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Abstract 

Some topics in the structural reliability analysis are investigated from the stand point 

ofthe random fatigue propagation with use of a Markov approximation method. 

Firstly, the structural reliability assurance by in-service inspection is argued on two 

different policies, one is a repeated inspection with fixed intervals, and the other is a 

history-dependent inspection the intervals of which depend on the results of past 

inspections. The crack growth model is expressed as a stochastic differential equation 

which is randomized by the process of the external loading and the crack propagation 

resistance. In order to investigate the effect of the inspections, a method to evaluate the 

failure probability of the structural component is presented on the assumption that the 

component is exchanged when cracks are detected. One of the results shows an optimal 

inspection interval to minimize the failure probability in the service period. Under the 

same assumption, the efficiency of history-dependent inspection is argued. The failure 

probability and the mean inspection times are calculated by the idea from a renewal 

procedure. The results show that the inspection intervals has a remarkable influence on 

the structural reliability of components as well as the randomness in the growth process 

has. 

Secondary, the random propagation of two collinear cracks is investigated in the 

context of multiple site damage. They are expressed by the two dimensional stochastic 

process which mutually accelerate the growth rate of each crack. A method for 

evaluating a joint probability density function is proposed with the aid of both the 

analytic approximation and the numerical analysis. The results are applied to the 

calculation of the probability that the two cracks meet within a certain time interval. 

Thirdly, the random propagation of semi-elliptical surface crack is investigated as a 

bivariate stochastic process. Under some assumptions, an approximation method is 

introduced to derive the joint probability density function for crack length with respect to 

the depth and to the surface direction. The result is applied to the Leak Before Break 

(LBB) assessment in the piping system, where the probability of LBB occurence and the 

hazard rate are calculated. 

Finally, the random crack propagation including random overloads is argued. The 

retardation effect by overload is taken into account in the distribution function of the 

crack length. The method to evaluate the reliability and the hazard rate is proposed on 

the basis of the two-criteria approach. The fast Monte-Carlo simulation technique, 

known as an importance sampling method, is applied to the numerical calculation to 

evaluate the failure probability in the multi dimensional space. 
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Introduction 

In 1954, a serious aircraft accident happened. The aircraft G-AL YP, known as 

COMET -I type, of the BOAC suddenly broke up to pieces in the air and fell in the sea 

near Elbe Island. The same kind of the accidents on the same type aircraft happened 

three times, while the cause of the accidents was left unknown for a long time. After 

the long time investigation, it was clarified that the accidents arc caused by the cracks 

which sited at the edge of the square window. This is the well-known accident caused 

by the structural failure due to material fatigue. The material fatigue often occurs not 

only in aircrafts but also ships, bridges, pressure vessels, piping, and so on. In Japan, 

the crash of the Boeing 747SR of JAL, the break of the piping system in the atomic 

generator plant at Mihama arc still fresh in our memory. As is seen in them, the fatigue 

failure often becomes a cause of the fracture of the aged structure. 

Fatigue failure is a phenomenon that the crack in the material grows under the 

repeated loads, at last, to cause the failure. It is a matter of course that the material 

having the large crack easily breaks down by much weaker tension than the static 

strength of the material. Generally, the tough material, such as metal or ceramics, is 

weak against the fatigue crack because the intensity of stress concentrates at the edge of 

the crack by external tension. According to fracture mechanics, the stress intensity o is 

estimated as 
K 

o = Fr g(e) (1.1) 
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near the edge of the crack. where r is a distance from the edge, g(O) is a geometry 

factor of the crack against the direction of the external tension, and K, so called the 

strcsl-. intensity factor, is a function of the crack length and the intensity of the external 

tension. In the mollt familiar example of ccnter penetrated crack in the infinity bod), K 

is given as 

K=S,rw, (1.2) 

where a and S arc the half size of the crack length and a external tension strells, 

respectively. It is commonly a~sumcd that the material fails if the magnitude of K 

exceeds a certain limit K , called fracture toughness. 

In the fatigue failure, the crack grows under the much less level of K than A , so 

that the stress level should be kept in low level. Moreover, it is important to know the 

life ot the material up to failure. Among several models of the crack propagation 

proposed b) different authors, the following Paris-Erdogan's law is well known : 

da = C(M)"·, (1.3) 
dn 

where n is the number of loading cycles, M is a range of the varying stress intensity 

factor, and, C and m arc material constant. Paris-Erdogan's law is an empirical 

expression, which is perceived to hold in a certain range of a. Therefore, if an initial 

crack length is known, the residual life is estimated from the integral of the above 

equation. 

However, it is a well known fact that the actual data on strength of metallic 

materials is often scattered considerably. The variance of the strength is caused not 

only by the inhomogeneity in materials, such as a defect of the crystal grain, but also by 

the flaws squeezed through manufacturing processes of products. These imperfections 

arc, in actual cases, quite difficult to be perfectly controlled. In addition, the external 

stress also exhibit!~ randomncsll and uncertainty in both temporal and spatial change, 

which arises from natural phenomena such as winds, waves, temperature, etc., as well 

as the artificial irregularity of operating processes, for instance, a random vibration of 

internal pressure of boiler vessels. 

In order to assure the safety of structures under these random circumstances, so­

called safety factor, which is a ratio of the allowable load to the material strength, has 

been practically used in the structural design. The safety factor often assigned by 

experience, but we cannot a lways find its theoretical foundations. In 1947, 

Freudenthal[1,2) criticized the safety factor from a view point of the probability theory, 

·and introduced a concept of reliability engineering into the safety design, which became 

a starting point of the structural reliabi lity design in the present da}. Treating load 
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carrying capacity and load as random variables, he proposed the way of calculating the 

probability that the load exceeds the strength, that is, the probability of failure, and also 

proposed that the safety factor should be determined so as to make the failure 

probability smaller than a certain maximum allowable \ aluc. 

Originally, reliability engineering was concerned with the quality warranty of the 

mass products such as electronic parts. Structural reliability design is nothing but an 

idea to evaluate the safety of the structure by the mcthodolog) of the reliabi lity 

engineering. The same concept is used in the structural reliability, for instance, 

reliabilit} function, hazard rate, life distribution, and so on. In comparison to the 

traditional reliability theory for mass products, the structural reliability analysis has 

some different characteristics a"' listed in the following item!~. 

( 1) The traditional reliabilit} theory for mass products, the reliability function i"' 

often derived by a mathematical model such as Poisson distribution. In the cal-.e of the 

structural reliabilit} problem, however, the presumption of the model is generally 

impossible, since large scale structures arc not mass-produced, and their service 

environments arc frequently influenced by uncertain natural phenomena. 

(2) Generally, since the failure of structures is closely concerned with Ios!~ of 

human life, the reliability of each component is required to be extreme!) high compared 

with that of electronic system. 

(3) In structures, we need to go into detailed contents of failure rate, and to control 

its value by similar reason as item (2). 

Among them, a special attention should be paid to item (2) in the assessment of 

structural reliability. Because of this requirement, the reliability of each component 

must be evaluated with very high accuracy and confidence. Generally in computer 

simulation technique, it will be vcr) hard to determine the detail of probability 

distribution curve in the high reliability region. Therefore, the analytical method 

without using computer simulation has a very important meaning especially in 

structural reliability engineering. 

On the other hand, item (3) suggests that physical parameters should be reflected in 

a model for analytical research. There arc, roughly speaking, two kinds of stochastic 

models to investigate random phenomena, one is the mathematical stochastic model and 

the other is the physical stochastic model. The mathematical model has been widely 

used in reliability assurance for electronic systems. In order to achieve the purpose 

above, however, the physical model has to be used rather than the mathematical one, 

since it would be difficult to introduce physical quantiticll naturally into the 

mathematical model. 

3 
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As such, the structural reliability engineering always requires reasonable blending 

between the strict analysis and the compatibility with physical laws obtained 

empirically or theoretically. Therefore, we have to keep in mind such a requirement in 

the evaluation of the structural reliability. 

Hereafter, we will make a brief survey of the studies on the random fatigue crack 

propagation. The random fatigue is a part of the major problem in structural reliability. 

Although there can be many kinds of failure type, for example, sudden brittle 

fractured, wear- out failure, corrosion cracking, etc., the most part of accidents in real 

structures is shared by fatigue fracture. Hence, we arc chiefly concerned with the safety 

assessment against the fatigue failure. In recent years, a damage tolerance principle is 

applied to the design of machines and structures. Under the damage tolerant design, it 

is a matter of cource that exact understanding of the properties of fatigue phenomena is 

one of the mo'it important themes in the structural reliability engineering. 

Since the fatigue failure is caused by the crack propagation under the repeated 

loads, quantitative analysis of fatigue crack gr0\\1h processes has to be carried out to 

assess the safety against the fatigue failure. Because of many uncertainties such as 

material properties and loads under the variety of surroundings as mentioned above, the 

processes generally exhibit random characters. Therefore, the randomness has to be 

clarified in the structural reliability analysis. 

In this respect, we must care about the fact that the fatigue is a degrading process, 

that is to say, the strength of structural component gradually decreases as time elapses. 

Hence, the time-dependent reliability analysis must be performed by comprehending 

fatigue phenomenon as a degrading process. 

The first study that treats the fatigue crack propagation process as a stochastic 

process is a Markov chain model proposed by Bogdanoff in 1978. Its outline is 

described below l3- 7). 

In the stochastic model constructed by Bogdanoff, the state of damage d is assumed 

to be a discrete variable labeled by 1, 2, 3, ... , b, in which the final state b corresponds 

to replacement or failure. He considered that the damage caused by loading statistically 

accumulates, and that the stated proceeds to the final state b non- decreasingly. The 

transition is assumed to have a Markov property by disregarding the transitions during 

the so-called duty cycle. That is to say, an idea of imbcdded Markov chain was applied 

to the modeling of the random crack propagation. According to these assumptions, 

setting up suitable values for transition probability, Bogdanoff pointed out that the 

probability distribution for the fatigue crack propagation life due to the material 

inhomogeneity can be, although qualitatively, reproduced. 
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Bogdanoffs theory is worthy to be notice in the point that Markov approximation 

concept is introduced into the investigation of the crack propagation processes for the 

first time. However, his theory contains the following weaknesses; 

(1) Since both of state and time variables arc discrete, the mathematical treatment 

becomes frequently complicated and it would be difficult to evaluate the probability 

distribution with high accuracy. 

(2) Since Bogdanoffs model is purely mathcmaltical, parameters appearing in his 

model such as transition probability arc not clearly related to physical quantities whose 

values arc clarified through experiments. 

(3) When the stress amplitude is varied, parameters must be re-evaluate. 

Therefore, his model will not fit to an analysis under spectrum loading. 

After the proposition of the Markov chain modlcl by Bogdanoff, Lin and Yang 

reported a study on the statistical properties of fatigue crack propagation in 1983 [8]. In 

their study, they applied the theory of stochastic differential equation to the fatigue 

process. The survey of their study is as follows. 

The crack propagation law can be generally expressed as follows; 

da = Cj(K,M ,S ,R,a), (1.4) 
dn 

where a represents a crack length after n-cycles of lctading, K a stress intensity factor, 

M its variation range, S a stress amplitude, and R a stress ratio, respectively. For 

instance, Paris-Erdogan's fatigue crack propagation Jaw [9J, which is most widely 

accepted today, is expressed as 

da = C(M)"'. 
dn 

Lin and Yang randomizcd the above equation as 

da = {C + Y(n)}f(K,M ,S,R,a), 
dn 

(1.5) 

(1.6) 

where Y(n) represents a stationary stochastic process with mean zero, according to the 

idea of Markov approximation proposed by Stratonovich. They considered that the 

growth process a(n) can be regarded approximately as a Markov process by giving 

attention only to the variation in the time interval larger than the correlation time of 

Y(n). 

Further, under the assumption that Eq.(1.6) holds as a stochastic differential equation, 

they gave a method to evaluate statistical moments of the time when the crack grows to 

a certain critical crack length, what we call the life of the component. 

Lin and Yang's method follows the Bogdanofrs: one in the point that the crack 

propagation process is treated as a Markov process, whi le it differs from the 

5 



Chapter I 

Bogdanoffs one in the point that the empirically obtained propagation la\\ is 

randomized, that is a physical stochastic model is introduced. Although the relationship 

between physical quantities and the statistical properties of Y(n) arc not clearly 

indicated in their stud), the1r method seems to go a step towards the practical 

requirement. llowever, it must be noticed that it includes the following serious 

controversial point. 

From substitution of the simple expression of K in Eq. ( 1.2) into the Paris's law 

( 1.3), we get a differential equation for the crack growth: 

da ... C(A\'t am · 
dn 

(1.7). 

One can sec that the above equation is casil) solved. It is obvious that it grows rapidly 

and diverges in a finite time region for n it m > 2. According to the results of 

experiments, this situation happens for most of metallic materials. This fact leads the 

several difficulty on the randomization of the equation. For example, the statistical 

moments of the crack length never exist in an ordinary sense. That is already pointed 

out by Bogdanoff [7]. He pro\·cd that, if we treat the crack length as a dependent 

variable then its statistical moments do not exist, while if we treat the number of cycles 

of loading as a dependent variable then its statistical moments exist. In the study of Lin 

and Yang, the difficulty above was not overcome, and their trial to calculate a 

probability distribution of crack length was not successfuL 

In 1984, Tsurui and Ishikawa proposed the solution to this difficulty by extending 

the Markov approximation to such an explosive process [ 11]. Giving attention to the 

fact that the crack propagation resistance C takes on a sufficiently small positive value, 

they investigated a vector process X(t) that grows according to the following stochastic 

differential equation : 

dl( = rl· (S(I) , X ) , 
dt 

(l.K) 

where X, t and E correspond to the crack length, the loading cycles and the crack 

growthe resistance, respectively. The function F is a known positived- valued 

deterministic function. This type of the stochastic differential equation was first studied 

by Stratonovich [lO]. Gcncrall), the solution process X(t) does not always have 

Markov property, but can be treated as a Markov process approximately if we pa) 

attention only to an increment process, the time intervals of which arc sufficiently large 

to be compared with the correlation time of the external process S(t). Under this 

assumption and the perturbation method with respect to the small parameter E , the 

transition probability density function u-( x , I · x ) such that 

w(x,tlx ,)dr = Pr[x s X (f)< x +dx iX(O) - x0 ] (1.9) 
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is given as a solution of the following partial differential equation : 

au a { } f.. a2 
{ } - = -E Af(x,t)w + ., D(x,t)u , 

at ax 2 ax· ( 1.10) 

which is usually known as a Fokkcr -Planck equation, '"''here, 

M(x,l) -1\*[F(S(t),x))+< [ { E*[ ill· (,~~) , x) F(S(t +l'.x)] 
- aJ~ *[I· (S(I) ,x)] E *[F(S(l tt ', x)]}dt '. 

ax 

(1.11) 

· I 

D(x,l) - 2E j___, { /~ *[I• (S(I ), x)F(S(t + t ', x) I 

- E·' [F(S(t) ,x) ]fj. *[I· (S(t + t ' , x)]}dt '. 
(1.12) 

respective!) . 

Storatonovich\ work was based upon the assumption that X(t) does not di\ erge, in 

other words, F satisfies a growth condition. Therefore, it is not appropriate manner to 

apply the Stratonovich's method directly to the randomized Paris' law. In this respect, 

Tsurui and Ishikawa introduced the absorbing state wh:ich corresponds to infinit). The) 

called this state a death point and constructed the state space for X in R • U {oc}, where 

IC means a set of positive real number. They defined the conditional mean r: * [ • J in 

the calculation of which the sample paths of X that have reached the death point arc 

removed, and they success to derive the similar Fokker-Planck equation. But it is 

noticed that the meaning of the cumurativc probability is limited in the real space which 

does not include the death point, that is, 

LCR w(x,t lx , )dx+Pr[XE{oc}]= I. (1.13) 

Applying this extended Markov approximation methnd to the Paris' law, Tsurui and 

Ishikawa have succeeded in deriving the crack length probability density function and 

the residual life distribution function in a closed form The advantages of the Markov 

approximation method by Tsurui and Ishikawa arc listed below [11 - 13J. 

{1) Since both spatial and time variables arc expressed in continuous space, the 

mathematical analysis is easy. 

(2) Material and statistical parameters arc naturally introduced in the stochastic model. 

(3) The crack length is expressed as an independent var:iablc in the equation. 

(4) It is easy to extend to the mutli variate problem without any change in the model. 

