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An Algorithm for t h e Normal For m s

Tadashi Takahashi ( &8 I )
Department of Science, Gunma Technichl College

Maebashi-shi, Gunma 371, Japan

In a-previoqs paper([8], we have given a recoénition principle
for a hypersurface isolated singularity of a certain type,. In it,
a normal form of homogeneous; polynomial was constructed by the
mgnomféls'of thé lowest degree. Howevef, the normal forms
constructed by the principle were not unique. .~ So, in this paper,
we try to impose a condition to construct & unique nﬂrmai form of
homogeneous polynomial,

We consider it natural thet normal form should be essy to
write and remember; that is, the normal form should have the
fewest monomials, and each monomial should be simple, The normal

forms defined in this paper meet the above condition.



§ 1. Normal forms of singularities

In this section we review some theorems and definitions

about normal forms of singularities which are given in [1,2,3].

Definition 1.1, & function f (G, 0) — (G,0) is said

t¢ be quasihomogeneous of degree d with exponents @4,°-°---,8n if
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A% (%e, ">, %n) for all A.
In terms of the function f=Xcux", quasihomogeneity of degree 1
means that all exponents of non-zero terms.lie on the hyperplane

P={ k: asket--+anka=1 3}, =
We call the hyperplane F the diagonal.

Definition 1.2, A quesihomogeneous function f is said to be

Arnold non-degenerate if 0 is an isolated singular point,

Definition 1.3. He fix the set a of exponenfs. Then we

say that a monomial xX hqs generalized:degree d if <a, K>=d.

Definition 1. 4. A po!vnomia]lhae filtration d.if all its
monomials are of degree d or higher; when the generalized degree

- e -
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of all monomials is d , we call d the generalized degree of ‘the

polvynomial; the degree of [ ie + o

We denote the generalized degree of the polynomial by ¢ (1),

The polynomials of filtration d form a linear space Ea . Let A
be the polynomial ring. The Ea« is an ideal in A Q
Definition 1.5, A polynomial f is said to be

semiquasihomogeneous of: degree d with exponents a if f=Ffat+f’,
where fgo is an Arnold non~degenerate quasihomogeneous polyvnomial.

of degree d with exponents a,and Pp(f") strictly greaster than

d

Definition 1.86. Let a4,----- , B be a8 fixed collection of
p quasihomogeneous types. 'ﬂe define the degree of k' to be
di1{K)=<a, K> inkthe i-th filtration. He define the piecewise

degree of x* to be @ (K)=minl ¢;(K).--“", de(K)].

Definition 1.7. A power series has piecewise filtratioh d

if all its monomials have piecewise degree d or higher.
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The equation & (K) defines a polyhedron T in tﬁe'sbar;e of
exponents K that ’i“\s}cor'wex towards 0 . ‘We denote { K | ¢ (K)=d}
by dT . The sum of the terms of the lowest ‘pireCéwise';degree in
a given power series is called th:e principal part of the series.

A piécewise homogeneous func'ti\bn 6f deg:re‘e ddi‘si ba polynkomialy whose

all monomials have piecewise degree d .

Definition 1.8.  The multiplicity u of the singular point
0 of a function f :(C",0) — (C,0) is defined :as‘tﬁe dimension
of"thve local ring

Qe=Cllxs, - .50l /( B3F / B%a,--+, 8F / 8%n )

Definition 1.8. A formal vector field v = Z- v/ 9x. has
filtration d if the directional derivative of v raises .the
filtration which is not less thaﬁnr d: Lo Ex CE1 .+a

We denote the set of all vector fields of filtration d by P

Proposition 1.10. Suppose that d=20. - Then 1) the commutator
of vector fields on F4 a Lie algebra structure.s v 2) the
commutator of elements ©Fas and ?djzwlies in Pas.az s0 that
each %4 is an ideal in Lie algebra e

- ';;21 _
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Definition 1,11, A piecewise homogeneous functions f of

degree d satisfies condition A if for every function g of

filtration d+ 8 >d in the ideal spanned by the derivatives of #

there is a decomposition 9=( 8 fe/f 3 xi)Vvs + g° ,where the vector

field v has filtration &, and the function g has filtration

greater than d+ 6.

