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Synopsis

The lattice Green's function for the tetragonal

lattice at an arbitrary point

dxdydz

1 cos £x cos my c¢oOs nz
Ii(a;d,m,n;y) = —§-SS§‘ :

~ £€ - Y COS X — COS ¥y - COS Z
is evaluated, assuming a > 0, 'y > 0 without loss of
generality. The integral i(a;ﬂ,m,n;y) which has
singularities at g = *y+l#l, 1s expressed in all regions
ofl(a, Y)s; i. e., for i) a > 2 + vy, i1) 2 - vy > a > y(y < 2),
iii) a <y =2 (y > 2), iv) @a < 2 - y (L <y<2) and } > q
(O<y<1), v) |[a - y| < 2 and
a + vy > 2, in terms of Kampé de Fériet function by the
method of the analytic continuation using the Mellin-

Barnes type integral. The numerical values are listed

in figures.
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wWe consider the lattice Green's function (LGPF)
ocnal lattice. As a general introcduction
Or The lattice Green's function, see for example ref. 1.

The lattice Green's function for the tetragonal lattice

at an arbitrary point (£, m, n) is given by
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£ rerie cos €x cos mx cos nz dxdydz
, (1. 1)

= = |
F3J\))O a - 1€ = YCOS X — COS y - COS Z

where «a is the negative of the nomal;zed'energy, € 1is
a positive infinitesimal, and vy, 1, 1 are normalized
force constants of the tetragonal lattice. The regions
lal> 2 +|ylandlal< 2 +|y|corresponds to the outside and
the inside of the band, respectively.

The integral (1. 1) is real for ial| > |y| + 2,
and complex otherﬁise. It has singularities at a =
ry 1 ozl =Y+2:Y> Y - 2: =Y, =Y+ 29 and - vy- 2.

The real part of I(a; £, m, n; y) is an odd or

even function of a and the imaginary part is an even

or odd function,according as £ + m + n is even or ocdd.

are :ven or odd functions of Y when £ is even or odd. We
assume £ >0, m>n 20 anda> 0, v > 0 without loss of generality.

Tne valiue I(2 + v; 0, 0, G; y) is obtained by
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dontroll™ in terms of complete elliptic integral of the
second kind. Maradudin, Montroll, Weiss, Herman and

-

Milnes® (MMWHM) give series expansion of I(a >> 2 + vy,
£, m, n; y) in powers of l/a2 and a few terms of
I{(azxz 2+ vy, 2, m n; v) in powers of g-2-y. They also
give & table for 12 + m2 +-n2 215, 2+ y<a < =,
Mernari and Kawabeu expressed I(a > 2 + v, 0, 0, 0; v)
as a single integral of the complete elliptic integrals.
In this paper the integral (1. 1) is evaluated for
respective regions in (a, Y) plane by the method of the
analytic continuation using the Mellin-Barnes type

5 of the

integral developed in the previous paper
evaluation of LGF of the simple cubic lattice at the
origin. The integral in each region is evaluated in
terms of Kampé de Fériet function56 and of modified

Kampé de Fériet functions defined in this paper.

Figure 1 shows the singular lines in (a, y) plane and

the correspondence between each region and each section
in this paper. They provide simple and rapid subroutines

for numerical calculations of the values of integrals:and

0]
I.J-
<

e insight on. the analytical nature of the singularities.

The results of the present paper reduce to those
for the simple cubic lattice at the originS 4 =m=n=20,
vy = 1), for the square 1attice7 (£ =0, vy = 0) and for

-

the linear 1attice7 (m=n=20, a+ay, vy + ) as special

4



I (a)=I(a; 0, 0, 0; 1)

S >

Isq(a; m, n)=I(qg; 0, m, n; 0),

I;540as 2) =1limy I(ya; Z, 0, 0;v).

Y oo

Hereafter ref. 5 and ref. 7 are referred as XKIA and KI,

respectively.