Especially, item (3) is worthy in application to the reliability evaluation in the in­

service inspection, and item ( 4) is suitable for the analysis for random propagation of a 

surface crack and collinear cracks, which are argued in the later chapters. 

For the first time, Tsurui et al. applied the above mentioned Markov 

approximation method to the random crack propaga11ion process under the random 

7 
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loading amplitude [ 15], and, subsequently, to the process under the random propagation 

resistance [ 16]. In 1986, H. Tanaka et al. applied the method to the propagating 

process in which both loading amplitude and propagation resistance arc random [17). 

Moreover, they extends the Markov approximation method to the random propagation 

in a body with a finite size [ 18]. In the present time, the application to the surface crack 

propagation as two dimensional process is in progress. 

In addition to Bogdanoff's theory and Tsurui's theory, the following studies on the 

random crack propagation arc found up to now: Sobczyk proposed an analytic method 

which transform the randomizcd Paris' law into a stochastic diffrcntia l equation of Jto 

type [ 14 ], (b) Oitlevsen proposed a randomization technique of the Paris' law in a 

logarithmic form, and analyzed it with the use of an idea of first passage problem [15). 

We now turn to some topics on in-service inspection problem to which the Markov 

approximation method is applied. The in-service inspection is one of the most 

important problems on the structural reliability design. The half of the present work is 

devoted to this theme. 

The safet) design of the aircraft at present is classified into three policies, that is, 

the safety life design, the fail-safe design, and the fault tolerant design. The safety life 

design is a policy to exchange the components or parts which have reached their safety 

life, which is much shorter than the real life to fail, regardless to defects in the material. 

The fail-safe design is a policy to prevent the breakdown of the structural system by 

means of redundant components which supplement the damaged func tion of the broken 

component. The fault tolerant design is a policy to keep the amount of damage within a 

safety level which does not cause the fai lure. For the purpose, the in- service inspection 

is repeated ly applied in the service period, and the component is repaired or exchanged 

if any defects arc detected. In order to maintain the reliability by the in-service 

inspection, it needs to know the probability of the detection (POD). POD means an 

ability to detect a crack, so it depends on the size of crack at least. The POD curves arc 

researched for the magneto-electric inspection method, ultrasonic inspection method, 

etc., and they show rather different aspects for each inspection method. 

The in-service inspection problems on the structural reliability assurance arc 

argued in the section 2 and 3. Needless to say, the in-service inspection is very 

important in order to maintain structural components to highly rcliabiliable state. If any 

cracks arc detected in the inspection, the components arc repaired or exchanged to 

maintain its reliability. This in-service inspection is usually applied on the aircraft, 

pressured vessels and piping, etc., which arc required for very high reliability. But, on 

the other hand, an elaborate inspection produces an expensive cost, and too many 
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inspections bring about the loss of the service from an impatient number of service 

closing times. Taking account of these safety assurance and economical costs, the 

inspection method and times must be carefully chosen. 

For the theoretical reliability analysis under in - service inspections, it is 

indispensable to know the distribution of the crack length at arbitrary time because the 

probability of the crack detection depends, at least, on the crack length. Tsurui's model 

is preferable to this purpose, since the crack distribution function is expressed in a 

closed form. In addition, the included parameters arc reduced to the material related 

and external loading related features. Tsurui and Sako [20] was researched the effect of 

periodical inspection on the structural component, making use of the Markov 

approximation method for the random crack growth. For the periodical inspection, the 

crack length distribution at each time can be calculated in advance, so that the transition 

of the reliability is expressed by the Markov chain. As the result, the necessary 

inspection times and the inspection period to maintain the required reliability arc 

evaluated under the given condition of the crack detection probability and the crack 

growth parameters. 

In the practical maintenance of the structure, ho,Ncvcr, the inspections arc not 

always performed periodically. The crack is hard ly detected in the early period of the 

crack growth, and the hazard of the failure increases rapidly in the later period. The 

inspection periods often become shorter as it is closer to its li fe. So, it is a lso necessary 

to examine the repeated inspection which is not always periodical. We arc also 

interested in the problem when the inspections should be performed so as to optimize 

the inspection efficiency. 

Moreover, we encounter the case that the inspection intervals arc changed 

according to the result of the latest inspection. It sec:ms to be effective to apply a 

detailed inspection to the special important component, the failure of which causes fatal 

damage on the structure. If any cracks are detected and the component is exchanged, 

the structure is safe for a certain period. If not detected, crach does not exist or arc 

overlooked in the inspection. By the use of the information from the inspection, one 

can expect less inspection times than those by other methods to main tain the same 

reliability level. In this work, such inspection policy is called history-dependent 

inspection policy. 

We close this chapter by giving the summary of the contents of the following 

chapters. In chapter 2, the aperiodic inspection policy which does not depends on the 

history is investigated in detail. The reliability evaluation method is established in the 

simple manner and is reduced to three essential equations, which express the initial 
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distribution of the crack length, the crack growth during the inspections, and the crack 

detection and the repair of the component. Using this method, one can evaluate the 

reliability of the component at arhitrar) time. For further application, the optimal 

inspection plan can be found under the constriction of inspection times. The content of 

this chapter was taken from the published paper [21,22). 

In chapter 3, the history dependent inspection policy is argued. The reliabilit) 

analysis for this inspection policy is executed under the assumption that the component 

in which an) crack is detected is exchanged for new component and that the inspection 

intervals arc rcl-.ct to the same intervals as those for the first component. The mean 

inspection times as well as the reliability function arc calculated with the aid of the idea 

from the renewal process. fherc, it is also ohservcd that the randomness of the crack 

has remarkable influences on both the reliability function and the mean inspection times. 

This means that the stochastic nature of the crack growth process should be taken into 

account in order to plan the effective inspection time. The content of this chapter was 

taken from the published paper [21,23]. 

In chapter 4, the random propagation of two collinear cracks is investigated. Rivet 

holes on the aircraft body and wings often make cracks. The plural cracks which has 

arisen on each holes join each other to cause the instantaneous failure, like zipping off. 

This type of damage is called Multiple Site Damage (MSD) On the contrar), the 

damage hy one large crack can be called Single Site Damage (SSD). MSD occurl-. 

chiefly in the aged aircraft and has some features which arc not seen in the single site 

damage. 

(1) The resident strength for the damage by combined cracks is less than that by single 

crack. 

(2) The ductile region of MSD cracks interacts with next cracks and they combine at 

almost the same time, that is known as unzip effect. 

(3) MSD causes the fa ilure with shorter length of crack than SSD. Therefore, the 

inspection method and intervals for MSD must be decided by the different stand point 

from SSD. 

From these features, it is presumed that the MSD is more sensitive than SSD with 

respect to the change of the length of each crack, so that the randomization of the crack 

growth produces considerable effect on the life up to their combination. Of course, it is 

not suitable to estimate the failure condition by the model on the basis of the 

independently propagating cracks. The value of the stress intensity factor K under the 

MSD environment has not been found generally except for a few special conditions. As 

a simplest example, the combination of two collinear cracks arc examined from the 
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view point of random propagation with hivariatc stoc:hastic process. The reliability 

analysis arc performed through the numerical calculatictO for two dimensional Fokker­

Planck equation. The content of this chapter was taken from the published paper 124 J. 
In chapter 5, the random propagation of semi-elliptical surface crack is 

investigated as bivariatc stochastic process. The surface crack often hecomes a 

dangerous factor in piping system or in pressure "esse Is. The surface crack grows at the 

different rate in each direction, so that its aspect ratio varies temporally. The type of 

the failure is classified into two modes. One is that the pressured liquid in the pipe 

leaks through the hole due to the crack which pcnctra1les the pipe. In this mode, the 

pipe breaks after the leak with a certain dcla) time. The other is that the crack length 

along to the surface exceeds a critical length to cause the instancncous failure without 

precedent leak. The former is ca lled Leak Before Break (LBB), and the latter Break 

Before Leak (BBL). Since the degree of the dangcrness is quite different on the aho\lc 

m·o modes, the failure mode analysis is as important a~. the life estimation. From this 

reason, LBB assessment is necessary in the structural reliability analysis of piping 

system. 

If the shape of the crack is elliptic, we describe the propagation of the surface crack 

with length and depth of the crack. On the reliability analysis for pipes with the surface 

crack, there exist man) uncertain factors such as the number of initial flaws, the initial 

size of the crack, the physical parameters of the material like a fracture toughness, and 

so on. This study treats the effect of the random external loading and the random 

configuration of the material's resistance against the crack propagation. The crack 

propagation process is regarded as two dimensional stochastic process which 

corresponds to the length and the depth of the crack. In order to construct the stochastic 

model, it is assumed that the propagation to each dircctiion is driven b) the Paris's law 

and that the stress intensity factors arc described by the Ncwman-Raju 1
S solution for a 

semi-elliptical surface crack. Applying the Markov approximation method, two 

dimensional Fokkcr-Planck equation is derived. The joint distribution function for 

crack length and depth is expressed by the solution of the equation. Making an 

approximation on the propagation process, an anal) tic solution is given. On the 

assumption that LBB initiates when the depth of the crack reaches the thickness of the 

pipe before the length of the crack reaches a critical length, an occurrence rate of LBB 

can be given in a closed form. Using the occurcncc rate of LBB, we can get the 

probability that LBB occurs. The content of this chapter was taken from the published 

paper [25,26 ]. 

In chapter 6, the random crack propagation including overloads is argued. In the 
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metallic material under the repeated loads, it is known that the propagation velocity of 

fatigue crack becomes slow after arriving of the overload the amplitude of which 

exceeds the level of normal loading amplitude. This phenomenon is called the 

retardation effect by overload. This phenomenon implies a difficult problem in the 

random crack propagation, for the random loads includes some overloads with a certain 

probability. The propagation model with retardation effect is not found yet, but the 

retardation time is investigated by several researchers. In order to introduce the 

retardation effect to the random crack propagation model, H. Tanaka et al. [27 ,28 J have 

modified the residual life distribu tion function by means of the distribution of 

retardation time proposed by Aronc (29,30J, where the repeated loads are divided into 

the normal loads and overloads. On the other hand, the overload may cause the ductile 

fracture, depending on the length of the crack, that is, the failure condition at least 

includes the fatigue mode and the ductile mode, which is often called two-criteria 

approach. In this study, the two-criteria approach is realized by the Burdekin-Stone's 

failure condition. The fast Monte-Carlo simulation technique, known as an importance 

sampling method, is applied to the calculation of the failure probability and the hazard 

rate of fai lure. The importance sampling method is frequently utilized in the failure 

probability evaluation, especially for the multi dimensional state space. The advantage 

of this method is mentioned by Schueller et al. [31). The content of this chapter was 

taken from the published paper [ 32 ]. 

Chapter 7 is a summary of the present work in chapter 2 to 6. Some remarks and 

conclusions arc made on Markov approximation method for stochastic process in 

fat igue crack which is applied to the in-service inspection, the bivariate process, and 

the retardation effect. 
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Reliability Assurance for Fatigue Crack 
Growth by Repeated In-Service Inspections 

2.1 Introduction 

In such an important structure that is repeatedly loaded during the sen. ice penod as 

aircraft, it sometimes happens that a fatigue crack propa1gates from an imtial flaw in a 

certain component to cause the failure of the structure at last So the reliability of the 

structure degrades gradually as the t1me elapses from the start of its service Howe\er, 

as is well known, it is so difficult to predict precisely the fatigue crack propagation e\en 

under the constant loading amplitude, not to mention the random loading Consequently, 

in order to evaluate the reliability degradation due to fatigue crack propagation a 

treatment as a stochast1c process 1s mdispensable, in add1tion to the uncertainty due to 

initial flaws Although the crack growth process does not always have Markov property, 

it is often approximated to Markov process for its theoretical advantage. As the result, 

several kinds of stochastic crack growth models are proposed up to nov. [ 1-7] 

Anyway, it is a matter of course that the important structure should generally be 

maintained in high reliability. For this purpose, it is a standard practice to detect fatigue 

cracks by in-service inspections before their size reaches a certain critical length, and to 

repair or to exchange the components if cracks are detected It should be noted, 

however, that too many inspections bring about exceeding decrease of availability and 

much economical load, and that inspections are constrained with respect to the frequency 

Moreover, any inspection is far from perfect, however precise it may be, that is to say, it 

is not possible to detect all cracks exceeding a specific si.ze Here we again encounter 

another uncertainty. At least, the capability of detection depends on the crack length, 

and discussions on in-service inspections necessarily require an explicit distribution 
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function for the crack length. Hence, it becomes of great interest how the randomness of 

the process affects the reliability under repeated in-service inspections 

Standing on this point of view, Tsurui and Sako previously studied the effect of 

periodic inspections on the reliability degradation due to fatigue crack growth under 

stationary random loading with the aid of a stochastic crack growth model, on the 

assumption that the component is immediately exchanged if cracks are detected in the 

mspection[8] In the engineering reality, however, the inspections are not necessarily 

performed periodically, and more importantly, the crack growth resistance fluctuates 

randomly as experiments have pointed out 

In this chapter, therefore, making use of a stochastic crack growth model (9], which 

includes randomness due to the material inhomogeneity as well as randomness due to 

loading processes, we discuss the reliability degradation for a model that the component 

is exchanged when cracks are detected A method is first presented to evaluate the 

failure probability under repeated aperiodic inspections. The results are then numerically 

applied to investigate how the failure probability behaves for a case of ultrasonic 

inspection method 

As a result, 1t IS clarified that the reliabihty IS significantly affected not only by the 

number of inspections but also by the policy of inspections or the assignment of the 

intervals between inspections In addition, the optimal policy is numerically argued to 

assign the intervals for a practical example 

2.2 Crack growth model 

In this section, we briefly review the stochastic crack growth model by Tsurui and 

Ishikawa to apply in the later discussion [6]. Some distinctive features of this model run 

as follows 

• Such characteristic quantities of the stochastic process as a correlation time or length 

are naturally introduced into the theory 

• Its physical meaning is clarified by the basis of fracture mechanics. 

• It is easily applied to the random loading amplitude and/or the random growth 

resistance 

• Identification of the parameters is not so difficult. 

• It is widely applicable to reliability analyses because of the explicit expression of the 

probability distribution function [6-9] 

Here we cite the results from the stochastic crack growth model which includes 

randomness due to the loading amplitude as well as randomness due to the crack growth 
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resistance (9]. 

Now, let Zn and X be a normalized random stress amplitude at the n-th cycle of 

loading and a normahzed crack length, respectively, then the non-dimens1onal stress 

intensity factor range is expressed as zn V X Suppose that the Paris-Erdogan's crack 

propagation law is valid under the random loading and that the crack growth resistance 

EC" also fluctuates randomly at every cycle, where E is a smallness constant of the order 

of the growth resistance Then we can utilize 
dX ( ) 1(1..+1) 

... £C" Z""' X 
dn 

(2 I) 

as a stochastic crack growth model, where 2(11. '· I) is a material constant Generally, the 

processes Z" and C" do not always have Markov property, but an approximate treatment 

to the Markov process theory is applicable if the time dmation of our main concern 1s 

sufficiently large in comparison to the correlation time of the process · According to the 

Markov approximation study by Tsurui and Ishikawa [6], the cumulative probability 

distribution function for the crack length X at the n-th cycle of loading under the 

condition that the initial length was xn results in 

.. [x(~-,..-x A._ "-f~Cn ' )dn ' ] 
W(x,nlx0 ) =fa wO;,nlx0 )d/; =- <l> " -0 

, 

A.\ J y (n ' )dn' 

(2 2) 

where <1>[·] stands for the standard normal distnbution function, and 
~(n) = EA[C"z;o-·•1>]. (2 1) 

y(n) - 2£2 r., { E[c,z;O-+I )C,, , n·z,;~~+l) ] -E[CIIz,;<I..+I ) ]E[C .,..z;~~;l> J}dn' (2 4) 

w(x,n x ) is interpreted as a transition probability density function with respect to X, but 

it is noted that it does not satisfy the normalization condition in the usual sense, that it to 

say, 

!~ W(x,nlx., ) = L7i•(x ,nlx )dx s I . (2 5) 

This apparent anomaly of the probability is an inevitable problem on the stochastic 

discussion of the crack propagation, since the Paris-Erdogan's law (2 I) does not satisfy 

the growth condition for the existence of its stochastic solution if A>O, i e., X IS 

explosively increasing and may possibly escape to infinity in any cycle Therefore, we 

must introduce such an absorbing state corresponding to infinity as a death point, in 

which X no longer obeys the growth eqation This mathematical difficulty can be 

avoided by means of extending the interpretation of the Fokker-Pianck equation derived 

from the growth equation, to the process with this gro,wth singularity through some 

complicated mathematical operations. As usual, W(x,nlx ) can be interpreted as a 
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probability that the crack length X is equal to or less than x at the n-th cycle and 

1 - W( x n lx ) as a probability that X IS greater than x or hes in the death pomt. 

