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Chapter 1

THEORY OF MOLECULAR ASSOCIATION
AND THERMOREVERSIBLE GELATION

Fumihiko Tanaka

Department of Polymer Chemistry
Kyoto University
ftanaka@phys.polym.kyoto-u.ac.jp

Abstract  This chapter is devoted to present a general theoretical framework for
deriving phase digrams of associating solutions and mixtures. Our the-
ory starts from the conventional lattice-theoretical description of poly-
mer solutions, but incorporate with molecular association and network
formation from the viewpoint of chemical equilibrium in bond forma-
tion. Applications to the aggregates of low molecular-weight molecules
as well as polymers with finite aggregation number are demonstrated,
followed by the studies of more complicate infinite aggregates (networks)
on the basis of the cascade theory of gelation extended to suit for com-
plex cross-links.

Keywords: Association, Thermoreversible Gelation, Phase Separation, Phase Dia-
gram, Low-Mass Gelator, Hydrogen Bond, Hydrophobic Aggregation,
Hydration, Multiple Cross-Link, Micellar Junction, Mixed Network

1. THERMODYNAMIC THEORY OF
NETWORK-FORMING LIQUUID
MIXTURES

'The purpose of this chapter is to present a general theoretical frame-
work for deriving phase diagrams of multicomponent liquid mixtures of
low molecular-weight molecules, as well as high molecular weight poly-
mers, in which molecules associate with each other by strongly attractive
forces such as hydrogen bonds, hydrophobic force, etc. We treat associa-
tion from the viewpoint of reversible chemical reactions in forming molec-
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ular complexes by such associative forces. We first present a general
theory for studying molecular weight distribution function of aggregates
and phase transitions induced by association. These transitions include
macro- and microphase separation, micellization, hydration, thermore-
versible gelation and liquid-crystallization. To stress the unique feature
of gelation, we classify the type of association into non-gelling and gelling
one. In non-gelling mixtures, oligomers or clusters of finite size are stabi-
lized, while in gelling ones, aggregates grow to macroscopic scales. The-
oretical treatment of these two cases is fundamentally different. Several
possible applications of the theory to non-gelling systems are presented,
followed by the detailed study of thermoreversible gelation with mul-
tiple cross-link junctions with special attention to the multiplicity and
sequence length of the network junctions. Then, the theory is applied to
more complex thermoreversible gels such as binary networks (interpene-
trating networks, alternating networks and randomely mixed networks).
Potential applications to hydrated networks with high-temperature gela-
tion, to polymer-surfactant interaction etc. are suggested.

1.1 Models of Associating Mixtures:

As a model system we consider a binary mixture of linear polymers
R{A¢} and R{By}. The number of statistical units on a chain (referred
to as degree of polymerization DP) is assumed to be ny for R{As}
chains and npg for R{B,} chains. Although we use a word ”polymer”
for a primary molecule forming complexes, we may apply our theory to
low molecular weight molecules equally well by simply fixing n4 and/or
npg at small values. These polymers are assumed to be reactive and
carry a fixed number f of reactive groups indicated by A for R{Af} and
a number g of reactive groups B for R{B,;}, both capable of forming
reversible bonds that can thermally break and recombine. Hydrogen
bonds, hydrophobic interaction, electrostatic interaction etc. are impor-
tant examples of such associative forces. The type of associative inter-
action does not need to be specified at this stage, but will be detailed in
each of the following applications. We symbolically write this model sys-
tem as R{Af}/R{By}. In the experiments, various types of solvents are
commonly used, so that we should consider a mixture R{A;}/R{B,}/S,
where S denotes a solvent. Extension of the following theoretical con-
sideration to such ternary systems is straightforward. Therefore, for
simplicity, we confine in this article to binary systems. Forces work-
ing among associative groups form intermolecular clusters covering a
wide range of aggregation number. If either of the functionalities f or
g exceeds the critical value (3 for pairwise association, but can be 2 for
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multiple association), a cluster grows to macroscopic dimensions as soon
as a threshold in the temperature, or in the composition (concentration),
is reached. Above such a threshold, three-dimensional networks, most
generally comprized of the two components, are formed[1, 2, 3, 4, 5].
To describe such reversible network formation in associating mixtures,
we take the simplest theoretical view, and start from a conventional
lattice theoretical picture of polymer solutions [6, 7, 8, 9] with attempt
“to include association {10, 11, 12] in the form of reaction equilibrium.
Let us first divide the total volume V of the system into small cells
of size a of the monomeric unit on a chain [6]. We have total number
Q = V/a® of the microscopic cells. We first specify the part of the system
containing only clusters of finite size, which will be referred to as sol.
Let Ny, be the number of connected clusters consisting of the number {
of R{A} molecules (referred to as A-chains) and m of R{B,} molecules
(B-chains). .We introduce the symbol (I,m) to specify such a cluster.
The total volume fraction of A-chains in the sol is given by

h =14 Wym, (1.1)
im

where v, = N, /§ is the number of clusters per lattice cell. Similarly,
the total volume fraction of B-chains in the sol is given by

¢% =nB Y MmUm. (1.2)

Im

The total volume fraction of the sol in the system is given by ¢° =
qﬁi + gbg. This should be equal to unity for nongelling systems, or in the
pregel regime of gelling systems, but can be smaller than unity as soon
as an infinite network (referred to as gel) appears, ie., in the postgel
regime of the gelling systems. In the postgel regime, the volume fraction
of the chains of species i in the gel network is given by ¢f = ¢; — quZS for
+ =A,B, where ¢; is the total volume fraction of the species i that is fixed
at the preparatory stage of the experiments. The number density v~ of
the species 4 in the gel is then given by v = ¢f /n; = NE/Q for i =A B,
where NiG is the number of i-chains in the gel. Such decomposition into
the sol part and the gel part automatically takes place in accordance with
the thermodynamic principles. Since we have an identity ¢4 + ¢5 = 1,
in what follows we can take ¢4 as an independent variable and write it
simply as ¢. The volume fraction of B is then given by ¢ =1 — ¢.
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1.2 Free Energy and Distribution Function of
Aggregates

In order to study thermodynamic properties, we start from the stan-
dard reference state in which unconnected A-chains and B-chains are
prepared separately in a hypothetical crystalline state [6, 8]. We first
consider the free energy change AF,., to bring the system from the
reference state to a fictitious intermediate state in which chains are dis-
oriented and connected in such a way that the cluster distribution is
exactly the same as the real one [12, 13, 14]. It is given by

IBAFrea/Q = Z Al,mVl,m + 5AV§ + 631/}(8;’ (13)

lm

where Ay, is the free energy produced when a single (I,m) cluster is
formed from ! of A-chains and m of B-chains in the reference state. We
call this free energy of reaction. Let u7, . be the internal free energy of
an (I,m) cluster. The free energy difference A}, is then given by

Ay = B m — L1 o — Mg 1)- (1.4)

Under a constant pressure, 7, is equivalent to the internal free energy
produced by combination, configurational change, and bond formation
of the constitutional primary molecules. Specific forms of these contri-
butions will be considered in each problem we study in the following.
Similarly, é; (¢ =A,B) show the free energy change produced when an
isolated chain of the species 7 is connected to the gel network. They are
given by 04 = B(u°F — pi o) and ép = Buss — ©§.1), where p3€ is the
internal free energy of an i-chain in the gel network. The two last terms
in eq.(1.3) are necessary in the postgel regime because the number of
molecules contained in the gel part becomes macroscopic and reaches a
finite fraction of the total number of molecules in the system. In the sec-
ond step, we mix these clusters with each other to get to a real mixture
we study. According to the conventional lattice theory of polydisperse
polymer mixtures [8, 9], the mixing free energy AFy,;; in this process is
given by

BAF i /) = Z Vim0 ¢1m + x9(1 - ¢), (1.5)

Im

where ¢y m = (nal + npm)uyy, is the volume fraction occupied by the
(I,m)-clusters, and x is Flory’s x-parameter which specifies the strength
of van der Waals type contact interaction between monomers of dif-
ferent species. The first term gives the mixing entropy of the clus-
ters. Since clusters formed by association are generally polydisperse,
and have largely different volumes, mixing entropy of the Flory-Huggins
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Figure 1.1. Construction of the free energy of associating mixtures. The total free
energy is given by the sum of the free energy of reaction and that of mixing. The
standard reference state is chosen in such a way that each species of molecules are
regularly placed on a hypothetical crystalline lattice with reference intramolecular
conformation (straight rod in the case of polymers).

type must be used even if the primary molecules are low molecular-
weight molecules. The macroscopically connected clusters such as gel
networks, infinitely long linear aggregates do not give the mixing en-
tropy since their centers of mass lose translatonal degree of freedom.
The x-parameter varies with the temperature, but is assumed to be in-
dependent of the composition as in the conventional theory. The number
of contact between the two species may change by molecular association,
and hence the mixing enthalpy (the last term of eq.(1.5)) may be modi-



6

fied. We assume here, however, that the same form remains valid after
association except when the modification is significant due to polymer
conformational change etc. We improve this term whenever necessary.
The total free energy from which our theory starts is given by the sum
of the above two parts:

AF = AFpeq + AFpig- (16)

We next derive the chemical potentials of the clusters to study solution
properties. By the thermodynamic definition of the chemical potential
Apim, = (OAF/ONpm )1 N, - for clusters of the size (I,m), we find

B, = 1+ Ay + In Gp — (nal + ngm)r®
+x{nal(1 — ¢) + npm¢ — (nal +npm)p(l — ¢)}
+nal(l — ¢) — npmg)[d4 (g — Ip(e)E),  (L.7)

where

V5= v (1.8)
Im .

is the total number of finite clusters (per lattice cell) in the mixture. This
number gives the total number of molecules and clusters that possess
translational degree of freedom. Within ideal solution approximation,
they equally contribute to the osmotic pressure. Obviously, gel part is
excluded from v° because it is macroscopic, and its center of mass is
localized. The ratio defined by

Py =[p/na+ (1~ ¢)/np]/v° (1.9)

gives the number-average cluster size, or number-average aggregation
number of clusters.
In particular, we have for molecules that remain unassociated

ﬁijw _ 1__*—7%3?}2 Sy x(1— ¢)2 N [6;1(¢)V§ _ 553((]5),/5] (1-¢),

(1.10a)

BAuor _ 14ldn s oo 64805 — O5(@wg] 6. (1.10b)
nB ng .

Similarly, chemical potentials of the polymer chains in the gel part
are given by

BAUG/na = ba/na—vS +x(1- )2+ (1— ) [54(0)r§ — Tp(o)v§]
(L.11a)
BAuG/np = bpfns—v®+x4" ¢ [5f4(¢)7/§ - 533(¢)V§] . (1.11b)
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To find the equilibrium distribution of clusters, we impose multiple
chemical equilibrium conditions

A,Ull,m = ZA/IIL() + mApO,l (112)

for all possible combinations of the integers (I,m). Upon substitution
of the specific forms of the chemical potentials, we find that the volume
fractions of the clusters are given by

¢l,m = Kl,mxlyma (1.13)

where for simplicity we have written as z and y for the concentrations
¢1,0 and ¢g,1 of unassociated molecules. These unassociated molecules
in the solution are sometimes called unimers to avoid confusion with
monomers. The new constant K, (equilibrium constant) is defined by

Kim=exp(l+m—1-2A1), (1.14)

which depends only on the temperature through A, ,,. Similarly, the
number density of clusters is given by

_ Km  m (1.15)

1% = T
m nal +ngm Y

The total volume fraction ¢° and the total number »° of clusters in the
sol part as functions of z and y are then found by the infinite sum:

¢$°(z,9) = Y Kyma'y™, (1.16)
lm
and %
S l,'m I m .

z,y) = — 'y, 1.17
v (z,y) ;nAHan y (1.17)
1.2.1 Pregel Regime. In non-gelling mixtures, or pregel

regime of gelling ones, the total volume fraction should be given by
¢°(z,y) =1 (1.18)

since all clusters are included in the summation. The volume fraction of
each species is then given by

¢ = nad lunp (1.19a)
Im

1—¢ = np>_ mym. _ (1.19b)
. Im
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These equations are transformed into the coupled equations

S
¢ = nA.'zrﬁL (1.20a)
Oz
o’
1—¢ = — :
¢ nBY 5. (1.20b)

for unknown variables z and y. We solve them with respect to z and
y, and substitute the result into the physical quantities we concern. For
instance, the number-average number of A-chains and B-chains in the
finite clusters are given by

olnvS(z,y) OlnvS(z,y)
= —————%2 and = 1.
<l> . and <m>a 9lny (1.21)
where the average symbol
>~ QumVim
==—""" 22
< Ql,m >n Z Vim (1 )

shows the number average of the quantity Q;,,. Similarly, the weight-
average is defined by

2 imbim
E ¢lm )

The weight-average of the aggregation numbers [ and m in the clusters
are then given by

dln¢°(z,y)
dlnzx

d1n ¢%(z,y)

iy (1.24)

<l >y= and <m >,=

The weight-average DP of the clusters is thus given by the sum

> (nal + npm)dim
Z ¢l'm

—_ o 0 S
- (nA&lnx—FnBBlny)ln(ﬁ @y (1.25)

My

=nag <I>y +tnp <m>y

1.2.2 Sol/Gel Transition and Postgel Regime. So far
we have tacitly assumed that the infinite double summation in ¢° (and
hence in v”) converges. These are double power series with positive
coefficients, so that they are monotonically increasing functions. For
mixtures capable of gelling, a borderline exists which separates the unit
square on the (z,y) plane into a convergent region and a divergent one.
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Exactly on the boundary line, the sol composition ¢° takes a finite
value, but it diverges outside this line. Since the radius of convergence
generally depends on the composition, let us express the boundary by a
parametric form (z*(¢),y*(¢)) for 0 < ¢ < 1. The value ¢5(z*, y*) can
become smaller than unity for a certain region of the composition and
the temperature because the sum does not include contributions from
the infinite clusters appearing in the postgel regime. Hence we can find
the sol/gel transition line by mapping the condition ¢%(z*,y*) = 1 onto
the original temperature-concentration plane.