§2. Mellin-Barnes Type Integral Representation

The integral (1. 1) is transformed into

o mntl (F —i(a-ie)t - - .
I=4 go e uz(yt) Jm(t) an(b) dt. (2. 1)

Yhe product of Bessel functions Jm(t)Jﬁ(t) is transformed

into the Mellin-Barnes type integral representation by

m+n+1 m+n 2

2 > 2 tli-z
- m+n
dm(?)Jn(z) = m;zz (%) 2F3 L
m+1, n+l, m+n+l
I(2s+m+n+1) r(-s) 2
= (_g_)m"'n é%__ j ds (?r)s-s
T c I(s+m+1) T(s+n+1) T (s+m+n+1)
(2. 2)

where C 1s a straight line parallel %o the imaginary
axis crossing at the point s = - A (A + +0). Substituting Eq.
(2. 2) into Eq. (2. 1) and changing the order of integrations

ds and dt, we have

T = ‘p.gl (;;)m.,.n 1 g ds 1(25-‘!-m+n+l)I‘(-.s) (L)S
2 eme Jo P(s+m+1)T(s+n+1)T (s+m+n+l) &
e TP
x 1 at e i(a-ie)t 3,(ve) t2s+m+n. (2. 3)
JO
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JOr € > U ana <L+mwn > J, the ILntegrai:at containing

a Bessel function converges and gives

0 3 4 _ vyt iyptes+l Fl2s+o+l)
B at ...—\5‘) (S C_z)
) = 21
+1 o) Y2
x 7, (s % 9§-, s+ 3+l 2+l 55,
a
(2. 4)
where p = £ + m + n. Then
- - L
L 1ypy
T=2Ga 1T
1 T(2s+p+1)T(2s+min+1)T (-s) 1 5
XZ"T—T ds (- 2)
Y Jo T(s+m+l)T(s+n+l)T(s+m+n+l) ba
+1 D 2
x2P1(5+1)—é——,s+'=2—+1;£+1;l—2—). (2. 5)
a

We can obtailn

expressions for the tetragonal LEF in terms of Mellin-

Barnes type integral. Later calculations are based on

the integral representation (2. 5).
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Jor a > v , expanding 571 in Eg. (2. 5) ang
-t

changing the order of the integration and summation,

we obtain

omtn, £ ] 2

P L %k  KIT(k+£+1) &

S me- 1 :
(s + T5ET(s + B0 4 1)

1
X S as
2mi Yo I(s+m+1)T (s+n+1)T (s+m+n+1)

« (s +k+ BEhrts + k4 B+ 1)r(os) (- 5. (3. 1)
a .
The abbreviation I is used throughout the present paper

k .
when the upper and lower indices of summation are 0 and =,

!

or a > 2, the path of the integration is closed with
a semi-circle in the right half plane in the complex
s-plane. fThe poles of the integrand in the right half
plane are

s =3, i=0,1,2, .... (3. 2)

The contribution of poles is denoted by I3. By

calculating the residues, we have

T(m+n+2;+1) T (p+2k+2j+1)

"
¢
]

=]
(SW)

i
~~
Qh”
R

Q gt
Co U1

K!3! T(2+k+1) T(m+3+1)
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’ S . (3. 3)

Using the Kampé de Fériet function (see Appendix),

Eq. (3. 3) is represented by

n
- _ 1 oly" ( 1.p
3 T Timal ‘2g’
r ofl p ]
2 5 5 5 7 1
m+n+1 m+n
2 + 1; a, aof 2
2 > 2 > e 4 Y~
x F 22 2
a a
0
L3 m+l, n+l, m+n+l; £+1, o, o'

T (3. 4)

Equation (3. 35 converges for g > 2 + y. Equation

(3. 3) is transformed into

Z T (p+2k+1)

In!
mnno k

! T {(2+k+1)

U ot o 3
{ men+l , 'm-ru +1, —k 3 _ 23 _}_
l 2 2 Yz
x QF3 ' , (3.5)
L_m+1, n+l, m+n+l

Vs . A . 2,2 . 5 s s
which is a single series of vy /a~ when the coefficients
nave been calculated by a finite series. The imaginary

part of I(e; &, m, n; y) does not appear for a > 2 + v.
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For y =1l and £ = m =n = 0, we have
2 ’2‘, L
g 4 1
1 1 . 4 —_ —_
== R > > 72
I3 s 27, a2 a? (3. 6)
0
L2 l1,1; 1, _

in agreement with the LGF of the simple cubic lattice
given in Eq. (7) in KIA.

For Y = 0 and £ = O, the LGF of the sQuare lattice,
Eqg. (3. 2) in KI, is reproduced.