Nov.. , assume that Z and ( ·, ane statistically independent and both locally stationary 

and that the correlatiOn of each process decays exponenttally. 

variable and new statistical parameters as 
1- eE[CJ!:. [Z~ ,_. ]n, 

E[ z:o .. ••J J- ( '~T z; '-+•> J)2 
t; 

( /:.[ Z,, '•IJ lt 
t 2 .. E[C,: ]-(E[C,])

2 

~- (/:.[C., ]) 

we can rewrite eqn. (2) as the following form (8] 

W X 11 X ,_ W 11 X = <l> 0
-

.\ [ x-" - x -'-- AI ] 
( ' I ,) fo (~,I )dE, A\GI{t)+G2(1)+G, {I) , 

where, 
- A. 

c: X 
•Or I < ' 

A 
X A. 

for 1 2: 
11 

, 

A 

x -). 
for 1 < . 

A. 
)., 

XI 
for 1 2: 

Introducing a new 

(2 6) 

(2 .7) 

(2 8) 

(2. 1 0) 

(2 . 11) 

(2 12) 

(2 13) 

These uncertainty factors are, respectively, caused by the randomness of the crack 

growth resistance, the randomness of the loading amplitude and the cross effect of both 

processes. Note that G1 and G~ depend not only on t but also on the initial crack length 

x0 . The variable I will be referred by the term "time", which is used instead of loading 

cycle 11 hereafter The parameters t: and tc denote the coefficient of variation of z,;1 
J.+IJ 

and C.,, respectively 1 means a con·elation time of z~ck•• l scaled in the same way as 1, 

and a, is an unknown material constant 

It is worth noting that the result above comes from the following considerations. 

Essentially, C., needs to be stationary with respect not to n but to the increment of the 

crack growth length, for material inhomogeneity is supposed to distribute uniformly with 
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a spatial correlation. Therefore. more natural is the idea that the correlation cycle for C, 

should decrease as the crack growth rate increases Since the growth rate 1s also a 

stochast1c quantity. the strict d1scuss1on v.. ill be vel) difficult. but. as a first approxtma­

tion, we can make an assumptiOn that the correlation cycle 11 of the growth resistance 

should be inversely proportional to the conditional mean of the crack. growth rate under 

the condition that X does not lie in the death pomt, 

n =a. I I~ , -[dX] 
dn 

(2 14) 

where the constant a 11 corresponds to the spatial correlation length of the growth 

resistance 

2.3 Reliability evaluation method under repeated inspections 

In this section, we will develop a method to evaluate the reliability of a component 

under repeated inspections, the plan of which is pre-specified in advance of the service 

and never modified throughout the servtce penod b) anr information from the results of 

inspections. Here we concern ourselves with a simple repair method that the defective 

component is immediately exchanged for a new one 1f cracks are detected through the 

inspections 
Let 1 be the time interval between (j- I )-th and j-th inspections We begin with 

the classification of events in which the state of component lies at the.J-th inspection time 
~ is introduced to express the event that the failure occurred by the )-th inspection time, 

and S the event that the failure did not occur from the start of the operat1on up to the .J­

th mspection time. Further, S , is separated by the result of the .1-th inspection into two 

events, which are D that at least one crack is detected m the component and U. that no 

cracks are detected Thence, the three states of the component at the moment just after 
the J-th inspection F , S n lJ and S nU constitute a disjoint and exhaustive system of 

events Consequently, their outcome probabilities enjoy the relationship 
pw + pen + py l = I 

f /) l (2 15) 

for arbitrary 1, where, 
P"~' > = Pr[F, ], ~~~') = Pr[ S, n D, ], /~r Jl = Pr[ S, n V J (2 16) 

Note that P0 and ~ 1 represent the }-th detection and undetectton probability, 

respectively, without the condition that the component has not failed yet by the j-th 

inspection time, and that PP means the failure probability up to the )-th mspectton time 

Since failed components are excluded from the service after the failure occurred, the 
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failure state ~ becomes an absorbing state. The components only in the state S
1 
n D

1 

are repaired to be exchanged, and those in s} nu} are left intact. 

Suppose that ii
1 

( x) and u
1 

( x) mean crack length density functions just before and 

just after the j-th inspection, respectivel.y, on which the same normalization condition 

J:' i;1 (x)dx = 1~' u
1 
(x)dx = I-Pj/l (2.17) 

is imposed, where xc stands for a pre-specified critical crack length beyond which the 

structural component fails . Note that 1these density functions are not conditional on the 

state of the component, but consist•ent with transition probability density function 

w(x, tlx0 ) introduced in the preceding section. 

When the j-th inspection is performed, the crack length density function can be 

expressed as 

ii
1 
(x) = ~~1>ii1 (xiS

1 
n D, ) + PJ1>ii

1 
(xiS

1 
nu,). (2.18) 

Here ii1 (xJ ') stands for the conditional crack length density function. If g(x) means the 

initial crack length density function of new components, then to exchange the crack 

detected component for the new one is nothing but to replace ii/xiS
1 
n D) with g(x). 

Therefore, the following relationship holds between the densities just before and just 

after thej-th inspection time: 

{
g(x) for j = 0, 

11 (x) = 
' Pr~1>g(x)+~~nii1 (xls,nu) for)>O. 

(2.19) 

It is noted that 11/X) does not depend on the history ofthe maintenance, and that it 

is a kind of virtual distribution function rather than the actual one which will be found at 

each inspection time. 

Further, if D(x) means a probability of detection for a crack of size x, to which we 

will refer as a detectability of the crack, then Bayes's formula leads to 
PJ'>r;, (x iS, nU,)= { 1-D(x)}ii

1 
(x). 

Therefore, making use of the relation 

P(/l = fo'' D(x)i;, (x)dx, 

we can interpret eqn.(2 .19) as a bridge between ii, (x) and u, (x) . 

(2.20) 

(2.21) 

On the other hand, in accordance with the crack propagation from the (j- 1) -th to 

the j-th inspection time, ii, ( x) can be easily connected with u
1

_
1 

( x) as 

ii, (x) = f' w(x,llx0 )111_1(x0 )dx0 (j > 0), (2.22) 

from the assumed Markov property. 

For summary, the crack length density functions i'i, (x) and u/x) U = 0, 1,2, ... ) at 

each inspection time can be recursively calculated through the following three equations. 

• Initial density · 
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ll0 (X) = g( X) . (2.23) 

• Crack propagation:· 

ii
1 
(x) = J:' w(x, t Jx0 )u

1
_ 1 (x0 )dx0 () > 0). (2.24) 

• Inspection and repair: 
u

1 
(x) = P£/>g(x) + {1- D(x)}ii

1 
(x) . (2.25) 

Now, with the aid of these functions, we will calculate the cumulative failure 

probability H(t) of the component up to time t. For convenience sake, we will introduce 

the time interval sk =l1 +12 +···+lk, (s0 = 0). For the interval Si <lssk+,, as the 

difference between H(t) and P}.kl is nothing but the probability that the component fails 

in the time interval ( sk, t), 

H(t) = 1- s:· W(xc,t-skJx0 )uk(x0 )dx0 

(2.26) 
= P).kl + s:· {1-W(xc,t -skjx0 )}uk(x0 )dx0 . 

Especially, putting t = sk+i, we get the expression for the failure probability up to (k+ 1 )-

= P?) + J:' { 1-W(xc, tk+ijx0 )}uk (x0 )dx0 . 

(2.27) 

It is worth noting that one had better make use of the first expressions of eqns . 

. (2.26) and (2.27) to give accurate numerical results in the range where H(t) or P).kl is 

greater than 0.5, and the second expressions otherwise. 

2.4. Numerical examples 

Here, we will give an example to show the feasibility of the method proposed in the 

preceding section. For this purpose, it is required to specify the initial crack length 

density g(x) and the crack detectability D(x). Now, assuming that the time To when the 

crack size reach a specific length x obeys a Weibull distribution with two parameters 

[10], and that the initial crack length X 0 is related to To through To =c(X~" -x-" ) 
(0 < X 0 < x), then we will fix a probability density function g(x) of the initial crack 

length X0 through 

J:g(x)dx + Pr['fo s 10 ] = 1, (2.28) 

where, 
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Pr[ 1; ~ 10 )• I - cxp{ -( ;~)'}. (2 29) 

Figure 2 I shows an example of this density function g(x), which will be made use of in 

what follo\vs (A 0.5, .¥ = 0.6, c/1~- 1.63, y =- 4.0) 

On the other hand, according to Harns and Lim [ 11 ], we will introduce a crack 

detectability function for ultrasonic inspection technique as 

D(x) -I-~ erfc{ntn(;. )}. (2.30) 

where a and x* are adequate parameters. Figure 2.2 corresponds to typical one (a 2.1, 

x* I 0) 

Now, assuming the distribution of initial flaws and the detectability of cracks as 

shown in figs. 2 I and 2.2, we will observe the behavior of the failure probability H(t). 

Here, the time variable following figures of the failure probability curves. 

Figure 2 3 shows the temporal variation curves of the failure probability of the 

component The dotted curve corresponds to a case in which we perform no inspections 

We can see from this curve that the component fails certainly by I = 5.0 unless 

inspections are performed The solidi curves A, B and C correspond to the cases in 

which we perform three times of inspections by t = 5. 0 under the following three plans, 

A 11 = 12 = 11 = 14 = I. 25, 

B 11 = 1.66, 1, =13 =117, 14 = 1.0 ; 

C I = 2 0, /. - /3 = 14 = 1 0 

The parameters are set as A= 0 5, '= == 0 02, a 0 = 0.32, ~' 0, ~. - 0 3, and x" 231. 

(~= 0 means that the loading amplitude is deterministic.) It is recognized that the 

inspection policy has a significant effect on the reliability curves. The first long intervals 

raises the final reliability in this example, because of no possibility of critical cracks in 

new components and of good detectability of large cracks. 

Figures 2.4 and 2.5 show H{l) curves for ~= = 0, ~c - 0 ( the loading amplitude and 

the growth resistance are both determi111istic}, and for ~- --= 1.0, t. = 0 3 ( both random), 

respectively, under the same inspection plans as in fig. 2.3, keeping the other parameters 

unchanged. These curves on the figwres show us that the randomness of propagation 

resistance considerably affects on the reliability degradation as well as the inspection 

policy does. We cannot assert, however, that the large uncertainty factor should always 

let down the reliability if the inspections are frequently repeated. The larger variance of 

crack length may produce the greater probability of detection and exchange, and, as the 

result, may possibly raise the total reliability 

22 

Reliability Assurance for Fatigue Crack Growth by Repeated In-Service Inspections 

10.0 

j 
l 

~5.01 

", 

0 
0 0.3 0.6 

X 

Fig. 2.1 The probability density function of the initial 
crack length. 

1.0......----- -----====----, 

i 
I 

1 
~ 
I 

x j 
00.5~ 

Fig. 2.2. 

l 
1 

o~·~~--~-------.------~------~ 
o 2.0 4:o 

X 

The probability of detection probab1lity as a 
function of crack length. 

23 



Chapter 11 

24 

-~ 
I 

Fig. 2.3. 

1 +---~-----~----~~--~--~-~-~--~ 

B 

c 

1 5 

The failure probability under repeated inspec­

tions (~1, = 0.0, ~c = 0.3). 

1 +-----~-----~L-----~--~~------+ 

0 1 2 
t 

/ 
/ . 

I 

/ 

3 

_,­
,', 

4 

A 

B 

c 

5 

Fig. 2.4. The failure probability under repeated inspec­

tions (~z = 0.0, ~c = 0.0). 

--I 

2 3 4 
t 

Fig. 2.5. The failure probability under repeated mspec­
tions (t == 1.0, ~c = 0.3). 

Reliability Assurance for Fatigue Crack Growth by Repeated In -Service Inspections 

Usually, such a detailed inspection cannot be carried out so many times owing to the 

economical cost, which often imposes some constraints on the frequency of inspections 

during the service period. In relation to the question how many inspections are required 

in order to maintain the necessary reliability level, it is a matter of interest to what level 

the reliability can be raised within a definite number of inspections by the choice of the 

inspection plan 

Now, let T be a total service period and H(t1, 1'1, ···, tn+1) denote Pt••l in eqn 

(2.27) as a function of inspection intervals, i e., the failure probability for n times of 

inspections. The problem is to decide the intervals { t,} to minimize H ( t 1, t2 , • • ·, I n+t ) 

subject to 11 + t2 +· · · + t n•l = T . This is equivalent to the problem to maximize 

T = 11 + 12 +· · · + ln+t subject to H(t , 12 , •• ·, ln+1 ) = PF (constant) 

Since H is given by the complicated form of repeated integrals, tt is difficult to solve 

this optimization problem by analytic manners, generally. But a numerical solution is not 

impossible for small n Figure 2.6 shows the minimum value of failure probability Has a 

function of 1: which is directly computed by means of the successive iteration with 
respect to 1, 's. 

The curve for 11 - 0 in fig. 2.6 means the failure probability without any inspection, 

which gives upper bounds of H(t) for all kinds of inspection plans The curves for n - I 

and 2 give lower bounds of the failure probability curves for 11 times of inspections with 

fixed total service period. It is of great interest that the condition 11 > 12 > t 3 > · · · does 

not always give the optimum plan (see Table 2 1 ). 

Of course, the failure probability curve is strongly influenced by the statistical 

parameters of the crack growth, of the initial flaw and of the detectability, so that the 

parameter sensitivity analysis will be required for the practical purposes. 

2.5 Conclusions 

We have investigated the effect of repeated in-service inspections on the reliability 

degradation due to fatigue crack growth based upon a stochastic fracture mechanics, in 

consideration of the random loading stress and the random growth resistance 

simultaneously A reliability evaluation method for a component exchange model has 

been proposed and applied to investigate how the reliability of structural component 

behaves under repeated ultrasonic inspections Consequently, we saw that the diffusive 

effect associated with the crack growth processes in addition to the inspection policy has 

a significant influence on the reliability ofthe component. 
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Table 2.1 

T 

Fig 2 6 The minimum failure probability at the end of 
service for n-times of .inspections (fz = 1.0, fc = 0.3). 

The optimal inspection intervals for n ~ 2 

T 

2.5 
3.0 
4.0 
5.0 

26 

1.34 
1.59 
1.99 
2.33 

0.62 
0.74 
0.97 
1.22 

0.54 
0.67 
1.04 
1.45 

Reliability Assurance for Fatigue Crack Growth by Repeated In-Service Inspections 

Moreover, the optimum policy has been numerically argued to asstgn intervals between 
the inspections 

It is suggested that one should design the mspectton plan based on the under­

standing of the crack propagation as a stochasttc process m addition to the knowledge on 

the initial flaws of the component and on the detectabihty of the cracks 
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On History-Dependent Inspection Policy for 
Stochastic Fatigue Crack Propagation 

3.1 Introduction 

In order to maintain the reliability of very import::mt machine or structure under 

fatigue environment, it is usual manner to perform in-service inspection and to repair or 

exchange the damaged components if cracks are detected. But, usually, the in-service 

inspection needs the great cost and the service is not available during the inspection time. 

For these reasons, it is not recommended to repeat the imspection exceeding many times, 

so some constraints exists on the number of inspections. Therefore it is an very 

important study to search the most effective inspection plan and to investigate the 

reliability degradation under a certain policy of the inspection. Many researches that 

depends on several crack growth models are appeared up to now. 