In the postgel regime, a chain participating in the gel network must be
in chemical equilibrium with an unassociated chain of the same species.
This imposes the additional conditions

Apro=ApG and Apgy = Aug, (1.26)

and hence we find that x and y become functions of the concentration
in the form

2" =explia(¢) — 1] and y* = exp[dp(¢) —1], (1.27)

for the gelling component in the postgel regime. Asterisks indicate that
they refer to the quatities after the gel point. The chemical potential of
each species takes a uniform value in the solution, so that we can write
them as Apg and Apg.

We now substitute all relations obtained by such equilibrium condi-
tions back into the original free energy (1.6), or equivalently, we use
Gibbs-Dithem relation AF/Q = Apad/na + Aup(l — ¢)/ng,-and find
the free energy is simply given by

141 1+1
nx + —I—ny(

BAF/Q = b 1—¢) — v + xb(1 — ). (1.28)
nA np

(The concentration x and y should be replaced by z* and y* in the
postgel regime.) This free energy can be decomposed into two parts as

BAF/Q = fru(d) + fas(d), (1.29)

where

1 —

fn@) = Lmot LD —g)rxea-9) @30
nA ng ,

is the conventional Flory-Huggins free energy of the non-associative

counterpart, and

fAs(¢)z%1n(f)+1'¢1n( Y )+i5+1_¢—u5 (1.31)

@ np 1l—¢" na ng
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gives the effect of association. The effect of association can also be
regarded as a renormalization of the Flory’s x-parameter. It produces
the shift from x to x + Ay, where

Ax = fas(d)/6(1 - ¢). (1.32)

The short-range associative interaction energy originally introduced in
the reaction terms is now interpreted as a composition-dependent mod-
ification of the y-parameter.

1.3 Phase Separation, Stability Limit and Other
Solution Properties

Let us now find some important physical quatities characterizing the
mixture.

(1) Osmotic Pressure The osmotic pressure 7 of the A component
is essentially the chemical potential of the B species with opposite sign,
and given by

pr/npa® = —(1+1ny)/np + v°(z,y) — x¢* + [04(9)v§ — 6p(#)v514.

(1.33)
In a polymer solution in which B component is a low molecular weight
non-associative solvent (np = 1 and d5(¢) = 0), this definition reduces
to the osmotic pressure in the conventional meaning. If we expand this
pressure in powers of the concentration with ng = 1, we have the virial
series

763 kT = ¢/ny + Agd? + Azd® + - - -, (1.34)

where As = 1/2 — x — AAs with AA; being a positive temperature-
dependent constant. Hence, the second virial coefficient has a reduction
A A, from 1/2—x due to the associative interaction. At higher concentra-
tion across the gel point, the osmotic compressibility K7 = (9¢/07)r /¢,
or its higher derivatives, may have discontinuity due to the appearance
of the gel part.

(2) Phase Separation The two-phase equilibrium conditions, or a
binodal lines can be found by balancing the chemical potential of each
component [8, 9]: ,
ANA(¢,, T)= AMA(QbN, 1), (135)

App(¢,T) = App(¢”,T), (1.36)

where ¢' and ¢” are the composition of the dilute A phase and concen-
trated A phase respectively. If either phase, or both of them, lies inside
the postgel regime, chemical potentials must be replaced by their postgel
forms Ap%(¢”,T) and Aug(¢”,T).
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(3) Stability Limit The thermodynamic stability limit, or a spin-
odal line, can be found for the binary system by a single condition
(0Apa/0d)T = 0, or equivalently, d(Apa/ns — App/ng)/d¢ = 0. We
have the equation

ka(®) N kp(d)

| e s —2x =0, (1.37)
where the new functions are defined by
— d ¢ d
ka(¢) = ¢’% (1 + ¢Ac_i—(,g) Inzx, (1.38a)
d od
w(0) = ~(-d)g (1-0G5 )y (138Y)

In the pregel regime, these equations are related to the weight-average
aggregation number of clusters. For homopolymer association where
only A-chains are associated, for instance, x4 reduces to the reciprocal
of the weight-average cluster size as in the conventional polydisperse
polymer solutions [9, 15]. In heteropolymer association, however, ’s
are related to the average cluster sizes in a more complicated way.

2. SOME IMPORTANT EXAMPLES OF
- NON-GELLING ASSOCIATING
MIXTURES

We first show some of the important results obtained so far for the
non-gelling mixtures. Throughout this section, we assume pairwise asso-
ciation of reactive groups. The strength of association can be expressed
in terms of the three association constants defined by

Aaa = exp(—PBAfas), A =exp(—BAfBB), Map= GXP(—ﬂAJ("ABg,
' 2.1

for three combination of pairs [16], where Af is the free energy changes
on forming a bond of the specified pair. To prevent gelation, we assume
that the functionalities of either or both species of polymers are less than
or equal to two in this section.

We apply our general theory presented above, and summarize the
main results in the form of phase diagrams. For the numerical calculation
we introduce the reduced temperature deviation

r=1-0/T (2.2)

from the unperturbed theta temperature ©, which is defined by the
equation x(0©) = 1/2np. The unrenormalized second virial coefficient
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of the osmotic pressure in the generalized sense defined for eq.(1.34)
vanishes at this temperature. We then assume Shultz-Flory’s form [8, 17]

X(T)=1/2np —ghr (2:3)

for the bare interaction parameter, where 1, is a dimensionless material
parameter of order unity. Since the binding free energy can be split into
energy part and entropy one as A f = Ae —TAs for all pairs, we rewrite
the association constant A(T") as

MT) = Aoexp[y(1 — 7)] - (24)
with the dimensionless binding energy
v = |Ae|/kp© (2.5)

and the entropy-related constant A\g = exp(As/kg) [10, 12].

2.1 Dimer Formation

The first system we study is a mixture of R{A1} and R{B;} chains,
each carrying a functional group A or B at its one end. Diblock copoly-
mers are formed by the end-to-end association (hetero-dimerization) [18].
End groups A and B are assumed to be capable of forming pairwise
bond A-B by thermoreversible hetero-association.. Hydrogen bond be-
tween acid and base pair is the most important example of this category.
For such mixtures we have f = g = 1. A composite chain formed is a
diblock copolymer R{A;}-block-R{B1} with a temporal junction (Fig-
ure 1.2). The system is made up of a mixture of diblock copolymers
(1,1), and unassociated homopolymers of each species (1,0) and (0,1).
It is apparently the same as a mixture of chemically connected diblock
copolymers dissolved in their homopolymer counterparts [19, 20}, but
its phase behavior is much richer because the population of the block
copolymers varies by the change of the temperature and the composi-
tion. Let n = n4 + ng be the total number of the statistical units on a
block copolymer chain, and let a = na/n ( b = ng/n) be the fraction of
A part (B part). The relation a+b = 1 holds by definition. Our starting
free energy is given by

BAF/Q = A-vi1+viplngio + vo1 Ingor + i1 Ind11 + xd(1 = ¢), (2.6)

where A = B(u%.p — 1% — u%) is the free energy of dimer formation. By
diferentiation we find for the chemical potential of each component as

BApw = Inz+1—naw’+xna(l —¢)? (2.7a)
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Figure 1.2. Block copolymer formed by reversible association of the pair of end-
funetional polymers R{A:} and R{B1}. The system becomes a mixture of block
copolymers R{A;}-block-R{B1} and their homopolymers whose population distribu-
tion is thermally controlled.

BApor = lny+1—npr + xnpd?, (2.7b)
BAuyy = A+lnz+1—n5+ x{naQl —¢)2+n3q52}, (2.7¢)
where v° = 119+ Vg1 + v11 is the total number of molecules that possess

translational degree of freedom, and z = ¢10,y = ¢0.1, 2 = @11
The association equilibrium condition (1.12) then leads to

z=Kzy (2.8)

for the volume fraction z of the block copolymers, where K = exp (1 — A)
is the temperature-dependent association constant. Because of the non-
gelling nature, we have an identity
¢ =z +y+ Kaey=1. (2.9)
The number density of clusters is given by
z

1
I/S:V:—<—+Q—I—K$y). (2.10)
n\a b

Solving the coupled equation (1.20), we find
z(¢) = {p—a—K '+ ./D(¢)}/2b, (2.11a)

y(¢) = {a—¢—K '+ /D(@)}/2a, (2.11b)

where D(¢) = [a(l — @) + bp + K~1]? — dabp(1 — ¢).

We now split A into the conformation part and bonding part as A =
BA feont + BA foond. The conformational free energy appears because the
entropy of disorientation is reduced when two chains are combined. If
we use lattice-theoretical entropy of disorientation [6, 8]

Sais(n) = kgln {M} (2.12)

gen—1
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for a linear chain of n statistical units (¢ being the lattice coordination
number, o the symmetry factor), we have

ASgs =S S. kgl ZE= L

dis = Sais(na +ng) — Sais(na) — Sais(np) = kpln. ~Cenab
(2.13)
for the entropy change, and the free energy is given by A feont = —T A Sgis.
Combining the free energy of bonding A fyong = A€ — TAs, we find
that the equilibrium constant is given by K = Age P2¢ where )\ =
o(¢ —1)%e~%/k8 [¢enab is a temperature independent constant. The vol-
ume fraction of the diblock copolymers z can then be calculated along

the general theoretical scheme given above.

It is well known that diblock copolymers form a variety of micro-
scopically ordered phases [21, 22]. To study such microphase separation
transitions (MST), one should calculate the correlation function S(q)
of the concentration fluctuation as a function of the wave vector q (and
temperature, concentration). Details of the calculation by using random
phase approximation can be found in the references [21, 22]. When it
is divergent at certain finite wave number ¢, it is the precursor of the
instability against the fluctuation whose spatial variations are charac-
terized by the length ¢~ 1-—hence leading to the formation of an ordered
state with the periodicity ¢~!. In the case of block copolymers, ¢! is
of the order of the radius of gyration of a single polymer chain. Diver-
gence of S(q) thus suggests the periodic microdomain formation. We

can therefore find MST boundary by the condition
S(a@)~t=o0. (2.14)

From the same standpoint, macroscopic stability limit (or spinodal con-
dition) can also be found from the condition S~(q = 0) = 0 by using
the same scattering function. This condition is equivalent to the diver-
gence condition (1.37) of the osmotic compressibility. We applied the
general theoretical scheme developed by Leibler [21] and calculated the
correlation function [18] for the associating diblock mixture and found
the MST boundaries for thermoreversible dimers.

Figure 1.3 shows theoretical calculation of the phase diagram for a
symmetric blend where both chains have the same length [18]. Solid
lines show the binodal, the broken line shows MST line, and dotted
lines the spinodal. MS'T" and spinodal meet at the two symmetric points
(indicated by LP) at which the two conditions (1.37) and (2.14) reduces
to a single one. They are examples of the Lifshitz point — the point
where an order parameter with finite wave number starts to appear [19,
23).
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0.2

0.0

Figure 1.8. . A typical phase diagram. of associating diblock copolymers in which
macro- and microphase separation compete. Binodal (solid line), spinodal (dotted
line) and MST(broken line) are drawn. Critical points are indicated by CP. At the
crossing of spinodal and MST line, Lifshitz points(LP) appear. At the stoichiometric
composition where the number of A groups equals that of B groups, an eutectic point
(e) appears. (Reprinted with permission from Ref.[14]. Copyright 2002, Jap. Soc.
Polym. Sci.) ‘

The whole plane is divided into several regions, each characterized by
the capital letters in it. The region with letter H has a homogeneously
mixed fluid phase. Those shown by MS and MS’ exhibit microscopically
ordered phases where microdomains are regularly ordered. A region
with the letters 2® in the figure is a biphasic region (or miscibility gap)
where two distinct phases coexist. The point indicated by the letter e
in the middle of the phase diagram is an eutectic point where single mi-
crophase melt into the two coexisting homogeneously mixed fluids when
the temperature is lowered. At extremely low temperature, we observe
that the miscibility gap starts to split again at the point €’ in the center
of the concentration axis, and a new homogeneous microphase (shown
by MS’) is stabilized in between. Such a low-temperature microphase
(called reentrant microphase) is stabilized simply because the population
of block copolymers becomes so large in this low-temperature region that
they homogenize the two demixed fluid phases into a single one.

