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EDQBBLARIIZEITS sly BUILK W KEE 2 DFRIR
Extended W algebra of si; type at positive rational
level and its representations

By

Akihiro TSUCHIYA *

8§0. Abstract

This paper is a Japanese expository version of my joint paper with S.Wood [TW].
In occasion to write a Japanese version paper of [TW], I explained the fundamental
concept of conformal field theories and description of vertex operator algebras by using
language of conformal field theories. I hope this will help researchers who are not
familiar with conformal field theories.

Now I explain the contents of this paper.

Capter 2. Energy momentum tensors and field operators.

In the first part of this paper, I explained relationship between the representation
theory of Virasoro algebra and the energy momentum tensor.

In the second part, I explained the concepts of field operators, the mutually locality
of two field operators, and operator product expantions.

Finally I explained the concepts of propagation of locality of operators. This is
important to formulate vertex operator algebras and their modules.

Chapter3. Vertex operator algebras and their representations.

In this chapter, by using the concept of energy momentum tensor, mutually locality
of two field operators and the propagation of the locality, I introduce the concept of
vertex operator algebra (VOA). Then I introduce the universal enveloping algebra U (V)
of a vertex operator algebra V. Then I define the zero mode algebra Ay(V) as a
subquotient of U(V).

An finiteness condition, called Zhu’s C5 cofiniteness condition, and Theorem 3-2
due to I. Frenkel and Zhu state that when Zhu’s C5 condition is satisfied, the dimension
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of Ap(V) is finite, and the set of irreducible V-modules and the set of irreducible Ag-
modules are in one to one correspondance. So the number of irreducible V-modules is
finite.

Chapter 4. Bosonic vertex operator algebras and lattice vertex operator algebras

In this chapter I introduce the most important VOAs, the Bosonic VOA and the
lattice VOA.

Bosonic VOA has parameters k., € C* with kyx_ = 1, and will be denoted
by Il  ._. The central charge of energy momentum tensor of Il., ,_ iS Cx, n. =
13 — 6(k4 + k). So the Bosonic VOA Il,, ._ contains the Virasoro vertex operator
algebra Vz'rcmr’ﬁ_ .

The abelian category of Il ,_-mod consisting of Il ,_-modules is semi-simple,
and the simple objects of Il ,_-modules are Fock modules Fg > ug, 8 € C. So we get
Vire,, . - module Fj.

If ky € C\Q, & k_ € C\Q, then Fg is not simple as Vire, . - module if and

only if 8 € Z%owr @ Z%a_, where o, = \/g,a_ = \/g, ag - a_ = —2. And for
g e Z%og. &) Z%a_, the structure of Vz"r'cmr’ﬁ_— module is very simple, which can be
analyzed by Virasoro screening operators Sy (z),S_(z). When k4 € Qsq, & k_ € Qso,
the structure of Fg, 8 € Z%a+ + Z%a,, is very complicated. In this case the rank of
the free abelian group Z%a+ + Z%a, is one.

For k. = g—;, K_ = g—f; pi,p— > 2 and py and p_ are relatively prime integers, we
can define lattice vertex operator algebra V,, ,  which has sub-VOA Il., .. CV,, ,_.

When ky = f?—;, K_ = Z—f, it can be proved that the abelian category V,, , -mod
consisting of V,_ ,_-modules is semi-simple and has 2p, p_ simple modules.

Chapter 5. Free field realization of Virasoro vertex operator algebra.

For ki, k- € C*, kprk_ = 1, the Virasoro vertex operator algebra Vz'rcu’u

is obtained as sub-VOA of bosonic VOA Il., ._ by using the screening operators
S+(Z),S_(Z).

When s, = i—;,/ﬁ_ = g—j,er,p_ > 2, p,,p_ mutually prime, then the central
2
charge is ¢., x = 13 — 6%, which we write ¢,, ,  in this case. In this case

the Virasoro vertex operator algebra Vircmr’,L is not irreducible as VOA, and it has
quotient VOA which is called minimal Virasoro algebra and we denote it MinVire, . .

The abelian category MinVir., . -mod consisting of MinVire, . -modules is
semi-simple as an abelian category, and the number of simple objects is 3 (p; —1)(p_ —
1). Using the minimal Virasoro VOA M mwrcmﬁ_, three Russian physicists Belavin,
Polyakov and Zamolodchikov developed the conformal field theory, and get numbers of
remarkable results about two dimensional critical phenomena [BPZ].

Since Vir is a sub-VOA of I1,., .. , for k. = 2= k_ = 2= and in this case
Cpy.p Kt k— + Py p_?

the bosonic VOA Il ._ is a sub-VOA of the lattice VOA V,_ ,_.
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Using the screening operators S4.(z), S—(z), we can define the sub-VOA M,  of
Vp.p_ and M, , has Vi'r'cp%pi as sub-VOA.

The main purpose of our paper [TW] is analysis of the vertex operator algebra
My, »_, which we call the extended Virasoro algebra of type slz at positive rational
levels.

The results of our paper [TW] are the following.

(1) The vertex operator algebra M, , is generated by T(z), Wi 4(2), a = %,0
and the conformal dimension of W; ,(z) is Ay = (2py — 1)(2p— — 1).

(2) The VOA M, ,,_ satisfies Zhu’s C; finiteness condition and we can determined
the structure of finite dimensional algebra Ag(M,_ , ) explicitly.

(3) We can determine all the simple modules of M, the number of them is

+sP—>
%(p+ —1)(p— —1)+2p4p_, and we can determine the structure of these simple M, ,_
-modules.

(4) The VOA M,, p_ has sub-VOA Vire,  and has the quotient VOA M, ;-
module.

(5) The simple MinVire,,
ules, and the number of simple modules is 3(p; — 1)(p— — 1).

. modules can be considered as simple M, , - mod-
The method of the proof of these results are very complicated, and mainly use the
lifting of base field C to the discrete valuation ring O = C|[[¢]].
Chapter 6. On the lifting to discrete valuation ring.
At first we lift to the valuation field K = C((¢)). And then by using the properties
of Jack polynomial defined on K, we prove the C[[¢]] integrality of the lifting.
and of l/ch+
We analyze the structure of Fj, 8 € Z%a+ + Z%a_, as ch+

- module carefully.

P

Chapter 7. The representation theory of ch}

3P —
The results are stated as Felder complex of Virasoro Fock modules Fjg, and we construct

-modules X[f’s} c Kt A <r<py,1<s<p_.

[r,5]

Chapter 8. The extended W algebra M, , and their representations.

Virc“’p_

First we construct operators £ and F which we call Frobenius operators. The
construction of E and F and analysis of their properties in [TW] are very complicated,
and we need some simple method to analyze this part. In 2016 we succeeded this
simplification. We are now prepareing a paper and it will appear in 2017. So in this
resume we state the properties of E¥ and F', and skip the proof of it. Using the properties
of F and F, we prove that Xis] C K . are indeed M, »_ -modules and X+t

[r, [r,s] [r,s]
irreducible as M), -modules. Then we prove the Cs-cofiniteness of M, and we

are

+:P—>
can determine the structure of the zero mode algebra Ag(M,_ ,_) explicitly. Then using

the structure of Ag(M)_ ,_), we can prove that the set of irreducible modules is

{Lirs) = Ly 1<r<py—11<s<p_-—1}

P4+ —r,p—s]

and {X[:Tts] 1 <r<py1 <s<p_}, and Ly = Ly, —rp s are the lifting of
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the simple M inVircpJﬂp_ -modules to simple M, , - modules by quotient VOA map
M.

P MinVi'r’cH,L — 0.
In Chapter 8 we simply state the results and their proof are omited.
These are the statements of our Japanese version of [TW].

§1. HEBEBREBESERBRAK

HLRGHERIZT > 7 O 3 AOYHLYF Belavin, Polyakov, Zamolodchikov [BPZ] 2
Lo TC2MIHEI N FIB T SR 2R T 250 & fFime LRSI Nz, £ZT
IZ. V. G. Kac, Feigin-Fuchs [FF1][FF2][FF3] IZ & » BB T 1T\ 7z Virasoro fRED &
BiGm, R R =d0MaE e B
(p+ —p-)°

p+p-
256 OMUNRBGR 2 W CHERA R I Nz, FRE LT, HRAHRIIB 2R E
YR T H 2RI RIGR I E T 2 WBIRGCICEE I NZDA TR, Mind b
B0 & i B 1) % primary fields ZIZEET 5 N mBEBGR Z 52RO 1 5 fife e g 2
pMoFra ) IV IRPERINEZ, ToFu )/ Iy 7 RiE BUNREOBEIZE W T
primary field {ZXfJt& 9 % Verma MEEIE 272 TAD Null X7 ML 2FDZ 205,
20D Null X7 MVIZHIES 5 755 % N RBEECROH TR LEBWTRHR LN,

HAEHZEREIE, LEGHRIIB I IRDBBELMETH LI ALV F— - E—A Y
k- 72V = Virasoro fREDEAEMZE, primary 5 & £ D1, BOFEHRED
SR & Ve RS 2 A B L U T Borcherds ®Z DD A% 12 & W EAI Nz,

BRI, HAEHARREYV 25 27K, V IIORTT—~NVEZED XS
BETDNIFRLS D> TVRY, VIZHEIZT— X2 MAZ ET, 207 — X1k
WTC VIR ST —NVEERET 2 BEPDH LD L BbN s, ZD7HIDHHE T
sly B W REB K OHLR W AR E KRXTHAFEAZRBZ D T F 2 TREDRT
T=RVEEBRET D, 72 AL g% ADE BB —ERT, DI V701 LD KE
Wed b, g B W REBCHR W REEZZ AL, WInd 2RI DOWTIEAD LR
LM EDITTT —RIVEEZRETIHEND L, THNIXFROBEETH 5,

THEFARAREZIL SR OREIE S Th v, LG 2 HEFARNAERE £
DREGRD LIZRT D 2 —DDHIKTH Y, HFEHIZL>THNOPT W,

THRPEASZRBUATHE T 5 HLEGHERI2B W T [BPZ) I X 2HUNRFID K 512 N &
BABCR 2 RO 1 B e R 22 U4 IR ARDMEAE T 2 720121, THRERAFERBURIE

(1, p— € Znp IFHWVITER)

Cpyp. =1-06
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HAZIRNE RS 2 W 72 T BB D B, T OFEO HIIEZE D & 5 RIEHAEAZRED
HlEMER L., REGRZEIET2ZLTH D,

ADEHIZHEE L TH LA, BRI BWT LG K 2% %2 /o h,
Z Z CHENZTHAEHZRBULZ O L 5 R WARRMSFE 2> TRy, ZLOoHLE—
AV NDIE DGR ANES N T A — R B RO TH 5, HEEHERBOARMICE
HU7Z OfE & 3 OMHE ZFf > TWEDTH 5,

AT AR 7R NG BRME S & R D TEARE R O BLELHIIL, Virasoro fRELDFR/N
RINATHE S 2 THAEHZERE B KX OHETH 5 Hiffl Lie RICHIGL TERI NS
W REDOI/NRBUZA T 2 THAEAZRETH S5, ZHITDWTIE 2013 FEFEDFER
2B B FNNAE KRORBERHEE 2 2RI z\v, S 61T affine V) —EBO A fES &
BUZATBET 2 THAEFH EAEO, even integral lattice (ZAFFE U TREE S N A& FTHAAME
HFEREDH 5,

ZNRBDORID O BT7T—NWVEEEZD L, TDT —RVEOBENREOBUIAETH
D, T—)VEE UTIREREMTH D, T740bb, T RXTORBITHEMINEED A REDE
Th s,

AR, YIS BEWT, N sl RERE O s ERERE DR / uIy s
RIPFET B0, ZORIZ log BLOBEBMEHND log MILMGHEERVIEH 28T W5,
Z D& S R & GliR B THAEARAEL, ZORED DL 27 —R)VE DR
RFEDOEIIARMETH B0, 7T—)VE L L TIFFHEM TR, REIZH LU T Virasoro
REDEFE— NEHZE L[0] ODEAEMSREZEZ D L. —BIZIEdA{TET, Jordan
block 73Eii 5,