In this point of view, Tsurui et al. have investigated the effects of inspection using 

the crack growth model based on the stochastic fractUire mechanics, which imply the 

uncertainty on the crack propagation process caused by the random loads and random 

propagation resistance, in addition to the uncertainty with respect to the detection of 

cracks or initial crack length. As the result, it is clarified that the correlation time of the 

loading amplitude and the correlation distance have a great effect on the random crack 

propagation, and that the treatments as a stochastic process are indispensable for the 

random loading and propagation resistance. If we do not take these random factor into 

account, we will estimate the failure probability too small value. 
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In the precccding chapter, I n.:~carched the effects of repeated m-se!"\ 1ce inspections, 

the..• intt.:r\als of ""hich arc predetcr mined and do not depends on the history or the 

inspection results IIO\\ e\ c1 , if \\ c confh)J1t the situation that there exists a special 

imponant component in the structural system, it ma) be more better inspection plan that 

depends on the history of the special important component So we take not1cc of a 

special important components, and consider a certain representative inspection policy 

that depends the inspect1on h1stof} A reltabiltt) estimation method is de\·eloped m this 

chaptc1 on the assumption that once cracks are detected in the component, it is 

exchanged for new component. and examined on the utility. 

f irsth. the conditional reliab1ltt} funct1on under the condition that the component 

was not exchanged up to the time is derived in aid of the density function of the crack 

length that is dcnvcd from Mar kov appro\.unation method proposed by Tsunu et a/ 

Second!) a kind of fi.mctional equatiOn for the reliability function is derived by means of 

the idea of reproducing process Last soh ing the equation b) numerical method, Jt 1s 

clarified hO\.\ the h1stof}-depcndent mspcct1on pohcy contribute to maintaining the 

reliability of the component In addition. \\C derive a similar functional equation for the 

mean mspection tllncs under this poltcy. and soh e it numerically to e\aluate the utiltt\ of 

the mspect10n pohc\ . As the result, it ts knO\\ n that the difference of the inspection 

policy have a great influence on the reliability degradation of the components. Especially, 

it is also known the tirst inspection intef\·al has a tendency to influence the final reliability 

level. 

3.2 Stochastic crack propagation model 

In this section, we briefly review the stochastic crack propagation model, which is 

used 111 the later section Thts model is a type of Markov approximation method 

developed by Tsurw et al. as a diffusive-t} pe crack propagation model, related in the 

previous section For the b1 ief notation, suppose the stress amplitude z.. is non­

dimensional and constant, that is, the only propagation resistance at the crack tip 

fluctuates randomly '\O\\ , assume that X 1s a non-dimensional crack length at 11-th 

cycle of loading, the application of well-k.nov .. n Paris-Erdogan's low for the random 

propagation resistance is expressed as 

dY = (' (z \')' 1.+ 
E , J '... , 

dn 
(3 . 1) 

where 2(1. + 1) is a material constant that correspond to the power index of Paris-
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Erdogan's low, eC, is a random propagation resistance at n-th loading cycle occurred 

fi·om material inhomogeneity, and E is a smallness parameter. 

Accordmg to above-mentioned Markov approximation method. from eqn. (3. I) 

under appropnate assumption. we get the following the probability distribution function 

of the crack length W(x,tjx11 ) and the probabtlity density function of the crack length 

~t (x,llx ), 

W(x.t lx0 )- J: w( x,tlx )dx <!>[ x ·~ ~ ·;;;·,~ '-']. (3 2) 

under the condition that the initial crack length is "" . In this expression, the new variable 
I = fL[ (' ]Z,- I. )11 (3 3) 

IS introduced instead of the loading cycle 11 The notatiOn <!>[ ·] means the standard 

normal distribution function, and Ci(l), the uncertainty factor in connection with the 

dispersiOn of the crack length. and IS expressed as 

l
a ~, ~ {x;l(i.••> - ( x;i -AI) :i.+c, i..} for f < x ;'· , 

G(l) .... 21. +,1 ":._ 
a r , . •> Xc '=>, x-- ,... for I ~ , 
21... + 1 ° A. 

(3 4) 

where a, ts a parameter in connectton of correlation distance of the crack propagation 

resistance,~/, a square coefficient of variation of the rancdom variable(, defined with 

• , E[ c,;]- ( 1~[ C,]r 
<;:, - (E[C,]}~ (3 ';) 

Note that u (x,tJx0 ), the probability density function ofthce crack length, does not always 

satisfy the normalization condition 

3.3 History-dependent inspection policy 

3. 3.1 fmpeciJon poiiLJ 

In this section. the history-dependent inspection policy is modeled by means the 

most important structural component in the whole structural system At the first ttme, 

the inspection is performed at /1 after the structure is started in service If any crack is 

detected in the component on the inspection, then the component is exchanged with a 

new component and the next inspection time is set at ! 1 later, otherwise, the component 

is left intact until the next inspection time '~ Next, if no cracks are detected in the 

component in which cracks were not detected at the first inspection, then the component 
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is still kept in service and inspected after /3 later, otherwise, the components is 

exchanged and inspected after /1 later. Similarly, at the n-th inspection time, if no cracks 

are detected in the component which passed the all inspections before (n- 1) -th times, 

then the next inspection is performed at In later, otherwise, the component is exchanged 

and the next inspection time is set at 11 later, that is, the inspection schedule is reset and 

returned to the beginning. Figure 3.1 shows the schematic description. In the figure, the 

notation F, UD and XC means the event that the component failed in the latest intervaJ, 

the event that no cracks are detected and kept in service, and the event that cracks are 

detected and the component is exchanged, respectively 

This inspection policy has some complexity in the point that future inspection time 

is unsettled except the next inspection time, but it is seemed to be more fancy in the point 

that the expected inspection times are less than those of fixed inspection plan that brings 

the same in-service reliability 

3.3.2 Reliability estmwtion method 

Now, let R(t) be a reliability function at the time I . In this subsection, we construct 

a functional equation for R(t) m the domain .s-,_1 <Is .s-,, where 

.\k =11 + 12 +· · · +lk (.\"0 = 0) . By means of probability conditioning at the first exchange 

of the component, we firstly derive the conditional reliability function f(t) under the 

condition that the crack detection, that is, the component exchange has never occurred 

up to the current time. 

Let g(x) be a probability density function of the initial crack length We define 

functions v4 ( x) recursively as 

{

g(x), 
vk(x) = { }]'' ' 1- D(x) l w(x,t4 lx )vk _1(x0 )dx0 , 

(k = 0), 

(k > 0), 
(3 .6) 

which are proportional to the probability density function of the crack length just after 

the each inspection time sk under the same condition of f(t) In the above expression, 

w(x,tt lx,) is the probability density function of the crack length expressed in the 

equation (3 2), D(x) the probability of detection (POD) for the crack of length x, the 

upper bound of the integraJ xc the criticaJ crack length. Next, we clarify what 

normaJization condition is imposed on the function sequence vk (x) (k = 0, 1, 2, . ). For 

k = 0, evidently, v0 (x) is normalized to unity in the domain (O,xc) . Fork = 1, the value 

of 
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F/ F F/ F ...... 
---.t•,----~~uo~uor-~o~o-

'2 ~3 XC XC 

XC t, I ~ XC-~t~'-t, 

F.....-

UD~ 
'xc 

o: Inspect ion 

t~ 
Fig. 3. 1. The schematic representation of state 

transitions for a state-dependent inspec­
tion policy. 
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means the probability that the crack length x is implied by (0, xJ at the time 1 , that is to 

say. the probability density function which is normalized to the value of the probability 

that the component does not failed until the t1me t Smce the probability that the 

existmg crack of length xIS not detected is evaluated as 1-/J(x), so 

{1-D(x)}fo'< w(x,/11X0)l'IJ(x )dx, 

is proportional to the probability densit} function of the crack length just after the 

inspectiOn time '" and 1s normalized to the probability that the component does not 

failed and that the crack is not detected in the inspection The same as above 

consideration, we see that v~ (x) is normalized to the probability that the component 

does not failed and that cracks were not detected in the all past inspections at 

\ , .\., · 'A. that is, the exchange of the component has never occurred until the k-th 

inspection 

Making use of the function sequence ' 't ( x'), it is evident that the restricted functions 

ofj(t)ons~ <lsst.:. (k 0, 1,2, )aregivenby 

f.(l) = r W(xc, 1-\. Xo)vk(x )dx . (3.7) 

Therefore, for arbitrary 11, the value off (I) in the domain 0 < t ss, is evaluated by the 

following equation: 
/ 0 (t) ( 0 < I s s1 ) 

j(t). J; (I) (3 .8) 

J, (t) (s, 1 < 1 ss,) 

Suppose that the first exchange of the component was occurred at s". Then, the 

occurrence probability, /~, ofthis event has a relation with f(l) through 

~- f(s")-r· l't(x)dx , (3 .9) 

because the occurrence of the first exchange at sic is the difference event of detecting no 

cracks in the all past inspections at s1, s2 , • • ·, s"_1 from the event of no failure and 

detecting no cracks in the inspection at .\·" Once the component is exchanged for a ne-w 

component. it traces the same probability transition pattern as the first one, with delay to 

st So the conditional reliability functton at the ttme t is equal to R(t -sic) 

Now, for s,_1 <Is.\,, we get the recursive expression of R(t) from the 

classification by the first exchange time, that is, the event that no exchanges occurred, 

that the first exchange occurred at s1, occurred at s2 , .. , and occurred at s~ For n = 2, 

3, ... , the expression of R(t) follows. 
11-l 

R(t)-.f(l)+ kl~R(I-s"), (s,_1 </ss,) (3 1 0) 
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especially, for 11 I, that is. 0 < I ~ s , R( I) = f (I) a / 0 (I) In order to evaluate R( I) in 

.\_ . <I ss,, we can perform the bachvard calculation of R(l) in .\ : < I s .\,_1 

recursively, and repeat until I drops m 0 < 1 s s1 Formally, above expression can be 

extended to 0 < t s ·\. if we set R(l)- 0 fort< 0. 

3. 3. 3 Estimat1011 method o_f mean mspection time\ 

Also in this subsection, as well as preceding, we consider the time 1 such that 

', < t ss, and compose a functional equation whi·ch the mean inspection time m (I) 

satisfies. Since the inspection on failed components is nonsense, the number of 

inspection times after the failure is regarded as zero 

First, we calculate the mean inspection time in case that exchange of the component 

has never occurred Recollect that .f ( ~·sJ in the preceding subsection stands for the 

probability that the component is neither failed nor e·'{changed In case of no-exchange, 

the simple summation of j(s") from k- I to 11- I 1s nothing else but a conditional mean 

mspection times at 1 

In the next, suppose that the component did not fc\il until the k-th inspection and that 

the first exchange has occurred at the k-th inspectic1n By the same consideration as 

preceding, the conditional mean mspection times ts also equal to m( 1 '~') because of the 

recurrence of the inspection intervals Since P" are 1the occurrence probabilities of the 

event that the component did not fail until s" and that the first exchange has occurred at 

s", the production of both, that is, I~ m( I - s" ) is considered as the classified mean 

inspection times 

As the result of conditioning with respect to the first exchange time, for 11 - 2, 3, ... , 

we get the following equation. 
, I 

m(!)= 6{J( .\A.)+~m(t-s~c)}, (s, 1 <1ss,) (3 11) 

Evidently, m(t)- 0, for n = 1, that is, 0 <I s .\ Vl/e are able to JUdge whether the 

inspection policy is efficient or not, 1f we solve the above equation numerically by the 

iteration. To describe the above equation in the domain 0 <Is s,, the Heav1s1de 

function 

8{1) = 
{

0, 

l, 

(1 so) 
(t > o) 

are introduced Then the equation (3 . 11) is expressed as 

(3 12) 
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n-1 n-1 

m(l) = kf(sk)9(t -sk) + k ~m(t -sk ), (3 .13) 

and can be solved by the same way as the equation (3 . I 0). 

3.4 Numerical examples 

In this section, we see some numerical example to research how the reliability 

degrades under the history dependent inspection policy For this purpose, it is necessary 

to fix the forms of the probability density function of initial crack length, g( x), and the 

probability of detection (POD) of an existing crack, D(x) 

Firstly, we make an assumption that the initial crack length obeys the Weibull 

distribution, as shown in the fig 3 .2. 

Secondary, D(x) is fixed to the following model Koul et al. researched the several 

types of non-destructive inspection on the compressor disk of the aircraft engine, and 

adjusted their POD curve into the following form: 
D(x) = exp(f)~ + f-1 1 In x) , (3 14) 

1- exp(~0 + ~1 In x) 

where ~~ o and (), are constants. Figure 3.3 shows an example of POD curve by the 

penetrating inspection method 

The Subsequent investigation on the reliability degradation is argued by means of the 

probability distribution function of the initial crack length as shown in the fig. 3.2 and the 

POD curve in the fig. 3.3. Here, the number of loading cycles are replaced by the 

variable I defined in the eqn (3 3). The variable I is proportional to the number of 

loading cycles, but it is noted that it corresponds to the less number if the mean 

propagation resistance £[ C,] or the stress amplitude 20 becomes to larger value. 

Figures 3.4 and 3 5 shows the time variation of the failure probability H(t) = 1- R(t) by 

the log scale, and that ofthe mean inspection times, respectively. The symbols A, B and 

C in the figures corresponds to the inspection plans in the Table 3 .1. 
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10~--------------------------, 

-X -C') 

0 0.5 X 1 

Fig. 3.2. The probability density !function 

of the initial crack length. 

->< -0 

0 5 

Fig. 3.3. The crack detection probability as 

a function of crack length. 
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Fig. 3 .4. The failure probability curves. 
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Fig. 3 5 The mean number of inspections. 

plan (I 12 '3 (4 

A 2.0 1.0 1 0 1.0 

B 2.1 1.1 08 0.4 

c 2.3 04 I 0 0.5 

Table 3. 1. The inspection plans. 

On H/.\tory-Oependent Impcc:twn Pobc:yfor .\rochastu: Fattg,m! Crack PropagatiOn 

The inspection intervals should be prespecified so that the sum of them are equal to or 

greater than the total inspection periods In this examplce, however, the mtervals 1~, 16 , ... 

are omitted from numerical calculatiOn for reason of the neghgib1hty ofthe value of j(l) 

such that I > 14 m comparison to that of R(l) This means the fact that it has almost no 

possibility that the events after ( occurs, that is. there is almost no components \\ h1ch 

pass in the all inspections of past four times. and they either failed or exchanged fhe 

parameters of crack propagation are settled as A= 0.5. cx0 0.32 and ~, = 0. 1. 

respectively, and the critical crack length, x, ~ 40 

Figures 1.4 and 3 5 tell us the plan C is most effective plan in the three in both points 

of the reliability and the mean inspection t1mes As shown in this example, in the 

maintenance of the structural component along this model m which the component 1s 

exchanged only if an] cracks are detected, in order to raise the efficienc} of the 

inspection, it 1s the most important point to decide the inspectiOn mterval such that the 

crack propagates up to adequate length to be able to detect and not to overlook the large 

cracks which cause the failure of the components. So, the inspection intervals are 

decided by the balance of both the ability of crack detection and the distribution of crack 

length The advantage of the plan C has originated from the shorter interval I , than 

others, so that the large cracks which are overlooked at the first mspection are detected 

at the second inspection before failure occurs 

3.5 Conclusions 

The discussions in this chapter are argued on the development of the estimation 

method for the structural reliability and mean inspection times for the history-dependent 

inspection policy, on the basis of the stochastic crack propagation model in consideration 

of the randomness of the crack propagation resistance. As the result, both the reliability 

and the mean inspection times are calculated with an idea of the reproductive process 

because of the recurrence of the inspection intervals. The histry-dependent inspection 

policy to be considered in this chapter has the advantag'e of the fixed interval inspection 

in the point of less number of inspection times. However, if the histry-dependent 

inspection policy is applied to the many components in the structure, the inspections may 

come in succession, so the service stops many times for increasing inspections and causes 

the sirious degradation of the availability of the structure. It seems to be effective in case 

that the inspection is performed, chiefly, on the special important component in the 

structure, or on the component which is considered to fail at first with the prediction 
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For the history-dependent inspection policy, it is difficult to find the most efficient plan 

because the inspection times becomes a kind of stochastic process and evaluated as a 

expected value 
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A Probabilistic Approach to the Random 
Propagation of Two Collinear Cracks 

4.1 Introduction 

In the structural component which has plural cracks, it sometimes happens that the 

simultaneously growing cracks join together to cause the fatigue failure of the 

component. In the situation that cracks join, in addition to the degradation •of the static 

strength, the interaction between cracks accelerates their growth speed more rapidly as 

they are closer. So the influence of the interaction between cracks are not negligible if 

large cracks are sited in near position. Of course, the critical crack length depends on 

the mutual distance between the cracks, which is much less than that of the single crack. 

The type of this damage is called Multi Sited Damage (MSD), which sometimes becomes 

a cause of the fracture of aircraft [ 1]. 

Generally, it is well-known that the fatigue crack has a random property in the 

propagation even if the environment is identical. Therefore the probability theory is 

required to describe the fatigue crack growth and to estimate the life up to joining. 