Experimentally, hydrogen bonds are expected to lead to thermore-
versible MST if it is strong enough compared to the repulsive interac-
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tion between the polymer segments but still weak enough to break by
temperature. In this respect, single hydrogen bond is not strong enough,
but through elaborate effort [24, 25, 26] reversible lamellar formation was
confirmed to be possible for semi-crystalline block copolymers, i.e., blend
of one-end-aminated polystyrene and one-end-carboxylated polyethylene
glycol. In contrast, a variety of liquid-crystalline ordered phases induced
by multiple hydrogen bonds have been a focus of recent research inter-
est [27, 28, 29].

2.2 Linear Association and Ring Formation

In this section, we consider association of polymers R{As} carrying
two functional groups at their ends (telechelic polymers) in a solution.
We here confine pairwise association, so that polymers R{As} form ei-
ther linear chains or rings (Chain/Ring Equilibrium) [30]. In the case
of low-mass gelator[38] carrying two complementary hydrogen-bonding
groups, the molecular weight n4 should be a small number, and there
is no ring formation due to the stiffness of fibrous aggregates. More
general case of multiple association, where polymer networks with mi-
cellar junctions are formed, will be treated as a gelling case later. Let
NE be the number of m-mer open chains, and let N be the number of
m-mer rings in the system. The total number of primary polymer chains
(na = n) is then given by

oo
N =Y m(N§ + NE). (2.15)
m=1

Let Ny be the number of solvent molecules (ng = 1). The number of
cells is Q@ = Ny +nN. Let ¢§ = nmNS/Q and ¢2 = nmNE/Q be the
volume fraction of chains and rings. The volume fraction of polymers is
then given by

oo
b= (n+én)=1-¢o, (2.16)
‘m=1
where ¢g is the volume fraction of the solvent. The fraction of rings
among the total polymers is given by

b= ok (2.17)
m=1

We follow the general strategy given above, and start with the free energy
of the solution

BAF = Y {A,C;Ng + AﬁNg} (2.18)
m21
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+ Nolngo+ 3 {NGIngG + NEmgE ) + xo(1 - $)Q,

m2>1

where A are free energies of reaction defined by

AL = Blug —mus) (2.19)
AR = Blury - mps) (2:20)

for chains and rings measured from those of the primary polymers.

We first consider open chains. The number of different ways to
connect m identical polymers into a linear array is given by 2™, but
since the connected chain is symmetric, we have to divide it by the
symmetry number oc = 2, and hence we have 2™~ ! for the combi-
natorial factor. The conformational term is given by the difference
ASeont(m) = Sais(mn) — mSg;s(n) as before. The bonding free energy is
assumed to be given by A fy for each bond. Hence we find

m—1
m-1_ |oc(¢ —1)? - 2\
KC =2m"1m [T (e~ FAfoym—1 = = (2.21)
for the equilibrium constant of the chains, where A(T) = [o¢((—1)2/¢]e”PATo
is the association constant. we thus have :

——qu = mz™ (2.22)

for the volume fraction of chains, where z = 2\¢{ /n is the number
density of associating groups on the unassociated chains. On the con-
trary, equilibrium constant for the rings includes an extra factor of the
probability to form a ring. This factor is proportional to (mn)_3/ 2 for
a Gaussian chain of length mn, but again we have to divide it by the
symmetry factor or = m for a ring, because we can close a chain at any
one of m bonds to form a ring. We thus have

o feclc =12 _ X 22\™! B

(2.23)

for rings, where B = Bpe P57/ is a temperature dependent constant.
The volume fraction of rings is given by

B

The total volume fraction of polymers is given by the sum of the two:

2A
745 = ¢C+¢R me +BZ m3/?

m>1 m>1
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_ (—1—_”936—)2 + Bd(z : 3/2), (2.25)

where the new function @ is defined by the infinite sum

(z:a)= —, (2.26)

The upper limit of the summation is given by the maximum possible
aggregation number and should not exceed the total number N of poly-
mers, but here we have taken thermodynamic limit and let N go to
infinity. The total number of clusters and molecules is similarly given
by

A= )\(1—¢)+me+32—£5%

m>1 m>1

= M1-¢)+ 1= + B2z :5/2). (2.27)

Solving eq.(2.25) with respect to  and substituting the result into (2.27),
we complete our general procudure, and can find equilibrium solution
properties. The functions ®(z : a) with a = 3/2,5/2 appear in the
study of Bose-Einstein condensation of ideal quantum particles [31] that
obey Bose-Einstein statistics. Their mathematical properties were stud-
ied by Truesdell [32] in detail, so that it is called Truesdell function.
Their radius of convergence is given by z = 1. Both function ®(z : 3/2)
and ®(x : 5/2) remain at a finite value at z = 1, but diverge as soon
as z exceeds unity. Jacobson and Stockmayer [30] showed the fraction
of chains and rings on the temperature-concentration phase plane, and
found very interesting phenomena that are analogous to Bose-Einstein
condensation, i.e., when the parameter B exceeds a certain critical value,
100% rings are formed below a critical concentration of polymers. Such a
transition originates in the singularity in Truesdell functions, and hence
loop entropy, and serves as an interesting example of Bose-Einstein con-
densation in classical statistical mechanics.

Another singular property of this model is the divergence of the weight-
average molecular weight at the point « = 1. The condition gives thermal
polymerization line when mapped onto the temperature-concentration
plane because at this point the average chain length goes to infity. Appli-
cation of our theory gives essentially the same results as those originally
found by Scott et al. [33], and later refined by Wheeler et al. [34, 35, 36].
More recently, Dudowicz et al. [37] theoretically studied living polymer-
ization as well as thermal polymerization of sulfur along with similar
consideration.
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In a quite similar way, we can study mixed linear association of R{As}
molecules and R{Bs} ones. The sequence distribution along an associ-
ated chain can be either alternative, sequential, or statistically random,
depending upon the strength of association constants. All these asso-
ciated chains, or rings, are block copolymers if the primary molecules
are polymers, so that they undergo microphase separation transition as
well as macroscopic phase separation. Such a problem of competing
micro- and macrophase separation in associating polymers is one of the
unsolved important problem to be studied.

In the case of linear association of low molecular-weight rigid molecules,
the problem we are studying is related to those of fibrillar association
of bifunctional molecules by (multiple) hydrogen bonds such as seen
in hydrogen-bonded supramolecular liquid crystals [27, 28, 29] and low
molecular weight gelators [38]. Readers can study their equilibrium prop-
erties and phase diagrams within the theoretical framework presented
here. Orientational ordering of the associated mesogens in hydrogen-
bonded liquid crystals will be considered in the following sections.

2.3 Side-Chain Association

Next system we study is a mixture of high molecular weight polymers
R{A;} (DP= n4) bearing the number f of associative A groups and low
molecular weight monofunctional molecules R{B;1} (DP= np) [39, 40], or

_solvent molecules S (DP= 1) [41]. We assume that B group, or solvent
molecule, can attach onto an A group from the side of the polymer
chains. Adsorption of surfactant molecules onto polymer backbones by
hydrogen bonds (Figure 1.4) is an important example of the former, and
hydration of water molecules in an aqueous polymer solution (Figure
1.5) is an important example of the latter. To simplify theoretical
description, we write DP of molecules as n4 = na and np = nb by using
n = na + np. The type of clusters formed is specified by (1,m) with
m = 0,1,2,--, while the unassociated R{B;} molecule is indicated by
(0,1). As in the general scheme, we start with the free energy of the
mixture ’ ’

f f ‘
,BAF = Z Alem+N01 In ¢01+ Z Nlm 1n¢1m+QX¢(1_¢) (228)

m=1 m=0

The volume fraction of R{A;} molecules is given by

f
6= — i . (2.29)

mzoa—l-mb
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Figure 1.5. Hydration of water-soluble
Figure 1.4. Association of end-functional - polymers. Water molecules S are hydro-
low molecular-weight molecules R{B;} gen bonded onto a polymer chain R{As},
from the side of a long polymer chain so that they partially wear cloths which are

R{A;}. Comb like block copolymers are essentially the same as the surrounding sol-
formed. vent molecules.

The free energy required to form a (1, m)-mer from the primary molecules
in the reference state is given by

Am = B(Ulm — Bio — MuG)- (2.30)
Chemical equilibrium conditions
Apim = Apg + mApey (2.31)

then lead to the distribution function of the clusters

$1m = Kmd10001™, (2.32)

where K, = exp(m — A,,) is the equilibrium constant. As usual, we
split the free energy A, into combinatorial, conformational and bonding
terms as

1
Ap = _k—(AScomb + ASconf) + mIBAfO (233)
B

The combinatorial entropy is given in terms of the number ;C;, of dif-
ferent ways to attach m molecules onto f available sites on a polymer
as

AScomb = kB In(fcm), (234)
if attaching process occurs independently. When there is strong attrac-
tive interaction between the attached R{B;} molecules located next to
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each other along the chain, they are adsorbed in sequences, i.e., se-
quences with varied length of R{B; } molecules distribute along the poly-
mer chain. These sequences may induce helical order on the main chain
due to the steric hindrance of neighboring adsorbed molecules. The
combinatorial factor changes to the number of different ways to select
the specified sequences from the finite total length n. Such a correlated
adsorption is recently studied in detail in relation to helix formation on
polymers by adsorption of chiral molecules [40].
The conformational entropy is given by

ASconf('rn) = Sdis(nA + mnB) - Sdis(nA) - deis(nB)
. _1y2Ym™ '
— kgl [“ ’;bm {U(f;BC? } } (2.35)

by using the entropy of disorientation as before.
Putting the results together, we find

a+bm
a

Cm Pg—)r (2.36)

Ky =

for the equilibrium constant, where A(T') = [0(¢ — 1)2/e¢] exp(—BA fo)
is the association constant. The cluster distribution function takes the
form

FAVim =¢ Cnzy™, (2.37)
where two unknown variables are defined by
r = f)\(T)gbm/nA and Yy = /\(T)¢01/nB. (238)

These give the number density of A groups and of B groups on the
molecules that remain unassociated in the solution. They are always
accompanied by the association constant A, so that the concentration
can be scaled by this factor. The association constant therefore works as
a temperature shift factor of the concentration. By counting the number
of molecules and clusters moving together, we find the total number
density is

w(z,y) =y + ?(1 + ). (2.39)

The coupled equations (1.20) turn into
c(1+v)f = fip/na (2.40a)
y+azy(l+9) ™" = X1-¢)/ns. (2.40b)

Since the concentrations appear together with the association constant

as in the r.h.s. of these equations, we introduce new variables cy4 =
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Afp/na and cg = M1 — ¢)/np to describe concentrations. These vari-
ables give the total number density of A groups and B groups. Solving
these equations with respect to « and y, we find

2(6) = ca/(l+y(9)) (2.41a)
v@) = [ea—ca—1+/D9)] /2 (2.41b)

Substituting these results into physical properties, in particular into
v¥(z,y), we find them as functions of the temperature and concentra-
tion. For instance, the average number < m > of B groups that attach
to a polymer chain is given by

f
<m>= Z muim = zy(l +y) 71/ (2.42)

m=0

The spinodal condition becomes

kald) | _rB(E)

nat | mbl—g) X=0 (243)

where
ka(9) = 1— foy'(9)/(1+y(9)), (2.44a)
kp(®) = (1—¢)y(8)/y() (2.44b)

are now functions of ¢ through c4 and c¢p.

We first show theoretical phase diagrams of hydrogen-bonded comb
copolymers. Ruokolainen and his coworkers [42, 43, 44, 45, 46] have
recently observed MST in the mixture of poly(4-vinyl pyridine) (P4VP)
and surfactant molecules 3-pentadecyl phenol (PDP). In this sytem the
hydrogen bonds between the hydroxyl group in PDP and the basic
aminic nitrogen in the pyridine group leads to the formation of comb-
shaped block copolymers with densely grafted short side chains (called
molecular bottlebrush [45]). They observed lamellar structures at low
temperature. The lamellar period L was found to decrease in propor-
tion to the reciprocal of z, the fraction of surfactant molecules per pyri-
dine group in P4VP, and the MST temperature takes a minimum value
(easiest MST) near the stoichiometric concentration z = 1. Our theory
can readily be applied to study such side-chain associations [39]. An
example of the phase diagram for associating comb polymers is shown
in Figure 1.6. The structures of possible mesophases inside MS region
were recently studied by Angerman et al. [47] by constructing RPA free
energy of non-uniform systems.
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Figure 1.6. Phase diagram in which macro- and microphase separation compete by
comb-shaped low-mass side-chain association. n4 = 1000, f = 200,n5 = 10,Xe =
1.0, = 6.0. Homogeneous liquid phase (H), microphase separated region (M), un-
stable region (U) are shown. MST is easiest at the stoichiometric composition indi-
cated by ¢e. Critical solution point (white circle) and Lifshitz point (black circle) are
indicated. Metastable regions inside M region are indicated by horizental thin lines.
(Reprinted with permission from Ref.[39]. Copyright 1997, ACS.)