For a - ya and m = n = 0, we have

lim yI(ya; &, 0, 0; ¥v)

Y+
1,1\ o [ 241 2 . .1
=g ()R <-2— 2t s ;3)
=a(@® - 1V2 4 o 0?12 (3. 7)

which is the LGF of the linear lattice given in Eq. (A. 1)

in XI.
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We start from Eg. (3. 1).

of integration in Eq. (3. 1) is
circie in the Zeft half plane.

double poles at

p+l, . 1 | .
s = —[h§— ~k-3-J, =0, 1,2, ..., (4. 1la)
~ . A
;x,ﬁi and simple poles at
o} . . » ~DA. |
s = -[Ej—k—l—g, j=0,1, ..., 1—L§J—K—l, (4. 1b)
and at
rmin+l. 10, . p+l m+n+1
S = ~L > ]—5- > Jd = O> 1: LRI Y [ > ]_[ P ]+k“l-
(4. 1c)
where [x] is the largest integer not exceeding x.
7 i} ] : 'Y - :
Wnen m - [53 - %X -1 < 0, poles in (4. 1b) o not appear.
Similar situations are not notified hereafter.
< ’ 2 4 PR} 21 3 o FERY - i s
e We denote the contrivbutions from the first, the second

third sets of poles by

respectively. Then

For a < 2, the path
closed with a semi-

The integrand has

i
I4s,

_w+£ T rp+1 _' l
m 2)1(L 2.] n+2)

Z o+l S T
(=) 2l==l-p {5
T4 = a ]
1 2 mye BTl
2 j/ .ZI J.(L-2 J—‘[
- POTj— ,l - "D-t_l". l
X L(L‘2*J-m—nT§)i(L‘2 J+5)

’_3-;_:_;‘-_ ™ "Q‘Tj‘__ -n+]
§d~2)¢(2L 5 ] m n+L)
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T p+1 1 -p+l 1 rp+l 1 rp+l-.1 7]
{ it — (e =Ton+= 239 Y =4
R [ 5 +2>«. S d J_2;1. 5 ] m n+2>[ 5 ]+2

' 0 '

N : 2 2
x (F+iF) s e NCE
2 T2 et 2 2

LRI04 5 en

| L2 “2- 2 -

where ¥ is a modified Kampé de Fériet function defined in
the Appendix, and

/APt 2081+1-p  T((B1+1)1([BI-n+1)
=———-—-———__'\{ a

4 _
2 221 | r([%J-[%yg—)r(z[gj_m-mz)

1

F(n=[31)7 (men-[§1)

X

4] 05341, [51-m+1, [51-n+1,[B)-n-n#1
10 | , 22
x F ) . ‘ ‘ ; TF’%" , (4. 3)
}_)_ _m+n S {-E _m+n ’
2 Z-TFs 55
Ry_[Rilq,3
_l [2.1'[%]"'2 > £—+1 B
and |
i 2rm+n+l];m_ﬁ_7 S R
3 g5/ Tea kK KIT(k+2+1) ba
L=l 0kl M(p+2-2j -2l B5E ) (5 {0y _nod
X % ) -
. . s rmtn+l min- 1
j=0 I+ ——5—=1-[5571+3)

/2

2)
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. rmn+d z q S Lot A Ivm ., rmFn+lo 1, 2] ‘ ,
P14
foATTD 2L =5—-p=2
= 7’\_/3 'YM (2(1,\1 ) 2
™
[ 2 (2143 T (2 )-n+ )T ([2E]-n+3 >r<LLJ—m—n+ )
X H 'Y
p r\£+z)r\2’b ‘]—m—n*l/
0
£ [ rD+la,l -ptl 1 ~p+i 1 ro+l 1
3 s += [ -m+z, [===]-n+=, [===]-m-n+=,1;
[(==1+5, [S5=1-m+5, [ 5= ]-n+5, [5=]-m-nt5, 1;
2 2
o} +1 4,
[53-1243+3,1,1,0,a¢ = L
4 a
2 | 2, Z+2
~p+1l - m+n +14 m+n, 1
2 p2 ]— 2 ‘le[.oz‘ ]—2n+§' 5 G, a'
L o -
oDt p+l + B+
(2152 n-5r (8 1-n-5r (3 1-mn-3)
2!’1‘(2[%:-]—m—n—1)
= t ) - B
2 1, [B1-[%fR1s3
[
min _ eptlq., min _ pFl..3 . ! " '
3l 2 L21+_\.,2 L2.4‘2>l>0'>a:u' .}
7 ; TSR
0 22 2
a® a
! ; p-:-l . 3 N‘lﬁ, 3 +2—'}_;_,. 3 ,Eﬁ_}: _...3_- +1 ot "
4 -[T] 5 L 5J m+§°r[p'——2, JTOTS s sTT™ 2:’£"’*>“:°‘ @ |