Okada et al. [2]. reported the life distribution of the metallic specimen with two cracks 

through many experiments, and they also examined by the model in probability theory 

However, in their model lacks the randomness in the crack growth process. Even if we 

have the information of the initial flaw in the material, the speed of the crack growth is 
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considerably intluenced by the uncertainty from material inhomogeneity, and show the 

random property To descnbe the random crack growth, we make use of the stochastic 

crack growth model 

Tsurui et al. derive the theoretical distribution of the crack length from the Markov 

approximation method for random crack growth, and evaluate the life distribution for a 

single fatigue crack (3-6] In order to analyze the life of MSD, we take account of the 

interaction of the cracks Therefore it is necessary to describe MSD as multi variate 

stochastic process In this chapter, the stochastic behavior of two collinear cracks is 

investigated by means of the Markov approximation method applied to two variate 

stochastic process 

According to the applicatiOn of Marko\ approximation method, the crack length 

distribution funct1on is expressed as a solution of the time variant partial differential 

equat1on with two spatial variables In order to solve the equation, we can choose two 

methods, one the analytic approximation, and the other, the numerical analysis If we 

choose the analyt1c approximation, there is a benefit m the evaluation of the reliability, 

but the accuracy is lost as the time proceeds Conversely, the numerical calculation 

through the difference scheme for the partial differential equation cannot be always 

expected the accurac}, while the general behavior of the solution is easily observed In 

the following sections, in order to combine the advantage of both methods, the analytic 

approximation is applied in the earlier stage of the crack growth, and the numerical 

method in the later stage, for the purpose of the investigation of the crack length 

distribution and the life distribution up to crack joining. 

4.2 The crack growth model 

In this section, the two variate stochastic crack growth model, which is utilized in 

the later sections, IS introduced through the Markov approximation by Tsurui et al. The 

object of the analysis is the propagation of the two collinear cracks, as is shown in fig. 

4.1, under the constant amplitude. Figure 4.1 describes the two cracks which have 

different length a and b with distance d between their center holes. Our main concern is 

the time up to their joining Each stress intensity factor at the four crack tips is different, 

according to the crack length, so the growth speeds are not identical in general Here, 

we concerns the stress intensity factor at the two points in the inside of both cracks, and 

make an assumption that the points are symmetry to inner points in the approximation. 

This assumption is valid for the earlier stage of the crack growth if the length of the 
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Fig. 4. 1. Collinear cracks. 
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cracks are small, for instance, the growth ratio of the outer crack tip versus inner crack 

tip is 0.7 if a I d - b I d= 0 25, and 0 95 if a I d - b I d= 0.4 , under the condition that the 

exponent of Paris' law is equal to 3 If the approximation is not allowed, the reliability 

estimation is not in danger side at least. From this reason, we make assumptions that the 

distanced does not change and that the progress of the outer crack tips are neglected. 

If the Paris's law is applicable to both crack growth with identical exponen! m, the 

each crack growth obeys, 

da = EC• ( n )( M . )m' 
dn K0 

(4 1) 

and 

db= ECB(n)(Ma_ )"' , 
dn K 1 

(4 2) 

where M ,, and M 8 are the ranges of the stress intensity factor at the points A and B, 

respectively, and K0 stands for the constant stress intensity factor. In above equations, 

we make an assumption that CA and C 8 are statistically independent and locally 

stationary stochastic process which obey the identical probability distribution. 

The stress intensity factors for the at collinear cracks in infinite body which is 

stretched by the uniform load a are expressed as follows [7] : 

K 4 = 0\'Jt r d -a+ h {a -
1 
(d-b +a)"llJ(A.)}. (4.3) 

· \ a(d -a-b) 2 

K 8 =UvJt d-b+a {h- 1
(d-a+b)ljJ(A.)} . (44) 

\ b(d -b-a) 2 

where 
ab 

"-=2 , 
\ (d - a +b)(d +a - b) 

(A.)= 1- E(A.) 
lP K(A.) 

E(A.) =- folt>
2 
,11- A.2 sin 2 Eldfl, 

l :t> 2 d8 
K(A.) = - . 

0 / 1 - A.2 sin 2 8 

(4 5) 

(4.6) 

(4.7) 

(4 8) 

E(A.) and K(A.) mean the first and the second kind of the elliptic integral, respectively. 

For the numerical calculation, if A.< 0. 9, the function "llJ(A.) is enough precisely 

approximated by the Maclaurin expansion 
1 , I 4 1 6 41 .., 8 lP(A.) "" A. + 1\ + A. + 1\ +· · ·, 
2 16 32 2048 

(4 9) 

which is truncated by the fourth term 

For the normalization, let X =a I d and Y =b I d, and rewrite E Id with E . 
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Substituting the eqns (4.3) and (4 4) into (4.1) and (4 2). we get the following 

expressiOns. 
dX 

... ECAf(X ,Y) 
dn 
dY 

= EC8 g(X,Y) 
dn 

f(X,Y)=[ f 1- x+y {x-1(1 - y+x)"llJ(A.)}]m 
\x(1-x-y) 2 

g(X,Y)=[ JI -y+~{y- 1 (1-x+y)"llJ(A.)}]m V y(l- y-x) 2 

A. - 2 ,--- xy - -
\ (1- X+ y)(1 +X-y) ' 

Obviously, the symmetric relation f(x,y) &: g(y,x) holds. 

(4 10) 

(4. 11) 

(4 12) 

(4.13) 

(4.14) 

When the Markov approximation method [3,4] is applied to the above equations, 

w(x,y,n) , that is, the joint probability density function of (X,Y) at the n-th cycle of 

loading, is described as the solution of the following Fokker-Planck equation 

aw = -~ fw- a gw +sx ~{! a fw} +s ~{g a gw}. 
at ax ay ax ax y ay ay 

(4 15) 

where, 

I =fJ./'1, (416) 
0 2 

Sx = ~"T:c {t,Xr ) , (4 17) 
f.A.c 

0 2 

sy = c2 "T:c(t,yo) . (4.18) 
f.A.c 

The parameters f.A.c and a c are the expectation and the variance for the EC A (and EC 
8 

) , 

respectively. The function "T:c corresponds to the correlation cycle of the crack growth 

resistance converted from the correlation distance a 0 , which is approximated by 

0, 

( 
x-(m/2-1)) 

t < 0 

ml2-1 ' 

t ~ 0 
( 

x-<m'2 I) ) 
m 12-1 ' 

(4 19) 

It is noted that the coefficients sx ands> depend on the initial crack length x0 and Yo 
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4.3 Approximate solution of the Fokker-Pianck equation 

In generaL it is not always possible to find the analytical solution of the two 

dimensional Fokker-Planck equation in the preceding section Therefore, we have to 

apply the approximation to the equation, or to calculate the solution numerically, in order 

to evaluate u (X,J',n) The numerical calculation, however, comes to the difficulty at the 

initial state, smce ~~ (x,y,n) at the initial state is the Dirac's delta function 1f the initial 

state is determmistic For th1s reason, the 1t IS necessary to constitute an approximate 

solution in the analytic manner in the early stage of the process, even if we make use of 

the numerical solution of difference scheme. In this section, An analytic approximate 

solution IS proposed, by means of the trajectory approximation on the eqns ( 4. 1 0) and 

( 4 11) 

Prior to enter the main discussion, we observe the behavior of the stress intensity 

factor in the eqns (4.3) and (4.4). Figure 2 shows the contour of K.1 , that is, the stress 

intensity factor at the point A From this figure, the contours are nearly parallel to the Y 

axis in the region X+ Y < 0 5 This means that the stress intensity factor is not 

influenced by the far crack, 1f the distance is enough greater than the length of both 

cracks. So, if X and Y are interpreted as stochastic processes, they are independent in 

the region X+ Y < 0.5 

On the other hand, when X+ Y is close to unity, K 4 and K8 rapidly increase, and, 

when X+ Y =I, both diverge. However, in the physical reality, if the tips of both cracks 

are too close, the both join together and cause the failure instantaneously Therefore the 

eqns (4.3) and (4.4) are valid only in a certain region. So we make the assumption that 

the eqns (4 3) and (4 4) is applicable in X+ Y < L (L = 0 8 0 9), and that, if the sum 

exceeds L, the cracks join together. The probability density are calculated is limited in 

X + Y < L This assumption does not based on the mechanical behavior of the fracture, 

but is useful in the practical purpose, for the assumption leads the life estimation to safety 

side. The growth model is described simply in the linear fracture mechanics under this 

assumption 

The central trajectory of (X, Y) satisfies the following relation 
dx I~[ c. .. ]/ (X' y) 

dy E[C8 ]g(x,y) 
(4.20) 

Giving an adequate initial value (x0 ,y0 ), we get the trajectory by the solution of the 

above equation, that is, 

x=ql(y), (4 21) 

or 
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( 4.22) 

They express the same curve. The stochastic process (X, Y) fluctuates randomly around 

the central trajectory curve. Here we make an approximation by replacing f (X, Y) with 

j(X,q
2
(X)) and g(X,Y) with g(Y,q1(Y)) in the eqns (4.10) and (4 11) By this 

approximation, the increment of X and Y become independent, owing to the 

independence between CA and C 8 This approximation is not so bad in the early stage of 

the process, for X and Y are independent if they are smaJI, as previously mentioned 

On the basis of this idea, we apply the Markov approximation method to the 

approximate growth equation, 
dX 

= eCAf(X ,q, (X)) , 
dn 

dY = ECBg(qJ(Y),Y) 
dn 

(4 .23) 

(4.24) 

According to Ref [5] , the Fokker-Planck equation associated with the above equations 

can be solved and expressed as 
1 

w(x,y, t) = _ 

4:rcf (x)g(y) v G 4 (t, X0 )G 8 (t .Yo) 

~ f(x) ~ g(y) l J • _dx _ I I j r dy _ I I 
xexp - 2(J,.(t ,x) exp -2Gs(t,yo) 

where, 

](x) = j(X,Cf2(X)), 

i(x) = g(qJ (y),y). 

GA(t ,x0 ) = 

n~~ 1 [x, .. ,_, -{xo<• ,_,, -(; -1} f-; ]· 

U o -(m11-l) 

1
Yo • m-

The failure probability at the time t are calculated from 

PF(t) = 1-fo~.,. w(x,y,t)dxdy, 

where DSAFE means the non-failure region, 
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( 

x -<m12- l) ) 
l< - 0-

m/2-l ' 

t ~ _o_ 
( 

X -tm 2-ll ) 
m / 2-1' 

1 < Yo 
( 

-(m 2 I)) 
m/2-1 ' 

1 ~ Yo 
( 

-(rrr12-1) ) 

m / 2 -1 ' 

(4.25) 

(4.26) 

(4.27) 

(4.28) 

(4.29) 

(4.30) 
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DSAFE = {(x,y)lx,y > O,x + y < L} (4 31) 

By the way, another problem arises in the decision of the central trajectory from the 

shape of the region. Though the right hand side of the eqns. (4 23) and (4, 24) must be 

defined in the all point in DSAFE, the central trajectory does not exist in X+ Y > L 

Suppose that the (xc,YJ be the intersection point of the trajectory and X+ Y = L, which 

depends on the initial value (xJ, y 0 ), the eqns (4 23) and (4 24) are not determined if 

X > xc or Y >Ye Thence, we extend the trajectory to outside the region as shown in 

fig.4.3 . On the revision of the trajectory, the following two points are required. 

(i) The mean difference between revised trajectory and the true solution process must be 

small. 

(ii) The approximated growth velocity is not estimated as smaller value than that of the 

mean value of the true solution process 

Taking notice of the relation 

f (X, Y) s f (X, L - X) , (4.32) 

g(X,Y) s g(L- Y,Y) , (4.33) 

holds in D SAn; , we constitute the virtual trajectory so that the value on the trajectory is 

equal to the maximum value. For the purpose, we define q1 and q2 in the ou1ter region as 

ql (y) = L - y , (y > y J, 
q1(x)=L-x, (X>Xc), 

(4 34) 

(4 35) 

Conversely, in the region X< X0 or Y < y0, there exist the lower hmit IPOint, where 

the trajectory intercepts the X axis or Y axis and the value of the eqn ( 4 21) or ( 4 22) 1s 

not determined We avoid this problem by interpreting the probability as .zero in such 

region. Of course, the decrease of the X or Y cannot occur in the actual growth process. 

The result of Markov approximation produces a slight probability of decrease, but the 

error is negligible for practical use, since the probability of decrease becomes smaller and 

smaller as the time proceeds. 

4.4 Difference scheme for Fokker-Planck equation 

The equation ( 4. 15) has the same form as the drift diffusion equation, so we can 

make use of the several numerical calculation techniques in fluid mechanics. But variable 

coefficients in the eqn. ( 4.15) bring about some problems in the numerical calculation 

(i) The coefficients vary from zero to infinity with respect to the spatial variable, so that, 

the stable region is restricted in accordance with numerical precision (ii) The 

coefficients of diffusion terms decrease as the time proceeds. So the computational error 
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increases, since the drift terms become relatively strong to the diffusion terms. For these 

reasons, the numerical precision and the computational stabihty are not always 

compatible To avoid these problems. the Euler's method 1s adopted so as to determine 

the stable region, and the approximate solutiOn m the precedmg section is used in the 

early stage 
In this study, the difference scheme is applied as follows Let X

1 
= ih, y

1 
= ;h and 

11 - kr, (i,J,k = 1,2,··· ), where his the width of division for x and y, and -r for the 1 

The equation (4.12) is converted to 

A +I k 't (f. k /, k ) 't ( k k ) \1' = W - \V - W - CT \t ' - CT W 
1,) 1,) h . 1,) 1,) 1-l j 1-l.j h ('>1 j 1) ('>I J I 1) I 

\, 't { k ( J " " } - T W- T W TT U 

h
' ~ lgl)+ l,j+l g lgl,) +g lgl,) 1,) +g l gi J-I IJ-I 

I + 1 I,J+ ,Z I,J-2 '·}-2 

where, 
w" = w(x }' I ) 

1,) I' J' k 

.f.., = f (x,y) 

(4.36) 

(4 37) 

(4 38) 

gi.J ~ g(x
1
,y) (4.39) 

For the simplicity, L is set to a multiple of the h The range of the subscripts are defined 

by 
I = { (1, .J)Ii, j > 0, i + J < L I h}. (4.40) 

To keep the stability of the difference scheme, the parameters should be sellected so as to 
satisfY the following condition in the domain X1 + y

1 
< /,, 

't S 't( J 
h 

(.f, + g, ,J ) + h\ f I f. 1 + f I .f. .J 
I+ 

2
,) I "' 

s,.-r( J + , g I& +g I& <1 
h + 1,)-

: 2 

(4 41) 

The above condition is evaluated with the maximum value for .\, and \1 with respect to 

the time 1 

The boundary condition is imposed by the following reflective condition on x = 0 

and y = 0, 

"(!. w" - s,-r(.r f. w" + r f. w" J- 0 (1 = 0), (4.42) 
h I,) I.) h2 I I +I.) t+l.j • I I J I J ' 

1+2.) 1+2.) 

-rh gi.J w:, - .sh·Y ~ (g I gi.J+I w,".I .J + g I gl ' w,", J- 0, (.J- 0), ( 4.43) 
1,)+2 1.)+2 

and the absorbing condition on x + y = L, 
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w •. , - 0, (i + J = L I h) (4.44) 

The total probability decreases, owing to eqn ( 4 44). 

The initial condition is given by the following condition at a certain timet= 10 . 

w.~~ - w(x,y,/0 ) ( 4.45) 

where w(x,y,/0 ) is an approximate solution derived by eqn. (4 .25). The initial time t0 

should be determined with attention to the two point. (i) At I = 10 , the probability for 

X+ Y > 0 5 is sufficiently smaJI (ii) The peak of the initial distribution is not very sharp. 

The failure probability is calculated through the trapezoid formula, that is, 

1~. - 1- ) w,,, . (4.46) 
<•ir'EI 

4.5 Result of the numerical calculation 

From the approximate solution in section 4.3 and the difference scheme in section 

4 4, the numerical calculatiOn is tried as an example in this section. Both are conjoined 

at the time 11, = 3 0 when the initial density is almost implied in the domain X+ Y < 0 5 

The quantization parameters are h = 0. 0 I and 1: = 0. 0025, the material parameters 

Oc I ~c = 0 3, a 0 = 0.01 , m= 3.0 , and the limit state parameter L = 0.8 Under this 

situation, the joint density function for crack density and failure probability are evaluated 

for three cases of initial crack length, (x0 ,y 0 ) = (0.05, 0 05), (0.04, 0.06), and (0.03, 

0.07). 