ZD &S BIEAMEAZERBOH 2L, TOREOZT T —DOWEEZIH S I
THILIFEFIH LN TH D,

2006 4F, Feigin & 4 ADOEFHE [FGSTO06][FGSTO7] 1%, A \WIZHERIEDEB DM
P, p— WNUT (py,p-) MO W REEIFATWDTHAEARERRE 2 EHZL, BRRE
DI & £ D, REOHEZ 7 — XBEZ > TRR L., fEEICET 5 modular
REVEZMENL ST B8, A DEHTANEMBERER Uz, UL, 2Ok kkam LIk
HIZFR XV DOTH D, TOMBEZEEL, BEAL, SSICHBEIEDEZ LR
INb,

A 1X. Simon Wood K (IPMU) & 4t[FE T Z OMEIZHY flA, py,po >2 D
BEIZHN S screening FHZERBOMZ R 73 % twisted cycle DEAIMLZ, Minz C
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fR¥7 5 discrete valuation ring O = C[[e]] 1285 EIF 5 Z 12 K D177\, Feigin # 4
N D ROEEAL, HElL2T2 o7,

FETIIER A~ DX [TW] D EFERZFE L 7208, 2 OB TIEENITHN > THES
HERIZH T D5 0MFEHR, BEWIZRERNTH S Z &, EHZRERREITOWT T EIZHM
ZATo72e ZDEWADEHMLITLDZ L ZH> TV 5,

Z DML DOREFRIZ DOV TIHRRTE L,

§2 TlE, HEGHEwRIZIEWTEH o b HEHELMETH S, BOEMFE, 2 DDLDE
MROH DR, RAGR 2 DD5OEHREDOEDOERROMRIZOWTEHL KBRS,

§3 Tld. AWZRAZE WS D DG OEHZRT- B DA T 5, [FFfEH 3 O 22
DELERZEEAT S, ZOMGEM> T, HAFEHARRELE ZORHEOBEVERI NS,
#il& LT, Virasoro JHRA/EHBREBUIDOWTHEARS,

Virasoro JHR/EHBERBO RS HERAZEIX, HOEMN ¢ THD, ZDfwAT
X c# 0 Z2FEITKET 5, WGl T, BY VHEAMEAZRABIZ L NV & IEEN 2 R £
BOM (ki k) ZBHD, 722U, kyn. = 1 EEITRET S, TD 2 DDOAEREIT
c=cCu,n =13—6(ky +r_) THRLD->TWVS,

ZOFXTIE, VARV (ky ko) ORY VIHEEAZRED? S, BAWTRN2 D0
screening fEfZ& S, (2), S_(z) L ZDLERN =B

/ /S+ 21) (2zr)dzy - - - dz,, / / (z1) _(25)dzy -+ - dzs

2o TT 4 7V BHREHRAE Vire, L TORHOBEDBWTEE NG,

D7z §4 ETRAY VIHREHZRRE L, . 2V TRR 5,

§5 ETIE, I, . LT screening fEHERDEME L D EZ->T Vire, .. e
DERB 25 ke &\,

& ZATEMBELUZED T twisted de Rham HEwicH & DWW TiTbivd, Z0 twisted
de Rham PHifi /{+,/{_ ¢ Q OLEIXBEMoMEEZR->TWVWs, Z0D7 §5 HETIX
ki, ko € Q DGHITERZ T 72,

FROEMIE, pr,pm >2, (pr,p)=1D&E, ky =5 k= g—:’ DEETH D,

ZDHBEHLEMIZ ¢ = co v = Cp, p_ 13—6(p;+£_) Thd, FOEM c 1
e & Cpp. D2DODRUTEMSTDHATEMAT %,

¢ =13 - 6=l FNRAIO & OHDEHTH 515, 2 OHXO HKIHNR
TSN DRBLEDRGE 2 MR TIRE Z & TH D, T DitafeE THUNRF] D& EE B S 7
AT

Ck
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EOEHL AN g, = Zf, ke = o= OBED twisted de Rham #5345 THEAME LS
EERi> TS, ZOR#EZRRY 5728, % modular & (K = C((¢€)), O = Cl[¢]])
ZEEB B AIRUTLRILVE ky(€),h-(€) € O,y (e)r_(e) =1 &HH EIF T twisted
de Rham M %R 5, EEERE L =C((c) 2FEZA 5L ke €Q THHDT, § ET
B U 72 BEm 25 Z L R TE 5,

MIE IO N L EHEIEN O BT EHILE2RTILTHD, ZOMTE
D O EfEM:IE Macdonald DA [Mac85] D 6 TR I Nz, Jack ZIHR

Iz kg),  In(ziko)

WO BMEEZRTIEICEDIEHEING, THH §5 BONETH 5,
6 HTIX, 5 ET e=0 2BV THLNS C LD twisted de Rham il DR 75

WEMST, Vir, |, = Vir, . 2A5 2 DOERMEAZRK
Wy, p = Wiy ¢ slo B W TERAEFZEASL
5L
My, p = My, . - sly BUEKIE SR SRR

NEHZRIND, TNHlTiE
VZ.TCIHHP? C Wp+’p7 C Mp+7p7

DR D 5,

§7 HTIX, Vire, , & Wy, , ORHOEOMENFHL STHRSNG, Bk D
HEE M, , ORBGEHTHD, TD7H §8 ETIE 7R ZEMHZE LA ZIE
ZEBIUF 28AT5,

07Ny AR E 2> T, M,, , OBEEREPETRESINDS, £
DEIFERMBETH 5, §8 EDFH L WIHIHIIAG IZ#E o 72, AFXIZBIF S E, F O
BIZ L KBEINTESTHEMTH D, BEMATRK & LF T 0y 0 H R %
FHRLU, BIERRR 2R, ZNBEARERTLTFETHS (Z0H2I1E 2016 F1 HOD
SEERYN

§2. IBOERRE B

USRI 51 2R BRI, (1) TIA¥— - E—AV k- FU YL T(2)
DEAE, (2) 2 ODBHOIEAR A(2), B(z) BEWVCRHFNTHE L, 22 E04ELS
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BOERZROM A(2)B(w) D 2z =w DXL H TOEHRREM. (3) BOIEMRE A(z) O
THROGOEMAFZEOFIE. TNk E W o 7z field-state XL TH 5,

THRERZMRE (vertex operator algebras, VOA) 13 Z OMEZ M L TR/ LN
7zo HREHAZERBOAMRII—REMLEDTH 20, WEGEHmOH N2> THAS
CHRIBUDRL A%, 61232, HIPGHEROURZ R0 e 2 OMEEIIFIHTE
2\,

§2.1. IXIF— - E—AVPM-FUVILET1ZVORK

9, LRGHRCHELGDERAETHLIZALF—  E—A V- TV

= Z Lln]z~""?

ZRTEL, TDEE, T(z) O Fourier {82 Ln] &, Z#ATWVWEH T bVZERIZEH U
TWAHIEHZRTH S, TholFRD) —HOMEZzESH5, 20V —E% Virasoro ) —&
BEws,

£=> CL[n]&CC

(L], Lnl] = (m —n)Lfm 4 n] + 7o (m® — m)6, 1 0C

ClELDOHLDILTHS, HEGMHmEZEZSLE, C=cid,ceC LEEING, Z
D e E, HPGHERIIALRTEH 2 WIEFOMTE c H D20,

ceCzEELEZEE, MOMEc2ED ¢ DERBMEEZ S, REOEHEE LT
RD2DODDGEMNEETH 5,

l.ce=0D2r &, COHDHBAD adjoint RELHVHELIH|TH 5,
2.cA0DEE, LD C=cid DRETIRDOEM 20T EDEEZ 5,

M =" M[h], dim M[h] < oo (M[h] ={m € M; (L[0] — b)*m =0, k > 1})
heC

THY,
H(M) = {h € C; M[h] # 0}

B UER 2 FTREO BB h T hi—h; €7 (i # j) 27255 OBEELT,

H(M) C | Jhi + Zo

B AT,
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DM ART-TE LMD DL % Abel Bl% £.-Mod ¥ E£T Z 2127 5,
£ DD —ER%

£50=)» CL[n]®CC, £50=>» CL[n], £.=)» CL[-n]

n>0 n>1 n>1

LK, BRIZED, M e £-Mod FIROMEZEHD : £FED me M IZDW\WT
dim¢ U(£20)m < oQ.

U(L) TLOWBEEREZERL, ccCIZDOWVWT, U L) TUL)ITBWT C=cid &8
Wb D%EKT,

Z ZT. Abel B £.-Mod DHEFMN L% TR TRKDTHEL,

heCllZDWT, |h) 2L e UTIROFEABBATEZEI NS £.-Mod D% it
ARGt h € C %% D Verma AL FE, M, THET,

Lnjlh) =0 (n > 1), Clh) = c[h)

L[0][n) = hlh)

Y —EROEERMERIZET 5 Poincaré-Birkhofft-Witt DEMIZL D, £ U(Lo) M
B UTIRIAFARTH 5,

U(£<0) —>Mh, Pl—>P|h>

ZheClZoOWT, My, \$ME—DRERIBEINAE Ly, 2RDZ 2039025, £.-Mod D HHx}
KX {Ly,:heC} TIN5,

HELRMEE UT, My 30O afyh, WA 5L, WD M, & Ly 1357250,
¥z, FDELE Ly O L.-module & UTOMEMHEICZR S, ZOMEIX, V. G. Kac,
Feigin-Fuchs 12 & 0 1980 fERAID I IR S Nz, TNEBRRDFCEH S 2 HE
5,

BREBOM (k) Thy ko =1,c=13—-6(ky +K_) ERBEDEINB, ¢ &
M (kg k) WL LITHIGT 5, BEDH (r,s) € Z2 I2DWT,

r2—1 1 s2—1

1 K+—§(TS—1)+ 1

K_

hr,s =

LB by =hy_s THB, =EL c£0THS,
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# (V. G. Kac, Feigin-Fuchs). Verma fl#f M, € £-Mod D A[#)TH 5 72D D&
+aRME r>1,5>17%5 (r,s) MFELT h=h,s ERINEILTH 5,

oy

FE 21 ki ke €QDEE {hys, > 1,8 > 1} BAWIHERSZ TE D A5,
L2 U, kg, ke € QF DEZIE, {hy s} FEOBITIFBEAGPEL S, HIZIE, e = g—;,
Py,p— € Z>1, (p+, ) PHWIFERE E, hr+p+ s+p_ = hrs WAL T B,

TH r>1,s>1DEE, Ly, D L-JIFEOMEIE X Feigin-Fuchs [FF3] 12 &Y
IR MPoTW5E, ZOWHETIE pyr,p. > 2, (pr,p_) =1DEEDNHN, TDL &
Dt L WHED - & 72 5

T‘S

§2.2. ZOERROBMMHE
HEIGHGRIZ B I 2R EELMRTH S 2 DDEOMEME A(z), B(2) BEWIZE
it TH 5 Z &, BN RN OERAROM A(z)B(w) ® 2z =w OJEH TOFEHER
JRFNZDWCEIAT 2, 2 2 Cldk, MRGHEERICAI L7282 95, KRS O T,
TEIZAT D,
HUDTE c £ 0 2FEE L. M € £-Mod IZDWTHEZX 3, 727U, 5 hecCl
WT

M=) Mh+d], dimcM[h+d]<oo(d=0,1,2,-)
d>0

Y5 EHD T[] FAMEM R L ET 5.

End/ (M) =) " End/(M)[d
deZ
End’ (M)[d] = {f : M — M, C-linear, [L[0], f] = df}

ZD¥ %, End (M) x C L0 Z-graded algebra £ 7%, %72, & deZ & N eZIZD
WT,

In[d) = {f € End/ (M)[d] ; % h € CIZDWT f = foo fL L NRT B,
£ MR LS Mh - N] L2 Mp+d)
Y BIFE, WAL B,

End” (M)[d] 2 Iy[d] 2 I,[d] 2 .. ﬂIN[d ] =0, UIN[d End” (M).



