can be expressed as 227 

 
* * * *

1
( ) { cos( ) sin( )}i iN h t

i Di i Dii
t Ve t t


 u β γ   , (14) 228 

 229 

where 230 
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 232 

The decomposition of ,n nβ γ  by the undamped eigenmodes leads to 233 

 ,1 1 1 ,( ) ... ( )n n n N N N  β φ φ    , (16a) 234 

 ,1 1 1 ,( ) ... ( )n n n N N N  γ φ φ    . (16b) 235 
 236 

As in the case of SI as a ground acceleration, new quantities , ,,n j n j   are defined as 237 

 * 2 2
, , ,( ) ( )n j Dn n j n j     , (17a) 238 

 , , ,arctan( / )n j n j n j   . (17b) 239 
 240 

The substitution of Equations (16a, b), (17a, b) into Equation (14) leads to 241 
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 243 

,i i  is dominant among ,1 ,, ....,i i N   and the value of ,i i  is close to zero as far as the damping 244 

matrix has weak non-proportionality. Moreover, the values of ,i j  are small when 1i   and the 245 

higher-mode responses are negligible. 246 

 247 

3.2 Transfer functions with respect to ground motion and lateral force with 1 1ι φ  for 248 

proportionally damped MDOF models and non-proportionally damped MDOF models 249 

In this section, the displacement transfer function MI/g
gUH U   with respect to MI as a ground 250 

acceleration and the displacement transfer function PMI/f FH U  with respect to PMI as the 251 

equivalent lateral force are derived. 252 

The Fourier transformation of Equation (6a) provides 253 

 2 MI( ) gi U    M C K U M1   . (19) 254 
 255 

gH  can be obtained straightforwardly as 256 

 MI 2 1/ ( )g
gU i      H U M C K M1   . (20) 257 

 258 

In the case of a proportionally-damped MDOF model, the n-th mode displacement transfer function 259 
g
nH  can be expressed as 260 
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U
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 262 

The relation between g
nH  and gH  is expressed by 263 
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 265 

Consider next fH , which is derived through the Fourier transformation of Equation (6b) as 266 
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. (23) 267 

 268 

Since PMI excites only the fundamental eigenmode for elastic proportionally-damped MDOF 269 

models, 1
f gH H  is satisfied. 270 

Consider next gH  of a non-proportionally damped MDOF model. Equation (6a) can be rewritten in 271 

the form of the first-order differential equation as follows. 272 
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The m-th eigenvector mκ  can be expressed by 275 

 
m m

m
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 277 

The orthogonality of the eigenvectors with respect to ,a b  provides 278 

 0, 0T T
j m j m κ aκ κ bκ  ( )j m .   (26) 279 

 280 

The response z  of an elastic, non-proportionally damped MDOF model can be expressed by 281 
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where n nzκ  is the complex conjugate of n nzκ . By the Fourier transformation of Equation (24) and 284 

the premultiplication of ( )T T T
m m m mκ ψ ψ , the following equation is obtained. 285 
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 287 

The coefficient of mZ  in the left side of Equation (28) can be rewritten in the following manner (see 288 

Appendix 1). 289 
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 291 

From Equations (28), (29), MI/m gZ U  can be expressed by 292 
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T
m m

T T T
g m m m m m m m

Z

U i i



    

ψ M1

ψ Mψ ψ Cψ ψ Kψ    
. (30) 293 

 294 

The transfer function gH  is then obtained as 295 

 
MI 2 2

2 2

{ ( ) }

{ ( ) }

T
g n n
n nT T T

g n n n n n n n

T
n

nT T T
n n n n n n n

U i i

i i


 

    



    

U ψ M1
H ψ

ψ Mψ ψ Cψ ψ Kψ

ψ M1
ψ

ψ Mψ ψ Cψ ψ Kψ

    

   