[3
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For L = 0 and vy = 0, THy is reduced to
Egs. (4. 7a) anda (4. 7b) in KI, and I4, to Egs.
(4. 6a) and (4. 6b) in KI. A 143 dces not

contribute for £ = 0 and v = 0. These are LGF of the

square lattice.

4



55. a <y -2 (y > 2)

e 2, 2V + o .
Transforming 2F,( 5 3Y /a”) in Eg. (2. 5) into

1
2, 2 . : .
9?7( 5 sa /¥°) with use of the Xummer's relation, and

expanding ZFl( 5 ;a2/y2) for a < y and changing the

order of the summation and the integration, we have

1
2T 1

§ cos ST I‘(s*[m+n l]+ )T (s+ [m+n]Tl)
ds

o x(s+m+l)P(s+n+l)P(s+m+n+l)

X r(s+{2§l}+k+%)r(s+[E§£]+k_£+%)r(-s)(f%)s

Y
D-L .
=G Y k kI ((31-[RF1ricrd 72
- sin sm T (s+[% rT*T —)F( +rm*“ﬂ+1)
x 2‘. Sds
T T(s+m+l )T {(s+n+1 )T (s+m+n+1)
u -
x T (s+[BIHHLIT (4[5 14k-L+1)T (=5) (5)°, 5

v

| &

1)



and the second terms of Eg. (5. 1) correspond
tc the imaginary and the real parts-of I;irespedtively.
e consider the case for vy > 2 in this sectiocn and the
case for y < 2 in the next section. The path of
integration in both terms in Eq. (5. 1) are closed

with a semi-circle in the right half plane. In this

regivn, the integrand of the first term

in Eg. (5. 1) has poles at
s =3, 3=0;1,2, ... (5. 2)

The integrand of the second term in Eq.

(5. 1) has poles at
s = j, J=0,1, ..o, 2-[51k-1.  (5.3)

The contribution of poles of the first and the second

sets of poles are denoted by 151 and I52.

: Rflyy 2411y rRtly_pal
_— i 202[ 5] p(-l)m+nvf([ =15 T ([55=]-L+35)
N Y ptl- _rpq.1
Tymin! : ([ 1-[51+3)
2 27 2
T ) op+l.,1  .ptl 1 ]
2 i [“§‘]+“g £“§~]-£+§
} .
2 E§E+%, IE%—T—lf#l, o, o
X 7 . 4'2
B S
22 2
0 Y Y
3 @ mtl,n+l,m+n+1; :Egi]—[%3+%, a0
L o

(5. 4)
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The real part, 152,

and 152 converge a < Yy - 2,

15,

DA
27,
2_o

or ¢ < vy =2 when £ < [

ish T

van

is obtained from the

lattice

inear
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We start from the Egq. (5.

)
i

l <y <2)yandy >a (0 < vy < 1)

and consider the case

for v < 2 in this section. The paths of

the integrations

of Eq. (5. 1) are closed by a semi-circle in the left

The integrand of the first term of Eq. (5. 1) in

j =

the left half plane has double poles at

- 18] -
2 4

roj -

and simple poles at

e .
s H - -’ - 3 - :—_ .
L 2 | « J 2 2 J

We cdenote the contribution from the {first and that from

the second sets of poles by Ib

Taen

Bt
e
i
w
\\
)
N
i
<2
p—
Q

1-1

and 161

o respectively.

ol naelyp(rRils el +1. merDFLlq, ]