EXTENDED W ALGEBRA OF slo TYPE AT POSITIVE RATIONAL LEVEL 11

End’ (M)[d] 1213, {In[d]} ZBOEFERE LT a0 s iBADA A%, End/ (M) =
S, End! (M)[d] OBEZ OMAICDOWTHESETH B, £z, End/ (M) x M — M %
A FEIE M 1T discrete MMz AN TiHERETH 5,

T, End/ (M) 13 U(L) 22 THIIIEE L 725

feEnd’ (M), P,QeU(L),meMIZHL. (PfQ)(m)=Pf(Qm)

Thb, 502, £ 13 adjoint T End/ (M) IfEfIT S : e £ 2 LT,

ad(£)(f) = €f = ft.
£ OIEIE C EORE End (M) EIZ derivation & UTHEIE S M, Lie A%k Y[R Y
ad : £ — Derc(Endf(M))

ZE L, T Virasoro fRED ¢ =0 ORBELTH 5,
IDrE (e PQeUdL),deEnd (M) IZ2WVWT, IROARDHKT B,
ad(£)® = 1D — DY
ad(0)(P®) = ad(¢)(P)® + P(ad(¢)®)
ad(£)(2Q) = (ad(£)P)Q + @ - ad(£)(Q)
M FOBOEAZEZERL LD, AcZ 2EET S, A(z) € End! (M)[[z,271]]
M EOIIGE A 2B DBOEMAFELIE A(z) PMRDIED Fourier B ZHDZ & %
\1\ 50
A(z)=> Aln]z™""®,  Aln] € End’ (M)[—n]
It A 252 M EOBOEMZEREDDL 2R MLERE F(M)[A] &L,

FM)=>F(M)A] £BL, F(M) 2 M LOGOFEHRZERE NS,
L@ Fourier JBFHIZ B 1} IR DEEBRA L, IROWMD AR EMiTH 5,

(di - AA> A(z) = [L[0], A(2)

5 A(2),B(2) € F(M) & L. ZRZNIUGIE Mg, Ap € Top 2D ET S, T2
Tl (A(2), B(2)) HWZFEMAITH D Z EDEFREIT D,
EF 2-1 (BrTE) M (A(2), B(2)) D"EWNZEATTH 5 &1k, HEEE N > 0 HBMEE
L. FED ueM,pe MV IZHU P xP! 3 (z,w) LOFHEEK C,, TH>T
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c ZDMIE 2 =0,00, w=0,00 B 2 =w D&,
cz=w CTOMDAEIE N AT,
THH, UATFDFEM1,2,3,4 22T LDRFETLHEE 2V,

1. Cyp, &I Uy = {|2] > |w| > 0} TRTMEEE (2,w) TRET S & &, IRBENLT 5,

Com = (lA(z)B(w)lu) = (p|[A[n] B(w)]|u)z~"~ 44

n

= S (el A Blw)[u) "B,

n,m

2. Cpy BHIR Uy = {Ju| > |2| > 0} TRATEER (2,w) TEIET 2L %, WAHIT 5.,

Con = (AABW)AE)0) = (¢l Bim A w4

m

=) (elBIm]JA(2)ju)z "~ Baw™m =40,
3. Cypy ZHIR Us = {|w| > |z —w| > 0} CRTERE (w,z —w) TREREATS? & E, XA
I AVAC IR
Copu = (| A(z = w)B(w)|u) = (ol (A[n] B) (w)[u) (z — w) ™"~ 4

n

=Y {plAlBim]juyw™ "85 (z — w) T4,

n,m

4. Cp ZHIH Uy = {|2| > |w — 2| > 0} TRAEE (2,w —2) TRERET &, XA
D AVACIESIN

Coou = {p|B(w — 2)A(2)[u) = Y _(@l(BIm]A)(2)[u) (w — 2) 7"~ 5=

= S (el BlmlAln]ljuyz 34 (w — 2) e,
IR 2-2 Ml (A(2), B(2)) BEWZERBTH AL, MEITFIER End (M) I2E% K>

P! x P! EOGEBEE C(2,w) T. ZTDITFIEED (p|C(z,w)|u) = Cp,, L85 HDH
M —DIFAET B,

ZD O(z,w) &2 A(2)B(w), B(w)A(z), A(z —w)B(w), B(w — 2)A(z) £&Xd, D
EXHIE, ZheART End (M) (I2flZ2FD P x P! EOAHEKE LT, YOFEKT
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BRLUCERINZ»2RT, TZ TP xP! FOAHBEKE LTIE, MOBEIZLTW5:

A(z)B(w) = B(w)A(z) = A(z — w)B(w) = B(w — 2)A(2).

AR 2-3 TR L TR PLx P FOFHEKRIZBWT, 2=w DEbDT
Y|
A(z)B(w) =Y (A[n]B)(w)(z —w) "~ 44

REAZREHEITEY, 202 =w TOMOEELZRDO LI IZEXL T, 2 =w TOE
%?ﬁé)ﬁfﬁ t I]?-/S:o

[FIRR7 & & 73,

WZDOWTHEZ S,

=z

5i I%\ 2-4

1. A(z) € (M) IR LT, —HRIZIZAL (A(2), A(2)) BREWICRFIUTIRZV, Tk
. Ml (A(2), A2)) BEWKRFNTSH S 25 SHIZEKS 5 2 L TH 5,

T(z) =S, Lin)z"""2 € ®(M) £ 5< &, # (T(2),T(2)) REWZRATSH O,
iEiE

%c 2
(z —w)4 (z—w)QT(w)+z— 0T (w)

DAL T 5, ZOEMAEZERE {L(n)} TV -5 ¢ OEHEALFAETH 5,

T(z)T(w) ~

3. A(2), B(2) € F(M) i22WT, # (A(2), A(2)), (B(2), B(2)), (A(2), B(2)) EH\NZ
B THEETE, Z0OLE, ROBFEIPBET 2 R>r>0 L T5L &,

[A [n]B

"+AA Lym+as— 1A( B(w)dzdw
27TT /w R/z w|= ) ( )

/ / o n—i—AA 1 m—!—AB 1(A[n]B)(w)(z . ’LU)_K_AAdzdw.
|lw|=R J|z—w|=

>—Aagy
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Ik, R [An], Bjm]] & A(2)B(w) @ 2z = w TO/EHZEREDOAIKFT 5
ZeWand, THIT, 2z =w \ZHTBEHARRBOMO FEIITZHEAGR [Aln], B[m]),
n,m € Z TEERIZRE 5,

TR EHEREICDOWTEEL K AID 20k, #lZ1F E.Frenkel,
D.Ben-Zvi O#RE [FBZ] %%Hﬁéﬂf’b‘o

RO IS R O HMSIT IR IZ A S T W7z, THREHA RO~
@W%TiDmg@ﬁi&bfﬂbebéo

S 21 (BAEDEHE). A=), B(2) € 5(M) L2 T, #(A(2), A()), (B(2), B(2)),
(A(2), B()) BREWCHFNTHS 2T 5., p®t§\A@LB@L¢id,dz B
O (A[n]B)(2), (BIm]A)(2), m,n € Z 1ZED 2 DDOXITDONWTE HWIZFHATH 5,

§3. ERFARKHKE TORE

A DEREIZ O W T OMEIZEE D & RFERZEDZER (M) C (M) £\»WD
BerE&EIND,
§3.1. RBAAERAROZEM™

EF 3-1(FAFMERFROZEM). H52EM o(M) C F(M) WEFMEHRZEDZERTH 5 L1k
DR35S, 72720 M I& Ud(2)- module, c £0 £ 5,
1. ®(M) > idp, T(z)
9. A(2), B(z) € ®(M) £33 & (A(2), B(2)) IZHWIZ local
3. A(2),B(z) € ®(M) £ 5 & (An|B)(2), (B[n]A)(z) € (M) (n € Z)
dA

4. A(z) € ®(M) 72518 “=(2) € ®(M)

FR 3-1 - (T(2),T(2)) I EHWIZ local THZDT, RFMEDERHICL VDR EE—D
D JEFEFHZEDERDFEET 5,

AT ERRDZERIZEZ < H D 1F5,

- S & F(M) DIWHELEELL, SOED2ODM—HMHFOMEEDT—IZOW
ThH, ZO2DFHWVIZREFAKNTHBE LTS, 2D X, S 250A5BRIZIOVWT., &
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INDBFFEFIEDZEM &(M) HMEET 5. 20 S % d(M) DERTENS, § D&
IR TR B DL RELTEL, £/, T(2) €S eh2EDLLTHL,

EFE 3-2 FAEAZEOZER o(M) 1, AREG LV L2EgoEEEzE DL E, AR
ETHBEEND,

ZDREfEHZRDOZEMOME 2 iR L T, THRIEHZENRE (Vertex Operator Alge-
bra VOA) @*E%/Ln %ﬁ‘ é j/b %) o

% 3-3 (ERERFRRE) V = (V,|0),T,Y) BHULTE ¢ € C % DTEFAEHENEK
THbEiE, IRD 1,2,3 2= Lr2\0I,

1. V€ £.,-Mod.

2. L0] iIZ22WT V dkomE%EE D,

V=Y V[A] dimcV[A]<oo TH-T
A>0

V(0] = C|0), V[2] 2T = L[-2]|0), T # 0.
V 210) ZHEZE5G, V o T % Virasoro Jt &\ D,
3. KRB A

Y : V — End’ (V)[[z, 27Y]]

A Y(A:iz) =) Alnlz"""24 (A€ VIA4)

PEAEL T, REHTT,

Y(T:z2)=T(2),
Y(A:2)0) € A+ V][]
(b) A, BEeVIZDWTY(A:2),Y(B:2) XHWIREAKNT, 2/EHZREH
Y(A:2)Y(B:2)=Y(A(2)B : w)
= Z Y (A[n]B : w)(z —w) "R,

MKALT B,
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(c) Ae VIZoWTHss HfERX

di;Y(A :2) =Y (L[-1]A:z2) =[L]-1],Y(4: 2)]
ANDAVAC IR
AR 3-2 DU, Adwan THoO THEEHRABUL, TOHOGED ey #0 TH D LARE

T35, cy =0 DRHID UERVPBRELZNSTH S,

E&E 34 TEECV O ERBAES ST BFHELT, &V)={Y(4;2); AV}
DRFEAZDEME LT {Y(A;2),Ac S} TEEIND L E, V IFEREKTHD S
THERINZ L WS, 72720 S Oxidikoc 2oL $ 5,

EZATV DHFMEAZERETHSD L, A, B,C e VIZDOWT, Y(4;2), Y(B;2),
Y (C; 2) 1% DIEAZFZEREIZ DWW TEAZ D compatibility §efh% 2723, Z DSMHH Borcherds
& DHENL X v, 5 H Borcherds DR EIEIXN 5, FEL < Ik E.Frenkel EOZRl &
[FBZ] 2RI =\,

X T, TAMERREASE EHT 5 R BEAMEIL, diZwA; ) = Y(L=1]4:2) &
FO, M(Y(4;2),Y(B;2) WEWZRATHE Z L THD, ZOREFKRAIL D-IHEOR
REMOTRT Z LN TE B, HATEHZEREUL Beilinson-Drinfeld (2 & 9 chiral algebra
D-NMHEDSEEF > TEHI NS, THIZDWTH, EFrenkel EOHRIHEZHI N
72\,

AL, HAEHZERBOERILZ O D-IN#E % #i - 7z chiral algebra 12 &5 %D
WHRTHDLEZD, LU, ZO7DITIE D-IIEHZ DWW T ORI IR 2 Bi&
B 2 ERH Y, NI TOHREL VW, SEWVREEZ OG22 AT HOERD
LZMEENHBT LI 2/RbEBHEDTH 5,

5, (M,YMYyDV = (V,|0),T,Y) DRBEIE. M € £.,-Mod THH, YM .V —
End/ (M)[[z, 27 Y]] BMEEL T, BESNBEBRADBALZESNBHEZ NS, ThdFHLL
&, E.Frenkel ZEDOHRIFZZRI N2\,

TSERZAB YV oXRBG2 BT 212%, V OMEREME U(V) 28&HLTBL
LERTH B,

T 3-5(LEBERR) V OMEEFER U(V) k. AcV & necZZDWT, Z® Fourier
fRE Aln] THEEE NS Z-graded C-algebra TH 0, HEFHZERBDOERIZH S84 D
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R %, D Fourier IR DBEARTHEESRLUZL D2 EABRALTLHI L TERS
ns,