Figures 4.4 and 4.5 show the contours of the crack length density function at t = 4.5 

for the initial length (0 05, 0.05) and (0.04, 0 .06), respectively. Each contour is 

expressed with log scale, that is, w = 0 05 x 2', (i = 0, 1, 2· · · , 9) . Figure 4 6 shows the 

log scaled failure probability as a function of the time for the initial length (0 05, 0.05), 

(0.04, 0 .06), and (0.03, 0 .07), respectively 

From figs. 4.4 and 4.5, it is observed that the difference of the initial crack length 

has a great influence on the shape of the density function The tendency of growth of 

both cracks is unstable, that is, the small difference of their length at the initial stage is 

magnified as the time proceeds Figure 4 6 also tells us that the greater difference of the 

initial crack length brings about the larger failure probability, even if the sum of the both 

crack lengths are kept unchanged. In the other words, the variance of the life 

distribution becomes larger value if the initial difference is greater These are acceptable 

results in the view point of the deterministic fracture mechanics. Therefore, it is 

concluded that the method used in this chapter is a good approximation to the 

probabilistic approach in the problem of two collinear cracks. 
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4.6 C onclusion 

In this chapter, the Markov approximation method was applied to the problem of the 

random growth of two collinear cracks The growth process was modeled by the two 

variate stochastic process which includes the interaction between the cracks On the 

evaluation of the probability density function and the failure probabtht} were evaluated 

through the combination of the both analytical and numencal approximation to solve 

two-dimensional Fokker-Planck equation Lastly, the sensittvtty with respect to the 

initial crack length was examined by the numerical example It ts observed that the 

difference of the initial crack length magnifies the failure probability 
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Chapter V 

An Analytical Method for Leak Before 
Break Assessment Based upon Stochastic 
Fracture Mechanics 

5.1. Introduction 

Leak Before Break (LBB) assessment in piping systems or pressure vessels is one of 

the most interesting themes in structural safety, especially in the safety assessment of 

nuclear power plants. To ensure a highly reliable safety, we must take into consideration 

the fact that there are many uncertain factors with respect to the structural! component's 

resistance and service environment [I]. That is to say, the LBB as well as the structural 

safety should be assessed from a view point of the structural reliability 

In order to achieve a probabilistic LBB assessment for piping system from a view 

point of the structural reliability, many studies have been reported until the present stage, 

in which the following uncertain or random factors have been included in the analysis (2] 

uncertainty on the number of initial flaws [3], uncertainty on the initial craclk state (initial 

crack depth and initial aspect ratio) [3 ,4], probability of crack-detection and leak­

detection [5 ,6] and uncertainty on the physical parameters of materials such as fracture 

toughness. However, few studies have treated the effect of random loading history 
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and/or spatially random configuration of the material's resistance against the surface 

crack propagation Whether the LBB IS realized or not depends on the uncertainty 

factors investigated until the present stage. but also on the random nature with respect to 

crack propagation, such as randomness o material's resistance or random loadmg history, 

since they undoubtedly have an affect on the crack growth process To take into analysis 

the later ones. we must treat the crack growth process not as a simple random variable 

but as a stochast1c process That is, we must derive the probability distribution on the 

crack s1ze based upon the fact that the crack growth process shows a temporally random 

property accordmg to the random variatiOn of the material's resistance and/or loading 

Thus, we need to obtain a probability distribution for the surface crack propagation by 

taking such uncertamties Simultaneously mto account 

H. Tanaka et al. have already reported some studies concernmg the stochastic 

propagation of surface cracks with the aid of the so-called stochastic fracture mechanics 

which mathematically treats the crack growth equation as a stochastic differential 

equation reflecting the temporally random variation of the material's property and/or 

loading. In these studies, we have utilized an extended Markov approximation method 

[7] to obtain a probability distribution of the surface crack propagation In references (8] 

and [9], by the use of an approximate propagating equation such that the well-known 

through crack propagating equation is directly applied to each direction, we have 

succeeded to obtain a probability dens1ty function and the loading amplitude are random 

However, since we used such an approximate propagating equation, the variation of the 

aspect ratio has not been well reproduced for some values of parameters In order to 

improve this point, in reference [ 1 0], we revised the propagating equation by evaluating 

the stress intensity factor ofthe surface crack with the aid of the Newman-Raju's solution 

[ 11 ], assuming two points that (a) the specimen's size is sufficiently large compared 

with the crack size and that (b) the material's property is not random, we also succeeded 

in obtaining a probability density function in an analytical form by the use of this 

improved propagating equation. 
In this chapter. extending the stochastic model used in reference [I 0], we investigate 

the stochastic growth process of surface cracks and discuss a way to apply it to the 

probabilistic LBB assessment for piping system Basically, we follow the assumptions 

used in the previous studies (8-lO] such that (i) the surface crack is always semi­

elliptical until it penetrates the specimen's thickness or width, (ii) its propagation can be 

decomposed into surface and depth directions, (iii) the well-known Paris-Erdogan's law 

[ 12] is applicable to each direction 

The main purposes of this study are the following two points one is to obtain a 

An anazvflcal lnl!thocl f or leak before break W SI!\'Stnen t 

probability dtstribution of the surface crack propagation in an analytical form without 

making the two assumptions used in reference [I 0), the other ts to propos,e an analytical 

method which utilizes the obtained probability distribution of the surface crack growth to 

the LBB assessment for ptpmg systems Ftrst, v.e mathematically formulate the 

stochastic surface crack propagation and derive its probability distribut1001 by utili7ing a 

Markov approximation method [7], under the condttion that (i) both the loading process 

and materials' property are random, and (ii) the spectmens stze is finite '\/ext. we 

mathematically define the probability of I .BB in piping systems. and propose the way of 

its derivatton by the use ofthe probability dtstribution of the surface crack propagatton. 

5.2. Growth equation of surface cracks 

5.2.1 Basn equaltml 

In this chapter, we consider a semi-elhptical surface crack in a finite plate growing 

under uniform tensile stress, which is illustrated m fig S 1, in which A, (11) , A, (11) . H .. B. 

represents a half surface length after n cycles of loading, a crack depth after n cycles, a 

specimen's half width and a specimen's thickness, respectively This cam be a simple 

model of a surface crack growing from the internal surface of a ptpe. tf its mternal radtus 

is sufficiently large compared with its thickness. That is to say, we can consider that the 

plate is approximately equivalent to a pipe with internal radius B I rt and thtckness B! 

with respect to the surface crack growth (this is schematically Illustrated in fig.5 .2) 

As mentioned in the introduction, we assume that the surface crack is always semi­

elliptical until it penetrates the specimen's thtckness or width. \\.hich means that the crack 

propagation can be mathematically described as a btvariatc process As a propagating 

law of the surface crack, we use the well-known is of Paris-Erdogan's one (I I, 12], i c., 

~1 = ErJ~.KJ ;.. {J = I, 2), (S I) 

where M represents a stress intensity factor range at the point F, in fig 5 I, and E 1, 

E J~ , A are respectively material constants (in which E , f will be transformed into 

random variables in later discussion, see Section 5 3 ). It should be noted that A usually 

takes on a positive value for ordinary metallic materials 

Applying the well-known Newman-Raju's solution [ 11 ], which has been 
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obtained through a three dimensional stress analysis by the use of a finite element method, 

to the stress intensity factor of the surface crack, and transforming the dependent 
variables (AI> A2 ) into non-dimensional ones by X, - A, I B, (J = I, 2), we can obtain 

the following simultaneous differential equations describing crack growth: 
d.X 
- ' = E,z,;<'-•l)g/X 1,X 2 ) (J - 1,2), 
dn 

(5.2) 

in which zn represents an adequately normalized tensile stress amplitude .at n-th cycle of 

loading, E, are defined as E, = E0/ t"•1s; (j = 1,2), and the functions g, (J = 1,2) are 

defined as follows: 

[ ]

2{1.+1 ) 

( X X) ... s•'-•2 M(XI,X2 ) ~ (X)'" (X X) 
gl I, 2 0( X X ) X g 2 J... I> 2 , 

"\- I> 2 "\ I 

[ ]

2(1.+1) 

g (X X ) = B·'-·2 M(X ,X2 ) X'" (X X) 
2 I> ~ O(X X ) 11.. I, 2 , 

'\~ I> 2 

{ 
. }165 

Q(Xt> X 2 ) = I + 1.464 Min[
8 

X 2
, ~1 

] , 
X1 B X 2 

( 
• X, ) ( 0 89 ) 2 

M(X1 , X~ ) = 113-0.098 + -0.54+ • X~ 
- X1 o 2 + B X 2 1 X1 -

( 
1 • 24 ) 4 + o.5- • + 14( 1- B X2 1 X 1) X 2 , 

0.65+8 X2 1X1 

g(X2 ) = 1.1 + 0.35X/, 

!w (XI , X 2) = \ sec(~ XI v X2 ). 

(53 a) 

(53 b) 

(54) 

(5.5) 

(56) 

(5 7) 

in which we have used the vector notation X = ( X1, X2 ) The quantity B* is defined as 

B* = B2 I B1 , (58) 

which characterizes the shape of the specimen In these terms, Q is a term due to the 

elliptical figure of the crack, g, a term due to the back face correction of the specimen's 

thickness, fw, a term due to the finite width correction, M, a term called stress intensity 

magnification factor [ 13]. 

It should be noted that the propagating equation (5 2) has a singularity 

d.X, I dn - oo ( J 1 ,2) on the curve X 1 \ X 2 I, which is caused by the finite w1dth 

correction term .f111 (X) given by Eqn (5 .7). As the singularity brings a severe problem in 

the following transformation method, to avoid it, we use the following revised correction 

term: 

fw(X) = V sec(~ 1JvX 1 v X2 ). (5 9a) 
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{
y (Ysy*) 

1iv ( Y) ""' • 
I- exp( -c,Y) (Y > y*) 

(5 9b) 

where y* is a constant which can take on an arbitrary value near 1, and the constant c IS 

defined so as to make the correcting function l j1 be continuous at the connectmg point } 

= y* Equat1on (59) is exactly ident1cal to eqn (57) in 0 < X 1 \X, < y* < 1, and does 

not have any singularity in the region 
Q \ = { ( X1, X2 ) X 1 > 0, X1 > 0}. (5 I 0) 

Therefore, by the use of eqn (5 9) mstead of eqn (5 7), the crack gro\\.th equation (5 2) 

1s available in Q 
1 

As the effect1ve domam of the stress mtenstty factor IS, in the 

practical situation, limited to a certam sub domain of {X 0 s X s 1, 0 s X~ s I}, we can 

make eqn (5 9) be exactly eqUivalent to eqn (5 7) in such a domam by setting y* 

sufficiently near to unity 

5.2.2. 1<.-qutva/ent transformatton of the baste equatwn 

Using the crack growth equation (5.2) is too difficult to be extended to a stochastic 

ditTerential equation describing random crack propagation, which is caused mainl} b; the 

so-called cross effect between the surface length X, and the crack depth X2 • To avo1d 

th1s difficulty, we propose the following transformation method 

Eliminating the t1me variable 11 from eqn. (5 2), we can obtam the followmg 

differential equation 
dX B * A+ { }Z(A+l) 

dX2 - a \X:. I X l g(X:) (5 11) 

The solution of eqn (S 11) under the mitial condition X(O) = x0 = (.-rw xll1 ) 1s 

analytically g1ven as follows 
I ( ).+2 A+2) s·"-•1 Jxl A+l 

T(Jc. :x0 )= X 1 - x01 - x g(x)dx=O, 
A+ 2 a '•: 

where 

a=E~I £1 , 

(5 12) 

(5 13) 

represents the ratio of the propagating resistances. Equation (5 . 12) represents the 

relationship between the surface length X (n) and the length depth X 2 (n) during the 

temporal growth of surface cracks We call it the traJectory of the crack growth process 

[10,14]. 

Solving eqn (5 12) with respect to X , and X~ as 

X,- 'l;(X2 ,x0 ), X 2 -7; (X,; x0 ), (5 .14) 

and again substitutmg it into eqn (5 2), we can obtain the following new equation for the 
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(5 15) 

(5 16) 

Equation (5 15) is different from eqn (52) m the point that the cross clTect is eliminated. 

that is, the two dependent vanables ,\ and X, are separated m the equation I low ever 

it is essentially equ1valent to eqn (S 2) in the point that 1t gives the: same trajectory 

provided that the same imt1al condition is g1ven In this paper we use eqn (5 I 5) as a 

basic differential equation describing the surface crack growth 

5.3 Probability distribution of the crack propagation 

Let us consider the case in wh1ch both the loading and the materials' property arc 
random In this case, e. and Z" must be mathemat1call} treated as stochast1c proces'ics 

For convemence sake in analysis, we mtroduce (' as 
}.11 

E = EC ·" (j ... 1.2). (5 17) 

and set E as constant. fhe quantity C represents a non-d1mensional random 
J.ll 

propagating resistance at the point /~ in Fig 5 I after n cycles of loading Substitutmg 

eqn (5.17) mto eqn (5 15), we obtain 
dX , . 

1 - f.C z ·'c•'>u (X · x-) ( . 12) 
n -, (">/ J, • (J .J = ' , dn · ( 5 18) 

We assume that eqn. (5 .18) holds as a system of stochastic difTerent1al ,equations undc1 
the condition that C ,. and Z,. show temporally random variations f· or a probabilist1c 

analysis of the stochastic differential equation (5 18), we confine ourselves to the 
situation in which the processes c " and zn are stationary, or at least lctcally stationary 

[7] 

Let W(x,nlxo) be the probability distribution function of the solution processes 

X(n) ofeqn (5 18) under the initial condition X (O) ... x ), that 1s, 

W(x,n jx0 ) = Pr[X,(n) s x1 , X 2 (n) s x2 1 X(O) = x, ), (5 19) 

and let w(x,n lx ) be its densitv, that is, 
a~ 

w(x,njx0 ) = W(x,n lx,J (S 20) 
ax,ax2 

Applying the Markov approximation method (7], we can obtain the generalized Fokker­

Pianck equation, which is a partial differential equation to describe the temporal variation 

of the density w as follows 
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(J-1,2), 

(5 21) 

(5 22) 

(5.23) 

where E[ ] represents an operator to take expectation of random variable, and K[ ] is 

defined as 

K [A ,B] = E.[AB] -E[A]E[B], 

which is an operator to take covariance. 

According to Ref [8], the exact and analytical solution of eqn 

follows (see Appendix) 
l 

w(x,nlx0 ) = -
g1 (x1 )g2 (x~ )4rc, G(n) 

x exp{- G22x;2- (G,2 + G2, )x;x; + G,,x;2} 
4G(n) ' 

Ci(n) = G11 (n)G22 (n)-{G12 (n)+G21 (n)Y / 4, 

(5 24) 

(5 21) can be given as 

(5 25) 

' r" 'JU ' 2(A.+I) 2(A.+I) " G~c(n)=E J,dn .. K[( .nzn ,Ct.:.n.,,.z, .,. ]dn (J ,k=1,2), 

(5 26) 

(5 27) 

•( . ) J ~' dx E[C' z 2<A.•'> ] ( . 1 2) x, x, , n, Xo = - - E I ).11 n n J = ' , 
x, J g(x,x

0
) 

(5.28) 

It should be noted that, if A.> 0, the so-called normalizing condition is not satisfied 

with respect to the density li (x,nix.,) in Q _\, that is, for n > 0, 

Jl w(x,nlx0 )d.~ < l. 
Ur 

(5 .29) 

This inequality means that the solution processes become absorbed one after another into 

the death point '~ such that 
r, {(X1,X2 )1 X, -ooorX2 -oo}, (530) 

as time elapses [7]. The quantity defined as 

l~. (nlx0 )- 1-Jfu, w(x,nlx0 )d~0 , (5 31) 

represents the probability that the solution process is absorbed into the death point '· 

after 11 cycles. 
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5.4. Application to probabilistic LBB assessment 

In this section, by utilizing the probability distribution of the surface crack 

propagation, we discuss a way of calculating the probability that the LBB holds in piping 

systems. To this end, as mentioned in Section 5.2, we suppose that our model is 

available as a model of random surface crack growth in piping, that is, e suppose a pipe 

with the internal radius B1 I re and the thickness B2 • 

Let gL (X) and g8(X) be the limit state function for leak and that for break in the X 

plane, respectively, which means that the leak of internal fluid takes JPlace when the 
solution process X(n) arrives at the region { X 'g1. (X)~ 0} for the first time, and that the 

break of the component takes place in the region { X !g 8 (X) ~ 0}. 