, (31a) 296 
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1

Ng g
nn

 H H . (31b) 297 

 298 

Similarly, fH  can be obtained as follows. 299 

 

1 1
PMI 2 2

1 1
2 2

( )

{ ( ) }

( )

{ ( ) }

T
f n n
n nT T T

n n n n n n n

T
n

nT T T
n n n n n n n

F i i

i i


 

    



    

U ψ M φ
H ψ

ψ Mψ ψ Cψ ψ Kψ

ψ M φ
ψ

ψ Mψ ψ Cψ ψ Kψ


   


   

, (32a) 300 

 
1

Nf f
nn

 H H . (32b) 301 

 302 

Although gH  and fH  have been derived, the Fourier transformation of the unit impulse response 303 

functions provides them in a different manner. It is noted that the unit impulse response functions are 304 

obtained by dividing Equations (13), (18) by V . Then gH  can be derived as  305 

 

 

* *

*
, ,* 10

* * *
, ,

, 21 * 2 * *

( ) sin( )

[( ) / ]sin( ) cos( )
( )

2

n nh t
Ng g g i t

n n j j j Dn n jj
Dn

g g
N n n Dn n j n jg

n j j jj

n n n

e
t e dt

h i

ih

 




    
  

 
     

   





H φ

φ


   



    
 

   

, (33a) 306 

 
1

Ng g
nn

 H H . (33b) 307 

 308 

The detail of the derivation of Equation (33a) is shown in Appendix 2. Similarly, fH  can be 309 

obtained as follows. 310 

 

 
* * *

, ,
, 21 * 2 * *

[( ) / ]sin( ) cos( )
( )

2

N n n Dn n j n jf
n n j j jj

n n n

h i

ih


 
     

   

H φ
    

 
   

, (34a) 311 

 
1

Nf f
nn

 H H . (34b) 312 

 313 

Equations (33a, b), (34a, b) clearly indicate that , ,,g
i j i j   can be regarded as the weight coefficient 314 

of the j-th undamped mode vector component in the i-th complex mode. 315 

 316 

4. Comparison of responses for elastic and elastic-plastic MDOF models under MI, PMI and 317 

MSW through time-history response analysis 318 

In Section 4.1, the time-history response analysis is conducted to compare the responses of elastic 319 

MDOF models under MI, PMI, and the corresponding MSW. In Section 4.2, the maximum responses 320 
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of elastic-plastic MDOF models under those inputs are treated. In Section 4.3, PMI is extended to 321 

treat the critical response for the second mode. 322 

 323 

4.1 Elastic models 324 

Consider two 24-story shear building models with different damping distributions. This setting of 325 

damping distribution can be understood from the placement of passive viscous dampers. Both models 326 

have a trapezoidal distribution of story stiffnesses ( 1 24/ 2.5k k  ). The undamped fundamental 327 

natural period is 2.4 [s]. All the floor masses have the same value (=400×103 [kg]). The common 328 

story height is 4 [m]. The P-Model has stiffness-proportional type damping and the NP-Model has a 329 

uniform distribution of damping coefficients (non-proportionally damped). For both models, the sum 330 

of damping coefficients is set to 20×107 [Ns/m]. The fundamental-mode damping ratio of the P-331 

Model is 0.019, and that of the NP-Model is 0.017 (complex eigenvalue analysis). Figure 3 shows the 332 

undamped natural periods 1 4, ...,T T  and the 1-4th participation vectors 1 1 4 4, ...,φ φ  . Since the NP-333 

model has non-proportionally damping, PMI excites all the mode responses of the NP-Model as 334 

stated in Sections 3.1 and 3.2. However, it will be demonstrated through the numerical examples that 335 

the higher-mode responses hardly contribute to the responses under PMI. 336 

The number of the impulses in PMI is set to MI 100N  , and the input velocity of PMI is set to 337 