PRSElem) T Rl T ([ oo ) T (L2045
- ’T‘l - -~ -0 5 l
r(2[E5=]-m-n+1)1 ([E_E_L]_.L,é.”?)
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i} T 2_‘:.’.:“_‘ m _'-:_ - p-‘—; 7_ -:L "-p__—_l_j_ -7 J-;'_. p___..:.l ;l T
i 5 ‘_m.2’k S B ﬁ+2’L 5 - m u'2,[ 2 ]+2 %
!
, ¥
f G- mn+n 3 T m-+n b2 4 N
et =y el om0 A i
E - BT S R ?
5 !
i 4 |
A rery _ r2 L |
L O A S 5 ] _2] + 5 _I
(6. 2)
rorla
z a2L 2 - P 1 a2 k
= % — — (=)
2r2/2 y‘o‘ X k'I‘(k’*[E—é—lj—[%}‘*‘%) 4
£-1 ' : r(5+k+[2 o2+ L)
: m+n+l p +14 2 2
j=max(0,2+[ 1-L 1-k)

jzr(23+2k+2[E§lj—p-z+1)

T(J+k+[E%£]—£—m+%)r(j+k+[E%lq_£_n+%)

’O'{‘_L ’2 J -
F(J+k+[==]-p+5 Iy (2-3) (- -—* (6. 3)
ro+1-
I A 2 o1
(= )77
572 v -
- n+1- l r "”'1-; . l -/ ’:‘ﬁ . +
(a2, (R 1-me ) T (R T+ P (125 T mene Sy 1 ([ 2ER 34
T
‘ F(Eggl]—[%] %) ’z)r(ztb*l“_m—n+1)
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= | rp¥ia 1 rptl, 1 rp+l 1 rptl 1
2 ‘: 2 -!‘2)|. 5 A m+'/':;)s. > _}—n+2;a. 2—3-—11’1 1’1+2,
X 7 { 1-L, 1, 1, a, af
| D+l rps L 3
2 i 25 L > 4 = L?‘_; ¢ '2—
i reti4 min . 1 ~ptl. min , :
2 | L’_E—J—T“"é‘; L?]"‘é—-ﬂ'l, g, «
T"/rp-;—lT j—:\‘fﬂ/]‘p+1"g - :I_‘;_ ™ D+l “ ;_ o r‘p'i"l—\ }_
L e P ) T a3 TS -*‘m‘n‘z_;)
~p+1 1 + .
T(Lp2 ]—[%3+§?F(Z)F(2[E§£]—m—n—L)
] N{\ o+l - l o+l 4 :_ ~
P53 (B I-m- ) T (250D r (1R ) men L
X _ 2
+1 y ; -
(== 153+3) 1 (o) r (202 omenaa)
o 1, 14
+n p+1l4 +n Rl o
3 IT‘_21"__ gé_i]-,._‘_, %__‘_[p;_j_*_g_’ 1; a,at!,an
x F
0
| pri 3 ptl-,3 p+l-.3 ptl..3
bl -[RR 0+, me[ 5043, n-[B2R 142 min [ RE 04
[p;i]_[%]_i_—é_-_: O{.,OL' o™

The integrand of the second teérm irn Eg. (5. 1)

has poles at
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‘"The contribution of the former and the latter are

denoted by 16, and 16 respectively. Then
2-1 2-2°

rmTnt+l 1 ~min+l 1 m+n+1 1
+n+ + +
P (R 1 ([B1-[250+3)

m+n

2

0
m+n+i 1 rm+n+ 1l rmint ]
b | (B g [P (PR el [
- o_pmin+l- 1 oo emintlo 10
Xz [2.‘ [ 3 472:L2J [ P J 2*2: 1,

. L emtn+l nin.. 1
+ oy 3 J ‘-[ 2 J+2 s O
min+l ~mtntl L 2 ~mEntl 3
2 T{{ [—m-n+z)T( —m+z) T (] J-n+z
+ L L 2 2/ \ L > d 4 dj VL 2 - 2)
& - Fm+n+-—"‘ mrn- 3 DA r-’o"‘"l *3\
*(L 2 .)"'[ > J!+2)‘\L2.J_ 2 3"2‘}