We assume that a type of quasihomogeneity a@a=(a4, - --,8s) i8
given, Let E'>« stand for the ideal of Ea consisting of
polynomials of filtration strictly greater than d, We call the

factor ring A/ Ea the ring of d-jets, and its elements d-jets.
A formal diffeomorphism 9:(C",0) — (GC,0) is given by a

cdlléction bf“n power seriés without éonstant terms ahd gives 8
ring isomorphism g®: A —e- A'b9 ihe fo;mula g‘f=f ¢g ,where o

denotes the substitution of a series in & series,

Definition 1.12. B diffeomorphism 9 hes filtration d if,

for all X, (g*-1)Es CE 1 +a

.~ We denote the set of sll diffeomorphisms of filtration d by

Ga=Gal(a).



Proposition 1.13.,  Let d20. ThenGa is @ group under the

operation o,

Proposition 1.14, For q > p2 0, Ga is a normal subgroup

of GP

Let Go>a be the subgroup consisting of the diffeomorphisms of

filtration greater than d.

Definition 1.15. The group of d-jets of type & is the
tactor group of the group of diffeomorphisms by Ga:

Ja=Ja(a)=Ge/ Gsa .
There are natural factorizations Ilep.q:Je —> Jgq (4> pe2 0).

Proposition 1.16.  The group Jo, is obtained fronm Je by

a chain of extensions with commutative factors.

Definition 1,17, A diffeomorphism g& Ge is said to be .
quasihomogeneous of type @& if every space :of quasihomogeneous

functions of degree d and tvpe a is mapped into itself by g.
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‘Let va be the space of quasihomogeneous functions of degree d
and type a. Then go Va CVa . The set of all
quasihomogeneous diffeomorphisme of fixed type forms a group, We
denote it byb }i(=H (a)) and cail it:the group of

quasihomogeneous diffeomorphisms,

Proposition 1,18, The group Je is naturally isomorphic to

the group H.

Proposition 1.189. Suppose that d=20. Then the group J 4
of d-jets of diffeomorphisms acts as & group of linear

transformations on the space A/ Esa of d-jets of functions,

In this case of piec§uise filtrations, the:grouﬁ of
djffeomorphi§ms of fj]tration d, the group of d-jets of
diffeomorphisms and the correspoqding Lje’alggbrqs are defined
just as in the case of quasihomogeneous filtrations, There is no
analogue in the case of piecgurse filtrationé for the group of

quasihomogeneous diffeomorphisms.



51

pefinition 1,20, Let feo be & piecewise homogeneous function,
guppose that fe has finite multibliciiy ﬂ.A‘ Lét €4, """ ,ex be
g basis of Q+e. Then the basis eyq,----- ,e« s said to be

regular if, for each D, the elements of the basis of degree D are
independent modulo the sum of the ideal I1=( 9 foe/ 3@ x) and the

space E>p of functions of filtrations greater than D,

Proposition 1.21. There alhays‘exists a regular basfs; in

fact, one consisting of monomials.

The number of elements in a regular monomial basis having
given piecewise homogeneous degree does not depend on.the choice
of a basis of the local ring, A monomial in a regu{ar basis is
said to be diagonal(superdiagonsl) if its degree is equal to

(greater than) the degree of the function fa.