EEEMERIE U(V) = Y, U(V)[d] %% Z-graded algebra TH Y, U(V)[d] =
{PcU(V);[L[0],P] =dP} & L[0] ® adjoint fFF T degree {1} 65N TW5, A(z) i#
DD BT FATI & W 5 Rk, £ D Fourier 4 OO MRME DL THREK T 5.,
Borcherds OBIRA L KiFNn s 2 REAKRNE 05, 207D, & UV)[d] IZIRD & S 1T4hE
MIZE AL T linearly compact Hausdorff 2229 %, $7bb U(V)[d] DAHEIK, %
N>0,deZ 22T In[df =3, yUWV)[d—-n]UV)n] &BE, Iyd & UV)[d]
IZASTWANMIZ KA L T2 E, UWV)[d T {Iy[d;N=1,2,---} 71 0 D
IEERE LD KO MMBANSNG, UWV) = ,UV)d iZi& UV)[d DEFE LT
locally compact linear topology A%, U <&, [FZ92], MNT] =& X 72\,

V OIEAEAZEREE UTORE (M, YM) & U(V) O#Ye&Mz2R7D UWV) N
BHEEFRMETHE, TNED, V ORHIHDDL S Abel V-Mod & U(V) MAED D
<% Abel [ U(V)-Mod 12 Abel ORI L7525 Z L ZEBITADBTHS 5, T
MinVir, = ORHEIXE D TH A 5 h, THRIEHRALRD B R7ZHER R

Vire,, . — MinVir.,, . — 0
BE| E R 2T — AL D U B
MinVir. , ,_-Mod — Vir,,, -Mod

i& injective T. image & fully faithful 7907 —NVETH D5, ZDED T —NIVED
HEIEIXIR D Feigin-Fuchs 12 X 2HEEEL T2 5 ([IK] H2K),

EIE 3-1 (Feigin-Fuchs)[FF1] MinVir,,, _-Mod &, Hflixi4

Ly, . =Ly

™ p+—rp——s’

1<r<py—-1,1<s<p_-—-1

2 OYHMART —RVETH D, MR L THMEROBIL L(p - 1) (p- —1) TH 3,

I T, Vire-Mod — U,(£)-Mod 17 —N)VEE UTORETH 5 Z L2303 hro Tz,
U.(£)-Mod ®Jt & Vir,-Mod O, ZNTHHIZITERTE S,

ZZ T, U (8)-Mod ® fully faithful #4537 — )V U, (£)-mod ZEEL TELD
PEFTH 5:
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EF 3-6 U.(£)-Mod 5 M 7 U.(L)-mod IZJ&T 2

= HM)CH.o= | hrs+Zso.
r,s>0

3.2. ERFRAFRNAHD Co-BRMEFTE— RRH

CIREL, T OITHREHAZREE UTHREO LR tZ D REL THEL,
EF 3-7 (Zhu O Co-BRM) V 2 Zhu O Co- RSN %2 A2 5 &1k,
Co(V)={An|B: AcV(A4),BEV, n<—-N —1}

bl
dime V/Cs(V) < o0

EA”TZTEEES D,
£S5 =D, V OFEE— NMELIER C EOFEARE Ag(V) 2ZEHELTEZ 5,

EE 3-8 (FE—RMRE). pcZitoWnT, FU(V)) =2, UV)A] 5L, T %
UV) D, UWV)-F_1(V) ® (degree wise (Z closure % & - 7z) degree wise closed left
ideal L5, I=TNFUV)) &L & TIE FRUV)) D closed Hifl] ideal TH %,

Ao(V) = Fo(U(V))/1

EHWVT, C LD associative algebra MEoN b, Tz V OFE— FAREEIES,

Co-AIRMEREE— FREUZ,. 1990 F£RHMIDIZ LFrenkel & Z DT Zhu 12 & 0 EX
XNz, IROEHDPMRIZ Lo TRONZEREHTH S, V IFARMEDIE {S,...,S5v}
THEEEIND L., S EFZLEIOL Ag, 2502735,

EIHE 3-2(Frenkel-Zhu [FZ92]) V & Co-HRMESRMFEZ DL 95, TD & SIRAKL
35,

1. dim Ag(V) < oo TH Y, Ag(V) 1 [S1(0)],...,[Sn(0)] & C-algebra & L TDHERLIT
IZH D,

2. V-Mod I ZEREDOREMNRIZE D, 272U, V-Mod 17—~V & L Tid5ean]
I E AR S 7,
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3. EOBIL > 1 WEELT, fFEDO M € V-Mod, EED h € H(M) IZDW\WT,
MI[h] = {m e M, (Ly—h)Em = 0} DL T 5,

4. Ap(V)-mod %. BRIGEREL Ao(V) OB ERED DL 37 —~LEET 3,

HW : V-Mod — Ay(V)-mod
M s HW(M).

72 % covariant functor 28, HW (M) ={m € M, F_1(U(V))m =0} £ LTEHIN
5, ZO HW \ZML ORI RBIDH D —X —XE%E 52 %,

TESUEFI A V 126 S PSR 2 BT 201013, 7 U(V)-IBEE 1T <

ICEH LT TR L WREERDHE T E 20, BIIZ X > TRIERSM: 2 NA % 2
BLRHDHLEZ D,

BxDHWTH S sly BOILK W-REOMHmZ BT 2720121, BRIZEHRT S
V-Mod D437 — )V V-mod & A NIE+3TH 5,

U(V) &, LFrenkel & Zhu [FZ92] 12X D 1990 FERHDIZERM TNz, Co-HIR
Mz & O2WRMAED T TORERLE ZDMEEIZDOWTIZ [MNT] 22 iz,

THAEHEREE Z0RBOHNIZE S 5,

§4. RV VIERFARRBEBFIEREARARK

v 7V uTEAERARZRNEIL, RV TEHSERARAB M TESE A EAE 2@ <
screening fEFZ 2 BEMD UIEAEZE 2o TEREI NS, ZOREIIZDEMTDH 5,

§4.1. RYVERIEARKBOEERF

ETIELOIT, 0 TRWEEROM (ky, k) Tryk =127 HD%EET 5,
2 DDGEIZHT 5,

a1l ky,koeC\Q

BE Il k=52 k = ]I;T, il py,po €EZIFHWIZE, 272U (pr,p-) # (2,3)

EE 4-1 5,k € Qg DEEIEDRV, ZOBELEBETHI2BVAVAHEENE
HboTK %,
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k&S (kg, ko) I2DWT

2

O%i =Ky, OQqpo_ = —2
&b (ap,a ) ZEVEET S,
& 4-1 (HEBF)
XA%H_Z:Z%;-+Z%§<:C
b SR

BHRIDEE, X, o ET7 V27 20HMT —NIVEE
BENDEE X, o BI7V271D0HHT—NLVETH S,

AR 42 (ky, k) ZEELTH D L T X, o ZHIZ X EEHEL,
r,s € Z IZD\WT

1—7r 1-—s
Br,s: 5 oy + B
b,

Q_

i%é I @(‘:—%\ X,i+,57 - {Br,s y TS EZ}

BENDEE, pirS+p_%5 =0 DEEEDH Y

X,mr,fi, - {57‘,8 VRS Z}/ ~
ThHb,

§4.2. NV VERFEARKE. —KRDOBE

ZITlEkry, ke eC\Q,hpr_=1%2&,D,

X=2%%4+2% (8., rsecz}
2 2 ’
BEZDH, MIRIE G4

: X x X —C,

(8,8") — Bp'
oK SE iz

CRICN BT B NRR I

|
&
N l\D|+
wf?
N~
|
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v, 75X 0 TH B,
poz%—i—%eX <,
XFbn],n€Z ZHEL. ZTDORBEARD [bm],b[n]] = mémino id TERIND
Z-graded algebra U/ (b) 2% X 5,
b= Cbln], br=>» Cbn], by=Cb0], b=by ®b_

n>1

& B <, Poincaré-Birkhoff-Witt O XL 0
U (b) = U(b-) ® U(by) ® U(bo)

Thb, T, Uby) = Clby] BEEREBEZHRETH V. U(by) = CH[0]] b ZHRER
THb, degbln] = —n ETHUL UM (b) =3, U7 (b)[d] £\ 5 Z-graded algebra D
EHBAD, US(b) =US(b)@U(by) &%, UM (b) =3 ,c, U’ (b)[d]  Z-graded algebra
TH D,
£deZ, N=0,1,2,... IZ2W\T,
Iy[d) = ) U'(B)ld—n]- U’ (b)[n]
n>N

v <, UFB)[d 2 Ild 2 Ii[d] 2, NIx|d = {0} TH 5,

U(0)[d] = lim U7 (b)[d)/ I [d]

IZIXBERIZT VS b T A RILT C-linear ZRAMHZEHIOREEDR A D, U(b) =3 o, U(b)[d]
1& Z-graded topological C-algebra 7%, £7z. U(b) =U(b) ®U(by) b topological 7&
Z-graded algebra TdH 5,

EF 4-2 N1 E VLSRR
Ub) =U(b_) @ U(by)®U (bo)

ELUTU®D) DIt P %2 ZDNEFTHE NS D% EHRIEFRE L VW

T*9,
5l 4-1
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ZIZTBEeC IR, JE U®) MEE Fy 3 ug 247 U®D) NIBE FY 5 op 2TES
END UD) MBEE L. ZRENEREY =1 b B 280k T 4y ZHIBE. 57 4 2 Ik
LIRS,

Fgoug :bnjlug=0 (n>1)
b[0Jus = Bug
NEOP-=1
Ub_) — Fs
P P’LLg
TH5,
Fg 3¢5 tppbl-n]=0 (n>1)
ppbl0] = @3
DR 1
Uby) — Fy
Q@ — ¢pQ
ThHb, £7-. XD canonical pairing
(1) : Ff xFzg—C

YRR
(pplug) =1,  (pPlu) = (p|Pu)
B2 KD —DE 5,
ZIZTXED BHEL
[b[n], b] = 60D
7= 9 &9 5,
ZDrE feCIiziU. % U(b)- module map

b N b
65 : Fﬁl - F,3+,31 AN 65 Up, = UB+p
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72T XD ICMHE—DEEX S, FHIZ, A U(b)- module map
P . Fﬁvl —>F/§/175 yoN gpgleﬁi’:goﬁl_g
DEDIZHE—DEE D,
ERRIE, % PecU®) OAMIICE>TL 32 LT 3,
ffl 4-2 ;PP = PePb = BP (P e U(b))

4 BeCizxLT, BRAWIZ

- bgln] _,
wp(z) = bg + bs[0] log z — Z %z
n#0

LH<, T bg = Bb,bg[n] = Bb[n] 9 5,

I 51T
bgln| _,,
i) =73 0,
n>1
bl S
o(z) = 35 +bg[0]log 2 + 5 (2) + gog(z)
AN D RYAC R

d
bo(2) = +pa(z) = 3 baln)z~"!
LB, MBS B,

1 (2)pp, (W) ~ log(z — w)

BiB2 .
by (Y00 ~ i
AN
%
Va(z) =: e?s(2) .
— b ,8l0] 95 (2) o9k (2)
EHL,

Vs(2) = e#5 P53 € UD)[[z, 27 4]]

Thb, ZDO&=x
Va(z) : Fp, — Fa 45z, 27 ]

23
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N RVAC R
% ke, ko €C\Q, kyk_ =1 ZEEL,

O[+ o _
X = Xnpn =By H Ly

BERD, po=5+F5 €Xu, o EBE (po=%, a0 =04 +a_),

T(z: o) = 5 B : +0:bpu(2)

= Tln;polz""?

BER D, ke h. REELTER TV L X, p AL T(2) LET,

R 4-1 (1) ¢py =13 —6(ky +r-) & LT

%Cpo 2 1
T(2)T(w) ~ G w) + = w)QT(w) + = wawT(w)
(2) hg = 388 - BoBeC LT
hﬁ 1
T(Z)Vﬁ(w) ~ ng(w) + m@wV5(w)

(3) B1,--,BnEC ELT

N
Vgl (zl) - V,BN (ZN) — 6561+-..+5ﬁN H Z?Bj [0] H (Zz _ Zj)ﬁzﬂj

Jj=1 1<i<j<N

X Vo (1) -+ Vo (2v) ¢

ZZT
Vo (21) - Vi (2v) 1= eXa=1 £, (7a) X 95, (20)
cUD[[=", - 23]
TH 3,

§4.3. RYVTESERRAK I, .

