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Abstract A population of neuronal oscillators globally coupled through a common buffer (a mean field) was an-
alyzed using the Hodgkin-Huxley (HH) equations, which are famous as a single neuron model. In the system, it
was observed that they oscillate in a phase-locked state very slowly compared with the inherent periods of each
uncoupled neuronal oscillator or their firing are inhibited completely. However, the generation mechanism of these
phenomena is not clear. In this study, a population of globally coupled neuronal oscillators is analyzed using the
three dimensional Bonhoeffer-van der Pol equations, which are the simpler single neuron model than the HH equa-
tions. Similarly to the case of the HH equations, there are interesting phenomena such as very slow phase-locked
oscillation (compared with the inherent periods of each uncoupled neuron oscillator) or the death of all oscillations.
In particular, it may sound strange, but this slow phase-locked oscillation is caused by the existence of fast oscillators.
We also analyze what interactions between neuronal oscillators generate this macroscopic biological rhythm.

Key words globally coupled system, slow phase-locked oscillation, neuronal oscillator, singular perturbation sys-
tem, Hopf bifurcation
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Ws(N) = {det(N1)}" - {det(Nio)}* - det(Hy) (5)
Ws(A) = {det(N1o)}® - det(Hs) (6)

I nf ormation, and Conmuni cation Engi neers

7ziEL,
£i=01-001G—1) (GE=1,---,10) (7)
1—-z2—-D - -1 -1
N; = n —an — A 0 (8)
£ 0 —eb— X
d= (D 0 0) (9)
N, 0] dT
Hi=| " 3 (10)
O e Nl() dT
d/10 d/10 —-D -\
Ny 0 d*
Ny dr
Hy = Ny dr
0 Nio dT
2d/10 3d/10 3d/10 2d/10 —D —\
(11)
N 0 dr
Hs=| O N d’ (12)
9d/10 d/10 —D-—X
Ny 0 dr
Hi=| o Nio dT (13)
5d/10 5d/10 —D — X
N, 0 dr
H5 = O NlO dT (14)
d/10 9d/10 —D —X

TH5 (e, ZFBEETTOEDEEBRD T LICERS) .
F9, N ICDVWTEZS. N; OREAERE,

N4 (an+2° =1+ D+e;b)\?
+[n{a(@*-1+D)+1} +&; {blan+z° -1+ D) +1}] A
+ein {a+b+ab(z®—~1+D)} =0 (15)

&z, EANTNVEY VEBER (RESHNL) THEHO
READFRBERIRDE S 1755,

(an+z°—1+D+e;b)
-[n{a(@-14D)+1}+e; {blan+z>—1+D)+1}]
>em {a+b+ab(z*~1+D)} (16)

DB3BOBERLITNTEEEEBLT, TORERZWEZT D
OHFFERDZ L, B1DXIKED. Fie, BRZ—IiCH
UT H; DEEEOERNITNTH LIRS D OFiFLYE 2 1R
T kB, NEx—21-4 TR, WEBHOER CEGMHEINHEE
ISR E 5.

£1LE2HDE, BNRE=VILBWTTEHEEROREMR T N;
T3 Hi ko TREB T Wb, Fiz, 18%2—21-4

- 138 -

NI | -El ectronic Library Service



Institute of Electronics,

£1 N, OFEEEOLEN
e; (EMBIEIC, i=1,2,---,10) N, OEHHEOEEF

0.1 D > 0.201
0.09 D > 0.203
0.08 D >0.203
0.07 D > 0.202
0.06 D > 0.200
0.05 D > 0.197
0.04 D >0.191
0.03 D > 0.182
0.02 D > 0.168
0.01 D > 0.145

%2 H;, DEFMEORENE
RE—>  H; OEEEOZER

NE—1 0.203 < D < 0.646
INBE—2 2 0.202 < D <0.733
TAY Sk 0.207 < D < 1.486
INE— 4 0.202 < D < 2412
INE—2B L

# 3 FEEIGBEVRERENEDS D OfE
ISE— D

NE—21 0.194
RZ—>2 0.193
ISZ—3 0.205
INZ—> 4 0197
NRE—>5 KL

T, BEEBOBER CEEENEEEMERERZCh 5,
FRy PRIENEETVWS., —F, 82—V 5T, DEE(LX
FTEITRTOBEFEDOELOFENRICEDLT, LEMNE
boinNT D, Ky THEGEE THERN. 3x—ic
BNT, FERIGBOCABESED S D ORI al— 3
ViCkORY, £IIWKRLE TNk, BOREEREIE Ry
TRBEETRETVWS T EHTH 5.