0.1[m/ s]V  . Three kinds of the time interval 0 1 1 1/ 6, / 2,3 / 2t T T T  are treated. Note that 0 1 / 2t T  338 

is nearly the critical time interval. 339 

 340 

 341 
Figure 3 Participation vectors and natural periods of treated model 342 

 343 

Figures 4a-9a show the distributions of the maximum interstory drifts and the distributions of the 344 

maximum floor accelerations under MI, PMI and the corresponding MSW. Figures 4b-9b illustrate 345 

the Fourier amplitudes of theses inputs and the amplitudes of the top relative acceleration transfer 346 

functions. The top relative acceleration transfer functions are adopted for visibility in place of those 347 

of the top displacement transfer functions. It can be observed from Figures 7b-9b that the higher-348 

mode responses under PMI are hardly excited for the NP-Model. In common with all the cases of 349 

st
o
ry

1 2.40[s]T 
2 0.872[s]T 
3 0.529[s]T 
4 0.380[s]T 

1

2
3

4
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Figures 4-9, the maximum floor accelerations in lower stories under MI are much larger than those 350 

under PMI and MSW. This is because the impulse input with ι 1  equally and simultaneously 351 

excites all the mode responses. In other words, the instantaneous change V  of the interstory 352 

velocity response is provided only to the first story since the impulse input causes the instantaneous 353 

change V 1  of the horizontal velocity responses. Then the excessive relative acceleration response 354 
1 ( )V M C 1  arises to balance with the damping force ( )VC 1 . In the cases of 0 1 / 2t T  (Figures 355 

4 and 7), the maximum interstory drifts and the maximum floor accelerations under PMI correspond 356 

well to those under MSW. Although the maximum interstory drifts under MI also correspond to those 357 

under PMI and MSW, the maximum floor accelerations under MI become larger in upper and lower 358 

stories than those under PMI and MSW. It can be observed from Figures 4b and 7b that the second 359 

eigenmode enlarges the maximum floor accelerations in upper stories. In the cases of 0 1 / 6t T  360 

(Figures 5 and 8), the maximum responses under PMI are extremely small. This is because the higher 361 

modes are hardly excited and the fundamental eigenmode is also hardly excited. As seen in Figures 362 

5b and 8b, the peaks of the transfer functions do not correspond to the peaks of the Fourier amplitude 363 

of PMI. On the other hand, the maximum interstory drifts under MI correspond well to those under 364 

MSW. This is because the second-mode responses are dominantly excited and the other mode-365 

responses hardly contribute to the maximum interstory drifts. The maximum floor accelerations 366 

under MI and MSW also correspond well except for the lower stories. In the cases of 0 13 / 2t T  367 

(Figures 6 and 9), the maximum responses under MSW are extremely small. This is because the 368 

peaks of the transfer functions do not correspond to the peaks of the Fourier amplitude of MSW, and 369 

all the modes are hardly excited. On the other hand, the correspondence of the maximum interstory 370 

drifts under MI and those under PMI is fairly good because both inputs almost equally excite the 371 

fundamental-mode responses. However, the maximum floor accelerations under MI are larger than 372 

those under PMI because of the contribution of the higher-mode responses. 373 

 374 

 375 

 376 

 377 

 378 

 379 

 380 
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 381 

 382 

 383 
Figure 4  Maximum interstory drifts, maximum floor accelerations, relative acceleration transfer 384 

functions of top story for P-Model and Fourier amplitudes of PMI, MSW, MI with 0 1 / 2t T ,  385 
(a) maximum responses, (b) transfer functions and Fourier amplitudes.  386 

 387 

 388 

 389 

 390 
Figure 5  Maximum interstory drifts, maximum floor accelerations, relative acceleration transfer 391 

functions of top story for P-Model and Fourier amplitudes of PMI, MSW, MI with 0 1 / 6t T ,  392 
(a) maximum responses, (b) transfer functions and Fourier amplitudes. 393 
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 394 