T30 TRVWEIEROM (ky,k) Tryon. =1 RB2EDEETET S, ZOLE
HUDMTE L ¢y oo = 13— 6(ky +K-) TH D, THIT (g, 0-) & apa = =2, D
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2 )2=ky, 0 2=k LRDBLDEMVEET 5, a_ = -2/ay THD, ap = ap+a_
EBLE, oy =1-3a% TH 5,
ZONRTA=ZDM (ky, k) WTRLU, LRIV (ky, k) 2RDORY VIESMEHAEZENR

ﬁ H;{_,'_,/{_ %‘{7_\,‘6%%\5‘;—60\ Eplﬁ\ﬁ?é:ci cl{+,l{_ - 13 - 6(/{/_'_ + KJ_) VC‘\Z’D %o
& 4-3 (EREARAB L, . = (1., »_,|0),T.Y))
(1) U(b) MIEE I, o W& RZ PIVERE LTI, . =Fy (Fo 31(0)) TH5,
(2) Virasoro jt T &

= L0y - @0
T = 5b[=1710) = —7b[~2]|0) € M,

Th o,

T(2) = £ b(2)?  +2200(2) € Bnd! (1L, )z
LB, TOEEHMEDMERIZED, 10, , (3R ERZ XS RIERIEHZEREORE
ERAD

Y ., . — End/ (I, . )[[z 2]

Y (|0);2) = id, Y(b[-1]]0),2) = b(z), Y(T,2) = T(z)

r¥heE

T(2)T(w) ~ 2Crin- 2 T(w) + L 5 T(w)

(z—w)*  (z—w)? z—w "

TH Y, HOHEE ¢p, o TH,

AR 4-3 o Z- graded fitHERE LT, U(b) ~U(Il,, ) DRILT B, F7

L] = 0]2 O‘O bl0] + > b[—n

n>1
Th s,

e B CIZDWT, U(b) At Fs > |B) 11T MEETH Y,

R4,k —

Ln]|B) =0 (n = 1), L[0]|B) = hs|B)
1

N 1 1 1 1
f)‘ﬁ‘Zle_éo ZZIZ hﬁ = 562 — 5(1/0/8 = 5(5 — 50&0)2 — g(l/g Thsb,

e FCITDONVWT, 6\/:04()—6 SR hﬁZhgv WAL T B,

iRl 4-2 I, . -Mod [FEHHMT —~NVETH D, ZTOHRMNR B E {F;8€ C} T
»H5,
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& ZATIHFMEHRMAE V IZOWT, TOE&EERER U(V) (218, #i5i7s anti-algebra
isomorphism o : U(V) = U(V) T 0? =id ZHA723THDMBIXTED LTz

o(A[n)) = (~)2Y ("W A)[-n] (A€ V[A)).

ZhED oUV)d) =UV)[—d] THB, 2D o % I, , TEABL,
0 U, v ) — U, ) RKTEE 5,

o(b[n]) = =b[—n] + dpoid, o(L[n]) = L[—n].

4 M € I, ,_-Mod IZ2WT, Z£® contragradient B M* € II., . -Mod %

M* = @ Home(M[h)],C) £BE, ue M,¢ € M*,P € U(Il,, ,_) I22WT
h
(P, u) = (¢, 0(P)u)
EEDD, ZDLERVWLT 5
BeCIZXU.F; = Fgv as I, ,_-module.
BT —rOVBE X, o = ZO% + Z%‘ CCEEX. (rs)eZ? T8l

1—7r +1—5
«
5 +

Br,s -
L5, B =Py TH5,

a_ E XIQ+,K,,

r2—1 rs —1 s2—1
hg, . =hps = A + 1 -

ML Do hps=h_p_s THD, Hy, o ={hpsir,s €L} B,
FE 44 (1) r,k gQDEE

X B2 OBHT —RAUETH D, {B,s;(r,s) € Z*} DIGIETNTHEZ
Ltk D725,

(2) ky, ko € Q\{0} D& &

Xppn BBEE1 OEBT —XAUBETHY. {8 (r,s) € Z*} DILOREIZIZELERA
H5,

E#E 4-4 ., »_-Mod @ fully faithful #77 —~VE I, . -mod ZXRTHAT S :

M eI, . -Mod #» II., ., -mod IZJ&F %

= M= Y Mh 2BV E H(M)CHe, n +ZLso.
heH (M)
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§4.4. MWFEREARKEV,, ,_

B BN D iy = jj—+ = §—+, iD= =2, (pr,p-) =1, (ps.p-) # (2.3)
DHETH 5,

ZOBE. T, o BIRCERINDHKTEEAEAEZREV,, ,_ O TSR E
RE L7025,

a=pray =-—p_a_=.2pp_=.2p, p=pip- LB

a4 a_
Xpip = Z? + ZT? Yoy =2 CXp,p
EBEL Y, p W (ay,a ) =2p LVFER 1 D even integral lattice TH O, X,, , =

Homy(Y,, , . Z) TH 5.,

Vorw- =D _ Fra

nez
B, ap=ar+a_ &LT
1 1
Vv 210), T = Sb[=1]°|0) = 5aob[=2)|0), [na) (n € Z), b[-1]|0)

‘(“%50

S 4-3 V,,, ERTEHSNDEAEARREOREE O,

Y:Vop — Endf(VpJ”pf)[[z, 271
Y(|0),2) =1id, Y (b[-1]]0),2) = b(z),

Y(T,2) =T(2), Y(|na),z)="Voa(2),

T(z)= % :b(2)% +%a08b(z).

(6] € Xpop_ /Yo po E2WTL Vig :Zf;e[,@} Fg £5<,

§5. T4 3YVOERRKFARKBOBEHSZRT

ZIZTE ke ko €eC\Q, kor_ =1 ZEET 5,
Xpow. =X ={Brs | 1,5 €L}

Th -7z,
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§5.1. 1 35YVOESEARRE Vir,, ,

PAR, I, . -mod THE X & 5,
BeXp o WTNU Va(z) 2EAD, b1 € Xy, . &THIT

Vi(z) : Fa, = Fayp, [[z, 271277

ThHoTz,
hg 1
Goup Pt
70, Va(z) I3HIEIRIT hg D primary % TH 5,
hoo =1 THEDT, Si(z) =Vu, (z) &BLE Sy(z) FHPRIT 1 D primary %

ThHH, TN% screening EHFE L E 5,

T(2)Vs(w) ~ O Vg (w)

Z—w

1 1

(z — w)? z—w

= 8% <Z_1w5j:(w))

&L T(2)S4(w) BEB w IZOWTRBITRINDS, T screening EHFEDMEET
H5,
ZDOZ L&D

T(2)St(w) ~ Ow S+ (w)

1
Sy = 27r—\/—_1 /Si(z)dz I

& well-defined 7ZA#BU/ERIZE T, Virasoro fRED G E 2T 5, §72 5 Virasoro AEK
@ intertwining fEFHZETH 5,

W[,Qh,ii] = KerS. C HM—W—
e=%+

EBELL|0), T €W, o ] THY. Wi, o 1= Wik, x1,10),T,Y) £ T % Virasoro Jjt
tj—é HKZ+,K/_ @%Eﬁj\]‘/g;ﬁ{/ﬁ}zﬁi{—%iﬁf% z)o
Wiey w1 RV (kg 62) 23D slp(C) D W REEIFIEND, IRDIEILT B,

& 5-1 (1) ky, ko gQ DEZE
Vire, . — Wi, w T T BEARFARNBORE G2, HIZ

W[n+,n_] = KerS+ = KerS_

ANDAYAS A
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(2) kg, € Q\{0} DEZ
0= Vire,, = Wi, x| 1& injection TH DA 213725700, £z

KerS, # KerS_, KerSy # Wi, «_]

TH s,
§5.2. HA W K& M, ,_
0 5-2 (1) Vg 138 V,,, »_-module.

(2) Voo p_-Mod =V, , -mod 2IMILL., T —~ V& U THHEHM,

1
S:t = m/Si(Z)dZ : V})J’_’p_ — V[ai]

I% well-defined 7% Virasoro intertwining /EfFHZZT®H 5,

M,, ,  =KerSiNKerS_ CV,, , &8,

R 5-3 (1) Mp, , 210), T THY. M,, , = (M, , ,10),T,Y)1FV,, , OHIIH
RAEFHERETDH 5,

(2) Mp, p D Wi, ] CHB, TDIEMS, M, , 1FHEK W RBEIFTNS,
(3) KerSy # KerS_ C Il ,_.
(4) 0= Vire, . — KerSy FEH TR,

e DEMIZZ OTEAEAERE M, , 2HRZZETHB, M,, , % sly MO
LAV (py,p) DIER W REE L&, 4 TD Virasoro REDRBGRDERIZ LD,

M, , 3D TEMLHEZR > TWa Z P EfI N5,

Ky, ke & Q DGEIZTHREMBREIL,, . D W, . | DHEEZFANTE L, K
I%. screening fEFHZEDHEDOEDTIZ X > TH SN S intertwining /EAZOME 2GRS Z
L Th5,

r>1,sc€Z &35,

Si(z1)- - Si(z)der - dzy : Frg — F_y

= ero+b H (z; — z;)"* H z§1_r)ﬁ+_(1_s) 08, (21) ... S0 (2) 1 dzy -+ - dazy,

1<i#j<r j=1

1Sy (21) ... 80 () : € UDB)RClz1, 27, 20y 27

S,
.
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TH-oTz,
Xo={(z1,--+,2) € (C)"; z #2;} £BL,

r

% 1-1)k
Up(iip) =Unlzr, s zmiig) =[] (=)™ [0

1<i#j<r Jj=1
eple, Uky) & X, EOZMIEABEETH D, degz; =1 & L& & Up(ky) O
total degree ¥ 0 TH %,
wr(’i—F) = dlog Ur(’i—k)

r

ne ¥ TAlaony D

—Z
1<i#j<r J j=1

B, X, FOERIBEEE de Rham #iK

Q’(X,,):i > HX,,0x,)dzj, - -dz,

p=01<71<---<jp<r
BFEZ5B, Vo, =d+wN &BLE, (Q°(X,),V,,) FEEZZ L, twisted de Rham
cohomology # H*(X,,V,. ) D"EHFIND, H*(X,,V,, ) [TIEHHEE S, PEHAL T
5, H*(X,,V,, )5~ % S, OEAIZET 2 KIS LT 5,

BOBMIZE Y, dimcH"(X,,V,, )%~ =1 THH, TREDY—JF [, d=] i3
H"(X,,V, )~ ~C OERTTH 5, £/2ARERY—H[S (21) Sy (2)dz -+ - dz,]
X H(X,, Ve, )~ @ Home(Fr s, F_,.5) (ZJBT 5,

Ur(21,- -+, 2r; ky) @ monodromy HfDEET S X, LOREMRE L, (ky) EBE,
TR FER%E LY (k) £B L, twisted de Rham HEgiZ & 0

H*(X,, V)~ H (X, Lr(ky))

THy
/ C H (X0, £ (1)) @ H (X, Ly (y)) — C
IX5E 478 pairing TH 5,
22T ) € Ho (X, LY () 2HLB &

SK] () = /FSJF(ZQ o Sy(zr)dzyordzy 2 Frg — Foyg

£\ 5 Virasoro intertwining fFFRNERTE 5, BAEMNIZ T € H (X, L)Y (ky)) &
WL, STUD) : Fry = F,o 23155, ZHIEClay,- -, 25 B2NHLEABO
ERSHRTH D, N7 A— K ry BFD Jack FHEAR M- THRIFBIND,
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RET I € H(X,,Lr(ky)) Z2EFET D, AND de Rham HFHIZ DWW T,
[EAR-EZ], [Var] 22D Z &,

ETCHARZZEE kv €Q DEHGATH D, IREITIERS X 5 IZHEmIZHHRTH 5,
u#u&b@a%iﬁ+_ﬁaﬁ,:p,zqm > 9 T py,p. BEWCERSEICHAR
5L THD, ZDY z]‘\%I:l /—ﬁipH (XT,L‘,V(M)) afRERY—HH (X, L (k1))
DEEH)| @&)’C?’E%ﬁt 125, IRETIX ky = p_+ % discrete valuation ring O = C[[¢]] IZ
b EIF, 5612 K=C((e) 2FATRIGZ (K,0) ED modular DG & & 2
%, ¥z, FERY—, IKREVY—#% Spec O EOIHFERY -G ERXS, WD
W 5 BRI A DM ERDE Z 2 BT 5,

S_1ZOoWTh, FAREDOEZ TS,
§6. BEEAERLEAORS LIS

§6.1. LMK - S—LHEREKYIENIETA7I

UT pip- > 2,(pyyp-) = 1 ZMOERET 2, kg = i—_,ﬁ_ = i—+ B <,
Crpn. =0 ZBTB720 (pap_) #(3,2),(2,3) £T 2, ! )

_[2p- _ 2py
oy = , QO = — — = ——
b+ b

EBL, aran =285, aqg=ay +a_ EBL, ¢, . =1-3ad DRILT B,
discrete valuation ring O = C[[¢]] £ Z DK K = C((e)) & A 5,
ay(e )—ai)-l-a(j)s—f—---e(’) %

agf) =y, ag_l) #0

Y5 E5BEEL. a_(e) = —ay(@) =o' +aWe . 2BL, ap(e)a(e) = -2
THd, agle) =ay(e)+a_(e) &BE

5e(6) = 504 ()% ho(0) = ga_(e)?