Theorenm 1.22.7 If the principal part fe of a function f
setisfies the condition & and has finite multiplicity u, then f
can be reduced by a diffeomorphism to the fOvafo+Q1ei+""+Cses.
where ‘edi,c---,es -are the éupérdiagonal monomials in a regular

basis.



s 2. Newton polyhedra gnd the recognitien principle

Let f(x) be an analytic function in an open neighbourhood U of
c» ( f(0)=0) and‘assume thai f(x) has an isolated singular point
at 0. We can takg a positive number s» so that the sphere
S(r)={ xEC" ; HIx N2%=] x4 |2t:---- +]%a 1 2=r2) cuts the
hypersurface Ve=f"*(0) transversely for any 0< r % €.
Fixing such an &, we can take & >0 such that Vnp = f°*(#n) is
non-singular in D( &) and is transverse to S(e&) for DK | »n | S &
where D(e) ={ xE€C" ; x S ¢}. “Then we have a so-called
Milnor fibration f : x — S where S={n € C; 0| »n | S8}
and X =f;’(8) i)g .  This fibration does not depend on the
choice of £ and & up to a fibre preserving diffeomorphism,
The fibre is (n-2)-connected and its (n-1)-th Betti number is the

Milnor number 7 of f(x) ( Milnori61 ).

Definition 2.1. ( see L& and Ramanujam [5] ) Let NC
R+ TR be the sets ofc all ‘nonnegative integers, all nonnegative
real numbers, and all .real numbers respectively. Let K C N¥ be

a subset, Newton.polyhedron of a set K is defined by the
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convex hull in R." of the set U ~(n +t R.X)
- ' 7 neEK ‘

Newton boundary of a set K is defined b‘y’ih'e uriion of all ‘(;ompact
taces of Newton polyhedron of K. =~ Newton polyhedron is denoted

by [ +.(K) and Newton boundary by [ ( K)

Let f= Z anx", an € C. Let us write supp .f={nEN*|anx=x0}.
neENK ' '

Definition 2.2. -« seé L8 and Ramanujam [5] ) Newton
polyhedfon of -a sevriés f (or Newton bounfdarﬁy-)‘»if de,fined by Newton
polyhedrop k(Newto’n :b,pundar'y) of the supp f'_ - Ngufoﬁ polvhedron
(Newton boundary) of the series f is denoted by 1'“+(vf) (and " (f)

respectively).

Definition 2.3.  (sée Oka [7]1 ) ~ The principal part of a

series f is defined by the polynomial fo= L anX™ . For
neE I'(f)

any closed face AC I (f) we shall denote by fa4 the polynomial

Z an#'; . We say thaf f is non-dégé;r{erate oﬁ pa ‘iﬁf th/é‘
neE A4
equation 8 fa / 3%1= 098 T4 / Oka=-+ «--: = 9 fa / 3%n=0 has
no solution in (C*)", When f is non-degenerate on every face

4 of I'(f) , we say that f has a 4non-degenerate principal part,

- "1 "O ’_.
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Example 2.4. We consider the following equation

FOX,y,2)=x2+2xy+y2+y3+z4,

Then f(x,v,2) is degenerate,

We submit the following analytic

transformation: x=x’ -y,

Then f(x',v,2) is non-degenerate,
(see Fig.1.)

3
P\
L)
2 : ’ 2 , .
Fif(x,v,2)) C(f(x',v,23)
Fig. 1. '
Theorem 2.5, (0ka [T1) Suppose that f(x) heas an isolated
singularity at 0 and f has & non-degenerate principal part, Then

the Milnor fibration at 0

is determined by the Newton boundary
().

Corollary 2.86. (Kouchnirencoe [4]) The topological type

of singularity and the multiplicity «# are independent of the

particular choice of’f for a fixed rof).
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Moreover, the author [8] proved that there exist a following

canonical method as one of the methods to find the topological

types of isolated singularities on hypersurfaces.

Lemma 2.7. Let f be a polynomial with an isolated

singularity at 0. Let fe be & degenerate principal part of f.

We assume that the piecewise degree (or the generalized degree) is

equal 10 one. Then f may be non-degenerate after the following

finite manipulations:

(1)

(2

(3)

We choose the monomials with the lowest degree (in ususl
sense) of the principal part fe of f. And we go to the next

manipulation (2).