 395 

 396 
Figure 6  Maximum interstory drifts, maximum floor accelerations, relative acceleration transfer 397 
functions of top story for P-Model and Fourier amplitudes of PMI, MSW, MI with 0 13 / 2t T ,  398 

(a) maximum responses, (b) transfer functions and Fourier amplitudes. 399 

 400 

 401 

 402 

 403 
Figure 7  Maximum interstory drifts, maximum floor accelerations, relative acceleration transfer 404 
functions of top story for NP-Model and Fourier amplitudes of PMI, MSW, MI with 0 1 / 2t T ,  405 

(a) maximum responses, (b) transfer functions and Fourier amplitudes. 406 
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 407 

 408 

 409 
Figure 8  Maximum interstory drifts, maximum floor accelerations, relative acceleration transfer 410 
functions of top story for NP-Model and Fourier amplitudes of PMI, MSW, MI with 0 1 / 6t T ,  411 

(a) maximum responses, (b) transfer functions and Fourier amplitudes. 412 

 413 

 414 

 415 

 416 
Figure 9  Maximum interstory drifts, maximum floor accelerations, relative acceleration transfer 417 
functions of top story for NP-Model and Fourier amplitudes of PMI, MSW, MI with 0 13 / 2t T ,  418 

(a) maximum responses, (b) transfer functions and Fourier amplitudes 419 
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4.2 Elastic-plastic models 420 

In this section, the time-history response analysis is conducted to compare the maximum responses of 421 

elastic-plastic MDOF models under MI, PMI, and the corresponding MSW. P-Model and NP-Model 422 

are used again. The common yield interstory drift is 4 / 150[m]yd   and the bilinear hysteresis 423 

(kinematic hardening) in the story shear-interstory drift relation is assumed. The post-yield stiffness 424 

ratio is set to 0.1. It is noted that the maximum interstory drifts max,id  in the i-th story is evaluated by 425 

max, max, max,( ) / 2i i id d d   , where max, max,,i id d   are the positive and negative peak values of the 426 

interstory drifts in the stationary response (see Figure 10). It is pointed out that the value of 427 

max, max,( )i id d   does not always become zero due to the residual drift. In the case of Figure 10, the 428 

story yields before attaining the stationary response, and the story exhibits linear elastic response in 429 

the stationary response. 430 

 431 

 432 
Figure 10  Example of time-history displacement response at 1st floor. 433 

 434 

The durations of MI, PMI and MSW are set to 150T  (=120[s]), and the input velocities of PMI are set 435 

to 0.05, 0.1, 0.2, 0.4, 0.7[m/ s]V  . Various kinds of the time interval 1 0 1/ 6 3 / 4T t T   are treated.  436 

Figures 11a, b and 12a, b show the maximum interstory drifts maxd  and the maximum top 437 

accelerations max,Na  under MI, PMI, and MSW with respect to 0t . The critical timing for PMI at 438 

each input level is also plotted (blue circle). Figures 11c, d, and 12c, d present the distributions of the 439 

maximum interstory drifts and the distributions of the maximum floor accelerations under the critical 440 

PMI, and those under the corresponding MSW and MI. It can be observed from Figures11a, b and 441 

12a, b that the critical PMI and the corresponding MSW almost maximize maxd  and locally maximize 442 

max,Na . Moreover, the values of those correspond well. On the other hand, the values of max,Na  under 443 

the corresponding MI are larger than those under PMI and the corresponding MSW, although the 444 

values of maxd  under the corresponding MI correspond well to those under PMI and the 445 

corresponding MSW. It is noted that the value of max,Na  under MSW are maximized at around 446 