Q
= |

-<I$:
N
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vif

permtntl L 3 f_,,—;.}_ﬁ;_rm,-i-n-:-lj_;_\.,,rgﬂi Ftrtl L 1
TN T L e T R -
;;1 ; FmFnT .3 rmtn+l L3 oemdndl 3 rmintl-. 3 i
; - § “*?_J—m—qT-Z—,[ > }'m"-ia"_ > ]—n+§, ———é-—l]"}'%
i
L j’ i a
Y2 a?
i : i 311
~ . rm¥n+l m+n4, 3
E 4 l[ 2 ]-[ ) 3'-‘\‘, 2
i
f 3rm+n+17 04,3 rmin+tl Ya.2.3.rD p+l-,3
2_2 i;. 3 4"‘[2_1 2:[ 3 ]"[2.1 +2,L‘2‘]-[h2 ]+'§', (¢4 _J
(6. 5)
o]
. zens1 71 205141,
;62_2 = (-) — a Y
' 221!
T([51+1)1([5]1-n+1) 1
X X
Dyl 3 D1 m- rD D
M31-[B5=1# 91 2[5)-mn+2)  T(0-[B1)T (mn-[B)
4 [§]+1, [gj—m+l, [gJ-n+l, [%]—m—n+l
° y° a?
h g
o Py min.3 ~p,_mt
et 3
1 | e+l [93-rBEL3e3
] 2 2 |
(6. 6)

Notice that 161;2 appears only when £ > 1 and I62_2

. . . e}
-appears only when m—[%} > 0.

The common region of the convergence of 161_1,
15, ., I6. ., I6 is given by a < y (y < 1) and
-2 2-1’ 2-2 ©

a < 2 -y (1 <y < 2).

22
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Quadratic transformation is useful to obtain the
series expansicn in terms of a - y, and the hypergeocmetric

function in Eg. (2. 5) is transformed into

§ ( -l--l— 2‘. ] .j:-_r L3 4 L
o1 \8FEP¥, staptl; S+l az)
_ 4 @ \2stDp+l - s, 1. .2y
= &) oF'y (2s¥p+l, 5 284157 (7. 1)

We again apply the Kummer's relation which transforms

2F1( 5 3 z) into 2Fl(‘ 5 3 1-z) to the hypergeometric
function of Eq. (7.1). Expanding the hypergeometric
function and changing the order of the summation and

the integration, we obtain

I= 171 + L72
/—T (_)m+n+1 1 1
T7_. = jo] y 2
=1 ( ) (b4y)”~ .
asy 2(a+y) I (L+5)
F(k‘f‘/&'{"%) a=y K
X ¥ ( )
K k! aty
Lo I (2s+p+k+1)T (2s+m+n+1)T (-5)
X e \\ ds - :
271 JC I (s+m+l)I' (s+n+1)T (s+m+n+l)
1
i S 1 \2S
- .2
) s ( I (a+Y) s (7 )

3
F(«2s—p+2£)?(ds+m+n+x+§) cos 2sT



- - Lomen o, 2v L ¢
;79 = _ ( , —";‘} (Gi‘i"\/> -, l\
= /‘;'QE_Ya 2{a-v) bT{drm)
(oo
- L \.{T«.T§') /a_\‘:\k
X L \Txv
X x! “ry
- T . R - 1
1 A ;(2s+mvn+1)1(257m+nv§;r(—¢s m-n+3)
X \ds . z
2wt Yo I'{s+m+1) T (s+n+1 )T (s+m+n+1)T(-2s+L-m-n)
T{-2s+l-m-n+k)F (-g) 1.s 1 .25
e L
X (- =) « ) (7. 3)
] 14 a - Y
T(—Zs—m—n+k+§)
The path of the integration in I?l is closed with
& semi-circle in the right half plane. The integrand
nas poles at
] X .
2s = 3 + 5 =0, 1, 2, ..., (7. 4a)
.
and av
. . -0
5 = 4, J=O:1> :2—L""}"1- (7-)‘;b)

N
ai

Tne contributil of those residue

T

3

—

Then

jo]
ol
+4
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-
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24