We transform the monomials with the lowest degree to the
normal form by a suitable linear transformation. ‘If the new
principal part is non-degenerate after this manipulation, then
the manipulations are completed, [f the new principal part

is also degenerate , then we go to the next manipulation (3).

We consider the monomials which have the degrees greater
than the lowest degree (in usual sense). We choose the

monomials which are the elements of the new principal part
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Wwith the lowest degree in the above monomials.  And we try tgo

delete the mon;mials by suifable analQikc transformatioﬁs.

If the monomials are déleted after tﬁe sﬁitablé analytic
transformgp{qnsianq’the qew’principayvpart is non—degeneyate.
then the manipulatﬁpns»qrgvcqmpletediv Otherwysg we go to

the nextmanipulation (4).

(4) We consider thé monomials which are the elements of the new

principal part and have the degrees greater than the lowest

degree after the last manipulation. ~ And we submit the

similar manipulation, We repeat this manipulation.

Proof. Let € be a ring of germs of smooth functions at 0
eECn. ‘We denote the maximal ideal of this ring by # .  Let:

f=Zanx", x"E&Z"““’ and  x"E BTt Then (g*-1)x"E FIn>* >
, (gD x"E F A 2t for any  gE Gy (A>0). From
Definition 2.3., when we submit these manipulations we may obtain
the non-degenerate Newton polyhedron after the finite

manipulations,

ol

Then the proof of Lemma 2.7. is completed,

Let f be a non-degenerate polynomial with a singularity at 0.



Let fe be a (non-degenerate) pricipal part of f, We assume that
the piecewise degree (Qr the génerglized degree) of fe is equal to
one. Let d be the Iowestrdegfee‘bf the:monomials af f which do
not contain the superdfagbnal ménomials and have the piecewise
degree (or the gehera)ized degrees).gfeater than one. Then f is
transformed into the following form by the suitable anal?tfﬁ
transformations (or the suitable elements of the group of

diffeomorphisms of filtration d ):

fo'tf tcaest - -tcrer
where es,----,er are the superdiagonal monomials of f, ' &€ E>a
and fe’ tcaiest----+cre~ is the normal form.

In the same. way as in-Lemma 2.7.,we try to delete the monomials
of #M (this d is the lowest degree of Lemma 2.7.(1)) in turn,
Then we can delete all the
monomials which are not
"the superdiagonal monomials
and are elements of dI”
(d21) by Theorem 1.22..

When f is a quasihomogeneous

function, we can use Ja

(d=210). (see Fig. 2.)
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Example (Takahashi, ﬂatanabg aqd Higuchi [9]) 2.8. Let
P® be a three-dimensional complex projective space uithva
coordinate [x,y,z,u].' Then a following equation has a Ps
(Ts,s.s) singularity at [0,0,0,1] and ﬂ11ysingularity at

[1,-1,0,01.

f=6(x3+y2+2343xyz)w-3x*-5x%2+6x2y2-24x%yz+65222-24xy22+9xy2%-8x2¥

-3y*-5y3z+6y*22-8yz*

§ 3. Textures
Definition 3.1.. By an ny X:-++:- Xnm texture in G one
means a multi-indexed family of elements of C . We abbreviate

the notation for this texture by writing it (8is1-....1m),
ia=l, o, -0 Lim=l, 00, 0m We call the element @8j3s....1m
the is----im-component of the texture. We say that ( na, - ,nm)

is the size of the texture.

A texture (aii1:12) may be viewed as an ns Xnaz matrix.

Definition 3.2. We define addition of textures only when

- 1 5 -
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they have the same size, If A=(ais....1m) and é=(b';1....},,,) are
text’ures of the same size, we défine A+B tobbe the ‘textur‘e whose
i'l---k-im-c:ompon‘eont is 6’11----1m+b11---->1m We d‘efine the<
nultiplication of a texture A by an element ¢ éC to be the
texture (c@s1....im) , Whose ig----im-component is cau‘u....i,..