Helix induction on a polymer chain by association of hydrogen-bonding
chiral molecules provides another important application of our theory.
Chiral centers attached on the chain side often induce helical structures
along the polymer chain by the nature of hydrogen bonds to grow in se-
quence. Small difference in physical interaction is non-linearly amplified
by the cooperative nature of the bonds such that formation of a new bond
become easier in the nearest-neighboring position to the already formed
bond. Cooperative helix induction and chiral ordering in polymers with
hydrogen-bonding side groups was reported by Yashima et al. [48]. In a
series of experiments [48, 49, 50, 51}, poly((4-carboxyphenyl)acetylene)
revealed that, under the presence of chiral and achiral amines and amino
alcohols in a solvent of dimethyl sulfoxide (DMSO), the optical activity
measured by circular dichroism (CD) responds sharply to a slight ex-
cess of R over S form of chiral molecules (majority effect). It was also
found that the optical activity sharply responds to small concentrations
of chiral groups when achiral molecules are added. Chiral groups are
therefore called ”sergeants” and achiral groups "soldiers” (sergents-and-
soldiers effect). We attempted [40] to theoretically describe such coop-
erative chiral ordering in polymers carrying hydrogen-bonded pendant
groups within the present theoretical framework. We derived the above
two major effects by directly analyzing the sequence selection process
when the chiral molecules are attached onto the polymer backbone.
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2.4 Hydration in Aqueous Polymer Solutions
and Closed-Loop Miscibility Gap

We next present phase diagrams of aqueous polymer solutions in which
water molecules are hydrogen-bonded onto polymer chains [41]. We
regard the solvent molecule as R{B;}, and fix ng = 1. The DP of
polymers is given by n4 = n. Figure 1.7 shows a possible phase diagram.
In this figure, we fix the parameters as Ag = 0.002, and v = 3.5 (from
the measured strength of the hydrogen bond in a solution) for a typical
example. The number of the statistical units on a polymer chain is varied
from curve to curve. The number f of attaching sites on a polymer chain
is assumed to be equal to n because each monomer carries one hydrogen-
bonding oxygen. The open circles show critical solution points. The
solid curves show binodals, and the dashed curves spinodals. For such
a small value of Ag, there are two miscibility gaps for low molecular-
weight polymers: one ordinary miscibility dome and one closed loop
above the dome (see n = 102 curve). The closed loop [9, 52, 53, 54, 55]

Figure 1.7. Phase diagram of hydrated polymer solutions. The segment number n
is varied from curve to curve. Binodals (solid lines) and spinodals (broken lines)
are drawn. The critical solution points are indicated by white circles. LCST and
UCST approach and eventually merge into an hour-glass by increasing the polymer
molecular weight. The phase separation loop vanishes by decreasing the polymer
molecular weight. (Reprinted with permission from Ref.[41]. Copyright 1990, APS.)

has one upper critical solution temperature (UCST) on the top and one
lower critical solution temperature (LCST) at the bottom. The dome
has an ordinary UCST. As the molecular weight is increased, the LCST
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and the UCST of the dome come closer and closer, and at a certain
value of n (1670 for the parameters given in this figure) the two points
merge into a higher order critical point (called double critical point [56]).
For a molecular weight higher than this critical value, the two gaps
merge into a single hourglass shape. On the contrary, the miscibility loop
shrinks with decrease in the molecular weight, and eventually vanishes
at a certain critical molecular weight (n = 37 for the Figure 1.7). This
vanishing loop is called hypercritical point. For a slightly higher value
of Ag, however, it was found that the two gaps remain separated no
matter how large the molecular weight may become [41]. There are
three theta temperatures under such condition to which each critical
point approaches in the limit of infinite molecular weight. For a still
larger value of A\g, the closed loop does not appear, and we are left with
an ordinary miscibility dome only. Since the parameter \g is small if the
entropy loss during the bond formation is large, there must be a strong
orientational or configurational constraint in the local geometry for the
appearance of an hourglass.
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Figure 1.8. Phase diagram of aqueous poly(ethylene oxide) (PEO) showing closed-
loop miscibility gap. Theoretical curves are fitted to the experimental data of the
cloud points measured by Saeki et al. The miscibility loop expands with increase
in the molecular weight. The UCST phase separation expected at low temperature
cannot be observed due to crystalization of PEO. (Reprinted with permission from
Ref.[41]. Copyright 1990, APS.) :
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Figure 1.8 shows a comparison [41] of the theoretical calculation with
the observed phase diagram [57, 58] of polyethylene oxide (PEO) in wa-
ter. The number-average molecular weight in the experiment covers the
range 2.17 x 10% — 1.02 x 108, The solid curves show the calculated bin-
odals. The number n of the statistical units on a chain is varied from
curve to curve. Parameters used for fitting are: ¢ = 1,0 =730K,v =
6, and Ag = 1.66x 10~5. Fitting is made mainly by adjusting the unkown
parameter Ag. The agreement is very good. Calculation of PEO/water
phase diagrams was later examined by taking the hydrogen-bond net-
works in water into account [59]. Effect of pressure on the miscibility
loop was studied to derive temperature-pressure phase diagrams [60].

2.5 Hydrogen-Bonded Liquid-Crystalline
Supramolecules

Some rigid molecules are known to undergo liquid crystallization when
hydrogen-bonded to each other. For a binary mixture of low-mass
molecules, as well as polymers, R{A} and R{B}, each carrying at least
one rigid part A and B that form mesogenic core when associated, dimer
type, trimer type, main-chain type, side-chain type, combined type, and
network type are known [29, 61]. These are called hydrogen-bonded
supramolecular liguid crystals. For example, aromatic acid derivatives
with alkoxy or alkyl terminal groups form dimers due to hydrogen bond
between their carboxylic acid groups, and show mesomorphism [62, 63,
64, 65]. Association between different species of molecules also induces
the isotropic/anisotropic phase transition [29, 66, 67]. Most remark-
able one is the case that non-mesogenic molecules form compounds
with mesogenic cores when hydrogen-bonded. In such combinations of
molecules, isotropic materials undergo liquid crystallization by simple
mixing.

To describe liquid crystallization by association, we introduce orienta-
tional free energy in addition to the free energy of reaction and mixing.
Let us assume that R{As} molecule carries the number f of linear rigid
associative groups A of length n% , and R{B,} molecule does the number
g of rigid groups B of length n}. The total DPs are ng = n/y + fn’ and
np = ng + gng. For the orientational free energy, we employ conven-
tional molecular field theory of Maier and Saupe [68], or its extension by
McMillan [69] that includes both orientational ordering of the mesogenic
cores and translational ordering of their center of mass. It is given by

BAF,; = { (-nZ)+ %c(nZ + aa2)yM} N, (2.45)
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where Ny is the total number of mesogenic cores formed in the system,
and vy = Np/Q is their number density. In contrast to the conven-
tional liquid crystals, they are variables that change depending on the
temperature and composition, and should be decided by the equilibrium
condition. The symbol 7 expresses nematic order parameter defined by

1 =< Py(cosh) >, (2.46)

and similarly
‘ g =< Py(cosf) cos(2mz/d) > (2.47)

is the smectic order parameter. (The function Pp(z) = (322 — 1)/2 is
the Legendre polynomial of degree 2. ) The coupling constant ¢ (Maier-
Saupe’s interaction parameter) shows nematic interaction parameter,
and o shows McMillan’s smectic interaction parameter. The averages
refer to the statistical weight for orientation of each mesogenic core,
whose partition function Z is defined by

d 1 )
Z(n,o) = é/ dz/ dcos@exp {¢ [n + ao cos(27z/d)] Pa(cos8)var},

°r (2.48)
where d is the distance between the neighboring planes in a smectic A
structure on which the centers of mass of mesogenic cores are located
(layer thickness). The symbol 6 shows the angle of the longitudinal axis
of each mesogenic core measured from the preferential orientational axis.
By using this statistical weight, the definitions (2.46) and (2.47) become
self-consistent coupled equations to find the order parmeters. We first
solve these equations with equilibrium conditions for vy, and then by
substitution find the chemical potential of each component as functions
of the temperature and composition. We show an example of the phase
diagram calculted by this theoretical framework in the case of dimer
formation [70]. Figure 1.9 shows a phase diagram of a symmetric mixture
with ng = np =10, and n’y = nj = 1 (small rigid head groups carrying
short alyphatic flexible tails). Temperature is measured by t = T/Tn;
in the unit of the nematic/isotropic transition temperature Twr. We
have assumed that Flory’s x-parameter takes the form y = C; + Ca/t
using the reduced temperature ¢ with C; and Cy constants specified by
the combination of molecular species. They are fixed at C; = —0.5
and Cy = 0.05. The association constant is assumed to take the form
MT) = Ao exp(C/t), where C = |Ae|/kpTyy is the dimensionless energy
of the hydrogen bond. We have fixed at A\g = 30.0 and C = 0.3. The
inset magnifies the important part in the Figure. Thin solid line is
the I/N transition line, and thick solid line the N/S;, transition line.
Letters I, N, and Sy, represent the state whose free energy is lowest
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Figure 1.9. Phase diagram of dimer-forming hydrogen-bonded supramolecular liquid
crystal, and its partial magnification. Thin solid line is the I/N transition line, thick
solid line is the N/S., transition line, and dotted line is the binodal. The hatched
area is the metastable region. The dark gray area with ”U” is the unstable region
due to entropy difference between two different species of N structures. The light
gray area with "U’” is the unstable region due to mixing two different species of
molecules. White circle represents the critical solution point. Parameters are fixed
at nga =ng =10, n}y =ng =1, Ag = 300, C = 0.3, Cy = —0.5, C; = 0.05, and
a = 0.5. (Reprinted with permission from Ref.[70]. Copyright 2002, ACS.)

in the area. Dotted lines limiting the hatched metastable region are
binodals. The dark gray area indicated by U is the unstable region that
is hidden inside the coexistent region, whereas the light gray area with
U’ is the conventional unstable region due to demixing. White circles
represent critical solution points. An unstable region hidden in a two-
phase coexistence region due to the first order nature is well known in
metallurgy as metastable phase boundary [71]. Recently the existence
of the spinodal curve hidden in a metastable region has been a focus
of study on crystallization of polymers [72, 73]. These hidden unstable
regions usually accompany the first order phase transitions, and lie in -
the region where the liquid state has the lowest free energy.

At high temperature, the coexistence region caused by first order I/N
phase transition, and also that caused by demixing the two different
species of molecules appear. Depending upon the composition, the mix-
ture separates either into two I phases by the effect of mixing enthalpy
or into I phase and N phase by the I/N transition. At intermediate tem-
perature, the two coexistence regions merge, but the U region and the U’
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region remain separated. From such a structure of the phase diagram,
two-step spinodal decomposition is possible; the mixture first separates
into two metastable I phases or metastable I and N phase, and then into
stable I and N phase. For example, when the mixture is quenched to
black triangle point from a high temperature shown in Figure 1.9 (b), it
separates temporarily into metastable I and N phase (white square) by
the driving force based on the I/N transition, and eventually into stable
I and N phase (black square) by cooperative driving force due to the
I/N transition and the usual demixing. It is, however, also possible that
larger fluctuations in spinodal decomposition lead to direct separation
into stable I and N phase. At lower temperature, two unstable regions
U and U’ also merge, so that the mixture separates directly into stable
I and N phase, or into stable I and Sy, phase by the cooperative driving
force. If we divide the phase diagram into two at the middle and see the
left half, it is similar to a theoretical phase diagram of a lyotropic liquid
crystal first derived by Flory [74], and later confirmed by an experiment
by Miller et al. [75]. The narrow I/N coexisting region extending from
the macroscopic phase separation region is called miscibility chimney.
In lyotropic liquid crystals, the chimney goes straight up to high tem-
perature, but our results show that there is a limiting temperature (the
top of N phase) to which the chimney approaches, because the number
of mesogenic cores decreases with increasing temperature.

3. GELLING SOLUTIONS AND MIXTURES

Let us move onto gelling solutions. We first study simple pairwise
association of functional groups, then generalize the theory to multiple
association. Finally, we study complex mixtures where networks are
formed by more than one species of polymers.