D | O Ll WY S S ¢ S A a=y\k
S = - <2’a+v)1 2 \LY} I - (a_*_ )
i=s VoL Ve I‘((’_J.-—é—) k k! Y
. el 3 31
_ (p+k)(dmn2) 2“1?) PN
i ‘: ‘;“’zj_ : y T (< = 2(a+*{))
3T +mTE)r(é«+n+E)1(§+m+n+ )T (=j-p+2L )P(J+m+n+2)
(7. 5)
and
13 z
(4v) 1
Tri-2 ' +1 1
(2(a+y))P I (£+3)T(22-p)m!n!
, P (K+2+2)T (p+k+1)
2 a-y
X L 3 (a+ )
Ko kIT (mbn+it 3) Y
p+kl g mtn 1 m+n ip i 2 2
ek +2 P___;.l ——+2,—72—+1 ~lt5, 5L+ (aTY),
X 6F i .<7. 6)
min+k, 3 mtn+k, 5
L m+1 n+l I'ﬂ+1"+l 5 0'&‘, ) -u" J
ine path of the integration is closed with a semi-
circle in the left half plane.
Yo \.f: ﬂ The integrand of I7, has poles at
min+l- 1, e
S = —[—E———]—?—‘-J > J = O, 1, 2, . e o 3 (7~ 7&)
and
2s = -2 -3, § = ax(0, mtn-k), ... . (7. 70)



The contribution of these poles are denoted by 172-1

and 172_2, respectively. Parity of m+n is denoted by

o (= 0 for even m+n, = 1 for odd m+n). Then

o = 55 G e (L T ([ nened)

L5 T (B eme 5 T (B o0y

-

L)
i

b, G

[ (0+2+1)T (L+3)T (o+3)

r (k+£+52L-) T(o+L+k+1)

x T (E=Yyk
K k!I‘(c+k+%) atry’
£+12<+1 £+k4_1,[m+n+l] _+2imm+1 [m+n+1]_ 2’[rr'+n+l]+_’( Yy
65
(7. 8)
and
1
7 i 144 (=l ymin 2yy¢_ 1 Z1“(k+£+§)(a_y)k
22 a/mta)t? 2(a-y) Y red) k0 ok 0N
, . 1yrps 1vndilyio; J
o r(-j +m+n+—) r{J +£-—m-—n+k+—) r (—+IF) (22 (a=v))
x I
j=max(0,m+n-k) F(-—+m+E)F(-i+n+E)F( w+m+n+E)P(J+£-m—n+ 5) T (J-m-n+k+1)

(7. 9)
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The common region of convergence of double series

719> I7y_55 I75,_; and I7,_, are given by
2 <a+vyand la - vy| < 2.

The right hand sides of I?l_l, 171_2, 172_2 are
analytic at a = y. The leading term of 172“1 is
(a - y)1/2 when m+n is even and (a - y)3/2 when m+n
is odd. Hence it is to be noted that the singularity.
{a - Y)1/2 vanishes wﬁen m+n is odd. Similar situation
has béen found in the square lattice.7

For £ =m=n=0and a =v =1, 171-1 for even J

3412 1,42
gives —1gi [r{p)] 14 IO

, I7 for odd J gives
eyt T Yot
(1+2)m {(1+7)w ’
- = | IT gives , 17 and I7
2[r (31" 2-2 2[r(§-)3r‘ 1-2 2-1

give no contributions, and the sum reproduces the value
of Re Isc(l) and Im Isc(l) given in Eq. (33) in KIA.
The expressions for the results in this section

~in terms of Kampé de Fériet function are omitted.
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§8. Conclusion

The lattice Green's function of the tetragonal
lattice, I(a; £, m, n; y) given in Eq. (1. 1), was
evaluated. It has singularities at a = #lzl*y and
(a, v) plane is divided in several regions by these
singular lines. The integral I(a; £, m, n; Y) is
exprzssed in terms of Kampé de Fériet‘functions in
the respective regions in (a, Y) plane. These
expressions suppliés simple and rapid subroutines for
the numerical calculations. The results for y = 0, 1,
and » agrees analytically with the LGF of the square lattice,
simple cubic lattice, and the linear lattice, respectively,
derived in the previous papers.S’ 7 ‘The values of |
I(a; £, m, n; y) were calculated for y = 0.5, 1.5 and 2.5.
Those values for £ + m + n < 3 were shown in Fig. 2. The
values for y = 1 agree with those by Horiguchi8 who'calculated
them by the method of the integration of!the complete
elliptic integral and the use of the recurrence
relations. The leading term of I(a; £, m, n; y) at the

singularities is generallyg’ 10 )1/2.