We have a zero texture in which a;1....:m=0 for all ia-c-im

We shall write it 0.

We see that the textures ( of a given size ng X -+oo-- Xnom )

with components in a fieldC form a vector space over C which we

may denote by TeXnix.:.xnm(C) . We shall define the product of
textures,
Definition 3. 3. Let A=(ais....5m), ia=l, c <, ng, =+ ,im=1,

“+<,Nm ,be an ny X+ Xnm texture. Let B=( bimyai.--yu), im=1, <

L] 2

o Nm J.i‘-'l,""unig PR i’jk=1’....’n K, be an nMXn'i.....

Xn'y texture, We define the product AB to be the ng X - -~
X Nm-1 ><n’1-‘~,--- Xn’u_texture whose i1 im-2ji1-~ju—-Ccomponent - is
nm

Z 814.---im bDimys...yx

ime= 3§
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Multiplication of textures is therefore a generalization of
the product of matrices. It 4,B,C are textures such that AB is
defined and BC is defined, then so is (AB)C and A(BC) and we can

easily see (AB)C=H(BC).

Definition 3. 4. An ng X-e-o---- Xnm texture is said to be

an n™ texture if ne=c+--=npp=n,
We defined one more notion related to textures.

~Definition 3.5: Let A=(a44....1m) be an na X:--+- Xny X~--;
AeXsrr XNm textu}e.’and 1et_B=(bgaz.,ig...13;..im) an hai X--X
Nk-+ Xni; X-- Xnm. texture such that
D st e e etk 5 im =814t etkeetm (iNk ,1Sik Sm)
is called tHe (j,kj-iranspoée of A,and is also deﬁotedbby *‘4'“’R5
A texture A is safd to be syhm;iriﬁ if Ik p=4 fbr all j,k

such that =k ,1Sj,k Sn

A symmetric texture is necessarily an n™ texture.

S 4, Multilinear Maps and Textures



61

Let Vi‘,--’---,‘Vp (p ZVl).JN be' vectorr spaces ovgr K , and Iet‘

¢:V1X”“XV"V_-)“W beam‘ap. | We say that & is
multilinear"over V1X---‘-XVp‘lif fgr‘”ev.er.y (ul,----r,u\p)
Evix----xvp the map d(us, -+, Us1-12, AU+ LUi,Uisa, """, Up)
= ld’(‘Ui.""v,UP)"' /.t‘ob(ug,-’?--.u:p)r‘ Cz, uEK . i=i’,---by-,n)b

Let A be an nyX---- Xnm texture. We ‘:rr:an.define a map
da: K"‘.X‘----‘X ‘K""‘ -—~>K whére Kns iks':n_,,(-dimens‘ional vector
(1S is m) by letting

SalKa, o o Km)=r Ko alm AKaKar- - where Xy=(aimei=s),

Bimvt-3%0 Zmetcy imetos .

Thus ®a maps sets of vectors into K. = Note that
Nm N1 .
i K mesXm AKXz E Z 811...1m21 11----;-Zm~’im'“v.
i m= ia=1
Theorem 4.1.  Given & multilinesr map ¢ : KPiX..-- X K°m

— K, there exists a unique texture A ﬁ'suc'hutfhavt b= da ,
i.e. such that ¢v(xg,---,>x}.,~)'=-'-'--x-...-ix.,;Axix;-*--- : ‘The set of
mltilinear maps of CKRt.. o Kem o into K i's a vector space,
denote by £ (KrtX-.v-X Ko™ | K), and association Awm da
Jives an isomorphism between TeXnix....xnm(K ) and

L (KntX----X K™, K)



Proof. We first prove the first statement, concernin§ the
existence of a unique texture A such that ¢= da . Let

Eit,---+, Ei™* be the standerd unit vectors for K"t (i=1,----,m),

Ny

We can then write any X:iE K"! ag K;i= ES ii JE s (i=1,----,m).