3.1 Micellization and Gelation

We start with a simple model binary mixture [12, 13, 14] in which
solute molecules R{A¢} of the molecular weight ny = n, each car-
rying f identical functional groups A, are mixed with low molecular
weight (np = 1) solvent molecules S. The solute molecules can be low
molecular-weight functional molecules as well as polymers carrying func-
tional groups. Pairwise association between A groups only is assumed
(Aaa > 0,248 = App = 0). In equilibrium state we have solvent (0,1)
and l-mers ([,0), where I = 1,2,3.... To simplify the symbols, we con-
tract the double suffices into single ones, and write [ for an I-mer, O for
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a solvent. Our starting free energy is given by

BAF =3 Nilng;+ Nolndo+xp(1— ¢)2+ > AN +6(¢)NC, (3.1)

>1 >1

where ¢g = 1— ¢ is the volume fraction of the solvent, N the number of
R{A;} molecules in the macroscopic cluster if exists. In general, such a
macroscopic cluster can take any structure as far as its molecular weight
is infinite; it can be a three dimensional branched network, a worm-like
micelle, an infinitely long string, etc. But, in what follows, we mainly
concern networks. Let us first find a simple criterion for gelling with
regard to the size of of the aggregate clusters.
By differentiation, we find for chemical potentials

BAm = A+ 1+Ing —nlv® + xnl(1— ¢)* + nld ($)v°(1 - ¢),
(3.2a)
BApy = 14+In(l—¢)—v°+x¢* - &(¢)v%. (3.2b)

Our general procedure developed above for chemical equilibrium leads
to the volume fraction of the clusters to be given by

¢ = Kign', (3.3)

where ¢, is the volume fraction of the unassociated molecules, and the
equilibrium constant is given by

K =exp(l—1—Ay). (3.4)
We then consider the total amount of materials in the sol:
o
¢°(@,y) =y + Y Kz, (3:5)
=1 '

where z = ¢; for the solute molecules and y = 1 — ¢ for the solvent.
.To study convergence of the infinite summation in this equation, let us
define the free energy gain §; = A;/l produced when a single chain par-
ticipates in a cluster of the size [. Application of the Cauchy-Hadamard’s
theorem [76] gives the convergence radius z* of the power series in the

form .
1/a® = Hm (Kt = el=t, (3.6)

where the least upper bound of the limit has been indicated by a bar.
The quatity deo = lim; o §; is defined by the limiting value of §; as
I — oo. In the present special case of self assembly, we have a linear
boundary in the unit square on the (x,y) plane which is parallel to the



MOLECULAR ASSOCIATION AND GELATION 31

6, + /-1
type 1
I* I*
I=1 : /
| type I
type 111
micellization
/ gelation
singular point
e 11, I1I

Figure 1.10. (Top) The binding free energy per molecule as functions of the aggrega-
tion number. (Bottom) Total volume fraction as a function of the unimer concentra-
tion. Type I leads to micellization with finite aggregation number. Type IT and Type
IIT lead to macroscopic aggregates, such as infinitely long cylindrical micelles, three
dimensional networks. In-the latter case, the volume fraction ¢; of the molecules that
remain unassociated in the solution as a function of the total volume fraction ¢ of the
molecules shows a singularity at the point where the weight average molecular weight
of aggregates becomes infinite.

y-axis. Within the radius of convergence, the normalization condition
3 (z, y) = 1 gives one-to-one relationship between ¢ and z. Formation
of several different spatial structures can be seen from the behavior of
¢;. Figure 1.10 schematically shows the exponent & + 1/l — 1 in the

equilibrium constant K, fl/ ! as a function of {. This function may either
take a minimum at a certain finite { (curve (I} and (III) of Figure 1.10)
or decreases monotonically to a finite value do, — 1 (curve (II)). Let Iy
be the value of I at which the curve reaches the minimum (including
lo = oo for the monotonic case). The cluster size ! for which the volume
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fraction ¢; becomes largest is given by
0A1/Ol =1+ Inz. (3.7)

Let I* be the solution of this equation for the value of x at the conver-
gence radius z*. In the case where [* is finite, the total concentration
corresponding to the upper bound z* is called critical micelle concen-
tration (cmc), since the volume fraction of the clusters with aggregation
number I* goes up to a finite fraction at this value of the total volume
fraction [77]. Sharpness in their appearance is controlled by the curva-
ture of the function § + 1/l — 1 around [*. At cmc, we have [y = I*.

In the case where [* is infinite, on the contrary, a macroscopic clus-
ter appears as soon as z exceeds the critical value z* = exp(§* — 1).
The macroscopic clusters can be branched networks (gels) [4, 5], in-
finitely long polymers [33], or wormlike micelles [78, 79, 80]. For brevity,
we call the former case gelation and the latter case polymerization (in-
cluding worm-like micellization. (Precisely, worm-like micelles formed
by hydrophobic association fall on the category of multiple association
described below. Here, we roughly call one-dimensional self assembled
object worm-like micelle.) The total concentration ¢* obtained from z*
gives the concentration at which this transition takes place. It depends
on temperature through 6. For ¢ above ¢*, the sum in ¢°(x,y) can-
not reach ¢. The amount of shortage ¢ — 3 ¢; condensates into the
macroscopic clusters.

(a) linear (b) disk-like (c) spherical

Figure 1.11. Micellization of end-associative polymer chains. (a) linear association
(b) two-dimensional discotic association (c) three-dimensional spherical association

Let us see simple exémples. When molecules form linear array as
in Figure 1.11 (a), the internal free energy of an aggregate is uf =
—(l = 1)akpT, where akpT is the free energy of a bond. We have

G+1/l—1=—(1—0a)+a/P +1/i (3.8)

with p = 1. For two dimensional disk-like aggregates as in Figure 1.11
(b), we have the same equation with p = 1/2, because the aggregation
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number [ is proportional to the area mR?, and there are no bonds from
outside along the edge. Similarly, we have p = 1/3 for three dimensional
aggregates as in Figure 1.11 (c). All these examples give monotonically
decreasing curve of type II, and hence (¢1)eme = exp|—(1 + «)] for the
critical micelle concentration. Above the cmc, the unimer concentration
is nearly fixed at this value, and the volume fraction of aggregates with
specified number is given by ¢; ~ exp [—(1 + al'7P)], or

e ™ (p=1)
d=d e «1 (p=1/2) (3.9)
e’ <1 (p=1/3)

We therefore expect widely polydisperse distribution for linear aggre-
gates because ¢; is almost constant. For two and three dimensional
aggregates, distribution function decays quickly with the aggregation
number, and, since the total concentration is a given variable, aggre-
gates of infinite size easily appear.

Let us next consider the type I and type III where stable micelles of
finite size are formed. We expand the binding free energy around I* as

1—51—%%a—b(z_l*)2+---, (3.10)

where a, b are positive constants. Since the volume fraction of [-mers is
given by

gy = e7HAD (2 ), (3.11)
cme is decided from the condition
(¢1)cmc =e % (312)
Hence we have ,
gy = e THAD (3.13)

near around ! = [¥, i.e., the distribution function of micelles becomes
Gaussian with mean value [* and variance 1/+v/20*b.

3.2 Gelation by Pairwise Association

Let us consider the simplest gelling binary mixture in which primary
functional molecules form networks in a solvent [10, 11, 12]. In order to
derive the equilibrium constants in an analytical form, let us introduce a
simple model for the internal structure of clusters. Clusters are assumed
to take tree structure with no internal loops (called Cayley tree). Cycle
formation within a cluster is neglected. This is a crude approximation
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on the basis of the classical theory of gelation [8, 81, 82], but in fact it
is known to work very well before the gel point is reached.

Our general theoretical scheme gives for the chemical potentials of the
clusters and solvent as

BAw = Aj+1+Indg —nlvS +xnl(1 - ¢)% +nld (¢ (1 - ¢)

(3.14a)

BApo = 1+In(l—¢)—v¥+x¢? — &(¢)%, (3.14b)
where

VSEZV1+1—¢ (315)

gives the total number of molecules and clusters having translational
degree of freedom. As usual, we now split the free energy into three
parts: : :
Al — Alcomb + A?onf + A})ond. (3.16)
To find the combinatorial part, we employ the entropy change on com-
bining ! identical f-functional molecules to form a single Cayley tree.
The classical tree statistics [82] gives

ASFOTP = kg In[flw], (3.17)
where (D)
SN — 21+ 2)! (3.18)

is Stockmayer’s combinatorial factor [82]. The free energy is given by
Alcomb — ___Asrlcomb/kB.

For the conformational free energy, we again employ the lattice theo-
retical entropy of disorientation (2.12), and find

-1
ASFM = Sgig(in) — 1Sgis(n) = kpln [(‘7(27—711)2) l} - (319

Finally, free energy of bonding is given by
APord = (1 - 1A, (3.20)

because there are | — 1 bonds in a tree of [ molecules, where Afy is the
free energy change on forming a single bond.
Combining all results together, we find

Ky = floy (f/\)lkl » (3:21)

n
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for the equilibrium constant, where

MT) = [o(C = 1)*/¢e] exp(—BA fo) (3.22)
is the association constant. The distribution of clusters (3.3) then gives
A = wixt (3.23)

for the number density, where the independent variable z here is defined
by .
x = fAd1/n = fau, (3.24)
which gives the number of functional groups f¢;/n carried by the unas-
sociated polymer chains in the solution multiplied by the association
constant A(T') as a temperature shift factor. From this distribution
function, we can obtain average values of physical quantities. First, the
total number concentration of the finite clusters is given by

A Z v = So(z). (3.25)

>1

Their volume fraction is

Ay o= (3.26)

S
Therefore, the number average of the cluster size is given by
=) /Y n=5(z)/S=) (3.27)°
and the weight average is
Ly =Y P/ = Sy(z)/S1(x) (3.28)
These are written in terms of the moments of Stockmayer’s distribution

function defined by

oo
=3 Fwal (k=0,1,2--). (3.29)

These moments are explicitly written in terms of the extent o of
reaction defined by the equation

z=a(l-a) 2 (3.30)
For instance,
So(z) = a(l-fa/2)/f(1 - ), (3.31a)
Si(z) = of/f(1—a)? | (3.31b)
So(z) = a(l+a)/fl1 - (f - 1)1 —a)? (3.31¢)
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To see the physical meaning of «, let us calculate the probability for
a randomly chosen functional group to be associated. Since an [-mer
includes the total of fl groups, among which 2(I — 1) are associated.
Hence the probability of association (extent of reaction) is given by

2[51(z) — So(x)]/ fS1(z) = a. (3.32)

Thus, « gives the extent of association.
By using o, the average cluster sizes are given by

L = 1/(1- fa/2) = Py(a) (3.33a)
ly = (+a)/[1—(f-1a]=Py(a). (3.33b)
3.2.1 Pregel Regime. The weight average diverges at a =

1/(f — 1). This suggests that & = a* = 1/(f — 1) is the gel point. The
number average also diverges at o = 2/ f, but since 2/f > 1/(f — 1), we
have to study the postgel regime to examine its behavior. In the pregel
regime where o < o* holds, the volume fraction ¢° occupied by the
polymer chains belonging to the sol must always be equal to the total
polymer volume fraction ¢ since no gel network exists. Thus the total
polymer volume fraction ¢ and the extent of association o satisfy the
relation

JA o

et (3.34)

We can solve this equation for a. The result can be expressed as
1
o= {1420 VI+4c) (3.35)

in terms of the number concentration

c= firr(—bz;)cp (3.36)

of the functional groups (with the temperature shift factor of the associ-
ation constant). We can then express all physical quantities directly in
terms of c. For instance, the total free energy per lattice cell is given by

pAE _ ¢

=y {(f — (1l —a)+lna+ -;-fa}+(1—¢) In(1—¢)+xd(1—¢).

(3.37)

Hence the renormalization of the x-parameter by association turns out
to be

Ax(p) = [(f —2)In(l —a) +Ina+ %foz - lnqb] /n(l — ¢) (3.38)
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We thus find the molecular origin of the concentration dependence of
Xx-parameter in associating polymer solutions. In a similar way, the
spinodal condition is given by

ale) 1 _
d + - 2x =0, (3.39)
where a new function « is defined by
1= (f~-Na 1
k() = —— e~ Py (3.40)

with a given by (3.35). It is the reciprocal of the weight-average cluster
size.

3.2.2 Gel Point. Let us next find the sol/gel transition point.
The free energy change d; per molecule is a steadily decreasing function
of I, approarching the limiting value doo =1 — (f — D) In(f — 1) + (f —
2)In(f — 2) — In A(T'). This model therefore falls on the category II in
the Figure 1.10. This limit gives for the convergence radius of the series
(3.29)

$1 = exp(doo — 1)
or, equivalently, '
ot = (f =27 2/(f - 1)/ (3.41)
in terms of z, and

o =1/(f - 1)

in terms of the extent of association as was expected from the divergence
of l,. The volume fraction of polymers at the gel point is then given by

This gives sol/gel transition line on the temperature-concentration plane.