EBL, ki(e)h_(e)=1TH 5,

Cpyp- (e) = Cry(e),h(e) = 13 = 6(k4(e) + r—(g))
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r5<,
1 1
Xp+,p_ (6) = Z§O{+(€) —|—Z§Oé_(€) cO
1— 1—
Brs(6) = —as(e) + ——a—(e) € Xp, (o)

L5, Xy, p (e) ZBEE 2 OEMT — VT H B,

r2—1 rs—1 s2-1
hros(€) = g, (o) = ——r4(e) = —5— + ——r-(e)

EBL, hs(e) =hor_s(e) THS,
Hy,, p (e) ={hrs(e);r,s € L}
£ 5L, C kD Z-graded C-algebra U(b) % REHLAKL T

KU (D) = U(b)RcK D oU(b) = U(b)RcO,
U D) =U((D)RcK D oU(b) = U(D)RcO

2EZBDIENTES,

Z-graded topological algebra Ol (xU(b), oU (b)) ZF A, & M € U(b)-Mod (ZD
W, M D oU(b)) A& lattice oM 2FZ 5, $7805 oU((b)(0M) C oM 7D oM®eo
K =M DPHEILT 5, BEEONRIE (M, 0M) TH5, 7205, (cU(b),oU (b)) IZFET
%, BEHIZBT S modular REEZ 5, ZO—WHIFEETHZH, ZITEHIYHZT
MBERARROG 2S5, ZOFEATTO N T, HRIERAZRRBOM (eI, )5 () 0l ()0 (o))
nEohd, ThaEEHRLLD:

KL, (6),n_(e) V& xU(D)-module x Fy, > |0), &2 bVERE L THS
1 5 1
T= éb[_l] - 5050(5)1)[_2] |0> € lCHHJr(s),K,(s);
1 1 -
T(2) = 5 :b(2)* : +500(€)0b(2) € Endi (Il (o). (o)) [[2, 2]

Ths,
25T =NV L, o)k () -mod BEX LD, TIUFHHMGE LT

kFrs(€) = kFp, . () 3 |Brs(e)), (r,5) € 72

RO, PEHM T —LEE RS,
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kK EOTAEFIRRE L, ) (o) 220 O EOTRIHIERE oL, () (o) =
(OHK+(E),R_(E)7 |0>7T7 Y) ZRFD, OHm+(E),n_(a) (=S OU(b) mige LT

olli, (¢),k_(c) = 0U(D)]|0) = 0 Fy
Thb, 5 &MiLE

(kT () (e)> 0Tl ()5 (e)) -moOd

& MERE oIl (o), (o)-mod ZERX DI EHRTES,
olle, (o) n_(e)-mod X oF, s = 0Fp,  ZROW, TOMUZ F 13F D oIl o)k (o)
AL e O-lattice 28D, Z DINEE (kI o)n (e), 0lli, (e)n_(e)) -mod & EH A &3
NBZ L FEALRMETH S, ZITIE C LOTHREAZENE M, , (CBETZLZ
HDAEHFHNDL e U, —fEmidRkOfE e L Thza<,
FAHE £ kll,, (o)n (o-mod ZE X, ZD LT screening fFHHE Sy, 5 2%
AB, ZDEEK/r>1IZDOWT X, LD K HZ i B
CUrter, i@ = T[ (s 2o+ @ [0
1<itj<r j=1
&. Z® monodromy DEFHT S K HRFTR L, (k1 (g)), BLTZDIIREATR LY (ki (€))
NEZOND,
FEBR Y- H (X, LY (ky(2)) DTG [Tr(ky(e))] ZHERRL & 5,
r=10&& X, =C* L/(e)=K TH5DT, AT r>2 95,

Yeo1 ={(y1,- yr—1) €C" Ny £y (i £ 4),ys # 0,1}
B, C* OFEH & Al #a7e E i [F B
Xr — C* x Yr—l . (Zla"' 7ZT) = (Z7y17"' 7y7’—1)

B.o2=2,y=z2i11/n (=1, ,r—1) LEHET S, TOEHIE C* % X, BLU
C* x Y,_1 12, ZNZ v diagonal fEFHB KO 1 K ~NDIEFHSE2 L &, C fEHE T
WMThsd, ZOLE X, O K EEMEANEK U, &, C*xY,_ 1 E2zeCI2&56T,

Ur(zla"' 7/27“;“—1—(5)) = Ur—l(yla"' 7yr—1;f<0+(5))

LERIngd, ZZic

r—1
Ur—l(yh Ty Yr—15 /f-|-(€)) = H (yz — yj)fc+(s) H y](.lir)n"'(e)(l — yj)2“+(€)_

1<i#j<r—1 j=1
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1Yty Yr_1; ko (€)) D monodromy DEFKT B, Y, 1 ED K % fiber &3 2/HAT
% Ly 1(ki(e) &Ly Lo (ks(e)) 2Z DM ET 5,

G H (Y0, Loy (k4 () % RAVEIRF 1 ¥ 2o 7 R RERE 0 Y — Rt
%, MOFERPHISNT VWS

=

%}ﬁ

&

B 6-1[[FEAREZ| 2] 1) peZ I ITHL

=

\%

Hy(Yro1, Lot (54(2))) = HyP (Vo1 Lot (k4 (2))).

2)  HY (Yo, Loy (ke(€) =0 (p#7—1),
dime H Ty (Yoo1, L1 (g (2))) = (r = 1)L,

(3) H (Vo1 Loy (ks () @ K ED basis & LT

[Ar—1(0),90o]7 (S S'r’—l
nehsd, ZIZIi

A= {1 > Yo (1) > > Yo(r—1) > 0} CYru,
0o+ U 1(Lr_1(ky(g))) D A1 EDEE L7z branch.

(1) DB Z2 R, Y, 1 D blow-up & BARRIZHEE T 5 Z 212X 0 [TK] Tlrbhiz,

_ d dy,
2 e (ke (e >>:/ Ors (g, ,yr_l;n+<s>>f--~ Bl 2 5<, e (@)

X FIZER S Selberg @F /A\_ﬁ@%f'ﬂ]&i . IRTHZLN5,

_ 1 DG =)k (€)PA+ (G +1)ry ()
~(r=1)! H (1 +r(e)) '

8 6-2 (Selberg DDA, [H %], [Var] Z2) m >2 & U, a,b,c € C IZ—#

R-E
DBEIZHD LT 5, Y, LD CHZAMIEDEE

Um(a,b,C):Um(yl,"' ,ym;a,b,c):Hy?(l—yj)b H (yl_yj)c
j=1 1<i#j<m

B, ok

/ / dy1 dym
(a,b,c) L., 2gm
Ym
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Lelte

m

1 L1+ jeo)l(la+ (j—1)c)T(1+b+ (j —1)e)
Sm(a,b,¢) _m 1:[ 1+l +a+b+(m+j—2)c)

£ ZT
1 - _
[Lr—1(k4(e))] = m[Ar—laSO] € Hr—l(YT—laﬁr—lv(“—s—(S)))
EBITIE
1 _
[T (k+(e))] = m[%] ® [Cro1(ky(€))] € Ho(Xr, L) (K1 ()))
1 dz
AN ZZIZ * =1 TEH ical 7%
Linb, 2. [1] € Hi(C*,C) & Py, oz =1 TEHI NS canonical 75E

R THd, TDE&&E

d dz,
/ U (ks ()22 80 =
[Cr (k4 (€))] 1 “r

MHALT %, TLUT

SE:] = / Si(z1)---S+(2r)dzy - - dz, € Homg (icFr s, icFors)
([ (54 ()]

& Virasoro intertwining operator & 782 %,
[FERIZ, s >1,r € Z IZDWT,
sl — / S_(z1) - S_(2r)dz - - dz, € Homg(icFr s, o Frr—s)
[Cr (k- (e))]

7% % Virasoro intertwining operator 2V E&H I 115,

Z Z T intertwining fEF 3 S+, st orEsERLTEL,
i 6-3 (1)(a) r>1,s > 1 IZXFL

'I:l

S[T]
0— /CLhT,S(E) — ICFr,s —+) ICF—r,s —» 0 : exact,

s EBERY € AEE,

(b)r>1,s=0ZXL

S[T]
KFro —= cF o @ BERY S INBED R
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(c)r>1,s>11T/L

S[r]
0— ICFr,fs —+) ICFfr,fs — lCLhr,s(s) —» 0 : exact,

K Fr o 1XIERD £ HIRE,

(2)(a) r>1,s > 1 ITHL

[s]
57
0— ICLhH(E) — ICFr,s — ICFr,—s — 0 : exact,

Fr_ IXEERS € JNEE,

(b) r=0,s > 1 ITHL

S[S]
ICFO,s — ICFO,—s : E%%/‘j S—ﬁﬂﬁi@lﬁj_’f&o

(c)r>1,s>11THL
S[S]
0— ICF—r,s — ICF—r,—s — ICLhr,s(e) — 0 : exact,
CFoy \XEER © DT,

5i%—: 6-1 ’CF—T,—S ~ ICFr,s* 'C“y)’)f:o

A 6-4 r>1,s>1&95, IROMNIIAH#TH 5,

§6.2. BIN—THEHD O BiEHE

il LI

S_[:] EHOmO(OFT',S7 OF—T,S) r=1

S(_T) EHOHI(Q(@FT’S,OFT’_S) s>1
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ERTIETHD, ZHNIEFLATIZART & S1Z Macdonald DA 6 EDHEIZH D Jack
ZIHAUZDOWT

Py(z;k+(€)) € oA = Olp1,p2, -]

ZRTZEIZKDEEHTI NG,
e 6-4 £ b, FEIE

( Vo)t Klzr, 20tz 2 1% — K,
dz1 dz,
R B ATHE) R
O i e o) zL &
(f €Kz, 27t 2, 2715 ZEMRET 2 Z 2 iZl@E S NI,
XFHEBEZTN>1 &L,
( >fj+(€) D Klay, 2t ,xN,a:X,l]SN — I,
dz dzn
Moo= U (g () 221 2N
O et @) 1 TN

&35, AFOMEIZ, FEOY =5 IFE0Y —GmOMEEZH > TESITON S,

P8 6-5 K-linear map ( )fir(a) D Kz, zr e, 2y OV — KRR E 729
N _
(]‘) <]‘>f~g+(g) - 1

(2) (f)f;ﬁr(g) =0if degf #0. (7z72U degz; =1 & U 7)

(3) o= (O ) T2 flan,- - an) = flart, -yt
5 kAN = Koy, ,zn]V, degz; =1 & B<, Lo@mBELD,
()N @ kAN @ kAN = K
7% % symmetric bilinear map %
(P, Q)Y (o= (PQY (o
TEHT D, ZOLE
(LY, =1, (PQ)Y ) =0if degP # degQ

DD D, T5IT, ZD ()N 2 Jack ZHAOHGRTHATE 2D TH 5,

k4 ()
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WL HADZEM kA = lime Ay ZBAT S, n=1,2,--- ITDWVT
Pn(2) = pr(x1, T2, - Zac € A (deg p, =n)

B, Zoe
kA = Klp1,p2,- -]
(K E® Zso- graded ring & UCHE) Th 5, SFFEHERT
pN kN — kAN
Z. pn(zj)=2; (1<j<N), pn(z;)=0(j>N) UTEET D, ¥
OA:O[p17p27”']7 OAN:O[xly"' ,xN]SN
835\<o j_ét PN : OA—)@AN %@%ﬂ‘f%éo
Z ZC4r#l (partition, ¥ ¥ ZRIE) IZDWTHRWHLTEL, 4EIN = (A, A\, -++),
M > > >0 UL (A =200 <oo Z XD degree EIFATZ, N = (A, A, --)