Coy + Cqla-gg
However, Cl vanishes when ag =y and m+n is odd.

In the calculation of the lattice vibration of
the diatomic lattice and impurity mode of the
antiferromagnet one encounters the modified LGF
which can be reduced to the ordinary LGF of the pure

11, 12

imaginary argument. The present method can be

21
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be appiied also to such cases. Details will be given

in another occasion.
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Appendix. Kampé de Fériet Function and

Modified Kampé de Fériet Function

The Kampé de Fériet function F, which is a generalized

6

hypergeometric function of two variables, is defined by

H al: OL2: > O("u
v Bl’ 82: k) B\)S B]r_: Bé: L | B'
¥ X, ¥
Pl Yy Yo sees Y
S | 85 8, en, 85 81, 85, , 8,
- © . L. \ 1 1 j k
.o (al)j+k.,g(au)j+k(8133.,.(Bv/j(Bl)ka..(Bv)J Xy

. _ . 1 g
50 k=0 Jhiet (yp) gy ()5 (8100 (85 (81D (80D,

(A1)
When one of‘ui, Bi’ or Bi is a negative integer or zero,
the corresponding upper 1limit of the summation becomes
finite. Some of 8's and 8's (8's and §'s) may take
redundant values which 1s not equal to zero and negative
integers (like o and a' in Eg. (3. 4)). When u+v-p-o-1>0,
¥ in (Ai) diverges except x = y = C. When u+v-p-0-1<0, |
F converges for all values of x and y. When p+v-p-0-1=20,

the region of the convergence of F is given by

x| < min(z, 1), |y| < min(s, 1)
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and s are shown to be determined by

2

o3
D
re
d
]

VAT D R VACIE DA (A1")

3 1 3 3 4
We also define here a modified function F.

1 —
H al’ a2> s au
Vol Bl Bos aees Bys Bys Bhs wees BU I X, ¥
ol Yys Yoo > Y
' . ' 1 1
0| 83 Sgs ees 855 8, 85, oo, 8]
o ) ) ! - t j k
- e

= = il ! ' ”
j=0 k=0 J!k!(yl)j+k...(yp)j+k(61)j...(Gc)j(ﬁl)k...(dg)k

* {=plag + 3+ k) o ylay + g+ k) =By )b (B )
Flyg F 5 Iy F S k) (8 F I) (S + 3D

+ 9(5 + 1) - log |x]| } (a2)

Some formulas on Kampé de Fériet function are

. . )
sumnarized.

(- —
U SEERE au
t 1
| 0 | 8yaee 85 81, 5, |
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T .. 8, . |
= 5 1 . (A6)
L

F

P Yla- Yp

o] S, , 605 §1,... &'

1 1 -
["al,. < 0 B NER
- u+vﬂp+6 (AT)
MEREE yp, éi,... 6&' B

where the modified hypergeometric function gﬁq is
defined in ref. 7.

When m is a positive integer or zero,

r -
Ay, Oy, aq, m,vz
|
g+~ q
Bl: 623 Bq J
m
) (al)m(az)m e. (aq)m(— z)
(B (B0« (B
1-8.-m, 1-B,-m 1-8_-m, -m; =
B -m, p~Ms we 1-B W, H.
X 7 » (A8)

l-0,-m, l—az—m, cen l-uq~m,
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% Eo e, o
l LI 1 .T
SV B B0 B N
Foy ax, bx
[ [ Yl’ Yp
Lcr §1s-- 83 6_,:., 6('7 i
o D
_ s (al)p (ap)D(Bl)p ...(Bv)p(ax)
"= 1 ) ’
=0 p.(yl;p "'(Y'p)p(él)p (Go)p
[ 1-8,-p, 1-8,-p, BJ,... BY, -p; (=)V7H vy
x R i
otv+ltg+v
o ,
L 1-8,-p, .. 1-B,-p, 8],... §J,
(A9)
.
Notation (F+iF)i i means F +

, % with the same parameters and arguments.

J
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ig. 1. The location of the singularities of the

3

iattice Green's Tunctio

s

» of the tetragonal lattice
in (e, y) plane. The number denote the section where

the LGF in that region is discussed.

Fig. 2. The lattice CGreen's function of the tetragonal
lattice. The numbers in parentheses denote £, m, and

n.
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