0 20.4[s]( / 2)t T  . PMI cannot capture such peak values because this corresponds to the critical 447 

case for the second mode. The critical case for the second mode will be investigated in the next 448 

section. It can be observed from Figures11c, d and 12c, d that the distributions of the maximum 449 
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interstory drifts and the distributions of the maximum floor accelerations under the critical PMI 450 

corresponds well to those under the corresponding MSW. On the other hand, the floor accelerations 451 

under MI are much larger than those under PMI and MSW. 452 

From the above results, the critical PMI with 1 1ι φ  can efficiently and accurately evaluate the 453 

maximum interstory drifts, the maximum floor accelerations and the critical input period of MSW for 454 

elastic-plastic MDOF models. It is noted again that, to directly find the critical input period of MSW, 455 

the repetition of the time-history response analyses under MSW with various input periods is 456 

required. However, such repetition is not required in the case of the critical PMI as stated in Section 457 

2.2.  458 

 459 

 460 
Figure 11  Comparisons of maximum responses for P-Model under PMI, MSW and MI, (a) maxd  461 

with respect to 0t , (b) max,Na  with respect to 0t , (c) distributions of maximum interstory drifts, (d) 462 

distributions of maximum floor accelerations. 463 
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 465 
Figure 12  Comparisons of maximum responses for NP-Model under PMI, MSW and MI, (a) maxd  466 

with respect to 0t , (b) max,Na  with respect to 0t , (c) distributions of maximum interstory drifts, (d) 467 

distributions of maximum floor accelerations. 468 

 469 

4.3 Critical case for second eigenmode 470 

In this section, the maximum responses under PMI with two cases 2 2 1 1 2 2, ι φ φ φ    are 471 

investigated to treat the critical case for the second mode. The critical timings of PMI with 472 

2 2 1 1 2 2, ι φ φ φ    are defined as the timings when the sum 2 2( )Tφ Mu  of the elastic second-473 

mode inertial forces attains zero. This corresponds to the maximization of the input energy by PMI 474 

with 2 2ι φ . It is noted that the ordinary MI as the ground motion is not treated in this section. 475 

Figures 13a, b and 14a, b show the maximum interstory drifts maxd  and the maximum top 476 

accelerations max,Na  under PMI with 2 2 1 1 2 2, ι φ φ φ   , and MSW with respect to 0t . The 477 

critical timing for PMI with 1 1 2 2 ι φ φ   at each input level is also plotted (blue circle). It is 478 

noted that the critical timing for PMI with 2 2ι φ  almost coincides with that for PMI with 479 

1 1 2 2 ι φ φ  . Figures 13c, d, and 14c, d present the distributions of the maximum interstory drifts 480 

and the distributions of the maximum floor accelerations under the critical PMI with 1 1 2 2 ι φ φ  , 481 

and those under the corresponding MSW and PMI with 2 2ι φ . It can be observed from 482 

Figures13a, b and 14a, b that the critical PMI with 1 1 2 2 ι φ φ   and the corresponding MSW 483 

almost maximize max,Na  and locally maximize maxd . Moreover, the values of those correspond well. 484 

It can be observed from Figures13c, d and 14c, d that the distributions of the maximum interstory 485 
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drifts and the distributions of the maximum floor accelerations under the critical PMI with 486 

1 1 2 2 ι φ φ   corresponds well to those under the corresponding MSW, except for the floor 487 

accelerations in lower stories. It is pointed out that the interstory drifts in the 10-th story under PMI 488 

with 2 2ι φ  are quite small because the interstory drift of the 10-th story in the second-mode 489 

vector is almost zero (see Figure 3). Since the critical PMI with 1 1 2 2 ι φ φ   and the 490 

corresponding MSW excite the fundamental-mode responses, the maximum interstory drifts under 491 

the critical PMI with 1 1 2 2 ι φ φ   correspond to those under the corresponding MSW better than 492 