J =41
Then (X, -, Km)=@ (21 1 Estt:c--- 74 na B4l e,
v Zm 1t Emtte-o-n tZm am En"™™) By its linearity, we find
N Nm | |
d (X4, s hm)= :E Zs 12°° " 2m 1m®( Eat*, 000> s Em'™)
ia=1 im=
Let ags,.... im= @ ( Egtt, - s Eal™) Then we see that
N Nem
d(Ka, -, Km)= < EZ @34-.:+-1m224 $4-.+:2Zm tm , Which is
ia=1 im=1

precisely the expression we obtained for the product

et Km-1XmAXaK2---- , where ‘A ,}e the }exture (814,...., im).

Suppose that B is a texture such that o= ¢» ; Thern for all

vectors Xa,-:--,XKm we must have - -Xm-skmAXsXKa2--= - -Kn-s¥aBlile
~ Subtracting, we find - -XKn-sfm ( A - B) XeXa--+ =0 for

all Kaycovo, Xn, Let C=A-B =(c11,m...;;m) . Then

Ci1,.-..,1m=0 for all ia,°+“-,im . .. The second statement,

concerning the isqmorphism between the spaces of textunes'and

multilinear maps is clear,
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Let VM be ka linear space bver‘.a tield K . A mapping
H: M=K is called aAhomogéneéus form with a degree p if the
following’twobc‘onditions; hokid::(l) H( ax)=a® H( :x)
(aEK,XEM)ﬁﬂdQ)ﬂeMMMQ¢5Mﬁx;;}MAK
gefined by e (xXa, -+, %e)=H(Kat - +xp)= H(xa)w -+~ H (xp)
(x4,° ", Xe EM) is a multilinear i;o_rm on M()i;;;;:;)x M. In

this c‘ase, ép is c‘alled the multil:inear forin éssociated with the

homogeneous fofm'with the'dégree p> H, and it can be shown to be

symmetric, HWe have @, (X,---,%) = p HI(x) (x EM ) ahd‘
H(x)=(1/p) &»o (x,---,%) if the characteristic of Kxp . In
general, for any multilinear form f: M X+« +--:- XM=K , the

(p-timo;)
nepping H: M—=> K defined by H({x)=f(x, ----, x) is a8 homogeneous
) ) ) (p—t_}mos) ‘
form with a degree p . And moreover, assigning Xx:®----®xn to
(Xs,*°*,%n), we obtain the canonical multilinear mapping
Mgy X+ XMn 2 M1 @----QM, . Thus, given any linear

space L, we have the natural isomorphism

Hom(M;: ®----®M,. , L) = L My ,----, M, ; L).

§ 5. A condition for the normal form to be unique



Let'skrecajl Fhe algorithm‘of‘Lemmya 2.7., in it first we
fixed our eyes upon thg monomials with thellougsﬁ degree, and we
have taken the anmgl form oflthe homogeneous polynomiel uhigh uag
generated frqm the monomials. Hp?eyer,lthe normal form is not‘
unique. vaIth way to ﬁake the n?rmgjvform of Lemm§l2.7.(2)-isA
different, na}gra]jy the porma} formvprgduced by the ]g;t
mapipulation’is-different. | Soffwevtry to impose a ;qhditipn
on the uay‘tgttage:}he gniﬂue normal fp:wZof homogenfoys o

polynomial.

vbefinit;ﬁﬁ 5.L ? Lei A.be'an ‘nix--:: X Nm texfur; in G.
By the rank ;f:};c;dfmenéion‘one n; X;-‘*n;-i Xni+1‘2;- Xnm
tex;b}evélﬁi ém)\of' A we shall ﬁean £he max}mﬁm number of
Iihéariyv}ndep;hden; ii;cﬁdfmension‘oﬁe ﬁ;x-- Xn,_ilkn;.ix-~ Xn;
textures (1 fSi\\Sﬁn é;z AX. | Tgu§ ih;se rénks ;reutﬂe dimensions

of the vector spaces generated respectively by i-codimension one

Na X+ Xni-gs XNisg X+ Xnm textures (1Si <m) of A.