3.2.3 Postgel Regime. In the postgel regime where ¢ > ¢*
and a > a*, we have additional balance condition between the chemical
potential of a polymer chain in the sol part and the one in the gel
part [83]. This equilibrium condition Ay; = Ap® gives

Inz = 6(¢) — 1. (3.43)

Here, the free energy 6(¢) produced on binding a chain onto the. gel
network should depend upon the concentration because the structure of

—55—
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the gel changes. It starts with the initial value d at the gel point, i.e.,
8(¢*) = doo. Thus, the volume fraction of the unreacted chains is related
to the binding free energy.

Since the conversion in the sol can in general be different from that in
the gel, let us write the former as o’ and the latter as o’. The average
conversion « of the solution as a whole is given by

o= o'w’ + o"wC. (3.44)

The volume fraction ¢° of polymers belonging to the sol is consequently
given by

A /n = 81(a) (3.45)
in the postgel regime, so that it is different from the total ¢ that is given
in terms of a. The sol fraction w® is given by

w® = ¢%/¢ = $1()/S1(e), (3.46)
and hence the gel fraction is given by
w® =1-81(«)/81(a). (3.47)

The number vS of the total clusters in the chemical potentials must also
be replaced by .

VS = So(o)/A+1-¢ (3.48)
since it must give the number of molecules and clusters that have trans-
lational degree of freedom. The gel network spans the entire solution and
loses translational motion. By using this ©°, the chemical potentials are
given by

At 1+1
PR 1ERE 08 1 (1~ 6 +8(8)(1 - 9)°, (3:499)
BAE; = 1+In(1—¢) =5 +x¢*—6()pC.  (3.49b)
The function & in the spinodal condition takes a form
_d ac d ,
K(9) = i3 (1 Fw d1n¢) Inz(a), (3.50)

which is different from the one in the pregel regime. Explicitly, it be-
comes

w(6) = |1+ (1~ ];Z((aa))” Pwl(a) Ry (Pwl(a)) - (35D

(1) Flory’s treatment
By the definition (3.30) of o, z takes a maximum value z* =. (f —
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2)/=2/(f —1)f~' at @ = 1/(f — 1). Therefore, two values of a can be
found for a given value of z. Let us consider the postgel regime o > a*.
For a given a, the value of z is fixed by the relation z = a(1 — a)f 2.
Flory postulated [8] that another root o lying below o* of this equation
for a given value of x gives the extent of reaction in the sol. The larger
one of o lying above a* gives that for all functional groups in the system.
The volume fraction ¢° of polymers in the sol is then given by

A /
Zpt = —2 (3.52)
O TT
and the gel fraction is given by
wl=1-w’=1-(1-0a)?/(1-d)%. (3.53)

Hence, the gel fraction reaches unity only at the limit of complete reac-
tion a = 1. The extent of association o in the gel can be obtained by
eq.(3.44). Explicitly, it gives

" =[(1-d)%e® - (1 — a)?2d?|/[(1 - )2a— (1 —a)®e]. (3.54)

This value is larger than that given by the infinite limit in the tree
approximation

Jim [(F — 201+ 21/ L= 2/, (3.55)

so that, in Flory’s picture, cycle formation is allowed within the gel
network. The binding free energy 6(¢) of a chain onto the gel network
is then given by

5(c)=1-(f - 1)Inc+ fInf(vI+4c—1)/2]. (3.56)

As shown in Figure 1.12, the absolute value of the binding free en-
ergy is a monotonically increasing function of the concentration. With
increase in the concentration, the network structure becomes tighter, so
that binding of a polymer chain becomes stronger. The main results
obtained by Flory’s picture are summerized in Figure 1.13.

(2) Stockmayer’s treatment
However, Stockmayer [82] later remarked that Flory’s result in the post-
gel regime is inconsistent with the tree assumption, since the treatment
permits cycle formation in the gel network. To remove this inconsistency,
he proposed another treatment of the postgel regime. He introduced a
different assumption that the extent of reaction of functional groups in
the finite clusters remains at the critical value 1/(f — 1) throughout the
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Figure 1.12. The dimensionless binding free energy in the postgel regime in two
treatments. In Flory’s treatment, the absolute value of the binding free energy in-
creases with the concentration because the number of junctions on a chain increases
on average.

postgel regime. He also proposed that in the postgel regime the extent
of association in the gel network takes the value o” = 2/f appropriate
to an infinite tree structure without cycles. The weight fraction w® of
the gel then takes the form

_(f-Na-—-1 '
G = BEETY I (3.57)

where a (> a*) is the extent of reaction including all functional groups.
It is a linear function of ¢, and reaches unity at & = 2/ f before reaction
is completed. The volume fraction of the sol ¢° remains constant at % =
¢*. The number-average DP remains constant at I, = (f —2)/2(f — 1),
while the weight-average is divergent I, = oo in the postgel regime.
The binding free energy is fixed at d.. From a physical viewpoint,
Flory’s model is closer to reality, since intramolecular connection is an
essential feature of the network structure. The main results obtained by
Stockmayer’s picture are summerized in Figure 1.14.

Figure 1.15 compares phase diagrams calculated by the two different
treatments of the postgel regime [83]. Binodals and spinodals appear
in different positions. For the same association constant, Stockmayer’s
treatment gives a tricritical point (T'CP) [84, 85] at the crossing of sol/gel
transition line and binodal (spinodal), while Flory’s treatment gives a

w
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Figure 1.13. The gel fraction, the extent of association and the average molecular
weight calculated on the basis of Flory’s postgel picture. The number-average has
discontinuous slope across the gel point, while the weight average diverges.

critical endpoint (CEP) [85] at the shoulder of the binodal and a crit-
ical point (CP) in the postgel regime. This is possible because Flory’s
treatment allows cycle formation within the gel network. Existence of a
CP in the postgel regime suggests that phase separation between dilute
gel (with only a few cycles) and concentrated gel (with many cycles) in
the postgel regime is possible.

In Figure 1.16, we show a comparison between experimental phase dia-
gram of atactic polystyrene (at-PS) solution in carbon disulfide (CS2) [86,
87, 88] and its theoretical calculation. This solution shows TCP type
phase diagram, but CEP types were also reported for at-PS in different
solvents [87]. Here, we attempted to fit the data by simple pairwise
crosslinking in Stockmayer’s picture. The molecular origin of cross-
linking has been the subject of a great deal of works [4, 87, 89, 90],
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Figure 1.14. The gel fraction, the extent of association and the average molecular
weight calculated on the basis of Stockmayer’s postgel picture. The number average
has again discontinuous slope across the gel point, while the weight average remains

divergent in the postgel regime.

but there still remains divergence in opinions. One series of studies pos-
tulate [89] the existence of short crystallizable stereoregular segment se-
quences on polymer chains, even if they are atactic, that are responsible
for the formation of microcrystalline junctions. Another studies [4, 90]
propose that cross-linking takes place by specific interaction such as
formation of stoichiometric compounds involving solvent molecules. If
such complex formation is the mechanism of cross-linking, the gelation
temperature should not show a steadily increasing function of the poly-
mer concentration, but should show a maximum at a certain concentra-
tion [90]. Existence of specific interaction was later suggested by light
scattering study of at-PS dilute solution in toluene-CSg mixture [91].

__AN—
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Figure 1.15. Comparison of the theoretical phase diagrams for low molecular-weight
{(n = 1) trifunctional (f = 3) molecules calculated by Flory’s treatment (upper lines)
and Stockmayer’s treatment (lower lines) of the postgel regime for the same associ-
ation constant. Flory’s treatment allows cycle formation within the gel network, so
that phase separation between dilute gel with only a few cycles and concentrated gel
with many cycles with a critical solution point (white circle indicated by CP) is pos-
sible in the postgel regime. (Reprinted with permission of Ref.[14]. Copyright 2002,
Jap. Soc. Polym. Sci.)

3.3 Multiple Association

Most thermoreversible gels of polymers and biopolymers have cross-
link junctions connecting polymer segments belonging to several distinct
chains (multiple junctions). For instance, gelation by micro-crystallization
of the chain segments, by ionic aggregation, and by hydrophobic asso-
ciation of special groups attached on the polymer chains, all belong to
this important category [4, 5]. In some biopolymer gels, triple helices
serve as extended cross-link junctions. '

Among these, associating polymers are very important, because they
form ultraweak networks in water. Associating polymers are water-
soluble polymers carrying hydrophobic groups on the backbone or on
the chain side [13, 92]. Typical model APs that have recently been
the focus of study are water-soluble polymers partially modified by hy-
drophobic groups. One series of APs are based on poly(ethylene oxide)
chains (PEQ), being modified by short alkyl chains [93, 94, 95, 96, 97, 98,
99], propyrene oxide (or butylene oxide) chains [100] and fluorocarbon
chains [101, 102, 103, 104]. Hydrophobes are either periodically or ran-
domly attached on a polymer chain. The simplest one is a telechelic poly-
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Figure 1.16. Phase diagram of atactic polystyrene in carbon disulfide. Thermore-
versible gelation coexist with phase separation. Theoretical sol/gel transition line
(broken line), binodal (solid line) and spinodal {dotted line) are drawn. Temperature
is measured by the reduced temperature 7 = 1 — © /T with the theta tempearature
© = —70°C. Experimental data of the gel points (black symbols) and cloud points
(white symbols) are shown for three different molecular weights. Theoretical calcula-
tion is fitted to the data for M = 9.06 x 10%. (Reprinted with permission of Ref.[14].
Copyright 2002, Jap. Soc. Polym. Sci.)

mer carrying two hydrophobes at the chain ends. Another series of APs
are based on cellulose derivatives. Some examples are ethyl hydroxyethyl
cellulose (EHEC) [105, 106, 107] and hydroxypropyl methyl cellulose
(HPMC) [108, 109]. Polyelectrolytes partially. modified by hydrophobic
groups have also been intensely studied [110, 111, 112, 113, 114].

In this section, we attempt to extend our theory from pairwise asso-
ciation to more general multiple association. As a model solution, we
consider a mixture of associative molecules in a solvent. Molecules are
distinguished by the number f of the associative groups they bear, each
group being capable of taking part in the junctions with variable mul-
tiplicity which may bind together any number k of such groups [115,
116, 117]. We include k£ = 1 for unassociated groups. We allow junc-
tions of all multiplicities to coexist, in proportions determined by the
thermodynamic equilibrium conditions. In order to incorporate polydis-
persity in the functionality, we allow the number f of associative groups
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to vary. Such polydispersity in the functionality of polymers is essential
when associative groups are activated by the conformational transition of
polymers as in biopolymer gels. In such cases, the functionality f is not
a fixed number but changes depending upon temperature, concentration
and other environmental parameters.

Let ny be the number of the statistical segments on an f-functional
primary molecule, and let Ny be the total number of molecules in the
solution. The weight fraction wy; of the associative groups carried by
the molecules with specified f relative to the total number of associative

groups is given by
wy = fN¢/ Y fNy. (3.58)

The number- and weight-average functionality of the primary molecules
are then defined by

fn = (wa/f)_la . (3593‘)
fu = ) fuy. (3.59b)

The volume fraction of f-functional molecules is given by ¢ ;= nsUs,
where vy = N;/f) is their number density, and the total volume fraction
by ¢ =3 f by .

In thermal equilibrium, the solution has a distribution of clusters with
the population distribution fixed by the equilibrium conditions. Follow-
ing the notation used by Fukui and Yamabe [115], we define a cluster of
type (j;1) to consist of ji junctions of multiplicity & (k = 1,2,3,...)
and Iy molecules of functionality f (f = 1,2,3,...). The bold let-
ters j = {Jj1, 72,73, .--} and 1 = {ly,1s,13,...} denote the sets of indices.
An isolated molecule of functionality f, for instance, is indicated by
jof = {/,0,0,...}, and lpy = {0,...,1,0,...}. (The f-th number is unity,
others are zero.) .

Let N(j;1) be the number of (j;1)-clusters in the system. Then their
number density is given by v(j;1) = N(j;1)/€, and their volume fraction
is given by

Fz1

(i 1) = (Z 'flflf> v(j;1)- (3.60)

The total volume fraction of the polymer component in the sol part is
given by the sum over all possible cluster types

¢=> ¢(i;)) (3.61)
il

As in the preceding sections, we start from the standard reference
state (polymers and solvent molecules being separated in hypothetical
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Figure 1.17. A cluster formed by multiple association. It is characterized by a set
of vectorial indices j specifying the type of junctions and 1 specifying the type of
molecules.

crystalline states). The free energy change on passing from this refer-
ence state to the final solution, at equilibrium with respect to cluster
formation, is given by [116]

BAF[Q = goln o+ > v(iDIAG) +Ing (5D} + Xbod + Y vF d7(¢).
3l f

(3.62)

Here, the free energy change A(j;1) accompanying the formation of

a (j;1)-cluster in a hypothetical undiluted amorphous state from the
separate primary molecules in their standard states is defined by

A =8 {MO(J'; H->" lf/f(joﬁlof)} : (3.63)
f

In the postgel regime where a cluster grows to a macroscopic network,
the free energy has the last term for the gel part [12, 116].