PMI with 2 2ι φ . 493 

From the above results, the critical PMI with 1 1 2 2 ι φ φ   can effectively simulate the critical 494 

case for the second mode.  495 

 496 

 497 
Figure 13  Comparisons of maximum responses for P-Model under PMI 2 2 1 1 2 2( , ) ι φ φ φ    498 

and MSW, (a) maxd  with respect to 0t , (b) max,Na  with respect to 0t , (c) distributions of maximum 499 

interstory drifts, (d) distributions of maximum floor accelerations. 500 
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 502 
Figure 14  Comparisons of maximum responses for NP-Model under PMI 2 2 1 1 2 2( , ) ι φ φ φ    503 

and MSW, (a) maxd  with respect to 0t , (b) max,Na  with respect to 0t , (c) distributions of maximum 504 

interstory drifts, (d) distributions of maximum floor accelerations. 505 

 506 

5. Realistic application of critical PMI to high-rise buildings for investigation into input energy 507 

and cumulative plastic deformation ductility demand 508 

In Section 5.1, the input energies and the maximum interstory drifts are investigated for elastic 509 

MDOF models and elastic-plastic MDOF models under the critical PMI. In Section 5.2, the time-510 

history response analysis is conducted for high-rise building models with different numbers of stories 511 

to investigate the influence of building heights on the cumulative plastic deformation ductility 512 

demand. 513 

 514 

5.1 Input energy to elastic/elastic-plastic MDOF models under critical PMI 515 

The increment E  of the input energy by each impulse input is calculated by subtracting the kinetic 516 

energy just before the impulse input from that just after the impulse input. When the model exhibits a 517 

stationary response under the critical PMI, E  can be expressed as 518 
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where cv  is the velocity response just before the impulse input. It can be understood that E  depends 521 

on the elastic fundamental-mode component of cv  because the higher modes are orthogonal to 1 1φ  522 

with respect to M . 523 

Figure 15 shows the increment of the input energy by each impulse input and the maximum 524 

interstory drifts of the P-model under the critical PMI. It is noted that the elastic response case and 525 

the elastic-plastic response case are treated. It can be observed that the hysteretic energy dissipation 526 

decreases both of E  (or the elastic fundamental-mode component of cv ) and the maximum 527 

interstory drifts. 528 

 529 

 530 
Figure 15 Increment of input energy and maximum interstory drift of P-model, (a) increment of input 531 

energy, (b) maximum interstory drift. 532 

 533 

5.2 Cumulative plastic deformation ductility demand of high-rise buildings under long-534 

duration, long-period ground motion 535 

In this section, time-history response analysis is conducted for high-rise building models with 536 

different numbers of stories to investigate the cumulative plastic deformation ductility demand.  It 537 

should be noted that, while the analysis for finding the resonant frequency and response to a 538 

sinusoidal excitation requires a tedious repetitive procedure to change the input frequency, the 539 

proposed analysis using the critical PMI does not need such repetition.  This property is to be 540 

emphasized. 541 

Consider four shear building models of N=24, 36, 48, 60 stories. All the models have a trapezoidal 542 

distribution of story stiffnesses ( 1 / 2.5Nk k  ). The undamped fundamental natural periods are 2.4, 543 

3.6, 4.8, 6.0 [s], respectively. All the floor masses have the same value (=400×103 [kg]). The 544 

common story height is 4 [m]. The structural damping ratio is set to 0.02 (stiffness proportional type) 545 

for all the models. The common yield interstory drift is 4 / 150[m]yd   and the bilinear hysteresis in 546 

the story shear-interstory drift relation is assumed. The post-yield stiffness ratio is set to 0.1. 547 

The time interval 0t  of PMI is adjusted to the critical one for each model. The durations of PMI are 548 

set to 120 [s], and the input velocities of PMI are set to 0.01, 0.02,..., 0.7[m/ s]V  .  549 
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Figure 16 illustrates the maximum interstory drifts maxd  and the cumulative plastic deformation 550 

ductility max max{ }i
i

  , where i  is the cumulative plastic deformation ductility in the i-th story. It 551 

can be observed that max  becomes smaller with the increase of the number of stories although the 552 

values of maxd  are almost common in all the models. This is because the durations of the inputs are 553 

common in all the cases and the (equivalent) fundamental period becomes long with the increase of 554 

the number of stories. Assuming that the maximum interstory drifts are almost identical for models 555 

with different numbers of stories and the story ductility has a correlation with the frame member 556 

ductility, the damage of frame members becomes small with the increase of the number of stories.  557 