ZREINDHREL T 5, [, = #{i;\; >0} & X DFEI LIFATZ, YV I HIE A D content
=(15,7) 1<i<I\,1<j<N\)IZDOWT, FABBEZRD LS ITB W,

ax(s) =X\, —J, da\(s)=j—1 (arm length, dual arm length)
Ux(s) =X, —i, I\(s)=i—1 (leglength, dual leg length)

Frzi=1,2,- 1Z2VWT mi(\) = #{j;\; =i} B E A= (1N 2m=() L) v
. n#ElDOEEE P TR,
28175, dominant order & XXt 5 partial order A > p H3

A>p = anxizi:m, n=12---

i=1 i=1
TEES, £n=12,- Z2VT, p,(2) :Z?’;lx? € oA, degp,=n THH, NP
IZ2DWT
pa(z) = px, (T)pr, (T) -+ - € OA
EBITIE deg pr(x) = |\ TH B, oA[n] = (degree n 3 %EM) C oA B L, py B
basis % 5- A,

oA =) oAln], oAlnl= Y Op

n>0 A A =n
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L1 %, NEPIZOWVWT, my(x) € oAln],n= |\ %

ma(e) = > ) a5

o i>1

LBz, TIID 0 € S DHIEL Yoo, 2, WREDLOORELORE D 2072,
D

EZD, Wi PN oA — oAN ITEXD

PN(mA):mE\N) <N
pn(my) =0 N >1,
THY. oAy = Y OmSY) BITT B, BB pn(pr) =0 (Ih > N) E—BITKZL

IN<N
VA

AEPIZTOWNWT, Z\ = H’Lmlo\)m@()\)' c Z21 ti%ﬁj—éo
i>1

k€O k=rO+rWetr. ... 2 kO & Qeo, kM £0 DEIIZT—DH> THE
5,
K EOXNFR2IKIER (, ) : kAR A = K %

(p)\:p,u)fc = 5)\,;;2?\’4)\
EBL, Inix
(, )H:@A®@A—>O

ZHIEHEI U,

oAny] L oA[na]  :ny # no,
(, )e :oAn]® oA[n] — O X complete pairing

ThH5H, IROTHIL, Stanley IZIHE D2 ERXLHADHEAEH TH 5,
EIE 6-1 [Macdonald 2] EOFEEDFIZ, & A e P IZDOWT, Py\(1;k) € oA TIRD
WEZ2H7-TH DM —FET 5,

(1) (Pa(z; k), Pu(z;K))s = 03 A # p,

(2) Py =m) + Z ux,u(K)my, uy, € O.
RN
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Z®D Py(x,k) Z/NT A=K g 2D Jack ZHA LIS, EELD
@A = Z OP)\(.CC; /i)
A

ThHDILWnhb, £72. br(k) = (Pr(k),Pr(k));P € 0 &BL &,

B kax(s) +lx(s) +1
Oalr) = 51;[)\ kax(s) +lx(s) + K €0

ﬁs\ﬁijjéo

262 k=rO +rWet.. kKO Qs £V, lim.,oby(k) = (k) € C* &7
B BB B. Q(k) = ba(k)Pr(K) B L. (Pu(R), Qr(R))w = Sr DAL 5.
£ BeO IZDOWT, O _EONREHER R

wg: oA = oA & wg(pn) = (—1)"""Bpn
TEDD, 72 X € O I220WT, REHERR
ExtoA—>O 72 ZX(pn):X

EUTRERT D, T2LERDVWALT 5,

i 6-5 [Macdonald 2]

(1) JJ @ =miy;) V" =exp (% > %pn(ﬂi)pn(y))

21 o1
=Y PA(z;8)Qx(y;5) € 0ABOA.
A

(2) Wy (Pr(258)) = Qa (23 571).

L X + ka)\(s) — l’)\(s)
(38)  Sx(@a(win) = HA NN e

Sx ( H (1- l’z‘yj)l/ﬁ) _ H e,f(—npn(y) — H(1 _ yi)—%

i,5>1 n>1 i>1

€0,

— ZPA(y, r)ox (Qx(z,K)).
)
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2 6-6 PN oA = 0AN IZDWTIRDRANL T 5,

PN (2, anik) (In < N)
0 (l,\>N)

(1) mﬂﬂ@mﬁ{ THH,

1,<0
(2) A=(m,---,m), I, =N IZDWT

N
P (@ k) = [] 2 = ma(a)

=1
(3) A= ()\1,"' ,)\N),l)\ < N&EUL. m>0IZ2O0WT A A+m= ()\1—|—m,--- ,)\N—I—m)
Ll
N
P (@sk) = PO () [] 2 € oAw.
=1
A, DI Lo TEBS N (, )N &, Jack ZHAZEHT S oA LONF
(, ) ZHBT ZEELNETH S,
i 6-7 N >1 Z[EET D, Iy, 1, <N &IThiF

N + kd)\(s) — I} (s)
N + k(ah(s) +1) =1\ (s) = 1’

N N N
(P (1), QM ()Y = 62,05, 0 =T
SEAN

IheZffr=r0 4+ xWet... 0, kO € C\Qcy £,
M (k) e 0, bV (k®) et
WHNLT B,

M,N > 1, Ayn = (M,M,--- M), ly,, , =N &8, TDE ERDFXDEAL
5,
B (K) = bxasy (R):

AM,N
ZHIFELWELNTH 5,
§6.3. RIEARD O- EfEMH

HEE N PORD rs KRETE, EOMBEICED, () cA®? 5 K & ()
oA®? 5 0 BEHT D, INEOVUTOEHEES,

a3
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EIE 6-2

r>1,se 7 D& =, S[l] < Hom@(oFr,S, OF—T,S)a

s>1l,reZ D&, S[,S} € HOIH(Q(OFT’S, an_S)

ThHb, SE:] , SE 3 O0 | Virasoro intertwining operators T® %,

IRHT §7 TlE, EHRTE72 O LOMEIZ 0oC 2L TC LOEHFR LIS,

§7. Eﬁﬁmiﬁﬁva%7$;@W@m7@§ﬁ%
BIETRUZ O ETOT 1 IV aliEe U ToXERR

S_[:] : OFr,s — OF—r,sa r>1

S[S] : OFr,s — OFT,—.S; s>1

DML EIV T, Vire, , -NEE W, , -NIBEOM 2 A2 2 LA TE 2,
22T, =k =P omarEz s,
D+ pP—

Ho(Xy, 0L (54(2))) 225 Ho(X,, £ (k1))
2558 % % 2
(k)] = [T (54 (6))] ®0 C € Ho (X, LY (1))

EBK, [[s(ko)] € Ho(Xs, LY (k) BRBRKIZE A S, Thod—HOBERKTDH 5,
[T, (ky)], [Cs(k_)] % renormalized (# DA FEH72) cycles &5,

d dz, d dzs
/ Up(hy) 2L 0 2 / Uy(h) 2L %
[T (k)] 1 Zr [Ta(k_)] 21 Zs

BB 22 L TWA Z EIZFERLTEL,

§7.1. T4 SYVOKIERSR

ZZ & Y HEETH - 7z Virasoro intertwining operators 23 £ 5,
()r>1,s€Z:

SE:] - /[F (K4)] St(z1) -+ S4(zr)dzy -+ - dzp € Home (Frs, Fors)
r{F+
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(2) s>1,reZ:

sl = / S_(21) - S_(2s)dz, - - - dzg € Homg(F, g, Fy_y)
[0 (k)]

%1 OEHHE T —~NI)VEE

a4 o _
Apep ZEoy I

Ers,ne€ZITDONT,
Brs;n = Br—npy,s = Bristnp_ € Xp, p_
EHELLE Brpy s = Brstp_n = Brsnt1 THY
{Brsmi1<r<py,1<s<p_,necZ}

i Xp+’p7 DREERERE L ST,
1 1
BeXm%Jﬁﬂﬂw:§ﬁ—§%ﬁtB<oitﬁV:%—ﬁtB<omZhw
Thotze EHITB=LFron WL, hg=h, o, &BL.
H ={hg;BE€X,, p } £BLL. H,, , ORFLLLT

P+,P—
{hr,s,n; 1 S T §p+, 1 S S S b—,n Z O}
MWEND, 72720 hpg = hpso ETUE hyg = hp, —pp —s (1 <r <py —1,1<s<
po —1) BBBEA H,, , OHTRILTV S,
B EAERIRAR V,, L Z WA ERIEHRRIV,, , O I, . &E0H

Z D, MTTHRMEHRMAEV,, , 1% 2ppp_ EHOBERIINEE V[jis], 1<r<p.,1<s<
p_,e=+ XWR5, I

V[j:’s] = Z Fr,s,2na

V[;s] — Z Fr,s,2n—|—17

Fra S, k= Fﬂr,s, k

DL x SLT], St iEma Vi, EOMD, Virasoro fff & Virasoro #E[FIM & b 72 5 1K
ZEL, TN Felder ke KX s,
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MN1<r<p,—-1,1<s<p_ -—-1&95L

glrl [Py —r]
N i VS S G ) £
[T,S] [p+ T‘,S] [7‘,8]
L st o
* —> V['I",S] —> V[T,p,—s] —> V[T,S] —> AR
21<r<p,—1l,s=p_&d5&
- + C.
—Vip ) 7 Viorp ) Vi
Blr=py,1<s<p_.—-1&95&
LoosY s
I V[P+7S] — V[P+7p——5} — V[P+»S} o

‘77‘(‘\
— —

MNi1<r<p,—1,1<s<p_ —-1IZHL

IC[iT’S] = Ker,S’E:] N KerS[f] C V[is]
xt =S T s o

[r,s] [r,s]

[2] 1§7°§p+_175:p— c:;(j-b

+ _ [r] +
K[r,p,] = KerS+ C V[r,p,]

+ _ [p+—7] +
X[r,p,} = ImSY C ’C[r,p,]

Blr=ps, 1<s<p_ —1I1THL

+ _ [s] +
Ko =KerS2C Vg
+ _ [p——s] +
X, =IMSZ™ 7 C Ky
[4] r=py,Ss=p- &:;(:j-l/
+ ot Nt
,C[m,p—} - X[p+,p—] - V[p+,p—}

T DIR W RE M, , 1%, Virasoro AL LTI

My, p_ = ’C[J[J]

epy o MBEKE D XE (1<r<py,1<s<p ) &UTTEHET 5.
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THEILIZFEELTBL, ZTHhrE ¢ -mod DIt E UTIRIEK D 3D,

Coyp_

fRd 7-1 [Felder] (1) 1<r<p; —1,1<s<p_—-1&95&&

:,C_

[r,s]”

— KT

0— X+ s]

(5] — Lp,, — 0 :exact, &~

[r,s]

(2) EBMtOEA, K, = &

[r:s]”

§7.2. Vir, , - INEFOHEM

-mod D& LTH X+

CET Lo ral?

DD IRDFLFZ2EANT 5,
)1<r<py—1,1<s<p_—-1Dk&

Ar,s = Ap+—r,p,—s = hr,s SR o

(2)1§r§p+71§3§p—7n20®t%0

+ . h’p+—7‘, s,—2n—1 T 7é b+
r,s,m
hp+,—s,—2n r=p+
EEL, ¥
_ . hp+—’r, s,—2n—2 T % P+
r,s,m
hp+, s, —2n—1 r=p+
eEL,

ZDOLE, {Ars:Ap+ Tp— —s}U{A sn}_ DP+,p— RANCP

& 7-1 V[)(i ]—{ueX Linju=0,n>1} &L,

[r 5]’

B 7-1 IRDEDY LD,

(1) VA, g = Zso Val&y g U VLA ] = {u e VAL ] L[0Ju =
(2)  dimeVo(X) ) =2n+1, dimcVa(X, ) =2n+2.

EE7-2 (1)0£ueV, [X[fs]] D& ZE, Ue,, [S]u:LAi in £, , -mod.
(2) X ) = BnzoValX ] ®c Las  in £, , -mod.