As for the leak occurrence, the following fact is generally recognized When the 

crack depth grows to 70-80% of the specimen's thickness, the material shows a large 

scale yielding around the deepest point of the crack, and, after that, the crack rapidly 

grows, changing its shape from an elliptical figure, to penetrate the thickness That is to 

say, the required time from the beginning of the large scale yieldmg to the penetration of 

the thickness is sufficiently small compared with the total residual life eof the specimen 

Hence, we can make a conservative assessment of the specimen's residual life by 

neglecting this time, in other words, by assuming that the leak takes place: when the crack 

depth grows to 70-80% of the thickness According to this fact , we can express the 

function gL (X ) as 

g 1 (X ) = X c2 - X 2 , (5 32) 

where xc2 is a constant taking on about 0 7-0.8, which may be interpreted a limit of the 

non-dimensional depth X 2 that the linear fracture mechanics is applicable. The domain 

Q x given by Eqn. (5 10) is decomposed into the following three sub domains 

{

Q sAfb -{X gL(X )>0,g 8 (X)>0} ······Safe 

Q Laa ""{x g1 (X)~ O,g8 (X) > 0} ······Leak Before Break 

Q 8 ={Xjg8 (X)~o} ······Break 

(5 33) 

which are schematically illustrated in fig 5 3 

All the solution processes finally arrive at the break zone Q[l, and they are absorbed 

in to the death point in the long run However, if it passes Q m before arriving at Q 1 , 

we can avoid a catastrophic failure of the piping system by stopping the operation of the 

system after the leak of the internal fluid Otherwise, the break of the pipe takes place 

before we detect the surface crack growth, and it brings a catastrophic failure such as the 

so-called guillotine break. Therefore, in designing a piping system, we need to obtain the 

knowledge on the probability that the solution process passes the 
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1 

Xc2 ~------------------~ 
gL(X) = 0 

gs(X) = 0 
QSAFE 

0 1 

Fig. 53 Schematic illustration of limit state functions in X-plane. 
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domain QLBH . 

To derive this probability, we introduce the following three quantities: 

H5Af (n)=Pr[X(n) lies m Q5AFE ]. 

H L u (n) = Pr[ X ( ·) passes Q with m n cycles] 

H 11 (n) = Pr[X (') arrives at Q 11 within n cycles without passing Q 11 ,11 ] . 

(5 33a) 

(5 31a) 

(5 33a) 

Then. the following normalizing relationship holds 

HsAF! (n) +H. (11) + H1 (n)- I . 

Making an mfinites1mal increment of HLB8 (11), we have 
!:::Ji BB(n)=HuH(11+~n)-H n11 (11) 

(5 34) 

= Pr[X(') passes Q 1n11 for the first time in the time interval (11,11 + ~n)]. 

= r 11 (n)D.n Hs,\FE (n), 

where r , (n) IS the following LBB occurring rate 

'inuCn)~l=Pr[X(·) arrives at Quu• in (n,n+~n) X(·)EQs\Fh], 

which is given by the following equation. 

(5 36) 

'i.'' (n)= lim 
1 J.i d.xj] u(x,n+~Jx',n)w*(x',nx )d\:', (517) 

\n- lln Jaw" u 

The function w(x,n+~lx',n) represents the probability density funct1on of X(n+~n) 

under the condition that X(n) takes on x', which is easily derived by shifting the time 
origin in the discussion of the previous section, and it is identical to w(x, ~n x') because 

of the homogeneous property of the stochastic process X'(n) The function 

w * (x,n x, ) represents the probability density functiOn of X(n) under the condition that 

X(n) lies in Qs\FI: By neglecting the probability that the crack length decreases, 

w * (x, njx0 ) is approximately given as follows: 
w(x,nlx0 ) 

w*(x,nlx1,) = Jl (x EQsAH) 
w(x,n x )d\: 

o, . .r-

(5 38) 

Substituting eqn (5 38) into eqn (5 37), we can obtain the following expression for 

'iuu(n): 

rL86 (n)= l 1 JJ dxJl q(xlx')w(x',nlx.)dx', 

J w(x,n!x.,)dx uw,. 0 'Afl 

Uw 

(5 39) 

where 

q(xlx') = lim a w(x,nlx') (5 40) 
n-o an 

We should note that this limiting procedure is formal and in the numerical calculation we 

have to use the value corresponding to an adequately smalln. 

On the other hand, by neglecting the probability that the crack length decreases, 

HsAFE (n) defined by eqn. (5.33c) IS approximately given by 

67 



Chapter V 

(5.41) 

Substituting eqns (5 39) and (5 41) into eqn. (5.35), we obtain the following differential 

equation for H LBB ( n) . 

d H 88 (n) = Jr cixJr q(xlx ')w(x ',nlx0 )dx'. (5 42) 
dn JaU\a Jo""" 

As neither leak nor break takes place in the initial time n ;::::: 0, the initial condition for eqn. 

(5 42) is H .BB (0) - 0 Therefore, by integrating eqn (5 42), we finally obtain the 

following expression for H LBB (n) 

H 1 13n (n) = f'dn'JJ cixJJ q(xlx')w(x',nlx0 )dx'. Jo oUJB Uw-., 
(5.43) 

The quantity lim n-oo H BB (n) gives the probability that the LBB finally holds. 

As already mentioned, we can avoid a catastrophic failure of the piping system if the 

solution process X 0 passes Q 88 before reaching the break zone, provided that the 

ability of the leak monitor is reliable. Therefore, 

R(n) - HsAFE (n) +HL88 (n)"" l-H0 (n), (5.44) 

gives a kind of measure of the reliability of the piping system 

5.5. Concluding remarks 

In this chapter, based upon the stochastic fracture mechanics, we have derived the 

probability distribution of random surface crack propagation in a closed form by utilizing 

the Markov approximation method [7], and with the aid of it, discussed the way how to 

calculate the probability of LBB in p1pmg systems. As the obtained results are 

mathematically expressed in closed forms, our approach has the following two 

advantages 

(i) Some physical parameters are analytically included in our results, and thus we can 

easily take into account the uncertainties associated with them. For example, the 

randomness of the initial state vector x0 = (x01 , x0?) can be easily introduced in to our 

model [I] 

(ii) We can evaluate an extremely high reliability by the use of our results, and 

therefore, in addition to the simulation technique, this method may be an alternative 

useful technique in the probabilistic LBB assessment Since extremely high reliability is 

generally needed in reactor technology, the advantage (ii) has an important meaning to 

apply our results to practical safety assessment in piping systems. 

To assess the probability of LBB numerically, we have to evaluate multi-fold 

integration appearing in eqn. (5 39) numerically with high accuracy. Therefore, we need 
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to develop an efficient computing routine to do this. In addition to this point., we have to 

formulate a more precise condition for LBB by taking the effect of crack opening 

displacement, etc. into account These are future problems. 

5.6 Appendix: Derivation of eqn. (5.25) 

Here we summarize the procedure for solvmg the generalized Fokker-Pianck 

equation (5.21) according to Ref(8]. 

First, we transform the dependent variable win eqn (5 21) into vas 

v(x1 ,X2 ,n) = g1 (x1 ,x0 )g2(x2 ,x 0 )u (x1,x
2
,n), (5 A I) 

and the two space variables x, and x2 into ~1 and ~2 as 
r.o. dx ' rn 

~1 = J ' _ ( ,~ )· - J.J3, (n ')dn' (j = 1,2), 
... , g, x,,x , l 

(5 A 2) 

Then, eqn. (5.21) is transformed into the following diffusion equation of no-diagonal 

type 
av 1 2 a2v 
a~= ~ k Y ,k (n) a~,a~k, (5.A 3) 

To solve eqn (5.A.3), we introduce the Founer transformation, 

v(ll,. lh,fl) = r .. r .. e·''lr t;l ''lrt;rv(~, •~2,!1)~.~2' (5 AA) 

instead of v( TJ 1, TJ 2 , n ). in wlllch 1 = , , -l and we set v = 0 except for the range 

f.., dx ln 
~~ s _ 1 

- P;Cn')dn' (; ... 1,2). (5 AS) 
.>.oJ g (X . X ) 0 

J J' 0 

The differential equation for v corresponding to eqn (5 A.3) takes the following form: 
av 2 2 ~ 

= )')' y ,k (11)TJ 1llkV. (5A6) 
an f=r &. 

The initial condition considered here is that X (0) ... xu holds with probability I , which 

implies that the initial condition for w(x1,x2 ,n) can be expressed as 
~~ w(x1, x2 ,n) = S(x - x01 )b(x2 - x02 ) (5 A 7) 

Hence, the initial condition for v is, by the transforming eqns (5 A 1) and (5 A.2), g1ven 

as follows: 
(5 A 8) 

Using this condition, we can easily integrate eqn. (5.A 6) as follows 

V( T)1, TJ, ,11) ~ exp{-t ~G., (n)TJ, T), }· (5 A 9) 

in which G,k (n) is defined by eqn. (5.27). The solution of eqn. (5.A3) can be obtained 
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by inverse Fourier transformation procedure form eqn (5 A. I 0), that is, 

v(i;,l> (;,2, n) = r .. r., e't,•"'h +• i.•'l• v( T'JI, Th J7)drJidrh (5.A.l0) 

Substituting eqn (5 A 9) into eqn (5 A 10), carrying out the integration, and inversely 

transforming back to the original variable accordmg to eqns (5 A I) and (S A 2), we can 

finally obtain the solution of the generalized Fokker-Pianck equation (5 21) as eqns (25) 

- (28) . 
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Reliability Analysis of Structural 
Components under Fatigue Environrr1lent 
Including Random Overloads 

6.1. Introduction 

We often come across a situation in which the non-linearity in fatigue crack 

propagation processes cannot be disregarded. For instance, if the loading process is 

"strongly" random, there will be a possibility of "overloads" that causes the retardation 

effect in the crack propagation. In this case, we can not directly apply the Paris' law to 

describe the crack propagation. On the other hand, if overload appears, we must take 

instantaneous ductile failure into reliability analysis. Thus, the so-called two-criteria 

approach is required, which describe the fatigue and ductile failure modes. 

In this chapter, supposing a situation in which a structural componentt suffers from 

random cyclic loads including overloads, we investigate the behavior of itts hazard rate 

and reliability function . A concept of "delay time" is first introduced according to 

Arone's study [ 1 ,2], for the purpose to derive the distribution of the residiUal life of the 

component up to its failure. Making use of the probability distribution function of the 

delay time including the retardation effect due to overloads, we then revise: a probability 

distribution function of the residual life of the component, which is previously obtained 

through Markov approximation method by Tsurui et al. [3 ,4), so as to reflect the 

retardation effect. Using this result, a distribution function of crack length, which 

reflects the retardation effect, can be obtained as an approximation. 
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In order to take the ductile failure mode into account, we have to construct a limit 

state function reflectmg the t\\'0 failure modes simultaneously For th1s purpose, 

Burdekin-Stone's failure criteria (5] is useful to describe the ductile and fat1gue failure 

This critena asserts that the component fails by at least one of following two events, (i) 

the loading stress exceeds a critical value which depends on the current crack length, and, 

(ii) the fatigue crack length exceeds a critical value. 

Since the limit state funct1on based upon the Burdekin-Stone's criteria is not of 

simple form to calculate the hazard rate analytically, so the importance sampling 

simulation technique, which IS a kind of Monte-Carlo simulation, is applied for the 

evaluation of the hazard rate [ 6] Making use of this simulation method, an approximate 

value of the hazard rate 1s evaluated with high accuracy in comparatively short CPU time. 

As the result the reliability function can be calculated from the hazard rate, and it is 

observed that the behavior of the reliability function reflects the two failure modes above. 

Interesting results are that the retardation due to overloads has almost no influence in the 

high reliability range, and that the ductile failure mode is rather dominant over the first 

half of the life of components 

5.2 Probability distribution of total delay time 

In this section, we simply review the Arone's method to derive the probability 

distribution of total delay time caused by random overloading, and partly extend it to 

more general form. [ 1 ,2] 

Here we assume that the component is loaded with two distinct loadings One is a 

constant amplitude cyclic loading, and the other the overloads which occur randomly and 

independently from the cyclic loading. Figure 6 1 shows the schematic illustration of 

superimposed overload and retardation of crack growth rate. 
In the figure, X, (n) represents the crack length under the retardation effect caused by 

the overload occurred at the n, -th cycle, and X(n) a virtual crack length under the 
condition of no overloads Ler us define a delay time nd, (y) at a crack lengthy as 

lld (y) = X 1
• (y)- X I (y) (6 1) 

I 

Since the effect of the overload vanishes as time elapses, nd (y) converges to a constant 
I 

value in the limit of y- oo We call this limiting value, nJ - lim nd (y), "delay time" 
' y-oo 

due to the overload occurred at the n, -th cycle. 

If plural overloads occur, the total delay time does not become a simple sum of 
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crack length 

0 

stress 

repeated load 

n· I 

"" X(n) 

overload 

X(n) 

retardation by overload 

loading cycles 

0 n· I loading cycles 

Figure 6.1: The schematic illustration of superimposed overload and retardation of 
crack growth. 
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each delay time generally, owing to the cross-effect. However, if the structural 

component is suitably designed, the occurrences of overloading can be considered as rare 

events. Therefore, we assume that the total delay time N An) after n cycles of loading is 

approximately given as 

Nd(n)= ,Lnd,· (6.2) 

Generally, the delay time as well as the occurrence times of the overloads cannot be 

specified from the deterministic approach and is not always expressed by theoretical 

expression, so that it is suitable idea that the total delay time, N d ( n) , has a stochastic 

nature due to the randomness associated with the number and the magnitude of 

overloads Hence, we treat the total delay time as a stochastic process. The probability 

distribution function of total delay time is expressed as 

F(n11 ,n) = Pr[Nd(n) s nd]. (6.3) 

In order to determine F (nd, n) , we introduce the following transition probability 

distribution: 

P(ndln;, n) = Pr[Nd(n<+> ) sndj Overload occurs at then-th cycle, Nd(n) = n; ] , 

(6.4) 

where N d (n<+> ) represents the total delay time after n cycles of loading, including the 

delay time due to the overload at the n-th cycle. Letting q(n) be a probability that an 

overload occurs at the n-th cycle. Classifying the n-th load into overload and no 

overload, we can derive the following equation: 

F (nd ,n +I) = {1 - q(n)}F(nd,n) + q(n) J;'d P(ndln;, n)d,d F(n;,n) , (6.5) 

in which the integral in the second term of the right hand of the equation is of Stieltjes 

type. If the scale of n is set appropriate, the above equation is rewritten as the following 

differential integral equation: 

aF(nd, n) = -q(n)F(nd,n)+q(n)fd P(ndln;, n)d,:J•' (n;,n) , 
an 0 

(6.6) 

where q(n) is re-interpreted as a probability that an overload occurs in a unit time. The 

initial and boundary conditions for F(td,t) are as follows : 

(a) No overloads occur at the initial time, that is, 

limF(td, l)= d ' {
0 (t s 0) 

t-o 1 (Id > 0). 
(6.7) 

(b) The total delay time cannot be negative, and cannot exceed the elapsed time, that is, 
lim F(td, t) = 0, lim F(td, t) = l. (6.8) 
td-o 1d- 1 

If the transition probability P(ndln~, n) is known, then we can obtain the probability 

distribution function of the total delay time F(nd, n) as the solution of eqn. (6.6) under 
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the initial condition ofeqn. (6 .7) and the boundary condition ofeqn. (6 .8). 

The transition probability P(nd1n;,n) is determined from the probability distribution 

function of the delay time for single overload. Let vAt) be a delay time due to the 

overload at the n-th cycle, then the following equation holds: 

Nd(n<+>) =n; +vd(t) . (6 .9) 

The transition probability can be expressed as 

P(ndln; ,n) = Pr[n; +vAn) snd] = Pr[vd(n) snd -n;] , (6.10) 

which means that we can determine the transition probability P(ndl n;,n) if the 

probability ofthe delay time vAt) is known. 

Arone has proposed a certain expression for P(nd1n;, n) (2] , under the assumptions 

that (i) the loading process is a constant amplitude process except overloads, and (ii) a 

parameter associated with the magnitude of retardation effect obeys an exponential 

distribution. In this paper, in order to generalize the shape of the distribution and to 

clarify its influence, Weibull distribution is applied instead of exponential distribution, 

and the following transition probability distribution function is used: 

0 

P(ndln;, n) = 1 (nd ~ n; and n"' +n; - n s 0), 

I - exp[-{ 
nd -n; }P] 

~(n"' +n; - n) 
(otherwise) , 

(6.11) 

in which p and s represent a shape and a scale parameters of the Weibull distribution, 

respectively. The quantity n""' represents the number of cycles when the crack with initial 

length x0 grows to infinity under the condition of no overloads. If the crack propagation 

obeys Paris' law, n""' is evaluated with 

(6.12) 

where E, Z0 , 2(A. + 1) represent a crack propagation resistance, an amplitude of loading 

process, an exponent of the Paris's law, respectively. It should be noted that eqn (6. 1 l) 

reduces to a deterministic distribution in the limit of p-+ oo , which corresponds to the 

case in which the occurrence of overloads is random but its magnitude is constant. 