Following the general strategy, we first derive chemical potentials of
the clusters and solvent, and pose chemical equilibrium conditions

Ap;l) = 1 Au(ior; loy) (3.64)
f

to find the cluster size distribution function written in terms of the
volume fraction of the polymer chains that remain unassociated. Sub-
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stituting the result back into the starting free energy (3.62), we find it
in the form of (1.29), where the association part is given by

Frsd) =S Y m@) 116 s (365)
A 7

nf

Here, ¢of = #(jos;los) is the volume fraction of f-molecules that remain
unassociated in the solution. The number of molecules and clusters
possessing translational degree of freedom takes the form

VS = (Z %i) Jln +1— ¢ (3.66)
PR

To derive I, (the number-average DP of the clusters), we again apply
classical tree statistics, but now augmented to suit for multiple asso-
ciation. We have recently presented a systematic method [118, 119]
to calculate number- and weight-average DP of condensate polymers
(aggregates). This method is based on the application of cascade pro-
cess [120] to polycondensation of functional molecules. Derivation of the
main result is straightforward but tedius, so that we describe here only
the outline of the multiple cascade theory. ‘

We first introduce the probability py for a randomly chosen associative
group to be in the junction of multiplicity k. The total extent « of

reaction is given by
a= (3.67)
k>2

Then, p; = 1 — « is the probability for an associative group to remain

unassociated. This is equivalent to the normalization condition 3 pr =
1. The cascade theory then uses the function u(z) with regard to the
junction. This function (referred to as junction function) is defined by

u(z) = Zpka:k'l. (3.68)
k>1

The number- and weight-average multiplicity of the junctions are defined
by '

-1
fin = (Z pk/k) , (3.69a)
k

fw = kak. : (3.69b)
k
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The cascade theory of multiple association [118, 119] then gives for the
number- and weight-average DP of polymer aggregates

V= 1-fy /01 o/ (2)dr = 1 — fo(l — 1/fin), (3.70a)

- fulw — 1)
b= M T DT (3.70b)

From the weight average, the gel point turns out to be given by the
condition '

(fw — )(fiw — 1) = 1. (3.71)

In the case of thermoreversible reaction we are now concerned, the prob-
ability pg obeys the reaction equilibrium condition

Ypr/(Yp1)* = Ky, (3.72)

where ¢ = 3 f N/} is the number density of functional groups. Hence,
Pr is given by

pre = Kx*'pf. (3.73)
We then assume the form Ky = A(T)¥~1v;, where \(T') = exp (—A fo/ksT)
is the association constant (A fy being the binding free energy), and
includes the free energy due to the existence of the surface on the micellar
junction. Substituting this form of p into the normalization condition,
we find

ATy = zu(z), (3.74)

where the function #(z) to be used to characterize the junctions is defined
by
w(z) = Z 2t L, (3.75)
k>1

by the parameter z defined by
2= MD)pr = A(D)Y(1 — a). (3.76)

This gives the concentration of the associative groups that remain unas-
sociated in the solution (multiplied by the association constant). From
(3.74) that relates the parameter z (and hence reactivity «) with the
given polymer concentration ¢, we can find [, and [y as functions of
the temperature and concentration. Hence, we find the free energy. The
gel point condition (3.71) is transformed into the equation

(fw — Dzt (2)/a(z) = 1. (3.77)
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The multiplicity of the junctions is in principle determined automati-
cally by the equilibrium requirement for a given associative interaction.
In the case of hydrophobic interaction, the chain length of a hydrophobe,
the strength of water-hydrophobe interaction, the geometric form of an
aggregate, and other factors determine the association constant A\(T) and
the junction multiplicity k. For practical treatment, we avoid complexity
in finding the precise form of the coefficients 7, and hence distribution
of the multiplicity, but instead, we introduce model junctions [116].

In one of the practical models in commmon use, multiplicities lying
in a certain range covering from k = kj, t0 kmae are equally allowed
(mini-maz junction). We have

k=1 (free), k = kmin, kmin + 1, ..., kmez  (associated). (3.78)
The junction function takes the form

kmaz
a(z) =1+ Z Pl =1 4 (ghmen=l _ phmas) /(1 — 2). (3.79)

k=kmin

Such assumption of the limited range can be, to some extent, justified
in the case of micelles of hydrophobic chains [117].

When only a single value is allowed, i.e., knin = kmaez = k, we call the
model fized multiplicity model. Thus, for k = 2, fixed multiplicity model
reduces to pairwise association. The above normalization relation for the
fixed multiplicity model of monodisperse polymers (f and n definite) is
given by

AT)¢/n = oM/ E=1 /(1 — q)F/ k=D, (3.80)

in terms of the extent « of association to the (scaled) polymer concen-
tration. The gel point condition (3.77) gives (f — 1)(k — 1)a = 1 and
hence |

o =1/(f - 1)k ~-1) (3.81)

leading to the critical concentration
MNT)¢*/n = (f = D)k = 1)/fI(f =Dk - 1) - y¥ED, - (3.82)

where ¢* is the volume fraction of the polymer at the gel point.

Figure 1.18 plots the reduced concentration A(T")¢* /n at the gel point
as functions of the junction multiplicity. The functionality is changed
from curve to curve. For bifunctional molecules f = 2, at least multiplic-
ity 3 is necessary for gelling. The gelation concentration monotonically
decreases with multiplicity. For the functionality higher than 2, how-
ever, there is an optimal multiplicity for which gelation is easiest. In
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Figure 1.18. The reduced concentration A(T")¢* /n at the gel point plotted against the
junction multiplicity. The functionality is varied from curve to curve. For bifunctional
case of f = 2, it is a monotonically decreasing function, while for f larger or equal to
3 it has a mimimum at a certain multiplicity, where gelation becomes easiest.

such cases, growth of the networks becomes difficult with increase in the
number of branches at the junctions.

Figure 1.19 shows the shift of phase diagrams with increase in the
multipliicity for bifunctional molecules. Sol/gel transition line (thick
broken lines), binodals (thin broken line) and spinodals (solid lines) are
drawn for a fixed multiplicity within Flory’s postgel treatment. Above
a certain critical multiplicity (k = 5 in the Figure) two critical solution
points merge into one, and phase diagram changes from CEP type to
TCP type. '

3.4 Structure of the Networks with Multiple
Junctions

On passing the gel point, networks appear and coexist with finite
clusters. The structure of a network can be studied from two different
viewpoints: local viewpoint and global one. The local structure of a
network focuses on the structure of each network junction, including
its multiplicity, sequence length, degree of chain packing, etc., while the
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Figure 1.19. Sol/gel transition lines (thick broken lines), binodals (thin broken lines)
and spinodal lines (solid lines) of bifunctional (f = 2) polymers with n = 100,
Ao = 10.0 for association with fixed multiplicity (kmirn = kmaz = k). Multiplicity
k is changed from 3 to 8. The transition line shifts to high temperature and low
concentration region with the multiplicity. Gelation is easier for larger multiplicity.
(Reprinted with permission of Ref.[14]. Copyright 2002, Jap. Soc. Polym. Sci.)

global structure treats topological connectivity of the network as a whole,
paying special attention to the cycle rank (number of independent loops),
number of elastically effective chains, number of dangling ends, average
path number of junctions, etc. Studies from such different viewpoints
are complementary to each other, and both are necessary.

3.4.1 Local Structure of Networks — Augmented Eldridge-
Ferry Method —. When an associative group on a chain involves
¢ sequential repeat units, we can write the standard free energy change
as Afy = ((Ah — TAs). By taking the logarithm of the gelation con-
centration (3.82), we find an important relation :

(f=1(k—=1n As
Hf-Dk-1)— 1}k/(k-1)] - CE—B‘. (3.83)

We can find multiplicity k¥ and sequence length ¢ by comparing this re-
lation with the experimental sol/gel transition concentration (see Figure
1.20) [121]. For the hydrophobes on associating polymers, the enthalpy
Ah of a cross-link is found because ¢ is known from the number of car-
bons in a hydrophobe. For the fringed micellar micro-crystalline junction
formed by homopolymers, each { sequence of repeat units along a chain
surves as a functional group for cross-linking. In such a case, a polymer

Ah
lnqb*‘ = gk—B? -+ ln[
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chain is regarded as carrying roughly f = n/{ functional groups. Since
we have large n, and hence large f, we can neglect 1 compared to n or
f, and led to an equation

Ah 1

Inc* = i In M + constant (3.84)
for micro-crystalline gels, where weight concentration c* has been sub-
stituted for the volume fraction. This equation enables us to find ¢ and
k independently. For the special case of pairwise association k = 2, this
equation reduces to the conventional Eldridge-Ferry equation [122].

Figure 1.20. Micellar junction consisting & chains combined together by the monomer
sequences of length (.

Let us plot Inc* against 10%/T + In M. Then the slope —B of the
line at constant T gives —1/(k — 1), while the slope —A of the line at
constant M gives

3 3
:10 kBA: 10°R A, (3.85)
|Ah] [(AR)moll
where (Ah)mer is the enthalpy of bonding per mole of the repeat units,
and R the gas constant. We have applied this method to experimental
data on the gel melting curves of several thermoreversible gels [123, 124].

As an example of such analysis, we show in Figure 1.21 the result for
the gelation of poly(vinyl alcohol}(PVA) in water [123]. PVA is known to
be a typical crystalline polymer, but it also gels in aqueous solution un-
der large supercooling. There are several pieces of experimental evidence
that the cross-links are formed by partial crystallization of the polymer
segments in which syndiotactic sequence dominates, while subchains con-
necting the junctions consist mainly of atactic non-crystalline sequences
on PVA chains. The micro-crystals at the junctions are supposed to be
stabilized by hydrogen bonds between the hydroxy groups. We plot the

¢
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Figure 1.21.  Augmented Eldridge-Ferry plot applied to the gel melting concentration
of poly(vinyl alcohol)/water. Dotted lines show the gel melting concentration at
constant temperature, while thin straight lines show those at constant molecular
weight. (A)91°C; (@) 87°C; (<) 83°C; ([J) 78°C; (&) 74°C; (O) 71°C. (Reprinted
with permission of Ref.[123]. Copyright 1996, ACS.)

gel melting temperature (for a given concentration) found from differ-
ential scanning calorimetry (DSC) and visco-elastic measurements for
PVA with different molecular weights covering the range from 2 x 10*
to 8 X 10° in various concentrations [124]. The gel melting temperature
T is estimated from the temperature at which the DSC heating curve
shows an endotherm peak. The slope of the solid lines in Figure 1.21
with constant molecular weight gives —A = 13.43 almost independently
of their molecular weights. Hence we find ¢ = 26.7 kcal/mol/|(Ah)meil-
If we use the heat of fusion (Ah)me = 1.64 kcal/mol in the bulk crys-
tal, we find { = 16.3. On the other hand, the slope of the dotted lines
with constant temperature depends on the temperature. At the highest
temperature T = 91 °C in the measurement, it is —0.38, while it gives a
larger value —0.9 at 7' = 71 °C. The multiplicity is estimated to decrease
from 3.6 for high-temperature melting to 2.1 for low-temperature melt-
ing, suggesting a very thin junction structure. From. thermodynamic
stability of the junctions it is natural that a gel which melts at lower
temperature has thinner junctions.

3.4.2 Global Structure of Networks — Elastically Effective
Chains —. To study visco-elastic properties of networks, we next
find the number v.ss of elastically effective chains [8, 125]. The elas-
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tically effective chains are those chains that transmit stress when the
network is deformed by external force. They are related to the topolog-
ical structure of the network. Let us first specify the type of junctions
from their connection paths to the network matrix [121]. A junction of
multiplicity k¥ that is connected to the network matrix through i paths
is referred to as an (i,k)-junction. Let y;, be the number of junc-
tions in the network specified by the type (i,k) for 0 < i < 2k and for

k=1,23,4,---. The total number of junctions with multiplicity k is
given by
2k
[k =) k- (3.86)
i=0 .

To find the number of elastically effective chains, we next employ the
criterion introduced by Scanlan [126] and Case [127]. It assumes that
only subchains connected at both ends to junctions carrying at least three
paths to the gel are elastically effective. We thus have i,i > 3 for an
effective chain. A junction with one path (i = 1) to the gel unites a group
of subchains dangling from the network matrix whose conformations are
not affected by an applied stress. A junction with two paths (i = 2) to
the gel merely extends the length of an effective subchain. We may call
a junction with ¢ > 3 an elastically effective junction. An effective chain
is defined as a chain connecting two effective junctions at its both ends.