RIZ Y, [Xi N DJt% intertwining operator Zffi-> THnRL & 9,

Rl 7-2  IRDEALT B,

1<r<py,1<s<p_ DVHELZL5E, §

45

Ai

r,5,Mn

u.
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(1) n>0 &N V() E:C%mrs ZZiz

m=—n

Slvtmtpe=rlig e an1) TPy

S$n+m)p+_r]’ﬁp+,s,—2n> T =ps

T 512, Const. 20 & LT

Const. - Sgn_mﬂ)p*_s} |Br.p_—s,2n+1) S 7 D—
U [r, s] =

Hm COHSt. . Sgn_m)pil ‘Br,p7,2n> §=P-
N BIRVASR
n+1
() n20 LINE Vol )= Y Cupplrsl, S28

Slntmtpe=rlig o ana) TEpy

tn glinrmp

n,m[ra 3] =

|5p+,s,—2n—1> rT=Dp+

I 517, Const. 20 & LT

Const. - Sgn_m”)p*_s} |Br.p_—s,2n+2) S F D

Const. - St 0P-l1g 1) s=p_

U, |, 8] =

n,m[

NI AIRVASR

T XS, DL, MEELTORBHRERIC N> Il D,

ZZTHRRE My, po &0 VL (kg ki) O W ARBIW, o) © My, D,

iy -module & U TOEZHDTENTHL,

Coyp_

5. n>0,—n<m<niZ2WT Wy =ul,,[1,1] 5L, n>01Z20T
Ap=((n+Dpy = ((n+p- —1)
EB<L. A, =AM1L1] TH S,

B 7-3 (1)0— X[’lL T Wiksmw ] — MinVircer,p_ — 0 : exact as Virasoro modules.

X[—il_ 1} - X[—:{_,l] m W[K/-i-ﬂq'—} = Z LAn []‘7 ]'] ® CWTL,O'
n>0
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(2)  U(L)[0) =Vire, , C Wi, x ] as Virasoro modules,
0= La,[1,1] =U(L)Wo,0 — Vire,,, — MinVir,, , —0.

B T-4 Livp), Xby BERTW,, , OBNERTH 5.
EE W, & Wi, o) OEKTHIES 2L, SRCTHNE Nz,
RETIE, My, , DHAEHZERBOMGE 25,

§8. K W K& ZDRER

§8.1. ZAORZIREBR E BLUV F

B\WNZER 2 LEOBEOM (py,p) (772U (pa,p_) # (3,2),(2,3)) L

Coypo. =13 —=6(ky +K_) THole, TIIT, Ky = i—;,/ﬁ_ == TH5,

HIEETT, VAN (ky, ko) 252 W KRB W, o ) & TOTHREHERLE LU
TOWK M,, , ZEHEU, 02 DDIHFMEARARBUIHOMNE ., . Z2FFo7
ZDZr&Dy

Vir, — W[,{ k] = M.
P4 P +>

P+,p—
&7 B THRAEHERBDILKR 2 Kf > T\,

He,, , ={B(s) = Apy—rp —sil STspy —L1<s<p -1}

l_l{Afl[r78];1 <r<pg,l SSSP_,TLZO,{-?::I:}

el SRR AN Sc“’p_—mod IEHADS R Lo, A € Hcp+,p_ Rpo T\,

Hex D HEIZ. SR WREB M, , O WHREELTOWE LU0 M, , O H
Fiu 2 T RTEERICHEKT 22 L TH D,

Z D72& Frobenius G4 & e 2R G4

E,FEEndf(.)(jE ), 1<r<py,1<s<p_

[r,s]

T, MOMEEL DL DEMKT 5,
(i) [Lln], E] = [L[n], F] = 0 (n € Z),
(i) A€M, , XL
[E,Y(A;2)] = Y(EA; 2), [F,Y(A;2)] = Y(FA;2) in End/ (X* ])[[z,zfl]].

[r,s
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Tz, ME @) ITED
E,FEEHd(V(X[i:’S})) (1§T§p+31§3§p—)

THdMN., TOMEMHZ BRI analyze T 5,
E,F Ok, Felder HADMEE

Stlgle=l g1 <r<p,—1), SESPTTo0@<r<p.—1)

ZCLEEDEROIZRb LTI LITL kI N5, BARIIZIEER [TW] IZiE5 2k
WZLUT, #RZ2EFENTE IS,
EE 81 1<r<py,1<s<p_ 35,

(1) E, F € End’ (X)) T, 1 (i) 2729 OB BRI MR T S, REWTT,

[L[n], E] = [Ln], F]=0 (n€Z)
Ae My, , ZDOWT, [E)Y(A2)]=Y(EA;z), [F,Y(A;2)] =Y(FA;z).

iU Ael,,, , (£)0)C My, WU, EA=FA=0& L7,

(2) DD LD, (TRT, Const£0 TH D, )
Buf ,.[r,s] = Const.u;mﬂ[r, s], u:7n+1[7", s] =0,

Fu} . [r,s] = Constu) .,

(+)

[, s], u;{’_n_l[r, s] = 0.

) { Bug, ,[r, s8] = Constou,, 1 [r, 8], Uy, 40l s] =0,

Fug, ,,[r, s] = Const.u,, . [r,s], u, _, [r,s]=0.

RIZ My, . DIC Wym,n>0,m=—-n,—n+1,--- ,niZ2VT,

Y(Woms 2) =Y Wamlk]27#72, A=Af,
keZ

EDEHRMEFMAOK T 2O BER DD, TITHNIWV n,m IZD2WT Y (W, s 2) D
ME % X, Frobenius GEOME (i) % F\WT. FHZEHOMKT2HR5,

R 8-1 M, , DHTIRAKILT B,
(Mn>0&F5&, an,bp,cn,dy #0 BH>T
WialAn — A1 Whn = an Wit ny1
Wi 1[An — At ]Wa—n = ba Wit —nt
WialAns1 — Ap]Wht1,—n—1 = Wi iy,
Wi —1[Ans1 — Ap]Whtint1 = dnWhon
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(2) m > A — AO bl B 1= 4

W1,1[m]W17_1 = 0, Wl,_l[m]WLl =0.

4 mOMEZ MW, BARRIZRT,

§8.2. FJE—RKRREDRE

Z OfE Y Frobenius BEROMWEZMH > T, XDV LD LM 5,
T 8-2 (1) My, , WBHEHEEHBREELTT(2) 8L Wi4(2),a=-1,0,1 »»5TH
MAEAZAEE LTERES NS,

(2) My, p & Co HRGMAZHT, Thdb Ag(Wy, p ) & [T]0]], [Wi,[0]],a =
—1,0,1 T CREE LU THEBINS,

T 8-3 W RE Wi, o | K T(2) BT Wygle) oERS NG,

ToIT, FE- N A(My, ), Ao(Wi, ) PHEEZ TN D, T D7DITIFIK
DEDP AN TH 5,

£9 E,F OMEIZE Y, E,F 3ARXRT C RE Ag(M,, ,_) @ derivation %
induce % Z &0 h 5%, £/ Ag(M,, , ) DHT E[T[0]] =0,F[T0]] =0 THH, X
DAL U T W7z (Const# 0),

E[Wl,a[()]] = COIlSt.[WLa_,_l[O”, [WLQ[O]] = O,
F[WLG[OH = COIlSt.[WLa_l[OH, [WL_Q[O]] =0.

Ao(Mp, » ) & [T[0]], [W1,4[0]],a = —1,0,1 T C R & LTHEEI Nz, FE—FR
B Ag(Wi, 1) & [T[0]], [Who[0] THEBEE NIz, £z, CREDEM Ag(Wie, «_) —
Ao(My, ) BHFAEL T W2,

3 AW, s 1) DHT [L[0]] & [Wiol0]],m=0,1,2,--- OROBHREEZ S,
ZDORDGEPEANTH S, & L€ CIZOPNWT F > |B) 1E M., . NEETH5,
C|B) 1& Ag(Wi, o 1) NIBEE 225

1

(LIONIB) = hal8), ha = 5 (8- F) - 30b

<ZT Wn,0[0]|ﬁ> = wn(ﬁ)’ﬁ)(n = 0717) &5 <, %%@f:&b‘ AO(M(H+,I€_)) 2
ot [LIO]], W o[0]) & [T, [Whol & <o Ao(Mp, p_) 2EWVTH [L[O]], [Wam[0] %
[T], [Whm] £EEFL :m|>n+1DEE [W,,,] =0 TH D, IRDKILT 5,
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P8 8-2 n>0 &9 5,
(n+1)py+—1 (n+1)p_—1

(1)  wyp(B) = Const. H H (8—PBij), Const#0
i1 j=1

(2) % gn(h) € C[h] HHFAEL . {wn(ﬁ) = gn(hg) (n: 850,

(N

(N

o)

>
=

|
N[~

=1(B-2)2?-1a2 ThH5,
ZDIZE XDIRMBAD LD,

i 8-3 Ag(Wi., 1) = C[[T],[Wio]] (WHER) TH Y. (ky,k-) € (C) kyn_ =1
IZDOWTIRDBEBRAD KL T 5,

(Whol = gn([T]) :n>0,even
[Wn70]2 = gn([T]) :n>1,0dd

THIT. E & F W Ag(My, p ) 1= CRE& LT derivation 2E< Z &2 HWT,
RefF5,

T 8-4 Ag(M,, , ) KOWTUFAMWD LD, (1) Ao(M,, , ) WHBRKE C R8T
HY. [T, [Wia,a=—1,0,1 TEERENG,
(2) ROBIRRAEET B,

Wool = go([T]), [Wi0)> =g:([T]), g2([T]) =0.

(3) Wial(a = —1,0,1) DEICIKOBERRAIEIET 5.

(Wi, 1] (W1 ,0] [(Wi4]
[W1,-1] 0 —fUTDW1, 1] | =1 ([T]) = F([T])[W10]
[W1,0] S(T])[Wh,-4] 91([11) —f([T]) [w1,1]
Wial | =g ([T]) + f([T)[W1,0] ST WA 4] 0

(4) [W1a)(a=—1,0,1) OFDORHBERIZIXD & 5 TH 5.

[(Waol, Wi,aa]l = F2f([TDH[Waal,  [[Waal Wr,-1l] = 2f([T])[W1,0]

Z 21T f(x) € Clz].

ZOETHHSNIZ U2 & KO Frobenius EAEOME D &, THEMFHZREBEOE &
M

prpo MmV1rcp+Y — 0

p_
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(&0 MinVir., , OHHIN4

L[”:S]:L[ 1<r<py—-1,1<s<p_-1

P+ —T,p— —S]3

iE My, p_-mod IZHF B HAMNR (1LY L g =Ly, rp —g LALT) ZEDHD I LD
DB, BIZRPRING,

§8.3. M,, , -mod D&
ﬁi‘:ﬁ 84 1<r<pp,1<s<p &92. K, &M, , MEOHEELL, T51C

B M, , NEETH 5.

[rs

A) N :l: :l:
ClAps) =ClAp, —rp —s) C La,, BLT V(X5 ) C X,

& Ao(M,, , )- IEEZ 75,

dimcVo (X))

1
dim@VO(X[;’S}) 2

dimcC|A[r’s]> = dim(cC|A[p+_r,p,—s]> =1, {

Thsb,
INSIE Ag(M,, , )-mod IZB 1B HMMRTH B Z LD H 5, I Ay(W,, , )
DOEBRRZHNS &, IRBDH5

il 8-5 Ag(My, p ) DHMARIZIKD 1) 2) 3) TR I N D,

1) ClAg) =ClAp,—rp —g), 1<r<py-1,1<s<p_ -1

2) Vo(X, 1<r<py,1<s<p. (dimeVp(X, ) =1 TH5,)
3) ( 1<r<pi,1<s<p_. (dlmCVO(X[m])—?'C“f)%o)

Ihk Difmﬁ%\é@é& iy — D= 1)+ 2p4p- HTH B,

rs)
e

A, IROEHZE 5,

EIE 8-5 M,, , DHFMNFIIRKD 1)2) TR EIND,

{ 1) L[Tzs]:L[p-i-_’np—_s}, 1§T§p+_1’1§8§p__1.

2) XLy 1<r<py,1<s<p_,e==£

[r,
BT ROBUL. L(pr — D) (p- — 1) +2pip_ HTH 2,
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BIEE ZDMELEEARTLTARIIHhZ>T, ER/NER LKL HESELRT L 7
) —RIZE KB Z2WEE\WE, 22U TELSBE#HOEEAER L 2\,
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