Definition 5. 2. Let P""* be a (n-1)-dimensional complex
projective space with a coordinate [x4,----,%xn] and let f=3c.x**
be a homogeneous polynomial with a degree m (ih usual sense)

I

— 21 -—
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in pr-t, We define‘ vaii,-“-'--,vim= a'“‘f/ ORyavr--- ’3X1m

where 18SimSn, imE N. . We denote thé rank of }—codiménsion
one.texture by Ti(f), We déffne the vector rank of dyethb
monomial xX! € f to be ( Ti(xKk? ),-?--,Tn(x“‘ )).
And T(H):= 25 Z Ta(x¥ ),

. 1= 31 i=9 k

We give the‘fo1loﬁihg bfder to the monomials‘of f.

Definition 5. 3. . For the exponents Ki=kis, ----,kin anq
Ks=ksa, -+ -+, ksn, Ki is greater than kJ if kis > kya or

kie=kseo (159 <m) N kip+1>k,jp+1

tondition 5.4, "~ We try to delete a monomia]s x%* by
suitable linear transformations, Then if we can deleje the
monomial x**' ( Ky is the minimal number of the exponents ) without
generating a monomial x%J ( Ki<Ky ),.de delete the monomial x%*

A

Otherwise, we don’t submit the linear transformations,.

From these Definitions and the Condition, we can define a

following unique invariant on the normal form of f
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Definition 5.5, We define the vector rank of the
homogeneous polynomial f to be
Ve =(Ta( K%Y, oo, Tal ®%2), To( x%2), oo, Tal x%2), - -, Tal x*"))

where Ki>Kisa (Ci=1,----,m-1),
Here, we define the normel forms of homogeneous polynomials,

Definition 5.86. Let f be & homogeneous polynomial in G .
Then f is said to be the nomal form if, for every g which is
linearly equivelent to f, T(f)ST(g) and satisfies the condition

5.3..

Let 7 5(f)= EZ Ti(x*1), And sssume that T 3(f) S T 5.2(F)

1= 4

(j=1, <+, n~-1), Then f is linearly equivalent to g if snd only

‘t T(f)=T(g), Ti(f)= Ti(g) (i=1,---+,n) and Ve=V,

Example 5.7.  Let f be a non-singular elliptic curve and let
g be a nodal curve in PZ* . Then we obtain the following table
Nomal form T(f) (T4, T2, Tsa)
‘x2z+y2+ay2z+29=0 8 (ax=10) (2,3,8)
(a€E C, 4a%+27=<10) 5 (a==ﬂ) (1,2,2)
xyz+y2+23=0 8 (2,3,3)




6/

———— Ve

 (2,0,1,0,1,0,0,2,1,0,0,1)
(2.0.1.0.1.0.0.0.0.0.0.1)
(2,2,2,0,1,0,0,0, 1)

Table 1.

We consider it natural that normal form should be easy to
write and remember; that is, the normal form should have the
fewest monomials, and each monomial should be simple. - - The

normal! formse defined in this ééction meet the above condition.

Condition 5.8. .Hhen ueltéy'fotdeietevtﬁé moq@mialsaby
suitab!e analytic tran§f0rmations in Lemma 2.73, we consider
the part of the monomials with the lowest degree under
Definition 5'6"’; I'f the part has normal form, then we consider
the nexi part of the monomials wiih thellﬁwgst dggreg.except for
the above part under Definition 5'6'7, | we‘repegt thig

manipulations, -
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