The present analysis is for the story ductility.  Once the data on the relation between the story 558 

ductility and the member ductility are provided, the limit on the input velocity can be obtained based 559 

on the limit on the member ductility (e.g. see the reference [28]). In general, it may be said that a 560 

certain kind of passive control is necessary to satisfy the limit condition on the member ductility 561 

(accumulated plastic deformation ductility). 562 

 563 

 564 
Figure 16 Maximum interstory drifts and cumulative plastic deformation ductility, (a) 24-story 565 

building, (b) 36-story building, (c) 48-story building, (d) 60-story building. 566 

 567 

6. Conclusions  568 

In this paper, a pseudo-multi impulse (PMI) consisting of impulsive horizontal loads was proposed as 569 

an extension of the ordinary multi impulse (MI) as the base input to better simulate the critical response 570 

of elastic/elastic-plastic MDOF models under long-period, long-duration ground motions. The main 571 

conclusions can be summarized as follows. 572 

(1) MI and a multi-cycle sine wave (MSW) work well as representatives for long-duration, long-period 573 

ground motions for SDOF models. However, the use of MI may lead to the overestimation of the 574 
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responses under the corresponding MSW for MDOF models due to its impulsive nature. PMI was 575 

introduced to precisely capture the critical responses for elastic-plastic MDOF models under long-576 

period, long-duration ground motions. PMI consisting of a multitude of impulsive lateral forces 577 

hardly excites the higher-mode responses of elastic MDOF models because the undamped 578 

fundamental participation vector 1 1φ  is adopted as the influence coefficient vector of PMI.  579 

(2) The critical time interval of PMI can be obtained without any repetition. In other words, the time 580 

intervals are not required to be set beforehand in the time-history response analysis under the 581 

critical PMI.  In the analysis, the critical interval condition of each impulse input is easily 582 

(automatically) judged, and accordingly the change of the response (velocity and acceleration) by 583 

each impulse input can be provided at each input timing.  584 

(3) The transfer functions with respect to ground accelerations and the transfer functions with respect 585 

to lateral forces with 1 1ι φ  were derived. In the case of proportionally-damped MDOF models, 586 

PMI excites only the fundamental-mode responses. On the other hand, PMI excites all the mode 587 

responses for non-proportionally damped MDOF models. However, the contribution of higher-588 

mode responses to the total responses is extremely small in such cases. 589 

(4) It was demonstrated through the numerical examples that the critical PMI with 1 1ι φ  can 590 

efficiently and accurately evaluate the maximum interstory drifts, the maximum floor accelerations 591 

and the critical input period of MSW for elastic-plastic MDOF models.  592 

(5) PMI with 1 1 2 2 ι φ φ   was presented to treat the critical response for the second mode. It was 593 

demonstrated through the numerical examples that PMI can also effectively simulate such case. 594 

(6) The input energy by each impulse input and the maximum interstory drift were investigated for 595 

elastic MDOF models and elastic-plastic MDOF models under the critical PMI. It was 596 

demonstrated that the hysteretic energy dissipation decreases both of the input energy and the 597 

maximum interstory drift. 598 

(7) It was demonstrated through the time-history response analysis that the cumulative plastic 599 

deformation ductility demand becomes small with the increase of the number of stories of high-600 

rise buildings under the critical PMI with the constant input velocity and the constant duration. 601 

 602 
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Appendix 1 675 
Equation (29) can be obtained as follows. 676 
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Appendix 2 682 

Equation (33a) can be derived as follows. 683 
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