In this paper, we apply the transition probability of total delay time, P(nd1n;, n), to 

the random fatigue crack propagation process with random propagation resistance and 

random loading amplitude. Then, the parameter n"" is fixed approximately through 

setting E and Z0 to the expectation value of random propagation resistance and of 

random loading amplitude, respectively. 
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6.3 Residual life distribution including retardation effect 

Under the cond1t1on of no overloads, we make an assumpt1on that the fattgue crack 

propagates m accordance w1th Pans law. Then, the behavior of the crack length obeys 

the followmg differential equation 

dX(n) "'EC I ..... , ,\'"-•· (6 .13) 
dn " ' 

in which \ (n), Z, C,. E, and 2(A + 1) represent a crack length after 11 cycles of loading. 

an loading amplitude at the n-th cycle, a normalized propagatiOn res1stance at the crack 

tip after n cycles, a mean propagating resistance, and an exponent of Paris's lov •. 

respectively In eqn. (6. 13), we also assume that the both processes of Z, and C, are 

locally stationary, and that A> 0. 

Let x
0 

be initial crack length 1 e, X(O) = x~, and N be the number of loading cycles 

in which the crack length becomes to a pre-specified critical length re for the first time. 

Then the probability distribution function of N, 

H(n:x~. x)- Pr[N sn], (6.14) 

is called residual life distribution for the crack propagation If we can assume both 
correlations of the processes Zr and C, to decay exponent1ally, then the residual life 

distribution function H(nlx0 ,xJ IS g1ven as follows [3,4]. 

.A• 

(x/- AEA(M:n') ;.. dn' 
2 2 2 Jl\ltn(II,IIK I 

+ E <T u .n. , - ~~..+. ·, 
( __ ._ - '\ -A1 M ')-A EM M.n 
-~o 1\.t.n .n + 

a u 

(6 16) 

where M , M=, o 2
, CJ' represent the means and the variances of C" and Z, 2' l..+ll, 

respectively The constants n; and a 0 are a time duration of correlation cycles of the 

loading amplitude and a spatial correlation distance of random propagation resistance 
The notation <1>[ •] represents a complementary function of the standard normal 
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distribution 

Under the condition that overloads occur, the residual life can be reduced to the 

total delay time and normal crack growth time. Consequently. the residual life 

distribution under the condit1on that the delay time up to 11-th cycle equals to nJ IS g1ven 

as H(n-ndlxo,xc). the residual life distribution including the retardation effect, 

H (n x .. xc}, is led to 

HR(nlxn,xc) = J'll(n-nJ X 0 ,X )d, F(n 1,n), (6.17) 

in which F(nJ ,n) is the probability distribution function of the total delay time, as IS 

introduced in the preceding section 

Equation (6 17) IS concerned only w1th the retardation effect and other failure 

factors are not introduced in the model This leads the life to safety side and is 

insufficient for the life estimatiOn. Overloads sometimes causes not only the retardation 

of crack propagation. but also the ductile failure, possibly The failure of the component 

has a concern in several parameters, such as tensile strength, fracture toughness, loading 

amplitude, etc. These are often uncertain parameters in their "alues so that they are 

regarded as random variables . Since the condition of failure depends on the crack length 

as well as these parameters, it 1s necessary to know the distribution funct1on for the crack 

length m order to evaluate the hazard rate and failure probability 

Let W(x,n x ) be the probability distnbution function of the crack length for no 

retardation, defined by 
W(x,n x ) ~ Pr[X(n) s xI X(O)- x ] (6 18) 

Generally, W(x,n jx0 ) is connected with the residual life distribution, H(nlx1 ,xJ, 

through the approximate relationship as follows 

W(x, ,nlx0 ) + H(nlx, xJ""' 1, (6 19) 

whenever the critical length x IS fixed, for reason that X(n) is a non-decreasing process 

In a strict sense, there exists some decrease of X(n) which is caused by stochastic 

diffusion in Markov approximatiOn, but its probability is negligible if n IS sufficiently 

large. Equation (6 19) also means that W(x, .nix()) can be approximated to 

1- H(n1x>,xJ, if the parameter x is varied in the range x > x, .. 

Since the crack propagation process does not decrease, the relationship m eqn 

(6 19) generally holds whether the retardatiOn occurs or not. 1\Jow, the residual life 

distribution function including retardation, HR(njx, xJ, is expressed in eqn (6. 17}, so 

that, conversely, the crack length distribution function mcluding retardation effect, 

WR(x,nlx0 ), can be approximated to 

WR(x,nlx,) ... }- HR(n x ,,x). (6 20) 
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6.4.Hazard rate and reliability function 

In the preceding sectiOn, the life distribution function has been revised so as to 

reflect the retardation effect by random overloads under fatigue environment, and, as the 

result, an approximation has been made for the crack length distribution function of the 

crack length including overloads 

In this section, the hazard rate is evaluated in consideration of two failure modes, 

which are fatigue failure mode by normal load and ductile failure mode by overload. For 

this purpose, it is necessary to specify the limit state function to define the failure domain 

in the first place. Among the various methods to describe the failure criterion, the two­

criteria approach has been selected for this purpose As is well known, the two-criteria 

approach is an empirical model that combines the bnttle fracture and the ductile failure. 

Among the various lim1t state functions as proposed by different authors, the Burdekin­

Stone's relation has been selected [5]. On the calculation, following six random variables 

are introduced as uncertainty factors with relation to failure [6]: 

(i) X Current crack length, [mm] 

(ii) X 2 • Initial crack length, 

(iii) X, Loading stress, 

(iv) X4 Yield strength, 

(v) X 5 Tensile strength, 

(vi) X 6 . Fracture toughness, 

[mm] 

["\1 mm -l] 

(N mm •2
] 

[N mm -' ] 

[N mm 15
] 

and a vector notation X ... (X1, • • · , X6 ) are used as well. Some notations of the above 

variables are redefined as X1 = X(n), X 2 = xn and X, .. Z, 

From the substitution of these variables to Burdekin-Stone's failure criteria, the limit 

state function leads to 

(X) 2X, Kt 8 I (n; 2X, ) g = - n sec 
X4 + X5 Krc \ n; ~ 2 X 4 + X 5 ' 

(6 21) 

where Kt stands for the current stress intensity factor and Ktc the critical stress intensity 

factor The failure domain corresponds to the negative side of g(X) As is usual, K1 is 

expressed as 

Kt =X, n:X,, (6 22) 

which can imply the geometl) factor, if necessary Usually, K1,. is the same as X, if the 

crack length is neither too small nor too large m comparison to the component size. In 

order to describe the linear elastic failure mode in the extra region, Ktc.. is emptrically 

expressed by Feddersen scheme [8] as a function of X 2 , X 4 , X 5 and X6 
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If the distribution of the random variables is specified, the failure probability is 

calculated from the integral in the failure domain, but it evaluates an instantaneous value 

at the n-th cycle This means that the value of the integral produces the hazard rate, that 

is, the conditional probability of failure at the n-th cycle under the condition of no failure 

before the n-th cycle. 

Under the circumstances in the previous section, it is noted that the random variable 

X 3 obeys the distinctive distribution on the occasion of normal load and overload, 

respectively, while both play the same role in eqn. (6.21) Therefore, the hazard rate is 

separated into two conditional hazard rates, h<N>(n) for normal load and h(0 >(n) for 

overload The former corresponds to the hazard rate under the condition that a normal­

load takes place at the n-th cycle and the latter that an overload takes place at the n-th 

cycle. Each conditional hazard rate can be evaluated with the conditional probability 

density, that is, 

h</l.>(n) = J f 1 (x,niX3 is a normalloadpx, 
X >.. ) sO 

(6.23) 

h<0 >(n) = J fx( x ,niX3 is an overload);/x , 
g(X).:O 

(6 24) 

respectively, where fx (x,n) is the joint probability density function for X . 

Since the occurrence probabilities for overload and normal load are q(n) and 1- q(n) , 

respectively, the total hazard rate h(n) can be obtained through 

h(n) - {1- q(n)}h " (n) +q(n)h 0 (11) (6 25) 

On the assumption that the random variables are independent, the joint probability 

density function is reduced to 
fx (x,nl• ) = w * (xJ>nlx2 )fx, (x2 )f.\ , (x,l • )fx.xl (x4, Xs )fr

6 
(x6) • (6 26) 

where w * (x1,nlx2 ) is the normalized probability density function for crack length, 
a 

WR(x1,nlx2 ) 

w*(x,nlx,)=l.~ (627) 
· WR (xc,nl x~) 

This normalization assures the condition that the failure does not occur up to the n-th 

cycle. 

Once the hazard rate is known for arbitrary n, the reliability function is easily derived 

Generally, the reliability function R(n) is connected with the hazard rate through 
I dR 

h(n) =- (6 28) 
R(n) dn 

Hence, R(n) is expressed by 

R(n) ... exp(-fo'h(n)dn). (6 29) 
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6.5. Numerical studies 

The integrals in eqns (6 23) and (6.24) are too complicated to be analytically carried 

out So, the failure analysis is performed with the numerical integration with the aid of 

the importance sampling simulation as a kind of Monte-Carlo simulation technique, in 

particular, the software package ISPUD [7] 

Table 6.1. shows the type of distribution and its parameters of each random variable 

used in the calculation. The material parameters are specified from material data of the 

high strength steel. Since the coefficients of variation of X4 and X5 are both small in 

this example, so X4 and X 5 are assumed to be independent of each other 

The parameters to specify the distribution of X1 are shown in table 6.2. 

Needless to say, M 2 and a= must be calculated from the distribution of X, 

(normal-load), and M has been set to unity x, is approximately set to 500 [mm], the 

half width ofthe component. 

Figures 6.2 and 6.3 describe the log scaled hazard rate curve for q = L 0 xI 0--1 and 

0. 5 x 10--1, respectively. The solid and interrupted lines represent qhro) (n) and 

(I - q )h<N> (n) , respectively. The former means that the failure is caused by the overload 

at the n-th cycle, and the latter by the normal load Then, the sum of both constitutes the 

hazard rate that overloads are superimposed. For the comparison, the hazard rate in case 

of no overloads is also put as the dotted line on the both figures. 

These figures suggest that in the early stage of low hazard rate the failure caused by 

overloads is rather important than the retardation effect of crack growth. Relating to the 

assumption of the Poisson arrival of overloads, qh<0 > (n) changes slowly. On the other 

hand, (1 - q )h<N> (n) changes rapidly, corresponding to the crack growth In this 

example, the occurrence rate of overloads, q, has a significant effect on the retardation, 

while the effect of q on the overload failure seems to be canceled out by the retardation. 

The reliability function curves are described as a log scaled 1- R(n) in the Fig.4, in 

which solid, interrupted, and dotted lines correspond to q = 0. 5 x 10--1, q = I. 0 x 10--1, and 

no overloads, respectively. 
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Random variable Type of distribution Mean value Coefficient of variation 

xl special type of Eq.(27) - -

x2 shifted exponential 2.5 0.8 

x3 (normal load) shifted Rayleigh 70 0.5 

x3 (overload) Weibull 140 0.2 

x4 Weibull 515 0.05 

Xs Weibull 587 0.05 

x6 Weibull 1641 0.1 

Table 6.1. Types of distribution and values of parameters. 

€ 1 Oxl0-11 

A. 0.5 

n, 1000 

a o 1.0 

p 1.7 

s 0.167 

ac 0.2 

Table 6.~. Values of parameters of special distribution. 
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Figure 6.4 also shows the superiority of the overload failure in the high reliability region 

and the diffusive effect of the life distribution by the retardation of crack propagation 

These results suggest us that the extension of the fatigue life should not be expected in 

the high reliability region and that the retardation effect brings the more uncertainty on 

the life estimation . 

6.6. Conclusions 

It is shown that the hazard rate and reliability function for the fatigue failure is 

discussed on the assumption that the random overloads are superimposed at random 

timing. The retardation effect for crack propagation is expressed as a distnbution of 

total delay time according to Arone's model Arone's method does not treat the 

retardation effect with the crack propagation mechanism, but it IS sufficient to the 

pract1caJ purpose if it is combined with the time variant distnbution of the crack length 

In order to estimate the risk of overloads, the Burdekin-Stone's two criteria approach is 

efficient for numerical failure analysis. Though the resulting expressions are not always 

easy to calculate, the cost of CPU time for the computation is kept in comparatively 

small level with the aid ofthe importance sampling simulation The actual CPU time was 

2500 seconds in average per one point in use ofF ACOM M-770/8 For the pract1cal 

purpose, it is sufficient to evaluate the failure probability for overloads and to neglect the 

retardation effect in the high reliability region, because the delay of the failure become 

effective near the last of its life. 
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Chapter VII 

Summary and Conclusions 

In this study, some topics on the structural reliability analysis were investigated by 

applying the Markov approximation method, which is developed by Tsurui and lshtkawa. 

to the random growth of the fatigue crack. The topics are concerned with the problems 

which are in-service inspection of the structure, multiple site damage, LBB for the ptping 

systems, and the retardation of the crack growth. 

In chapters 2 and 3, we saw how the reliability of the structural component is 

assured by the in-service inspections with two typical policies One is the repeated 

mspection with fixed intervals as is seen in chapter 2, and the other tS history-dependent 

inspection given in chapter 3 The reliability estimation method for each inspection 

policy is established in the stochastic fracture mechanics, and the results pointed out that 

the randomness in the crack growth has a considerable effect, and that the inspection 

intervals have significant effects on the reliability One of interestmg results is that the 

optimal inspection does not always mean that the mtervals become shorter as those of 

earlier inspection. The optimal inspection plan is strongly dependent on the probability 

for the detection of the cracks as well as the initial distribution of the crack length On 

the other hand, in the history-dependent inspection, the first inspection interval is 

important on raising the reliability The result suggests that one should pay attention to 

the quality of the inspection rather than the times of the inspection 

In chapter 4, the fracture from the multiple site damage is investigated in 
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consideration of the interaction of the cracks The distribution function for the two 

colhnear cracks are evaluated by the combination of the analytical approximation and the 

numerical calculation It is observed that the failure probability is sensitive to the initial 

distribution of the crack length This result is expected to become the starting point of 

the reliability analysis for MSD problem 
In chapter 5, the LBB problem is discussed from the view point of the probabilistic 

fracture mechanics. The probability of occurrence of LBB is expressed in the closed 

form, which enables to evaluate the LBB probability up to very smaJI value to be 

required in the reliability assessment on reactor technologies. 

Finally, in chapter 6, the random crack growth in which the retardation effect due to 

the random overload is taken in to account is investigated on the basis of two-criteria 

approach The mechan1sm of the retardation is not specified in this study, but the 

distribution of the crack length is evaluated by means of the distribution function for the 

retardation time. The method to evaluate the hazard rate is proposed in this chapter, and 

the reliability function also is presented in the integral form in a multi-dimensional space. 

The example is calculated through the importance sampling simulation in order to 

observe which of the two failure mode contributes to the hazard rate or the failure 

probability 
Throughout this work. the most emphasized point is a randomness in the crack 

growth process In the many previous studies on the structural reliability by different 

authors, these studies were not treated as a stochastic model for reason of the complexity 

of explosive stochastic process in fatigue crack growth However, the Markov 

approximation method on the crack growth process enables the analytical derivation of 

the distribution function of the crack length, which can be applied in the several problems 

on structural reliability analysis as seen in the previous chapters. The remaining subject 

is a numerical simulation for the crack growth model as a stochastic process, in order to 

verify the validity of the density function of the crack length which is approximately 

given by the Fokker-Pianck equation. Especially, it will be necessary to develop an 

efficient method to simulate the multi dimensional fatigue crack process from the view 

point of the first passage problem in a stochastic field . For this purpose, one of the 

effective methods is to extend the importance sampling procedure to dynamic process. 

In future, as we get more knowledge on the statistical properties in the crack growth, 

the approach from stochastic theory will become more important in the structural 

reliability analysis, because of the increasing requirement of structural safety 
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