‘We thus find
oo 2k

Heff = D > Hik (3.87)

k=2i=3
for the number of elastically effective junctions, and

oo 2k

1
Veff =35 DD sk (3.88)

k=21=3

for the number of elastically effective chains. These numbers can be
explicitly written in terms of the cascade junction function u(z) defined
by (3.68). Specifically for monodisperse polymer chains with a fixed
functionality f, the number of elastically effective chains in a unit volume
of the solution takes the form ’

vers = o)l + 2001 - 0@) - GP0G)), (389)

where v is the total number density of chains, « the extent of association
(3.67), the function 6(z) is the associated part of the junction function
defined by the equation u(z) = 1 — a + af(z), and (; is the probability
that a randomly chosen unassociated functional group to be connected
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to the matrix of the gel network through the number i of paths [121].
These probabilities are written in terms of the solution (p of the algebraic
equation

x = u(z) ! (3.90)

that is smaller than unity (see reference [121] for details).

multiplicity
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Figure 1.22. The number of elastically effective chains as a function of the polymer
concentration. Experimental data of the HEUR 16C/35K are compared with theoret-
ical calculation. In the theoretical calculation the junction multiplicity & is changed
from curve to curve. (Reprinted with permission of Ref.[121]. Copyright 1996, ACS.)

These topological relations hold for arbitrary networks. Their advan-
tage lies in the fact that, by combinatorial counting, we can actually find
ik as a function of the degree a of association [128]. In our study, the
degree « is found as a function of the temperature and concentration
through the relation (3.74), so that all topological numbers described
above can be calculated as functions of the temperature and concentra-
tion [121]. These curves can be compared with the experimental data on
the high frequency dynamic modulus measured by Annable et al. [93]
Their experimental data for HEUR C16/35K (PEO end-capped with
Ci16Hs3, molecular weight 35,000) are compared with our theoretical
calculation [121] for f = 2 in Figure 1.22. We have chosen as ¢* = 1.0%
for the weight concentration at gelation. With this gel concentration,
the scaling power at the critical region gives ¢t = 1.6, close to the perco-
lation value [129]. But since this power depends sensitively on the way
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we choose c¢*, more detailed experimental examination in the critical re-
gion is eagerly required. In fitting the data, we have horizontally shifted
the experimental data because of the temperature pre-factor A(T") and
also because of the difference in the unit of the polymer concentration.
Although fitting by a single theoretical curve is impossible due to the ex-
istence of polydispersity in the multiplicity, our theory produces a good
result over a wide range of the concentration with multiplicity ranging
from 6 to 8. It turns out that about 60% of chains are elastically effective
at the limit of high concentration.

3.5 Mixtures of Associative Molecules
— Gelation with Co-Networks —

In biological and medical science, thermoreversible gels consisting of
more than two species of molecules or polymers are very important for
controlling the crosslink structure. For example, it has been suggested
that the repeated sol/gel transition of actin, controlled by actin-binding
protein (ABP), drives motions of individual biological cells [130]. In this
ternary system (actin, ABP and water), ABP works as a cross-linker
of the actin filaments. In the food industry, biopolymer mixtures in
which either single or multiple ingredients form networks have many
important applications, and have been a focus of intensive experimental
study [131, 132].

To study thermoreversible formation of mixed networks, we first con-
sider a model mixture of reactive molecules R{A;} and R{B,}, each
carrying the number f of A-groups and g of B-groups. Another im-
portant cases where each molecule carries both of the two species A
and B (co-associating polymer) have recently been studied [118, 133].
We allow multiple association of both groups, but first consider simpler
case of pairwise association [16, 134]. The strength of the bonds can be
expressed by the three association constants eq.(2.1). By the relative
strength of these constants, let us now classify the types of association
into the following fundamental three categories [16]:

(i) Interpenetrating Polymer Networks (IPN) — Reactive groups A and
B form bonds within the same species, but do not form between
different species, i.e., Ag4p = 0. We refer to this case as A-A/B-B.

(ii) Alternating Polymer Networks (APN) — Bonds are allowed only be-
tween different species, i.e., Apaa = Apg = 0. We refer to this case
as A-B. Because the clusters (of finite or infinite size) formed are
in general multi-block copolymers, the system may undergo mi-
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crophase separation. lHence, macrophase separation, microphase
separation and gelation interfere with each other.

(iii) Randomly Mized Networks (RMN) — If the strengths of associa-
tive forces in all three combinations are of the same order, cluster
formation progresses randomly. The resultant networks can be
regarded as macroscopic random block-copolymers.

We now extend this classification to suit for multiple association. For
multiple association, it is convenient to classify from the mixing proper-
ties inside the junctions. To specify a multiple junction precisely, let us
introduce a set of integers (k1, k2), where k; is the number of A groups
it contains, and ks is that of B groups [118, 119]. The cascade junction
functions then take the form

walz,y) = Y. Prkt Ty, (3.91a)
k1>1,ka>0

up(z,y) = Y. Grery™l (3.91b)
k120,k2>1

for the junction which an arbitralily chosen A-group (and B-group) en-
ters, where py, 1, is the probability for a randomly chosen A-group to be
in the junction specified by the number (k1, k2), and g, x, is the same
for B-group. We have recently shown that the number density v° of
the clusters and molecules that possess translational degree of freedom
is given by

| v = L {1 — f/ol xu;‘(z)dz} + —1% {1 — g/ol y'u};(y)dy} , (3.92)

nA

where abbreviated notations ua(z) = ua(z,z) etc. for the diagonal
elements have been used.

This result can be intuitively derived by stoichiometric consideration.
Within the tree approxiamtion, the number of connected clusters is the
same as the number of primary molecules minus total number of con-
necting bonds. The integral in (3.92) gives

1 ki +ko—1 1
(z)de =S A2 =1-— 3.93
[ aa@de = 3 I = 1= (399)

and hence

) et (S (B
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Here, the average multiplicity 14 and fip of the mixed junctions are
defined by

Fa' =D Phake/ (b +ka), and Bp =3 qu /(R + ko). (3.95)

Since the number of unreacted A-groups and that of B-groups are
given by ¥api0, and ¥pqo,, reaction equilibrium condition for an A-
group joining in a (ki, k2) junction, is given by

wApk1,k2 . (A)
Wapo) (pgo ) kuk (3.96)

where K ,g 36 is the reaction equilibrium constant. Similar relation holds
also for B—groups Now we assume as usual that the equilibrium constant
takes the form

A A —
K’Eﬁl )kz ’Y,E:;[ )k:2>‘ (T)kl 1>‘B (T)k27 : (397)
where
Ao(T) = exp(—Afa/ksT), for a = A, B, (3.98)

are the association constants written in terms of the free energy Af,
required for binding a reactive group of the type « into the junction.

The coefficient fy,(cf)kz gives correction due to the existence of the surface

(B )

of micellar junction {116]. Similar formulae for K 'y are assumed.
Substituting the results into the cascade junction functions, we find

(A) —
ualz,y) =pro D 7k1,kz(zAx)kl Y(zpy)* (3.99)
k1> 1,k3>0

by using new variables z4 = Aa¥apio and zp = Ap¥pqo,;. These z
parameters have physical meanings of the number densities of reactive
groups (times association constant) that remain unassociated in the sys-
tem. We next define & function by the sum in (3.99) as

dalz,y) = Y ey, (3.100)
 k121,k220 )

and similar equation for 4. Since u4(1,1) = 1, we find parameters z4
and zp satisfy the coupled equations

Aapa = zata(2a,zB), (3.101a)
ApYp = szlB(zA,zB). (3.101b)

By solving these equations with respect to z’s, we find them as functions
of given total number of reactive groups in a unit volume. Solution
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properties, the gel point, etc. can be studied by subsituting the result
into chemical potentials, the weight-average molecular weight etc.

For pairwise association, We have only to assume p1p = 1 — (o +
p),p1,1 = Pp,p20 = a and go1 = 1 — (B+9),q11 = ¢,q0,2 = B, where a
is the reaction probability of an A-group with A-group, p is that with
B-group, while (3 is the reaction probability of a B-group with B-group, ¢
is that with A-group. We show here in Figure 1.23(a),(b) typical phase
diagrams[16] of alternately cross-linked networks in a symmetric case
(na=np =10, f =g=3, Ao = 1.0). The dimensionless binding energy
7, €q.(2.5) between the functional groups on A-chains and B-chains is
different. Thick solid lines show the sol/gel transition lines, thin dashed
lines binodal, thin solid lines spinodal, and white circles the critical
solution point. The gel region is indicated by the horizontal lines, and
the unstable region (U) is shaded. For small v, the gel region lies inside
the unstable region, so that a stable homogeneous gel is not expected.
In Figure 1.23 (a), the population of hetero-clusters becomes so large
at low temperatures that a reentrant homogeneous phase appears, and
as a result, a new critical solution point appears lying on the sol/gel
transition line. With a slight increase in «, the two critical solution
points lying at ¢ = 0.5 merge into a single one. With further increase in
7, the gel region grows and the miscibility gap is completely separated
near around the stoichiometric concentration ¢ = 0.5 (in the symmetric
case) by the existence of mixed clusters.

As for mixed networks with multiple junction, Clark et al. [131], for
instance, studied composite aqueous gels consisting of thermoreversible
cold-setting gelling components such as agarose and gelatin by electron-
and optical microscopy. They reported that their micrographs appeared
quite similar to those observed in a number of synthetic interpenetrating
networks [135, 136], and showed phase separation into the two polymer
networks with possible phase inversion at a certain mixture composi-
tion. Durrani et al. [137, 138] derived a phase diagram for the ternary
amylopectin-gelatin-Dy O mixture in the sol state by the use of Fourier
transtormed infrared microspectroscopy.

Formation of mixed networks may also be used to modify the rheologi-
cal properties of aqueous polymer solutions. For instance, recently it was
experimentally demonstrated [139] that the viscosity of mixtures of the
two species of polymers, poly(N-isopropylacrylamide) and hydrophobi-
cally modified poly(sodium acrylate) in aqueous solution becomes several
orders of magnitude higher than is achieved without hydrophobic modi-
fication. Possible mechanism of heteropolymer cross-linking between the
hydrophobes on the different species, followed by network formation by
the hydrophobic aggregation of molecules, was proposed: [139].
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Figure 1.25. Phase diagrams of a alternately cross-linked network in the mixture
of low molecular-weight trifunctional molecules (Flory’s treatment); na = np = 10,
f=g=3, Ao = 1.0. Association constants -y is changed with other parameters being
fixed: (a) v = 1.9926, (b) v = 5.0. The sol/gel transition lines (thick solid lines),
binodal (thin dashed line) and spinodal (thin solid line) are shown. The postgel region
is indicated by thin horizontal lines. The shaded regions indicated by letter U, are
unstable regions. The open circles show critical solution points. The gel region lies
inside the spinodal for small values of association constant as in (a), but in the case of
strong association as shown in (b), the miscibility gap splits into two separate pieces,
and the gel region is stabilized. The alternating network works as the solvilizer in this
case due to their amphiphilic nature. The critical points stay inside the gel region so
that phase separation into two gels with different concentrations, and hence different
cross-link density, is possible. (Reprinted with permission of Ref.[16]. Copyright 1999,
ACS)

Theory presented in this section for treating binary mixtures with het-
eromolecular association is directly applicable to other important sys-
tems. For instance, when polymer-polymer association and polymer-
water association coexist as seen in aqueous biopolymer solutions, we
have a mixture of R{As} and R{B;} with A-A and A-B bonds, com-
petition between hydration and cross-linking takes place. As a result,
the solution gels at high temperature (inverted gelation). Interaction
of hydrophobically modified water-soluble polymers with added surfac-
tant molecules is another important example. In this case, hydrophobes
of the surfactant molecules strongly interact with those on the poly-
mers, and form mixed micelles. The polymer network is modified by the
concentration of the added surfactant, leading to interesting rheological
behavior. Readers may easily find other potential applications of the
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present theory to complex associating polymer solutions of industrial
importance.

4. SUMMARY

We have presented an outline of the theoretical scheme to study molec-
ular association and thermoreversible gelation in polymer solutions and
mixtures. Thermodynamic nature of the sol/gel transition, interference
with phase separation, structure of the network junctions, path connec-
tivity in the network have been studied on the basis of the multiple tree
statistics combined with classical lattice-theoretical polymer solutions.
The present studies have mainly focused on the gelation of water-soluble
associating polymers driven by hydrophobic aggregation, but find many
applications to other types of gels such as those driven by hydrogen
bonds, micro-crystallization, helix formation etc. We close in hoping
that, after reading this section, readers try to find phase diagrams of
their own systems in the framework of the present theory.
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