3.2 RWREIFOLLER LIERE IRV REREIOREFR

€1 = 0.1 KU &0 = 0.01 D2 BEDIRE T 12N S4BT
AT LEEZZ, TOWREZNTN Y, 1-p &T 5. RE%—
V3T p=09, NEZ—24TlEdp=05, 8FZ—25Ti&
p=0.12t%%. TOLE, TN (2,9, 27) KBF3vaL
RIOEEZEREXDO L S5,

N dT
) :
N d*
U(\) = det Nio dr
0
Nio dT
d d d d —-D-2\

I nf ormation, and Conmuni cation Engi neers

4 L
unstable
3 F
D

2 / \
1 stable
0 .

0 0.2 0.4 0.6 0.8 1

b 4

X7 (p, D) FHEICH B PR SR DLZERER

= {det(N1)}MP7' - {det(N1o)} P71 . det(H)

17)
=z L,
N @] dT
H=|0 Ng dr (18)
pd (1—-p)d —-D-2A
TH5.

HENMEEFO LD 5EE p ORBEHRE D #ELEE€ 5L, H
OEEBEOZEENED LSBT BHhEHRNS. HDEH
HORENT TR KRS p RU D OFEFE% (p, D) FEi T
oy hgae, I7T0OX3CED. CORIMLTHIB LI,
p<0273 DX, DEEIBTLRHEAILELELT,
Ry THIFBEETVERY. LEDN-T, HEp BT OFERIC
HBLEIR, BERE D EZEZTHIEFISRV ARSI E
CHRRVWEEZLNS.

4. HEHFE

AWE TR, EMEE TV E UTHERE BVP B8 72 AV
T, BAEEBREODH X — o0 U TR FORE
BERDEAFTI IR BB Uz, HH AERNR CFRRIC, 3
OBV FEHHRERREIOE LR E DR RETERNMR SNz,

B, JERICBVEHRENC ISRV RS T OEENEE TH
5T THEENREIFOMEETIZ AL, ZOHx
WIELTELZEKTH S, BORIRINEE 2E% T,
TANTOIREMEL LFEENLEC R > TNBI b, F
WEOLEERBNT A LT, TOXIHRHERKNEERD X
3 IR OVREIF O LR OB EZRD Tz, FTz, FEROLE
fRATic X b, IEFITBORREE (KEREERD) Ky Tn
R ETHRETWS T L ERLE.

KR REHEBONR R — DO T ZIT-> 120, K14
MHIh3 L9, EiE0< D <02 OFEHETIE, FIERIORE
BREFEEAERUTHS. LichoT, BEERPODHZ—
G UTHEMRRICE(L Uz HH ARERZRICEERT, B3R
BVP FERRDZAF IV AIBEMTHS L E A, HmHIR
HICANWTWS EEZLBNS.

SEOBEL LT, XHK(8),[9] kb3 &5 akmiEmix L
EBEZECLT, EFICBOEBHRE L Ry Tl OBKRIc DV

- 139 -

NI | -El ectronic Library Service



Institute of Electronics, Infornmation, and Conmunication Engi neers

THAMCEZL TV TENBETFENS,

B AARO—EE, RERFEMSRIC X O HIERETE
NERICHREERZE 075 L (FIRST & FE R
EFNTOY M) L&D, BAREMRE SR EL THRE
R}z, Eiz, BAEERHZE (C)(21500216) 3 KX UHEAIER
RZARFB EIC X » BIR 22T 1=

X [y

[1] A. Pikovsky, M. Rosenblum, J. Kurths: Synchronization: A
Universal Concept in Nonlinear Sciences, Cambridge Uni-
versity Press (2001) [fEHTHER: [FIAEERROERE & S H-SoER)
2 Ak, s b T¥E T, AEBKNE (2009)]

[2] A. L. Hodgkin, A. F. Huxley: A quantitative description
of membrane current and its application to conduction and
excitation in nerve, J. Physiol., Vol.117, pp.500-544 (1952)

[3] K. Sugimoto, Y. Nii, S. Doi, S. Kumagai: Frequency vari-
ability of neural rhythm in a small network of pacemaker
neurons, Proc. of AROB 7th 02, pp.54-57 (2002)

[4] R. FitzHugh: Impulses and physiological states in theoret-
ical models of nerve membrane, Biophy. J., Vol.1, pp.445—
466 (1961)

[5} J. Nagumo, S. Arimoto, S. Yoshizawa: An active pulse
transmission line simulating nerve axon, Proc. IRE, Vol.50,
Pp.2061-2070 (1962)

[6] S. Doi, S. Sato: Regulation of differentiation in a popula-
tion of cells interacting through a common pool, J. Math.
Biol., Vol.26, pp.435-454 (1988)

[7] S. Doi, S. Kumagai: Generation of very slow neuronal
rhythms and chaos near the Hopf bifurcation in single neu-
ron models, J. Comp. Neurosci., Vol.19, pp.325-356 (2005)

[8] Y. Kuramoto: Chemical Oscillations, Waves, and Turbu-
lence, Springer (1984)

(9] EAHIRC, MRS RFRSROBEAMERIC K37 o
F—, BEfE (2010)

- 140 -

NI | -El ectronic Library Service



